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Abstract: This paper is the second part of a trilogy dedicated to the following problem:
given spherically symmetric characteristic initial data for the Einstein—-Maxwell-scalar
field system with a cosmological constant A, with the data on the outgoing initial null
hypersurface given by a subextremal Reissner—Nordstrom black hole event horizon,
study the future extendibility of the corresponding maximal globally hyperbolic devel-
opment as a “suitably regular” Lorentzian manifold. In the first paper of this sequence
(Costa et al., Class Quantum Gravity 32:015017, 2015), we established well posedness
of the characteristic problem with general initial data. In this second paper, we generalize
the results of Dafermos (Ann Math 158:875-928, 2003) on the stability of the radius
function at the Cauchy horizon by including a cosmological constant. This requires a
considerable deviation from the strategy followed in Dafermos (Ann Math 158:875—
928, 2003), focusing on the level sets of the radius function instead of the red-shift and
blue-shift regions. We also present new results on the global structure of the solution
when the free data is not identically zero in a neighborhood of the origin. In the third
and final paper (Costa et al., On the global uniqueness for the Einstein-Maxwell-scalar
field system with a cosmological constant. Part 3. Mass inflation and extendibility of
the solutions. arXiv:1406.7261, 2015), we will consider the issue of mass inflation and
extendibility of solutions beyond the Cauchy horizon.
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1. Introduction

This paper is the second part of a trilogy dedicated to the following problem: given spher-
ically symmetric characteristic initial data for the Einstein-Maxwell-scalar field system
with a cosmological constant A, with the data on the outgoing initial null hypersurface
given by a subextremal Reissner—Nordstrom black hole event horizon, and the remain-
ing data otherwise free, study the future extendibility of the corresponding maximal
globally hyperbolic development as a ““suitably regular” Lorentzian manifold. We are
motivated by the strong cosmic censorship conjecture and the question of determinism
in general relativity. As explained in detail in the Introduction of Part 1, strong cosmic
censorship is one of the most fundamental open problems in general relativity (see the
classic monographs [3,10] and the discussions in [1,6,9] for the general context of this
problem). Although significant developments have been achieved in the last five decades
(from the initial heuristic works [14,15] to rigorous mathematical results [6—8]), includ-
ing some recent encouraging progress (see [9, 11,13] and references therein), a complete
resolution of the conjecture at hand still seems out of reach. Nonetheless, the spherically
symmetric self-gravitating scalar field model has provided considerable insight into the
harder problem of vacuum collapse without symmetries [2]; this was explored in [12] to
obtain the first promising steps towards understanding the stability of Cauchy horizons
without symmetry assumptions.

In Part 1, we established the equivalence (under appropriate regularity conditions for
the initial data) between the Einstein Eqgs. (1)—(5) and the system of first order PDE (14)—
(23). We proved existence, uniqueness and identified a breakdown criterion for solutions
of this system (see Sect. 2).

In the current paper we are concerned with the structure of the solutions of the
characteristic problem, and wish to address the question of existence and stability of
the Cauchy horizon when the initial data is as above. This is intimately related to the
issue of global uniqueness for the Einstein equations: it is the possibility of extension of
solutions across this horizon that leads to the breakdown of global uniqueness and, in
case the phenomenon persists for generic initial data, to the failure of the strong cosmic
censorship conjecture.

As in [6], we introduce a certain generic element in the formulation of our problem
by perturbing a subextremal Reissner—Nordstrom black hole (whose Cauchy horizon
formation is archetypal) by arbitrary characteristic data along the ingoing null direction.
The study of the conditions under which the solutions can be extended across the Cauchy
horizon is left to Part 3.

We take many ideas from [6,7] and build on these works. In particular, we borrow the
following three very important techniques. (i) The partition of the spacetime domain of
the solution into four regions and the construction of a carefully chosen spacelike curve
to separate the last two. (ii) The use of the Raychaudhuri equation in v to estimate ﬁ
at a larger v from its value at a smaller v. (iii) The use of BV estimates for the field.

Nonetheless, the introduction of a cosmological constant A causes a significant dif-
ference that requires deviation from the original strategies developed in [6,7]. Moreover,
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we introduce some technical simplifications and obtain sharper and more detailed esti-
mates. These improvements will be crucial for our arguments in Part 3.
Our approach therefore has three main departures from the one of Dafermos:

®

(i)

(iii)

First, due to the presence of the cosmological constant A, the curves of constant
shift, which are used in [6,7], are no longer necessarily spacelike for A > 0 large.
This forces us to find an alternative approach; we have chosen to work with curves
of constant r coordinate instead of working with curves of constant shift, which
turns out to be a simpler approach. Furthermore, it allows us to treat the cases
A <0, A =0and A > 0in a unified framework.

Second, we show that the Bondi coordinates (7, v) are the ones most adapted to
estimating the growth of the fields as we progress away from the event horizon.
Our approach starts by controlling the field % using (54). Although this is similar
to (53), there is one distinction which makes all the difference. It consists of the
fact that in the double integral in (53) the field % is multiplied by the function
v. When we pass to Bondi coordinates this function disappears, making a simple
application of Gronwall’s inequality, such as the one we present, possible. This
would not work in the double null coordinate system (u, v).

Third, our estimates are not subordinate to the division of the solution spacetime
into red shift, no shift and blue shift regions. Instead, we consider the regions
{r > 7, {r— <r <7y} and {r < r_}, where 7 is smaller than but sufficiently
close to the radius r, of the Reissner—Nordstrom event horizon, and 7_ is bigger
than but sufficiently close to the radius r_ of the Reissner—Nordstrom Cauchy
horizon. These may be loosely thought of as red shift, no shift and blue shift regions
of the background Reissner—Nordstrom solution, even though the shift factor is not
small and indeed changes significantly from red to blue in the intermediate region.

Our first objective is to obtain good upper bounds for —2 in the different regions of
spacetime. These will enable us to show that the radius function r is bounded below by
a positive constant. However, good estimates for —v and the fields 6 and ¢ will also be
essential in Part 3.

The main result of this paper is therefore

Theorem 1.1. Consider the characteristic initial value problem for the first order system
of PDE (14)—(23) with initial data (24)—(25) (so that {0} x [0, oo[ is the event horizon
of a subextremal Reissner—Nordstrom solution with mass M > 0). Assume that ¢y is
continuous and o(0) = 0. Then there exists U > 0 such that the domain P of the
(future) maximal development contains [0, U] x [0, oo[. Moreover,

inf r>0,
[0,U]x[0,00[

the limit

r(u, o0) := Ulingor(u, v)

exists for allu € 10, U] and

lim ,00) =r_.
u\or(u )=r
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So, under the hypotheses of Theorem 1.1, the argument in [7, Section 11], shows that,
as in the case when A = 0, the spacetime is extendible across the Cauchy horizon with
a CY metric.

We also prove that only in the case of the Reissner—Nordstrom solution does the
curve {r = r_} coincide with the Cauchy horizon. As soon as the initial data field is not
identically zero, the curve {r = r_} is contained in P (Theorem 8.1). This is an interesting
geometrical condition and it is conceptually relevant given the importance that we confer
to the curves of constant r. We also prove that, in contrast with what happens with the
Reissner—Nordstrom solution, the presence of any nonzero field immediately causes the
integral fooo k(u, v) dv to be finite for any u > 0 (Lemma 8.2). As a consequence, the
affine parameter of any outgoing null geodesic inside the event horizon is finite at the
Cauchy horizon (Corollary 8.3).

2. Framework and Some Results from Part 1

The spherically symmetric Einstein—Maxwell-scalar field system with a cosmological
constant. Consider a spherically symmetric spacetime with metric

g = —%(u, v) dudv + r*(u, v) o,
where o is the round metric on the 2-sphere. The Einstein-Maxwell-scalar field system

with a cosmological constant A and total electric charge 4 e reduces to the following
system of equations: the wave equation for r,

g = L (214, (1)
r=——=\—+=r’—w,
v 2r2\r 3

the wave equation for ¢,

Oyt 0y + 0yr 0, ¢

dudpp = — . 2)
the Raychaudhuri equation in the u direction,
dur (Bug)’
w(gr) =" g
the Raychaudhuri equation in the v direction,
dur (3u)*
3 (@) =—r—5 “)
and the wave equation for In €2,
Q%? Q2 3urdyr
0y0, In Q = —8u¢ 3v¢— F"l‘m PO (®)]
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The first order system. Given r, ¢ and 2, solutions of the Einstein equations, let

V= 0yt (6)
A 1= 0yr, @)
e r A 3 2r
W= —+4+ - — —r 4+ —VA, (8)
2r 2 6 Q2
20 €2 N A, ©)
= =+ =77,
" r r2 3
0 :=royo, (10)
¢ i=riu¢ (11)
and
A
K= — (12)
l—p
Notice that we may rewrite (8) as
5 4o
Q= — = —4vk. (13)
I—p
The Einstein equations imply the first order system for (r, v, X, @, 6, ¢, k)
oyt = v, (14)
or = A, (15)
Our = vicdp (1 — p), (16)
Oy = v, (1 — ), (17)
1 o\?
oy ==-(1—-w|=]) v, (18)
2 v
0 62 (19)
w=-—),
v 2 Kk
A
00 = — —, (20)
r
Ov
Wi =——, (21)
r
1 ()
ouk =kv—(=1) , (22)
r \v
with the restriction
A=kl —p). (23)

Under appropriate regularity conditions for the initial data, the system of first order
PDE (14)—(23) also implies the Einstein Egs. (1)—(5).
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Initial data. InPart 1 we study well posedness of the first order system for general initial
data. In this paper we take the initial data on the outgoing null direction v to be the data
on the event horizon of a subextremal Reissner—Nordstrom solution with mass M. The
initial data on the ingoing null direction u is free. More precisely, we choose

r(u,0) =ro(u) =ry —u,
v(u, 0) = vo(u) = —1, foru € [0, U], (24)
$(u, 0) = ¢o(u),

A0, v) = Ap(v) =0,
@ (0,v) =wmo(v) = M,
6(0,v) =6y(v) =0,
k(0,v) = ko(v) =1,

for v € [0, ool. (25)

Here r, > 0is the radius of the event horizon. We assume ¢ is continuous and ¢ (0) = 0.

