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Abstract: Decoupling has become a central concept in quantum information theory,
with applications including proving coding theorems, randomness extraction and the
study of conditions for reaching thermal equilibrium. However, our understanding of
the dynamics that lead to decoupling is limited. In fact, the only families of transfor-
mations that are known to lead to decoupling are (approximate) unitary two-designs,
i.e., measures over the unitary group that behave like the Haar measure as far as the
first two moments are concerned. Such families include for example random quantum
circuits with O (n?) gates, where n is the number of qubits in the system under consider-
ation. In fact, all known constructions of decoupling circuits use £2(n?) gates. Here, we
prove that random quantum circuits with O (n log? n) gates satisfy an essentially optimal
decoupling theorem. In addition, these circuits can be implemented in depth O (log? ).
This proves that decoupling can happen in a time that scales polylogarithmically in the
number of particles in the system, provided all the particles are allowed to interact. Our
proof does not proceed by showing that such circuits are approximate two-designs in
the usual sense, but rather we directly analyze the decoupling property.

1. Introduction

Consider an observer E that holds some information about a large system A, modelled
by a joint state p4g. In many settings, one wants this information to be mapped to
global properties of the system A. This allows the information not to be affected by
transformations (such as noise), provided they act on a small enough subsystem B. Such
a condition is described formally by saying that the systems B and E are decoupled, i.e.,
PBE = pp ® pg. In other words, this describes the absence of correlations between B
and E. This condition naturally arises in the context of quantum error correcting codes,
where information about which state was encoded must be unavailable on any corrupted
subsystem, and in the notion of topological order, where information becomes stored in
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a topological degree of freedom and is inaccessible to measurements on a topologically
trivial region.

A decoupling statement generally has the following form: applying a typical unitary
transform chosen from some specified set to the system A leads to a state ppr =~
pp Q pE, provided B is small enough compared to the initial correlations between A
and E. A statement of this form is essential in proving a coding theorem for many
information processing tasks. But taking the point of view of decoupling for proving
coding theorems is especially useful in quantum information, mainly because of the
notion of purification. Decoupling appears now as the most successful technique for
analyzing quantum information processing tasks. Such an approach was used to study
very general quantum information processing tasks like state merging [2,20,21] and
fully quantum Slepian—Wolf [1], but also in many other settings [15]. For each of these
tasks, a specific decoupling statement was proved, but recently Dupuis et al. [10] proved a
very general essentially tight decoupling theorem from which the previously mentioned
results can be derived.

The notion of decoupling when A is classical is also studied under the name of privacy
amplification. The maps that are applied in order to obtain decoupling are known as
randomness extractors, a combinatorial object that is extensively studied in the context
of complexity theory and cryptography; see [36] for a survey on this topic. Quantum
uncertainty relations can also be viewed as decoupling statements [4].

Ideas from quantum information related to decoupling have also been used in the
context of thermodynamics. For example, del Rio et al. [13] used the decoupling theorem
of [10] to study the work cost of an erasure in a fully quantum context. Also, general
conditions under which thermal equilibrium is reached are analyzed in [14,24,25]. In
a different area, Hayden and Preskill [22] argue that an m-qubit quantum state that is
dropped into a black hole could be recovered with high fidelity from an amount of
Hawking radiation containing slightly more than m qubits of quantum information, as
long as the dynamics of the black hole approximates a unitary two-design sufficiently
well. The speed at which decoupling occurs is particularly important for this question
and it motivated the study of fast scramblers [28,34].

1.1. Decoupling with Random Quantum Circuits. In this paper, we are interested in
understanding the dynamics that lead to decoupling. For example, in a system with n
particles with only pairwise interactions, how long does it take for the correlations with
some observer E to become global? The time required by the dynamics generated by
pairwise interactions is roughly equivalent to the depth of a corresponding quantum
circuit. Thus, in terms of computational complexity, we want to determine what is the
minimum size, and particularly, depth for a family of quantum circuits that leads to a
decoupled state.

We consider the simple but natural model of random quantum circuits, in which #
random gates are applied to randomly chosen pairs of qubits. Random quantum circuits
of polynomial size are efficient implementations that are meant to inherit many prop-
erties of completely random unitary transformations, which typically require a circuit
decomposition which is exponentially large in system size. An important property of
interest is that a random unitary maps product states into highly entangled states [19].
As Haar random states are not physical in the sense of computational complexity, it is
interesting to determine whether such generic entanglement can be achieved by efficient
random quantum circuits. A lot of work has been done in analyzing convergence prop-
erties of the distribution defined by random quantum circuits to the Haar measure on the
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full unitary group acting on n qubits [6,8,16-18,23,26,30,35,38] especially properties
related to the second moment. Specifically, Harrow and Low [18] proved that random
quantum circuits are approximate two-designs with O (n?) gates. Using the result of [32],
it follows that such random circuits satisfy a decoupling theorem provided the number
of gates is 2 (n?). Such a circuit has at least depth Q(n).

Another, arguably less natural random circuit model defined in [11] was shown to
decouple a constant-size observer E from any macroscopic size subsystem in depth
O (log n). However, it requires a depth proportional to the size of E in general, and thus
requires a circuit with depth that is linear in the system size [7].

1.2. Results. We prove that random quantum circuits withr = O (n log? n) gates achieve
near-optimal decoupling, improving on the results of [18] combined with [32], which
proved this result for r = O(n?). Then, by applying gates that act on disjoint qubits in
parallel, we show that this circuit runs in time O (log> n).

Subsequent work: Very recently, Cleve et al. [9] gave a very efficient explicit con-
struction of exact two-designs with circuits of size O (nlog”nloglogn) and depth
O (log? n). As these are exact two-designs, this family of unitaries satisfies the decou-
pling theorem (Theorem 3.1) with the exact same parameters as the Haar measure over
the full unitary group acting on the n-qubit space.

1.2.1. Proof technique. The first step of the proof is to relate the property of interest to
the second moment operator of the random quantum circuit. For the random quantum
circuits we consider the relevant matrix elements of the moment operator, when evaluated
in the Pauli basis, can be seen as the transition matrix of a Markov chain on the Pauli basis
elements. The property of decoupling can be formulated in terms of this Markov chain.
The convergence times of such Markov chains arising from the second order moments
have been previously studied in [18,30,38]. However, these convergence times are not
sufficient to prove the result we are aiming for and can only give useful bounds when
Q(n?) gates are applied, because they rely first on bounding the spectral gap of the
moment operator [26]. Instead, we analyze the Markov chain in a finer way by bounding
the probabilities of going from an initial Pauli string of weight £ to a Pauli string of weight
k within O (nlog? n) steps. This is proved by building on the techniques used in [18].

1.3. Applications. Our results show that many information processing tasks in the quan-
tum setting can have very efficient encoding circuits with almost linear size and poly-
logarithmic depth in the system size. In particular, we can asymptotically approach the
quantum capacity of the erasure channel using such an encoding circuit. This means
that for sufficiently large n and any § > 0, we can encode k = (1 — 2p — §)n qubits of
information into n qubits using this circuit, in such a way that even if every qubit is erased
independently with probability p € [0, 1/2), the encoded information can be decoded.
The measurements for optimal quantum state merging can also be implemented using
such circuits. Our main technical result can also be used to show that almost-linear sized
random quantum circuits define codes with distances that achieve the quantum Gilbert—
Varshamov bound; see [3] for details. To our knowledge capacity approaching codes
of such short depth are only known for the quantum polar codes [31,33,37], which for
some special channels can even be efficiently decoded. We note that though inefficient to
decode, a code defined by a short depth random quantum circuit is insensitive to which
qubits the information to be encoded is initially located.
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From a thermodynamics viewpoint, decoupling can be seen as a strong form of
thermalization [14]. We refer the reader to recent works that used decoupling theorems in
order to derive general conditions under which thermal equilibrium is achieved [24,25].
Our results imply that thermalization can be reached by sufficiently generic two-body
dynamics in a time that scales polylogarithmically in the number of particles.

The time scale at which decoupling can be accomplished is relevant to the study of fast
scramblers [34], which was motivated by questions pertaining to quantum information
processing in a black hole [22,27]. Our results imply that random quantum circuits
are (pretty) fast scramblers in a strong sense, i.e., scramble a message of linear size in
O (log> n) time.

1.4. Organization. Section 2 introduces some basic notation and the model of random
quantum circuits we consider here. In Sect. 3 we state our main result on decoupling
with random circuits and reduce the problem to the study of a Markov chain Q. This
Markov chain Q is studied in Sect. 4, which contains the main technical result of this
paper. The fact that the circuits can be parallelized is proved in Sect. 3.1. The appendix
contains various technical results that are used in the proofs, such as a generalization of
the gambler’s ruin lemma and simple estimates for binomial coefficients.

