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Abstract: In 2012, Gamayun, lorgov, and Lisovyy conjectured an explicit expression
for the Painlevé VI t function in terms of the Liouville conformal blocks with central
charge ¢ = 1. We prove that the proposed expression satisfies Painlevé VI t function
bilinear equations (and therefore prove the conjecture). The proof reduces to the proof of
bilinear relations on conformal blocks. These relations were studied using the embedding
of a direct sum of two Virasoro algebras into a sum of Majorana fermion and Super
Virasoro algebra. In the framework of the AGT correspondence, the bilinear equations
on the conformal blocks can be interpreted in terms of instanton counting on the minimal
resolution of C?/Z, (similarly to Nakajima—Yoshioka blow-up equations).
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1. Introduction

Painlevé equations were introduced more than 100 years ago. Solutions of these equa-
tions (Painlevé transcendents) are important special functions with many applications,
including integrable models and random matrix theory. Maybe the most natural math-
ematical framework for the Painlevé equations is the theory of monodromy preserving
deformations. The Painlevé VI equation is equivalent to the simplest nontrivial example,
namely isomonodromic deformation of rank 2 linear system on CP! with four regular
singular points.

In 2012, Gamayun, Iorgov, Lisovyy conjectured in [16] an explicit expression for
the expansion near t = 0 of the Painlevé VI t function. This expression is an infinite
sum of four-point CP! conformal blocks for ¢ = 1 conformal field theory (CFT). In the
next paper, [17], Gamayun, lorgov, Lisovyy found the analogous expressions for the t
functions of the Painlevé V, III’s equations in terms of certain limits of conformal blocks
for ¢ = 1. See also [22,23] for further developments of this conjecture.

In this paper we prove the Gamayun—lorgov-Lisovyy conjecture. Note that a com-
pletely different proof of this conjecture (together with a generalization to any number of
points on CP') was given in [21]. We explain the main idea of our proof in the simplest
Painlevé III case. This equation has the form

d? 1 (dg\> 1dq 2¢* 2
9 _ 1 (49) 14 9 = (1.1)
dr2 g \ dt tdt 12t

Our proof is based on another form of Painlevé III; equation, namely on a bilinear
equation on the Painlevé III5t function (see Sect. 4.1 or the paper [20] for the relation
between different forms of Painlevé III; equations). It is convenient to write the bilinear
equation by use of Hirota differential operators with respect to log 7. Then the ¢ form of
the Painlevé IIT§ equation can be written as

1, d

D" (z(t), t(r)) =0, where D' =_-D t—D

1
2 2
5 Pliogr) — 1 Pliogn *

0
5 Ditog 1+ 21 Dpiog -
(1.2)
and D{‘x] is the k-th Hirota operator with respect to the variable x, see Eq. (4.6). For this

Painlevé III case our main result is the following

Theorem 1.1. The expansion of the Painlevé 111 t function near t = 0 can be written
as

(1) :ZS”C(U +n)F((o +n)2|t). (1.3)

nez

In this theorem F (o 2|t) = F(c2|t) denotes the irregular limit of the Virasoro (Vir)
conformal block for the central charge ¢ = 1. This function is defined in terms of
representation theory of the Virasoro algebra (see Sect. 3.1). The coefficients C (o) are

definedby C(o) = 1/ (G(l —20)G(1 +20)), where G(z) is the Barnes G function. The
parameters s and o in (1.3) are integration constants of Eq. (1.1). Note that Theorem 1.1
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means that the formula (1.3) specifies 2 parametric sets of t functions but there could
be t functions which are not given by (1.3).

We substitute (1.3) to (1.2) and collect terms with the same powers of s. A vanishing
condition of a s™ coefficient reads

> (C(a +n+m)Clo — n)D’”(f((o +n+m)), F(lo — n)2|t)) —0. (1.4)
neZ

Each summand looks similar to a conformal block for the sum of two Virasoro algebras
Vir @ Vir. Therefore, it is natural to expect that the whole sum is a conformal block
of an extension of Vir @ Vir. And we prove that the required extension is Vir @ Vir C
F & NSR, where F is the Majorana fermion algebra and NSR is the Neveu-Schwarz—
Ramond algebra, N/ = 1 superanalogue of the Virasoro algebra (to be more precise
Vir @ Vir C F & NSR is an extension on vertex operator algebras).

The idea to use this extension comes from geometry. Recall that the AGT corre-
spondence [2] for the Virasoro algebra states that the conformal block in the irregular
limit coincides with the Nekrasov partition function for pure N' = 2 supersymmetric
U (2) gauge theory on C2. Therefore, Eq. (1.4) is equivalent to a bilinear equation on
the Nekrasov partition function.