Well posedness of the first order system. Theorem 4.4 of Part 1, for the initial data above,
reads:

Theorem 2.1. The characteristic initial value problem (14)—(23), with initial condi-
tions (24) and (25), where &g is continuous and {y(0) = 0, has a unique solution defined
on a maximal past set P containing a neighborhood of [0, U] x {0} U {0} x [0, ool.

Remark 2.2. Notice that the initial data (24) and (25) satisfies the regularity condition
(h4) in Part 1 (that is, v, A¢ and kg are C'). Therefore the solution of the characteristic
initial value problem (14)—(23) corresponds to a classical solution of the Einstein Eqs.

(D=3).

Breakdown criterion. Theorem 5.4 of Part 1, for the initial data above, reads:

Theorem 2.3. Suppose that (r, v, A, @, 0, ¢, k) is the maximal solution of the charac-
teristic initial value problem (14)—(23), with initial conditions (24) and (25). If (U’, V')
is a point on the boundary of P with0 < U’ < U and V' > 0, then for all sequences
(un, vy) in P converging to (U', V'), we have

r(u,,v,) > 0 and @ (u,, v,) — 00.
Reissner—Nordstrom solution. For comparison purposes, we notice that the Reissner—

Nordstrom solution (with a cosmological constant), obtained from the initial data
Zo(u) = 0, corresponds to

1—pu
= - 27
(1=, 0) @7
@ = wy, (28)
k=1, 29)

=6=0. (30)
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3. Preliminaries on the Analysis of the Solution

We now take the initial data on the v axis to be the data on the event horizon of a
subextremal Reissner—Nordstrom solution with mass M > 0. So, we choose initial data
as in (24)—(25) with ¢p(0) = 0. Moreover, we assume g to be continuous. Since in this
case the function @y is constant equal to M, we also denote M by w@y. In particular,
when A < 0, which corresponds to the Reissner—Nordstrom anti-de Sitter solution, and
when A = 0, which corresponds to the Reissner—Nordstrom solution, we assume that

2wy ez A 5
re>A0-wro)=1-———+—5——r
r r 3
has two zeros r_(wgy) = r— < ry = ri(@p). When A > 0, which corresponds to the
Reissner—Nordstrom de Sitter solution, we assume that r — (1 — u)(r, @wp) has three
zeros r_(wgy) = r— < ry = ry(wo) < re = re(wo).

1 — p(r,wo)
A=0
n // r
T\/’*’
1 — p(r,wo) 1 — p(r, o)

A<O

L B r
i " ' 7\VT+ re
TVTJr

We define n to be the function

e? N A 3
=—+—r’'—o.
7 r 3
The functions (r, @) +— n(r, @) and (r, @) — (1 — p)(r, @) are related by
2
n=-"00- 0. (31)
We define the function g : R* — R by
e A 3
no(r) = —+ <r’ — .
r 3

We will repeatedly use the fact that n(r, @) < no(r) (see Lemma 3.1). If A < 0, then
ny < 0. So ng is strictly decreasing and has precisely one zero. The zero is located
between r_ and r.. If A > 0, then 776/ is positive, so g is strictly convex and has
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precisely two zeros: one zero is located between r_ and r, and the other zero is located
between r, and r.. We denote by rg the zero of ng between r_ and r in both cases.

7o

To

7o 7o
A<O

To

A>0

To

According to (16), we have 9,A(0, 0) = —9, (1 — ) (r4, @p) < 0. Since A (0, 0) =0,
we may choose U small enough so that A(u, 0) is negative for u € ]0, U]. Again we
denote by P the maximal past set where the solution of the characteristic initial value
problem is defined. In Part 1 we saw that X is negative on P\ {0} x [0, oo[, and so, as k

is positive (from (22) and (25)), then 1 — w is negative on P\{0} x [0, ool.

Using the above, we can thus particularize the result of Part 1 on signs and monotonic-

ities to the case where the initial data is (24) and (25) as follows.

Lemma 3.1 (Sign and monotonicity). Suppose that (r, v, A, @, 0, ¢, k) is the maximal
solution of the characteristic initial value problem (14)—(23), with initial conditions (24)

and (25). Then:

e Kk is positive;

e v is negative;

e ) is negative on P\{0} x [0, ool;

e | — w is negative on P\{0} x [0, oo[;
e 1 is decreasing with both u and v;

e w is nondecreasing with both u and v.

Using (16) and (20), we obtain

0 Z 6 v
oy—=—-=—--
A r Al—pn
and analogously, using (17) and (21),
0 A
T X( )

v r o vl—p

9y (1 — ),

(32)

(33)
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Given 0 < 7 < ry, let us denote by I'y the level set of the radius function
[y :={(u,v) € P:r(u,v) =r}

If nonempty, Ty is a connected C! spacelike curve, since both v and A are negative
on P\{0} x [0, oo[. Using the Implicit Function Theorem, the facts that (0, v) = ry,
r(u, 0) = ry —u, the signs of v and A, and the breakdown criterion given in Theorem 2.3,
one can show that I'; can be parametrized by a C! function

v (up(v), v),
whose domain is [0, oo[ if 7 > r. — U, or an interval of the form [v;(U), oo[, for some
v:(U) > 0,if 7 < ry — U. Alternatively, I'; can also be parametrized by a C! function

u = (u, vi(u)),

whose domain is always an interval of the form Juy(c0), min{r, — 7, U}], for some
uy(00) > 0. We prove below that if 7 > r_, then u; (c0) = 0.

(u, vr(u))

(ur(v),v)

To analyze the solution we partition the domain into four regions (see figure below).
We start by choosing 7— and 7 such that r— < 7_ < rg < F4 < ry. In Sect. 4 we treat
the region 7y < r < r;. In Sect. 5 we consider the region 7/— < r < 7. In Sect. 6 we
treat the region where (u, v) is such that

vi_(u) =v = (1+B)v;_(u),

with 8 > 0 appropriately chosen (we will denote the curve v = (1 + 8) vy_(u) by y).
Finally, in Sect. 7 we consider the region where (u, v) is such that

vz (1+p) v ().
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The reader should regard 7_, 7, and f as fixed. Later, they will have to be carefully
chosen for our arguments to go through.

The crucial step consists in estimating the fields % and % Once this is done, the other
estimates follow easily. By integrating (32) and (33), we obtain

0 0 - a.a-w @ aa
5 v) =~ (up(v), v)e Byl rara-w]a i

u y ) i )
_/ g(ﬁ, U)effu [mar(lfﬂ)](u,v)du dﬁ’ (34)
up(v)
E(”’ v) = E(bt, v;(u))e*fvv;w)[ﬁﬁr(lfu)](u,ﬁ)d{,
v v
voe T o
_/ 7(%,5)6 fﬁ[lfu"r(l M)](u,v)du di. 35)
vi (1)

Formula (34) is valid provided that u;(v) is defined and u; (v) < u, since the domain
P is a past set; it also holds if we replace u;(v) by 0. Similarly, formula (35) is valid
provided that vy (u) is defined and vy (#) < v; again it holds if we replace vy (u) by O.

4. The Region J~ (T';,)

Recall that rp < 7+ < ry. In this section, we treat the region 7y < r < ry, that is,

J _(F;+).1 Our first goal is to estimate (42) for % This will allow us to obtain the
lower bound (43) for «, which will then be used to improve estimate (42)—(46). Finally,

1 Throughout this paper we follow the usual notations for the causal structure of the quotient Lorentzian
manifold with coordinates (#, v) and time orientation such that % and % are future-pointing.
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we successively bound %, 0, @, and use this to prove that the domain of vy (-) is
10, min{r, — 7y, U}].

In this region, the solution with general ¢y can then be considered as a small pertur-
bation of the Reissner—Nordstrom solution (26)—(30): @ is close to @y, « is close to 1
and ¢, 0 are close to 0. Besides, the smaller U is, the closer the approximation.

Substituting (34) in (35) [with both u;(v) and vy (1) replaced by 0], we get

%(u, v) = %(u, O)g*fov[ﬁar(lfu)](u,ﬁ)dﬁ 36)
+/v Q(O B)e” él[fvﬂﬁr(l—u)](ﬁ,ﬁ)dﬁ
0o A

x [‘(_k)‘](u, pye= flmora-wland 4
r

+/v (/”[g (—v)](ﬁ’ ﬁ)e—_[&“[ﬁar(l—u)](ﬁ,ﬁ)dﬁ dﬂ)
0 0 vV r

X [‘(_k)‘](u, 5o [Eport-wlwnas g5
r

We make the change of coordinates
(u,v) = (r(w,v),v) < (V) U ),v). (37

o~

The coordinates (r, v) are called Bondi coordinates. We denote by % the function %
written in these new coordinates, so that

S =Sy & v = ..
Vv Vv v v

The same notation will be used for other functions. In the new coordinates, Eq. (36) may
be written

N . B
L0 = S, 0 Bl 0ol oo (38)
vy T 1 1 Y
o [ S metbma e
0

[(—k)(ur(v), 17)]e—fa”[ﬁar(l—u)](u,(v),ﬁ)dﬁ di
r(uy(v), v)

v r. - 5 Lo q= 5 ) ds
S Y pdmal o Tolona )
0 r(uy(v),0) S LV

» [ (=2)(ur(v), V) ]e— RlEzoa-w]ww.ndo
r(uy(v), v) '
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We have 6(0,v) = 0 and, from (20), 9,6(0, v) = 0, whereas A(0, v) = 0 and,
from (16), 3,A(0, v) < 0. Writing

6 “9,0(i, v)di
—(M,U) = f(L . (I/..t, v) l,'.t,v
A Jo Bu(it, v)di

it is easy to show that the function % can be extended as a continuous function to

{0} x [0, oo[, with %(0, v) = 0. Substituting this into (34) [again with u;(v) replaced
by 0] yields

0 u - _ fl v _ - - -
—(u,v) = —/ E(u, v)e Ji [17#3,(1 ”)](u’v)d” du.
A o r

We can rewrite this in the new coordinates as

g(r, v) = / + i[g](f, v)ef’s[17*173’6:”)]6’”)d‘E ds. (39)
A , Sl

A key point is to bound the exponentials that appear in (38) and (39). As we go on,
this will be done several times in different ways.

