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Abstract: In this article, the authors prove the existence of global weak solutions to
the inviscid three-dimensional quasi-geostrophic equation. This equation models the
evolution of the temperature on the surface of the earth. It is widely used in geophysics
and meteorology.

1. Introduction

In oceanography, the motion of the atmosphere follows the so-called fundamental equa-
tion. This is the 3D Navier—Stokes equation with the effect of the rotation of the earth
(Rosby effect). At large scale, this Rosby effect is very important. Asymptotically, this
leads to the so-called geostrophic balance, which enforces the wind velocity to be or-
thogonal to the gradient of the pressure in the atmosphere (see Salmon [9], and Pedlosky
[8]). Asymptotic analysis can be performed (see Bourgeois and Beale [2], and Desjardins
and Grenier [5]) to derive the quasi-geostrophic equation model (QG), which is not as
complex as the fundamental equation, and not as trivial as the geostrophic balance, and
still captures the large scale motion of the atmosphere. This model is extensively used
in computations of oceanic and atmospheric circulation, for instance, to simulate global
warming (see Abramov and Majda [1], and Williams et al. [11]). The quasi-geostrophic
equation can be stated as follows. Let W be the stream function for the geostrophic flow.
That is, the 3D velocity (w, U) = (w, u, v) has its horizontal component verifying

(u,v) = (=0, ¥, 0y, ¥), orinshort:U = gj'\ll,
where we denote
VW = (0, 3y, ¥, 3, V).

Note that, as a convention, we choose the first component of any vector in the upper half
space to be the vertical component. From the model, the buoyancy is given by

O = d,W.
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Let us denote the elliptic operator
LW =9, (A0, W) + AW,
where A stands for the Laplacian in two dimensions:
AV =9 W+, W,

and A = —1/ @g, is a given function, of z only, associated to the buoyancy of a reference
state. If we denote

Vg = (R0;¢, 0x, ¢, 0x,9),
we have
L;¢ = div(V,¢).

Then, the whole dynamic is encoded in the function W, which is governed by the fol-
lowing initial boundary problem:

@ + VW VYL + foxa) = fr, £>0, 250, x R, (1)
O +V UV (VW) = f,, >0, 2=0, x € R%, 2)
W(0,z,x) =¥z, x). 1=0, z>0, x € R (3)

The parameter By comes from the usual S-plane approximation. The term y, (V, V)
stands for the Neumann condition at z = 0 associated to the operator L, W. If A is
regular, this coincides with —A(0)d, W (0, -). f1, and f, are given exterior forcing. This
equation, corresponds to the inviscid version of the quasi-geostrophic equation where
the Ekman pumping effect is neglected. The Ekman pumping comes from a turbulent
viscosity at the surface of the earth due to friction. It adds a viscous terms of the form
rd2,W on the right hand side of Eq. (2).

Both, the value of the elliptic operator LV, and the Neumann condition y,, (V, V)
at the boundary z = 0, are advected by the stratified flow with velocity U = Vw. At
each time, W can be recovered, solving the boundary value elliptic equation.

The main difficulty, while dealing with this equation, is due to the treatment of the
boundary condition. When the boundary is trivial, that is y, (V5 W?) = 0 at z = 0, global
classical solutions have been constructed in [2]. In the case with boundary, up to now,
weak solutions have been constructed only in presence of the regularization effect of the
Ekman pumping (see [5]).

We assume that the function A depends on z only and is globally bounded by above
and by below away from zero. Namely, we assume there exists A > 0 such that

1
N <A(x) <A, for zeR"'. 4)

Taking advantage of the incompressibility of the flow, both in R* x R? and at z = 0in R?,
we say that W is a weak solution to (1)—(3) if forevery R > Oand T’ > 0, ¢ € C®(RY)
supportedin (=T, T) x (—R, R)?,and ¢ € C>®(R3) supportedin (—7, T) x (—R, R)?,
we have:
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T 00
—/ / / [{at¢+6hpﬁ¢} {LA\IJ+,3x2}—fL¢] dx dzdt
0 0 R2
=/ / $(0, 2, x) (LA\IJ0+;3xz) dx dz,
0 R2
T - —_ [ -
[ [ [{od e e 96) nwiw) - £.6) axdza
0 R2
= / $(0, x)yu (V5 W) dx,
RZ

where yy is the trace operator at z = 0 verifying yy(¢)(x) = ¢ (0, x) for any smooth
function ¢ defined on R* x R2. Note that for a vector valued function ® € [C*®°(R* x
RT3, y, (D) is the opposite of the vertical component of (D).

This paper is dedicated to the proof of the following result.

Theorem 1.1. Assume that for every T > 0, the source terms verify

fr e LY(0, T: L>(R* x R?)) N L'(0, T; L (R* x R?)),
fo € LYO, T: L*(R*) N L'(0, T; L* (R?)).

Consider an initial value V° such that
L; W% and V, W0 are in L>(R* x R?), 1, (V. ¥°) € L2(R?).

