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Abstract: The number of monomers in a monomer—dimer mean-field model with an
attractive potential fluctuates according to the central limit theorem when the parame-
ters are outside the critical curve. At the critical point the model belongs to the same
universality class of the mean-field ferromagnet. Along the critical curve the monomer
and dimer phases coexist.

Introduction

Interacting particle systems described with statistical mechanics models are known to
have different fluctuation properties on their critical points. In the mean-field ferromag-
net, for instance, the sum of the spins centered around its mean and normalised with
the square root of the total volume, converges toward a normal random variable (central
limit theorem) away from the critical line. At the critical point instead a non-normal
behaviour emerges, i.e., the limiting probability distribution for the sum of the spins
centered and suitably normalised is not Gaussian [6,13].

In this paper we consider a mean-field system of interacting monomers and dimers
where, beyond the hard-core interaction among particles, an attractive interaction is
added to favour configurations where similar particles lie in neighbouring sites. The
peculiar features of the presented model come from the combined presence of the two
interactions. We show that the central limit theorem and the law of large numbers hold
for the number of monomers at general values of the parameters. At the critical point
instead the central limit theorem breaks down and the number of monomers centered
around its mean and normalised with the exponent 3 /4 of the total volume has a limiting
density proportional to exp(—cx*), i.e. the system exhibits the same critical behavior of
the mean-field ferromagnet. We also show that along the critical curve the law of large
numbers breaks down, due to the coexistence of the monomer and the dimer phases.
Unlike the Curie-Weiss model, the relative weights of these phases are non-constant
and display two contributions that correspond to the two types of interaction.
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We provide arigorous proof of the mentioned results by first studying the properties of
the moment generating function for the model when the attractive interaction is zero. Here
the difficulty of the problem stems from the fact that even in the absence of the attraction
the system keeps its interacting nature and the equilibrium measure does not factorise.
To solve this problem we use a Gaussian representation for the pure monomer—dimer
model previously introduced in [2], which has the purpose of decoupling the hard-core
interaction. When instead we consider the attractive potential we follow the Gaussian
convolution method introduced in [7].

It would be interesting to further extend the results presented in this paper in the
same spirit of those obtained for the mean-field ferromagnet in [5,7] and also test for
the same purpose other methods like those based on interchangeability [3,4] or those of
Lee—Yang type [11].

The paper is organised as follows. Section 1 presents the definition of the model and
the precise statements of the results. In Sect. 2 we consider the pure hard-core model
and prove the law of large numbers and the central limit theorem by using the Gaussian
representation and an extended Laplace method (reported in the “Appendix”). In Sect. 3
we consider the hard-core model with attraction and, using the method of the Gaussian
convolution together with the formerly introduced Gaussian representation, we prove
the law of large numbers, the central limit theorem and their breakdown respectively
along the critical curve and at the critical point.

1. Definitions and Results

Let G = (V, E) be a finite graph with vertex set V and edge set E C {uv =
{u,v}lu,veV, u#v}

Definition 1.1. A dimer configuration on the graph G is a set D of pairwise non-incident
edges, called dimers:

D CE and foreach v € V thereis at mostone u € V suchthat uv € D.

(1.1)

The associated set of dimer-free vertices, called monomers, is denoted by
MG(D):={veV |VueVuv ¢ D}. (1.2)

We denote by % the configuration space, i.e. the set of all possible dimer configurations
on the graph G.

We notice that by definition
| #c(D)|+2|D|=|V| VD e %;. (1.3)

In this paper we restrict our attention to the complete graph with vertex set V =
{1,..., N} and edge set E = {uv|u,v € V, u # v}. The corresponding configura-
tion space will be denoted by Zx and the set of monomers associated to the dimer
configuration D by .Zx (D).

A fundamental quantity is the number of monomers for a given dimer configuration
D € Pn:Sn(D) := |.#n(D)|. Sy (D) can be seen as a sum of N variables introducing,
for a given D € Yy and for all v € V, a monomer occupancy variable

1, if ve . Zn(D)

. (1.4)
0, otherwise

oy(D) = [
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Thus, one can write
N
Sn(D) = D ay(D). (1.5)
v=1
We also define the empirical monomer density as

1
my (D) = NSN(D) (1.6)

which represents an analogous of the empirical magnetization in magnetic models.