Lemma 4.1. Assume that there exists a > 0 such that, for 0 < v < v, the following
bounds hold:

o [ amw]w o nar _ —aw-0)
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and
5 | P Y
efr(ur(v).ﬁ)[T:Ttdr(liu)](syv) ds < 1.

Then (38) implies R
s (=12 v
)— (o) <e - max  |¢ol(u)e . (40)
Vv u€l0,u,(v)]

Proof. Combining (38) with g(m, v) = 0 and the bounds on the exponentials, we have

1 T L N PR
=1(r, v) < [Gol(ur (v))e ™" + <= |, v)ds (41)
v 0 Jru .o SV
X{(—A)(urw): ﬁ)]e,a(,,,ﬁ) "
r(ur(v), v)
Forr <s < ry, define
maxge(o,v] {eaﬁ % (s, 0) ifry —u,(v) <s <ry,

o~

Z&U) (s) =

MaXgefv, (u, (v)).v] {e"”j % (s, 17)} ifr <s <ry—u,(v).

Here the maximum is taken over the projection of J ™~ (u,(v), v) N [y on the v-axis (see
the figure below).

(ur(v); )

Ve (ur(v))

Note that Zg‘,v) (r) = e*? | %|(r, v). Inequality (41) implies
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) (=2, (), D)
28 () < 120l ) + / /w,(v)v)Z(’“)() e
e [TER . D)
= H[laX |§'()|(Lt3(v))+/ Z(r,v)(s)ds/ [m]d

IA

ue[O u,(v)] 10l(u) + ( m / Z(r v)(S) ds.

We still consider r < s < ry. Letv € [0,v]ifry —u,(v) < s < ry,and v €
[vs(ur(v)), v]ifr <s < ry—u,(v).Inthis way (us(v), v) € J~ (u,(v), v). In the same
way one can show that

1 1 T+
ma +({-— —— Z¢ (5)ds
< max ol + (5 - ) / & () ds
because J ~ (us(v),v) NTs € J = (u,(v),v) NI, fors <5 < ry, and so Zf‘x 1~})(5) <
Zz"r U)(E). Since uz(v) < u,(v) forr <s < ry, we have
Ze00 =, max (ol +(;- ) [ 25,60
s X u - — 5)ds.
) = Ty R
Using Gronwall’s inequality, we get
g ) < e 1501 )
ry<e max u).
)= wel0.u )]

This establishes (40). 0O
Lemmad4.2. Letrg <r <ryandv > 0. Then

7 (r+=1)?
o <o max gl “2)
Vv uel0,ur(v)]
Proof. We bound the exponentials in (38). From (31), the definition of  and @ > @y,

2n _ 2no

—0,(1 —
I-m="73=<"3

=—0,(1 — w)(r,mp) < 0.

Therefore in the region J ~ (I, ) the exponentials are bounded by 1. Applying Lemma 4.1
with @ = 0 we obtain (40) with « = 0, which is precisely (42). O

According to (42), the function % is bounded in the region J~(I',,), say by 8.
From (22),
w (2 - -
K, v) = elo () @v di
&2 Jo () di

62
(@) . (43)
ry

We recall from Part 1 that Egs. (15), (17), (19) and (23) imply

1— 62
av( “)=——, (44)
v VFrK

v
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which is the Raychaudhuri equation in the v direction. We also recall that the integrated
form of (18) is

u [2 ’ ’
o (1, v) = (e b (7)o v

(] 2 A 2
+/ e N mwwad (2 22 L (s,v)ds. (45)
0 2 r2 3 v

These will be used in the proof of the following result.

Proposition 4.3. Let ro < 7 < r < ry and v > 0. Then there exists a > 0 (given
by (50) below) such that

o~

¢ r+=r)? —av

Slevw = e max Jleoe™, (46)

v uel0,u,(v)]

)g‘(r v <6 max |golw)e 47)

A T T w0 ()] '

0(r,v) < C  max _|Zol(u)e V. (48)
uel0,u,(v)]

For (u,v) € J~(I'y,), and U sufficiently small, we have
2
oy <@ (u,v) <wo+C| sup [{o|@) ) - (49)
uel0,u]

Moreover, the curve I'y, intersects every line of constant u provided that 0 < u <
min{r, — 7y, U}. Therefore, uy, (c0) = 0.

Proof. In J~ (I'y,), we have 9, (1 — ) (r, wo) > min,¢y, 10, (1 — u)(r, wp) > 0 and

A

— mar(l — M) < —K ar(l - M)(rv ZUO)

< — inf «k x3.(1—=p)(r, @y
J= (T

P\

+ .

< —(—) min d,(1 — w)(r, @o)
ry relfy,re]

= —a <0, (50)

where we have used (43) (with 7, instead of rg). Thus, we can improve the bounds on
the exponentials in (38) that involve integrals in v as follows:

o [ 0-w]w o nas _ —aw-i),
Since
1 —
l—pu
as before, we have

. [0 =mw]6.0as
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We apply Lemma 4.1 again, this time with a positive «, to get (46).
Now we may use (39) and (46) to obtain

o~

‘ 0
A

(r+—r)? r
(rv) <e m ln(—+) max | Zo| (e~
r 7 u€l0,u,(v)]

=C, max [{lw)e .
u€l0,u,(v)]

In order to bound @ in J ™ (I';, ), we note that

u §-2 2 r
—/ (—) @, v)diu < CZ( sup Ig“ol(ﬁ)) In (—+)
0 \rv ii€l0,u] T+

I+ 5 ——r| =1+ 5 +—r;
r 3 Fi 3

and
u
—/ v(u,v)ydio =ry —r(u,v) <ry—ry.
0

From (45), we conclude that

uel0,u]

2
_\2
@ (u,v) < wOeC(SUPae[o_uJ I%0lG)” 4 C( sup |§0|(ﬁ)) )

Inequality (49) follows from ¢* < 1 + 2x, for small x, since ¢y is continuous and
50(0) = 0.

Given that k < 1, we have (1 — ) < A. Moreover, since @ is bounded in the region
J~(I'y,), 1 — wis bounded from below, and so A is also bounded from below. Hence (47)
implies (48).

Let 0 < u < min{ry — 74, U}. We claim that

sup {v € [0, oo[: (u,v) € J_(F;+)} < 00. (&2))

To see this, first note that (17) shows that v — v(u, v) is decreasing in J ™~ (I';,), as
0,(1 — ) = 0forrg < r < ry (recall that n(r, w) < no(r)). Then (44) shows
v = (I — w)(u,v) is also decreasing in J~ (I'z,). Thus, as long as v is such that
(u,v) € J~(T'},), we have (1 — ) (u, v) < (1 —p)(u, 0) < 0. Combining the previous
inequalities with (43), we get

v

32
A, v) < (:i) (1 = ). 0) < 0.

+

Finally, if (51) did not hold for a given u, we would have

r(u, v) = r(u,0)+/ A, V) dv’
0

v

52
<r(u,0)+ (:—+) 1—-ww,0)v— —o0,

+

as v — 00, which is a contradiction. This establishes the claim. O
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5. The Region J~(I';_) N J*(T'y,)

In this section, we treat the region 7_ < r < 7. Recall that we assume that r_ < 7_ <
ro < 7+ < ry. By decreasing 7_, if necessary, we will also assume that

—(1 = w(F-, @) = —(1 — W (s, ). (52)

In Sect. (5.1), we obtain estimates (55) and (56) for % and %, which will allow us to
obtain the lower bound (66) for «, the upper bound (67) for @, and to prove that the
domain of vy (-) is ]0, min{ry — 7—, U}]. In Sect. (5.2), we obtain upper and lower
bounds for A and v, as well as more information about the region 7/— < r < 7. In
Sect. (5.3), we use the results from the previous subsection to improve the estimates on
¢ and ¢ to (86) and (91). We also obtain the bound (92) for 6.

As in the previous section, the solution with general ¢y is qualitatively still a small
perturbation of the Reissner—Nordstrom solution (26)—(30): @, k, ¢ and € remain close to
@y, 1 and 0, respectively. Moreover, A is bounded from below by a negative constant, and
away from zero by a constant depending on 71 and 7_, as is also the case in the Reissner—
Nordstrom solution (see Eq. (26)). Likewise, v has a similar behavior to its Reissner—
Nordstrom counterpart (see Eq. (27)): when multiplied by u, v behaves essentially like X.

5.1. First estimates. By reducing U > 0, if necessary, we can assume U < ry — Fy.
We turn our attention to the region J~(I'y_) N J +(F?+)- Substituting (34) in (35) with
F = r4, we get

oy (1— dv
%(u, V) = %(M, vy, (u))e fL (u)[ ( M)](u v) dv (53)
v 0 o X
T e s
vy, () A
[(— )](u Be — [ 2o 0-m] o) di di
v u _
+/ / [_( U)](ﬁ,ﬁ)e R mora-w]ada 4
Vi () up, @Y T
We make the change of coordinates (37). Then, Eq. (53) may be written
7 7 ay (1 r(v),0)dv
L) = £ v, oppe Froren 0o (54)

v 0 L, ()| G.5) ds
+/ —(;+,6)ef<“r<v>v>[ 0, (=) | G.0) d5
vy, ()

[(—)»)(ur(v), 5)]6— T [0 0= | ur ).5) di 45
r(ur(v), v)
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v F = 5 — o
+/ / + [Ei](g, pretumol ForTn]Ends o
vy, () \Jr(u,),0) -V S

X[(—A)(ur(v), f))]e—fﬁv[%ﬂar(l—u)](ur(v),ﬁ)dﬁ d5
r(ur(v), D) '

For (r, v) such that (1, (v),v) € J- (T )N J+(I‘;+), vy, (u, (v)) is well defined because
U<ry—r;.