2. Preliminaries

2.1. Generalities. A quantum state for a system A is described by a density operator
p € S(A) acting on the Hilbert space A associated with the system A. A density
operator on A lives in the set S(A) of positive semidefinite operator with unit trace. If
pAE describes the joint state on A E, the state on the system A is described by the partial

trace pa def trg pAg. A pure state is a state of rank 1 and is denoted by pg = [p)}p|a
where |p) € A. A quantum operation with input system A and output system C is given
by a completely positive trace-preserving map 7 that maps operators on A to operators
on C. Amap 7 is said to be completely positive if for any system B and X € S(A ® B)
we have (7 ® id)(X) > 0. The system A in this paper is always composed on n qubits,
and we denote by ® 44 = an za,a/e{o,l}" la){a’'|4 ® |a){a’| p» a maximally entangled
state between A and A’. Here {|a)} is the standard basis for A.

Throughout the paper, we use the Pauli basis, which is an orthogonal basis for 2 x 2
matrices:

(1 0 (0 1 (0 —i (1 0
=10 1 1=\1 o 2=\i o %=\o -1)-

Forastringv € {0, 1, 2, 3}", wedefine o, = 0, ®- - -®0,, . Observe that tr[o,, 0,/ ] = 2"
ifv = 1" and 0 otherwise. The support supp(v) of v is simply the subset {i € [n] : v; # 0}
and the weight |v| = |supp(v)|. We also need to introduce an entropic quantity to quantify
the decoupling accuracy. In particular, for a state pa g, define

2
Ha(A|E), = —log, [tr [(pg”“pAEpg”“) H . (1)

In order to simplify the statement of the results we use the notation poly(n) for a
number that could be chosen as any polynomial in n and the power of the polynomial can
be made large by appropriately choosing the related constants. The set of permutations
of {1,...,n}is denoted by G,,.



Decoupling with Random Quantum Circuits 871

2.2. Random quantum circuits. Inasequential random quantum circuit RQC(?), f random
two-qubit gates are applied to randomly chosen pairs of qubits sequentially. Here the
random two-qubit gate is chosen from the Haar measure on the unitary group acting on
two qubits. In fact, our results apply equally well to any gate set whose second-order
moment operator is the same as the one for the Haar measure on two qubits. This means
that our results would also work if the gates are Clifford unitaries on two qubits. The
number of gates of the circuit is one complexity measure but we are also interested in
the depth. In this setting, multiple gates can be applied in the same time step as long as
they act on disjoint qubits.

We construct a parallelized version of the sequential model in a natural way. Gates
are sequentially added to the current level until it is not possible, i.e., there is a gate
that shares a qubit with a previously added gate in that level. In this case, a new level
is created and the process continues. We then define the parallelized model RQC(z,d) as
follows. Choose a random RQC(?) circuit then parallelize it using the method describe
above. If the circuit has depth at most d, then we return this circuit, otherwise the circuit
is discarded and we restart the procedure.

A model of random circuits of a certain size defines a measure over unitary transfor-
mations on n qubits that we call pcirc.

The second-order moment operator will play an important role in all our proofs. The
second-order moment operator is a super-operator acting on two copies of the space of
operators acting on the ambient Hilbert space, which is an n-qubit space in our setting.
For a measure p over the unitary group, we can define the second moment operator M,
as

M,[X®Y]= E {UXUT ® UYUT} .
~p

In particular Mp,ar = ; E {UXU"® UYU'}. Any distribution for which M = Mhar
™~ Phaar
isreferred to as a two-design. We denote by M, the moment operator for the distribution

obtained by applying one step of the random circuit. For the case of a random unitary
distributed according to the Haar measure applied to a randomly chosen pair 7, j of
qubits, we have

1
Mo — —— m;;,
circ n(n—l)% ij

where m;; only acts on qubits i and j and is defined by

0 if p # u
00 ® 0y ifu=u =0
m;ilo, o,y = .
l][ﬂ« IL] % z GU®0v1fﬂ=H/#O

ve{0,1,2,3}2,v£0

forall u, u' € {0, 1,2, 3}2; see e.g., [18, Section 3.2]. We can write the operator Mjrc
using the Pauli basis, which would give a matrix indexed by pairs of Pauli strings, but
for our purposes it is sufficient to consider the following 4" x 4" submatrix

1
Ou,v) = 4_ tr [Uv ® oy Mcirc[oy ® U,u]] . ()

n
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In fact, it is simple to verify that Zve{0,1,2,3}” Q(u,v) = 1 for all 4 and so Q can
be seen as a transition matrix for a Markov chain over the Pauli strings {0, 1, 2, 3}" of
length n; see [18, Section 3] for a detailed treatment of the moments of random circuits.

Now for a random circuit with # independent random gates applied sequentially, the
second moment operator is simply Méirc and the corresponding submatrix is also Q.
The properties we are interested in can be expressed as certain quadratic functions of the
entries of the unitary transformation defined by the circuit and thus can be computed from
the second moment operator. Specifically, these properties can be completely reduced

to studying the evolution of the Markov chain defined by Q.

3. Decoupling with Random Quantum Circuits

We start by describing the setting for the general decoupling theorem of [10]. Consider
a state pgg on AE and a quantum channel, i.e., a completely positive trace preserving
map 7 from operators on A to operators on B. For example, 7 might be the partial trace
map keeping only the qubits in some subsystem B. See Fig. 1 for an illustration. The
theorem gives a sufficient condition for approximate decoupling depending on entropic
quantities evaluated on the state psg and the state 43 = 7 ® ida/(Daar) where
Dy = an 2o la)@la ® la)(a'|a is a maximally entangled state on AA’. The
definition of the entropy H is given in (1).

Theorem 3.1 (General one-shot decoupling [10]). With the notation above,
E{ITWparU") — w5 @ il | = 273 (RAID L AIDY), ©)

where U is distributed according to the Haar measure over unitaries acting on A.

In this section, we prove the main result of this paper which is a result analogous
to Theorem 3.1 but where U is a unitary defined by applying a random circuit with
t = O(nlog? n) gates. Before proving the theorem, we provide a brief overview of the
proof. Consider for simplicity that 7 is a partial trace map. We start by relating the trace
distance of (3) to the purity tr[7 (U sz U™)?] of the operator for = pgl/4pAEpgl/4.
This step is standard and used in basically all decoupling theorems. Decomposing p4r
using the Pauli basis on A, we can write

1
,5AE=2— z oy @trafoypap] and

n

ve{0,1,2,3}"
Lo )
wlphel =5 > tr[wmalovpasl]. )
ve{0,1,2,3}"
A B
:— v +H+H 7 — B
PAE e ®
PE
E

Fig. 1. A unitary U (which is going to be a random circuit in this paper) is applied to system A followed by
amap 7
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Note that tr[ﬁf‘ ] does not change when a unitary is applied on the system A. However,
if we apply a unitary U and then keeP a subset S of the qubits of A, the purity of the
reduced state trftrge[UpapU 1?1 = ST Dvef0.1,2,381 I [tralovUpak UT]Z] in general
depends on U. Observe for example that we only have terms tr [tr aloyUpapU T]z]
where the weight of v is at most |S|. It then becomes clear that in order to prove that
trtrse[U parU 121 is small when the subsystem S is sufficiently small, we should obtain
bounds on tr [tr alovUpapU ]2] when v is small. In particular, if U is a random quantum
circuit with ¢ gates, E {tr [tr AlowUpagU] ]} can be written as a function of Q'(., v)
where Q is the transition matrix of the Markov chain introduced in (2) and using the
decomposition of the initial state p4 . The stationary distribution is given by the uniform
distribution over all Pauli strings excluding the identity, po(v) = 4,1 . The main
technical result is then to prove that starting at a Pauli string, o, of welght £, we have

that > |0 (u,v) — p(v)| < ylﬁ where p(v) S po(v) provided t > cn logzn. Note
14

that when computing a mixing time, the worst case over all p is considered. Note that
the claimed bound on the distance improves with the weight £ = |u|. For the result we
aim to prove, obtaining this explicit dependence on £ is crucial.

Theorem 3.2. Let pag € S(AE) be aninitial arbitrary mixed state and U; pAg U: be the
corresponding state after the application of t random two-qubit gates on the A system,
which is composed of n qubits. Let T : S(A) — S(B) be a completely positive trace pre-
serving map. Define tag = T Q®id s (D par), where | D) gar = 2,,% Zae{o,l}” la)ala) ar.

Then we have for any § > 0, there exists a constant ¢ such that for all n and all
t > cnlog?n

E{|TWpast)) =t ® s } < \/ +40n 2B 2~ HAIE),  (5)
t

poly(n)
where the expectation is taken over the choice of random circuit of size t.

Proof. Asin [32], we use the following Holder-type inequality for operators |8y ||1 <
1/4 1/2 1/4
el 1 MBIy 141, see e.g., [5, Corollary IV.2.6].

[T WioaeU) s @ o < 1tk @ ol e[ (7 © 0 (T (oar )
— B ®pE) T, ®p_1/4) ]
Taking the expectation, we have
§ 2
E [ HT(Uz,OAEU, ) — T4 ® PE Hl]
< E{w(T(Wi5asU)))

2K {tr[i”f(UtﬁAEUb S ® ,5E1} + (75 ® pp)?]
1
poly(n)’

<E {tr [T(U,ﬁAEU})Z]} — 72 [ 53] + (6)
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where we defined pap = pgl/4pAEpgl/4 and 7(.) = rElMT(.)rglM. If the map
7T is such that 7 (id) is a multiple of the identity then the last line follows directly
without using any properties of U,. If this is not the case, we explicitly bound the
expectation and obtain the additional 1/ poly(n) term, which captures the fact that {U,}
form an approximate 1-design; see Appendix B for a proof of this fact. We also use
the fact that tr[fé] = tr[,5123] = 1. To avoid complicating the expressions, we drop the
1/ poly(n) term in the remainder of the proof, as it is taken into account in the final
desired statement.