These equations resemble Nakajima—Yoshioka bilinear equations [26], which relate
the Nekrasov partition function on the blow-up of C? with the Nekrasov partition func-
tion on C2. Due to the AGT correspondence the Nakajima—Yoshioka bilinear equations
are equivalent to equations which relate conformal blocks of two theories with central
charges C;\l,)y and ¢,,. The CFT meaning of this relation was explained in [8] and the
explanation is based on the embedding Vir & Vir C Vir x U, where U is a certain rational
vertex operator algebra.

We use an analogue of the Nakajima—Yoshioka equations. Geometrically this ana-
logue corresponds to the instanton counting on the minimal resolution of C?/Z,. The
CFT interpretation of this instanton counting was given in [3] and it was based on the
above mentioned embedding, Vir @ Vir ¢ F @ NSR. It is convenient to write the central
charges of NSR and Vir algebras in terms of a parameter b € C. To be precise the central
charges of the two Virasoro algebras are equal to

b+b~1)? b+b~1)?
RSP S C J PP . B
2b(b-1 —b) 21— b 1)
Therefore, in the b+ b~ = 0 case we get ¢’ = ¢® = 1, just as we want for Eq. (1.4).

It was proved in [3] that the F & NSR Verma module ”I%ESR is decomposed into a
direct sum of Vir @ Vir Verma modules

~ _ANs
@ TireVir = TFoNSR-
2nez
Therefore, we get similar relation for the conformal blocks
2 (l,%(P, b) J’:.C(l) (A,(;)LB(UQ), fCQ) (A;(12)|/3(2)Q)) = chs’
2ne’z

where F,a) and F,.e denote conformal blocks for the first and second Virasoro in
Vir @ Vir, and F_ns denotes an NSR conformal block. The coefficients ,(P, b) are
called blow-up factors in [3] due to their geometric origin. In the language of conformal
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field theory, these coefficients are closely related to the structure constants of the theory
with Vir @ Vir symmetry.
In Sect. 4 we consider more general conformal blocks (following [8]) and prove the
relation
> 2P0 DY (Fan (AVIBV), Fun(AP1BY0)) =0, (15)
2ne’

where the operator Dél ! is written in terms of h-deformed Hirota differential operators.
If we set b = i, we get the relation (1.4) and therefore prove the Gamayun—Iorgov—
Lisovyy conjecture.

More precisely, for the relation (1.4) with m = 0 we need to show that the coeffi-

cients 1,2, (2io, i) are proportional to % as functions on n. The expressions for
l, (P, b) were given in [3] without proof. They were computed in the recent paper [18]
by use of Dotsenko—Fateev type integrals.

We calculate [, (P, b) in Sect. 3 using a completely different approach. Namely, we
imitate the computation of structure constants in the Liouville CFT [28,31], based on
the associativity of OPE and properties of degenerate fields ¢ ». It is interesting to note
that in [28,31] a monodromy of correlation functions is trivial due to the coupling of the
chiral and antichiral CFT, in contrast to our case where we have only chiral CFT and
monodromy is trivial due to the relation between the central charges ¢ and ¢®.

As was explained above, the calculation of /,,(P, b) and the Proof of relation (1.5)
leads to a Proof of Theorem 1.1. The Painlevé VI case is studied in a similar way.

The paper is organized as follows. In Sect. 2 we recall the main properties of the
embedding of algebras Vir® Vir C F®NSR. In Sect. 2.2 we prove Theorem 2.1, which
describes the F & NSR vacuum module as a module over the vertex operator subalgebra
Vir @ Vir. We do not use this theorem in the rest of the paper so the reader can safely
skip it.

Section 3 is devoted to conformal blocks, in Sect. 3.2 we recall the relation between
Vir @ Vir and F @ NSR vertex operators, and in Sect. 3.3 we calculate the blow-up
factors [, (P, b).

Section 4 is devoted to bilinear relations. In Sect. 4.1 we recall the necessary back-
ground on the Painlevé equations and the isomonodromic t functions, in Sects. 4.2 and
4.3 we prove the Painlevé III and Painlevé VI t functions conjectures. In Sect. 4.4 we
show that the bilinear relations on conformal blocks provide an efficient method for the
calculation of the conformal block expansion.

In Sect. 5 we discuss the AGT meaning of our results. In particular we recall the
arguments of [3], which reduces the proof of AGT relation for the NSR algebra to the
calculation of blow-up factors [, (P, b) calculated in Sect. 3.3 (and also in [18]).