Lemma 5.1. Let /— <r <7,. Then

o~

Sl < max o, (55)
) uel0,u,(v)]

0

Flew e maxjglw. (56)
A uel0,u,(v)]

Proof. From (52) we have

(1 — w)(r, @o)
max {(1 — u)(F—, @9), (1 — w) (s, @) } (57)
(I —w)(F-, @o)

(I—=w(r, @)

IATA
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and 2 2 2 N 2
A —w _  2n/r"  _ Zno/r" 2no(F=)/FZ
I—n =) = —0=-p - —(0-p

202 2moGo/i2

T -(0-wroy) T —(0-wE-, o)

(For the second inequality, see the graph of 7¢ in Sect. 3.) Each of the five exponentials
in (54) is bounded by

- o (58)
Hence, for (r, v) such that (u,(v), v) € J~(T';_) N J*(T;,), we have from (54)

£l = eS| v, oo (59
L2 / 916 6)[<—A><ur(v)~, ﬁ)] i
vy, (up ()| A r(uyr(v), D)
v P To o (=), D)7 .
C2/ / £ ’ d ., < ~<a17 d .
* vy, (r (0)) Jr(ur (), 5) 'Y 6. v) s[ [r(ur(v),v)]z] Y

Forr < s <7y, define

Ziwn(s) = max
ve[vg (ur (v)),v]

g ( (5. D) (60)
v

and

o~

~| . D). 61)

,T(r,v) (;+) = _ max
velvy, (ur (v)),v]

v (ur(v), vs (ur(v)))

(ur(v),v)
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Recall that [vg (u, (v)), v] l§ the projection of J ™~ (u,(v), v) N I’y on the v-axis.
Note that Z(,.,)(r) = ]%!(r, v). Inequality (59) implies
Z(r,v)(i’) = CZ(r,v)(h)

2 [Y =) (),0)7 .
e /v;+<u,.<v>>T‘””)(r+)[ r(uy(v), D) ]d“

v T ~
* =X ) -
+cz/ / Z(,,U)(E)dE[M]dv
v, (ty ()) I r(uy (v),5) [r(ur(v), V)]
5 7, 1y [™ o
< Cz(,,v)(r+)+c21n(r) Tirwy () +C (; - Z)/ 2.0 (5) d5.

Again consider r < s < 7y and let § € [vs(u,r(v)),v], so that (us(?),7) €
J’(u,(v) v) N J*(I'y,). In the same way one can show that

( (5.9) = CZpuyG + C ln( 5) T () + € (— -~ / Z.0)() 5,
because J~ (us(v), v) N Ty, C J7 (uy(v), v) N T, . Therefore,
Ly (T Y2 B A i o
Z(®) = CZy 0+ CIn(2) Ty G0+ CP (- = ) [ Zn () d5.
r r Iy s
Using Gronwall’s inequality, we get

C2—r)?

) SV e
24 () = C[ 2 )+ CIn(Z) Ty G e 7o (62)

To bound Z;,) and 7y, ), it is convenient at this point to use (42) and

v <é max jolw (63)
A uel0,u,(v)]

(valid for 7y < r < ry), in spite of having the better estimates (46) and (47). Indeed, if
these better estimates are used, the improvement is just e~V () (that is, an expo-
nential factor computed over I'y, for the same value of u); to turn this into an exponential
decay in v we must first obtain a more accurate control of the various quantities in the
region 7— < r < F,. Applying first the definition (60) and then (42), we have

. Sl -
Z(r,v)(r+) = max =|(F4, V)
velvy, (ur(v)), 0]V
(Hj'ﬁr)z
<e P max max  |&o|(un)
velvy, (ur (v)),v] uel0,uz (V)]
(H—fﬁ)2
<e o max gl (64)

uel0,ur(v)]

because uy, (V) < u,(v). Applying first the definition (61) and then (63), we have

v (e —Fe)? Iy
Tow() < e == In(5)  max 1501 o)
r+/ velvg, (ur (v)),v] ue{Oum,(v)]

A

=Cy, max |ol(u). (65)
uel0,ur(v)]
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We use (64) and (65) in (62). This yields (55).
Finally, writing (34) in the (r, v) coordinates (with 7 = r,) gives

9 0. Al s a0l 0 a3
X(", v) = X(nﬂv)efr [1_Mdr(1 M)](S,v)ds

Ferr 5[0 A e
+/ [Ei](g’ v)efr [?_'jdr(l—u)](s,v)ds a5,
r Lvs
The exponentials are bounded by the constant C in (58). We use the estimates (63)

and (55) to obtain
g V el E
‘X (r+,v)+C/r [;

Q) 1. .
(r,v) < C‘— = :](s,v)ds
A vis

=Gy, _max (50l

u€el0,uy, (v

+C51n(r—+) max ] [Zol(u)

v/ uel0,u,(v)

=C max |¢ol(u),
uel0,u,(v)]

which is (56). O

According to (42) and (55), the function % is bounded in the region J~ (I';), let us
say by 5. Arguing as in the deduction of (43), we obtain

. §2
K, v) > (r—‘) . (66)

I+

Lemma 5.2. For (u,v) € J~(T'y ), and U < ry — 7y sufficiently small, we have

2
wo < @ (u,v) < wo +C( sup Iéol(ﬁ)) : (67)

iel0,u]

The curve T'y_ intersects every line of constant u. Therefore, uy_(co0) = 0.

Proof. The proof of (67) is identical to the proof of (49).
Because @ is bounded, the function 1 — w is bounded below in J~(I'; ). Also,
by (57), the function 1 — p is bounded above in J~(I'; ) N J*(T'x,) by (1 — ) (F—, o).
We claim that foreachO < u < U

sup {v € [0,00[: (u,v) € J_(I‘;_)} < 00. (68)

The proof is similar to the proof of (51): since « is bounded below by a positive constant
and 1 — u is bounded above by a negative constant, A is bounded above by a negative
constantin J~(I'y_) N J+(F;+), say —cy. Then, as long as (u, v) belongs to J~ (I';),
we have the upper bound for r(u, v) given by

r(u,v) <ry —u—c,

since0 < u < U < ry — F4). Finally, if (68) did not hold for a given u, we would have
r(u, v) - —oo as v — 00, which is a contradiction. This proves the claim. O
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5.2. Estimates for v, A and the region J~(T'y_) N J*(T'y).

Lemma 5.3. In the region J~(I';_) N J*(I';,), we have the following estimates from
(69)

above and from below on X and v:
~C<ir<-¢

and ~
¢ ~
v (70)
u u
where the constants & and C depend on i and F—.
Furthermore, if 0 < 8 < ry —ro and (u,v) € I'y,_5 then
—C0-(1 = u)(ry, @o) 8 < Au, v) < —c9-(1 = p)(ry, @) 8 (71)
(72)

and

8
—C—=vu,v) = —c—,
u u
where the constants 0 < ¢ < 1 < C may be chosen independently of 5. Given ¢ > 0

thenl —e <c < landl < C < 1+ ¢ for small enough $.

Proof. From (22) we obtain (the Raychaudhuri equation)
()= () ;

ul\7 )= 7  __\— )

1—pu\v/) r

l—p

and from (44) we obtain (the Raychaudhuri equation)
(73)

5 v v A
"\1=n) 1=p\WJ)
r v))

Leté > 0.By decreasing U, if necessary, using (46), (47), (55) and (56), we have | ?] < $
(u,
re—u

and || < 8inJ~(T; ). Since [ £, v) dii = In("%2), f§ % (u, 5) 5 = In(

< 2V 1 for (u,v) € J~(I';) we have

P (,v) o
=t <land -
N\ 82 u v s o -
(5) < ef(@)anda o (74)
ry
7 52 v ~ ~
(r;)ls <l (EH)undr (75)
ry
So, integrating the Raychaudhuri equations, we get
FoN FLNS A A A
(5) =(5) —=—0v=—"—wn=—"—0n=1 6
Iy Iy 1—n 1—n 1—n
(77

FoNS 1 v v 1
—(—) . 0) < (. v) < (u,0) = — (u, 0).
11— 1—pun 1—pun 1—pu

[as (0, v) = 1], and

Iy
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To bound (1 — @) (u, 0), using (16) and (22), we compute
_ A _ v EN2
01— =0,(%) =va.1 = - —w=(2)" (78)
At the point (4, v) = (0, 0) this yields
9y (1 — 1)(0,0) = =0, (1 — u)(r+, @o).