Note that by definition tr[53 ;] = 27H2(A1E) Moreover, since ® 44 = 4% S, 00®
oy, we have 2~ H2(AlB)r — Sl,, > tr[’f(ov)z]. To compute tr[’f‘(U,ﬁAE U,T)z],we decom-

pose U; pAE U; in the Pauli basis on A as follows:

. + 1 . .
UibarUl =5 D ov@ualonUiparU;]. (7)
ve{0,1,2,3}"

Applying T, we get

- 1 - ~
TWiiarUD =5, >, T@)@ualovUiparl/]

n
ve{0,1,2,3}"

1 - _
=— > tlozT (oo ® traloyUiparU; 1.

n
v,£€{0,1,2,3}"

As a result, we have

2

. 1 1 . )

W7 UiparU) =5, > (2—,,Ztr[%T(av)]trA[ovU,pAEU,*J)
£€{0,1,2,3}" v

1 1 - s
S Z 4—ntr[agT(1dA)]2 tr[5%]
£€{0,1,2,3}1

+i Z tr[ag’j—(o,,)] tr[(fg'f((fu/)]

n
£,v,v'€{0,1,2,3}*,v or v'#0

-tr [trA[OuUtﬁAEU:] trg [Uv’UtﬁAEUzT]]
N 5 1
= tr[ré] tr[pé] + 3 Z YRY
v, €{0,1,2,3}*,v or v'#£0

r [trA [0y Uy papU, Tt a [av/UtﬁAEU;"]] ,

where we defined 7, ,, = ZS tr[ag’f' (o] tr[ag’j'(a,,/)]. Getting back to Eq. (6) and
using the concavity of the square root function, we have
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E{|7Wipast)) ~ w5 @ pe }

n
v,v'€{0,1,2,3}",v or v'#£0

1 - -
< |E]- > Ty -t [traloyUiac U1 |t [tralow Unpar U] 1]

®)

Observe that this term is a quadratic function of U; and thus only depends on the second
moment operator M of our distribution over unitary transformations on A. Recall that
the second moment operator is a super operator acting on operators acting on two copies
of A. For a random quantum circuit with ¢ gates, the second moment operator is M., .
We have for any v, V/,

E {tr [trA [0vUparU 1t alow Uspar U;]]}
=E {tr I:trA[O'vUtﬁAEU;T] ® trA’[O'v’UtlaA’E’U:]FEE’:I}

= tr[tranoy ® oy My, ® idpp)par ® paeFee ], )

where we used in the first equality the fact that trlopw’] = trlwg ® o), Fgp] with
Fr g being the swap operator. By expanding the initial state p4 g in the Pauli basis, we
obtain

. ~ < 1 . ~
(Mire ® idpp)[paE ® parp] = ol Z (M ® idgg) [0y ® traloupar]
' €(0,1,2,3)1

Q0 @ a0y pae]]
1 ~
- an Z Méirc[aﬂ Qo] ®traloypar]
o' €{0,1,2,3})"

®tra oy pae].

Continuing, we get

1
Ef{ur[walovpaeOlualovparOll} = o 20 o ® ovMlow ® o]

n
w,p'€{0,1,2,3}"

@t tralouparltralowparl].
Recall that 4% tr[oy ® oy M, [0, @ o] = Q' (u,v)if &' = wand v =1 and 0
otherwise. The expectation in Eq. (8) then becomes

1 ~
o 2 T 2 0'wwtlwalouparl]
vef{0,1,2,3},v#£0 ne{0,1,2,3}1
I - _
=— > uwlT@)’l D>, Qv ultraloupacl’]

n
vef{0,1,2,3}7,v£0 1el0,1,2,3)7, u#0

=— > ulraloupael’l Y, wlT(0)*1Q (1, v). (10)

ne{0,1,2,3}1", u#0 ve{0,1,2,3}",v#0
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The main technical result in this proof is in Theorem 4.1 (which we defer to Sect. 4),
where we obtain a bound of

1
> 0w vy = psv)] < (11)

ve{0,1,2,3}",v£0 (3 - 77)[ (IZ) POIY(n)

where ps(v) < % and || = € and for any positive constants § and n and ¢t > cn log2 n
for some constant ¢ depending on § and 1 and the desired polynomial. We have by plug-
ging Eq. (11) into (10), we obtain

1 ~ ~
o > T -t [traloyUiac U1 |t [tralow Unpar ] 1]
v,0'€{0,1,2,3}"*,v or v'#0

= 2> Y wltalouiarl)

C=1p:|pl=¢

x> w[T ) (ps)+Q' (1, v)— ps (1))

ve{0,1,2,3}",v£0

1 _ 5 45n
< o 2 lralopparl) 3 ulT (00—
n#0 v#0
1 - 1 .
+— tr[tralo,p 171 - max tr[7 (o)?]. (12)
72 2 e e

Let us start by considering the first term. Recall that > " tr(tralo.pa £]?]1 = 2" tr[ o4 ]
and Sin > tr[7 (0,)?] = 2~ H2(AIB)r  Ag a result,

48n
qn — 1

1 ~
yml Z trftralo, fag]’] Z t[7 (0v)%]
u#0 v#0
" ulpy ] — tlg]
4n — 1

1 ~ 2
= 45"4—,, > (7 (0,)7]
v#£0
1 . 2" tr[ 52 o] — tr[p2]
1) 2 AE E
<4 ng—n Ev tr[7 (0y,)7] ]

< 48np—H(AIB): p—H2(AIE),

To prove that the second term can be bounded by an inverse polynomial, we use
Lemma C.1 which is proven in the appendix. It states that

Z tr [trA[avﬁAE]z] < 12n* . 3 - n)e (Z) (13)
v:v|=¢

(1-8)n

provided tr[ﬁiE] <2 . Also, we have for any v € {0, 1, 2, 3}",

[T (00)?] = tr [T(id/Z”)_1/27(0,,)’T(id/2")_I/ZT(GV)]
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< tr[idv/2"0,idv/2"0, ]
= 4",

using the monotonicity of the relative entropy of order 2; see e.g., [12]. Plugging the
value of n from (13) into the second term of (12), we obtain

1 < 1 3
— tr[tralo ,5AE]2] - max tr[7 (oy)?]
& Z;ﬂ:%::l g 3 - ’7)6 (g) poly(n) v
1 - 12n°
— tr[7 (o, 27.
< a7 (o)1 s
1
< —:,
poly(n)

by choosing a large enough c. Note that in the case where tr[ﬁf\ gl > 2(=97 the theorem
clearly holds because the upper bound is greater than 2. O

An important example for the map 7 is the partial trace map.

Corollary 3.3. Let psr be an initial arbitrary mixed state on n qubits and U;paE U;
be the corresponding state after the application of t random two-qubit gates on the A
system. Then let S be a subset of the qubits {1, ..., n} of size s.

Then we have for any constant § > 0, there exists a constant ¢ suchthatt > cn log2 n,

we have:
E i } < \/ ! +40n . 2s—n  9—Ha(A|E),
Ut 1 poly(n)
(14)

Proof. 1t suffices to compute the entropic quantity for 7. If 7 is the erasure map for all
but s qubits, we have 2~ H2(A1B)r — 92s—n

idag
23

® PE

trage [UtPAE Uj] -

3.1. Depth. We proved in the last section that decoupling can be accomplished using
O (nlog? n) gates. In this section, we study another complexity measure which is closely
related to time: the depth. Gates acting on disjoint qubits are allowed to be executed in
parallel. The depth of a circuit with ¢ gates is at most ¢ but it could be much smaller than
t. In particular, for a random quantum circuit we expect many gates to act on disjoint
qubits so that they can be implemented in a number of time steps that can be much
smaller than 7. As mentioned in the preliminaries, to construct the parallelized circuit,
one keeps adding gates to the current level until there is a gate that shares a qubit with
a previously added gate in that level. In this case, a new level is created and the process
continues. In the following proposition, we prove that by parallelizing a random circuit
on n qubits having ¢ gates we obtain with high probability a circuit of depth O (% logn).

For the purpose of parallelization, the gates can simply be labelled by the two qubits
the gate acts upon.

Proposition 3.4. Consider a random sequential circuit composed of t gates where t is
a polynomial in n. Then parallelize the circuit as described above. Except with prob-
ability m, the resulting circuit has depth at most O (% log n) In other words, in

the model RQC(cn log? n, ¢ log> n), discarding a circuit only happens with probability
Wl(n) provided the constants ¢ and ¢’ are appropriately chosen. O
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In order to prove this lemma, we use the following calculation:
Lemma 3.5. Let G, ..., Gy be a sequence of independent and random gates G; € (g)

then the probability that G, . .., G form a circuit of depth k is at most (%)k_l - k!