Then, there exists W weak solution to (1)~(3) on (0, 00) x R* x RZ, such that for
every T >0, V; W € L®(0, T; L2(R* x R?)) N C%0, T; L} (R x R?)), with:
ILaWl Lo 0,7 2R+ xR2)) + IVW Il Lo (0,7; L2 (R* xR2))
Yo (VW) |l oo 0. 1:22®2)) + IV W Loo 0, 7: L3 (R* xR2))
+||V‘-p ”LOC(O,T;L4(R+,L8/3(R2))) + || A% ”LOO(O,T;LOO(R"';LZ(Rz)))

0 0 0
< C(HV\I’ 2R+ xR2)) + LAYl 2R R2) + 170 (VA 12R2)
+||fL||L1(o,T;L2(R+xR2)) + /L ||L'(0,T;L6/5(R+><R2))
+Ifoll Lo 2@y + 1ol 0. 143 ®2y) -

Note that the estimates, in the theorem, ensure that the weak formulation of (1)—(3) is
well defined.

The main difficulty is that we cannot obtain compactness on the trace y, (V).
However, thanks to a reformulation of the problem (1)-(3) (see Sect. 2), we can obtain
the following stability result.

Theorem 1.2. Take 1 < g < 00, and T > 0. Consider f]' and f) uniformly bounded,
respectively, in L1(0, T; L*>(R* x R?)) N L2(0, T; L3 (R* x R?)) and in L1(0, T;
L2(R%)N L4 o, T, L3 (Rz)). Let \V,, be a sequence of solutions to (1)—(3), with initial
value \If,? and source terms f[' and f', such that V; ¥, c%o,T: L%OC(RJ' x R?)),
LV, and y,(V)V,,) are uniformly bounded, respectively, in the spaces L*°(0, T,
L2(R* xR2)), L®°(0, T; L2 (R4 x R?)), and L*®(0, T'; L*(R?)). Assume that the initial
values V, lI/,? converges to VW0 in L?(R* xR?). Then, there exists W solution to (1)—(3),
such that, up to a subsequence, VW, converges to VW in CO(O, T:L? (R* x Rz)).

loc



1066 M. Puel, A. F. Vasseur

Note that we do not claim that the trace y, (V; ;) converges strongly in L? to y, (V, W).
So we cannot pass directly in the limit in Eq. (2). However, thanks to the reformulation
problem, it can be ensured that the trace of the limit verifies Eq. (2).

In the 1990s, Constantin et al. [4] began a thorough study of a simplified case. First,
fix Bo = 0, L = A, the usual Laplacian [that is A(z) = 1]. Note that if the initial
value WY is harmonic, then the first transport equation ensures that it stays harmonic for
all times. This case is very interesting. While simplifying a lot the equation inside the
atmosphere, it keeps all the difficulties due to the boundary. This model, known now as
the surface quasi-geostrophic equation (SQG), can be expressed at the boundary only,
as follows. Consider & = W, at z = 0. Then 6 is solution to

»0+UNVO=0, >0, (x,y) € R, (5)
0 =0y, t=0, (x,y) e R?, (6)

and the velocity U can be expressed in R, via a nonlocal operator, as
U=v+ta.

This model has been popularized as a toy problem for 3D fluid mechanics (see Constantin
et al. [3] and Held et al. [6]). The equivalent of Theorem 1.1 and Theorem 1.2 for the
SQG equation is proven in [4], using different techniques.

2. Reformulation of the Problem

For any s, k € R, s < 1, we denote
H'R?) = {u e D'(R?; A*%uec L*R?)},
HYR?) = {u e D'(R?); (A — D%y e L>(R?)).

We consider the following Hodge decomposition in L*(R* x R?): For any u €
L2(R* x R2), there exists a unique V, ¢ € L?(R* xR?),and a unique curlv € L2(R* x
R?), with curlv - v = 0 at z = 0, such that

u=V,¢+curlv = Pyu+ Peyu.

This Hodge decomposition with A = 1 is the classical one used to construct the Euler
equation in the half space (see Temam [10]). It can be extended to general A (see Lions
[7]). We recall that the trace of the vertical component of curl v exists in H~1/2(R?),
since div (curl v) = 0 € L?(R* x R?) (see Lemma 3.1), while the trace of u and V¢
cannot be defined in general. The decomposition defines two projection operators well
defined on L?(R* x R?). For the sake of completeness, the decomposition is carefully
constructed below. We also extend it to any spaces L(R*; H* (R2)+ H*(R?)) fors < 1
and k € R.

In this section we will show that Problem (1)—(3) is equivalent to the following
problem:

[ Vol + P (VUL . VV, W) = BP,(Wey) + V, F, onR* x R? x R*

Vi, = Vaw? onR* x R?, @)

where e; = (0, 1, 0) is the first direction in the horizontal plane, and F(z, -, -) is the
solution to the elliptic equation with Neumann condition:

L,F=fi, inR*xR% y,(V4F)=f,, onR>. (8)
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We say that V; W is a weak solution to (7), if forany R > 0,7 > 0,and any ¢ € C®(RY)
supported in (—7,T) x (—R, R)3 :

T [e’s) _ _
—/ / / vm-{a,v¢+vi\p-vv¢} dx dzdt
0 0 R2

T 9]
—,3/ / / (010 VW +V¢ -V, F)dxdzdt
0 0 R2

oo
=/ /V(p(O,z,x)-VA\IJdedz.
0 R2

The following theorem shows that the Problem (1)—(3) and (7) are equivalent and that the
weak formulation of (7) is a consistent definition of solution in the sense of distribution
of (7).