In [1] the authors consider a monomer—dimer model with imitative interaction on the
complete graph, that we call Imitative Monomer—Dimer model (IMD model), defined as
follows. For each integer N, the Hamiltonian function is

—Hy(D) == N ((h —Jymy(D)+J (mN(D))Z) VD e 9y 1.7)

where /i € R is the external field and J > 0 is the imitative coupling. The Hamiltonian
(1.7) induces a Gibbs probability measure on the configurations space Zy

1
un(D) = 7 N~Plexp(—Hy(D)) VD € Dy, (1.8)
where
Zy:= Y NIPlemfvD) (1.9)
DeDy

is the partition function. The factor N~IP! is the necessary normalisation working on
the complete graph. As usual, the quantity

1
= —logZ 1.10
pN = rlog Zy (1.10)

is called pressure density.

Remark 1.1. Despite the Hamiltonian (1.7) depends only on the numbers of monomers,
it is possible to show [1] that in our case, namely on the complete graph, any general
Hamiltonian depending also on the number of dimers and the relative couplings is
equivalent, up to a constant, to (1.7). Thus, the parameters &, J take into account both
monomer/dimer external fields and monomer—-monomer/dimer—dimer/monomer—dimer
couplings.

Beside the formal analogy between (1.7) and the Hamiltonian function of a Curie—
Weiss model, we want to stress their main difference: in the former the configuration
space Yy is not a product space because of the hard-core constraint (1.1).

Let us briefly recall the results obtained in [1]. We refer to the original work for the
details.

Theorem 1.1. The thermodynamic limit of the pressure density of the IMD model is
given by
lim py = sup p(m) (1.11)
N—o00 m
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where
pm) == —Jm?*+ pO(@m — 1)J +h), (1.12)
1—gh) 1 1—g(h
PO = -5 Dot — gy = 1 EL “tog g+, (113)
h
g(h) = %(\/e% +4— e, (1.14)

Remark 1.2. We notice that, in analogy with magnetic models, one can define a general
mean-field Hamiltonian as

—HN (D) = N f(mn(D)) (1.15)

for any bounded continuous function f. As in the case of spin mean-field models, using
standard Large Deviations techniques, one can prove that

lim %log Z\ = sup (f(m) — I(m)) (1.16)

N—o0

where the rate function [ is given by

I1(z) =

1— 1— 0 i
zlogz+ 5 log(1 —2) + 152 — p©@(0)  if z €0, 1] (1.17)
(0.0]

otherwise.

The aim of the present work is to describe the limiting distribution of the random
variable Sy with respect to the measure p, in a suitable scaling when N — oo . From
now on 8, is the Dirac measure centered at x, A/ (m, 02) denotes the normal distribution

with mean m and variance o2 and z denotes the convergence in distribution with respect
to the Gibbs measure iy, as N — oo.

Let start by considering the case J = 0. The Hamiltonian (1.7) at J = 0 is a special
case of the original problem considered by Heilmann and Lieb [9]. We introduce the
following notation,

O _ o) _ 0 _
zZy =7 , = , = . 1.18
N Nz PN =PN|,_ My =BN|, (1.18)

Setting J = 0 in Theorem 1.1 we get

lim p = p@wh) VheR. (1.19)

N—o00
Thus, the pressure is analytic as a function of / and the unique value of the limiting

monomer density is given by

- .0 0 _ 9
lim E = lim — = —p© 1.2
B On) = Jim Geon = 5pp (120

and, using the properties of g given in [1], we get

9
—pO — o). 1.21
an? g(h) (1.21)
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‘P has 1 global
maximum point
m*

—_ Y

(Je.he)

P has 2 global
maximum points
my<m,

J

Fig. 1. The coexistence curve y and the critical point (., J) in the plane (h, J)

Theorem 1.2. For the IMD model at J = 0 the followings hold:

D
my — Sg(h) (1.22)

and

SN —Ng(h) D 9
T — N(O, ﬁg(h)). (1.23)

We notice that, even if we are in the case J = 0, (1.23) is not a consequence of
the classical central limit theorem, indeed Sy is not a sum of i.i.d. random variables
because of the presence of the hard-core interaction. The proof of the theorem is in the
next section.