Proof. We prove this by induction on k. For k = 2, we may assume G| = (1,2), in
which case P {G, N {1, 2} # @} < 4/n. Now the probability that G, ..., G4+ form a
circuit of depth k + 1 can be bounded by

P{Gy, ..., Gy form a circuit of depth k} - {G+1 N (G1 U-U Gy) # 0|Gy, ..., G
form a circuit of depth k}.

Now it suffices to see that, conditioned on [Gl, ..., Gy form a circuit of depth k], the
number of nodes occupied by G1, ..., G is at most k + 1. Thus, using this fact and the
induction hypothesis, we obtain a bound of

2\*! k+1 2\*
It K-2-——=(2) &k+1D1,
n n n

which conclude the proof. O
Proof of Proposition 3.4. Suppose we apply m gates for some m to be chosen later.

P{Gy, ..., G, form a circuit of depth at least d}
=P {El(il, ..., 0q) € [m]d : Gy, -+, G, form a circuit of depth d}

()6
()

Now we can fix m = n/4 and d = clogn+1 for some constant ¢ to be chosen depending
on the desired probability bound, then we have

2m\ ¢! .
P{Gy,..., G, form a circuit of depth at least d} < m - (_m) < ncHl
n

This proves that every set of n/4 gates generates a circuit of depth at most clogn + 1
with probability at least 1 — 1/n~°*!, and so if we have 4¢/n such sets, we get depth at
most 4t /n(clogn + 1) with probability at least 1 — 4¢/n¢. 0O

The next corollary follows directly from Theorem 3.2 and Proposition 3.4.

Corollary 3.6. In the setting of Theorem 3.2 and if U; is the unitary computed by a
random quantum circuit chosen according to the model RQC(cn log® n, ¢’ log> n), then

E{|7WipasU) ~ @ ps| } < / £ 4912 HAIB) 2~ H(AIE)  (15)

poly(n)
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Proof. We write depth(U;) for the depth of the circuit obtained by parallelizing the
circuit defining U;. Let t = cnlog?n and d = ¢’ log® n. We have

o {|TWpaet)) — s @ pe |

(|7 @oaevi) — n o, | spinw) < a]

1
<
~ P {depth(U;) < d} RQC(t)

‘T(UIPAEU ) — 18 ® PE H }

RQC(t)

{HT(Ut,OAEU ) — 18 ® PE H }
1
poly(n)”

IA

RQC(t) { ‘

4. Analysis of the Random Walk Over Pauli Operators

This section is devoted to the analysis of the Markov chain Q over strings {0, 1, 2, 3}"
introduced in (2). The property we study is similar to the mixing time but differing in
two ways. First, instead of considering the distance between the distribution Q' (i, .)
obtained after ¢ steps of the Markov chain and the stationary distribution pg, we can
replace po by any distribution that has the property p < P po- In other words, we can
compute the distance to any distribution p that has a small max-entropy relative to pg,
i.e., Dmax(p, po) =< dn. Second, the bound we obtain on the distance depends on the
initial state .

Theorem 4.1. Let Q be the Markov chain over Pauli strings defined in (2).

For any constants § € (0,1/16),n € (0, 1), there exists a constant ¢ such that for
t>cn log2 n, and all Pauli strings o, of weight £, and large enough n, there exists a
possible subnormalized distribution ps on strings {0, 1,2, 3}* such that for all v,

6611
<
psv) = o

and
1 1
m¢(}) poly(n)’

> Q) = ps)| < G

v€{0,1,2,3)",v£0

We first prove a similar result for a Markov chain which acts only on the weights of
the Pauli strings. More precisely, we define P (¢, k) = Zvrll)l=k Q(u, v) where u is an
arbitrary string with weight £. Note that this definition is independent of the choice of .
This follows from the fact that Q (w (), 7 (v)) = Q(u, v) for any permutation 7 € G,
of the n qubits, and also Q(y (w), y(v)) = Q(u, v), where y € 6;" is a relabeling of
the operators {1, 2, 3}. We have

| _ 2Gn=2e=1)  ep

Sn(n—1)
20(6—1) ey
P(d) = § 707D =t (16)
- .
SnGi=T) ifk=¢+1

0 otherwise.
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We refer the reader to [18] for more details on how to derive the parameters of this
Markov chain. In fact, [18] study the mixing time of this Markov chain. Here, we need
to analyze a slightly different property: starting at some point £, what is the probability
that after ¢ steps the random walk ends up in a point £? One can obtain bounds on this
probability using the mixing time but these bounds only give something useful for our
setting if 1 = ©(n?). So we need to improve the analysis of [18] and compute the desired
probability directly.

Theorem 4.2. Let P be the Markov chain transition matrix defined in (16). For any
constants § € (0,1/16), n € (0, 1), there exists a constant ¢ such that fort > cn log2 n
and all integers 1 < ¢ <nand1 <k < n, we have for large enough n

(1)3* 1 1

Pt k) < 49m. .
CR= 3 0 T G i) poly)

Proof. 1t is convenient for the proof to define variables X, X1, ..., X;,... for the
Markov chain with transition probabilities P. We write X;(£) for a chain with X = ¢.
With this notation, P’(¢, k) = P {X,(£) = k}. The stationary distribution of P is given

k(n
by (k) = zn(_"f (see [18, Lemma 5.3]) and satisfies by definition

> AW P k) =7 (k)

=1
As aresult, we have for any r > 1,

1 $ ef T 3]((2)
4n_1;3 (E)P{X,(K)_k}_4n_1. A7)

The general strategy of the proof is as follows. First we choose two reference points
r— and ry withr_ < 3n/4 < r;. The states r_ and r; are chosen for two properties: they
should have a significant probability in the stationary distribution of P and moreover
they should be bounded away from 3n/4 so that the probability of reaching r_ starting
below can be bounded and similarly for the probability of reaching r, starting above it.
This divides the state space of the chain into three parts: [1,r_), [r—, r+] and (ry, n].
When ¢ € [r_, r], it is simple to prove the desired result. Whenever the starting point
ofthechain £ € [1,r_) or £ € (ry, n], we prove that the interval [r_, r;] is reached with
high probability (that depends on £) if the chain is run for sufficiently long. We then
conclude by using the first case. We note that most of the difficulty is in handling the
case £ € [1,r_).

We start by picking specifically r— and r.. We choose r— = (3/4 — 6)n and r, =
(3/4 + 6)n. They satisfy the following properties. The first one is

(” )3’ > 409 and (”)3’+ > 4(1-n (18)

r_ i

for sufficiently large n. To see the second inequality, write

(n) =D (fA+ D) nfd- (14— Sn+ 1) >( n )(1—48)5”

I+

(3/4m)! - (3/4n +1)--- (3/4+)n = \3n/4 3
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The second property is that for all x < r_ and y > ry,

P(x,x+1 — P —1
Cx+D 3 nmX s oad 20D s (9
Px,x—1) x—1 P(y,y+1)

We now start with the case £ € [r_, r4]. For this, we simply use (17). For any > 1,
anyr € [r_,ry]and k € {1, ..., n},

N

1o
(n)3, '4,1_1P{Xt(r)=k}

-1 1 G ofn B
UERE 2;3 (E)P{X,(Z) =k}
qn — 1 (Z)3k

()3 4 —1

r

< 4on | (Z)3k
=7 o

P{X,(r) =k} =

IA

IA

(20)

In the last line, we used the inequalities in (18). This proves the case £ € [r_, r.], and
in fact for any r > 1.

We now handle the case ¢ € [1, r_). Introduce 7,_(€) = min{r > 1 : X;(€) > r_}.
Note that we have for any ¢

P{X,(0) =k} <P{T._(t) <1, X,(0) =k} +P{T,_(0) > 1}
=P{T,_ () <t,X;—7(r-) =k} +P{T,_(0) > 1}
< max P{X;(r) =k} +P{T,_(0) > 1}. 1)

I<s<t
Using (20), we can bound the first term. The objective of the remainder of the proof is to
bound the probability P {7,_ > ¢} when ¢ = cnlog? n. This is done in Proposition 4.3
below and it concludes the case £ € [1, r_).
The case ¢ € (r4, n] is analogous, except that we use Lemma 4.6 instead, which has
a similar proof but is significantly simpler. We note that in this case, it is possible to
obtain a better probability bound without the dependence on the starting point £. O

Proposition 4.3. Let § € (0, 1/16) and n € (0, 1) be constants and r_ satisfying condi-
tion (19). Then for a large enough constant c (depending on § and n) and large enough
n, we have for all £ < r_,

1 1
G- () poly(n)

P {TL (t) > cn log2n} <y

Proof. As this proof does not involve r,., we write r instead of r_ to make the notation
lighter. To prove this result, we start by defining an accelerated walk {Y;} as in [18] and
the corresponding stopping time S = min{s : ¥y > r}. More formally, let No = 0 and
Niy1 = min{k > N; : X; # Xy;} and then ¥; = Xy,. It is not hard to see that {Y;} is
a Markov chain and the transition probabilities are given by the transition probabilities
for { X} conditioned on moving.

