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Abstract: It has previously been suggested that small subsystems of closed quantum
systems thermalize under some assumptions; however, this has been rigorously shown
so far only for systems with very weak interaction between subsystems. In this work,
we give rigorous analytic results on thermalization for translation-invariant quantum
lattice systems with finite-range interaction of arbitrary strength, in all cases where there
is a unique equilibrium state at the corresponding temperature. We clarify the physical
picture by showing that subsystems relax towards the reduction of the global Gibbs state,
not the local Gibbs state, if the initial state has close to maximal population entropy and
certain non-degeneracy conditions on the spectrum are satisfied. Moreover, we show
that almost all pure states with support on a small energy window are locally thermal in
the sense of canonical typicality. We derive our results from a statement on equivalence
of ensembles, generalizing earlier results by Lima, and give numerical and analytic
finite-size bounds, relating the Ising model to the finite de Finetti theorem. Furthermore,
we prove that global energy eigenstates are locally close to diagonal in the local energy
eigenbasis, which constitutes a part of the eigenstate thermalization hypothesis that is
valid regardless of the integrability of the model.

Contents

1. Introduction . . . . . . . . . . . . 500

2. Summary of the MainResults . . . . ... ... ... ... ... ..., 501
2.1 Canonical typicality . . . . . .. ... ... ... . 503
2.2 Equivalence ofensembles . . . . . ... ... ... oL 504
2.3 Dynamical thermalization . . . . . . ... ... ... ... ...... 505
2.4 Finite-sizeestimates . . . . . . . . . . .. ... 507
2.5 Towards eigenstate thermalization . . . . ... ... ... ...... 508

3. Proofsofthe MainResults . . . . . . ... ... ... ... . ....... 509


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-015-2473-y&domain=pdf

500 M. P. Miiller, E. Adlam, L. Masanes, N. Wiebe

3.1 Equivalence ofensembles . . . . . . . ... ... ... .. ... 510
3.2 Canonical typicality . . . . . .. ... ... ... 535
3.3 Dynamical thermalization . . . . . . . . ... ... ... ....... 539
3.4 Finite-size estimates for systems without interaction . . . . . . . . .. 543
3.5 Numerical results on finite-size behavior in one dimension . . . . . . 553
3.6 Local diagonality of energy eigenstates . . . . . . . .. ... ..... 556
4. Conclusions . . . . . . . i e e e 560
References . . . . . . . . . . . e 560

1. Introduction

How do closed quantum systems thermalize? The last few years have seen a resurgence
of interest in this old question, motivated by new experimental [1] and numerical [2]
methods, relying on new ideas and methods from quantum information theory [3—-10].
Clearly, closed quantum systems in any given pure initial state cannot literally thermalize:
unitary time evolution enforces that the global state remains pure and will never become
thermal, unless there is at least a tiny interaction with some environment. However, small
subsystems of closed quantum systems can equilibrate in a certain sense, as entanglement
between the subsystem and its remainder will lead to locally mixed states, and one may
hope that these will in many cases resemble the ensembles of statistical physics.

Along these lines, it was suggested in [3] that typical pure quantum states in many-
body systems resemble thermal states on small subsystems due to entanglement, a prop-
erty called “canonical typicality”. However, no rigorous mathematical formulation of
this was given in [3]. Almost at the same time, it was rigorously proven in [4] that typical
pure quantum states in subspaces of bipartite Hilbert spaces are locally close to some
equilibrium state. However, this equilibrium state is not thermal in general. This raises
the question of what conditions are needed to ensure that the local equilibrium state will
be thermal, i.e., a Gibbs state.

In addition to these kinematical results, there has been major progress in under-
standing how closed quantum systems equilibrate dynamically [5-9]. Regarding the
emergence of the Gibbs state, the situation is similar to the kinematical case: the sub-
systems approach some equilibrium state (for most times in some time interval), which
is however not thermal in general. The question is thus the same: under what conditions
will the equilibrium state be thermal?

Important progress on this question was made in [10]: a rigorous bound on the
distance D between the local equilibrium state and a thermal state was established.
This result has two drawbacks, however. First, the given bound is rather cumbersome,
which is due to the great generality of considering arbitrary Hamiltonians. Second, and
more importantly, the upper bound on the distance D grows with the operator norm of
the interaction Hamiltonian which couples the subsystem to its surroundings. Thus, the
bound becomes trivial as soon as the boundary of the subsystem becomes moderately
large, or the interaction becomes strong.

In this work, we give rigorous analytic proofs of dynamical and kinematic formula-
tions of thermalization for interactions of finite range, but arbitrary strength. By restrict-
ing to the special case of translation-invariant lattice systems as in Fig. 1, we are able
to prove the common belief that small subsystems are indeed close to thermal, under
various natural conditions on the spectrum and the initial state that depend on the spe-
cific setup and boundary conditions. Our work also clarifies how thermalization should
generally be formalized by showing that the resulting state will in general not be the
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Fig. 1. Canonical typicality. A rectangular lattice A, evolves according to a translation-invariant finite-range
interaction Hamiltonian H Kn , where “p” is for periodic boundary conditions (the case of arbitrary boundary

conditions is treated in the Sect. 3). If |) is a generic state occupying only energies E withu—3§ < E/|Ay| < u,
then small subsystems A C A, will, for large n, behave as if the full system was in a Gibbs state of the
corresponding temperature, for all possible measurements in the subsystem. Dynamically, the same will be
true for [y (7)) for most times ¢ if the initial state |y (0)) has close to maximal population entropy, and the
spectrum satisfies certain non-degeneracy conditions

local Gibbs state; rather, it is the reduction of the global system’s Gibbs state. This
identification is made clear from the fact that the expected distance between the local
reduced state and the thermal state goes to zero in the thermodynamic limit. In contrast,
we show that boundary effects cause the local Gibbs state in general to remain distinct
from the thermal state even in the thermodynamic limit. This shows why earlier work
led to bounds on the distance that necessarily grow with the interaction strength.

We are further able to provide concrete finite-size bounds, rather than asymptotic
bounds, for two cases of interest. We give tight analytic bounds for the distance between
the reduction of a typical global pure state and the local Gibbs state in the non-interacting
case, which already turns out to be a non-trivial problem, and we give numerical finite-
size estimates for interacting models in one lattice dimension. Building on the results
by Low [26], we also show that the kinematical result on canonical typicality remains
true if global pure states are not drawn with respect to the unitarily invariant measure
(which is hard to implement), but according to an approximation of this measure (an
“8-design”) that can be sampled efficiently.

Finally, we address the question of whether the given thermalization results can
hold even on the level of single energy eigenstates, as conjectured in the eigenstate
thermalization hypothesis (ETH) [33,34]. In a nutshell, the ETH claims that global
energy eigenstates are locally close to a thermal state. It is easy to see that the ETH
cannot be true for all the models that we consider, and that additional assumptions (along
the lines of nonintegrability) are needed. However, we prove a result that constitutes a
part of the ETH that is true for all models with finite interaction range: global energy
eigenstates are locally close to diagonal in the local energy eigenbasis. We hope that this
result (proven via Lieb-Robinson bounds) may serve as a first step towards a complete
resolution of the ETH in future work.

2. Summary of the Main Results

We provide a self-contained summary of the main results of this paper in this section,
focusing on periodic boundary conditions. The case of arbitrary boundary conditions
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will be treated in Sect. 3. While the detailed definitions will be given in Sect. 3 (and are
close to [13]), here we describe the setup and notation in a less formal way.

Our work considers the thermalization of interacting d-dimensional systems in a cubic
or rectangular lattice in v spatial dimensions. These spins are constrained to interact with
each other via finite-range translationally invariant Hamiltonians with arbitrary boundary
conditions. Although these restrictions are stringent, many models relevant to condensed
matter physics, such as the Ising and Heisenberg models, satisfy these requirements.

We introduce the following notation to describe the lattice. We define the set of
lattice sites tobe A := [Ay, 1] X - -+ X [Ay, o], where [A, u] C 7Z denotes the interval
of integers between A and p > A. In particular, we consider sequences of regions
A1 C Ay C As... that converge to the full infinite lattice Z"; for example, we may
have the sequence of hypercubes A, = [—n, n]". The physical interpretation is that
a region A, describes the actual physical system in the laboratory, and a subregion
A C A, describes a small subsystem, cf. Fig. 1. The number of sites in a region A is
denoted |A |. The “particles” located at each of these sites carry a d-dimensional Hilbert
space C9.

Time evolution in A, is determined by a Hamiltonian H BC \where the superscript
explicitly denotes the type of boundary conditions that the Hamlltoman satisfies. The
choice of Hamiltonian is subject to some conditions defined as follows. To every finite
region X C Z", we associate a self-adjoint operator 4 x, and define the Hamiltonian with
open boundary conditions to be Hy := >y, hx. We assume translation-invariance,
i.e. hx4y equals hy (translated to the corresponding lattice sites), and finite-range of
interaction, i.e. there is some r < oo such that 2y = 0 whenever the diameter of X
is larger than r. In the following, we will exclude the case that the map X +— hy is,
up to physical equivalence [13], everywhere identically zero. As a simple example in
one dimension, the Heisenberg model Hj ) = —J Zl_l i o1 —hYy!_ a , with
Pauli matrices o0 = (O’X ,oY, 0% ), fits into this framework, if we define A x as —hal. if
X = {i} for some integer i, as —Jo; - 041 if X = {i, i + 1}, and as zero for all other X.

The Hamiltonian with open boundary conditions, Hj,, can be augmented with addi-
tional non-translationally invariant terms on the boundary of A, to obtain some H BC
The case of periodic boundary conditions is of partlcular importance to the remalnder of
the discussion and we denote such Hamiltonians by H A, - More general boundary condi-

tions are also permitted. The only assumption will be that || H f’c —Hp,lloo/|An| — Oas
n — 00, where || - || oo is the operator norm. That is, the boundary terms only contribute
a vanishing energy density.

While we aim at statements for finite regions A, the thermodynamic limit n — oo
becomes important as a proof tool and an indicator of phase transitions [13, 14]. We make
extensive use of the following properties, which characterize the system’s behavior in the
thermodynamic limit. States w on the infinite lattice Z" are given by families of density
matrices (W) Az finites With @n = Trana war if A € A’. Translation-invariant states
 on 7" have entropy density s () := lim,_ s ﬁS(a)An), with S(p) = —tr(plog p)
the von Neumann entropy, and energy density u(w) := lim,— o |A4tr(w AHA,) A
characteristic quantity for any given model and B > 0is the equilibrium Helmholtz free
energy density fin(B) := (—1/8) lim, |A I logtrexp(—pBHy, ). It holds

fin(B) = inf{f(w) | w translation-invariant state},

where f(w) = u(w) — s(w)/B is the Helmholtz free energy density [13] of state
w. For any finite region A, the Gibbs state at inverse temperature 8 is yfc(ﬁ) =
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exp(—BH f €)/Z, with Z the partition function. Gibbs states on the infinite lattice can
be defined in several different equivalent ways; here we use a variational principle:
a translation-invariant state @ on the infinite lattice is by definition a Gibbs state at
inverse temperature S if it minimizes the free energy density, i.e. if f(w) = fm(B). This
definition is equivalent to the well-known KMS condition [16].

For every inverse temperature 8, there is at least one Gibbs state wg on the infinite
lattice; however, the possibility of finite-temperature phase transitions implies that there
may be more than one Gibbs state at the same . Consequently, we say that there is
a unique equilibrium state around inverse temperature B if there is a small interval
around B such that for all 8’ in that interval, there is only one Gibbs state at inverse
temperature 8. This is true, for example, if B is smaller than some model-dependent
critical inverse temperature [18], and it is true for all g if the lattice dimension is v =
1 [17]. A given energy density value u will be called thermal if it is strictly larger than
the ground state energy density upip, and strictly smaller than the infinite-temperature
energy density umax. These are given by umin = limy— 0o Amin (Ha,)/|An| With A, the
smallest eigenvalue, and upmax = lim,_ tr(HAn)/(|An|d‘A"|). If u is thermal, then
there is exactly one positive inverse temperature 8 = B(u) such that the energy density
u(wg) of the corresponding Gibbs state wg equals u [13].

2.1. Canonical typicality. As suggested in [3], we show that the Gibbs state arises
in translation-invariant quantum lattice systems due to entanglement between small
subsystems and the remainder. Consider any model with a given thermal energy density u
such that there is a unique equilibrium state around the corresponding inverse temperature
B = B(u). For § > 0, define the microcanonical subspace

T/ :=span{|E) | u—38 < E/|A,| <u}, ey

where H 11\7,1 |E) = E|E) denotes the periodic boundary condition energy eigenstates

on the global region A,. Choose any pure state [1/) € 7, at random according to the
unitarily invariant measure. Then, with high probability, this state will locallyin A C A,
be very close to the reduction of the global Gibbs state, as depicted in Fig. 1:

Theorem 1 (Summary of Theorem 25). Fix § > 0 and u thermal. Then for every ¢ > 0,
the probability p that a state |\r) € T,/ sampled according to the unitarily invariant
measure satisfies

exp(—BHY )

Traa ) (W] = Trana ~

=&+ An,A

1

is doubly-exponentially small in the lattice size |\, |; thatis, p < exp (—82 exp(|Ay|s+
o(|Ayl))), where s = s(wp) is the entropy density of the corresponding Gibbs state,
and Ay, A is a sequence of positive real numbers with limy,_, oo A, o = 0 for every fixed
A. Here, 8 can either be set equal to B(u) as defined above, or equal to the solution of
tr(HK” ylfn (B))/IAn| = u (which depends on n).

As illustrated in Fig. 1, in the limit of large n, almost all pure states |¢) in
an energy window subspace will be locally almost indistinguishable from the Gibbs
state at the corresponding temperature, since the one-norm distance ||p — ol =
2max p_pi_p2 |tr(oP) —tr(c P)| being small means that p and o give similar expecta-
tion value for all possible measurements. The theorem does not say how quickly A, A
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tends to zero with increasing n; we will come back to the question of finite-size estimates
later. Earlier work [3,10] attempted to prove that Tra,\a |1) (] is arbitrarily close to
the local Gibbs state ya(8) = exp(—BH,)/Z. However, this can only be true if the
interaction across the boundary of A is very weak [10]; in particular, the given upper
bound on the distance grows with the boundary of A and is thus interesting only if
A is small or if the lattice is one-dimensional. Our theorem shows that in general the
local Gibbs state has to be replaced by the reduction of the global Gibbs state to obtain
arbitrary closeness in the thermodynamics limit, unless one considers models that are
fine-tuned such that the local Gibbs state agrees with the reduction of the global Gibbs
state.

Before we turn to the proof, we note that the unitarily invariant (Haar) measure
in Theorem 1 can be replaced by a more physically realistic measure, namely an 1-
approximate 7-design [25,27], for t = 8 and n = exp(—|A,|s + o(|A|)). Here o(-) is
(asymptotic) Landau notation, where f,, = o(g,) means that f,,/g, converges to zero
in the limit n — oo. Such #-designs are approximations to the Haar measure that can
be efficiently generated in a time which is polynomial in the lattice size |A,|. It follows
from the results of Low [26] that Theorem 1 remains valid, however with a probability
value that is only exponentially (not doubly-exponentially) small in the lattice site — see
Theorem 28.

To prove Theorem 1, we invoke the results of [4], which tell us that Tr\a [¥){¥]
is with high probability close to Trp,\a Tn, Where 7, is the uniformly mixed state on
TP . We obtain Theorem 1 directly, with all constants, if we set A, A up to corrections

of order exp (—% [Ayls + o(|A, |)) (cf. Eq. (36)) equal to

exp(—BHY )

Z 2

8"71\ = TrAn\A Tn — TrAn\A

1

It remains to prove that§, o — Oasn — oo. However, 7, is nothing but the microcanon-
ical ensemble, and the statement left to prove is that its predictions on small subsystems
A are equivalent to those of the canonical ensemble in the thermodynamic limit. Thus,
we are naturally led to study the problem of equivalence of ensembles in our setting.

2.2. Equivalence of ensembles. To state our result, note that we can regard A, as a torus,
by identifying w; + 1 in the interval [A;, u;] with A;; this way, we can define periodic
translations of A, as those of the resulting torus. A state t, on A, will be called A,-
translation-invariant if it is invariant with respect to all periodic translations of A,. Using
this notion, our main technical result on equivalence of ensembles reads as follows:

Theorem 2 (Summary of Theorem 10). Suppose that (t,),eN is any sequence of A,-
translation-invariant states on A\,, and B > 0 such that there is a unique equilibrium
state around inverse temperature B. If

lim sup ™ (tr(thf”C) - S(fn)/ﬂ) < fu(B) 3)

for some choice of boundary conditions BC, then

CXp(—,BnHKn)

Z =0, “4)

lim

Tr T, —Tr
am A\ATn Ap\A

1
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where we may set B, either equal to the fixed value B, or equal to the solution of
w(HL yx, B/ 1Al = u(B).

Theorem 2 implies Theorem 1: If 7, is the microcanonical ensemble, i.e. maximal
mixture on 7;7, then tr(t, H 11\7,,) /IA,| < u by construction, and S(z,) = logdim(7;/) =
s|An| +o(|A,]) according to [13, Theorem IV.2.14] (as [13] does not provide a proof,
we reproduce the proof in Lemma 11 below). Since u — s/ = fin(B), (3) holds,
which shows equivalence to the canonical ensemble, lim,,_, o 8, A = 0, and establishes
Theorem 1.

The crucial property of the microcanonical subspace 7, used in this proof is its dimen-
sionality (which s close to maximal given its energy density «), namely lim,,_, oo (1/| Ay )
logdim 7,7 = s. It follows from Lemma 11 that this property is satisfied if the width
8 > 0 in the definition of the microcanonical subspace (1) is constant in n, which
corresponds to an extensive energy uncertainty. In general, one can also choose an n-
dependent width § = §,,; as long as §, tends to zero slowly enough, the necessary limit
identity will still hold. Unfortunately, giving a concrete expression for a possible choice
of 8, amounts to proving a generalization of Lemma 11 for “small” microcanonical
subspaces, and we do not currently have such a generalization.

However, in the special case of the non-interacting Ising model described in Sect. 2.4
below, it is easy to see via standard inequalities (like the ones used in the proof of
Theorem 37) that one can choose §, > c(logn)/n, with ¢ > 0 some constant depending
on u. It is therefore plausible to expect that a comparable scaling of §,, might be possible
also in the interacting case.

We now sketch the proof of Theorem 2. We first show that (), cn has at least one
limit point  as a state on the infinite lattice. Since every 1, is A,-translation-invariant,
w is translation-invariant, and (3) implies that f(w) = fin(B8). Thus,  is the unique
Gibbs state wg, and so

lim Tra,\aA T = (Wg)A- ®))
n— oo

Consider the special case where 7, equals the local Gibbs state y, := y/fn (B) which
appearsin (4). Every y, is A,-translation-invariant and minimizes the free energy locally,
hence

n— oo

w(ynHy ) = S(ya)/B < t((@p)a, Hy ) = S(@p)a,) /B — fin(B),

which shows that (3) is satisfied for 7, = y,. Consequently lim, oo Tra,\a ¥n =
(wg) A, and combining this with (5) proves the theorem.