Fix0 < & < 1. Since the functionu — (1—pu)(u, 0)is Cl,by decreasing U if necessary,
we have
_9-(0 = ) (ry, @) 9 (1 — ) (r4, @o)

< 0y (1 —w)(u,0) < —
1—c¢ 1+e¢

forO <u < U, and so

9 (1 — ; 3 (1 — :
A= my) e =)
l1—¢ 1+¢
Using these inequalities in (77) immediately gives
P& l—¢ v l+e¢
(&) < (. v) < .9
re/ (L= p)(ry, mo)u — 1 —p 0 (1 = ) (ry, @o) u

To obtain bounds on A and v from (76) and (79), recall that, in accordance with (57),
in the region J~(I';_) N J*(I'y,) the function 1 — w is bounded above by a negative
constant. On the other hand, the bounds we obtained earlier on @ in J~ (I'y_) imply that
1 — u is bounded below in J~(I'; ). In summary, there exist ¢ and C such that

—Efl—uf—a

Therefore, from (76) and (79), in the region J~(I'y_ ) N J +(F;Jr), we get (69) and (70):

AN
(%)
Iy

_ l+e¢ 1 _(%_)52 1—¢ 1
— —=<v=<-— —.
0-(1 — p)(ry, mo) u 0-(1 — p)(ry, mo) u

|
Ql
IA

A

IA

IA
IA

I+

By decreasing ¢ and increasing C, if necessary, we can guarantee (69) and (70) hold,
without having to further decrease U.
Now suppose that (#, v) € I, 5. Then

(I=wW@,v)=>0-wrs -6, @)
< —=w(r+ — 38, o)
_ (-0 o)
- 1+e¢

) (80)

where ¢ is any fixed positive number, provided that § is sufficiently small. If § is not
small, then (80) also holds but with 1 + ¢ replaced by a larger constant.
Using again (78),

u ulv 2\ B
(1= ), v) = —/0 NGO )(”’”)d“C—;n)(ﬁ, V) dil.
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We take into account that

and

v

2v ez A W )
— =N 2U(—r—3—§r+r—2)+2\1—2

8
=vd,(1 — w)(r, o) + 21)—2
,

provided U is chosen small enough so that & < @y + 8 in J (I, —5). We get

0\’ 288
1= = () ((1—u><r+—a,wo>——)

ry —38 re(ry —9)

re A\ [ 8-(1 — ) (ry, mo) 48
- () (M s e

where 0 < ¢ < 1, provided § is sufficiently small. We notice that in the case under
consideration the integration is done between r; and ry — & and so the left hand sides

92
of (74) and (75) can be improved to (%)8 . Estimates (76), (80) and (81) yield, for
§<1,

ry — 30 1—¢ ry

_( Iy )(Br(l—u)(r+,m)+4_<23)8§}\ 82)

’

- _(r+ - 5) 0r(1 = W(re, o) o

It 1+e¢

whereas estimates (79), (80) and (81) yield, again for & <1,
1+ 45(1 + 8
_( I+ ) A (d+e) <y (83)
re =8/ \l—¢ rid,(1 —)(ry, wo) ) u

(r+—8)1—8 1)
<- —.
- Iy l+eu

Estimates (71) and (72) are established. Note that u < § when (u, v) € I';, _s. Since

c=c(8,88) =c(,eU,8),5U)) =c@,eU(®),S),8U®O)),

and analogously for C, we see that ¢ and C can be chosen arbitrarily close to one,
provided that § is sufficiently small. O

Lemma 5.4. Let ¢ > 0. If § is sufficiently small, then for any point (u,v) € I'r,_5 we
have

S e rd=wWlrvmo)relv o | < 5 o= [ (I=p) (s, @0)—el v (84)
For any point (u,v) € J~(T';_) N J*(T,,_s) we have

§ e I-wemselv oy < 5o o= 10 (1= rrmo) =y, (85)
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Proof. Obviously, we have
r(ur,—5(v), v) = ry — 6.

Since r is C! and v does not vanish, v ur,—s()is C 1 Differentiating both sides of
the last equality with respect to v we obtain

Aur,—5(v), v)

”r+76(v) == V(U —s(v), V)

Using (71) and (72), we have

C
- ?Br(l — W) (ry, wouy,—5(v) < up _5(v) < — %Br(l — W)y, w)Uy, —5(V).

Integrating the last inequalities between 0 and v, as u,, _s(0) = §, we have

Se~ %ar(lfp,)(u,wo)v < Ltr+_5(v) < 86*%&(1*#)(’%@0)”.

This proves (84).
Let (u,v) € J~(T';_) N J*(Ty,—s). Integrating (70) between u,, _s(v) and u, we get

u r+
l<——  <ez.
ur,—s5)

Combining v, —s (1) <v with the firstinequality in (84) applied at the point (u, v,, —s(u)),
u > 8 e~ (= remo)+el vy —s W)
> § o lor(=m e mo)+el v,
and combining u < e%urr(s(v) with the second inequality in (84) applied at the point

(tr,—s(v), v),

I+ + — —
U< eFu,_sv) < et rU-rnm—ely,

0
5.3. Improved estimates.
Lemma 5.5. Let7— <r <7F,. Then
C ~ —av
—|(rv) =€ max [fol(u)e . (86)
Vv uel0,u,(v)]

Proof. Applying first the definition (60) and then (46),

-~

Zr0(F4) = max =|(Fe, D)
velvy, (ur (v),v]1 v
(re—i)? —ab
S e T+r+ max max |§0|(M)€
vevy, (uy (v)),v] u€l0,uz, (9)]
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o ot —avy, (4, (v)
<e frr max ol (u)e ™"+
wel0,uz, vy, (u, ()]
re—7)?
=e¢ B max |gol(u)e V@) (87)
uel0,ur (v)]

because uy, (V) > uy, (v). Integrating (69) between vy, (u,(v)) and v, we get

v =g, () < B =n < (88)

This allows us to continue the estimate (87), to obtain

("+*?+)2 L.
2wy (Fy) < e B e max  [Gol(u)e” . (39)
u€l0,ur(v)]

Applying first the definition (61) and then (47), and repeating the computations that lead
to (87) and (88),

v (s —72)” Iy —ab
Tow() < e e n(5)  max max _|zol(w)e
ry/ velvy (ur(),v] uel0,uz (9)]
rei? r
<o o ln(—+) max [¢ol (e ™" (90)

IV‘+ uel0,u, (v

We use (89) and (90) in (62). This yields (86). O

Lemma 5.6. Let7_ < r < Fy. Then

o~

0 _

_ . < C _0“), 91
M(r v) < ue[t(;}g}(y)}liol(u)e 91)
0](r,v) < € max |¢ol(u)e . (92)

u€l0,u, (v)]

Proof. Just like inequality (56) was obtained from (63) (that is, Eq. (47) with « = 0)
and (55), inequality (91) will be obtained from (47) and (86). Writing (34) in the (r, v)
coordinates,

G 0 . o[ Lo, (|G ds
7 (v =5 vy [T as

;+ - 5 1 o _ _
+/ [Ei:l(:sf’ U)efr [ﬁfﬂdr(l—ﬂ-)](s,v) ds ds.
. Lvs§

The exponentials are bounded by the constant C in (58). We use the estimates (47)

and (86) to Obtain
)\' r,v )\‘ ry, U + NE S,V S

<CC;,  max |l )e
ue 0,u;+(v

+CCx ln(r—+) max 2ol (e

r 7 uel0,u,(v)
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=C max [o|(u)e V.
uel0,u,(v)]

Using (69), the function % is bounded from below in J~(I';_) N J*(I';, ). Hence (91)
implies (92). O

Remark 5.7. For use in Part 3, we observe that (47) and (91) imply

0

im H(u, v) = 0. (93)
(u,v)—(0,00) )\,

v € I (5 )

6. The Region J—(y) N J*(T'y )

In this section, we define a curve y to the future of I'; . Our first aim is to obtain
the bounds in Corollary 6.2, r(u, v) > r— — 5 and @ (u, v) < @y + §, for (u,v) €
J~(y)NJ*(T;_) with u < U,. In the process, we will bound [ (U)H% 1] @@, v)di
(this is inequality (102)). Then we will obtain a lower bound on «, as well as upper and
lower bounds on A and v. Therefore this region, where r may already be below r_, is
still a small perturbation of the Reissner—Nordstrom solution.

We choose a positive number?

1 0r(1=p) (ry, @)
0<p < (1-spiEay 1), o4

and define y = y;_ g to be the curve parametrized by

u— (u, 1+ B)vy_(w)), (95)

for u € [0, U]. Since the curve [';_ is spacelike, so is y [u +— vy (u) is strictly
decreasing].

Lemma 6.1. For each B satisfying (94) there exist r— < < roand 0 < g9 < r_

for which, whenever ¥_ and ¢ are chosen satisfying r— < r— < F_and 0 < ¢ < &,
the following holds: there exists U, (depending on 7— and ¢) such that if (u,v) €
J=(y)NJ*(Tx), with0 < u < U, and

r(u,v) >r_ —e, 96)

then
r(w,v) >r_—5 and @(u,v) <o+ 5. 97)

Corollary 6.2. Suppose that § is given satisfying (94), and let F_ and &g be as in the
previous lemma. Fixr_ <r_ < F_and0 < & < co. If (u,v) € I~ (y) N J*(T; ) with
0<u<U,, then

r(w,v) >r_—5 and @(u,v) < wmo+35. (98)

2 We always have —d, (1 — ) (r—, @g) > 9 (1 — u)(r4, @o) (see Appendix A of Part 3). So, in particular,
O (1—p) (r+,@0)

we may choose f = — =D r—w0)"
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Proof. On I';_ we have r = 7_ > r_ > r_ — 5. Suppose that there exists a point
(u,v) € J7(y) N J*(I';_), with 0 < u < Uy, such that r(u, v) < r— — 5. Then there
exists a point (i, v), withO < & < u < U, suchthatr_ —e <r(u,v) <r_ — % The
point (i, v) belongs to J~(y) N J* (I’ ). Applying Lemma 6.1 at the point (i1, v), we
reach a contradiction. The rest of the argument is immediate. O

Proof of Lemma 6.1. Let (u, v) € J~(y) N J*(I'y) such that (96) holds. Because of
the monotonicity properties of r,

min r>r_ —e.
J=w,v)NJ* (T} )

According to Proposition 13.2 of [7] (this result depends only on Egs. (20) and (21),
and so does not depend on the presence of A), there exists a constant C (depending on
r— — go) such that

/v |60](u, v) d17+/u [¢)(i, v)du 99)
vy_ (u)

5g(/v |9|<u;_<v>,ﬁ>d6+/" |¢|<ﬁ,v;_(u)>da).
vi () uy_(v)

up_ (v)

The first integral on the right hand side of (99) can be estimated using (48), (92)
and (95):
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v v i
/ 16](uz_(v), D) dv < C sup || o0 g5
v,

7 (u) [0,u] vp_ (u)
< Csup |gole ™= By _(u)
[0,u]

< C sup [ole” 7" Bu
[0,u]

< Csup [gole” 7",
[0,u]

where we have used vy (u) = vly Jfg) > 113 ﬂ and vy (u) < v, and denoted by B a fixed

number strictly greater than 8. The second integral on the right hand side of (99) can be
estimated using (46), (86) and (95):