We also define the waiting time W; = N;y1 — N; — 1 to be the number of steps it
takes the walk to change states. Conditioned on Y;, W; has a geometric distribution with
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% As3n —-2Y; —1>n-—1, this distribution is stochastically

dominated by a geometric distribution with parameter 5 , which we sometimes use
instead (we are only interested in upper bounds on the waiting times). We say that the
distribution of A is stochastically dominated by the distribution of B if P {A > x} <
P{B > x}forall x € R.
Getting back to 7, denoted simply 7 in the following, notice that T = S+ W1+ W> +
--+ Ws. So we have for all s

parameter

P{T >t+s} <P{S>s}+P{S<s, Wi +---+Wg>t}. (22)

We will choose s later so that both terms are small. We start by bounding the first term,
which can be done using a simple application of a Chernoff-type bound.

Lemma 4.4. [f s > 2, we have

35’
(32
P{S < .
{§ >s} < exp( 8 s)

Proof. For this we just use a concentration bound on the position of a random walk

relative to its expectation. Recall that the probability of moving forward when ¥; = r
is % Then, using the property (19) the probability of moving forward is

at most 1/2 + §/3 for ¥; provided ¥; < r. Define a random walk Y/ with ¥j = 0
and it moves to the right with probability 1/2 + §/3 and to the left with probability
1/2 — /3. Fori < §, we can assume that Yi/ < Y;. In other words, we have §' > §
where §" = min{i : Y/ > r}. Thus,
P(S>s} <P{S5 >s}
<P{y] <r}
=P{Y]—€<2-8/3-5—(28/3-s+L—r)}

2
< exp (_ (28/3s2+€ r) )
s

where we used the fact that E {Y{} = ¢+ 2§/3s and a Chernoff-type bound, see for
example [18, Lemma A4]. O

We now move to the second step of the proof where we analyze the waiting times
Wi + - - -+ Ws. Recall this is the total waiting time before the node r = (3/4 — §)n is
reached.

Lemma 4.5. We have

1 1
B(1—8n)E(7)  poly(n)
Proof. The techniques we use are similar to the techniques in [18], but we need to

improve the analysis in several places. We try to use notation of [ 18] as much as possible.
As in the proof of [18, Lemma A.11], we start by defining the good event

H=[) [Z 1Y <) < yx/u]

x=1 =

P{st,W1+-~-+Wg>cnlog2n}5
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where j = 2¢’8.! The parameter y is going to be chosen later. This event is saying that
states with small labels are not visited too many times. Later in the proof, we show that
the P {H"} is small.

Define the random variable M = min;<;<s ¥;. We have

¢
P(Wi+ - +Ws>1t.S<sH=>P{M=mS<s Wi+ +Ws>tH
m=1
¢
= > P{M=m)
m=1
{(S<s,Wi+---+Ws>t, HM=m}
¢
< P{M < max
- mzzll (M = mj {:} satisfying M=m and H and S<s
P{WO)+-+W(y) =1}, (23)
where the maximum is taken over all sequences vy, ..., ys of possible walks and W (y)

is the waiting time at state y.

We bound P {M < m} using Lemma A.1. Recall that the random walk we are consid-
ering has transition probabilities that depend on the state we are in. More precisely, the
probabilities of going from state £ to state £ + 1 is a decreasing function of £ for £ < r.
This makes it difficult to obtain a useful bound on P {M < m} and so we are going to
consider simplified walks for which P {M < m} can only be greater. Note that at state
r, the probability of moving to r + 1 is p4(r) > 1/2+6§/3 (see (19)).

Define g def Hggg’ J/rg’; —I . We handle the cases £ < ¢/n+1and £ > g/n+ 1 separately.
We start with £ > ¢g/n + 1.

We consider the following chain: the probabilities of moving forward between £ + 1
and ¢ + g are all set to p4(€ + g), the value of this probability at state £ + g. Moreover,

for all states larger than £ + g, we assign an equal probability of moving forward and
backward. This defines a new walk to which we can apply Lemma A.1. Assume for now

that £+g < r.Using the same notation as in Lemma A.1, we write ¢ = 1:;, = 3. ’é%f,
_ _ _p++q) .
and oy = o (L +q) = T=po i+ W obtain

1
PM=<t—-1} < 7
«,
Itag+etag+1+-+1
1
= q
%
l+oa_ T
4 +(r—f—g—1)

ag—1

1 We use this notation to apply [18, Lemma A.5] later. 1 corresponds to the probability of going forward
minus the probability of going backward for a simplified walk that moves forward at most as fast as Y. In our
case, we have ;> 23/3 because we stop after reaching state r = (3/4 — §)n, and the probability of moving
forward at r is at least 1/2 + §/3.
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We focus on the term involving a:

O[Z . ag(aq_l)
+1 - 1
ag —ir—t—g-1 alm =1+ — D —L—g—1)
q
Zaq_l 1

—1°
q+1

a1+ (ay — DS

We know that oy, > a4 (r) > 1+ 28 using property (19) and as a result the previous
expression is lower bounded by (1 — 1/a,)(1 — n). Continuing, we get

1

L+ =m o (1= 5)
1

T+ (1 =mo = (1=’

P(M<(—1}

IA

We now bound the quotient o /.

o n—4¢ E+q—1
—1n—(£+q)

"))

We have Z 7 S 47 < n for large enough n. Moreover, by the assumption that
L>q/n + 1, we have

1
1+ =na_ — (1 —npd —n)?
U
(1 =-8n)a_

PM<(-1}<

This means that provided g/n +1 < ¢ < r — g, we have

1 1¢—-1

PM<(-1}< C= .
(1—-8n) 3n—2¢

Observe that if we have £+g > r, then we simply replace in the previous calculation £ +¢g
with r and the previous bound still holds in this case. To obtain a bound on P {M < m}
form < €—1, note that reaching £ —2 before r means reaching £ — 1 before r starting at £
and reaching £ — 2 before r starting at £ — 1, and these parts of the walk are independent.
As aresult, by induction, we have form > g/n + 1,

PM <m) < 1_ . L-—1DU—-=2)---m
(1 =8p)t—m3t=m (n—O(n—L+1)---(n—m—1)
_ 1 . 2! . 3m .n(n—1)~(n—m)
T((=83) nn—1---(n—L+1) Ln—2) (m — 1!
1

< G (24)
GaA—sm' ()
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Note that whenever m < ¢g/n + 1, we can use the bound
1

G =8m)*(})

We now look at the term maxy, ) satisfying M=m and H and S<s P (W) +---+ Wy}
> t. We argue that the maximum is achieved when we make the walk visit as many
times as possible the states with smaller labels. First, note that as the waiting times
W(y1), ..., W(yy) are independent, P {W (y1) + - - - + W(ys) > t} only depends on the
set of distributions of W(y1), ..., W(y,s). Recall also that the distribution of W(y) is
stochastically dominated by a geometric distribution with parameter % As we are
upper bounding the waiting times, we can in fact assume for this argument that W(y)
has a geometric distribution with parameter g—ryl This means that W (y) is stochastically
dominated by W (y’) if y < y. Thus in order to make P{W(y;) +---+ W(y,) > t} as
large as possible, one should choose yi, ..., ys as small as possible. As the sequence
Y1, - .., s needs to satisfy the conditions M = m and H, this means that we may assume
that state m is visited ym /u times, and states i > m are visited y /u times until we reach
a total of s visited states. To avoid making the notation heavy, we assume that y /. is an
integer. So we can write

P{M<m}<P{M <q/n+1} < - (3n)?/m+1,

ym/up y/n  n
W)+ + W) < Z Gmi+ Y, > Gii.
i=1 k=m+l1

where Gy ; has a geometric distribution with parameter 5n and the random variables
{G.i} are independent. We are going to give upper tail bounds on the right hand side by
computing the moment generating function. For any A > 0, we have, using the moment
generating function of a geometric distribution and the independence of the random
variables:

ym/u y/in  n
AET I DICHESIP I
i=1 k=m+1
_( 2m/5n )V’”” 1-[ ( 2k/5n )W
—\ o _ r _ :
e 1+2m/5n oy \€ 1+2k/5n
Ao 1 .
Now take XA so that e* = T/(Sn)’Thls leads to
ym/p v/w n m/ n /
2m ym/p 2k Y/
cloofe (30w £ )| -2 1 (64
i=1 k=m+1 k=m+1
n " v/
<2Vm/lt( H ek—m/2)
k=m+1

< 2ym/u. (em/2~lnn)y/M )

As a result, using Markov’s inequality, we obtain

ym/up viw r

ZGml+z Z Gk,>t

i=1 k=m+1
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ym/u y/mo r
=Plexp| A Z Gm,,~+z Z Gi.i > M
i=1 i=1 k=m+]

< vm/i ym/Qu)-nn. a- m/(sn))l
< ym/iym/QuyInn - —tm/(5n)

Getting back to Eq. (23), we have using (24):