Theorem 2.1. Let W be such that, for every T > 0, V¥ € L®(0, T; L>(R* x R?)),
LW e L®0,T; LAR* x R?)), and y,(V,¥) € L®(0, T; L2 (R?)) with f; €
L0, T; L>(R* xR*))N L0, T; LSRR xR?)), f, € LY(0, T; LA R*)NLY0, T;
L*3(R?)), then we have
||§J'\I’ [ V)"\II”LOO<0‘T;L2(R+;H_1/2(R2)))
<C (||LA‘I’||L00(0,T;L2(R+><R2)) + ||Vu(VA‘I’)||L00(0,T;L2(R2))

2
+||V)L\IJ ||L°°(0,T;L2(R+XR2))) s

Let F be defined by (8), it satisfies

IVAF 10, 7; 2R+ xR2))
<C (||fL ||L1((),T;L6/5(R+XR2)) + ||fv||L1(0,T;L4/3(R2))) )
and the following statements are equivalent:

1. The function ¥V is a weak solution to (1)—(3).

2. The function V is a weak solution to (7).

3.Forany R > 0and T > 0, and any ¢, € C®(R) and &5 € (C®(R?))? supported
respectively in (=T, T) and (—R, R)3

T 00
—/ / / VoW - ®o(z, x)0,1 (1) dx dz dt
0 0 R2

T 00
+/ / &1(0) g2 w2y (Pa(z, x); Prdiv (Vo V) g-32r2) dz dt
0 0

T poo
/‘3/0/0 $1(0) fr-1r2) (P2(z, X); Pa(Wer)) g1 ey dzdt

T 00
"‘/ / / 1 () Do(z,x) - Vi Fdxdzdt
o Jo Jre

+/OO/ $1(0)P2(z, x) - VW dx dz.
0o Jr2
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Especially, 3; W € L*°(0, T; L*>(R*; H3/2(R?))) with

10: Wl oo 0, 75 L2(R*; H-3/2(R2)))
<IfL ||L1(O,T;L6/5(R+><R2)) + 1 fo ||L1(0,T;L4/3(R2))

+C (||L»IJ||iw(O,T;Lz(R+XR2)) + 1o (VA o 0.7 12 R
+IVaW |l oo (0. 7: 12(R* xR2))) -

Let us give the idea why solutions of (7) verify (1)—(3). Thanks to the boundedness
of L)W, we can define y,(V, ¥) at z = 0. In the Hodge decomposition, the vertical
component of Py, is equal to 0 at z = 0. Hence, formally, the vertical component to
}P’;L(V\I'J- VV, W) at z = 0 is the same as the vertical component of VW-Ll.VV,W. This
provides formally Eq. (2). Similarly, div (P-) = div (-). Therefore, because 0; (Vo).
Vo; ¥ = 0 for all 7, taking the divergence of Eq. (7) gives (1).

Note that for a function u € LZ(R* x R?), in general, we cannot define the trace u - v
at z = 0, and so the trace of P, u - v at z = 0. However, the projection [P, is continuous
in LZ(R2 R*). Noticing that P commute with V- (but not with 9,), it is enough to
have compactness for VW ® V, W to have stability for Eq. (7). This provides stability
for solutions of the quasi-geostrophic equation, even without compactness on the trace.

It is interesting to compare Eq. (7), in the case B = 0 and F = 0, with the Euler
equation in the half space with zero flux at z = 0:

d;curl v + Peyn[div (curlv ® curlv)] = 0, (¢, x, z) € R x R? x R,
curl v = curlv?, (x,7) € R* x R?,
where the velocity is given by u = curlv. The quasi-geostrophic equation is obtained
by flipping V;, and curl, and by stratifying the flow (the advection is V-W). Note that
Eq. (1) is reminiscent to the vorticity equation for 2D Euler: one is obtained through the
curl operator, while the second one is obtained through the div operator from (7).

Similarly to the introduction of the gradient of pressure for the Euler equation, Eq.
(7) can be written as

VU + VUL . VV, ¥ =curlQ, onR* x Rt x R2
Vi¥,_, = Vi given
curl Q) _,-v=0.

This formulation will not be used in this paper.

3. Properties of the Hodge Decomposition

3.1. Preliminaries. We recall that for s > 0, HS (R* x R2) is the space of restrictions
to R* x RZ of functions of H* (R3). Moreover, the canonical norm on H® (R* x R2) is
equivalent to

lullls = inf{llv|l gsr3)y; v € HS(R3) extension of u in ]R3}.

We have the same property for H*(R* x R2), for s > 0.
Hence, from interpolation there exists a constant C > 0 such that

2 2
”””Hl/Z(R*xRZ) =< C(”u”LZ(R-ﬁ—;Hl/Z(]RZ)) + ”u”LZ(R*xRZ)) ”aZu”LZ(R’erz))- (9)
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Moreover, extending u on R3 by u(z,x) = u(—z,x) for z < 0, and using Poincaré
inequality in R3, we find that there exists C > 0 such that

lull Lo xr2y < ClIVUll2rexR2). Whenever u € H' (R* x R?). (10)
Following Temam [10], we have

H = {u e L>(R* x R?); divu =0, y,u) =0}
o
= [u e L*(R* x R?); / / u-Vodxdz =0; V¢ € H'(R* x RZ)} .
0 JR2

We denote [H'(R* x R?)]* the dual of H'(R* x R?). We recall the following trace
properties.

Lemma 3.1.