Finally, in Sect. 6 we formulate some questions to study.

2. Algebras and Representations

2.1. Verma modules. The Virasoro algebra (which we denote by Vir) is generated by
L, n € Z with relations
nd—n
[Ly, Lyl = —m)Lppm + TCSer,O-
Here c is an additional central generator, which acts on representations below as multi-
plication by a complex number. Therefore we consider ¢ as a complex number, which
we call central charge.



Bilinear Equations on Painlevé v Functions from CFT 1025

Denote the Verma module of Vir by Tr\ﬁr. This module is generated by a highest
weight vector |A)

LolA) = AJA), Lp|A) =0, n >0,

where A € Cis called the weight of |A). The representation space is spanned by vectors,
obtained by the action of the operators L_,, n > 0 on |A).

The F @ NSR algebra is a direct sum of the free-fermion algebra F with generators
frreZ+ %) and NSR (Neveu-Schwarz—Ramond or Super Virasoro) algebra with

generators L,, G, (n € Z,r € Z + %). These generators satisfy commutation relations

{frv fv} = 8F+S,Oa
{fry Gs} = [fr’ Ln] =0
(n* —n)
[Ly, Lyl = (n —m)Lyyy + TCN88n+m,0
Q.1
1 1
{Gr,Gs} =2Ly4s + ECNS ("2 - Z) Or+5,0

1
[Ln’ Gr] = (En - r) Gn+r.
It is convenient to express the central charge by
ons = 1420%, where Q=b"'+b

Here and below we choose the indices r of G, and f, to be half-integer, i.e. we work in
the so-called NS sector of our algebras.

We denote by HI:AQSZSR a Verma module of the F & NSR algebra. This module is

isomorphic to a tensor product of Verma modules 7 and nﬁg; which are generated by
the highest weight vectors |1) and | AN®) correspondingly defined by

1)y =0, r>0,
and
LolA™S) = ANS|ANS) L, |ANS) =0, G,|A) =0, n,r > 0.

The representation space is spanned by vectors obtained by the action of generators
with negative indices on the highest weight vector. We denote the highest weight vector
[1) ® |ANS) as |ANS),

Recall the free-field realization of the NSR algebra. Consider the algebra generated
bycy,neZand ¥, r € Z + % (free boson and free fermion) with relations

[cn, em] = n8n+m,0a [cn, 1//r] =0, {wr’ wv} = 8r+s,0-

We denote by P the operator cg. Then a Fock representation of this algebra is generated
by a vacuum vector |P) such that ¥ |P) = ¢,|P) =0, P|P) = P|P) forr,n > 0. On
this Fock module we can define an action of the NSR algebra by formulae
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Z CkCn—k + 5 Z( ;)% rr + (Qn:FZf’) cn, n#0,

k;tOn
0? -
Lo = — —r¥r - — s .
0= D cokck+ D rY P+ (4 P) 22)
k>0 r>0
Gy =D cnlron +i(Qr F P)Yr.
n#0

We say that P is generic if P ¢ {%(mb_1 +nb)|m,n € Z, mn > 0}. For generic P the

NSR module defined by (2.2) is irreducible and isomorphic to the Verma module n,@sN;,
where

2
AN = AN (P, b) = (QT P ) L Py =A%)
The sign F in (2.2) refers to the existence of two free-field representations of the same

Verma module. We denote the corresponding operators by ¢, ¥, and ¢, , ¥,~. These

. . . ANS
operators are conjugated by some unitary operator acting on 7ygg (the so-called super
Liouville reflection operator).

As the main tool we shall use the Vir @ Vir subalgebra in the F @& NSR algebra
(following [12,24]). The embedding of the Vir @ Vir algebra is defined by formulae

b~ b= +2b
@
L = 1 bL"_2(b—1—b) z r fn rfr- Z fn r
reZ—1/2 rEZ 1/2
b b+2b~"
2 _ . .
Ln —b_b_an_Z(b_b_l) Z r‘fn—rfr""b
reZ—1/2 reZ—1/2

(2.3)
L(’I)

Note that the expressions for L,"’, n = 1, 2 contain infinite sums and belong to certain

completion of the universal enveloping algebra of F & NSR. The operators L,(ﬁ) act on
any highest weight representation of F & NSR. One can say that Vir & Vir is a vertex
operator subalgebra of F @& NSR (see the next subsection).