P{W1+~'-WS >l,S§S,H}
¢
< Z P {M < m} 27/’"/#@)”"/(2#)'1“” . e—lm/(5n)
m=1
D — (3n)11/'7+1 ym/i ym/Quynn - ,—tm/(5n)
s ()
. 1
(1—8m13()

m=1
l
Z (3n)m2Vm/Me)’m/(2M)'ln” . e—tm/(5n)
m=q/n+1
¢ m
S+ Gty Y (327 imer/Gurinn mi/Gm "

m=1

S e —
(= 8n3()

Recall that ¢ = O(logn) and thus if # > cn log? n with sufficiently large c, this proba-
e - 1 1
bility is bounded by O (((1—8;7)3)3(2') . poly(n))'
It now remains to bound P {H, § < s}. Fix x € {1, ...,n}, we have

S
PiZ]l(Yk <x)>yx/u,S< s}

k=1

s S
sZP[Y1=x,[Vi<J‘,Y,- >x],j<s,zn(yksx)>yx/u}

j=1 k=1
s S

<D Plyj=xVi<jY>x].j<S > 1 <x)>yx/u
j=1 k=j+l
K Sj

<D PM<x} P> AW <x) = yx/ulYj=x.j <S¢,
j=1 k=j+1

where we defined §; = min{s > j+1 : Yy > r}. To obtain the last inequality, we simply
used the fact that [Y; = x, j < S] € [M < x]. Moreover, [j < S] can be determined
by looking at Y1, ..., ¥; and thus conditioned on [Y; = x], Y fork > j+1andalso S;
are independent of [ j < S]. This means that we can drop [j < S] from the conditioning.

To bound P {M < x}, we use (24). We can also bound Y} by a simpler random walk
Y, that moves forward with probability 1/2 +8/3, as we did in the proof of Lemma 4.4.
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Thus, we obtain

N
1

P x q/ny .
PI;l(kax)>Vx//L,S§s] < ((1—877)3)5(2) ((3n) +(3n) ) s

o
P [ZM,Q <x) = yx/ulYy = 0}
k=1

1

S —
(1 =8m3)¢(y)

-2 exp (_—M(V 2_ 2)x) )

(Bn)* + 3Bn)4/M) - 5

where we used [18, Lemma A.5]. As a result, by a union bound,

¢ R _Krr=2
PSS g (;“p(x G En)
+ 3p4/n ZeXp (_M(y—Z—Z)x))

x=1

1 1
(1 —8)3)E(7) poly(n)’

where to get the last inequality, we choose y = ¢’ logn for large enough ¢’ and use the
fact that s will be chosen linear in n. Continuing, we reach

=
(

P{W1+...W5>t,S§s}§P{W1+...W5>t,S§s,H}+P{HC,S§s}
1 1

= (=83 () polym)”

We proved the desired bound when ¢ > ¢/n + 1. It remains to deal with the case
¢ < q/n+ 1. We need to bound P {M < ¢ — 1} in a different way. For this we simply
consider a walk that is even simpler than the one considered to obtain the bound in (24):
let the probabilities of moving forward for all states above £ be equal to p.(r) which we
know is at least 1/2 + §/3. Applying Lemma A.1, we obtain

1 £-1

PM<t-1} < —- ,
38 n—¢

and then using the same argument as before

1 m
P{Mfm}fm-(?)ﬁn) .

Then we apply the exact same argument to obtain a bound
1 1
(38)(7) poly(n)

Now recall that £ < g/n + 1 = O(logn) and thus for large enough ¢, we can make the
term 1/ poly(n) be small enough to obtain the desired bound. 0O

P{Wi+---Wg>t,8<
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To complete the proof of Proposition 4.3, we just plug the bounds obtained from
Lemma 4.4 with s > 12n/§ and from Lemma 4.5 into Eq. (22). O

Lemma 4.6. Let § € (0, 1/16) and n € (0, 1) be constants and r,. satisfying condition
(19). Then for a large enough constant ¢ (depending on § and n) and large enough n,
we have for any £ > ry

P {Tr+(€) > cn 1og2n} <27,

Proof. The proof is analogous to Proposition 4.3, except that it is much easier to bound
the waiting time. In fact, when x > r; we have P(x,x) < 4/5. This means that
the waiting times Wy, ..., Wg can be assumed to have a geometric distribution with
parameter 4/5 and then proving a version of Lemma 4.5 becomes a simple application
of a Chernoff-type bound, and in fact one can obtain a better bound that is independent
of ¢. O

Proof of Theorem 4.1. Theorem 4.2 tells us that for || = £ and all k € {1, ..., n},

)3k 1 1
t , < 48}1 (k) + .
WZ_kQ e = T G ) polyi)

(25)

n

Recall that there are exactly (k)3k distinct strings v € {0, 1, 2, 3}"* such that |v| = k.
The main challenge is to show that all these strings v have basically the same value of
Q' (w, v). In order to prove this, we will write the chain Q as a mixture of a part R
that can only mix the sites of the string without increasing its weight and a part Q that
can change the weight of the string (precise definitions given below). We will then use
invariance properties of these chains with respect to permuting the qubits and relabeling
of nonzero elements {1, 2, 3} to get the desired conclusion.

More precisely, Let Z;(u) € {0, 1, 2, 3}" denote the state of the chain defined by O
at step ¢ when started in the state w. From inequality (25), we can find an event Ep (in
the notation of the proof of Theorem 4.2, Ep = [T,_ < 1], see Eq. (21)) such that

¢ 1 sn k(z)
P{ES} < G (7) polym and  P{IZ(w)| =k Ep} <

where E¢ denotes the complement of the event E. This gives a natural candidate for the
desired ps, namely ps(v) = P{Z,(u) = v, Ep}. The distance condition on pjs is clearly
satisfied:

S P(Z0 =v) —P(ZG) = v.Ep) =P{E)} = — .
ve(0,1,2,3)7— (0} (3 —m*(}) poly(n)

The objective of the remainder of the proof is to show that we have ps(v) < ﬂ.

1
Define Q;; to be the transition matrix of the Markov chain conditioned on having
the gate act on qubits #, j. This chain only affects the Pauli operators at position i and
J. More precisely, Q;;j(u,v) = 0 whenever u;; # vy for some i’ ¢ {i, j}. More-

over, Q;j(u,v) = 1if u; = pj = 0and v; = v; = 0 and Q;;(u,v) = 1/15if
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pip; # 00 and viv; # 00, and all other entries of Q;; are zero. Thus, Q(u, v) =
—,,(,,1,1) Zi#j Qij(i, v). We now define

1 if |uipjl = |vivj| =0
N _ 3 it uipl = 1vivil =1, pui =vi =0
R V) =003 it g | = ol = 1ogaj = vy = 0
1/9 if [uipj| = [vivi| = 2.

and R; i = %Ri i+ %Hi jRij where I1;; simply swaps the operators at position i and j.
Also define

1 if [uipjl = lvivj| =0
]y if eiej| = 1 and [vv;| =2
Qij(V) =123 1/6 if |uips;] = 2 and || = 1

1/3-1/9 if [uipj| =2 and |v;v;| = 2.

It is simple to see that Q;; = %Iéij + %Qij. We can then define R = m zi#j R,]
and Q = m it Q;; so that

Note that R does not change the weight of any strings, but only performs swaps and
locally randomizes 1, 2 and 3. An important observation that will allow us to study
R and Q 1ndependently is that RQ = QR In order to see this, observe first that
1?,1 Qij = Q,J = Q,] ij- Also R,] and Q,r]r clearly commute if {i, j} N {i’, j'} = 0.
Now for j # j/, we have Ri; Q,J/ = Q,J/R,J However, I1;; R;; does not commute with
Q,] But we can still write HUR”Q,]/ = Rl]Hl]Q,]/ = R,]Q”/Hl] = Q”/H,]R,j
As aresult,

1

RO= o Z RijQry
i# )i # ]
1 ~ o~ 1 ~
i#ji'#j I NG j'1€{0,2) i#EJE]JET
1 ~
+5 105 Rij Qijr
2
1 ~ o~ 1 -~
= 2o =12 Z QijRirj +4 Z EQij’Rij
i#ji'#j I NG j'€(0,2) i#Ej i) JET

1~
+5 Qi Tij Rij
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The factor 4 in the second line is to take into account the four possibilities i = i’,i = j’,

j=i"and j = j’. As aresult, for any ¢ > 1, we can write Q' as

s O ) (e
¢ _tlét(s) 5 1 R=0%. (26)

Using Eq. (26), we see that Z; () can be generated as follows. Choose 77 according to
a binomial distribution with parameters ¢ and 3/5 and run the chain O on p for Ty steps.
Let Z¥(n) € {0, 1,2, 3}" denote the state obtained at this time. Then, in the second
phase, run the chain R for + — T steps obtaining the state Z;(xt). Note that we have
1Z" ()| = 1Z: (W]

We start with the case k < don for some §¢ to be chosen later. Using (33) and (36),
we have (}) < 2nh(k/n) < 22v/80m and thus

#13()
P{Z () =v.Ep} =P{IZ,() = Iv]. Bp} = 75—~

48n380n22\/%n
<
T

By choosing 8p appropriately small, we obtain the desired result.
Now we assume that §op < k < (1 — &p)n. We deal with the case k > (1 — §g)n at

the end of the proof. Note first that we have
48n 3k ('1)
D Pz =v.Ep) <

lv|=k

Our objective is to show that this total probability is basically evenly spread among
all the v’s of weight k. For this, we condition on the value of Z%" (u).