Ivoull iz < VUl 2exrey, foru € H' (R x R?), (11)
where you(x) = u(0, x) for x € R2, whenever v is smooth.

17 1 o122y < il 2o g2y + 14V 1l g1 sy (12)
for any u € [L2(R?))? with div u € [H'(R* x RY)]*.
Proof. - Proof of (11). Let u be a smooth function. From the Dirichlet minimization

problem, & defined by

—Au=0
yo(i) = yo(u),

minimizes the the Dirichlet integral among functions with same trace at z = 0. Hence

o o0
/ / |Vu|2dxdzz/ / |Vi|? dx dz
0 R2 0 R2

~ ~ -1 ~
=/ (0, )y (VD) dx = | A2y @) 1222, = @I,
R2 H2(R?)

The result can be extended to u € H(R* x R?) by density.

- Proof of (12). Let u, v smooth functions, such that Vv € L*(R* x R?), u € L2 (R* x
R?), and divu € [H'(R* x R?)]*. From the divergence theorem, we have

o0
/ / Vv -udxdz
0 R2

= —/ / v(divu)dxdz+/ v(0, x)yy(u) dx.
0 R2 R2

Hence

< Vvl 2w+ xR2)

‘/ Yoy (u) dx
]RZ

{||u||L2(R+XR2) +|ldiv u||[H1(R+XR2)]*} .
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But from (11):

||Vv(u)||H71/2(R2) = sup H/]RZ v(x)yy (u) dx|; ”U”Hl/z(Rz) < 1]

= sup”/Rz yo()yy(u) dx|; ||VU||L2(R+xR2 < 1].

So

I @l -12@2y < Null2@exrey + 11V @l g1 Re xR2) -

We conclude again by density. O

3.2. The Hodge decomposition. We show the following proposition.

Proposition 3.2. For any u € L*(R* x R2), there exists a unique V,fr € L*(R* x R?)
and curl v € H with

u =V +curl v.

The linear operators Pyu = V¥ and Peynu = curl v are bounded in LZ(}R+ X RZ).
Especially, there exists C > 0 such that

IPrull2mexr2)y < Cllullp2 e x®r2)s

and for every u € L2 (R* x R?), and any ¢ € H'(R* x R?),

/ /V¢(z,x)u(z,x)dxdz=/ /V(b(z,x)IP’)\u(z,x)dxdz.
0 R2 0 R2

Proof. We construct ¥ as ¥ + ¥, where ¥; € H'(R* x R?) is the solution to the
elliptic equation with Dirichlet boundary condition:

Ly =div u, in R* x R%, y(y1) =0,

and Y, € H'(R* x R?) is solution to the elliptic equation with Neumann boundary
condition:

Ly =0, inR* x R, y,(Vatr2) = y (@),
where 4 = u — V, 1. Note that div # = 0, so from Lemma (12), y,,(2) is well defined

in H-Y2(R?). .
Namely, for every ¢ € H'(R* x R?) with yp(¢p) = 0

o o0
/ / VmﬁIV(l)dxdz:/ / uVe dx dz.
0 R2 0 R2

And for every ¢ € H'(R* x R?)

/O /R VataVadxdz=— [y ge e @: @) e
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The existence and uniqueness of 1| and i are obtained thanks to the Lax-Milgram
theorem. Taking ¢ = 1, we get

IV 5V 172 mexrey < 1YV 2@e ) 1]l 2 (e x2) -
Since (1/ M)V < |V z¥1] = AV, we have
VUil 2w xr2) < Allull 2w xr2)-
Taking ¢ = ¥, and using the trace theorems,
IV ¥ l2a e ey < @122 @Dl g1
< llallp2e xr2y VY2l 2R+ xR2)-

Hence

IVV2ll 2w xr2) < Allidll 2w+ xR2)
= A(llullp2w+xr2y + VYL 2R+ xR2))
< AL+ M) flull 2w+ xR2)-

From the construction, u — V, ¢ is divergence free, so it can be written as curl v.
Moreover, by construction y, (curl v) = 0, so curl v € H, and

lcurl vl 2R+ xr2) < llullp2mexr2) + IVAV | 2R+ < R2)
< C||u||L2(R+><R2)'

If there exists ¢ € H'(R* x R?) and curl v € H, such that
Vo +curl v =0,

then, since [ curl v- Vi =0,

o0
IV sy >dxdz = 0.
A

So V¢ = curl v = 0, and the decomposition is unique. Hence P, and P, are well
defined as bounded operator in L?(R* x R?).
For any V¢ € L>(R* x R?)

o o o
/ / u~V¢dxdz:/ / Pcuﬂu~V¢dxdz+/ / Puu - Vo dx dz.
0 JR2 0 JR2 0 JR2
But Peyu € H, so
o
/ / Peuntt - Vo dx dz = 0.
0 R2

We denote S(R?) the Schwartz class of C* functions with fast decay at infinity,
and S’'(R?) the dual space as set of distributions. We now extend the operator P, to
L2(R*: H™(R?) + H* (R?)) into itself, form € R, and s € R with s < 1.

O
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Proposition 3.3. For every m € R, and s < 1, we can extend the operator P, from
L2(R*; H™(R?) + H*(R?)) into itself, and

||P)\,u||L2(R+;HW(R2)+HS(R2)) = C||u||L2(R+;Hm(R2)+HS(R2)).
Moreover, if u € S'(R* x R?), u € L*(R*; H™(R?) + H'(R?)) for m > 0, and
¢ € S(R* x R?),

/o S®2)(u(2); Vo (2))sweydz =0,

then
Pyu =0.
Proof. Note that for a smooth function u € S(R* x R?),
P A2 = AT, P (A — 12 = (A = 1)"?P,.