It is convenient to express the central charge of the Virasoro algebra and the highest
weights of the Verma module by

2
A(P,b) = Q —P% c(b)=1+60° where Q=b+b"! (2.4)
Then the central charges of these Vir® and Vir'® subalgebras are equal to
2b? 2b2
D =c™), np=1,2, where (b")>= T (b®) % = =1 (2.5)

Note that the symmetry b <> b~ permutes Vir® and Vir®. Here and below 5% # 0, 1.
Now consider the space nFAe};‘I?lSR as a module over Vir @ Vir. Clearly, the vector

|ANS) = |1) ® |ANS) is a highest weight vector with respect to Vir @ Vir. This vector

) AQ@ . .
generates a Verma module n\ﬁ@VAlr . The highest weight (A", A®) can be found from

(2.3), namely
b~! b

ANS A(Z) —
b1 —b ’ b—b-!

AV = ANS (2.6)
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M, A® . .
But the whole space ”F @NSR is larger than n\ﬁ @VA" . The following decomposition was

proved in [3].

oge . NS .. . . i
Pr(;p(l)smon 2.1. For generic P the space ,_469 NSR 18 isomorphic to the sum of Vir® Vir
modules

TR FEBNSR = @ Ty Vire Vir 2.7
2neZ

The highest weight (Ay', AY) of the Verma module naireaVir is defined by Aff’) =
AP MYy = 1,2, where

P =PU4np", PO =P 1n(b®)7", pr—_ P po___F

Graphically this decomposition is shown in Fig. 1.
The proof is based on an explicit construction of the highest weight vectors of the
representations ”\r;ireaVir' We will use operators of free field realization ¥, which anti-

. . . . NS
commute with f;. Let us introduce another fermion operators acting on 7TFA@NSR

¥ Z.fr_il//f

Then it can be checked that the vectors | P, n), 2n € Z defined by the formulae

(4n—1)/2
1P.n) =2,(P) [] xZ1A%), n>0,
r=1/2
(—4n—1)/2
1P.n)=Q.(P) [] x%IA®), n <o,
r=1/2
|P,0) = [P) = |ANS). 2.9)
7777777 SRt L S
0
0.5%
1
151
21
2.5*3

~
<)

. NS . . . . . . .
Fig. 1. Decomposition of ”FA@NSR into direct sum of representations of the algebra Vir & Vir. Each interior
angle corresponds to the Verma module ”\’}ira;Vir
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satisfy highest weight vector equations
L1P,ny = AP n), L|P,n)=0, k>0,2n€Z n=1,2.

Since P «— —P symmetry permutes x; and x,~ we have |P,n) = | — P, —n).
Remark that here €2,,(P) are arbitrary normalization constants. We shall specify them
below.

We can write that |P, n) = |AY’) ® |AS). Note that the highest weights of | P, n)
satisfy the relation

AD 4+ AP = ANS 1252,

This relation follows from (2.8). For generic P the vectors | P, n) are linear independent
and generate the Verma modules over the algebra Vir & Vir.

The isomorphism from Proposition 2.1 follows from the coincidence of the characters
of the Lh.s. and the r.h.s. of (2.7). The character of the module V is ch(V) = Tr|y gLo.
The characters of Verma modules equal

< NS Ns 2 (1 +gk2)?
ch(rg) =q* [ ] — ch(répnsr) =4° || ———
k=1 q e 14
Using the Jacobi triple product identity
o o0
[T -+ 1)+ y 2 = > g8y (2.10)
k=1 k=—00

in the case y — 1, g — ¢'/? we have the necessary equality of characters

h ANS ) ANS lo—o[ (1 +qk*%)2 Z ANS,0,2 lo_o[ 1
Ch{TEgNsR) = 4 _n 4q q_ 02
k=1 ( 4 ) 2nez k=1 a 4 )
= Z Ch(”\r;irEBVir)

2ne’

2.2. Vacuum module. In this subsection we revisit the relation between the F & NSR
and the Vir @ Vir algebras for generic central charges (in terms of the parameter b it
means that 5> & Q). Some formulas for unitary minimal model case (b* = —(n+2)/n)
were given in [12]. We do not use the results of this subsection in the rest of the paper.

We use the language of vertex operator algebras, (VOA for short), see e.g. [14]. Recall
that a vector space V is called a vacuum module of VOA if any vector v € V corresponds
to a current i.e. a power series of operators Y (v; ¢) = >_Y,q ™", where Y, € End(V).
This correspondence v <—> Y (v; z) is called the operator-state correspondence. In
the definition of the vertex operator algebra the correspondence v <— Y (v; ¢) should
satisfy certain conditions, namely vacuum axiom, translation axiom and locality axiom.