This proof strategy has been pioneered by Lima [11, 12]; however, our result is more
general. In particular, we allow a more general set of possible interactions, and permit
Bn # B to be determined from the finite region A,,.

2.3. Dynamical thermalization. It has been shown in [6-8] that subsystems of closed
quantum systems equilibrate, subject to some conditions on the initial state and spec-
trum. In general, the equilibrium state depends on the initial state, and is not thermal
unless additional conditions are met [10]. However, for translation-invariant systems,
we can say more. Consider any initial state ,o(()") on A,, pure or mixed. The index n
indicates that the state is chosen to be a function of the lattice size n. We can think
of a simple dependence such as p(()n = pgb M for some fixed (single-site) state pp on
C4; however, the only technical condition we need to assume is that the density of the
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inner energy U,, := tr(,o(") Hy p ) converges to some well-defined thermal energy density
u = lim,— o Uy /| Al

The state evolves unitarily under the Hamiltonian H? e o™ (t) = exp(—itH 1'\7”)
(") exp(itHY ). We can define the population entropy S(p(")) as follows. From the
spectral decomposmon H? L= Zi E;m;, compute the weights A; := tr(p(()")m), and set

S (p(")) = — > ; Ai log A;. Similarly, there is an inverse temperature f, corresponding

to ,0(()"), defined by tr(H}\’n 7/11\),1 (Bn)) = Uy,. Denote the time average by (-), i.e. pé@’é

(™ (1)) == lim7_ 00 (1/T) fOT "™ (1)dt. Then the actual state at time ¢ is close to pg(l@

for most times ¢, and this state is close to thermal:

Theorem 3 (Summary of Theorem 31). If there is a unique equilibrium state around
inverse temperature B = limy,_ o By, if the (possibly pure) initial state has close to
maximal population entropy, in the sense that

S$(py") = S (Bu)) — oI Anl), (6)

and if each H [’\7 is non-degenerate (i.e. all eigenspaces are one-dimensional), then
unitary time evolution thermalizes the subsystem A for most times t:

J

<HTrAn\A p( )(l) —Tra,\a pe(lcé

< d"™\/Dg exp ( s@ ﬁ) I+ o(|An|>), and (7
exp(—B,HY )
lim | Tra,\a pé’v’é TrAn\Aw =0, €)
n—00 Zn .

where Dg is the gap degeneracy [8] of H p , defined by Dg = maxg |{(i, j) | i #
J, Ei — Ej = E}|, where E; denotes the elgenvalues of Hy, -

In Theorem 33, we generalize this result to the case of arbltrary boundary conditions
and degenerate Hy BC Unlike (8), which expresses equivalence of the time-averaged

state pavg and the thermal state yA (Bn) for local observables A on A, the generalized
version shows equivalence of these global states on a different set of observables [8],
arising from averaging observables A over translations of A. We also show numerically
in Sect. 3.5 that the conditions of non-degeneracy of H 1'\7” and Dg = 1 are generically
satisfied for randomly chosen translation-invariant nearest-neighbor interactions in one
lattice dimension.

Our proof of Theorem 3 follows similarly to the proof of the results of [8]. First
we have to show that the “effective dimension” degg = €52 is large, with S, (p) =
(logtr(p*))/(1 — «) the «-Rényi entropy. We do this via the inequality S, > 2¢(S —
e/(1+¢)Sp) for 0 < ¢ < 1, which we prove from results of [29], establishing (7). From
S (pg(lc;,) > S (,0(()”)), we conclude that pé@ =: 1, satisfies (3). We then apply Theorem 2
to prove (8).

As an example, if p{" is a pure state [y\") ~ > i—5<E: /Ay | <u | Ei) Which is a “flat”
uniform superposition of eigenstates |E;) of H 1’\’”, Theorem 3 applies. This recovers
results of [10], albeit in a different context.



Thermalization and Canonical Typicality in Translation-Invariant Quantum Lattice Systems 507

2.4. Finite-size estimates. Estimates on how large A, has to be to have good agreement
with our asymptotic results, in particular bounds on §, 4 in (2), are expected to depend
strongly on the details of the model, such as distance to phase transitions, correlation
lengths etc. [23]. To get some intuition, we now give analytic bounds for the non-
interacting Ising model, which already turns out to be a non-trivial problem. For this
model, it was already shown in [4] that local reduced states are close to thermal in the
sense of Theorem 1; however, no explicit analytic bounds on the distance have been
given in [4]. Here we provide tight analytic finite-size bounds.

We set A, = [1,n] C Z', and Hp := >, Zi, where Z; is the Pauli Z-matrix at
site i. Then the microcanonical state t,, is permutation-invariant, and the canonical state
is a product state, y5, (8) = yg’", with yg := y(1)(B) the single-site Gibbs state. We are
interested in estimating the distance &, A in (2). In the case where the energy value of the
microcanonical subspace (1) is sharp, i.e. § = 0, the state 7, is the uniform mixture over
a type class, that is, over the subspace spanned by eigenvectors with a fixed frequency
of “spin-up”. In this case, it turns out that we can apply the proof of the classical finite
de Finetti theorem [22] to obtain

4m
HTrAn\A Tn — V?m H = 77 (9)

1
where m := |A|. Thus, in order to maintain a fixed 1-norm distance between the states,
the total system size n has to be increased linearly with the size of the subsystem m. As
mentioned before Eq. (2), this also upper-bounds the distance A, A in Theorem 1 up to
corrections exponentially small in the lattice size.
The case of finite energy uncertainty 6 > 0 is more difficult to treat. If we assume
each of the lattice sites holds a qubit (d = 2) and take an appropriate rescaling of the
energy then

N (yg@’” | Tra,\ Tn) <

u—= n—m u-—94 n—m

(1 —9d)u m mud m
. + (1 + )

whenever m < n(u — §), with S(p|lo) := tr(plog p — plogo) the quantum relative
entropy. This claim is formally stated as Lemma 36. For 6 = 0 (and m < n), this
inequality is similar to (9) above, but now with the relative entropy as distance measure.
We expect it to be tight (i.e. not to allow for significant improvements) in the case
& = 0, since it is well-known that the bound in the classical finite de Finetti theorem,
and thus (9), cannot be significantly improved. However, this inequality on the relative
entropy has the drawback that it is only interesting as long as § < 1/m. The question
arises how n has to be scaled with growing subsystem size m in order to achieve a fixed
distance § > 0 (for § = 0, we have seen that n has to be increased linearly with m).
In Theorem 37, we settle this question up to a correction term of the order log n: under
some conditions on the variables, we show that

268 m 4logn
®m
HTrAn\Amrn — Vg Hl = nﬁ+ p— (1+ log L1 )

u

This inequality is not tight in general (as one sees by comparing with (9) for § = 0), but
it shows that n has to be increased only slightly superlinearly with m in order to achieve
a fixed 1-norm distance also in the case § > 0. We leave it as an open question whether
the log n term can be removed.
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An Ashell
A A

1l

Fig. 2. Subregions of the whole lattice A,,. We enlarge A by setting A’ = A U Agpell, where Agheq contains
all sites outside of A which have distance [ or less to A. The number of terms of Hp, that have support on
both A’ and A,\A’ is denoted A, which quantifies the size of the boundary area of A’

In order to get some intuition for what happens in the interacting case, we numerically
study random nearest-neighbor interactions in one lattice dimension in Sect. 3.5. It turns
out that the behavior that we have shown analytically for non-interacting models remains
approximately valid also in the interacting case (as far as one can tell for the small lattice
sizes n < 11 that are numerically tractable), see in particular Fig. 6. However, we leave
it open whether a similar behavior remains valid in lattice dimensions v > 2, where
finite-temperature phase transitions become relevant.

2.5. Towards eigenstate thermalization. The question whether some of the results above
can be strengthened to hold for individual energy eigenstates is known as the eigenstate
thermalization hypothesis (ETH) [33,34]. For example, consider our result on dynamical
thermalization, Theorem 3. For this result to hold, Eq. (6) must be satisfied, which says
that the initial state populates a large number of energy levels.

The question arises whether this assumption can be dropped. In the most extreme
case, we could have an energy eigenstate | E) as the initial state, i.e. pg = |E)(E]. (This
notation does not assume non-degeneracy of the spectrum; | E) is an arbitrary pure state
in the eigenspace corresponding to energy E.) Energy eigenstates do not evolve, such
that p" (1) = po is constant in time. Thus p (¢) is close to thermal for most times ¢ if
and only if the reduced state Trp,\a|E){E] is close to thermal.

To formulate eigenstate thermalization in more detail, consider the setup in Fig. 2.
We have argued above that one should not expect that the local marginals of random
global pure states |1/) are close to a local Gibbs state, due to boundary effects (which
led us to consider the reduction of the global Gibbs state instead). More generally, to
take boundary effects into account, we can enlarge the subregion A by a shell of width
[;f [ is large enough, one would expect that

Traa |EYE| & Traa YA, (B) = Tragy var(B). (10)

It is immediately clear that a statement like this cannot literally be true for all eigen-
states | E') of all models that we consider: the non-interacting Ising model, where some
eigenstates are product states (and thus marginals are pure and not thermal), is a coun-
terexample.

However, we can prove a weaker version of this statement which is true for all
eigenstates of all translation-invariant models with finite range interaction: there is a
state wg on A’ such that Tra \a|E)(E| & Trag,, @k, Where wg partially resembles a
thermal state. That is, wg does not necessarily have Boltzmann weights on its diagonal
(as one would expect from the thermal state y/(8)), but its off-diagonal elements are
close to zero, as they are for the thermal state.

We formulate and prove this result by applying a version of the Lieb-Robinson
bound [30-32]: for models with finite-range interaction, it states that there are constants
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¢, C,v > 0 such that for all operators X and Y supported on finite regions X, ) of
distance A, it holds [[X (1), Y]lloo < C I X|loollY lloo min{|X|, ||} e IA—2l] where
X (1) = e'fan? Xe~iHan! The constants also appear in the following theorem, where we
assume in particular that the Hamiltonian only has interactions between sites of distance

r or less.
Theorem 4 (Summary of Theorem 38). There is a state wg on A’ such that

| Tr A en (@E) = Traa |ENE]|, < k- e, (11)

where k = 2AJ(CA +2) é;—vrz and J = maxy ||hxlleo, Which is close to diagonal in
the eigenbasis {|e)} of Hp/, i.e.

elwglez)| < e (mnermen/ G, (12)

This result does not assume translation-invariance; finite range of interaction is suf-
ficient for its validity. The ETH corresponds to the claim that the theorem holds for the
particular choice wg = ya/(B). As discussed above, the ETH cannot be true in general
for all eigenstates of all models we consider; intuitively, some additional assumptions,
possibly along the lines of nonintegrability, are needed.

Even though the mathematical details of the proof are cumbersome, it has a simple
physical interpretation. We define wg by evolving Tra,\ a7 | E){E| according to H+ and
averaging the result over small 7; concretely, wg := ffooodt g e iyt Tra, o/ lEXE]
e'n'! | with g(t) some Gaussian. The Lieb-Robinson bound guarantees finite speed of
information transmission, such that the result will within A still look very much as if the
initial state |E)(E| evolved according to the full Hamiltonian Hy, ,, if the shell is large
enough. Since | E) ( E| is stationary, this leads to (11). On the other hand, interaction across
the boundary of A" will decohere the state Trp,\a’ | E)(E|; in particular, coherences
corresponding to energy levels eq, eo with large |e; — e>| will be suppressed, which
yields (12).

In Theorems 1, 2 and 3, we quantify thermalization by the distance to the marginal of
the global Gibbs state, that is, Tra,\ o exp(—B, H Kn )/ Z,. This contrasts with the above
setup (10), where one starts with the thermal state in a subregion A’ containing a shell
around A. In fact, it is easy to see that Theorems 1, 2 and 3 also hold if we replace the
thermal state on all of A, by the thermal state on A’ := A, D A forn’ < n, as long as
n’ — oowithn — oo;thatis, if we consider the distance to Tra,\a exp(—Buw Hf\’ ) Zy
instead. The drawback, however, is that we do not have any non-trivial bounds fonr fixed
finite n’ (in contrast to Theorem 4), which renders the formulation of the first three
theorems in terms of the more general shell setup mathematically equivalent to their
current formulation. Finding non-trivial finite-size bounds, in particular on the size of
the shell, remains as an interesting open problem.

3. Proofs of the Main Results

All results are formulated in two versions, namely for periodic and for arbitrary boundary
conditions (BC). The main results can be found in the following places:

e Equivalence of ensembles Main technical statement is Theorem 10 (periodic BC),
with Example 13 giving the standard formulation in comparing the microcanonical
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and the canonical ensemble. The corresponding formulations for arbitrary BC are
given in Theorem 20 and Example 21. Note that the norm || - ||(,,) appearing there can
be replaced by || - [|[], measuring the difference of expectation values on m-block
averaged observables only, due to Lemma 24.

e Canonical typicality For periodic BC, the main result is Theorem 25, with a deran-
domized version in terms of 8-designs given in Theorem 28. The corresponding
formulations for arbitrary BC are given in Theorem 26 and Theorem 29.

e  Dynamical thermalization For periodic BC, the main result is Theorem 31, and for
arbitrary BC it is Theorem 33.

e  Finite-size bounds without interaction Lemma 34 relates the Ising model and equiv-
alence of ensembles for sharp energy eigenspaces (6 = 0) and local Hilbert space
dimension d = 2 to the finite de Finetti theorem. Lemma 36 is a new derivation
(compared to Diaconis and Freedman [22]) in terms of the relative entropy. The
main result is Theorem 37, proving that the scaling (bath size increasing linearly
with system size to achieve fixed 1-norm error) remains basically valid also for
6> 0.

e  Numerical results They are given in Sect. 3.5, confirming that some assumptions
from the main theorems (on degeneracy of spectra etc.) are generically satisfied.
Moreover, they show that the qualitative finite-size scaling that has been proven
analytically for non-interacting systems seems to remain valid for interacting sys-
tems with periodic BC, at least for lattice dimension v = 1.

e [Eigenstate thermalization The main result is Theorem 38, showing that energy
eigenstates are locally “weakly diagonal”. Note that this result does not assume
translation-invariance (only finite range of interaction).

The notation is specified in Sect. 3.1 below. In comparison to Sect. 2, statements about
the minimization of the Helmholtz free energy density f(w) := u(w) — s(w)/B are
replaced by statements about the maximization of — 8 f(w) = s(w) — B u(w) (following
mathematical physics tradition), which has to be compared with the “pressure”

p(B,®)=—p fu(B) (B>0).

This has the advantage that p(B8, @) is also defined for § = 0, i.e. infinite temperature.
Moreover, convexity of 8 +— p(B, @) will play a crucial role. Similarly, to conform
with mathematical physics literature, we will write & (X) instead of 4y, and the map ®
will be called an “interaction”. Furthermore, we will assume that the small subsystem
A equals A, for some fixed m, which is no loss of generality.

3.1. Equivalence of ensembles. We start by fixing some notation. We consider a v-
dimensional quantum lattice system, with local Hilbert space dimension d. To every x €
7", we associate a local algebra of observables .A,, which is a copy of M, (C), the algebra
of complex d x d matrices. For every finite region A C Z", we have the local observable
algebra Ay := @) ,cp Ax. For every y € ZV, there is a translation automorphism y,,
mapping observables A in a region A, i.e. A € A, to the corresponding observable
¥y(A) in the translated region A + y, i.e. ¥y (A) € Apqy.

To every finite region X C Z", we associate an interaction ®(X), which is a self-
adjoint operator in Ay, describing the interaction of the spins in region A. For finite
A C 7", the local Hamiltonian Hp is

Hp := Z d(X).

XCA
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We assume that our interaction has finite range, i.e. that ®(X) = 0 whenever the diam-
eter of X is larger than r for some fixed r € N. Furthermore, we assume translation-
invariance, which can be expressed as

O(X +y) =y, (P(X)) forall X C Z" finite, y € Z".

We can also define an observable algebra Ao, for the infinite lattice Z" by a suitable
limit procedure, called the quasi-local algebra, see [13] for details. The (operator) norm
on Ay, will be denoted || - ||oo. A state w on A is a positive linear functional with
(1) = 1. States are automatically weak *-continuous. A state w is translation-invariant
if w(yy(A)) = w(A) forall A € Ay and y € ZV (it is sufficient to demand this for all
A € Ay for all finite regions A). If A € Z" is finite, there is a density matrix wp € Ap
such that

tr(waA) = w(A) forall A € Ax.

This yields the following consistency condition: if A C A" and A’ is finite, then wy =
Tranawar. Conversely, every consistent family of density matrices defines a state on
0

For translation-invariant states, the following definitions are crucial. To state them,
we consider sequences of boxes (that is, hyperrectangles) (A, ),en With A, C Ay4q
and with the property that for every x € Z" there is some n € N with x € A,,. Unless
specified otherwise, all sequences of regions A, in the following will be assumed to
have these properties.

All logarithms are in base e, i.e. log(exp(x)) = x.

Definition 5. Let w be a translation-invariant state on 4. Then the following expres-
sions exist:

1
e Energy density: u(w) := lim | |tr(wA” Hp,),
n—od n
e entropy density: s(w) := — lim mtr(wA,, logwa,,).
n—0o0 n

Moreover, there is the state-independent quantity pressure

1
p(B. @) := lim —— logtrexp(~BHy,)
n—oo | Ayl

for all B > 0. It satisfies
p(B, ®) = sup{s(p) — Bu(p) | ¢ is any translation-invariant state on Axo}.  (13)

See [13] for more details. In the following, we consider Gibbs state on the infinite
lattice. They are defined by any one of the following equivalent conditions.

Definition 6. Let w be a translation-invariant state on the quasi-local algebra 4., over
7', with translation-invariant finite-range interaction ®, and let § > 0. Then the fol-
lowing conditions are equivalent:

e Variational principle it holds p(B, ®) = s(w) — B u(w), which is the maximal
possible value according to (13).

e KMS condition at inverse temperature § (see [16],

e Gibbs condition at inverse temperature 3 (see also [16]).
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If w satisfies one of these equivalent conditions, we will call w a Gibbs state at inverse
temperature 3. We say that Gibbs states are unique around inverse temperature § for a
given interaction @ if there is an open interval containing 8 such that for every 8’ in this
interval, there is a unique (only one) Gibbs state at inverse temperature 3.

Since we do not use the KMS and the Gibbs conditions, we do not explain them in
detail here. We refer the reader to [13,16].

For what follows, we need to extend the notion of translation-invariance to finite
regions. This is done in the obvious way. Let A, := A,,, with A, a sequence of boxes
tending to infinity as n — oo in the sense specified above. Call an observable A € A,
Ap-translation-invariant if it is translation-invariant with respect to periodic translations
of A,; that is, translations in which we regard A, as a torus. In more detail, write A, as
the product of intervals

Ay = [Ar, 1] X [A2, 2] X -+ - X [Ay, o],

where A;, u; € Z, A; < p;. The statement that A, tends to infinity means that all
Aj — —ooandall u; — +o00asn — 00. Define v independent translations (7) j—1
for x € A, by

Tix)=Tij(x1,...,x0) = (X1, ..., Xj-1,%; & 1, xj41, ..., xp),
where

] _ x]'+1 iij+1§,uj,
xjol= [)Lj otherwise.