So for u = uj +us with u; € L2R*; H"(R?)) and u» € L2(R*; H*(R?)), we define
Pju as

Pou = (A — 1)""?P (A — 1) ?u; + A5PP, AS us.
Now, if u € L2(R*; H™™(R2) + H'(R?)) for m > 0, then

— m+l

u=A"21-A")g,

with g € L?(R* x R?). Then from Proposition 3.2, There exists ¥ & H!'(R* x R?)
such that

Pyg = Vi W € L2(R* x R?).

Consider a sequence ¥,, € S(R* x RR?) such that VW, converges to VW in L?(R* x R?)
when n converges to infinity, and take

m+1

®, = AV2(1 — A~"T)HW, € SR x R?).
We have

o
0 =/0 SR (U(2); VP, (2)) sr2y dz

o
=/ / VY, -gdxdz
0o Jr2
o
=/ / V¥, - V) Wdxdz,
0 R2

thanks to Proposition 3.2. this term converges to

o0 o0
/ /V\y-w}dxdzz/ / IV 5 W|*dx dz.
0 R2 0 R2

This term is then equal to zero, and Vﬁ\ll =VV¥ =0. So

Pou = AV2(1 — A" )Pg = 0.
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4. Proof of the Equivalence Theorem 2.1

We begin with the following proposition.

Proposition 4.1. Consider V¥ € LYX(R* x R?) with L,V € L*(R* x R?), and
Yo(V3 ) € L2(R?). Then

1.
Vil 2w+ g2y + 10 (VaW) [l L2 2y
+||V)L\IJ”CO(R+;L2(R2))
< C (I (VaW)ll2®ey + 1LY 2R xR2) + I VAW 2R+ <R2)) -
2. By Sobolev embedding, we get
|| VA\IJ ||L3(]R+><]R2) + ||VA\I’ ||L4(R+;L8/3(R2))

< C(In (VW22 + 1LYl 2®exre) + ViV 2R+ xR2)) -

Proof. Forevery ¢ € H'(R* x R?) we have

o —1 —1
/ /RZ¢A2(LMIJ)dxdz < A2 2| LaY ]| L2
0

<Vl 2L 2
< IVl 2LV 2.

So A%(L;L\If) € (HI(R+ X Rz))*. Moreover
e _ad T—1/2 2
Yw(ValAsW]) = Ay, (VyW) € H/7(R).
consider | € H'(R* x R?) solution to

Ly = AZ(LW),  yy(Vah) =0,

since A1/2

commutes with L, and y,,, we have that
Vi = ATy € LR H (RY),
and
VAWl 2 1 w2y < VANV Wl 2@ 2y
< VAL Y|
Setting W, = W — Wy, it verifies
LYy =0, »(Vaiva) = n (Vo).

The function A% (VW) e H_I/Z(Rz), and A% commutes with L; and y,, so ¥, =
AT > solution to

1
Ly =0, »n(Viyo) = A2y, (Vo W),
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verifying
IVl 2 12wy < VANV 52l 2 2@y < VAR VW) 2@z
But, for almost every z > 0,
2
Vi (z, ')||H1/2(R2)

= [T oraen 2 dg
RZ
z/m 1'@(va>|2<1+|5|2>‘/2ds
+/|§| 1|Vﬁ1(z’ £)+Vala(z, )21 +16H)1 2 dt

< V2V @) e, +2ﬁ/Rz (16119791 ©F + 1§V, Uz, §)1) de
<C (||VA‘I’(Z)||22(R2) +IVL 2@ 151 ey + ||vm1(z>||§l/z(R2)) :
Hence

IVaWll 2 i@y < € (IVaW Il 2@e xr) LW 2 e xr2) + 170 (VAW | 12(R2)) -

From Lemma 3.1, both at z = 0 and at z for almost every z > 0, we get

M@ W (@) 22y = 1A (@)W )l 12 g2
= ||VAA]/4\IJ||L2(R*><R2) + ”LAAIM‘“IJ”[HI(RJrX]RZ)]*
< C (IVa¥ll2®exr2) + 1LY [l 2o xr2) + 170 (VAW [l 12R2)) -

Using Lemma 3.1 at z = 0, and at z for almost every z > 0, we get

||J/0(6‘~I/)||L2(R2) + ||§‘~IJ||LOO(R+;L2(R2))

< llyo(AY2 W) 22y + 1AW o e 2 @2))

< @A W) gy + 1A W) oo @12 @2)

<2IVAY W e ) < 20Vl @e e @2y

< C (IVaWll 2o xr2) + 1LYl 2 e xr2) + 170 (Vo W)l 2 R2)) -
Regularizing V, WV in x and z by convolution, we approximate it by a sequence of function
in CO(R*; L?(R?)), with convergence in L (R*; L?(R?)).So V, W € CO(R*; L2(R?)).