The vacuum module Vac for the F @ NSR algebra is generated by the vector |&)
defined by

frl@) =0, forr >

1 1
_z; G,l@) =0, forrz—z; L,|2)=0 forn> —1.
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The simplest examples of the operator-state correspondence are

. frq—r—l/Z’

rel+;

faple) «— f@ =)

Gaplo) «— G@)=), ,Gq 2,

1
relas

Lol@) <T@ =2  Lug "
Other currents in F & NSR vertex operator algebra can be obtained by use of normal
ordered products from f(q), G(¢q), T (q) and its derivatives (see [14, Th. 4.4.1]). The
current 7 (g) is called the stress-energy tensor.
Formulae (2.3) defines two currents 7" (¢) and T®(g) i.e. define the vertex operator
subalgebra Vir @ Vir in the vertex operator algebra F & NSR. We consider F @& NSR as
an extension of Vir @ Vir.

Lemma 2.1. The vertex operator algebra F @& NSR is generated by currents TV (q),
T®(q) and f(q)

Proof. 1t is enough to express currents G(¢g) and T (q). It follows from (2.3) that
o @ 1 /
T=T"@+T7@) -5 f@f@):

—1 —1
Gy =320 f 4TV (@) f(2) + 2 ]5 42T (@) f ()
27 q 271

q

Here we used that : f(q) f (z):= # +regand T(q) f(z) =reg. O

Note that the current T¢(q) = % 1 f(q) f(q) : is the standard fermion stress-energy
tensor.

We want to describe the structure of Vac as a module over the Vir & Vir algebra.
Recall that for A = A, ,(b) = (b~ + b)> — (mb~" +nb)*)/4, m,n € N the Verma
module ”\ﬁr contains the singular vector of the level mn (see e.g. [13]). Denote by LZ, n

m,n

an irreducible quotient of the ”\ﬁr

central charge.

. The superscript b stresses the dependence on the

Lemma 2.2. The vector f_1,2|@) is the highest weight vector of the Vir ® Vir module
]Lb(l) ]Lb(Z)
1,2 ® 2,1

Proof. This fact is equivalent to the relations

LY foipl@) =0, LY f-1p]@) =0, fork >0,
Ly f-1219) = A2 b)) f-1219),
Ly f-1219) = Ay 1 (B®) f-11219),
(@92 + ™2LY) fo1212) =0, (L2 + G 2L fo1012) =0.

The relations can be checked directly by use of (2.3). O
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Therefore the current f(g) can be considered as a product ¢“)¢(2) (notations from
[4]). This fact will be discussed below in Remark 3. 3

The character of the module ]Lb ,, equals to ch( a) = (1 — q’"")ch(nvl’” ") since
it is a quotient of the Verma module by the submodule generated by the singular vector
on the level mn.

Theorem 2.1. The module Vac is isomorphic to the sum of Vir® Vir modules

Vac = (P LY, @LE7.

lm m,1*
meN

Proof. The vector | @) has the highest weight 0 = A (") = Ay 1 (b®) for the both

Virasoro subalgebras. Therefore this vector generates Vir @ Vir submodule ]Lb - ® ]Lb ®.

2
It was proved above that the vector f_j,2|@) generates the module ]Lll’ (2) ® ]Lb( :

The vacuum module Vac is a quotient of the Verma module ”F@NSR' Thrs Verma
module has only one free field realization, namely we put P = (/2 and use upper
sign in formulae (2.2). Therefore the vectors |P, n) for n > 0 are well defined in the
Verma module 7TI(=)®NSR' It follows from formula (2.9) that the vector | P, n) contains the

product Hf‘:"f/? /2 f,rm with non-zero coefficient. Then the vectors | P, n) forn > 0,

2n € 7 are non-zero in the quotient module Vac. Since P = Q/2 then P = Q™ /2,
n = 1,2. Using (2.8) we get P, = P 2,41 (b"), P = Pruy1,1(b?).