We can interpret 7 as a unitary operator, translating the computational basis vectors,
constructed from the translation automorphisms yy. An observable A will be called
A, -translation-invariant if TjATjT =Aforalj=1,...,v

We can also formalize this definition somewhat differently. Denote by T(A,) the
set of all periodic translations of A, into itself; in other words, regard A, as a torus,
and T(A,) as the set of translations on the torus. These are arbitrary compositions of
translations T;. If « € Z", then the periodic translation by vector o will be denoted
Ty € T(Ap);itequals Ty = O”_l j ’, where the circle denotes composition and the 7
are mutually commuting. Then an observable A is A,-translation-invariant if and only
if TATT = Aforall T € T(Ap).

So far, we have defined H, for finite regions A by summing up all interaction terms
that are fully contained in A. This is usually called the Hamiltonian with open boundary
conditions. Alternatively, one can consider periodic or other, more general boundary
conditions. We use the following definition.

Definition 7 (Periodic and arbitrary boundary conditions). Let ® be any finite-range
translation-invariant interaction. A region A C ZV is called large enough if for every
region X with ®(X) # 0, there is y € Z" such that the translation X + y is contained in
A.

A choice of boundary conditions is a map that assigns to every large enough, finite
set A C Z" a Hamiltonian H f € such that

|2ke — .|
lim —m8M =
n— 00 [An|

=0 (14)

for every sequence of boxes (Aj),cn that tends to infinity in the sense specified above.
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A particularly important example of choice of boundary conditions is given by
periodic boundary conditions, with corresponding Hamiltonians denoted H }\7 . Follow-
ing [13], we define it as

HY = > T [ra(@CO)] T2,
XNA£D

where « € Z" denotes any vector that translates X into A, i.e. X +« € A, and the prime
on the sum indicates that regions X, X" with X = X; +n;a; for all i, where q; is the ith
sidelength of the boxes A, and n; € Z, are not included twice in the sum, but only once
(i.e. only X or X’ will be included).

The fact that we are demanding that regions A are large enough implies that our
definition of H} agrees with both of what Simon [13] calls HK’l and Hf\”z. To see that
H 1[\’ satisfies (14), denote by d A the discrete boundary of A, that is

IN:={xeA|TyeZ' \A: dist(x,y) <1}, (15)

where dist(x, y) := max; |y; — x;|. Suppose x € Z" is any point. Since ¢ has finite
range and is translation-invariant, there is some finite integer « € N equal to the number
of finite regions X that contain x and have ®(X) # 0. This number is the same for every
x € Z. Also, ||®| := maxy || P (X)] s is finite. Thus

L= 2 el = D kIRl = kP 9A]-

XNAn#0, X¢Ap x€dA,

|2, -

Since |0A,|/|A,| tends to zero for n — oo, this proves (14). We can write HKn in
an alternative form. Given A,, denote by X1, ..., Xy subsets of A, with the property
that no X; is a periodic translation of any other X ;, and such that all subsets of A, can
be generated by periodically translating some X;. For example, if A = 0,1,2,3 on a
one-dimensional lattice, then X; = {0}, X» = {0, 1}, X3 = {0, 2}, X4 = {0, 1, 2} and
X5 =1{0, 1, 2, 3} is a possible choice of those sets. Then we have

N
Hf\’n:z Z ToXHTT,

i=1 TET(A,)

and from the representation it becomes clear that H f\’ is A, -translation-invariant.

Note that we do not consider what Simon calls “external boundary conditions”.

In the following, we will frequently use that the energy density does not depend on
the choice of boundary conditions; that is, if (7,),cN is an arbitrary sequence of states

on A,, then
_ (tr(taHy,) w(@HFO)
lim — u =0
[An] [ An

n—o00

This is because |tr(t, Hp,) — tr(ranf)I < |Hyp, — Hff”oo-

Lemma 8. Let (t,),,en be a sequence of density matrices in A,, such that every T, is A,-

translation-invariant. For everym € N, consider the sequence of states (p,(lm))nEN e Ay,
defined for n > m by

'Oi’(lm) = TrAn\Am Tn-
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Define L™ as the set of all limit points of the sequence (,o,gm)),,eN, and L as the set of all
possible sequences (0y;)eN With oy, € L™ and oy = Tra,\A— Om. Then L is not
empty, and every element of L defines a translation-invariant state on the quasi-local
algebra. Additionally, if B > 0 is such that

lim inf
n— 00 |

1
A (S(wn) — Btr(zaHa,)) = p(B, ®), (16)

n

then every state w € L is a Gibbs state at inverse temperature 3, and we have equality

in (16). Furthermore, if L contains only a single element wg, then 1im | tr(t, Hp,) =
n— o0

| An
u(wp) and 1im, - 0o 7 S(t) = s(wp).

Proof. First, we observe that every element of L") generates an element of L™~ by
taking the partial trace over A,, \ A,,—1; thatis,

Tra,\a, L™ € L"), (17)

Similarly, suppose that p € L~1. By definition, this means that there is a strictly

. . —1) k—o0 .
increasing sequence of natural numbers (14 ) cn such that ,o,(l'zl hzs p. Now consider

the sequence ,o,(,T); since m is fixed, it is a bounded sequence on a finite-dimensional
vector space. By Bolzano-Weierstraf}, it must have at least one limit point p. Since

/0;%71) =Tra,\Ap_i p,(,:("), we obtain p = Trp,,\a,,_, 0. We have thus proven that
for every p € L™V, thereis 5 € L™ such that p = Tra,\a,,_, p-  (18)

Furthermore, by Bolzano-WeierstraB, L(! is non-empty. Combining the properties (17)
and (18), we obtain Trp,,\A,,_, L = [,m=1) a5 an equality between non-empty sets.
This is sketched in Fig. 3, where we plot elements of L™ as dots, with an edge connecting
two dots if the left element (in L ~D) is the partial trace of the right one (in L).
Wandering from left to the right, no path will lead to a dead end; furthermore, every
point can be reached this way by starting with some element in L. Thus, there is at
least one path that starts with some element o € L") and extends to infinity — that is, a
sequence (o) meN With 0y, 1 = Trp,,\A,,_; Om- L is the set of all these paths and hence
not empty. Every w € L can be interpreted as a state: for any finite region A C Z", take
the smallest n such that A C A,, and set wp := Trp,\a @y, This defines a consistent
family of density matrices, hence a state on the quasi-local algebra.

L)

—t > m
1 2 3

Fig. 3. Schematics of the sequence L of limit points, as defined in the proof of Lemma 8. Note that
[ILD| > 1 is possible



Thermalization and Canonical Typicality in Translation-Invariant Quantum Lattice Systems 515

Now let @ € L be any state. We claim that w is translation-invariant. It will be
sufficient to show the invariance equation w(yy(A)) = w(A) for observables0 < A < 1
and translations Vs where §; = (0,...,0, 1 ,0,...,0). Solet A C Z" be finite,

J
A € Ap an observable with 0 < A < 1,and j € {l,...,d}; sety := Vs, - Choose
m large enough such that A € A, and A +68; € Ay,. Let € > 0 be arbitrary. Since
Wp,, € L™ there is some n > m such that

||TrAn\Am Ty — WA, ||l < €.
The effect of the translation of the observable A in the region A, can be written
y(A) @1, \a+5) = Tj(A® lAn\A)T;,

where T; € Ay, is the unitary translation operator in A, as defined shortly before
Definition 7. Using this, we see that there are two real numbers A, A’ € Rwith |A| < 2e,
|A’| < 2¢ such that

w(y(A) =tr [wAm ()/(A) ® 1A,,1\(A+5,-))]
=tr [(Tra\a, ) (V(A) @ 1,\(a45))) | + A
= tr [t (y () ® La\ o)) ] + & = [T TH(A @ 10T | + 4
=tr I:T;tn T/(A® 1A,1\A)] +A=tr [Tn (A® lAn\A)] + A

tr[(Trana, @) (A® 1y, )]+ A =tr[wa, (A® 1, 0)]+ A+ A
=w(A)+A+A.

Since ¢ > 0 was arbitrary, this proves translation-invariance of w.
In particular, every w € L has a well-defined entropy rate s(w); what can we say

about it? Fix m € N, and let w,, := w,,,. Remember that p,(,m) = Tra,\a,, Tn- Since

wm € LU there exists a sequence (nx)xeN such that

k—o0
p,(l’k") — Wy

Fix k € N. We now decompose A, into a disjoint union of boxes, where each box is
a translate of A,, (where we consider translations as in the notion of A, -translation
invariance — that is, we regard A, as a torus). In general, this cannot be done perfectly,
but there will be some remaining part of A,, not covered by a translate of A,,. To spell

out the details, letal’, . . ., a\’ denote the sidelengths of the box A, and a,(,,l(), . a,(,z)

the sidelengths of A, . Write

a,gi) =Y -a,(é) +ji,  where0 < j; < a,(,’;).
Clearly, all ¢; tend to infinity for k — oo on fixed m. Let Ny := €1 - £ - ... - {,, then
there are N; translates Af,:), Af,% ), e, Af,,Nk) of A,, and the remainder Ay, C Ay, all

of them pairwise disjoint, such that

N

A =AY U Arem.
i=1
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We have |Aem| = [Ay, | — Nk ~a,(,,1) S -a,(,f), hence
(2 (v)
[ Arem] _ |Ank| N N () Apy - Apy - .. Ay _ 4 ) )
Ny Ni " " lﬁﬁz.uzv m m
1
_ Dap ...+ (6 + Day L0,0
m m " m
C1ly ... L,

ol 1) o) s

As a consequence, we also obtain

A
lim Al _ lim (|Am|+| rem') = |Apl.
Nk

k—oo N k—o00

Since 1, is Ay, -translation-invariant, its marginals on all the boxes A are equal, that

is, equal to p,(,,'zl). Due to subadditivity of von Neumann entropy S, we have

S(tw) = NeS(P") + S (Tan) < NeS(P") + [Arem| - logd,
where d is the single-site Hilbert space dimension. Thus, we obtain

S(@p) = lim_ S(p“”)

> lim sup — [S(t,,k) | Arem| - logd]
k— 00
. 1 1

= lim sup —S(z,,,) = [Ap | lim sup ——S(tp,). (19)
k—o00 N k— o0 | nkl

Furthermore, we can estimate the energy expectation value of w,, as follows. Define
a Hamiltonian H[(\m) on A, by “switching off” all interaction terms that are not fully
k

contained in one of the Af,?, that is,

H™ .
Wy =3 Y e
=l xcay
We can estimate the norm difference of HX:}? and Hy, as follows. All missing terms

are either fully contained in Arem, Or act across the boundary of some A,(,? . With the

boundary dAY as defined in (15), we obtain limy_o0 [dAm|/|Am| = 0, and due to
finite-range of the interaction ®, there are constants cy, ¢ > 0 such that

N

[Ha, = HEO| = ctlheml 42 D 10A0] = €1l Areml + 2Nl A .
g |l 0o —
=

By construction and translation-invariance of ®, we have

tr (Tnk HI(\VSE) = Ny tr (,Onk )HA,,,) .
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Combining these identities, we get

——tr(wm Hyp,,) = lim tr (p(’")HA ) ! lim Ltr (t,,kH(m))
[ Al [Am| ko0 "k " |Am| k—o0o N Ang

1
lim sup —— (tr(5a Ha,,) + 1l Arem| + 2Ne 0 A1)
= Al k_)ooka (Tng Ha, ) + €1l Arem| + c2Ng|9 A
c|l0A,| .
= ——— +limsup
|Am| k— 00 nkl

tr (r,,k HAnk) . (20)
Since lim inf (a,, + b,) < liminf a, + lim sup b,,, we obtain

—— (S(wm) — Btr(wnHy,,)) = limsup —— S ()

|Am| k— 00 |Ank|
. [0 Al
—pBlimsu tr (r Hp, ) Bcor
k—>oop ng e k |Am|
1 [0 A
> liminf —— (S(rnk) B tr(ty, Hy, ))—ﬁcz
k—oo |A nk| k [ Al
1 oA
> liminf — (S(r,,) ,Btr(f,,HAn)) — Ber——— | i
n—>00 | Ap| |Aml|

Taking the limit m — oo finally shows that s(w) — Bu(w) > p(B, ®). Since w is
translation-invariant, we must have equality, and « must be a Gibbs state.

Now suppose that L contains only a single element, then so does L™; hence p."’
converges for n — oo, and we can choose the convergent subsequence to be n; = k.
Repeating the calculation of (20) with inequality in both directions yields

1 1 2|0 A ]
lim inf —tr(tkHA ) > —tr(wypHyp,) — ——),
koo |Ag] Al | Al
i 1 € HA) < — ey Hy ) + 2|0 A,|
imsup - tr(veHa,) < t(wmHp,) + ———,
koo Akl ARl T [ Aml

By taking the limit m — oo of the right-hand side, we obtain lim,,_, ﬁtr(rn Hp,) =
u(wg). Then it follows directly from (16) that liminf, VﬁS(rn) = s(wg). Fur-

thermore, (19) shows that lim sup,,_, ﬁS(‘Cn) < s(wg), hence lim,, _, ﬁS(rn) =
s(wg). O

We can always define a maximally mixed state @ on the quasi-local algebra A,
by defining its local density matrix for finite A C Z” as wp := 15/d'M. It is easy
to check that this is a consistent family of density matrices, defining a translation-
invariant state on .4~,. According to Definition 5, its energy density exists; it is u(w) =
lim, o tr(Hp,)/d [Anl This fact will be used in the following lemma. To state that
lemma, we have to assume that the interaction ® does not vanish — and, in addition,
that it is not physically equivalent to zero. An example would be an interaction in
one dimension (i.e. v = 1) with ®({1,2}) = —®({1}) ® 1,, such that the resulting
Hamiltonian is zero up to boundary terms. For a formal definition of physical equivalence
and a further example see [13]. Note also that ® is physically equivalent to zero if and
only if p(B, ®) = logd for all 8 > 0, which is the same value as for ® = 0.
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Lemma 9. Let ® be an interaction which is not physically equivalent to zero, with ground
state energy density umin(®) = lim, oo Amin(Ha,)/|An| = —limg_, oo B~ p(B, ®)
and infinite temperature energy density umax(®) = lim,_ tr(HAn)/(lAn|d|A"|).
Then, for every u € (Umin(P), Umax(P)], there exists a unique B = B(u) > 0 such
that there is at least one Gibbs state w at inverse temperature B with energy density
u(w) = u. Its entropy density is s(w) = s(u) := p(Bu), ®) + u B(u), and this is the
maximal possible entropy density of any translation-invariant state with energy density
u.

Proof. These statements are proven in [13]; uniqueness of §(u) can be seen as follows.
If ® is not physically equivalent to zero, then the function 8 +— p(8, ®) is strictly
convex, see [13, p. 349 and Theorem II.1.5]. Consider any translation-invariant state w;
it defines an affine-linear map 8 — s(w) — Bu(w) =: £,4(B). According to (13), the
line £,, lies completely on or below of the graph of p; that is, £,(8) < p(B, ®) for all
B. According to Definition 6, it is a Gibbs state if and only if £,, touches the graph of
p; that is, if there is some B such that £, (8) = p(B). If we are given some value of u,
then every translation-invariant state with this energy density has a corresponding line
£, with slope (—u). Consider all those lines. Then only one of them can touch the graph
of p, and it can do so in only one point, due to the strict convexity of p. The B-value of
the unique touching point is then S(u). O

Now we have all ingredients to prove our main theorem on the equivalence of ensem-
bles.

Theorem 10 (Equivalence of ensembles). Let (t,,),.cN be a sequence of A, -translation-
invariant states on Ay, let B > 0, and let ® be a translation-invariant finite-range
interaction which is not physically equivalent to zero, and for which there is a unique
Gibbs state wg at inverse temperature . Suppose that

1
Al (S(my) — Btr(taHa,)) = p(B, P,

n—o0
then we have equality in this expression, and

lim Tra,\a,Tn = (@8)a,, (21

n—oo

for every m € N. Furthermore, we have

1
lim ——tr(t, Hy,) = u(wg),
n—00 |

n—o00 | A| Ayl
and »
_ exp(—BH, )
lim TrA,,\Am Ty — TrA,,\Am —A,, = 0, (22)
n— 00 Zn 1

where Z,, = tr(exp(—BH P )) and H ["\’ is the Hamiltonian on A, with periodic bound-
ary conditions. If the lattlce dimension is v = 1, then H, P in (22) can be replaced
by Hy,, the Hamiltonian with open boundary conditions. F urthermore if Gibbs states
are unique around inverse temperature f3, define ﬁfc as the solution of the equation
1 se EXP(—BICHY )

trl HY> ————
| Anl " Zy
boundary conditions, and (u,),eN is an arbitrary sequence with lim,_, oo u, = u(wg).
Then lim,,_, o BE€ = B, and

= u,, where BC denotes an arbitrary fixed choice of
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exp(—B7HY )

Z =0. (23)

1

nll)ngo TrAn\Am Tn — TrAn\Am

Proof. Set p,(,m) := Trp,\A,, Tn» and define L and L exactly as in the statement of
Lemma 8. Since there is only one Gibbs state wg at inverse temperature 8, Lemma 8

implies that L = {wg}, and so LM = (wg)A,, forall m € N. In other words, for every

m, the state (wg),,, is the unique limit point of the sequence (p,(,m))nEN, and thus the
limit of this sequence. This proves the first identity. To infer the second identity, Eq. (22),
either apply [13, Theorem IV.2.12], or note that 7, := exp(—S8H K" )/ Z, maximizes the

functional p — S(p) — B tr(Hf\’n,o), thus

. . 1 / / T . 1 / / )4
lim inf —| (S(rn) — ,Btr(rnHAn)) = lim inf | S(t,) — Br(r, Hy )
n— n

n—oo |Ap 00 n

1
> lim inf
n—00 |A

(8(@pa) — put@pa, HY))
= s(wp) — Bu(wg) = p(B, P).

Thus lim, s 0o (Tra,\A,, Tn — TrA,\A, 7)) = (wg)A,, — (wp) a,, = 0. Note that this also
shows that lim,, _, oo |A]_n|tr(‘[’/l Hp,) = u(wg). In the case of lattice dimension v = 1,
apply the fact that in this case, the local Gibbs state exp(—BHy, )/ Z, weakly converges
to the unique global Gibbs state in the limit n — o0, as shown in [15].