From Sobolev imbedding, we have the same control on || Vi V|| 2R+ 14 (R2))- Inter-

polation between L>®(L?) and L2(L%) gives the control on the L*(L¥3) and L3(L?)
norms of V, W. O

We now prove Theorem 2.1:
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Proof. Since LY3(R?) is continuously imbedded in HY 2(R?), and using Proposition
4.1, we get
||§L\I' ® V)»\IJ”LOO(O,T;LZ(R+;H_]/2(R2)))
< C ||§J_\I’ ® V)\lll ”LOQ(O,T;LZ(R+;L4/3(R2)))

2
<C ”V)\.\IJ ”LOO(O,T;L4(R+;L8/3(R2)))
<C (||LA\I’||L00(0,T;L2(R+XR2)) + ||Vu(vk‘l’)||L°°(0,T;L2(R2))
2
+||V)»\IJ”LOO(O,T;LZ(R*'X]RZ))) .

Thanks to (10) H'R* x R?) is continuously embedded in LO(R* x R?), so for every
u € H' (R* x R?), and almost every t > 0

/ / fMudxdz
0 R2

=< ClIlf Ol Less r+ xr2) I VUl 2 m+ xR2) -

< IfOIlos@exr2) 14l Lo®+xR2)

Hence
||fL||L1(0,T;[H1(IR+XR2)]*) =ClfL ||L1(0,T;L6/5(R+><R2))’
||fv||L1(0,T;H—1/2(R2)) =< C||fv ||L'(0,T;L4/3(]R2))'

Hence, from the Lax Milgram Theorem, there exists a unique F' solution to L F = f1,
Yu(ViF) = fy, with

IVAF Lo, 1: 2R+ xR2)) < C (I fz L1 0.7:L6/5 R+ xR2y) + ||fu||L1(o,T;L4/3(R2))) .
Let ¢ € C®(R3) supported in (—R, R)?,and ¥ € H'(R* x R?) such that L,V €
L2(R* xR?), and y, (V) W) € L*>(R?). From Proposition 4.1, V; ¥ € L*(R*; L33 (R?)).
In order to integrate by part rigorously, let us proceed to a regularization.
For every ¢ > 0 consider the function 7, defined on R? by
- 1 —_ 2
Ne(x) = —50(x/€), x € R,
where 7 is a given smooth function compactly supported, of integral 1. Then we denote
W, =W x,.
Note that we regularize in x only. We have
ViWe = (VaW) % 1., LaWe = (L) #1e, 1o (We) = 1y (W) * 7.

Hence, using Proposition 4.1 , for every fixed ¢ > 0, and n > 0

V, U, € CORY, x H'(R?)) N L>(R*, x H?"(R?)), (13)
and we have
VW, =2 VW, in L2(R* x R?),
ViU, =5V, W, in LYR*; L33 (R2)),
600 (14)

LV, — L, ¥, in L3(R* x R?),
WV ¥e) =3 y(n W), in LA(R?).
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Since L*3(R?) is continuously imbedded in HY 2(R2), we have
div (st ® vkxpg) = div (qu ® vkw) . in LA(R*; H32(R?)).
Since VVW, € L2(R* x R?) and VL, ¥, € L2(R* x R2), we have
div(VIW, - VV,0,) = VIV, : VV, U, + VIU, . V(L 0,),
= VIV, : VYW, +10.(VIW,) - 0,(VW,) + VEU, - V(L W,),
= Vi, . V(L,V,).

Especially, it lies in L?(R* x R?).
Using Proposition 3.3, the divergence theorem, the last computation, and the incom-
pressibility of the flow in R* x R2, we find

o0
/ / V¢ - div (V. @ V3 ,) dx dz
0 R2
m — —
- / ¢ div (div Vi, ® vkxpg)) dx dz
0 R2
+/ $(0, x) div (@L\I/g(o,x)yv(vkllfs)(x)) dx
RZ
w - —_
= —/ ¢ div (vwg : vvk\ys)) dx dz
0 R2
- / TH(0, ) - TEWL (0, )% (V3 W) dx
]RZ
w —_ —_
= —/ / ¢ VI, - V(L W,) dx dz
0 R2
—/ V¢ (0, x) - VW0, x)y (V3 W,) dx
]RZ

OO —_ -
=/ / (v¢.vi\y8) L)W, dx dz
0 R2

- / (%(0, x) - VO(W%)) (Vi) dx.
]RZ

Passing into the limit when & goes to 0, we find that for any ¢ € C % (R3) supported
in (—R, R)?,and ¥ € H'(R* x R?) such that L, ¥ € L?>(R* x R?), and y,(V,¥) €
L*(R?)

/oo/ Vo - [di'v Viv e VN)] dx dz
0 R2

=/OOO/RZ (Wﬁiw) LW dx dz

- /R (960, V0 T9) 1 (V) dx. (15)
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‘We have also

o0 o0
—,3/ / VP (Wey)dxdz = —,3/ / (019)Vdx dz
0 JR? 0 JR?
o0 o _ _
=,3/ / ¢31\I'dxdz=,3/ dVIV . Vxydx dz.

0 R2 0 R2
Hence, for every @ € C®(RY supported in (—=7,7T) x (—R, R)3, and every W e
%0, T; H'(R*xR?))suchthat L, W € L>®(0, T; L>(R*xR?))and V, W € L>(0, T;
L2(R?)), we have

o0
/ / V&0, z, )V, ¥0(z, x)dx dz
0 R2

T o0
—/ / [0; VOV, W + V] - (V) F + P, (Vey))]dx dzdt
0 0 R2

T o0
—/ / / VV® : (VW @ V, W) dx dzdt
0 0 R2

o0
= —/ / (0, z, x)L, ¥ (z, x) dx dz
0 R2

T 00
+/ / / [0;PL)V + Df]dx dzdt
o Jo JR?