Let us consider now the case J > 0. It is proven in [1] that the points where the
function p defined in (1.12) reaches its maximum satisfy the following consistency
equation:

m=g((2m—1)J +h). (1.24)

The analysis of (1.24) allows to identify the region where there exists a unique global
maximum point m*(h, J) of p. The resulting picture (see Fig. 1) is the following: the
function m™ is single-valued and continuous on the plane (%, J) with the exception of
an open curve y defined by an implicit equation 7 = y (J). Moreover m™ is smooth
outside y union its endpoint (A, J.). Instead on y, there are two global maximum points
mi1(J) = mi(y(J), J) and my(J) = ma(y(J), J). In particular, m| < mo thus they
represents respectively the dimer and the monomer phase. The curve y plays a crucial
physical role since it represents the coexistence of two different thermodynamic phases
and the point (., J.) is the critical point of the system, whose exact value is computed
in [1].

Outside of y, by differentiating the expression (1.11) with respect to the external
field &, one obtains that the value m™* maximizing p is the limit of the average monomer
density my = Sy /N with respect to the Gibbs measure:

: : 0 d * *
Jim By (my) = lim —opy = —pn®) = m*(h D). (125)
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We want to stress the fact that in the standard mean-field ferromagnetic model (Curie—
Weiss model) the existence of the limiting magnetization on the coexistence curve (zero
external field) is achieved by a spin flip symmetry argument, a property that we do not
have in the present case.

In the next sections we will prove the law of large numbers, the central limit theorem
and their breakdowns, respectively Theorems 1.3 and 1.4 below, for the distribution of
Sy (suitable normalised) with respect to the Gibbs measure py .

Theorem 1.3. Consider the IMD model defined by the Hamiltonian (1.7).
(i) In the uniqueness region (h, J) € R x R*\y, we have that

my 3 8. (1.26)

(i1) On the coexistence curve y, we have that
D
my = P18, + 028y, (1.27)

2 o
where p; = b]hbez by = (—=nQ2—=m)" Y2 and » = ;’?p(ml),forl =1,2.

Remark 1.3. We notice that, on the contrary of what happens for the Curie—Weiss model,
the statistical weights p; and p on the coexistence curve are in general different, fur-
thermore they are not simply given in terms of the second derivative of the variational
pressure p.

The first fact can be seen numerically (Fig. 2) and analytically one can compute

Py 1 (1.28)

1m =
J=oo po(J) 2

Indeed, by exploiting the formula (p©)” = ¢’ = 2g(1 — g)/(2 — g) (see Appendix of
[1]), one can rewrite the ratio p1/p; as

o \/(Z—mz)—4Jm2(l—m2)
P2 Q2—my) =4 m (1 —my)

(1.29)

Furthermore, the relative weights p; have two contributions reflecting the presence of
two different kind of interaction: the first contribution A; is given by the second derivative
of the variational pressure (1.12), while the second contribution 2 — m; comes from the
second derivative of the pressure of the pure hard-core model.

Theorem 1.4. Consider the IMD model defined by the Hamiltonian (1.7).
(i) For (h, J) € (R x R*)\(y U (he, Jo)), we have
S N — Nm*

7 = N(0.0?) (1.30)

where o2 = -2V = 2J) ' >0 and r = %ﬁ(m*) < 0.
(ii) At the critical point (h., J.), we have

Sy —N Ac
—NN3/4mC B¢ exp (2—;x4)dx (1.31)

where ke = 22 p(me) < 0, me = m*(he, Jo) and C' = [ exp(lsx*)dx.



Limit Theorems for Monomer-Dimer Mean-Field Models with Attractive Potential 787

0.0 h
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Fig. 2. We extend the definition of p; and p, on a region that contains y, where m| and m; are local maximum
points of p, and then we compute the sign of p; — pp. The coexistence curve appears to be completely contained
in the region p; < po

2. The Pure Hard-Core Model

A basic ingredient of all the proofs is the knowledge of the properties of the moment
generating function of Sy w.r.t. the Gibbs measure at / = 0. However, compared with
spin models, monomer—dimer models have an additional feature: the problem at / = 0
is itself non trivial in the sense that the Gibbs measure is not a product measure. We start
by deriving the properties of the partition function of the model at J = 0 that will be
used during all the proofs.

For given u, t € R and n > 0, using the definition (1.18) let us consider

Z§3> (u + #) = Z NPl exp ((u + %) SN(D)) 2.1
De9y

In order to obtain an asymptotic expansion of (2.1), which allows us to obtain its
scaling properties, we will use a connection between the monomer—dimer problem and
Gaussian moments [2, 14]. Following the same argument of [2] one finds

Proposition 2.1. The following representation of the partition function holds

N N
z§3>(u+#) == /R (v @) dx, 22)

2
Wy (x) = (x +exp(u + %)) exp(—%). (2.3)

where



788 D. Alberici, P. Contucci, M. Fedele, E. Mingione

The above Gaussian representation allows us to use Theorem A.1 (see the “Appen-
dix”), an extension of the Laplace method, to obtain a useful asymptotic expansion of

Z(O)(u+ +7)- Precisely

Proposition 2.2. For a givenu,t € Randn > 0

t t t |1
70 (u+ Nﬂ) = exp (N P (u+ m)) N, &P (N PO (u+ m)) 2— )

(2.4)
where p©) and g are defined respectively in (1.13) and (1.14).