¢ - -

2| (=)@, vrwy) da

/ [¢1(@, ve_(u)) di = /
ui_ (v) up_()'Y

< C(ry —F-) sup |¢ole

0,u]

—avy_ (u)
< € sup |gole” TF"
[0,u]

These lead to the following estimate for the left hand side of (99):

v u a
/ 10](u, D) df)+/ |¢|@@, v)di < C sup |cole” 7", (100)
vy (u) uy_(v) [0,u]

In order to use (35), note that, using n(r, @) < no(r),

Iy wl i a-w]wa o= (1= (- —e0,0)Bv;_ ()

INTA

o~ Or (1= (r——e0,m0) fv_

Thus,
e a-w]wia
‘WMKFWwww“J” ol
v v ) N
+/ |9_I(M,ﬁ)effﬁ [Zroa-w]aas 45
v T

<C Sup [Cole vy _ (”)e*i)r(l*lt)(rffso,wo)ﬁv

[0,u]
e—ar(l—ﬂ)(r——so,wo)ﬂv v
+ / 101(u, v) dv
r——¢&o vp (1)
< C sup |§’0|e_%ve_ar(l—u)(h—so,wo)ﬁv
[0,u]
e~ (1=p) (r——e0.@0) fv e,
+ C sup [fole 1+F*

r- —&o [0,u]

< Csup |é_0|e—(W%r(l—ﬂ)(h—m,m))ﬂ)v. (101)
[0,u]
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Clearly, the right hand side of the last inequality also bounds maXgzc(u; (v),u] | % ’(1/7, V).
In order to bound @ (u, v), note that

/‘:_ (v)”%‘l;'](ﬂ’ v)du

240, (1—p) (r——eo, )ﬁ) u . -
= C sup [¢ole (f’ T / 121G, v) dil

[0,u] uy_(v)
2—“+a,(1—u)<r_—eo,wo)ﬂ)v
(sup |;0|) (“ﬂ* . (102)
[0,u]
Using (45) and the last estimate, we get
g b wll el @ aa

o (u,v) < @(up_(v),v)e
u 1 u
+C/ er——0

uy_(v)

w(uf, (U), U)EC(Sup[O,u] [%ol

izt vy ds

T

)26*(%Mr(l*m(r—ﬂo,ﬁm)ﬁ)v

IA

O (1=p) (r——eq,@)B Jv
(Hﬂ* *’ )
+ CeC(SuP[o,u] ICOI)

Zf“++3r(1—/t)(r7—8osm)ﬂ)v
(Sup ICOI) <“’5 :
[0,u]
Let § > 0. Using the definition of « in (50), the constant in the exponent

200

115+ +0-(1 = ) (r— — &0, wo) B (103)

is positive for

1 \/(1 4872 — g miner OO o (104
2 0y (1—p) (r——eo,m@0) :
Now, the right hand side tends to

_ (=) (re.00)
(\/1 SR =) 1)
as (F4, €0,8) — (r4,0,0). So, if B satisfies (94), we may choose r, &9 and § such

that (104) holds. Having done this, Egs. (67) and (85) now imply that foreach0 < & < &g
there exists Uz > 0 such that

@, v) < @+ 5,

provided that u < Us;. Since 1 —yu is nonpositive and 1 — . = (1— ) (r, wo) — M,
we have

2(w (u, v) () B
(1 = W) (u, v), o) < o< E
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Hence, by inspection of the graph of (1 — ) (r, @), there exists &y such thatfor0 < & <
g0, we have r(u, v) > r_ — % provided that u < Uz. For 0 < u < U, := min{Ug,, U},
both inequalities (97) hold. O

Remark 6.3. Given ¢ > 0, we may choose U sufficiently small so that if (u,v) €
J~(y)NJ* (T} ), then
k(u,v) >1—e¢. (105)

This is a consequence of (66) and (102), since r is bounded away from zero.

Consider the reference subextremal Reissner—Nordstrom black hole with renormal-
ized mass @y, charge parameter e and cosmological constant A. The next remark will
turn out to be crucial in Part 3.

Remark 6.4. Suppose that there exist positive constants C and s such that |{o(u)| < Cu®.
Then, instead of choosing f according to (94), in Lemma 6.1 we may choose

1 (1453, (1—40) (r+,@0)
0<p<t(yf1 -8l mieon _y). (106)

Proof. Let (u,v) € J~(y) N J*(Tx ). According to (85), we have
u < Ce—[ar(l—ﬂ)(h,wo)—??]v;_(u)

< Ce—[ar(l—u)(u,m)—dﬁ
< Ce—ar(l—li)(rhwo)w. (107)

Thus, the exponent in the upper bound for & in (103) may be replaced by
250, (1 — w)(ry, @o) N 2a

+ 0, (1 — _ — &0, .
146+ Txpas =Wl —c0.@0)p
This is positive for
F. 82 .
1 2 [(%)5 +s] min, ez, ry ] 0r (1—p) (r,m0)
B <3 (\/(1 +68)>—8 =D —20m0) —(1+6) ). (108)

Given f satisfying (106), we can guarantee that it satisfies the condition above by
choosing (7, €9, §) sufficiently close to (r4+,0,0). O

Corollary 6.5. If, for example, |¢o|(u) < e_l/”z, then instead of choosing B according
to (94), in Lemma 6.1 we may choose any positive B.

Lemma 6.6. Suppose that 8 is given satisfying (94). Choose ¥ _ and g as in the statement
of Lemma 6.1. Let y be the curve parametrized by (95). Let also § > 0, B~ < p and
Bt > B. There exist constants, ¢, C, ¢ and C, such that for (u, v) € y, withQ < u < Uk,
we have

G190 (1=) (- —e0.00) 55 v (109)
< —iu,v) =
<, (1=0)0, (1= G- 0) 15 v

C (110)
and
_ Lt oo —eg.mg) g g — L (-plomg) g
cu B~ r(=wlr+.m0) < —v(u, l)) < Cy 1+ or(0=pw)(r+,m0) (111)
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Proof. Let us first outline the proof. According to (16) and (17),

uuv o | 22 0 A=) | @,v) did
—A(u,v)=—A(u;_<v>,v>ef'—”[1 or-w]@nai (112)

1w [0, (1—10) ] w.) df)' (113)

—v(u,v) = —v(u, vy_(u))e
In this region we cannot proceed as was done in the previous section because we cannot
guarantee 1 — u is bounded away from zero. The idea now is to use these two equations
to estimate A and v. For this we need to obtain lower and upper bounds for

u v
/ (a,v)du (114)
w_ () 1 —H

and

v
/ k(u, ) dv, (115)
vi_ (1)

when (u,v) € J~(y) N J*(T;). The estimates for (115), and thus for v, are easy to
obtain. We estimate (114) by comparing it with

/u i ljﬂ(,;, vi (i) dil. (116)

Using (73), we see that (114) is bounded above by (116). We can also bound (114) from
below by (116), divided by 1 + ¢, once we show that

efuv;f(m[‘%‘@](’;'ﬁ)dﬁ <l+e.

The estimates for % are obtained via (34) and via upper estimates for (114). To
bound (116) we use the fact that the integrals of v and X along 'y coincide.
We start the proof by differentiating the equation

(i, vy (1)) =r-
with respect to i, obtaining
v(it, vy_ (i) + M, vy_(i))vy (it) = 0. (117)
For (u, v) € J*(T'y), integrating (117) between u; (v) and u, we get
u u
/ v(it, vy (1)) dit +/ A, vy ()vy (i) dii = 0.
uz_(v) uy_ (v) -

By making the change of variables v = v;_ (i), this last equation can be rewritten as

/u v(u, vy (n))du — /v Muy (v),v)dv =0, (118)
up_(v) vp_ (u)

as vy (uz (v)) = v and % = v} (i).
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We may bound the integral of A along 'y in terms of the integral of « along I';_ in

the following way:

v

—rlr}ax(l — W k(uy_ (v), v)dv (119)
= vi_ (1)
5—/? Muy_ (9), ) di <
vp_ (u)
v
—min(l — ) k(uy (v), v)dv. (120)
Ty vi_ (u)

Analogously, we may bound the integral of v along I';_ in terms of the integral of ﬁ
along 'y in the following way:

u v

—max(l — u) (u, vy (n))du (121)
Iy uy_(v) 1 - “w
u
RGO
up_ (v)
u v
—min(l — u) (u, vy (n))du. (122)
Iy uy_(v) 1 - “w
Letnow (u, v) € J~(y)NJ*(I'y ). Using successively (73), (121), (118) and (120),
we get
u
/ Y (i, v)di
w_ ) 1 —n

<

u )
/ @, s (i) di
up_ (v) l—p

u
= m/ _V('Za UL(’/N‘)) du
= up_(v)

v
= m/ —A(uy_(v), 0)dv
= (u)

F_
minr; (I—p)

v
= m/ Kk (uz_(v), v) do (123)
- vi_ (u)

minr; (I—p)

= Wﬁw, (u) (124)

minp,  (1—p)
r—
S maxr; (I—p) ﬂv'

We can now bound the field % for (u,v) € J~(y) N J*(T; ). Using (34),

' ’ B :V v —Ltar(l— )| @G,v) di
‘X’(u’v)f‘x‘(u;f(v),v)e j,,()[l ; l‘«]uv i

u ul v i u
+/ m(L't, v)e_ff' [War(l_”)](u’v)du di. (125)
u

O
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We can bound the exponentials in (125) by
o St [ a-w] @ di
< p—tr(1=m-—eo.m0) i | 2 i) di

~0, (1= —0.m0) [ ([ 12 | G@v) dii
e r—

minr; (1—p)
=0 (1=p) (r——eo0,@0)
<e

maxr;7 (I—p) v

Combining this inequality with (91), (98) and (100), leads to

9 __a
[0,u] [0,u]

minr; (1=p)
=0y (1= ) (r——£0,0) == BV
Xe r—
. minr; (A=p)
| o (=) (= —0.90) ==y B J0
< Csup |&ole . ' (126)
[0,1]