T o)
+// /vqm@i\y(m\m,sxz)dxdzdz
0 0 R2
+/ (0, 0, x)y (VA W) dx
RZ
T
—/ /[a,d>(r,o,x)yu(vm+<I>(r,0,x)fv]dxdr
0 JR2

T 0
—/ / / Vo(t,0,x)  yo(VEW)y, (Vi) dx dr.
0 0 R2

If W verifies the third statement of Theorem 2.1, taking &, = V¢ gives that it is solution
to (7), so the second statement is true. If W is solution to (7), taking & compactly
supported in z in R*, we find that it is solution to (1). Taking general @, it gives now that
(2) is also verified. Now if W is solution to (1)—(3), then it is solution to (7). The weak
formulation of (7) is still valid for test functions of the form ¢ () V2 (z, x), ¢1 € CZ°

and ¢, € S(R* x R?), and

T T
D= —/ 3r¢1Vx‘l’+/¢1(t)VxF—di_V/ P11V ® V, W)
0 0

T
—,3/0 P1(HVY e

lies in L2(R*; H'(R?) + H7¥2(R?)) and in S'(R* x R?), since V¥ @ V, ¥ ¢
L2(R*; L*3(R?)) wich is imbedded in L?(R*; H~!/2(R?)). Hence, from Proposition
3.3,

P, D = 0.
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5. Proof of the Stability Theorem 1.2

We start with the following Proposition.

Proposition 5.1. Take 1 < g < oo, and T > 0. Consider f]' and [, uniformly
bounded, respectively, in L1(0, T; L>(R* x R?)) N L9(0, T; L3 (R* x R?)) and in
L9(0, T; L2 (R?)) N L9(0, T; L*3(R?)). Consider &, > 0 converging to zero. Let VU,
be a sequence of weak solutions to

O Vi, +Pu(VW - VYV, W)
= e, (AV2V, U + A2V, W) + B Py (Wyer) + V) Fy,

such that V, ¥, € C°0, T: LIZOC(RJr x R?)), LW, and v (VaW,) are uniformly
bounded, respectively, in the following spaces L*°(0, T; LZ(R+ X Rz)), L>*®0, T,
L2(R* x R?)), and L>(0, T; L*>(R?)). Assume that the initial values V, \IJ,? converges
to VW0 in L2(R* x R2). Then, there exists W solution to (1)~(3), such that, up to a
subsequence, VU, converges to VW in C°(0, T LIZOC(IRJr x R2)).

Theorem 1.2 is a direct consequence of this proposition taking &, = 0 for all n, and

using Theorem 2.1.

Proof. From Proposition 4.1, V¥, and VW, are uniformly bounded in L*°(0, T’;
L2(R* x R?)), and L®(0, T; L*>(R*; H'/>(R?))). Considering the vertical compo-
nent of VW, this gives that BZAI/ leln is uniformly bounded in L*°(0, T; LZ(R+;
H~Y2(R?))), and using the horizontal component, A2, is uniformly bounded in
L>®(0, T; L>(R*; H'/2(R?))). So, using (9), this gives that A/2W, and so V¥, is
uniformly bounded in L*°(0, T; HY2(R* x R?)).

The sequence 9,(Ad,¥,) = —AY, + LV, is uniformly bounded in L*°(0, T;
L2(R*; H~Y2(R%))). We have already shown that 6@32\1:,1) e L%, T; L2(R*:
H~1/2(R2))). Hence, the sequence Ad;V¥, is bounded in L°°(0,T; L?(R*;
H'/2(R?))) uniformly with respect to n. So, by interpolation, A9, W, is bounded in
L0, T; H'/2(R* xR?2)). Finally the sequence V; W, is uniformly bounded in L*° (0, T';
H'2(R* x R?)).

From Theorem 2.1, 3, V; W, is bounded in L>°(0, T'; L>(R*; H~3(R?))) uniformly
with respect to n.

Forevery T > 0, R > 0, consider

X_1 = L*0,R; H>((=R, R)»), Xo=L*(0,R) x (=R, R)%),
X; = H?((0, R) x (—R, R)?).

So those Banach spaces are such that X is continuously imbedded in X_; and X
is compactly imbedded in X¢. We have shown that 9, V, WV, is uniformly bounded in
L0, T; X_1), V¥, is uniformly bounded in CO(O, T; Xp), and in L*°(0, T; X1).
Hence, using the Aubin—Lions lemma, if V;, w,? converges to V, Vg in X, then V, ¥, con-
verges, up to a subsequence, to ¥ in CO(O, T, Xo)=C(,T; Lz((—R, 0)x (—R, R)2)).
So, passing into the limit of the weak formulation of (7), up to a subsequence, V, ¥,
converges to a solution to the quasi-geotrophic equation. O
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6. Proof of the Existence Theorem 1.1

This section is dedicated to the construction of the solution to the quasi-geostrophic
equation. It is done in several steps.