Proof. Use Proposition 2.1 and check that the function ¥y defined in (2.3) satisfies
the hypothesis of Theorem A.1, with )?N = ¢~ /N gy +t/N"). By means of the

stationarity condition £3, +¢“*"/N" %y — 1 = 0, one finds log Wy (i) = p©@ (u+1/N")

and —log Uny(@EN) = —2+¢gu +t/N") O

We will show that the previous proposition gives immediately Theorem 1.2. On other

hand, in the case J > 0 we need additional information about the convergence of p(o)

to p(o).

Proposition 2.3. For each k € {0,1,2,...}, ahk PN)(h) converges uniformly 1o
aaTkk p(o) (h) on compact subsets of R.

Proof. The location of the complex zeros & € C of the partition function ZI(\(,)) (h) was
described in the work of Heilmann and Lleb in [9]: Theorem 4.2 in [9] shows that these

zeros satisfy f(e") = 0, that is J(h) € £ +7Z. Set U := R+ ( -4 %) c C.

The analytic function ZI(\(,)) (h) does not vamsh on the simply connected open set U,
hence pf\?) (h) = + log Z/(\?) (h) is a well-defined analytic function on U. Moreover the

sequence ( Pz(\(/)) (h)) v 18 bounded uniformly in N and in & € K, for every K compact
subset of U; indeed
0 1 0 21
Py W] < 5 [log|ZP | | +

from the definition of Z 1(\(,)) it follows immediately

1
v log ‘Z(O) (h)’ log Z(O) ( sup sR(h))

and on the other hand, since Zz(\(/)) is a polynomial in the variable ¢’ using the Fundamental
Theorem of Algebra and thank to the choice of U, it follows

L iog 20| = jor M0 2

Thus, the claim is a consequence of the Vitali—Porter and Weiestrass Theorems [12]. O
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Let now prove Theorem 1.2. For each u € R and n > 0 we define

Sy —u
SN = N (2.5)

In order to prove the two statements of the Theorem 1.2, namely the law of large numbers
(1.22) and the central limit theorem (1.23), it is enough to compute the limit of the
moment generating function of Sy ,, forn = 1,u = 0 and for n = %, u = g
respectively.

Consider the moment generating function of Sy ;,, with respect to the Gibbs measure

,ug\(,)) with external field &, namely for all r € R

Psy,u ) = D u (D) e Swau®), 2.6)
De%y

By (2.1) one can rewrite (2.6) as

0
ZO(h + 1)

Psy,p (1) = e 2.7)
o AU
Using Proposition 2.2 for the numerator and the denominator of (2.7) one gets
0 t
Zy (h+ 55) t
N N7 © ul Vo ©XP (N(p(o) (h + m) - p(o)(h))) (2.8)
ZN h) —00

Setting 7 = 1 and u = 0 and using the Taylor expansion p© (1 + ﬁ) —pOh) =
L2 pO(h) + O(N~2) and (1.21), we obtain
lim ¢s, ,,) = 8™ VieR (2.9)
N—oo "

which implies (1.22).
In the case of the central limit theorem, setting n = % and u = g(h), the leading
order is provided by the Taylor expansion of p© (h + \/Lﬁ) up to the second order

t r0 2 9?2 _3
PO+ \/_ﬁ) = p Q)+ ﬁ 8_hp(0)(h) + N WP(O)(}Z) +O(N™2),
and then we obtain
2 9
; — o7 &)
Jim gs =T 0 vieR (2.10)

which implies (1.23) and completes the proof. O
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3. The Model with Attractive Potential

The strategy in the case J > 0 follows the general method of Ellis and Newman [5],
namely, in order to overcome the obstacle of the quadratic term in the interaction, we
consider the convolution of the Gibbs measure py with a suitable Gaussian random
variable. Let us start by two simple lemmas.

Lemma 3.1. For all integer N, let Wy and Yy be two independent random variables.