We consider the two possible cases. Suppose first that the exponent in (126) is nonpos-
itive. Then, from (100) we get

v 9 v
/ H—‘|9|](u, 5)d6§C/ 10](u, 7) do
vi (u) A vp_ (u)

< Csup|gle” ™",
[0,u]

Suppose now the exponent in (126) is positive. Using (126) and (100) again,

/,:(u)[);“@l](u, v) dv

minr; (I=p)
| A (=) O —20.00) g == B J0 v
< C sup |ole h / ol
sup vy_ (u)
(za 0, (1=n)( g
-\ g+ (A= - —0,m0 maxp, (a=m F Y
< C(sup goh)%e \ S
[0,u]

Therefore, in either case, given ¢ > 0 we may choose U sufficiently small so that if
(u,v) € I~ (y)NJ*(T; ), then

= by wllte]@sa <1+e (127)

foru € [uy_(v), ul.
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Next we use (73), (121), (122) and (127). We may bound the integral of v along I'y_
[u;f (v), u] x {v} in the following way:

u

—max(1 — p) (1, v)dii (128)
7 up_() L — I
u
< —max(l — ) (u vy (it)) dit
T w ) 1=
u
< —/ Vi, vr_ (i) dii <
up_(v)
u
—min(l — w) (u, vy (u))du <
Ty w_(v) 1=

u

—(1+&)min(1 — ) Y (a, v)di. (129)
Iy iy v

uy_ (v)

Now We consider (u,v) € y. In (124) we obtained an upper bound for

f M"r o =i Y (i1, v) dii. Now we use (129) to obtain a lower bound for this quantity. Apply-

ing successively (129), (118), (119), and (105),

u
/ Y (i, v)di
w_ ) L =1

u
Z _(1+s)minlr; (1—;L)/ _V(u, U}:, (u)) dl/t
- v

uy_(v)
v

= Wm/ —A(uy_ (v), v)dv

- vi_ (u)

maxr (1—p) v . »
z m Kk (uy_(0), 0) dv (130)
vi_ ()
(I=g)maxp, (1-w)

=

mﬂvr (u)

maxr (1—p)
— (=¢)
(T+e) ‘min— =) 1+f3

Thus,

Ju (u>[ﬁ8r(1—u)](ﬁ,v)dﬁ

r—
e[maxrwmmrm3’(1_“)] Ju_ o) T @ v di

maxr; (1—p)

d—-e)
[ma"fﬂymﬁ(r o, (1-w) | 4= g, () 1+

maxr; (1—p)

~ 2(w —w() —
[ar(l_”)(’*’w0)+max./*(y)ﬂ./+(r;7) 70 ]((1+§>) min, (1= T Y

r

. . (1—¢) maxr;7 (1—p)
[Br(l—u)(rf,wo)+(r —}0)2]7(1%) i (=0 TeB Y

<e - i . (131)
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On the other hand, using (124),
efuu;, wl o 1-w]@.v aa

. , u Ve e
e[mmj—(y)m’f(l“;_) 6,(17/1,)] fu;_ ) 1o @) dit

minr; (1—p)
[m‘“1—<y>m+<r;_> 0,(1=w)] maxr, (- 148
¢ _

minr) (1—p)
3r(1—u)(r7—€o,w0)ﬁ +8Y

maxp

>e . (132)

We continue assuming (#, v) € y. Taking into account (69), estimate (131) allows
us to obtain an upper bound for —X(u, v),

Ju: (v)[l =g 0r (1= M)](u v)da

—A(u, v) = —A(uz_(v), v) -
maxp,
(=e) 7= |5 (1—pu)(F_, DOy Lo
1 1 211
< Ce(+£) minp, ( u)[ —&0) ] +B

< GG m0) fhg v
and estimate (132) allows us to obtain a lower bound for —A(u, v),

ol a-w]aw di
s v) = —up (), el [P0 6

minp,  (1—p)

7”7 (1 — u)(r— — g, @ )i v
maxp,  (1—p) - 0- 20 1+8
> ce P

> g1+ (1=)(——e0.m0) 5 v

Next, we turn to the estimates on v. Let, again, (u, v) € y. Using (105),

(1—8)%1)5/” K(u,f})dﬁf%v.
vi_ ()
These two inequalities imply
il A=wlw.5)dv
e[maxr(mmrw o, (1=w] [ K w.b)dd

< ~o)[or (1w s | v (133)

and
S bt (1=p)1(u. ) d
e r—

e[min,,(mmrw 0.(1-w] [, ) kw.)d

o (=) —e0,m0) {25 v

>e . (134)
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We note that according to (85) we have

—3,(1
ce

) (e 0)

e

IA

ce

=

IA

— [0, (1= ) (v 0)+E] 15

[0 A=) (e, ) 48107 ()

U < Co—ltr(1=m(re.m0)—lv;_(w)
Ce_—[aru—m(rhwo)—é]ﬁ

< Co U ImWEnT T

939

(135)

(136)

as (u,v) € y. (The bound (136) is actually valid in J—(y) N J*(T; ), see (107).)
Recalling (113) and (70), and using (133) and (135),

—v(u,v) = —v(u, vy_(u))e

IA

IA

geafe)[ar(lfm(%_,wonﬁz]% v

u

J

vp_ ()

v

— ) B
C =m0 v
u

whereas using (134) and (136),

__+p Br(l—lt)('v‘ﬂw())ﬁil
Cu 1+ 9 (I—10) (r4, () ,

Jo. et (1=))(w.0) d

—v(u,v) = —v(u, vy_(u))e
9. (1— _ B
> Sedr(l (- SOJUO)WU
u
_ 14t - (r——eg,m0)
>cu T

O (1=p) (r4, ()

p—1

(k9 (1—40)](u,0) dV

O

Remark 6.7. Since —0, (1 — ) (r—, @wo) > 9-(1—w)(r+, @wo) (see Appendix A of Part 3),

we can make our choice of 8 and other parameters (¥_, &g, U) so that

and

1+~ 9, (1—p) (", m0)

1+ 6, (1—p) (ry, @0)

B—1>0

1+ 9, (1—p) (r——&9,@0)
~ T B —1>0.

0r (1=p) (ry, o)

Having done so, for (¢, v) on the curve y, we obtain

with 0 < 51 < s2.

cu®? < —v(u,v) < Cu',
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7. The Region J*(y)

Using (112) and (113), we wish to obtain upper bounds for —A and for —v in the future
of y while r is greater than or equal to r— — ¢. To do so, we partition this set into two
regions, one where the mass is close to @ and another one where the mass is not close
to @y. In the former case 9, (1 — i) < 0 and in the latter case %_M”) is bounded. This
information is used to bound the exponentials that appear in (112) and (113).

Here the solution with general ¢y departs qualitatively from the Reissner—Nordstrom
solution (26)—(30), but the radius function remains bounded away from zero, and
approaches r_ as u — 0. This shows that the existence of a Cauchy horizon is a
stable property when ¢y is perturbed away from zero.

Lemma 7.1. Let 0 < g9 < r—. There exists 0 < ¢ < &gy such that for (u,v) € {r >
r— —eyN J*¥(y) we have

_ ) (F B
_ )\.(M, U) < Ce(l 8)or(1 M)(L,wo)lﬂg U’ (137)

g (o m) o
_V(u, U) <Cu 1+p1 O (1=p) (r+. () .

(138)
Proof. We recall that on y the function r is bounded above by 7_ and that
n=no+two—w.

The minimum of g in the interval [r— — &g, 7] is positive, since no(r_) > 0. If

w < wo+ min  no(r) (139)
relr_—eg,r_1
then clearly
0> 0. (140)
On the other hand, if
@ >wo+ min  no) (141)
relr——eo,r-]

then, forr € [r— — e, 7_],

2 min o
(1 = W @) < (1 — W, o) — —o re[r} e 71 70()

where we used

2 —
(1= (. @) = (1 = W(r, ) + 202,

Choosing 0 < & < gg such that

min,cr, _o » 100(r)
max (1 — pu)(r, wp) < —relr=—sor 11
refr_—e,r_]

we have

min —en F r
- o) < — — =0l oy, (142)
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In case (139) we have (recall (31))
% A
—0,(1—u) <0 and —9,(1 — ) <O.
1—u 1—u
In case (141), the absolute value of

1
——0(1—p
l—p

is bounded, say by C. Indeed, this is a consequence of two facts: (i) the denominators
1 — p and r are bounded away from zero (we recall 5 also has a denominator equal to
r); (ii) the equality

1 1
lim ———3,(1—p) = - (143)
m—>+00 |1 — r
We define
I, = [u €l0,U]: w,v) e{r >r_—eyNJ*(y)
and @ (u,v) < wp+  min no(r)],
re[r——eg,r—1
n’ = [u €l0,Ul: (u,v) e{r >r_—eyNJ*y)
and @ (4, v) > wp+  min UO(V)],
refr——ep,r-1
I, = [v €10,00[: (u,v) €fr >r_ —e}NJ*(y)
and @ (1, v) < o+  min Tlo(r)]
re[r——ep,r—1
and

n* = [v €0, 00[: (u,v) €e{r >r_—eyNJ*(y)

and o (1, v) > wp+  min 770(")]-
relr——eo.r-]

In order to estimate A, we observe that

iy [ 1=m ] @) di
— eflk[uy (v),u]NIy [ﬁ 3r(1—;,c)] (i,v) dit

> e.fﬁe[uy (v),u]NITY [ﬁ 3r(1_“>] (@t,v) dit

E 1 X eC fﬁe[uy(v).u]ﬂl'lv(_v)(ﬁ’v) di

<1 x L) _ ¢,



942 J. L. Costa, P. M. Girio, J. Natario, J. D. Silva

Similarly, to estimate v we note that
fvy(u)[ o (1— M)](u ) dv
— fve[by(u) u]ﬂl'lu[ or(1— u)](u,ﬁ)dﬁ
Xe[ve[vy(u) vInfix [1 o (= M)](u ) dv

<1x eC fve[vy(u)vﬁl'l”( A)(u,v) dv

<1xefF=-=8) _ ¢,

In conclusion, let (u, v) € {r > r— — g} N J*(I'y ). Using (112) and (110), we have

— A, v) = — Ay (v), pyehywlZpord-m] @ a (144)
< OGO =G ) g v

Similarly, using (113) and (111), we have

—v(u,v) = —v(u, vy(u))ef“VW[‘ -] ds

A _ 1B~ wﬂ
< CCu 8" ar(0=)lr+.@0)

O

Lemma 7.2. Let § > 0. There exists Us such that for (u,v) € J*(y) withu < Us, we
have

r(u,v) >r_ —34.