It remains to prove (23). To this end, use the notation Z,, (8) := tr(exp(—B8H f\’n)), and

T = exp(—ﬂch}\’n)/Zn (BEC). First we have to show that BEC is well-defined for

n

n large enough and that it is a bounded sequence. Set p(B8) := exp(—ﬂ’H}\)n)/Zn B
for B/ > 0. Choose B, B1 € R such that 0 < By < B < B, and such that the Gibbs
states at inverse temperatures By and B; are unique. Then the previous results show

that lim,,_, \A_l,,|tr (anc,o(ﬂ,-)) = u; fori = 0,1, where u; := u(wg,). It follows

uop > u > uy, and thus for n large enough, we have |A1—n|tr(ancp(,Bo)) > U, >

1
[An]

BEC can be found in the interval (8o, B1). Moreover, since o and B; can be chosen
arbitrarily close to 8, this proves that lim,,_, ,3,? € = B. Direct calculation shows that
S(z,) = log Z,(BEC) + BECu,| Ay, thus

tr(anC,o(,Bl)), S0 fo < ﬁfc < P for n large enough; in particular, a solution

. 1 / /
lbrgggf m (S(‘L'n) - B tr(thAn))

= lim inf
n—00 |An|

= liminf ((ﬁfc — B)un + AL log znw,fC))

| Anl

(log Zo(BEC) + BBC u, | A, — B tr(fr/sznc))

1
= liminf - (log Zy(8) — [1og Zy(87) ~ log Zu())

ol
IBEC — BIIIH? |
> p(B, ®) — lim sup — n
k—o00 |An|

= p(B, D),
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where we have used that | log Z, (87¢) — log Z,(B)| < |BEC — Bl - | H} llco, see [13,

Lemma I1.2.2Q]. This shows that lim,_ o Trp,\A,, T, = (wg)A,,- Combining this
with (21) proves (23). O

In order to obtain some concrete instances of this equivalence of ensembles result,
we need a series of lemmas. The first one is given in [13, Theorem IV.2.14], though with
typos; see also [11,12], and for newer results on equivalence of ensembles, see [19].
Since the lemma is crucial for our paper, we give the proof for completeness, translating
the proof of [13, Theorem II1.4.15] to the quantum case.

Lemma 11. Suppose that ® is any finite-range translation-invariant interaction, not
physically equivalent to zero. Then, for all u € (Umin(P), Umax (P)], we have

lim L log Helgenvalues of Hy, <u-|A, |}| =s(u),

n—o00 |
where s(u) is defined in Lemma 9.

Proof. We transfer the classical proof of [13, Thm. I11.4.15] to the quantum case (with
slight modifications and simplifications, using notation established earlier). Define

Na, () := |{eigenvalues of Hx, < u - |A,l}|

1
5(u) := lim sup log Np,,  s(u) =
n—soo |Anl n—00 nl

Denote the eigenvalues of Hy, by E;, and Z := tr(exp(—B(u)Hy,)), then

1> oPWE > Ly i,
> = N,

NI —

Ei: Ei/|Apl<u

Taking logarithms, we obtain |A1_,,| log Np, < |Al—n| log Z + B(u)u = s(u), hence

s(u) < s(u). 24)
The converse inequality is more involved. Fix #1 < u3,6 > 0,and 0 < A < 1. Use the

notation of the proof of Lemma 8, where we have split A, into disjoint regions Aﬁ,ﬁ),
i=1,..., Np,and Arem. Set ng = k. Denote by |Ey), ..., | Ejy) mutually orthonormal
eigenvectors of Hy,, with energy density less than or equal to u1, and |E}), ..., |E))
mutually orthonormal eigenvectors of Hy, with energy density less than or equal to

uy — 8, where M := Np,, (u1) and N := Ny, (uz — 8). Seti := (i1, ..., in,), where
i, ... ipngg € {1, ..., M}, and i N j+1, ..., in, € {1,..., N}. For every possible
choice of i, define

[ANe]
Vi) - ® |Eq) yo) ® ® i) A® ® 10) A
[=[ANp]+1
where |0) A,.,,, is an arbitrary pure state on Arey. Then we have

Wil Ha Vi) _ (Kl’ilHXZ)Illl,')+||HAk H(m)”<>o

Akl T |Ak|
[ANK] Ny — [ANk]
< | AUy + —————=|Ap| (12 — 8)
lAel " | Al "
A
C1| rem| + 2 |8A |

| Akl |A |
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If k and m are large enough (while k& >> m), the right-hand side is less than u’ :=
Aup + (1 — AMup. Furthermore, if i # i’ then |v;) L |3;/), thus Na, @) = {1y}l
M PNe) NNe= Nkl Taking logarithms, we obtain

1 1
A log Ny, (u) = A (LANk) log Na,, (u1) + (Nx — [ANg]) log Np,, (12 — 8)) .

Since limy_, o0 Ni/|Ak| = 1/|Ap |, this yields

s(u) = II:\

m|

11—
log Ny, (u1) + log Np,, (uz —98),
| Al
and thus
sy + (1= Muz) = As(ur) + (1 = A)s(uz — 6). (25)
Now consider a fixed value of u, and set 8 := B (u). We use the elementary inequalities
fora < b:

1
limsup ——log > e PH < —pa+i), (26)
koo AL T etan)
1
hm inf — log Z e PE < —Ba+s(b), 27)
= 1Ak et

where the E; are now the eigenvalues of Hy . Suppose that § is a point of differentiability
of p(-, ®) such that (due to strict convexity) s(u’) — Bu’ < p(B, ®) for all u’ # u. Let
a > 0 such that s(u') — Bu’ < p(B, ®) — « for all u’ with |u’ — u| > 8. Choose ¢ > 0
such that e < /2. Now we decompose the energy density interval into a disjoint union

n
Umin (D), Umax (P)]\ (v — S, u +96) = U I, where I; = (aj, bj]
with |b; —aj| < ¢&; I := (Umax(P), 00).

1

Due to (26), we have lim sup ALl log Z e PE < Baj+5(b;), and due to (24),
koo [ Akl it E;/IAI€l

we obtain for j <n — 1

_ o o
5(bj) — Baj <s(bj) — Bb;j +B(bj —aj) <s(bj) — Bbj + 5 < pB, ®) - 5
and for j = n, we get

5(bj) — Baj =logd — Bumax(P) = s(an) — Bay, < p(B, P) — a.
Thus

lim sup % log Z Ei — hm sup —_— log Z z e PEi

koo AR s J=1i:E;/|Aclel;

. 1 ,
< lim sup m log n + max E e PE
i
k—oo 103k it E;/|Ael

1
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But since limg— o |A1_k| log >"; e PEi = p(B, @) by definition of the pressure, we obtain

1
liminf —1log > e PE > p(p, @).
koo | Akl iV Ei /] Al —ul<8

Comparing this to (27) yields p(8, ®) < —f(u — §) + s(u + §), hence
s(u+d) = ging)i(u +6) > gimop(ﬁ, Q)+ B —95) = p(B, ®)+pu=su).

This finally shows that
s(u+68)>s(u) forallé > 0, if B(u) is a point of differentiability of 8 — p(B, D).

Since B +— p(B, @) is strictly convex, the right and left derivatives D*p and D™ p
exist everywhere, and the set B := {8 > 0 | (D" p)(B) # (D7)(p)(B) is countable.
Furthermore, the set A := {u € (Umin (D), Umax(P)) | B(u) € B} is a countable union
of closed intervals. If u is any value such that there is a sequence (u,,),eN, U, < u, with
lim, s, = u and u,, ¢ A, then s(u) > s(up), and due to continuity of s, we get
s(u) > s(u). We get this inequality for all # ¢ A and the left-hand endpoints of intervals
in A.

Finally, let [ug, u1] C A be an isolated closed interval and u € (uq, u1]. Then for
every ¢ > Othereis A, € (0, 1) withu = A, (u; +¢)+ (1 — Ag)ug. Then, forevery ¢ > 0
small enough such that u; + ¢ € A, and 6 > 0 small enough such that ug — 6 ¢ A, we
get due to (25)

su) =sQe(ur +&) + (1 = Ae)uo) = Aes(ur +&) + (1 — Ag)s(uo — 9)
> Aes(uy +&)+ (1 — Ag)s(ug — 6).

Since s is continuous, we can first take the limit § — 0 and then the limit ¢ — 0 to
obtain

s(u) = Aos(uy) + (1 — Ao)s(uo) = s(u),

where we have used the fact that s is linear on [ug, u1]. Together with (24), this completes
the proof. O

This lemma only refers to the Hamiltonian Hp, corresponding to open boundary
conditions. However, we need this in more generality, in particular for the case of periodic
boundary conditions.

Lemma 12. Let H fnc be the Hamiltonians corresponding to an arbitrary choice of
boundary conditions in the sense of Definition 7. Then

1
lim — log Heigenvalues of HEC < u . |A”|” =s(u).
n—oo | Ayl n

Proof. Define HaBACn =H f’lc — Hp,,. Fix u, and let & < u be arbitrary. If n is large
enough, then

~ BC
Ul An| + [ Hyy, lloo < ulAnl.

Thus, due to Weyl’s Perturbation Theorem [20], if A, ..., Ax are the k smallest eigen-
values of Hy ,, then H fnc has eigenvalues A} < A; + ||H33Acn |I. Therefore

n’



Thermalization and Canonical Typicality in Translation-Invariant Quantum Lattice Systems 523

lim inf
n— 00 |

1 : BC
| log | jeigenvalues of Hy = < u|A,|

n

> liminf
n—o00 |

1
| logHeigenvalues of an < u|A,|+ ||H ||H

n

1
> liminf — log |{e1genvalues of Hy, < ulA,] ||}| =s(it).
n—o0o | Ayl

By continuity of s, since this is true for all # < u, the previous inequality is also true if
s(u) is replaced by s(u). Similarly, if # > u is arbitrary, then

1
lim sup log Heigenvalues of ch < u|An|H
n—oo | An] 8
< lim sup log ‘ {eigenvalues of Hf < alAy| — | Hyy BC ||H
n—oco |Anl

1
< lim sup —— log |{eigenvalues of Hy, < ii|A,l[}| = s(@0).
n—oo |Anl

This proves the claim. O
As an immediate consequence we obtain the following result.

Example 13 (Microcanonical versus canonical ensemble). The sequence of states
(Tn)neN Which are defined as the maximal mixtures on the microcanonical subspaces

p p E
T, :=span i |E) HAn|E) = E|E), 7™ —d,u) ¢,
n

where H, P is the Hamiltonian on A, with periodic boundary conditions satisfies the
premises of Theorem 10. That is, we obtain equivalence of ensembles in the standard
sense:

exp(—BHJ )
Zn

lim

=00 TrAn\Am Tn — TrAn\Am

1

where one may either set S equal to B(u), the inverse temperature corresponding to
energy density u in the thermodynamic limit, or equal to the (rn-dependent) solution

p
. ch exp(_ﬂHAn)
[Anl " Zy
boundary conditions.

) = u, where BC denotes an arbitrary fixed choice of

In this example, as well as in Theorem 10, the partial traces cannot be removed:
globally, the microcanonical and the canonical ensemble will in general have large
one-norm distance. In the example of a non-interacting system of binary spins, the well-
known tightness of the classical finite de Finetti theorem provides a proof of this, see
Lemma 34.

Furthermore, it is crucial to use the reduction of the global Gibbs state, Tr 5 ,\ 4, €EXP
(—-BH f\’n )/ Z,, instead of the local Gibbs state, exp(—BH /1\7,,, ). Replacing the former by
the latter renders the statement of the theorem false in general. This is rather obvious:
the local Gibbs state will in general be different from the reduction of the global one,
due to interaction terms across the boundary of A,,. This phenomenon will also occur in
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Sect. 3.6, where we prove a special case of the “eigenstate thermalization hypothesis”
only by taking the boundary terms into account. A concrete counterexample to the
naive version of equivalence of ensembles is already given by the classical Ising model,
interpreted as a quantum model.

Example 14 (The Ising model). Consider the one-dimensional model on A, := {—n,
..., n}
n n
HY =—1> ZiZisi—h Y Z. (28)
i=—n i=—n

identifying n + 1 = —n. Here, Z; denotes the Pauli Z-matrix Z = <(1) _01 ) on lattice
site i. This model has a unique Gibbs state wg (in the thermodynamic limit n — oo) for
all B > 0, see [24]. Fix m = 0, and consider the reduction of the global microcanonical
state 7, to Ag = {0}, a single lattice site. Due to Example 13 and Theorem 10, we have

nlgrolo Tra,\a0Tn = (W) Ag-

On the other hand, using the known formula for the magnetization of the Ising model [24],
we have

tr ((wp)agZ) = b Zn: tr ((wp)a, Zi) = sinh(Bh) 09
B) Ao 2n+1 = B) An &i \/Sinhz(ﬂh) n eXp(—4/3J)’

where the first equality is due to translation-invariance, and the second equality follows
from taking the limit n — oo and using the well-known result for the magnetization
of this model. We can compare this with the local Gibbs state w}é’c, which is defined as
the normalization of exp(—p8 Hy,). We run into an immediate conceptual problem: how
do we define Hu,? The most obvious choice is Hy, = Zy, but we have the freedom
to interpret (28) in different ways, by subtracting local terms from Z; Z;4; and adding
them to the Z;-term. This is exactly the freedom that we encountered before, in the
definition of physical equivalence that we discussed before Lemma 9. Whatever we
define to be Hy,, it should be some fixed Hamiltonian which can be written in the form
Hpy =U (%1 1?2) UT, with U unitary and E;, E; € R its energy eigenvalues. Our

crucial assumption will be that whatever Hp,, is, it should be independent of 5. But then

exp(—BE1) 0 ¥
tr [U( 0 exp(_ﬂEz)) U Z}

exp(—BE1) +exp(—BE2)

tr (a)}goc 7)) =

Regarding this as a function f(8) for complex 8 € C, we obtain a function that is
holomorphic except for possibly countably many isolated singularities on the imaginary
axis (if E1 # E»).Thisisnottrue for (29) which s a function with branch cut singularities
due to the presence of the square root. This shows that a)/lgoc # (wp) A, at least for some
values of 8 > 0, no matter how we define Hp,. Thus Trp,\a,, T, cannot converge to

a)}g"c in the thermodynamics limit where n — oo.
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The standard microcanonical ensemble (mentioned in Example 13 above) is defined
as a flat distribution on the energy windows subspace corresponding to the interval
(u — &, u). However, we can apply Theorem 10 more generally. In order to slightly
generalize Example 13, we need another simple lemma:

Lemma 15. Let (py, . .., pn) be discrete probability distribution, and suppose that there

exists M > 1 such that P < M for all i # j. Then its Shannon entropy satisfies
Pj
H(p) > logn —log M.

Proof. Let; :=log(1/p;),thenlog(p;/p;) = £; —¥¢;, and the condition above implies
[¢; —£;| <log M foralli, j. Then all ¢; lie in the interval [£,,;y,, €max ], Where £y :=
min; ¢; and £,,4, := max; ¢;. This interval has size at most £,,5x — €min < log M. Since
min; p; < 1/n < max; p;, the quantity log n must be contained in this interval. Thus
[¢; —logn| <log M for all i. It follows that

> pi 1og$ — > pilogn
i ! i

> piti— Y pilogn
i i

|H(p) —logn| =

= Zpilffi —logn| <logM.
i

Now we apply this to prove a generalization of Example 13.

Example 16 (Microcanonical ensemble with given distribution function). Let ® be an
interaction which is not physically equivalent to zero, and let umin (P) < u < umax(P).
Let f : [umin (D), max (P)] — Rbe abounded nonnegative function such that f(x) =0
for all x > u and such that there exists § > 0 such that f is continuous and strictly
positive on [u — §, u], cf. Fig. 4. For every n € N, let {|E;)}; be an arbitrary energy
eigenbasis of H 1’\7’1 , the Hamiltonian on A,, with periodic boundary conditions. Then the
set of states defined by

1 E;
T, = /T/Zi:f(ma) |Ei)(E;],

e

iR >
)

Fig. 4. Spectral density functions that satisfy the premises of Example 16, and yield equivalence of ensembles
in the sense that the corresponding microcanonical state locally resembles the canonical state. The non-negative
bounded function f must satisfy f(x) = O for all x > u, and there must be § > 0 such that f is continuous
and strictly positive on the interval [u — 8, u]. For x < u — §, f can have all kinds of discontinuities
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where N := Y, f(E;/|A,|), satisfies the premises of Theorem 10. That s, this modified
microcanonical ensemble resembles locally the canonical ensemble.

Proof. Since tr(thf\’n) < u|A,|, we have u := limsup,_, A, ‘tr(thA ) < u.
Define I,, ;= {i | Ei/|An| € [u — 8, ul}, then 1, = (1 — Ap)oy, + A0, Where
S (Ei/IAn]) S (Ei/|Anl)
o= e |EN(Eil, o= S |Ei)(Eil,
o 2jer, SE;/1AD igly > jen, J(Ej/IAn])

_ ng[,, f(Ej/|An|)
"X FE 1A

According to Lemma 12, we have

D FE;/IAD) < #li | Eif|An] < u =8} ]| flloo = expllAn] s — 8) + 0(| A ])].
J €I

On the other hand,

Zf(E,/IA D= D FE /I 2 #1 - min f(x) = expllAn| s) — o(|An])]-
iel, x€lu—68,u]

This shows that lim,_, ., A, = 0, and concavity of the entropy, i.e. S(z,) > (1 —

n)S(on) + A, S (o), yields

lim inf
n—oo |A,|
E;/|A E;/|A
But the eigenvalues of 0, are p; := J(Ei/1AnD ,suchthatp— M <
> jer, J(Ej/IAn]) pj SCEj/IAD

b

—, where a := miny¢[,—s,,] f(x) and b := max,e[u—s,4] f (x). Thus, Lemma 15 shows
a

that

b
S(on) = log#ly —log — = [An] - s(u) = 0(|Anl),

we obtain

and so s := liminf,_, o |A] i
n

lim inf L' (S(ta) = BUr(taHa,)) = s — Bii = 5(u) — Bu = p(B, P).

n—oo |A
This proves all the premises of Theorem 10. 0O

Remark. The condition that f has a discontinuity at u (i.e. f(u) > 0, but f(x) = 0 for
all x > u) can be relaxed: the statement above will remain valid if f(«) = O as long
as f(x) does not tend to zero too quickly as x — u. However, the question what “too
quickly” means mathematically seems to depend on the choice of the model, because
it depends on subtle properties of the spectrum of Hy, in particular on the number of
eigenvalues in certain intervals with diameters of order o(|Al). In this paper, we only
analyze what can be said in full generality from translation-invariance alone, without
reference to any details of the model.

The main proof idea used in this subsection—to apply the variational principle (13)—
has been pioneered by Lima [11,12]. Our result however is more general:
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e It involves more general spectral density functions (the function f in Example 16)
instead of only the flat distribution,

e it allows to determine the inverse temperature from the energy density on the finite
region A,
it allows local lattice site dimensions larger than two, and, most significantly,
Lima considers only a restricted set of interactions that commute with a particle
number operator, see [12, p. 183], and [11, p. 63]. There is no such restriction in this
work.

In the remainder of this subsection, we will consider the case of sequences of states
(Tn)neN that are not necessarily A, -translation-invariant. The simplest example is given
by the microcanonical ensembles (in the sense of Example 13) if boundary conditions
are not periodic. The proof of Theorem 10 does not work any more, because we cannot
guarantee that limit points of this sequence, as states on the quasi-local algebra, are
translation-invariant.

However, we can still prove a version of equivalence of ensembles in this case, even
though it will be a weaker version. This was already seen by Lima [12]. In a nutshell,
we will prove an equivalence of ensemble result for a restricted set of observables. The
following definition specifies the class of observables that we will consider.

Definition 17 (m-block periodically averaged observable). For m < n, an operator
A e A, will be called an m-block periodically averaged observable if there exists
A € A, with A’ = (A")" such that
1
A=
IT(An)|

Z TA @ DT, (30)

TeT(A,)

where T(A,) denotes all periodic translations of the finite region A, into itself, and
the unit observable is supported on A, \ A,. Moreover, A will be called an m-block
periodically averaged effect if there exists A’ € A, which satisfies the equation above,
and additionally satisfies 0 < A" < 1.