D
Assume that Wy — W, where

Ee'™ £0 Vi eR.

Then Yy 2) Y ifand only if Wy + Y 2) W+Y.

Lemma 3.2. Let W ~ N(0, (2J)~Y) be a random variable independent of Sy for all
N € N. Then given n > 0 and u € R, the distribution of

w Sy — Nu

STt T (3.1)

is N
Cy exp (N Fy (m + u)) dx, (3.2)

where C;l = Jgexp (N Fy (7 +u))dx and
Fy() = —Jx*+pWV@Jx+h—J). (3.3)

Proof. Given 6 € R,
w Sy — Nm

]P{ T e S 9] - IP{JNW+SN c E} (3.4)

where E = (—oc0, N~ + Nm].
The law of /N W + Sy is given by the convolution of the Gaussian A/ (0, N(2J)~ 1)
with the distribution of Sy w.r.t. the Gibbs measure py:

IP’{\/NW+SNEE}
1

J 2 J 2

(_ﬂ’N) /EdIEuNeXP(_N(t_SN))
1

1/ T\? 7 21
_ (L /dtexp — =) zZO(=hn—). 63

Zv\=zn) J; N N

where the last equality follows from (2.1). Making the change of variable x = (t —
Nu)/N'="in (3.5), we obtain:

goodx exp(—JN(% +u)2) Zﬁ)(zj(%+u)+h—J)

(3.6)

P{WW+SN6E} - CN/

and the integrated function can be rewritten as (3.2). 0O
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The core of the problem is the convergence of the sequence of measures determined
by (3.2) for suitable values of n and u. Thus, we are interested in the limit of quantities
of the form

/Rexp (N Fy (% + u)) ¥ (x) dx 3.7)

where ¥ is an arbitrary bounded continuous function. Clearly, the results depend cru-
cially on the scaling properties of Fy near its maximum point(s). By (1.12), (1.19) and
(3.3) we know that

lim Fy(x) = p(x), Vx € R. (3.8)
N—o0

However, the study of the asymptotic behaviour of the integral (3.7) requires stronger
convergence results provided by Propositions 2.2 and 2.3.
Given a sequence of functions fy : R — R, for any x, y € R we define

Afn(@x;y) = fn@x+y) — fv(). (3.9)

Let u = w(h, J) be a maximum point of p and denote by 2k the order of the first
non zero derivative at ;. Hence, making a Taylor expansion, one finds as N — oo

N AD —. _ A 2k — L
P(XN"2%;pu) = _(Zk)'x +O\N™ % (3.10)

where A = (;:niz,{'ﬁ(u) < 0.
The next proposition relates the asymptotic behaviors of N AFy and N Ap.

Proposition 3.1. Forany x,y € Rand n > 0,
lim exp (N (FN(x N7"+y)— Fx N+ y))) = ¢(y) G.11)
N—o00
where c(y) == (2—gQJy+h — J))_l/z. Hence,

N(AFN(x N7 y) = Ap(x N7 y)) o~ 0. (3.12)

Proof. Keeping in mind the definitions (3.3), (1.12) and using Proposition 2.2 we get
(3.11). Then (3.12) is a straightforward consequence. O

The next two propositions allow us to control the integral (3.7) in the large N limit.
Proposition 3.2. Set M := max{p(x)|x € R}, let C be any closed (possibly unbounded)

subset of R which contains no global maximum points of p. Then there exists ¢ > O such
that

e_NM/eNFN(x)dx = 0@ V) asN — cc. (3.13)
C

Proof. We observe that the sequence of functions ( pg\(,))) ~NeN 1s uniformly Lipschitz with
constant 1, namely forall 4, ”’ € Rand N € N

1PV () — p V)| < |h -1, (3.14)
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since & p\) = E, o (my) € [0, 1]. From (3.14) and definition (3.3) we get

lim sup Fy(x) = —o0 (3.15)
[x]—=o00 N
and
sup/ eV gy < co. (3.16)
N JR

Fixed g1 > 0, by (3.15) we can pick a number A € R sufficiently large such that

sup Fy(x) —M <—e VNeN (3.17)

XGOA

where Oy = {x € R : |x| > A}. Furthermore C\Oy, is compact (or possibly empty)
and then, by Proposition 2.3, there exist ¢ > 0 and N such that

sup Fy(x)—M < —g YN > N. (3.18)
XEC\OA

Thus setting ¢ := min(ey, &2) we get

sup Fy(x) =M < —¢ YN >N (3.19)
xeC

Hence, for N > N,
e*NM/eNFN(x)dx < efNMe(Nfl)(Mfe)/eFN(x)dx
C

¢ (3.20)
e—Nse—(M—a)/ EFN(X)dx.
R

IA

The last is uniformly bounded in N by (3.16) and this completes the proof. O

In the rest of this section 8 f(x) denotes the kth-derivative of a function f at the
point x.