So we proved that the vector | P, n) € Vac generates the Vir @ Vir submodule of
the highest weight (A1, (b"), Ap.1(b?)), where m = 2n + 1. The irreducible module

]Lb @ ®Lb @ 1 is the smallest module of this highest weight. Therefore we get an inequality
of characters

ch(Vac) = > ¢h ( LS Lb‘”) . 2.11)
meN

Now our theorem is equivalent to equality in (2.11). So it remains to prove an identity

1/2) H (1 +q 2) Z q(mzl) m)2 H = k)2

meN

Equivalently
(m=D~ l)
1/2>1'[(1+ D21 -d=> ¢ T (1 —g"™
meN

And the last identity is a (1 — ¢'/?) multiple of the Jacobi triple product identity (2.10)
fory=1,¢q+ ¢q'/?

o0
_1 m? m=1)?
g0+ == a7 -¢"" =D q 7 1-g"

k=1 meZ meN
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3. Vertex Operators and Conformal Blocks

3.1. Conformal blocks and chain vectors. We use non hermitian, but a complex sym-
metric scalar product. Operators are conjugated as

L; =L, G:— -G, fr+ -—f, = (len))+ _ L(ﬂ)

—n>

n=12 (@G.1)

We normalize the highest highest weight vectors of Verma modules by (A]A) = 1,
(|A—NS||ANS) = 1. The coefficients €2,,(P) are determined by the similar condition
(P,n|P,n) = 1.

The vertex operator VAAI’ Ay n\ﬁ? — ”V|r is defined by the commutation relations

[Li, Va@)] = (419, + k + DAGY) Va(@), (3:2)

Here and below we simplify the notation VAAI’ A, 1O Valg). It follows from (3.2) that

Va(g) canbe written as a power series Va(q) = 2_,.c7 Va.mq —m+A1=A2=A The opera-
tor Va(g) is completely determined by the relation (3.2) and normalization
(A2|VA A (H]A1) = 1. We express the conformal weight of the vertex operator in
terms ofZ the parameter « (cf. (2.4))

A=Ald—0/2,b) =a(Q —a),

and abbreviate Va to V,. The n-point conformal block on CP' of the primary fields
located in the points z, = 00, z;—1, ..., 22 € C\{0}, 21 = 0;z; # z;,i # j is defined
as the matrix element

Fe((Dij) (Dllard) = (Aa VAT (@n-1) ... VA2 o @A) (33)

A(n D—(n—-2)

Here A; are the highest weights of Verma modules corresponding to the points z;,
A(i+1)—; are the highest weights of intermediate Verma modules. The expression (3.3)
defines the conformal block as a multivariable formal power series in —-. This conformal
block can be represented by use of the dlagram in Fig. 2. It has been argued in [29] that
this power series converges in a region -~ << 1. In this paper (except Sect. 3.3) we
do not use analytrcal properties of Conformal blocks (see also Remark 4.3). We will
consider variables —- as a formal variables. Due to convergence mentioned above it is
equivalent to the study of vicinity of 0.

For the 4-point conformal block one can set the point z3 to 1, using the conformal
transformation z — z/z3. We define the 4-point conformal block by the formula

e A A
Fo(R, Alg) = > *52 (A V2 L (DVE (@)]A), (3.4)
Zn-1,Qn1  Zn-2,8p2 ... 23, A3 z2, Ag
o, An --------- 07 Al
An-1)(n-2) Az

Fig. 2. Diagram representing conformal block as a matrix element
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where X stands for the set of external weights A;,i = 1, 4. Note that the function F,
differs from the function defined in equation (3.3) by a factor g1+22.

It is convenient for calculations to rewrite the definition of F.( A, Alg) in terms of
the chain vectors |W(g))21 defined as

IW(gD)a1 = g2V @1Aa) =q% > 'L |a),
reY
where A = (A1 > A2 > -+ > A¢ > 0) is a partition, L_;|A) = L_,, ... L_y |A). If
we decompose |W(g))21 = qA/2 Z,ovozo q > |N)21, then the commutation relation (3.2)
implies
LiIN)yy = (kAz—A1+A+N—k)|N—k>21, k> 0. (3.5)

Here and below we assume that |[N) = 0, for N < 0. These equations coupled to the
normalization |0)2; = |A) determine the chain vector.

It is easy to see that the conjugate vertex operator satisfies (3.2) VX (1 /q)g 2 =
Va(q). Therefore we define the conjugate chain vector as 34 (W (1)| = (A4] VAA:’ A
and the conformal block F, can be written as

Fo(K. Alg) =3 WDIW D)2 =4 D ¢V 3alNIN)2 = 34 (W@ W(@))ar.
N=0

We also use so-called irregular limit (other names Whittaker limit and Gaiotto limit)
of the conformal blocks and chain vectors [15]. Namely one can rescale the chain vector

IW(q))21
INY2r = (=ADNINYS,, (3.6)

and tend A to oo. Then the equations (3.5) simplify to (we omit " symbol in |N)5,
below)
LiIN)=|N—1), N >0, LgN)=0,k>1,
or equivalently, in terms of the Whittaker vector (the limit of chain vector) |W (¢))
LilW(@) = q"?IW(@), LelW(@) =0,k > 1.