Note that m-block periodically averaged observables A on A, are automatically
Ap-translation-invariant. The notion “effect” refers to the property that they satisfy
0 < A < 1 (as inherited from A’), and can thus be interpreted as defining a binary
measurement with POVM elements (A, 1 — A).

The usual || - ||;-distance on density matrices (which is twice the trace distance) can
be interpreted (up to a factor of two) as the maximal possible difference of probabilities
in any binary measurement that is applied to the states:

— =2 max [tr(Pp) — tr(P .
lo—olh 0§P§1| (Pp) (Po)|

Similarly, we can define a pseudonorm that quantifies the extent to which two states
differ in the expectation value of m-block periodically averaged effects: for m € N and
M=M" e A, withn > m, set

M lmy :=2max {|{tr(PM)| | P is an m-block periodically averaged effect on A,}.

As a consequence, ||p — o ||(n) denotes the maximal difference in probabilities of any
measurements described by m-block averaged effects that are performed on p resp. o.
Itis clear that O < [|All{) < l|All1, and the norm properties [|AA|(n) = |A] [|A|lm) for
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A € Raswell as [|A+ Bl < | Allgny + | Bll(m) are satisfied. However, || A () can be
zero without A being zero, which shows that || - () is not a norm.

In the case where we have an m-block periodically averaged observable which does
not come from an effect, we have the following inequality:

Lemma 18. Let A be an m-block periodically averaged observable on A, coming from
an observable A’ € Ay, according to (30). Then for all quantum states p, o on Ay, we
have

ltr(pA) —tr(0 A)| < |14 llcllp = o llmy-

Proof. Denote by Amin T€SP. Amax the smallest resp. largest eigenvalue of A’. If Apax =
Amin then there is nothing to prove. Otherwise, set B’ := (Amax — Amin) (A" — Amin1),
then 0 < B’ < 1. Define B := IT(]W 2 rera,) T(B"® )T, then B is an m-block
periodically averaged effect, and hence

1
lr(pB) — (o B)| = Sllp = o llm-

On the other hand, we have B = (Apax — Amin)_l(A — Aminl). Substituting this into
the previous inequality, and using that Amax — Amin < 2||A’|lc0, We obtain the claimed
inequality. O

As a preparation, we need a lemma which says that periodically averaged local Gibbs
states for arbitrary boundary conditions converge to the global Gibbs state if it is unique.

Lemma 19. Fix any B > 0, and let H [Ifnc be a sequence of Hamiltonians with arbitrary
boundary conditions, corresponding to an interaction ® which is not physically equiv-
alent to zero and which has a unique Gibbs state wg at inverse temperature . Then, for
everym € N,

_gHBC
Z T exp(Z# TT = (a),ﬁ)Am’ (31)

TeT(Ap)

lim Tr

nmoo A LTT(A)]
where Z, = tr (exp(—ﬂ H fﬂc)). Furthermore, if Gibbs states are unique around inverse
temperature B > 0, and if we define ﬁfc as the solution of the equation ﬁtr

e exp(—BECHEC) . . L
HAH ———— ) = up, with (uy),en an arbitrary sequence with limy,_ oo u, =
n

u(wg), then lim,,_, oo ﬁfc = B, and

1 exp(—BrCHYO)
lim TrA,, Am —nTT = (0) )Am»
noo AV | A TeTZ(;\ : z, ¢

where Z), = tr (exp(—,B,fCanC)).

Proof. Set p,(B) = exp(—,B’anc)/Zn(ﬂ’), and p, := p,(B). By construction, p,
maximizes the functional p — S(p) — B tr(anC,o). Thus
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S(on) = Bu(HE p1) = S ((@p)a,) — Btr (HEC(@pa,)

Setp, :=1/(IT(A)]) ZTGT(AM) Tp,T7, then concavity of the entropy implies S(p/,) >

S(p,). Since TTHKHT = H/’\’n for all T € T(A,), we have tr(p,’lHKn) = tr(p,,HKn).
‘We obtain
liminfL (S(py) — Btr(p,Ha,))
n—o00 | Ayl Pn Pn g

1
> liminf — (S(Pn) - ,Btr(p,/lHKn))

n—o0o | Ayl

n

o 1
= liminf o (S(on) = Buion i)
. 1 BC
= llnrgloléf m (S(/On) - B tr(anAn ))

> lim inf IA_lnl (S ((wp)a,) — Btr (Hf,,c(wﬂ)lxn))

= s(wp) — pulwg) = p(B. P). (32)

1

Since every pj, is A, -translation-invariant, Theorem 10 proves (31) and also lim,, _, o0 A

tr(p, Hp,) = u(wg). Thus

u(wg) = lim Ltr(p/H” )= lim Ltr(p HY ) = lim Ltr(p HBG).
P s AT T nseo (A, T nsoa (A,

Choose Bo,B1 € R such that 0 < By < B < Pi, and such that the Gibbs
states at inverse temperatures By and B; are unique. Then the previous results show

that lim,,_ oo ﬁtr (ancpn(ﬁi)) = u; for i = 0,1, where u; := u(wg,). It fol-
lows up > u > uy, and thus for n large enough, we have |A1_n|tr(H1€nCpn(/30)) >
U, > ﬁtr(Hffpn(,Bl)), so Bo < BBC < By for n large enough; in particu-
lar, a solution ﬂfc can be found in the interval (Bo, B1). Moreover, since By and
B1 can be chosen arbitrarily close to S, this proves that lim,_ ﬁfc = B. We
can then repeat the calculation (32), with B after the minus sign replaced by B2¢
where necessary, wg left unchanged, p, replaced by p, (BEC), and p] replaced by

pn(BES) = 1/(IT(ADD Xrerca,) Toa(BEC)TT, proving the final claim of the
lemma. 0O

Now we have all the ingredients to prove our main theorem on equivalence of ensem-
bles.

Theorem 20 (Equivalence of ensembles, non-translation-invariant states). Let (T,,),,eN
be a sequence of states on Ay, let B > 0, and let ® be a translation-invariant finite-range
interaction which is not physically equivalent to zero, and for which there is a unique
Gibbs state wg at inverse temperature 3. Suppose that

lim inf IALI (S(za) — Bur(zaHa,)) = p(B, @),



530 M. P. Miiller, E. Adlam, L. Masanes, N. Wiebe

then we have equality in this expression, and
exp(—BHJC)

1
Z =0, as well as hm —tr(t, Hp,) = u(wp),
n

00 | Ap]
{m}

lim
n—oo

Tn —

where Z, = tr(exp(—BH fnc)), and H fnc is the Hamiltonian on A, corresponding to
® with arbitrary boundary conditions. Furthermore, if Gibbs states are unique around
inverse temperature 3 > 0, we have
B
exp(—BECHEC)
Zy

lim
n—oo

=0,
{m}

Ty —

where BEC

Zn

) ) ) exp(—BEC HBC)
is defined as the solution of the equation ﬁtr (ch XA ) ) Uy,

where (u,),eN is any sequence with lim,_, oo u, = u(wg).

Proof. We prove both claims at once, by defining two sequences (8,),eN and (B),)neN,
either setting B, := B and B = B, or setting B, := BEC and B, := BI. Define

Qo) = Z To TT then it is easy to check that €2 is Hilbert-Schmidt
T, 4

self-adjoint, i.e. tr(AQ(B)) = tr(Q(A)B) for A = AT, B = BT. Furthermore, define

7, := Q(t,), then concavity of the entropy implies that S(z,) > S(z,). Since the

n
Hamiltonian with periodic boundary conditions satisfies 7 H 1’\’" T"=H [’\’n, we obtain

tr(z, Hf:n) = tr(t, HKM), and thus

s 1 / / LI 1 ! P
liminf (S(z)) = Br(zy Hp,) = liminf ™ (S(rn) —B tr(rnHAn))

i inf L p
= lim inf (S(r,,) - ﬂtr(r,,HAn))
! (S(zn) — Btr(tyHa,))
n—00 | Ayl n n Ay
> p(B, D).

Thus, 7, satisfies the premises of Theorem 10, and (22) and (23) tell us that

exp(—,B,/lHKn)
Z,

lim

Tr —Tr
o An\Am Tn An\Am

1

where Z) = tr (exp(— B H 11\7;1 )) . Now let A be any m-block periodically averaged effect

on A,, then it is of the form (30) with A’ € A,,, 0 < A’ < 1. A simple calculation
shows that tr(z, A) = tr(t,, (A’ ® 1)), and A,-translation-invariance of H [[: implies that

Hp
tr(%f;) (M(A/ 1))_ Thus
Z, Z,
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exp(—p,, H}\’n)
T, - —

/
Zn {m}
exp(—B,HY )

= 2max |tr(t,A) — tr MA

A Z,

exp(—B,HY )

= 2 max |tr (A’ TrA,,\AmT,/,) —tr| A TrAn\Amu

A zZ,

/ CXp(—ﬂ;lH[I\] ) n—00

= |\ Tranan @ — Traa, ———| — (33)

Z/
n 1

Now we extend this to arbitrary boundary conditions. Let A be any m-block periodically
averaged effect, then there exists A’ € A, such that A = Q(A’ ® 1). Setting Z, =
tr(exp(—B, H fnc)), we obtain

exp(—pB, HE¢ exp(—pB/HY )
tr A—p P An —tr A—p b An
Zn z!

— nHBC _ /HP
tr(SZ(A/®1)—exp( § A"))—tr(Q(A/®1)—exp( i A”))‘

!/
n Z;

_ nHBC . /Hp
tr ((A’ 2 1R (eXp(/;—A))) o ((A’ & 10 (GXP(;;;,A)))‘
- nHBC _ /HP
tr (A’TrAn\Am Q(exp(IIZg—A")))—tr (A’ Tra,\Ap Q(EXP(;;/"A")))‘

exp(—B, HEC) exp(—p/ H? )
TTA,,\A,,,Q(L —Tra,\a, @ u

n—oQ
—

IA

0
2

Zn z!

1
for all m € N according to Lemma 19. Taking the supremum over all A shows that

exp(—pBn anc) eXP(—ﬂﬁHK,,)

=0 forallm e N.
Zn zZ)

{m}

Combining this with (33) proves the second claim. Furthermore, Theorem 10 implies
that

lim
n—oo

R B 1 » .
u(wg) = nli)rréo mtr(rnHA )= nll)ngo A—|tr(t,,HAn) = 11ncl>o

n

1
|tr(rnHAn).

[An n—>00 |Ap
This completes the proof of the theorem. O
The simplest example application is as follows.

Example 21 (Microcanonical versus canonical ensemble, arbitrary boundary condi-
tions). The sequence of states (t,),cy Which are defined as the maximal mixtures on
the microcanonical subspaces

TBC .— span[|E) ‘ H{C|E) = E|E),

7™ e(u—(S,u)},
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where H BC is a Hamiltonian on A, with arbitrary boundary conditions, satisfies the
premlses of Theorem 20. That is, if Gibbs states are unique around inverse temperature

B = PB(u), we obtain equivalence of ensembles on m-block periodically averaged
observables:
exp(—BHBC)
tim |5 — SRR o raime
n—oo Zn m)
m

Furthermore, the same result is true if B is defined as the (n-dependent) solution of
HBC exp(fﬁHf’f) _
Tk “Z. )=

Remark. The choice of boundary conditions in the definition of 7,2¢ and in the statement
of the example need not be identical.

Proof. Apply Lemma 12 and A |tr(ran ) < utoshow thatliminf, _ |A (S(t,,)—
Bt(taHyp,)) = p(B, ®). O

For non-periodic boundary conditions, it is somewhat unnatural to consider period-
ically averaged observables. Instead, we may consider m-block averaged observables,
where the region A, is translated only inside the boundaries of A,,, without considering
the periodic extension of the latter.

Definition 22 (m-block averaged observable). For m < n, define T(A,,, A,) (= {y €
7' | Apm+y C Ay} Anoperator A € A, will be called an m-block averaged observable
if there exists A" € A, with A" = (A")" (resp. m-block averaged effect if 0 < A’ < 1)

such that 1
A= ———— z yy(A) @1, (34)
IT(Ap. An)l !
yET(Am,Ay)

where the unit observable is supported on A, \ (A, + y). Moreover, we define the
pseudonorm || - ||[;,7 on self-adjoint operators M € A, by

IM|l[m) := 2max {|tr(PM)| | P is an m-block averaged effect on A,}.

The following lemma translates Lemma 18 to the pseudonorm || - ||, and also
generalizes it.

Lemma 23. Let A be an m-block averaged observable on A,,, coming from an observ-
able A’ € A, according to (34). Then for all quantum states p, o on A,, we have

ltr(pA) — tr(@ A)| < 1A llsollp = o llm-

Furthermore, we have |Alloo < ||A'|lco; if in addition A" > 0, then we also have
[[A]loo = ﬁ”A/HOO. In the special case where |A,,;| = 1, we have ||Allco = ||A"]l0o
m

whether or not A’ is positive.

Proof. The proof of the first statement is identical to that of Lemma 18 and thus omitted.
Clearly, ||Alloc < [|A ]l follows directly from the definition (34) and ||y (A") @ 1|0 =
7y (Ao = A [loo- Since A,, is a box, it can be written A, = [A1, 1] x ... X
[Av, ity]. Consider two boxes A C A, and A’ C A, which are congruent to A, i.e.
are translations of A,,. We call A and A’ equivalent if there is a translation y such that
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A’ = A + y, which has components y; = k;(u; — A;) with k; € Z. In other words,
equivalent boxes (which are shaped like A,,) do not overlap, and they can tesselate A,
(up to sites close to the boundary).

Every equivalence class is uniquely determined by an element x € A,,, which spec-
ifies a box A in that equivalence class which is A, + y, where x = (A1, ..., Ay) + ).
Thus, the number of equivalence classes is upper-bounded by |A,; |. Now call two trans-
lations y, z € T(A,;, A,) equivalent if A, + y is equivalent to A,, + z in the sense
just specified. There will be N equivalence classes Ty, ..., Ty, where N < |A,],
and T(A,,, A,) = UIN 1 Ti, which is a disjoint union. Consequently, at least one
of them—say, T;—must have |T;| > |T(A;;, Ay)|/N. For the moment, suppose
that A" is a posmve semidefinite matrix. Then there is a state |¥) on A,, such that
lA loo = (¥|A’|Y). We can write A, = UyeT,— (Am +y) U Ayesr, where unions are
disjoint. Now we define a state |¥) on A,, by taking the tensor product of copies of |)
in the regions A, + y, and an arbitrary pure reference state |0) on A, We get

1
Alleo = VA = 1, Al (W]yy(A) @ 1|W
IAlloo = (W]AW) = |T(Am,An)|zly€ZT vy (A) @ 11W)
l /
- m};wm Y& 1)
:L(INA/W) ||A|| >_”A”
IT(Am, Ap)l S TG

If |A,,| = 1, choose the single-site state |y) such that | A’ ||oo = |(¥|A’|1/)]. Let |y &An)
be the state |1/), copied onto every lattice site of A,. Then

[Alloe = [(w®2n Ay ®hn)

1
BT
= KYIA 1Y) = 1A ]loo-
The claim follows. 0O
Asymptotically, that is for large n, the pseudonorms || - |, and || - [| ;] are equivalent.

This is the statement of the following lemma. Thus, our equivalence of ensemble results
in Theorem 20 and Example 21 remain valid of the former pseudonorm is replaced by
the latter. This yields a more natural physical interpretation of our results.

Lemma 24 (Equivalence of both averaging methods). For every m < n and all states
p,0 on A\, we have

[0 A|

-0 —llp—0 < 8|An
[ =& llon) = o = llpmi| < 8lAm - T2
which tends to zero for fixed m as n — oo.

Proof. Define the completely positive map ® : A, — A, by setting ®(A’) as the
right-hand side of (30). Similarly, define the completely positive map @ : A, — A,
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by setting ®'(A’) as the right-hand side of (34). Note that ®(1) = 1 = ®’(1). Then
Mgy = 2maxg<a <1 [tr(M®(A"))| and | M| = 2 maxo<ar<q [tr(M®'(A"))]. If
M is traceless (as is the case for M = p — o), then tr(M® (1 — A')) = —tr(M P (A"))
and similarly for @', and the absolute values under the maxima can be removed.
Thus

[ IMIlgny — IM]lmy] = 2| max tr(M®P(A)) — max tr(MP'(A"))
0<A’<1 0<A’<1
<2 max [or(M®P(A)) — r(MP'(A"))|
0<A’<1
<2|Mll max @A) — (A"
0<A’<1
To compare ® and @', we note that we can interpret every translation y € T(A,,, A,)asa
periodic translation T € T(A,) such that y,(A) ®1 = T(A'@1)T" forevery A’ € Ay;

this is an equality of observables on A, . In this sense, we can write T (A,,, A;) C T(Ay).
A simple application of the triangle inequality and ||A'||co < 1 gives

[®cah —@'ah],

1
IT(AR)I

TA QDT — (AN ®1
2 TWeDT —gars 2, 1)

TET(AII) yET(AlnsAﬂ) 00

1 : ! /
> p@)el- 2. nuel
ITAD | ol o) T Al r o o,

o0
1
- > TA DT
IT(An)] TeT(AD\T(Am,Ay)
n ms n o0
+ ( 1 1 ) > n@)el
T(Ap. An)| [T(An)| s

YET(Am, An) o

o T = [T(Am, An)l
B IT(AR)I

Estimating this expression is a matter of simple lattice geometry. First, it is easy to
see that |[T(A,)| = |A,|, the number of sites in the region. Consider any translation
T € T(A)) \T(Ap, Ap). It translates A, periodically inside A, but not in a way such
that the same is achieved by a non-periodic translation y, with y € Z". Instead, the
corresponding y-translation will map A, partially inside and partially outside of A,,.
That is, there must be some intersection of y + A,, with the boundary of A, defined
in (15). However, for every given boundary point x € dA,, there are only |A,,| many
translations y such that x € A, + y. Hence

IT(AD] = T(Am, Al = T(A) \ T(Am, Ap)| = [9An] - [Am].

Combining the previous inequalities, and using that ||p — o' ||; < 2, completes the proof.
0
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3.2. Canonical typicality. With the results of the previous subsection, in particular
Examples 13 and 21, it is easy to prove a general result on canonical typicality for
translation-invariant quantum systems.

Theorem 25 (Canonical typicality, periodic boundary conditions). Let ® be any
translation-invariant finite-range interaction, not physically equivalent to zero, with
corresponding periodic boundary condition Hamiltonians HY o let umin(®) < u =
Umax(P) and & > 0. Suppose that there is a unique infinite-volume Gibbs state wg at
inverse temperature 3 = B(u). Consider the microcanonical subspace

p p E
T :=span { |E) | HY |E) = E|E), me(u—&u) .
n

If|¥) € T,F is a random pure state, then for every m € N there is a sequence of positive
real numbers (Apy p)peN With limy, o0 Ay n = 0, such that

_BH?P
Prob [ M

Tra\a, W)WY = Trana, 7
< oxp (= 2 exp(|Anl 500) + 0( A ])))

> Amon +8]
1

for every ¢ > 0. Furthermore, if Gibbs states are unique around inverse temperature

B > 0, then the same result is true if B is chosen as the (n-dependent) solution of
exp(—BHJ ) . .