Proposition 3.3. Let 1 be a maximum point of p, let 2k be the order of the first non-zero
derivative of p at . Given 8, ¢ > 0, there exists N such that for all N > N,

2k—1
NAFy(xN"%:p) < > ex/ +Lsox®  Va, |x| <N (3.21)
j=1
where el ~
3*p(u) +e SUpp, 5 a1 1024 Pl + &
Lse = (3.22)
’ (2k)! 2k +1)!

In particular, since 82k’pv(,u) < 0, one can choose 8, ¢ > 0 such that Ls . < 0, and then
the sequence of functions

exp (N AFy(x N™%; ) 1(lx| < SN ) (3.23)

turns out to be dominated by an integrable function of x.
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Proof. The Taylor expansion of Fy at the point u gives

2k=1 4 2k 2k+1
JFyv(u ) . Fn(u F
NAFN(foi;M) = E 78 Ix( )lef/zkxf + OTENGY 2k 9 N (&) N** 2k+1

2% x
P (2k)! 2k + 1)!

(3.24)

where £ € (u, u+x N*i). We claim that forany j € {1,...,2k — 1}
3 Fy(u) N7k 0. (3.25)

N—o00
Indeed, by (3.12)
N(AFN(xN—ﬁ;M) —Aﬁ(xN‘ﬁ;u)) -~ 0, (3.26)
N—o0

that is, by substituting (3.24) and (3.10) into (3.26),

2k— ~
3/ F 0°kF,

Z N(”) N1k i g NG — 8 Hro(NTH) > 0, (327)

= (2k)' N—00

hence using Proposition 2.3, we get

¥ = 0 (3.28)

which implies (3.25) since x is arbitrary. Thus (3.25) gives the control of the terms
of order up to 2k — 1 in (3.24). The last two terms in (3.24) can be grouped together

. 1 . . . . .
observing that |x|**! < x2§ N 2 ; then the estimate (3.21) is obtained using the uniform

convergence of 9% F N 92+l Fy on the compact set [ — 8, u + 6], which is guaranteed
by Proposition 2.3. O

Letnow prove Theorem 1.3. We denote by M = {u;};=1.... p the set global maximum
points of p and let k; and A; be as in (3.10). Set M := max,, p(m) = p(u;) for each
[ = 1,..., P. From the analysis of p and using the properties of the function g (see
[1]), it turns out that k; do not depend on / and precisely

({m*(h, 1)}, 1) if (h,J) € R x RO\ (y U (he, o))
(M. k) =1 ({mc},2) if (h,J) = (he, Jo) (3.29)
({m1(J), ma(D}, 1) if (b, J) €y.

The argument described below applies in all the cases proving respectively (1.26)
and (1.27). Keeping in mind (3.29), we proceed with the computation of the limiting
distribution of the monomer density my = Sy/N. By Lemmas 3.1 and 3.2 withn =0
and u = 0, it suffices to prove that for any bounded continuous function ¥

N Fn(x) d

/Re Y odx L XL v
/ N NG g > b
R

(3.30)
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Foreach! = 1,..., P let §; > 0O such that the sequence of functions (3.23), with
in place of f, is dominated by an integrable function. We choose § = min{g; | [ =
1,..., P}, decreasing it (if necessary) to assure that 0 < § < min{|u; — us| : 1 <1 #

s < P}. Denote by C the closed set

P
C:=R\J(u =8, i +9);
=1

by Proposition 3.2 there exists & > 0 such thatas N — oo
e_NM/ NNy () dx = 0(e V). (3.31)
C

Foreachl =1,..., P we have
| wi+é
NT NM/ eNFN(X)Ilf(x) d.x
w8

= eN(FN(/“)*M)/ . exp (N AFN(waﬁ; ,ul)) W(u)Nfﬁ + ) dw
|w| <8N 2k
(3.32)

where the equality follows from the change of variable x = yu; + wN —x and AFy is
defined in (3.9).
Since M = p(u;), from (3.11) we know that

1 1
lim eV (Fn(m)—M) — = (3.33)
N—00 V2—gQIm+h—=170) JV2—w

where the last equality follows from the fact that ;; must satisfy the consistency equation
(1.24).