First step For every R € L*°(0, T} L?(R*; H™! (R2))), we construct a solution to

Vol + P, R = e(AV2V, W + A2V, W)
V,U(r =0) = v, w'. (16)

To do this, we first notice that Py R € L*°(0, T; L2(R+; H! (Rz))). Then we construct
the solution z by z, in Fourier space in x only, to

3D+P R =e(AV?D+ AD)
ot =0) =V, v’

Then we find V, ¥ = P, ®.

Step 2 We consider again the regularization in x only 7. For every VW € L*(0, T
L2(R* x R?)) we define T3(V, ¥) = V, ¥ as the solution to (16) with

R= (W&/ % r_]g) YV

As long as
IVAT Ol 2 @exr2y < 21Vl 2w xR2)-
we have
d [* _
— |Ts (V3 W) |“dzdx
dt Jo R2
00 - ~ - ~
+g[/ [ AT BT 0)P | dzdx
0o JRr?
o - ~ - ~ ~
S/ /Z(VTS(VALIJ)) [V % 75) ® Vi Wldzdx.
o JR
e - ~
< SIAPT (VW)L e )
2 702 L T2
+g||v)‘ly”L2(]R+><R2) ||lI,I * Vn(S”LOO(]R+XR2)'
But we have

I Vsl oo+ < R2)
S C (||81\IJ k 67_’5”L2(R+;L°"(R2)) + ||\if *k ﬁﬁBHLZ(R’f;LOO(RZ)))
< CIVa Wl e xrey (Vs N2 + sl 2)

1 1 -
<C (8_2 + g) ||VA‘I’||L2(R+XR2)-
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So, for § < 1, we have

d [® 3
—/ / |Ts (Vo) |2 dz dx
dt )y R2

c 7,114
=< E ||V)L\IJ”L2(R+XR2)a

and we have
7 2 02 2C 04
175V B) O 172 e ey < IV PN 2 e ey + gt IVAW N 2 e .

So for

e8*

W= —F——"75>">
4C|V, 902,

the function 75 goes from the Banach space

C = {f [S CO(O, fo; L2(]R+ X Rz)); ||f”CO(O,IO;LZ(]R*XRZ))S2I|VA\I’O\|L2}

into itself. Moreover, T} is contractive on C (with constant 1/2). Hence, from the Picard
fixed point Theorem, There exists a fixed point on C. But then, the fixed point V, Ws is
solution on [0, #y] to

3,V Ws + Px((?L% * ﬁa) YV Ws) = e(A2V, w5 + A32V, ).

So, for every ¢ € [0, to], | Vi Ws ()2 < |[VAW°]|,;2. And we can construct in the same
way the solution recursively on [nfg, (n + 1)tp] and finally for ¢ € R.
The energy inequality gives that

2
” V)\"IJ(S ||L°°(0,T;L2(R+><R2))
Al/4 2 A3/4 2
42 (IAYVAV 012, 0 oy + DAYV, ) megey) (D)
< IV, 902

L2(R+xR2)"

At z = 0, we have
0o (VaWs) + (T y0(Ws) 5 715 ) - V(T W) = (A1 2y, (V,05) + A3/, (V, 05)).
The energy inequality on the plane z = 0 gives

” Y (V),"II(S) ”im((),T;LZ(RZ))

42 (1A (V90 12 1y ey DA (V0125 1)) (18)

< I (V29172 ga)-
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Step 3 Taking the divergence of the equation we find that

4 Ly dzd
dt/o /Rz”‘”zx

o0
+e [/ / IVA~VAL, ws)? + WA‘“LA%F] dzdx
0 R2

o0
5/ / (LyWs)VV(Ws % 7j5) : VIV, Ws dz dx.

0 R2
< IVVs]lLoorr: L4 @2 IV VaWsll 2 e 14 @2y 1 L2 Wsll 2w+ wR2)
< NAYAVEs | oo e 122 1A Vi Ws Il 2w 22 1 La W | L2+ xR2) -

From Proposition 4.1,
| A4V ws | L (R+:; L2(R2))
< AV sl 2 e wrey + 1ALy Ws | 12 e 2y
+Hn (A ) | L2 g2y

It gives

d o0
—/ / |L; Ws|? dz dx
dt Jo R2

o0
+e[/ / |VA1/4LA\II3|2+WA1/4LA%|2]a’zdx
0 R2

< (18493l 2@ cpr) + 1A La sl 2, + 170 AY 400 | 22 )
| A4V W5 | 2 e 2wy L2 Ws 2o xR2)

< A2, | A L5117 ey + I (A VW) 175 o)

£
®+xR?) T 5'

2 -
2+ DINAYIV ST o) 1L2 Wl o o)

Hence:
d [ )
— L, Ys|“dzd
dt/o /]RZ| aWs|“dzdx
o0
st(t)(/ /ILA\I/5|2dzdx+l),
0 R2
with
2 - _
Ge(n) = (C + DIAYAVEs 172 ey + 170 (A 4V 06) 175 o

Thanks to (17) and (18), the function G, is bounded in L' (0, T), uniformly with respect
t0 8. So | Ly Wsll Loo(0,7: L2 R+ xR2)) 18 uniformly bounded with respect to § and we can
pass to the limit § — 0 using Proposition 5.1.
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For 6 = 0, we have now

d o0
—/ / |LyWe|>dzdx = 0.
dt Jy R2

So [ Ly Well o0, 7: 12 (R* xR2)) 18 uniformly bounded with respect to ¢, and we can pass
into the limit when ¢ goes to 0 thanks to Proposition 5.1.
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