ﬁtr (anc %n’\") = u, where BC denotes an arbitrary fixed choice of boundary

conditions.

Proof. 1t follows from [4, Theorem 1] that

d!hnl |7,/ |
Prob[”TrAn\Amh/f)(dd—Qm,n”l >e+ SZexp( u )

T 1873
T 187

for all & > 0, where |7;’| denotes the dimension of the subspace 7,/, and Q. , =
Tra,\A,, Tn» With 7, the maximally mixed state on 7;. Set

exp(—BHJ ) )
Zy ’

Bm,n = Qm,n - TrA,,\Am

1

then Example 13 resp. Theorem 10 imply that lim,_, o 8., = 0. Thus, the previous
statements imply

Prob {

TP 2
§Zexp(—| nle )

exp(—BHY )
Zn

Tra,\a, VW] = Tra,\A,

Jq!Aml
£+ +Sm.n

>
. VITY

1873

Furthermore, according to Lemma 12, we have | T;” | = exp[|A,| s(u)+0(|A,|)]. Setting

A = S +dm )\ 1T (36)

completes the proof of the theorem. O
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Example 14 shows again that we cannot in general replace the restriction of the global
Gibbs state, Tra,\a,, exp(—BH} )/Zy, with the local Gibbs state, exp(—BHYC)/Zy,

no matter what boundary conditions we choose for H BC
Similarly as for our equivalence of ensembles result we can prove an analogue of
this theorem in the case of arbitrary boundary conditions by replacing || - |1 by || - [l ) -

m

Theorem 26 (Canonical typicality, arbitrary boundary conditions). Let & be any
translation-invariant finite-range interaction, not physically equivalent to zero, with
corresponding arbitrary boundary condition Hamiltonians H BnC, let upmin(®) < u <
Umax (®) and § > 0. Suppose that there is a unique infinite-volume Gibbs state wg at
inverse temperature = B(u). Consider the microcanonical subspace

n

E
TBC .— span{|E) ‘Hﬁfw) = E|E), ™ , ]
n

If|y) € TnB € is a random pure state, then for every m € N there is a sequence of positive
real numbers (Apy p)neN With limy, o0 Ay n = 0, such that

> A+ 8]
[m]

= exp (= 2 exp(|Aul 560) + 0( Au])))

exp(=BHC)

Prob[HII/leﬁl Z

for every ¢ > 0. Furthermore, if Gibbs states are unique around inverse temperature
B > 0, then the same result is true if B is chosen as the (n-dependent) solution of

BC eXp(— /SHBC -
at (H —Z, ) =u

Proof. Denote by 75€ the maximally mixed state on 7.2€. Suppose that n > 0 is any
real number such that

[ == = 37

By definition, this means that there exists some observable A’ € A,, such that

1 / BC /
> (W@ @ 1y) —u @ @) e 1) =0,
YET(Am,Ap)

and thus, there must be some y € T(A,,;, A,) such that
2| Wy () @ 119) — @y (A @ D] = .
Let A := A, + y, then |[A| = [Aul, A C Ay, and
HTI'A,I\A ) (| — Tra,na TfCHI > .

Now consider the case n = & + d!nl /VITEC|. According to [4, Theorem 1], the
probability that the previous inequality holds on Haar-random choice of |1/) is upper-
bounded by 2 exp (—|TnBC |82/(187'[3)). Thus

Prob H W BCH . dAm! -5 |TnBC|82
ro -7 & exp{ ——) .
Yol T AT T P 1873
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Now set

BC
BC exp(_IBHAn )
T Tz
n

S = )

[m]

and set Ay, 1= 8.y +d“n1//|TBC|. Example 21 and Lemma 24 show that lim,,_, oo
Smn = 0 = lim,_ o0 Ap ., and arguing as in the proof of Theorem 25 completes the
proof. O

Drawing a pure state |¢) according to the Haar measure is a process that cannot
be achieved efficiently in practice, as parameter counting shows. Thus, it is also to be
expected that no process in nature really produces a Haar-random state. However, what
can be achieved efficiently—for example, by application of random local unitaries [25]—
are approximations to the Haar measure known as (approximate) unitary t-designs. As
shown in [26], they give a way to “derandomize” results like the canonical typicality
theorems above.

There are different definitions of what is called an e-approximate k-design v; they all
have in common that the computational effort of sampling from them scales polynomially
in log ¢ and log d, where d is the underlying Hilbert space dimension.

Here, we use the definition from [26]. It utilizes the notion of a balanced monomial
of degree k of a matrix U, which is a monomial in the components of U and U which
contains the same number (k) of conjugated as unconjugated elements. For example,

UijUp, is a balanced monomial of degree 1.

Definition 27 (Approximate design). A measure v on the unitary group U (d) is called
an g-approximate (unitary) k-design, if for all balanced monomials M of degree less
than or equal to k, we have

)
|EU~UM(U) - EUN;LH M(U)| = ﬁ’

where Ey~,, denotes the expectation with respect to a measure /i, and p g is the Haar
measure.

We now use Theorem 1.4 in [26] to prove a derandomized version of canonical
typicality. Note that the theorem in [26] uses as an implicit additional assumption that k
is an integer-multiple of 8.

Theorem 28 (Canonical typicality, periodic boundary conditions, derandomized ver-
sion). Let ® be any translation-invariant finite-range interaction, not physically equiv-
alent to zero, with corresponding periodic boundary condition Hamiltonians H” iy let
Umin(P) < U < umax(P) and A > 0. Suppose that there is a unique infinite-volume
Gibbs state wg at inverse temperature 8 = B(u). Consider the microcanonical subspace

Tr = span[|E} ‘H[’\’n|E)=E|E), e(u—34,u)t.

| Anl

Choose a state | ) at random from T,' by choosing a unitary from an e-approximate 8-
design and applying it to a fixed initial pure state, where ¢ = exp(—|An|s()+o(|Anl)).
Then for every m € N large enough such that d'""»! > 14, there is a sequence of positive
real numbers (8 n)peN With lim, o0 8m.n = 0, such that
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Prob, [

FEI
=3 exp (— |Anls () + o(|Anl))

exp(—BHY )

TrAn\Am |1//> <I/f| - TrAn\Am
Zy

> 8m.n +/<]
1

for all k > 0. Furthermore, if Gibbs states are unique around inverse temperature
B > 0, then the same result is true if B is chosen as the (n-dependent) solution of

HBC exp(—ﬂH}\’" )

Zn

AL A St ) = u, where BC denotes an arbitrary fixed choice of boundary

conditions.

Proof. Let 1, be the maximally mixed state on 7,”, and set & := 6d314n1 /| TP |. Due
to [26, Theorem 1.4], we have

Prob,, {||Tra,\a,, [V) (W] — Trana, T, = «} < (38)
for all k > 0. Define §,, , as in (35), use Example 13 and absorb the factor 24 into the
exp(o|Ap|)-term. O

One still has concentration on the thermal state; however, in contrast to the Haar
measure resultin Theorem 25, the concentration is now exponential in the number of sites
| A, |, not doubly-exponential. This behavior is more in line with standard expectations
on physical systems in statistical mechanics.

It is now clear how Theorem 26 can be derandomized, by imitating the proof of
Theorem 26 in conjunction with the TnBC—analogue of (38) and the inequality || - ||[n] <
[+ |I1. We omit the details.

Theorem 29 (Canonical typicality, arbitrary boundary conditions, derandomized ver-
sion). Let ® be any translation-invariant finite-range interaction with corresponding
arbitrary boundary condition Hamiltonians HB”C, let umin(P) < U < umax(P) and
8 > 0. Suppose that there is a unique infinite-volume Gibbs state wg at inverse temper-
ature B = B(u). Consider the microcanonical subspace

E
TBC .= span||E) ‘HfﬂE) = E|E), ™ , ]
n

Choose a state |r) at random from TnB € by choosing a unitary from an s-approximate 8-
design and applying it to a fixed initial pure state, where ¢ = exp(—|A,|s(u)+o(|A,))).
Then for every m € N large enough such that d"*»! > 14, there is a sequence of positive
real numbers (8 n)peN With limy, . o0 8.n = 0, such that

exp(—BHEC)
Probv [ u

Zy
231l
< ps; exp (— |Anls () + o(|Anl))

V) (| —

> 8+ K]
[m]

for all k > 0. Furthermore, if Gibbs states are unique around inverse temperature
B > 0, then the same result is true if B is chosen as the (n-dependent) solution of

1 BC Xp(—BHEC _
TaaTtr (H ) =
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Since the effort of sampling from an e-approximate 8-design v scales polynomially
in log € and the logarithm of the Hilbert space dimension, we obtain that sampling from
v in the theorems above amounts to an effort that grows only polynomially in |A,]|, i.e.
the particle number.

3.3. Dynamical thermalization. We can apply the previous results to obtain statements
about dynamical thermalization, using the results of [8] which are elaborations of earlier
results in [6,7]. However, for the technicalities, we need to relate the von Neumann
entropy with the Rényi entropy of order two. For « > 0 with & # 1 and density matrices
0, we define [28]

Sa(p) = logtr(p®),
l—«
and the limit « — 1 recovers von Neumann entropy, S1(p) := S(p) = —tr(plog p),
and the limit « — 0 yields Sp(p) := logrank(p). If « < «’ then S, > S, . In fact,
we will use Rényi entropy only for classical probability vectors A = (A, ..., Ay), and

write sloppily Sy (A) for classical Rényi entropy, which is the same as the quantum Rényi
entropy of the diagonal matrix with entries A;. We use some inequalities and insights
from [29] to show the following:
e
Lemma 30. For every 0 < ¢ < 1, we have S2(p) > 2¢ (S(p) — rSo(p)) >
€

2e(S(p) — &So(p)).

Proof. As shown in [29], we have 31‘](1;15[1 > 0, hence ﬂSq < %Sz forallg € [1,2].

Since the function ¢ + S is convex, the value of S, lies on or above the line g(x) :=
So — (So — S1)x that connects Sp and Sy, i.e. S; > g(g) = So — (So — S1)g. We get

2(g — 1 2(g — 1 2(g — 1)?
> %Sq > % (So — (So — S1)g) =2(qg — 1)S1 — MSO‘

Setting g =: 1 + ¢ proves the claim. O

AY)

Following [8], for any Hamiltonian H, we define its gap degeneracy by
Dg(H) :=max {0, j) | i # j, Ei—Ej=E}

’

where the E; denotes the (energy) eigenvalues of H. Using Theorem 3 of [8], we can
easily show the following.

Theorem 31 (Thermalization, periodic boundary conditions). Let ® be a translation-
invariant finite-range interaction which is not physically equivalent to zero, and
(p(()n)),,eN any sequence of initial states on A, which have energy expectation
value of U, = tr(p(()")HKn) with density U, /|A,| converging to some value u €
(Umin (D), Umax (P)) as n — o0.

Suppose that the initial states have close to maximal “population entropy” in the
following sense. Define S(p(()")) = S(A1, ..., AN), where S is Shannon entropy, and
A= tr(,o(()")m) is the probability that the i-th energy level is populated, where an =:

ZN_ E;m; is the spectral decomposition. Furthermore, suppose that either HY is
i=1 An

non-degenerate, or that every ; ,o(()") 7; is Ay -translation-invariant. Then, determine the

corresponding inverse temperature B, for which
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exp(—fu HJ )
Z, '
If the initial states have close to maximal population entropy in the sense that
S$(py") = S (B)) — oI Anl), (39)
(n)

w(HY v () = Un.  where v} (Ba) :=

then unitary time evolution p™ (1) = exp(—lth )0
subsystem N\, for most times t:

([ranan 0@ @ = (Trana, p® )| )

2
sd'Am,/DG<HK,,>exp( 4(1 B | Aul + 01 |>) and

exp(—fu HY )
Zn

exp(itHf\)n) thermalizes the

lim
n—oo

<TfAn\Am P(")(t)> —Tra,\An

1

where Z, = tr(exp(—,B,,H;';n)), and (-) denotes the average over all times t > 0.
Furthermore, in this statement, B, can be replaced by B := B(u).

Remark. Tf H[’\’ is non-degenerate, we have S(p(")) = S(,o(")) where p(") =T

,oé )71, is the dephased initial state. Furthermore, we can summarize the result by saying

< >
1

as long as the gap degeneracy D¢ grows at most subexponentially with | A, |. However,
the more detailed formulation above contains more information: while the difference to
the Gibbs state may tend to zero polynomially in | A, |, the result shows strong equili-
bration of time evolution indicated by a trace distance which goes to zero exponentially
in [Ay].

exp(—fu HY )

Tra,\Ap o™ (1) — Tra,\Ap, Z
n

Proof. According to [8, Theorem 3 resp. 25], we have

DG (H )

([Tranan 0”@ = G, sy 40)

> < d|Am‘
I defr

where d7! = 3.2, thus desr = exp(S2(Ai, ..., An)), and 5\” = (o™ (@) =

ZN | T ,oé”)n, If H, P is non- degenerate, then every 71,,0( ")

m; is a real multiple of
m; and thus A, -translatlon invariant. Thus the conditions of the lemma ensure that p(n)

is A, -translation-invariant. Since the ; ,o0 71, /A; for A; # O are density matrices with
mutually orthogonal supports, we have

(n)
7T o0 7T
S(ﬁ(()")) -5 2 Ai Tiby Ti

i1 20 Ai

)
= SO, ..., AN) + ZAS( ”00 ’)zsal,.. ) = S(od").

i 7#0
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Note that tr(p(n)H P ) = tr(p(n)H p ). Furthermore, Theorem 10 shows that lim,,_, o
Bn =B = Bu), and p(B,) maximizes the functional p +— S(p) — ﬂntr(,oHKn). Thus

(S(p“” — Bu(s” Ha,))

n—oo |Ay|

> hm 1nf ﬁ (S(,o(n)) - ﬁtr(p(")Hp ))

> lim inf ﬁ (S By = Brecog” HE )

— lim inf A—n| (S8, By = BrerE BHR))

n—oo |

o
= timinf —— (SO, (8) = Aute (B )

>11m1nfL (S((a) Ya,) — Batr((wp)a, HY ))
A B) An n B)An Ay,

n—oo |A,|
= s(wp) — Bulwg) = p(B. P), (41)
and Theorem 10 proves that
exp(_ﬂan\)n)
Zn

lim
n—oo

Traanfy” — Tra,\an

1

and limy, o0 15~ |S(,o(”)) = s(wp) as well as limy— o0 5~ ‘tr(p(")HA”) = 1lim,— 0o ﬁ
tr(py” HY ) = u(wp). Together with (39), this implies that S(p)") = s(wp)|An| +
o(|Ax]). It remains to estimate degr. This will be done via Lemma 30. Writing A =
(A1, ..., Ay) and using that So() < log N < |A,|logd and S(.) = S(p."), we
obtain S2(A) > 2e(S(XA) — ¢|An|logd) = 2¢ ((v(a)f;) —elogd)|Ay| +o(|An |)) for
all 0 < ¢ < 1 The special case ¢ = s(wg)/(2logd) yields desr = exp(S2(h)) >

2
exp(z(1 B |+ o<|An|>). o

Here is an example of a suitable sequence of initial states that appeared in work by
Riera et al. [10]:

Example 32 (“Flat” pure initial state). Consider pure initial states ,0(() |1ﬁ(n))<1ﬂén)|
which have a flat energy distribution in an energy window, as discussed in [10]. Con-
cretely, denote the energy eigenstates of H 11\7,1 by |E;), fix § > 0, and set (up to normal-

ization)
e~ D> IE).

u—38<E;/|Ayl<u

IftH 1[\’” is non-degenerate, then S (,0(()")) is the logarithm of the number of energy levels
between densities # — § and u, which is s(u)|A,| + o(|A,]) = S(ylfn (B)) +o(|AnD
according to Lemma 12. Thus, Theorem 31 proves thermalization of small subsystems.

The same conclusion holds if |1p(")) is not exactly flat, but populates the energy levels
as given in Example 16 and Fig. 4.
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This example and Theorem 31 (in one formulation) assume that H K is non-
degenerate. In fact, we show numerically in Sect. 3.5 that generic models of the kind
we consider are non-degenerate, despite translation-invariance. Alternatively, we can lift
the condition of non-degeneracy or periodic boundary conditions by proving a weaker
statement about m-block-averaged observables.

Theorem 33 (Thermalization, arbitrary boundary conditions). Let ® be a translation-
invariant finite-range interaction which is not physically equivalent to zero, and
(p(()"))neN any sequence of initial states on A, which have energy expectation
value of U, = tr(p(()")Hff) with density U, /|A,| converging to some value u €
(Umin (D), Umax (P)) as n — oo, where BC denotes an arbitrary fixed choice of bound-

ary conditions.
Suppose that the initial states have close to maximal “population entropy” in the

following sense. Define S‘(,o(()n)) = S(A1, ..., AN), where S is Shannon entropy, and

A= tr(p(()")m), where H fnc = ZlNzl Eim; is the spectral decomposition. Then,
determine the corresponding inverse temperature B, for which

exp(=BuHYC)

w(HE Y2 (Bn) = U, where y2€(By) = ~
n

n

If the initial states have close to maximal population entropy in the sense that

S(p5") = SEC (B)) — ol A,

then unitary time evolution p (1) = exp(—itanC)pé”) exp(itanc) thermalizes all

m-block averaged observables for most times t:

<Hp(”)(t) - <p(") (t)>H[m]>
< d™ DG (HE) exp (— 2(1“:;); | Al + o(|An|>) . and

<p(") (t)> B exp(—Z HJ©)

lim
n—oo

[m]

where Z, = tr(exp(—B,H fnc)), and (-) denotes the average over all times t > 0.
Furthermore, in this statement, 3, can be replaced by B := B(u).

Remark. As in the previous theorem, we can summarize the result (at the expense of
losing some information) as
lim < > =0
n— 00
[m]

whenever the gap degeneracy Dg does not grow too quickly with |A,|. In fact, we
can always force D¢ to be equal to one—that is, remove degeneracies—by adding
appropriate boundary conditions in the sense of Definition 7.

exp(—Bu HYC)

™ (ry —
p (1) Z
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Proof. Forany X = X' € A,, we can estimate the || - ||[,,j-norm via
— ] / / /
XN =2max { | ————— > u[X(nA)@D]|| A'eA, 0<4'<1
[T(Ams An)l
YET(Am,An)
1
<2max{ —————— > |u[X(n(A)®D]|| AeA, 0<4'<1
IT(Am, M)l
YET(Am,An)
2
< Z max{|tr[X(yy(A’)®1)]| | A’eAm,OSA’fl}
IT(Am, An)l
YET(Am,Ay)
1
= Z HTrAn\(Am"'y) XHI .
IT(Am, An)l VT A

Using again the results of [8] in the form (40), setting again ,5(()") = (pM(r)) =
O ~
> Tipy i, We obtain

<Hp<"><z> &

P
[m] |T(Am, An)|

2. <HTrA,,\<Am+y) P (1) = Tra () 0" H 1>
YET(An.An)

BC
< gl /M,
defr

where doir = exp(S2(1)). As in the proof of Theorem 31, we have § (/3(()")) > 8 (p(()")) =
S(}), and also tr(p(g”)H ff) = tr(,é(()")H fnc). Furthermore, Lemma 19 implies that
lim,— 00 B, = B := B(u). Thus, we can repeat the calculation (41) in the proof of
Theorem 31, and obtain that lim inf,, o 17 (5(53'”) — B tr(,é(g")HAn)) > p(B, D).
Consequently, Theorem 20 and Lemma 24 imply that

S _ exp(—BuHYC)

lim
0 Z,

n—oo

1
_ : ~(n) ;7 BCy _
=0 and nlgréo IAn|tr(,00 HA,, ) = u(wg).