By Proposition 3.3 we can apply the dominated convergence theorem to the integral
on the r.h.s. of (3.32), then by (3.12) and (3.10) we obtain

. L NM s N Fy(
lim N2 e~ / e N (x) dx
=3

N—o00

ﬂ [ exp (™) v . (3.34)

Making the change of variable x = w(—2X;) % in the r.h.s. of (3.34) and using (3.31) we
obtain

p 2k
. L Nm [ NFyw _ 1 /
Nh_r)nooNzk e /Re Ny (x)dx = l:EI \/2_7( AT 2k W () exp (2k)')dx
(3.35)

The analogous limit for the denominator of (3.30) follows from (3.35) by choosing
Y = 1. This concludes the proof of the Theorem 1.3. O
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Let now prove the Theorem 1.4. Keeping in mind (3.29), let us start by proving the
following

/Rexp (NFN(xN_2]7 +m*)) Y(x) dx R /Rexp((;];)!xzk) V(x)dx

-1 * A 2k
/Rexp(NFN(xN % +m*))dx /Rexp((zk)!x )dx

for any bounded continuous function . We pick § > 0 such that the sequence of
functions (3.23) is dominated by an integrable function. By Proposition 3.2 there exists
& > O such thatas N — oo

(3.36)

|x|>8N 2%

where M = max,, p(m). On the other hand as |x| < §N1/?K

e_NM/ | exp (N FN(xN_ﬁ +m*)) ¥(x)dx
|

X|<8N 2%

_ e(FN(m*)—M)/ Lexp (N AFy(xN™%; m*)) Y(x)dx.  (3.38)
|

x| <8N 2k

Thus, by Proposition 3.3 we can apply the dominated convergence theorem, and then
by (3.10), (3.12) and (3.33) we obtain

lim e—NM/ | exp (N Fy(xN~ +m*)) ¥ (x)dx
|

N—o0 x| <8N 2Kk

1 A
= /Rexp (w x2k) v (x) dx (3.39)

which, combined with (3.37), implies (3.36).
Fork = 2,by Lemmas 3.1 and 3.2 with n = 1/4 and u = m*, the convergence (3.36)
is enough to obtain (1.31).

For k = 1, by Lemmas 3.1 and 3.2 with n = 1/2 and u = m*, since W ~
N, 2J)™ 1), the Eq. (3.36) implies that the random variable Sy converges to a

Gaussian whose variance is 02 = (—)»)’1 —@n- provided that
-l —en-t=2*21 _, (3.40)
—2ad ’

where A = %ﬁ(m*). Considering the function g defined in (1.14), we have that

%'pv(m*) +2J = )2 g 2Jm* +h — J). Since g’ > 0 and A < O the inequality
(3.40) holds true. 0O
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A. Extended Laplace Method

The usual Laplace method deals with integrals of the form

/}R (¥ (x))" dx

as n goes to infinity. In this appendix we prove a slight extension of the previous method
where 1 can depend on n. Other results in this direction can be found in [8,10].

Theorem A.1. Forall n € N let y,, : R — R. Suppose there exists a compact interval
K C R such that ¥, > 0 on K, so that

Yn(x) = " vx e K.

Suppose that f, € C*(K) and

@) f, — f uniformlyonK;
n—00

®) £ —  f” uniformly on K.
n— 00

Moreover suppose that:

(1) maxg fy is attained in a point x, € int(K);

(2) lim sup,,_, o, (SUpg\ k 10g |¥n| — maxg f) < O;
(3) maxg f is attained in a unique point X € K;

) f(®) <0;

(5) limsup,_, o, [ [¥n(x)|dx < oc.

Then,
. 2
n ~ nfn(Xn)
/R(lﬂn(x)) dx e ,——n Iy (A.1)

In the proof we use the following elementary fact:

Lemma A.1. Let ( f;), be a sequence of continuous functions uniformly convergent to f
onacompact set K . Let (I,,), and I be subsets of K such that maxyej,, yer dist(x, y) —
0asn — oo. Then

e maxy, fu n—_>)oo max; f;
e argmax; fu T, rgmax; f, provided that f has a unique global maximum point

onl.