Note that it is enough to impose L and L; relations since the action of the other Ly,
k > 2 follows from the Virasoro commutation relations. The irregular (or Whittaker, or
Gaiotto) limit of conformal block is defined by

Fe(Alg) = (W(@IW (@) =q* D ¢"(NIN). 3.7)
N=0

Now we consider N' = 1 superconformal field theory (SCFT) with the NSR sym-
metry [5,6,19]. In this case we have a multiplet of two vertex operators: even ® yns(q)
and odd W zns(q) = [G_1/2, P Ans(g)]. These operators act from a Verma module to a
Verma module

ANS ANS ) ANS ANS
©ns anss Wans ANs© TNSR > TNSR
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and are determined by the commutation relations

[Li, @ ans (@)] = (g9 + (k + DANSGF) D ons (g),

[Li, Wans(@)] = (¢ 95 + (k + 1)(AN +1/2)g") W sns ().
(G, Pans(g)] = q" 7 W ns (g).

{(Gr. Wans (@)} = (¢ 20, + 2r + DAYG ™D \ns (g),

(3.8)

We use the normalization <P2|q>§ﬂ§ s (DIP) = <P2|\11§,'j§ as(DIP) = 1. We
i) 2 £

2 1 1
express the conformal weight of the vertex operator in terms of the parameter o
1
AN = AM(a — 0/2,b) = Fe(@—a) (3.9)

and abbreviate notation for vertex operators to ®,, W, .
As in the previous case one can define the n-point CP! conformal blocks by the
formulae
NS NS | A0l aS NS
Faus (AR ALY ) = (AP0 0l s G@net) - Pt s @)IAT)
(3.10)
for the (®d ... ®) conformal blocks and similarly for conformal blocks containing W
fields. The 4-point conformal block can be defined also by use of the chain vectors

NS, ANS ANS
[Whs(g™))ar = g1 2 (@AZNS ans @141 ) (Z q )

2N=0
— NS, ANS, L ANS
[Whs(g?))21 = &1+ 427" (‘I’Aﬁs s (@AY )—q (Z gV N, )
o 2N=0
(3.11)

where the index N runs over integer and half-integer values. These chain vectors are
determined by the recursion relations (which follow from (3.8))

Li|N)Y? = (kAYS — AYS + ANS + N — k) IN — k)5F
LN = (kAYS — ANS £ ANS 4 N — k/2)|N — KNS .
G INYy, = 2rAYS — AN L ANS 4 N — 1)|N — 1)) '
G/NWS = IN—r)¥S, 2NeZ, N>k>0
combined with the normalization |O)2 |(~))2 .= |ANS). In terms of the chain vectors
we have
NS NS £
LilWas(@)21 = (KAY = A + Lo)q? [Whs(@)ar,
Li[Whs(@))21 = (mgs —AYS+ Lo+ 5) 9 (Was(@))a1
2 ’ (3.13)

GrlWas(@)21 = 4% [Whs(@))21
G, [Was(@)a1 = (2r A% — AN+ Lo) g5 Was(@))21
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It follows from (3.8) that operators & s (1/q)g 22" and —¢ 22" ~1w*(1/¢)
have the same commutation relation as ® 4ns (¢) and W \ns(g). But their normalization
differs due to the minus sign at W™*. Therefore we have the equality of matrix elements

(W] P () wr) = g~ 22" (= 1212 (1 | D, (1/) ) (3.14)

NS NS

where w| € JT,\?SIR, wy € JT,\?SIR, Lowy = (A’l\ls +np)wi, Lowy = (Ags +np)wo.
Therefore conjugate chain differs from the by signs and we can define two NSR

4-point conformal blocks (namely the (PP P) and the (dW W D) conformal blocks)

NS A NS
Fens (A, A™q) =34 (Wns(q)|Wrs(@))21,
. — —
Fens (AN, AN |q) =34 (Wns(9)|Wis(@))21 (3.15)

Similarly to the Virasoro case the functions F,q and ]?CNS differ from the conformal

blocks defined in (3.10) by factors qArl\‘S‘LAgl ® and qA’I\‘SJrAy S+ correspondingly.

Remark 3.1. The vectors | N)NS with integer and half-integer N do not interact in rela-
tion (3.12). In particular if we change the normalization of |0)3‘f then we change the

coefficients at the integer powers of ¢ (more precisely qANS+N , N € Z) in Fq but the
coefficients at the half-integer powers of ¢ remain unchanged. Conversely if we rescale

mgf then we rescale the coefficients at the half integer powers of g in Fq but the
coefficients at the integer powers of ¢ remain unchanged.