[m]

As in the proof of Theorem 31, it also follows that S‘(pé")) > s(wg)|Anl +o(JA,]) =
S(A). Repeating the final steps of the proof of Theorem 31 yields the claimed estimate
fordegs. 0O

3.4. Finite-size estimates for systems without interaction. As the most simple special
case, consider the non-interacting Hamiltonian

HA = th,
xeA

where i, = y,(h) denotes a fixed self-adjoint matrix A sitting on site x € A. This
corresponds to an interaction @ of the form
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| yx(h) if#X =1
(X) = 0 otherwise.
Since there is no interaction, the dimension v of the lattice Z" does not play any role;
without loss of generality, we may assume that v = 1. Similarly, we set A, = [1, m] C
Z. Without interaction, the (restriction of the global) Gibbs state becomes the product
state
exp(—BHnp,) om
Tr —_— " = ,
Ap\Ap Zn Vﬂ

where yg = exp(—Bh)/Z; is the single-site Gibbs state with single-site partition func-
tion Z1. We will now look at equivalence of ensembles — and its finite-size behavior —
in this special case. That is, we consider the maximally mixed state 7, on

E
T, :=span||E) ‘ —e[u—éi,u]],
n

where § > 0 and u will be considered fixed in what follows. On every site, we can
choose the local basis such that % is diagonal, denoting the corresponding single-site
eigenstates of 4 by {|0), ..., |d —1)}. (Recall that d denotes the single-site Hilbert space
dimension.) For 0 < j < d — 1, the eigenvalue corresponding to |j) will be denoted
Ej; that is,

hlj) = EjlJ).

We may always choose a basis and shift the energy such that 0 = Egp < E; < ... <
E;_q,1ie.

0
E,

Eq-1
Every string s = 5152 ...s, of length n over the alphabet {0, ..., d — 1} describes an

eigenvector |s) := |s1) ® ... ®|s,) of H on n sites, where H|s) = > ; hlsi) = > ; E;.
Thus, the microcanonical subspace can also be written

1 n
Tnzspanl|s) sef0,1,...,d -1}, — E Esie[u—&u]}.
n
i=1

Our goal is to estimate the difference

[ Teananm = v - “2)
Since all relevant operators compute, we can restrict to the probability distributions on
the diagonal; we have a purely classical problem. Our first observation is that a tight
upper bound on this expression is known in the special case § = 0 and d = 2; it has
been obtained in proofs of the finite classical de Finetti Theorem [22].

Lemma 34. In the case of a perfectly sharp microcanonical subspace, i.e. § = 0, and
of qubit systems, i.e. d = 2, we have
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4
HTrAn\Am Tn — y‘é®m = 7

)

1

assuming that the energy density u is chosen such that the corresponding microcanonical
subspace Ty, is not empty.

1
C1+e PRI
temperature § is determined by tr(ygh) = u. In this case, u = E; - pi, where p; is
the relative frequencies of 1’s in the strings s with |s) € T,. This equation implies

Vg = (1 P i ), with classical probability distribution Pg := (1 — p1, p1) on the

Proof. We have h = (0 E ), and so pg = (1 g—ﬁEl) . The inverse

diagonal. If we denote by Q the classical probability distribution on {0, 1}"* determined
by the diagonal elements of Trx ,\a,, Tn, We have

HTrAn\Amfn -y Hl = ”Q — P,g@”"‘

.
where || - ||; on the right-hand side denotes the variation distance of two probability
distributions:

2m
IP=Qlh =2 1P= Qi =2, max  |P(4)= QA
i=1

AC{l,....2

Consider an urn U with n balls, where p1 - n of them are marked by a ““1”” and all others
marked by a “0”. Then PE”” describes the distribution obtained by m draws from U
with replacement, whereas O described the distribution obtained by m draws from U
without replacement, where in both cases the order of the results is taken into account.
These distributions are considered in [22] in the proof a finite version of the classical de
Finetti theorem. The main result then follows from Theorem (4) in [22]. O

For d > 3, even if § = 0, the results of [22] do not directly yield an upper bound on
expression (42). This is for two reasons. First, the typical subspace 7; will in general
not be spanned by a single type class, but by several ones. For example, consider the
case d = 3 with energies Eg = 0, E1 = 1, and E, = 2. Fixing the energy density to
u = 2/3 yields the microcanonical subspace

T3 = span {|011), [101), |110), |002), |020), |200)} .
This is a disjoint union of two type classes. While 74 = {0} and 75 = {0}, we have
Ts = span {|000022), ..., |000112), ..., |001111), ...},

where the dots denotes all permutations. This is a union of three type classes. Then the
results in [22] do not prove directly that Trx,,\ ,, T» 18 close to a product state, but that
it is close to a convex combination of product states, resembling the de Finetti theorem.

In this particular example, it can be checked numerically that the qualitative behav-
ior of Lemma 34 remains true: n needs to be increased linearly with m in order
to achieve a fixed one-norm distance error. The inverse temperature turns out to be

B = log[(1++/33) /4], and y = diag ((15 — /33)/18, (+/33 — 3)/9, (9 — @)/18).



546 M. P. Miiller, E. Adlam, L. Masanes, N. Wiebe

n=f(m)

1400 F o
1200 .

1000 .

800 F .

600 F o®

400 F P

200 .
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5 10 15 20 25 30

m

Fig. 5. Minimal number of sites n to guarantee that a subsystem of given size m is e-close to the local Gibbs
state, where ¢ = 1/100, energy density u = 2/3, local Hilbert space dimension d = 3, and energy levels
Ey =0, Ey = 1and E» = 2. In this case, the microcanonical subspace of width § = 0 is spanned by more
than one type class. It can be seen that the size of the “bath” has to be increased linearly with the size of the
subsystem

The subspace 7,, is non-trivial whenever n is a multiple of 3. Define the function
f:N— Nby

f(m) := smallest possible n € N such that HTrA”\Am T, — y/§®m Hl < ﬁ
This function is evaluated numerically in Fig. 5. It can be seen that n = f (m) increases
linearly with m.

It turns out that for § = 0, the previous example is atypical in the sense that generic
energy windows usually lead to microcanonical subspaces 7}, that contain only a single
type class. This can be characterized as in the following lemma. We use the standard
terminology to call a set of real numbers E1, ..., E;_1 rationally dependent if there are
rational numbers Aq, ..., As_1 € Q, not all of them zero, such that Z?;ll ME; =0,
and otherwise rationally independent.

Lemma 35. Suppose that § = 0. Then, all non-trivial microcanonical subspaces T, #*
{0}, for all n and u, are spanned by a single type class if and only if the energies
E1, ..., E4_1 are rationally independent.

Proof. We denote type classes as follows:
T (ko ..., kg—1) := {s e{0,....d=1)"|#{i:s; = j} =k forallj},

that is, the set of all strings that have k( zeroes, k| ones, and so on. All strings s in the
same type class have the same energy (s|H|s) =: E; = >, E;; = Z?;(l) k;E;. Thus,
the microcanonical subspace 7,, must be a disjoint union of (spans of) type classes.

Suppose the energies are rationally independent, and suppose that span T (ko, ...,
kq—1) C T, and at the same time span T (k, ..., k;_,) C T,. Then

u-n=kEi+...+kj_1E;_1 =k1E1+...+ké_1Ed_1.
Thus
(ki —kp) Ev+- -+ (kg—1 —ky_)) Eq—1 =0,
———

—_—
ez eZ
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and rational independence implies that k; = k; for all j, so T, is the span of a single
type class.

Conversely, suppose that E1, ..., E4_1 are rationally dependent. That is, there are
ki,..., kg1 € Z,not all k; = 0, such that

kiEi+...+kg_1Eq—1 =0.

There is at least one energy E; with E; > 0, so this equation can only be satisfied if
min; k; =: k; < 0 and max; k; > 0. Set

E:=—kj(E1+---+Eq-1) = (ki —kj)E1 + -+ (ka—1 — kj)Eq—1

Then all k] := k; — k; > 0 are integers, and they cannot all be zero. Choose any n € N
with

n = max{(d — DIk;|, (ki —kj) + (ks —kj) +---+ (ka1 — kj)}.

Setko:=n—(d— Dlkj| > 0and kj :=n —[(k —k;) +---+ (kg—1 —k;)] = 0, and
set the energy density to u := E/n. Then we have

span T (ko, |k;l, lkjl, ..., ki) € Tn,
spanT(k(’),lq —kj ky—kj,....kg1 —kj) CT,.

Thus, T, is spanned by at least two different type classes. O

There is a second reason why the results in [22] cannot directly be used if d > 3,
even in the case where § = 0 and assuming the rational independence of the energies.
It follows from [22] that in this case

2dm
||TrAn\Am Tn — y®m ||l — T’ (43)
however, the state y is in general not equal to yg for any B. Instead, y is the single-site
density matrix with the symbols’ relative frequencies in the type class as eigenvalues,
and this is in general not a thermal state.
As a simple example, consider the case d = 3, with single-site Hamiltonian 7 =

diag (O, 1, «/5) and energy density u = (2 + +/2)/6. If n is a multiple of 6, then 7,

contains all basis vectors |s) with strings s € {0, 1}" that have n/2 zeroes, n/3 ones and
n/6 twos. Then the y appearing in (43) is y = diag(1/2, 1/3, 1/6), and there does not
exist any f such that y = yg.

In the following, we will generalize the result of Lemma 34, by showing that also in
the case of a microcanonical subspace of width § > 0, the qualitative behavior of Fig. 5
remains true, at least in the case d = 2, i.e. in the qubit case. First, we prove a lemma
which shows this for § = 0 or § depending on n and approaching zero fast enough. Later,
we will extend the result to arbitrary fixed § > 0 by some large deviations argument.

Lemma 36. Consider the case of qubits, i.e. d = 2, and shift the energies such that
Eo = 0and E1 = 1. If t, is the maximal mixture on the non-trivial microcanonical
subspace corresponding to the energy interval n - [u — §,u], with) < § < u < %, and
v is the single-site Gibbs state with corresponding inverse temperature f, then we have
for subsystems of size m < n(u — §),

1-6 8
N (Vﬁ?m || TrAn\Aan) = ( u ' ” + mu (1 + 7 )7

u—3= n—-m u-—235 n—m
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where S denotes the quantum relative entropy (with logarithm in base e). In particular,
if 6 = 0, the relative entropy is upper-bounded by m /(n —m), and the Pinsker inequality

vields
om 1 m )
HTrAn\Am T = Vg H <./ = (special case § = 0).
1 2 n—m

Proof. As explained above, the calculation is classical: we can regard yﬂ®m as a classical
probability distribution on the binary strings of length m, given by

ngm (x) = ub (1 — w)" =k, where k is the number of ones in x.

From elementary combinatorics, the marginal distribution Q is given by

0(x) = dimT,) ™" - > (’;i’]’:)

Lel[n(w—58)1,lnull, €=k

and the numerator counts all possible ways to complete x to a string of length n which
has ¢ ones such that the energy is in the suitable interval. Since k < m < n(u — §) <
[n(u — §)], the condition £ > k is automatically satisfied for all £ in the summation
interval; hence this condition can be removed from the specification of the sum. The
dimension of the microcanonical subspace is given by

Lnu]
GmT, = Y (’;) (44)

=Tn(u—95)]

Thus, the quantum relative entropy S can be written in terms of the classical relative
entropy H,

S (y/3®m ” TI‘A"\Am‘L'n) =H (Pgbm H Q)
= 2 P (log ) — log 0()
xe{0,1}"
< (m
k=0
where
Pe=uf (1= )", (46)
|nu] —m
= 1 -1 _
O = (dimT)~' - > (E _k>.
0=Tnu—3a)]

Using that (n —m)! = n!/[(n —m+1)(n —m+2) .. .n] and similar identities for (£ —k)!
and [n — £ — (m — k)]!, we obtain

B i 1 v ) Vo et
Qr=(dim7,)"" - > - =0 ‘
e=n(u—5)] [T/2) (n = ) &ln = O)!
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In order to eliminate all £-variables from all products, we substitute the inequalities

t—j=[n—=258171—/
n—{¢—j>n—|nul]—j

and obtain

O > (dim T,) ™! 1L

k—1 m—k—1 . nu]
izo (TnG—=8)1= /)12~ (n— Lnu) — j) 5 (n)

m—1
H] —o (n—1j) =nu—9s)]

Thus, the sum on the right-hand side exactly cancels the factor (dim 7,,)~! according
to (44), and we obtain

k—1 m—k—1 m—1
log Ok = > log ([n(u—8)1—j)+ > log(n— Lnu] —j) = D log(n — j)
j—O j=0 j=
m—k—1

~ G — 81— J n— lnu) — j
Z‘ Sy D IR T

Jj=

(=)

It is easy to check that the addends in both sums are (negative and) decreasing functions
in j; thus, we can lower-bound the sums by integrals:

k —8 _ m—k _ )
1°gQ"2/o log Md}+/o log "t = 4

n—j—m+k n—j
= [n(u —d)1log[n(u —8)] — [n(u — §)1log ([n(u — &)1 — k)

+klog([n(u—98)1 —k)

+(n —m)log(n —m) + (n — |nul)log(n — [nu)l)

— (n— |nu])log(n — |nu] —m+k)

+(m —k)log(n — |[nu| —m+k) —nlogn.
The right-hand side contains the expressions f (|'n (u— 8)]) and g (n — Lnuj), where
f(x) :=xlogx —xlog(x —k)+klog(x —k)and g(x) := xlogx —xlog(x —m+k) +
(m —k)log(x —m+k). Itis easy to check that f and g are both increasing in the relevant
intervals, thus we have f ({n(u — 8)1) > f (n(u — 6)) and g (n — Lnuj) > g(n —nu),
and all the floors and ceilings in the inequality above can be dropped.

Due to (46), we have log Py = klogu + (m — k) log(1l — u), thus

log Py —log Qr < klogu + (m —k)log(1 —u) — n(u — &) log[n(u — 4)]
+n(u — ) log[n(u — 8) — k|
—klog[n(u — 8) — k] — (n — m) log(n — m)
—n(l —u)log[n(1 — u)]
+n(l —u)log[n(l —u) —m+k] — (m —k)
log[n(l —u) —m+k] +nlogn.
The largest contribution to the sum in (45) will be those k where k &~ mu. This motivates

the definition e := k —mu (despite the name, this can be a negative number). Replacing
all k by mu + gy yields
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log Py —log Qi < [n —m — nu + mu + &]log 1+8—k
(I —u)(n —m)
8
— (mu + &) log (1 — —)
u
+( s —nd)log (1 £k + m?
nu—mu—¢Ep —n -
¢ T w—om—m

—nélog(l—%).

All real numbers x > —1 satisfy x /(1 + x) < log(l + x) < x. Thus

&k S/u

log P, —log O < [(n —m)(1 — u) +&;] - m"'(’"u'ﬂ?k}l yy»
&k +mé m/n

+[n(u—98) —mu — g (_—(u v —m)) +n8—1 e

(47)

We have the following three equations for the Binomial distribution:

> ()=t = (48)

k=0
> (m)uk(l —u)" e =0, (49)
k=0 k
D (’Z)uk(l — )" k2 = mu(l — u), (50)

k=

o

where (48) is simply the normalization of the Binomial distribution, (50) is its vari-
ance, and (49) follows from its expectation value. Thus, when substituting (47) into the
expression (45) for the relative entropy, we can drop all terms linear in g;. We obtain

m
5 (ygbm “ TrAn\Aan) = z (’Z)uk(l — u)m*k
k=0

8]% mé m
+ +nd
(I—u)yn—m) 1—-6/u n—m

2
& maé

Ya—n=m  w—m—m "V _m”)]
1—=38)u m mud ( m )
— . + 1+ .

u—= n—m u-—94 n—m

This proves the claim. 0O

Theorem 37. Consider the case of qubits, i.e. d = 2, and shift the energies such that
Ey = 0 and E1 = 1. Suppose that T, is the maximal mixture on the non-trivial
microcanonical subspace corresponding to the energy interval n - [u — §, u], with



Thermalization and Canonical Typicality in Translation-Invariant Quantum Lattice Systems 551

0<d<ucx< % and yg is the single-site Gibbs state with corresponding inverse tem-

perature B. If the size of the subsystem m is large enough such that =- 20 log n < log
and at the same time 5 < m < n(u — §), then we have

268 m 4logn
®m
HTrAn\Amrn—y,g Hl Snﬁ+ n—m(l+1og1;“)'

u

u’

Proof. We start by introducing some notation. For arbitrary subsets S C [0, u] define
t,f to be the maximally mixed state on the subspace

1 n
s € {0, 1}, ;ZES,. eS].

TnS 1= span [ |s)
i=1

[u—8,u] [

As before, we set T, := T, Vand 7, := 7[“~%*! Moreover, define

S dim T,
" dim T,

then, if we write [u — &, u] as any disjoint union of two sets S and 7', the microcanonical
state can be written as a convex combination, 7, = 3> + !¢l In the following,
(an)nen Will be any sequence of positive real numbers tending to zero, satisfying 1/n <
oy < u — 1/n, to be specified later. We start with the identity

T, _'u[u —8,u— Otn) [u —8,u— a,,)_'_u[u oy, ]_L,Igu—a,,,u]‘

Due to convexity, the Pinsker inequality, and Lemma 36, we have

=8, u—ap -4, n
ool et [rrines o],
+padyt el ‘TrAn\Am pemantl — y om Hl

1
< 2ufituen) 4 \/ES (V?m ” Traan i’ " "])

<2 [u S,u—aty)

\/7 \/(l—an)u m muan( m )
. + 1+ .
u—o, n—m u-—aop, n—m

(5D

Let & be the largest p € [u — &, u] with the property that T{p} # {0}; it is given by
the equation |« - n| = u - n. Then we can upper-bound the measure ,u[” —du—an) g
following way:

in the
: {p}
[u—8,u—ay) _ Zpe[u—é,u—a,,) dim 7,
n - . {p}
Zpe[u—s,u] dim Tnp
n
- ZjeN:j/ne[u78lu7an) (j)
dim 7,/
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#{jeN:j/nelu—8u—ay}(

<
B (ns)
ni

na([n(uﬁ(xn”)

()

The Binomial coefficients can be estimated by using Lemma 17.5.1 in [21]: For 0 <
p < 1 such that np is an integer, we have

Ln(uﬁan)J)

IA

(52)

B S (” )e—nH(m S
V8np(1 —p) — \np ~ Vrnp(l—=p)

where H (p) = —plog p—(1—p) log(1— p) is the binary entropy function. Substituting
this into (52), defining p by np = [n(u — «,)], and using that p < u — «,, as well as
u>u>u—1/n,we obtain

—1 ~ ~
MLM—S,u—a,,) < ms( n ) ( ”~) <ns u(l —u) oH (—a)—H (u=1/m)] (53)
np) \nu \ p(1—p)

(note that u > 1/n dueton > m/(u — &) > m/u > 1/u). Since the binary entropy
function H is concave in the interval [0, 1/2], we have

1 ) 1 1
Hw—%>sH(u—_)_H(u__)(%__)
n n n

n u—1/n

Substituting this and #(1 — &) < 1/4 as well as 1//p(1 —p) < /2/p and p >
u — o, — 1/n into (53), we get

1 2 —nfa,—1 1—(u—-1
lu=du=an) < —p§ [ —— = (c,) n(a" ”), where ¢, = —( ) .
2 u—o,—1/n " — %

Now set Y )
wy = Ly 2loen :o("g”). (54)
n nlogcy n

Since n > m/u, this is less than u — 1/n as necessary if m is large enough; it turns out
thatm > 5 and (20/m) log(m/u) < log((1 —u)/u) gives in fact o, < u/2 — 1/n. This

1
—nlap—- _
""n) =n=2 and so

yields (c,)
)

Substituting this and # — o, > u/2 as well as m/(n —m) < 1 into (51) yields

T om| 26 1 ,_M 4
H TANAR T — Vg H] = m*‘ﬁ m+ maoy,.