P{Z(w=v,Ep} = D P{Z"(w)=v",Ep}-P{Zi(w) = v|Z"(w)=",Ep}.
(v |=k

27)

Note that the event E p only depends on the set of weights visited by the chain. As aresult,
by the Markov property for the second phase, the random variable Z,(u) is indepen-
dent of E p conditioned on Z* (11). In other words, P {Z;(u) = v|Z%(n) = v¥,Ep} =
P{Z;(n) = v|Z¥(n) = v"}. In order to evaluate this term, we study the Markov chain
for the second phase which is governed by the matrix R.

More precisely, we study the evolution of the support of Z(u) for s > T relative
to the support of Z¥ (). Define Is = [supp(Z;(w)) Nsupp(Z¥(w))| for s > T;. Recall
that we have |Z;(n)| = |Z"(n)| = k and thus the expected size for supp(Z;(un)) N
supp(Z™ (w)) if supp(Z; (1)) were completely random is kz/n.

It is simple to compute the transition probabilities of the chain {/;}:

= — (k_ls)z
Pl =1 +1} = pr—
Pl =1, — 1) = D=2+
n(n—1)

P{liyi=Lt=1-P{li1 =L+1} -P{ly = I, —1}.
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() G

Define p; (k') = O fork’ € {0, ..., k}. Then we have for0 <k’ <k — 1,
k
) (%) k—k)>
’ 3 YA .
pr(K) Pl =k + 1|, =k'} = A P
_ (k’lil)% : (kflzlil)% (k- k')?
(Z) nn—1)
_ ) G5 WD —2k+K 4 1)
0 w1

=pi(K'+1) - P{lg =k'|I; =k +1}.

Thus, the distribution p; satisfies the detailed balance equations for the Markov chain
{I}s and py is therefore the stationary distribution for this chain.

This allows us to bound the probability of reaching the state k" when starting in a
state r’, as was done for the chain {X;} in (20). This bound gets closer to the stationary

- 2 . . .
probability p; (k) as r’ gets closer to % More precisely, if I;(r") denotes the size of the
intersection of the supports at step s given that the starting state has an intersection size
of r’, we have

© @6
@) @
We introduce the “good” event that for some s € [T, t], the walk I gets close to the state
KB =[3s € [T1,11: 5 = bon < I, < & + 63 . Note that if ' — £2/n| < 85n,

then using (33) and
KY(1 =K 5 L jenchsn—iond=
P J\k—r") — n?

L nh()—nh(gh)
n2

2fnh(§—(1)) .
()
For the second line, we used inequality (35) which implies that h(%) > h(f) — h(‘szT") >
(&) = h($2), and similarly h(5=7) > h(%) = h(2%) > h(%) — h($2). This means that
we have . .
n—
() =)
()
whenever |’ — k%/n| < 8sn. Getting back to Eq. (27), we can write

P{Z, (1) = v|Z" () = v"} = P{E§} + P{Z, (1) = v, E/|Z" () = "}

P{L(") =K} <

v

v

8
P{1() =K} =m0 (28)

We start by bounding P {E}. For this, observe that for P {4 = I + 1} — P {Is41 =}

2_ . . 2 . . .
I, —1 = % This means that if I; > % + &on, there is a §, negative drift,



892 W. Brown, O. Fawzi

and similarly there is a constant positive drift if Iy < kn—z — 8on. Using standard
methods, one can conclude that P{Eﬂt —T) > nlog n} < 2710 1n addition for

large enough ¢, P{t — T} > nlogn} > 1 — 2107 2 Then one can directly conclude
P{E{} <P{t —T; <nlogn}+P{Ej|t — T\ = nlogn} <2.2710n,
We can write

> P{Z:(w) =V, E/1Z" () = v"}
|V |=k:]supp(v') Nsupp(v™) | =k’
<  max maxP{L() =K} (29)

Ir'—k?/n|<éon $
ky\ (n—k
5i2 / !
iy DD
(&)
Now it remains to say that many of the terms in this sum are actually the same. For
this, we use invariance properties of R.

Under all permutations 7 € &, of {1, ..., n}, and all functions y € (&3)*" that
permute the Pauli operators {1, 2, 3} on each qubit, we have

(30)

R((w 0 y) (1), (T 0 y)(v)) = R, v). 31)

It follows that R(u, (770 © y0)(v)) = R((7o © y0) (1), (7m0 © y0) (v)) = R(u, v) for
any g € &, and yg € (63)" such that g o yo(u) = u, e.g., if 7y and yy act outside
the support of .

As a result, we have that P{Z,(n) = v|Z¥(n) = v"} = P{Zt(u) = \/lZw(;L)}
= v if v/ can be obtained from v by a permutation and relabeling of the Pauli operators

that act outside the support of v . If |[supp(v) Nsupp(v?)| = k’, then there are k=K (,:’:lf/)

distinct v’ that can be obtained in this way.

Invariance of the transition probabilities under maps that act on the support of v
is slightly more complicated. For any permutation 7 of the support of v, and any
relabeling y, that satisfies y,(v) = n’l(v), 7 o yr keeps v” unchanged. Note that
for any 7 there is at least one such y;. This means that also v = 7 o y, (v) obtained
in this way satisfy P{ZI(M) =VZ%(n) = vw} = P{Z,(n) =v|Z¥ () =v"}. By
combining with invariants outside the support of v, we obtain a total of 3 L (I?:If,) . ( ]f,)
distinct v’ for which P{Z, (1) = v'|Z% (n) = v"} = P{Z,(n) = v|Z"(n) = v"}.

The total number of v such that |v'| = k and [supp(v") Nsupp(v¥)| = k' is 3* (,Z’:,f,) .

(,f,), S0 our objective is to prove that there are roughly 3k additional relabelings that keep
the transition probability invariant. In particular, we want to show that relabelings acting
on the support of v keep this probability unchanged. For this we argue as in Appendix B,
that with high probability, most of the sites are acted upon at least once in the second
phase. More precisely introduce the event E4 that between times 77 and ¢, a (1 — 8;)
fraction of the sites {1, ..., n} are acted upon in at least one step. First, let us see that this
event happens with high probability. In fact, by applying a union bound on all the subsets
of size 61n, we directly get that for sufficiently large n, P {Ei |t — T1 > nlog n} <~ 1lon

and thus P {ES} < 22710,

2 Note that having T} > ¢’n for some large enough constant ¢’ depending on § would be good enough; we
choose nlog n simply to avoid introducing additional constants.
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As argued in Appendix B, we can condition on the set of all sites that are acted upon
in some step between 77 and ¢. Then any string that is obtained from v by applying a
relabeling y that acts on these sites has the same probability as v. If this set of sites has
size at least (1 — 81)n, i.e., the event E 4 holds, there are at least k¥’ — 817 such sites that
are in supp(v) Nsupp(v™). This means that under the event E 4, there are at least 3k =din
strings v’ obtained from v by applying a relabeling on some sites of supp(v) Nsupp(v%).
As aresult, using (30),

P{Z,(1) = v|Z" () = v"}
1

= 3K —sin3k—k (1K) (k) ' Z

k—k' k') |v'|=k:|supp(v/)Nsupp(v¥)|=k’
P{Z/(w) = v EalZ"(u) = v"} + P {ES}

<2 L pt0n)
32

Going back to (27), we obtain

&
2022 30m
P{Z(w)=v.Ep} < T > P{Z" =" Ep)

W

202" 3
= = PUZ W =k.Ep)
34()
2022 3o gon
<
- 4n — 1
16"
= o 10
T 4n—1
for large enough n and where in the last step we choose §; > 0 and 62 > 0 small enough
constants.

Now it only remains to handle the case k > (1 — §p)n. In this case, the size of the
intersection k' = |supp(v) N supp(v?)| > 2k — n. We then observe that on the event
E 4, we can obtain at least 3¥ =317 distinct v’ such that P {Z,(w) =VZ" () ="} =
P{Z;(n) =v|Z"(u) = v"}. As aresult

P{Z,(1) = v|Z" () = v"}

1
< oo Z P{Z () ='|Z" () = v"}
[V/|=k:|supp(v)Nsupp(v?) |=k

1
= Jok—n—bm > P{Ziw = V12" () = ")

[v|=k

Snak
_ A
— 3k—don—din 4n _ |

3(B1+80)nh(80)n 46n
<
- 4n — 1
For small enough &g and &1, this leads to the desired result. O
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5. Conclusion

We proved that decoupling is achieved by typical quantum circuits with an almost linear
number of gates. This implies that information processing tasks that can be achieved via
decoupling can be implemented with most circuits of almost linear size and polyloga-
rithmic depth. For the model of random quantum circuits that we consider here, these
bounds are close to tight; see Appendix E. We leave for future work the question of
whether other circuit models can be more efficient at decoupling.