Proof. We denote by € the value of ¢ that is provided in Lemma 7.1. Let § > 0. Without
loss of generality, we assume that § is less than or equal to €. Choose the value of ¢ in
Corollary 6.2 equal to §. This determines an U, as in the statement of that corollary. Let
(u,v) € J*(y) withu < U,. Then

r(u,vy,(w) >r- — % and r(uy,(v),v) >r- — =

because u, (v) < u. Here
ur (u,vy,(m)) and v (uy, (), v)
are parameterizations of the spacelike curve y. Integrating (138), we obtain
u ar u _1
- —(s,v)ds < CsP~' ds, (145)
uy (v) du uy (v)

for a positive p. This estimate is valid for (u, v) € {r > r_ — g} N J*(y). It yields

C
r(u, v) = r(uy (v), v) — ;(u” — (uy (1))

5§ C
>r_————uf > r_ -39, (146)
2 p
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provided u < min{Ug, N 5%} =: Us. Since § is less than or equaltogand y C {r >

r——zg},if(u,v) € J*(y)andu < 05, then (1, v) € {r > r_ —¢} and the estimate (145)
does indeed apply.
Alternatively, we can obtain (146) integrating (137):

v 8},, v
—/ —(u,s)ds < / Ce ¥ ds,
v, () OV vy ()

for a positive g. This yields

r(u,v) > r(u, v, () — g(e—qu(u) _ e_qv)

5§ C _
>r.————e

= 2 g

quy (1)
> r_———Cul,
2

for a positive g, according to (135). For u < min{U e, J/ %} we obtain, once more,

r(u,v) >r_ — 4.
O

Corollary 7.3. If § < r_ then P contains [0, Us] x [0, oo. Moreover; estimates (137)
and (138) hold on J*(y).

Due to the monotonicity of r(u, -) for each fixed u, we may define

r(u, o0) = vli)rrgor(u, V).

Asr(uz,v) < r(uy,v) for up > uj, we have that r( -, 0o) is nonincreasing.

Corollary 7.4. We have
lim r(u,00) =r_. (147)
u\0

The previous two corollaries prove Theorem 1.1. The argument in [7, Section 11],
shows that, as in the case when A = 0, the spacetime is then extendible across the
Cauchy horizon with C° metric.

8. Two Effects of Any Nonzero Field

This section contains two results concerning the structure of the solutions with general
Zo. Theorem 8.1 asserts that only in the case of the Reissner—Nordstrom solution does
the curve I',_ coincide with the Cauchy horizon: if the field ¢y is not identically zero,
then the curve I',_ is contained in P.

Lemma 8.2 states that, in contrast with what happens with the Reissner—Nordstrom
solution, and perhaps unexpectedly, the presence of a nonzero field immediately causes
the integral fooo k(u, v) dv to be finite for any # > 0. This implies that the affine para-
meter of any outgoing null geodesic inside the event horizon is finite at the Cauchy
horizon.
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For each u > 0, we define

w(u, 0) = UEIPOOw(u, v).

This limit exists, and u — @ (4, 00) is an increasing function.

Theorem 8.1. Suppose that there exists a positive sequence (u,) converging to O such
that £o(uy,) # 0. Then r(u, 00) < r— forallu € 10, U].

Proof. The proof is by contradiction. Assume that r (iz, c0) = r_ for some u € 10, U].
Then r(u, 00) = r_ forall u € 10, u]. Let 0 < § < u < u. Clearly,

r(u,v) = r(3, v) +/“ o(s. v)ds.
)

Fatou’s lemma implies that

u u
lim inf/ —v(s,v)ds > / liminf —v (s, v) ds.
6 6 V—>00

v—>00

So,
u
r— = lim r(u,v) = lim r(§, v) — lim / —v(s,v)ds
vV—>00 V—>00 v—=>00 Js

u
=r_ —lim inf/ —v(s,v)ds
s

V—>00

u
<r_ —/ liminf —v (s, v) ds. (148)
§

V—>00

Since 4 is arbitrary, this inequality implies that lim inf,_, o —v(u, v) is equal to zero
for almost all u € ]0, u]. However, we will now show that, under the hypothesis on ¢,
liminf,_, oo —Vv(u, v) cannot be zero for any positive u if r (1, c0) = r_.

First, assume that @ (1, 00) = oo for a certain u. Then, using (143),

3, (1 — 1
lim u(u,v) =—— <0.
r

vV—00 I_M

We may choose V = V(u) > 0 such that %_M”)(u, v) < Oforv > V.Integrating (17),
forv >V,

o[ 0= 3.5
o v) = v, V)l T

> —v(u,V)>0.
Thus, for such a u, it is impossible for lim inf,_, .o —v (1, v) to be equal to zero.
Now assume @ (1, 00) < 00. The hypothesis on ¢y and (18) imply that  (u, 0) > @y

for each u > 0, and so @ (1, o0) > wy for each u > 0. Then,

A= mwu,00) =1 =) (r—, wu,o0)) < (1 —w(r-, m) =0.
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We may choose V = V(u) > 0 such that —(1 — w)(u,v) > C(u) > 0 forv > V.
Hence, integrating (19), forv > V,
92
—x
o) vr 62
>wu,V)+ @) / [—](u, v) dv.
2 Jy L=x

Since @ (1, 00) < 00, letting v tend to +00, we conclude

@, v) = o V) + %/VU[—(l — W ](u, v) dv

2

/Voo[?—)\](u, v)dv < 00.

Finally, integrating (73) starting from V, we see that Uf%—(ouo)o@ > 0. Since (1 —

w)(u, 00) < 0, once again we conclude that lim inf,_, o, —v(u, v) = —v(u, 00) > 0.
O

Lemma 8.2. Suppose that there exists a positive sequence (uy,) converging to 0 such
that Lo(un) # 0. Then

o
/ k(u,v)dv < oo forallu > 0. (149)
0

Proof. We claim that for some decreasing sequence (u,) converging to 0,
(I =) (up, 00) < 0.

To prove our claim, we consider three cases.

Case 1. If @ (u, 00) = oo for each u > 0 then (1 — w)(u, 00) = —o0.
Case 2. If lim,\ o @ (4, 00) > @y then, using Corollary 7.4,

K%(l — ), 00) = (1 —p)(r-, Lllig%)ww, 00)) < (I = pw)(r—, wo) = 0.

Case 3. Suppose that lim,\ o @ (1, 00) = @y. For sufficiently small u and (u, v) €
J*(Tx ), we have

n(u,v) >0

(see (140)). So, we may define v(u, 00) = lim, 7100 v(u, v). By Lebesgue’s monotone
convergence theorem, we have

r(u, 00) :r(8,oo)+/u v(s, 00) ds. (150)
s

Note that different convergence theorems have to be used in (148) and (150). If v(u, c0)
were zero almost everywhere, then r (1, 0co) would be a constant. If the constant were r_
we would be contradicting Theorem 8.1. If the constant were smaller than r_ we would
be contradicting Lemma 7.2. We conclude there must exist a sequence u, \ 0 such that
v(un, 00) < 0. Integrating (73), we get

v(u, 00) v(u, 0)
< < 0
(I —w)(m,00) = (1 —pu)(u,0)
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Therefore, (1 — ) (un, 00) < 0. This proves our claim.
For any fixed index n, there exists a v, such that

1 1
(I = w)(up, v) < 5(1 — w)(uy, 00) =1 — —,
C,

n

for v > v,,. It follows that
Kk (U, v) < cp(=A(uy, v)), forv > v,.

Using the estimate (137) for —X, we have
o0
/ k(uy, v)dv < o0.
Un

Hence fooo Kk (un, v)dv < oo.Recalling thatu +— «(u, v) is nonincreasing, we get (149).
O

Corollary 8.3. Letu > 0. Consider an outgoing null geodesict — (u, v(t)) for (M, g),
with g given by

g= —Qz(u, v) dudv +r2(u, V) 0g2.
Then v~'(00) < o0, i.e. the affine parameter is finite at the Cauchy horizon.
Proof. The function v(-) satisfies
4+ T2 (u, v) > =0, (151)
where the Christoffel symbol I'} is given by
Iy, =d,InQ%

So, we may rewrite (151) as

v 2
S =—0(nQ%)(w, v).

We integrate both sides of this equation to obtain

Inv+Inc=—-In Qz(u, v),
with ¢ > 0, or
dt 92( )
— =c u,v).
dv

Integrating both sides of the previous equation once again, the affine parameter ¢ is given
by

t=v"10) +c/v Q*(u, v)do = v~ 1(0) — 4c/v(v/c)(u, ) dv.
0

0
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If ¢o vanishes in a neighborhood of the origin, the solution corresponds to the
Reissner—Nordstrom solution. The function « is identically 1 and, using (73), ﬁ =
C(u), with C(u) a positive function of u. Thus, v = C(u)(1 — u) = C(u)A and

/OO Qz(u, v)dv = —4cC(u) /Ook(u, V)dv =4cC(u)(ry —u —r_) < Q.
0 0

On the other hand, suppose that there exists a positive sequence (i, ) converging to 0
such that o (u,) # 0. Then, since v is continuous, it satisfies the bound (138) for large
v, and (149) holds. So we also have

oo
/ Q*(u, ) dv < oco.
0
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