Then the claim follows by substituting (54) and log ¢, = log(l —u + 1/n) — log(u —
1/n) > log(1 —u) —logu. O

(u—8,u—an) —
n =

uw
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This mainly recovers the result depicted in Fig. 5, where the size of the “bath”, n —m,
has to be increased linearly with the size of the subsystem, m, to achieve a fixed error. In
this theorem, for § > 0, the (log n)-term contributes a small correction to this behavior,
and n has to be increased slightly super-linearly with m.

3.5. Numerical results on finite-size behavior in one dimension. Here we provide numer-
ical examples that not only show that random local Hamiltonians satisfy our require-
ments for canonical typicality and dynamical thermalization, but also that the replacing
the global Gibbs state with the local Gibbs state does not give the correct statistics. This
emphasizes that entanglement is key to understanding why closed quantum systems
can conform to thermodynamic predictions. The class of Hamiltonians that we consider
are random 2-local Hamiltonians acting on n qubits on a line with periodic boundary
conditions:

nt

n
1 d
H[I\Jn _ Z (Hél) H(z i+1 mo n)) ’ (55)

i=1

where the onsite term is of the form for constants ay, a; and as,

HO(U = ala)gi) + azay(i) + a30;i), (56)
and the interaction term takes the form, for constants by 1, b1 2, ..., b33,
HED = b1 10067 + b1 2000 + - 4 b3 3000, (57)

The constants a; and b; ; are chosen randomly according to a Gaussian distribution
with zero mean and unit variance. For ease of comparison, each random translationally
invariant Hamiltonian is re-normalized to have unit norm. Note that one-dimensional
translation-invariant systems with finite-range interaction do not exhibit finite tempera-
ture phase transitions.

The numerical experiments begin by drawing a random Hamiltonian H P for a fixed
value of B and energy window &. The first step is to compute the energy den51ty u using

= T ‘Tr (yA H n) where yA = exp(—BH,, P / )/Z is the thermal state that results

from the choice of 8. The Hamiltonian is then dlagonahzed and all energy eigenvectors

within the window (u — &, u) are found. A random state |y/) is then constructed out of the

exp(—BHS )
Z

b}

span of these vectors, and then we compute | Tra,\a,, [¥X¥| — Tra,\ A,

1
as per Theorem 25. We take the subsystem to consist of a single qubit, i.e. m = 1, and

the bath contain n — 1 qubits in all these examples. This process is repeated for many
such random Hamiltonians and we compute the mean and the standard deviation of these
distances, which allows us to see whether the correspondence predicted by Theorem 25
is typical for this ensemble of random local Hamiltonians.

The data in Fig. 6 shows that the distance between the reduced density matrix of the
pure state and the Gibbs state shrinks as n increases, roughly as O(1/n). The error bars
(representing the standard deviation of the discrepancy with the canonical state) also
shrink as n increases, illustrating that almost all such random translationally invariant
2-local Hamiltonians agree with the predictions of Theorem 25 and in turn that there
is a strong correspondence between the subsystem traces of the global Gibbs state and

[V XV
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Fig. 6. 1-norm difference between the reduced density operator and the reduced global Gibbs state for a
system of n qubits. The squares represent the ensemble means and the error bars give the standard deviations
of the differences between the Gibbs state and the subsystem trace. The data was collected for § = 0.1 and
8 = 0.02n and 400 random Hamiltonians were considered for each n

1-Norm Error for Global State
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Fig.7. 1-norm difference between the reduced density operator and the reduced local Gibbs state for a system
of n qubits. The squares and error bars are defined identically to those in Fig. 6. The data was collected for
B = 0.1 and § = 0.02n and 400 random Hamiltonians were considered for each n

On the other hand, Fig. 7 shows that substituting the local Gibbs state for the sub-
system trace of the global Gibbs state causes this correspondence to break down. In
particular, we see no clear evidence that the ensemble mean of the differences between
Tra,\A,, ¥ X | and the local Gibbs state approaches zero as n increases; more tellingly,
the standard deviation of the differences does not seem to decrease with n. These results
suggest that even as n increases, Trp,\ A, [¥ }¥| remains distinct from the local Gibbs
state. Thus the correspondence suggested by Theorem 25 is correct and the naive corre-
spondence between the local Gibbs state and Tr 5 ,\ o, [¥ XV | is incorrect.

Regarding dynamical thermalization, there are two caveats that we need to check in
order to justify the applicability of Theorem 31. First, we need to ensure that almost all
Hamiltonians drawn from this random ensemble are non-degenerate, in order to ensure
thermalization for arbitrary initial states with maximal population entropy. Figure 8
shows that the probability of small eigenvalue gaps is suppressed, hence Hamiltoni-
ans that are typical of the random local Hamiltonian ensemble will be non-degenerate.
Second, we need to show that the gap degeneracy D¢ (H [’\’n) is not too large. Figure 9
shows that, with high probability, the eigenvalue gaps between any two energy levels
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Fig. 8. Probability density of eigenvalue gaps for random Hamiltonians with n = 5,7, 9 and 11 qubits. The
x-axis is logj((gap) for 100 random Hamiltonians. No degenerate eigenvalues were ever detected in this
sample within numerical error

08" n=5

o7l n=11 n=9 n=7

Probability Density

Gap Spacing

Fig. 9. Probability density of for the eigenvalue gap spacings for random Hamiltonians with n = 5,7, 9 and
11 qubits. The x-axis is log;(gap(gap)) for 100 random Hamiltonians. No degenerate eigenvalue gaps were
ever detected in this sample within numerical error

will be distinct from any other such gap in the system, hence Dg (H Kﬂ) = 1 with high
probability.

These results illustrate the application of our results to a wide range of physically
realistic random 2-local Hamiltonians. Itis further reasonable to expect that broad classes
of physically realistic closed quantum systems will agree with the canonical distribution,
illuminating the mechanism by which thermodynamics emerges for macroscopic closed
quantum systems.
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A/

A
Ashell

A

Fig. 10. Subdivision of the whole lattice, Ajyice = An, into regions as used in this subsection. We have
A" = AN Aghen

3.6. Local diagonality of energy eigenstates. A strong sense in which the eigenstates of
a local Hamiltonian H could thermalize is that their reduced density matrix of a region
A (much smaller than the full lattice Ajaice = Ap) 1S approximately equal to a thermal
state in that region,

e~ BHA

Tri|EXE| ~ (58)

tre=AHA’
where Tr; denotes trace on the Hilbert space associated to the complementary region
A = Alattice \A, and Hp is the sum of all terms of H which are fully contained in
the region A. The inverse temperature 8 should be chosen such that (E|Hp|E) =
tr(Hpe PHN) /tr e PHA holds.

A possible concern is that the Hamiltonian H, has open boundary conditions, hence
we expect boundary effects in the eigenstates of Hx which are not presentin Tr 3 | EXE];
and this makes unlikely that relation (58) holds. A way to get rid of the boundary effects
is by defining a slightly larger region A’ which includes a shell of width [ around A, cf.
Fig. 10; that is

A = {x € Alattice : Iy € A : dist(x, y) <I}. (59)

If instead of (58) we consider the thermal state in A’ and trace out the shell Aghen 1=
A\ A, then the approximate equality

efﬂHA/
Tl‘[‘\|E)<E| ~ TrAshen(tre_/gHA,) (60)

is more likely to hold in generic systems, because by tracing out the shell we may
eliminate the boundary effects of the eigenvectors of H:. (As before, we denote by H -
the sum of all terms in H which are fully contained in A’.)

It is expected that the relation (60) holds for generic local Hamiltonians, but not
for all local Hamiltonians. For example, consider the translational-invariant quantum
Ising Hamiltonian in one dimension that we analyzed in Sect. 3.4. This is a Hamiltonian
without interaction terms, such as Hp ., = Z:’Z 1 hi for Agpen = [1, n], with constant
10
0-1
|E) = |x1x2...x,) with x; € {0, 1} are energy eigenstates. Even for those eigenstates
that correspond to finite energies £ > 0 with corresponding inverse temperature § < oo,
the local reduced state on A = [1,m], m < n,is Trz |E)(E| = |x1 ... Xu) (X1 ... Xl

single-site terms h;. If, for example, h; = ), the computational basis vectors
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This is a pure state, far away from any thermal state of temperature 8. Thus, (60) does
not hold for the Ising model.

In summary, extra conditions are necessary for (60) to hold. Folk wisdom tells us
that such conditions could be along the lines of non-integrability, although this is not yet
a clear and mathematically well-defined concept within quantum theory. In this work,
we follow a different approach: instead of looking for additional conditions, we relax
the statement (60). One way to do this is by noticing that the state e #Ha’ /tr e =PHa’ is
diagonal in the eigenbasis of Hj /. Our weakened statement is informally the following:

For any eigenvalue E of H there is a density matrix wg defined in the extended
region A" which is weakly diagonal in the eigenbasis of H: and satisfies

Tr/_\ |E)(E| ~ TrAshelle'

The meaning of weakly diagonal will be made precise in the statement of the theorem
below. But before, let us specify the type of systems that we are considering. Exactly
as explained at the beginning of Sect. 3.1, we consider local Hamiltonians on a cubic
lattice, with a finite-dimensional Hilbert space at each site. By local we mean that the
Hamiltonian H has finite interaction range r. This means that if we write it as

H = Z DX),

Xc Alattice

where @ (X') has only support on the region X, then for any region X C Ajagice Such
that diam X’ := max, ¢y dist(x, x’) > r we have ®(X) = 0 (the definition of dist
is given in (15)). However, in contrast to the previous subsection, we do not need to
assume that the interaction is translation-invariant. This type of Hamiltonian satisfies a
Lieb-Robinson bound [30,31] (see [32] for a simpler proof). That is, let X, Y be two
matrices acting non-trivially in the regions X, Y C Ajauice Which are separated by a
distance dist(X, ))), and let X (t) = ¢'f" Xe="H"_ There are positive constants C, c, v
such that

XD, Yoo < CIXloollY loo min{| X[, | Y]} e~ 1L =0 (1)

The constants C, ¢, v only depend on coarse features of the lattice and the Hamiltonian,
like the interaction length, and the || - ||oo-norm of the local terms in the Hamiltonian.
The constant v is called the Lieb-Robinson velocity, and it is an upper-bound for the
speed at which information travels through the lattice.

Theorem 38 (Weak local diagonality). Let ® be any finite-range interaction (not nec-
essarily translation-invariant), let A C Ajagice be any region of the lattice, and let
A C Alatice be the set of points at distance not larger than | from A, as defined
in (59). Define the regions Asnenn = A’ \ A and the complements A = Alttice \ A and
A = Alattice \ A'. Let H be a local Hamiltonian as defined above, with finite interaction
range r < l. For each eigenvector |E) of the Hamiltonian H we define the state wg in
the region A’ as

o0
WE :=/ dt g(t) e NI Tr5, (JEXE]) e Hn?,
—00

where g(t) = (27102)_1/2 e gnd 62 = (- r)/(4cv2). The state wg is weakly
diagonal in the eigenbasis of Hy:, denoted |e), in the sense that

le1wples)| < e~ (e1—e2)?/Eer?), (62)



558 M. P. Miiller, E. Adlam, L. Masanes, N. Wiebe

The state wp, is almost indistinguishable from |E)E| inside the region A, that is
|T Tri (EXED|, < 2 AJo(CA+2e ) 63
rAsheu(a)E) - rA(l >< |) 1 = E U( + )6 5 ( )

where A is the number of subsets X with ®(X) # 0 that have non-empty intersection
with both A" and A'.

Note that the number A quantifies the size of the boundary of A’; so for a three-
dimensional lattice, A is an area. Also, we stress the fact that closeness in || - || {-norm is
a very strong feature, and it really implies that the two states in the left-hand side of (63)
are almost indistinguishable. The right-hand side of (63) can be made small by choosing
the thickness of the shell to be

6
12 —logA+r.
C

Still, for large regions A, the relative volume of the shell /A /| A| vanishes.

If the local dimension is d, then the dimension of the Hilbert space associated to
the region A’ is d Il Hence, the expected size of the entries of wg is of the order of
d~N1 which is very small. This may rise the concern that bound (62) is trivial. To see

that this is not the case, we note that the largest entry of wg is at least d —IA, Also,
since Hy/ is a local Hamiltonian, the range of energies is Ae ~ J|A'|. This implies
that the exponent of (62) is proportional to | A’|, while the exponent of the largest entry
is proportional to |A’|, which is much smaller. In summary, for large enough regions
|A|, the bound (62) is non-trivial. It is a consequence of the locality of interactions as
expressed by the Lieb-Robinson bound.

Proof. Using the fact that the |e) are the eigenvectors of Hys we obtain

(e1lwElez) = /drg(r)f"(el—“” (e1Trz (IEXE])e2)

2.2
= =172 ey [ Trg, (|EXEDea),
which implies (62). Using the triangle inequality for the norm || - |; we obtain

| Tr g (@) = TeR IEXED |

Jar gty (e ExE L - EXEN)

1

< [argw [1eg (e ExELe N - EXE)] (64)
Next, we use the identity [|Y||; = maxy |Tr(XY)|, where the maximum is over all
Hermitian matrices X which satisfy —1 < X < 1. Since we apply this to an observable on
A, it follows that X is fully supported on A. We also use the fact that ¢/ /| E)(E|e " H! =
|EXE]| for any ¢, obtaining

HTr[\ (e*"HA”|E>(E|e"HA” - |E><E|) H]
— m)?x ‘Trl:X (efiHA/teiHI|E><E|efthel.HA/f _ |E)(E|):H

Zm}?x‘<E|€_th€iHA/tX€_iHA/t€th—X|E>‘. (65)
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Now we use the inequality |[(«|Y|8)| < ||Y ||co for any pair of unit vectors |«), |8). Also,
we use the fact that [X, Hy/] = [Hp/, Hy,] = 0, and define Hy := H — Hy, — Hp'.
We obtain

(Ele~H1 g Hnrt xo=iHnt ol HE _ x| ) ‘ < He*lHtez(H*HA)tXefz(HfHA)leth _XH
o0

(66)
Next, we use the matrix identity M (1) — M (0) = fé d t'l %M (n ), the triangle inequality,
and the unitary invariance of the operator norm, [e 71 Y H1 || = ||V |l0o. If £ > 0
then

”e—inei(H—HA)tXe—i(H—HA)teth % H
o0

t
/dlli (e—thlei(H—HA)tlXe—i(H—HA)[lethl) H
0

01 o0
2] . .
< / dt] ” I:HA7 elHA/h Xe—lHA/n:IH )
= N
If t < 0, then the substitution 7, := —1; in the integral yields
Hefthei(HfHA)tXefi(HfHA)teth _ XH
o0
7] P ) ) . .
_ / dn -2 (elthe—l(H—HA)t2Xet(H—HA)tze—lth) ‘
0 ot 00

‘ o0

It] . .
< / dts H [HA’E_,HA,Q Xe,HA,tz]
0

In both cases, we can apply the Lieb-Robinson bound to the two regions X' = A and Y
the support region of H4 (covering the boundary of A’ and of A’). For all t € R, we get

H [HA, eiHA/tXe—iHA/t]

< 1Hallo min{z, CAe—C“—”*C”“'} :

o0

which implies

o—iH1 i (H—HA)t y —i(H—HA)t jiHt _ H
o0

Il Ir
< [1Halloo min I/ diy -2, / dr CAec(lr>+cv|z.|]
0 0
< ||[Ha oo min {2|t|, CA|t|e—c(l—r)+cv\t|} .

Combining this with (64)—(66), and dividing the integration (64) into two intervals, we
getforzg > 0

| Tr A e (@E) = Trx IEXED |

o
<2||Ha ||oo/ dt g(t) min{2s, CAt e cU=+evy
0

In) o0
<2||Hallso (/ dt g(1) CAte_C(l_’)+C”’+/ dr g(1) 2;)
0 fo
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<2|Halls (CAe—C“—’>+Cvfo / T g+ Lze—fé/@oz))
- 0 V21

=< 2||Halloo (\/%CAE_C(Z_”“U’O + %2 e—t&/(zcﬂ)) .

Now choose ty := (I — r)/(2v) such that —c(I — r) + cvty = —toz/(202), and use
o= (- r)/(4cv2). Furthermore,

HA = HAlattice - Hj_\’ - HA, = Z q)(X),
X CAlaice: XNA'#4 and XNA'#0

such that |[Halloo < A J, where J = maxyczy [|®(X)|o, and A is the number of
subsets X with ®(X) # 0 that have non-empty intersection with both A" and A’. O

4. Conclusions

Our work provides a significant step towards a rigorous understanding of how closed
quantum systems thermalize. Our key innovations come from combining methods from
quantum information theory and from more traditional mathematical physics techniques
to address the problem. Through this approach, we find that small subsystems of closed
translation-invariant quantum systems with finite-range interaction thermalize, in the
sense that they relax towards the reduction of the global Gibbs state. In doing so, we not
only provide a rigorous explanation for how a wide class of physically significant Hamil-
tonians thermalize, but also show that the correct correspondence is with a reduction of
the global system’s Gibbs state, not its local Gibbs state.

This work opens a number of interesting avenues for future work. One open problem
is to obtain more explicit finite-size bounds, but these may well depend on details of
the specific model or interaction. Similarly, an interesting open question is whether wg
in Theorem 4 has Boltzmann weights on its diagonal. However, rigorously answering
this question in the affirmative, and thus proving a complete version of the eigenstate
thermalization hypothesis, seems to require additional assumptions along the lines of
nonintegrability. Thus, one may hope that attempts to prove the ETH for quantum lattice
systems will also lead to a better understanding and rigorous mathematical definition of
the notion of integrability in the quantum case. We further believe that the methodology
we provide will lead to further applications to be discovered in the future. In particular,
it may turn out that giving finite versions of asymptotic mathematical physics results
will prove to be as promising as using asymptotic results to prove statements on finite
systems, which was the approach taken in this paper.
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