Proof of Theorem A.1. Since X, is an internal maximum point for f, (hypothesis 1),
fr(X,) =0and forall x € K

. 1 N . N
Fa) = fuln) + 5 [/ Ee) (6 = 507 With & € (£, %) C K, (A2)
Fix ¢ > 0. Since f,, — f” uniformly on K, there exists N, such that
n—oo

I @) = f"E)] <e YEE€K Yn>N,. (A.3)
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Since f” is continuous in x, there exists 8. > 0 such that B(x, §;) C K and
1@ = "D <& VE: & -3 <de. (A.4)
By the Lemma A.l X, — X, because X is the unique maximum point of f on K
n—oQ

(hypothesis 3). Thus there exists ]\_/58 such that
) _
%, — X| < 3‘9 VN > N;,. (A.5)

Therefore forn > N, Vv ]\_/38 and x € B(X, &) it holds:

N n R . (A5) 8. e
|§x,n_x‘S‘é;_x,n_xl‘*'lx_xlf|Xn_x|+|x_x| < ?+5:5£
" "en ” " " 1y (A3 (A4
= 1 Gen) = 7O = 1fy Gen) = G+ 1 Een) — (] < e+e=2e

By substituting into (A.2) we obtain that forn > N, Vv Ngs and x € B(X, §;)

< faG) + 53 (f7(R) +2¢) (x — £,)2
> fu(Xn) + % (f”(f) — 28) (x — )2,,)2

Now split the integral into two parts:

/ (Y (x))" dx = / M qx 4 / (Ya(x))" dx. (A7)
R B(&n.5) R\B(%n.5)

o To control the second integral on the r.h.s. of (A.7) we claim that there exists ns, > 0
and N Sks such that

Jn(x) [ (A.6)

log [y ()| < fu(Zn) —ns, Yx € R\B(%s,8) VN > Ny (A.8)
namely lim sup,,_, o SUP, e\ p(%,.5.) 108 [¥n (X)| — fu(£n) < 0. Indeed:

limsup  sup  log |y, (x)| — fu(Xn)

n—00 xeR\B(%,8)

= (hm sup sup Sn(x) — fn(fn)) Vv (hm sup sup log ¢, (x)| — fn()en))

n—00 xeK\B(%,5) n—oo xeR\K

= ( sup  f(x) — f()?)) v (lim sup sup log |, (x)| — fn()?n))

x€K\B(X,8¢) n—oo xeR\K

where the last identity holds true by the Lemma A.1.

Moreover Sup, ¢ x\ p(s.s,) f (x) — f(¥) < 0since ¥ is the unique maximum point of the
continuous function f on the compact set K (hypothesis 3); while
lim sup,,_, o, SUP,er\ x 10g [Vn (X)| — fa (Xn) < 0 by the hypothesis 2. This proves the
claim.

Now using (A.8) and the hypothesis 5, there exist C and N such that foralln > NV N g‘g

/ \I/fn(x)\"dx e(n—l)(.fh()?n)—nss)/|¢n(x)|dx
R\B(&n.5¢) R

C " (FaGn)=ns.) (A9)

IA

IA
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o To study the first integral on the r.h.s. of (A.7), choose ¢ € (0, gg], where f”(x)+2g¢ <
0 (hypothesis 4). By (A.6), since we can compute Gaussian integrals, we find an upper
bound:

/ S 4y < ) / b (F1426) =) g
B(Sn.5e)

R
— enfn()en) 1 / €_x2 dx
V=5 (f7(E) +2e) /R
_ i) LA (A.10)
—n (f"(x) +2¢)

and a lower bound:

/ @ gy > Malin) / o3 (F/(D)+26) (=) 4
B(£n.8¢) B(%n.8¢)

_ i) ! / e dx
—L(fE) +26) B(0.8:/~3 (/") —20))
. 2
— e”fn(xn) (1 + wn,e,ég) (Al 1)

—n (f"(X) — 2¢)

where w;, ¢ 5, — 0 asn — oo and ¢ is fixed.
In conclusion, by (A.7), (A.9), (A.10), (A.11) we obtain that for ¢ € (0, &o] and
n> N,V Ns, VNV Ng‘S it holds:

Je @) dx [ & [ E
e”fn (Xn) 21 - f//(x) +2e¢ 21

—n f7(X)
1" (X)
n—oo \l f(X)+2¢ e—>0
and:
n

d (e "(
Jr (¥n ()" dx _ P'® G ymen) — € =" LD o,
enfn()en) 2 f//(x) — 2 2

)

| ['&) .
- — — 1
n—0oo f”(x) —2& =0

hence (A.1) is proved. O
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