Our result also shows that a class of random time-dependent Hamiltonians self-
thermalize in a time polylogarithmic in system size. It is an interesting question if a
similar result applies to the decoupling time for broader classes of two-body Hamilto-
nians on the complete graph, and whether decoupling can occur at a time scale close to
o(n'/ d) for interactions on d-dimensional lattices.
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A. A Generalisation of the Gambler’s Ruin Lemma

Consider a random walk on a line indexed from —1 to a. At positions i > 0, the proba-
bility of moving forward is p4 (i) (depending on i) and for points i < 0, the probability
of moving forward is p_. The following lemma gives a bound on the probability of
hitting the node —1 before hitting @ when starting at position 0. In our setting, we are
interested in the case where p_ and p. are (significantly) larger than 1/2 so that the
probability of hitting —1 before a is small.

Lemma A.1. Assume p4(i), p— > 1/2. Then the probability of hitting —1 before a is
exactly

1
a—1 .
i—1 2+ (J)
l+o_ - _ M=)
VS Sl PR Ty
where oy (i) = lf;(j()l.) and o = l_pj. In particular, if ar(i) = a4 for all i, this
probability becomes
1 _ 1
l+a_- _"‘fzaflfl T 4o (I—1/ay)
af—

Proof. Let P; be the probability of first reaching —1 when starting at position i. We
can write for any fori € [1,a — 1], P; = p+()Pi+1 + (1 — p4+(i)) P;—1, which can be
re-written as

p+(i)

T— ) (Pi — Piy1) = (P — Py).
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We now use the boundary condition at node a: P, = 0. Thus, (Py,—2 — P,—1) =
%Pa_ 1. Moreover, we see by induction that for any i > 1, P,_; — P; =
a—1 _p:+(j) : :

(H =i 17;+ (j)) P,_1. We can now write a telescoping sum

a—1a—1

Po— Pa- 1—ZP1 1= Pr=> []asli): Pacr.

i=1 j=i

As aresult,
a—la—1

Po=Pooy [ 1+ [Tes(h)-

i=1 j=i
We can then write Py — Py = 125 (Po— P1) = P - 9= e () - =
Now, we use our second boundary condition P_; = 1. We have

a—1
I=Poyi=Po+Poi-a [Jar())
j=1

a—1 .
= P()(l +o_ H 1Ol+(]) )
z Hj —i o ()

which leads to the desired result. 0O

B. Sequential Random Quantum Circuits are Approximate 1-Designs

The objective of this section is to show that we have for ¢ > cn logn,

E {7 Wipar U ® el = (1 - ) wlFlelpEl. (32)

poly(n)
Letus generate the circuit U; by first choosing the pair of qubits S = {(iy, j1), ..., (s, ji)}
on which each of the ¢ gates act and then choosing the two-qubit unitaries Vp, ..., V;
that are applied in each time step. We then write U; = V;(is, j;) - - - Vi(i1, j1). Let G be
the event that {iy, ji, i2, j2, ..., I, j:} = [n]. It then follows that if we fix such an S and
take the expectation over the choice of Vi, ..., V;, we have for any S that satisfies G,

for all u #~ 0. As a result we have

- v . id - - - -

” E v {tr[T(UtpAEUt )T ® /OE]} =1tr |:(T (2n) ® ,OE) B ® PE] = tr[F51tr[A ],
Iseens t

for any fixed S that satisfies G.

Now it only remains to bound the probability of the event G°, which is the complement

of G. The probability that qubit 1 is not affected by any gate 1s (1 —2/n)". Then, by a

union bound, we have P {G} < n(1 —2/n)" < ne*/" <

- poly(n)
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C. Bounding the Total Mass of Coefficients at a Certain Weight
Lemma C.1. Let psg be such that Hy(A|E), > —(1 —e)n withe > 0, i.e.,

tr[p4 ] < 279,

/

where pAp = pgl 4,0AE ,ogl/4. Then, there exists 1 > 0 (depending only on €) such that

Sforall £,
> o [trA[UUﬁAE]2] < 120" 3-n)" (Z)
v:jv|=¢

Proof. Fix m = [4¢/3] and apply Theorem C.2, we obtain

B {tr[ﬁisE]} < m2+1).20-9m,

|=m
But we know that

> ulpiel= D) zim > ulttalovpas]’]

§:1S|=m SiISl=m © ve(0,1,2.3)

1 — ¢
o Z (:1 B e) trftralovpar]’],

ve{0,1,2,3}:|v|=L

v

by simply forgetting the terms tr[tr4[o), 04 £1?] for which [v] # €. Note that (;’;i) is the
number of sets S of size m in which the support of v is included. As a result, we have
> wltraloyparl’l <

i (”)(n2 + 1200
v:v|=¢ (m—é) mn

4m
=+ 1)(")72—3’".
) (%)

2»1/1(3/4) 33/41;1712mh(3/4)
m(m+1) — n(n+1)

To conclude, we note that 3¢("}) > 3¢ , where £ is the binary

entropy function. We conclude that

Z tr[tralovpar]’] = 3 + 1)3n(n + 1)(’;)3‘32—8"’

v:v|=¢
< 121* ('Z) G-t

for an appropriate choice of constant n > 0. O

Theorem C.2 (Fully quantum entropy sampling [12]). Let pa g be suchthatHy (A|E), >
—(1 —e)nwithe >0, i.e,

tr[pzp] < 2079,

where pAgp = ,ogl/4,oAEpEl/4. Then, there exists 6 > 0 (depending only on €) such that
for all m, when taking the average over all subsets S of size m,

E [i12,51) = 22+ 1) 2070,
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D. Properties of Binomials

We use /& to denote the binary entropy function (o) = —a log(e) — (1 — @) log(1 — ).
We use the following simple estimates for binomial coefficients (see [29, Lemma 9.2]).
Let o € [0, 1] such that an is an integer. Then

an n
> (k) < 2", (33)
k=0

2nh(a) n

< ( ) (34)
n+1 an
|h(a +8) — h(a)| < h(5), (35)

foralle, § > O witha+8 < 1. To prove this, we observe that f : o +— h(a+8)—h(x)isa
decreasing functionof & € [0, 1 —§] and thus |A(«+6) —h(e)| < max(f(0), f(1—8)) =

h(8). Moreover,
hia) <2ya(l — ). (36)

and

We also use

E. Lower Bounds on Circuit Depth for Approximate Decoupling

We show that random quantum circuits require at least 2 (n logn) gates in order to
achieve approximate decoupling. This means that the depth of the circuit would be at
least 2 (log ). For this we consider a simple setting where the initial state p4 = |O)(0|§”.
In this case, Theorem 3.2 shows that whenr > Cn log? n for sufficiently large C, the state
U; |0)(0|§" U ,T obtained after applying # random gates would be such that the marginal on
Ag is close to uniform provided |S| < (1 — §)n/2. In contrast, the following proposition
shows that this is not the case if the number of gates applied is less than cn logn for a
sufficiently small constant c.

Proposition E.1. Let S be a subset of qubits of size n/4. There exists a constant ¢ such
that for anyn > 4 andt < cnlogn

£
Ui

Proof. For 1 <i < n, let N; be the random variable representing the number of gates
in the circuit U; that act on qubit i. We have for all 7,

{N}(%)()

We would like to show a lower bound on the probability that there is an i € § such that
N; = 0. For that, define the random variable Z = >, _¢ 1 x,—o that counts the number
of qubits i € § for which N; = 0. We use the second moment method to find a lower
bound

o ida
trac[U10XO01" U] — 2—5

1
1} > 5 (37)

E{Z)?
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The numerator is easily computed

2 2t o) (n/2—1)4clogn 2 4clogn
E{Z}* = |S|? (1 - -) =|S)? (1 - —) (1 - —) (38)
n n n

|52
> = exp (—4clogn), 39)

using the fact that for x > 2, (1 — )]?)X_l > ¢! and that ¢ is chosen small enough.
In order to compute the second moment of Z, we compute the joint probabilities for

L #

P{N;, =0,N; =o}=((§)—(n Z")Hn_z)) _ (“ﬁﬁii)t‘

2

As aresult, using t < cnlogn,

0 oAb
E{Z}_E{Z}+|S|(|S| 1)(1 n(n_1))

4t 4n — 6
< |S|exp (—;) +|S[(IS| — ) exp (— e 1)clogn) .

For sufficiently small ¢ > 0, using the fact that | S| is linear in #n, the first term is upper
bounded by the second term, which implies that

E{Zz} < 281081 = Dexp (= =0 tlogn
- (n—1)

We can now give a lower bound on the probability that one of the qubits in S did not
have any gate applied to it

P{Z >0} > 151 exp( 4clog +4n—6 log )
>0} > —— —4clogn clogn
4(S1 =1 (n—1)
1 —2clogn
=-exp| ————
4 n—1
> ! (40)
—_— 10’

provided c is chosen small enough.
When the event [Z > 0] happens, then the state of one of the qubits remains |0)(0| and
so we can lower bound the trace distance as

ida
T IS

idy,
2

=1
1

tr a5 [U 100" U]

> H 10X0] —
1

Combining this with (40), we obtain the desired result. O
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