Irregular (or Whittaker) limit of the NSR conformal blocks and chain vectors is
defined as follows. One can rescale the NSR chains

1
INSS = (—AYHNINNS, N ez, NS = (=AY T2 NS, NeZ+s,
NS

— — 1
V51 = CAY)VINLGYE, NeZo [Ny = (—AYNINGYE, NeZ+ s,
(3.16)

and tend ATS to oo. In the limit both tilded and non-tilded chain vectors coincide and
obey the relation

G1IN)S =N —1/2)", G3pIN)"® =0.

The formulae for action of Ly, k > 0and G,, r > 3/2 follows from the NSR commuta-

tionrelations (2.1). In terms of the Whittaker vector | Wys(g)) = qANS/ 2y 0q > |N)NS
the action of G1/2, G3/2 can be written as

G121Was(@) = ¢'/*1Was(@)),  G32lWas(q)) =0

The irregular limit of conformal block is defined by the formula

Fens (AM]g) = (Wns(@)|Whs(q))
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3.2. Vir @ Vir decomposition of chain vectors and vertex operators. The F @& NSR
Whittaker vector is defined as a tensor product of the F vacuum 1 € ng and the NSR
Whittaker vector |[Wys(q)) € nnsr. The decomposition of the F @& NSR module (2.7)
provides a decomposition of the corresponding Whittaker vector

11® Was(@) = D va(@)),
2neZ
where |v,(q)) € ”\l}ir@Vir' It turns out that |v(g)), is the Whittaker vector for the algebra

Vir @ Vir

Proposition 3.1. The Whittaker vector for the F ® NSR algebra equals to the sum of
Vir & Vir Whittaker vectors

1® Was@) = Y (1n(P.0) (W' (BV0) ® W2 (6%0))) . (.17)

2neZ

Here |W,\") ® |W\”) denotes the tensor product of Whittaker vectors in ”r\l/irea virr and

the coefficients l,(P, b) do not depend on q. The parameters B, n = 1,2 are defined
by the formulae

b1\’ b \?
() _ 2 _
B _(b—l—b) . B —(b_b_l) . (3.18)

The values of [, (P, b) will be computed in the next subsection.

Proof. Let us act Lg”), L;n), n = 1,20n |1 ® Wys(gq)). Using expressions (2.3) and

linear independence of vectors from different n\’}i@\,ir we have
L1 @) = BV Ploa (@), LPlon(@) = (BP9 ua (@)
Ly |va()) = 0. Ly |va(9)) = 0.

Therefore the vector |v,(g)) is proportional to the tensor products of Whittaker vectors.
Hence we proved (3.17). O

There is an analogous decomposition of the chain vector.

Proposition 3.2. The F@® NSR chain vector equals to the sum of Vir® Vir chain vectors

1@ Washr = > (121(P, 5, 1855, AY) (1W)21(0) @ IW)21@)) - B.19)
2nez

The external weights of the Vir chain vectors Wy )21, [Wy)21 are related to A5, AN
by (2.6)

b1 b
M NS 0) NS
i 1—_bAi o A= mAi :
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Proof. The proof is similar to the previous one but the computations are more cumber-
some. We act L;CI) on |1 ® Wys)21 using (2.3) and (3.13)

L1 ® Wys)or = g*211) ® (kAYS — AYS + Lo) [ Was)a1

b T —b
1
+m Z J=rGrik|l @ Wns)2i
reZZo+%
-1
= " | o (AY — AT+ Lo)|1 © Was)ar
1
o Z f-rGr|1 ® Wys)ai

reZso+i
= g2 (kA — AV + L) 11 © Moo,
On the other hand the relations (3.5) are equivalent to
LY W21 = g% (kA = A + L) [W,")ar.
The calculation for L}f) is similar. O

Remark 3.2. Note that the additional factors 8 ) n = 1,2 in (3.17) do not appear in
(3.19). These factors are an artefact of the irregular limit.

Consider now the vertex operator ®, = 1 ® ®, acting from one F @ NSR Verma
NS NS o L=
module ”FAe/aNSR to another one T(FA@N sR- Due to decomposition (2.7) one can restrict &y

to a map between submodules ”\’};reaVir and ”\r;ireaVir for each n’, n, such that 2n’, 2n € 7Z.

Theorem 3.1. The restriction F@® NSR vertex operator in terms of the Vir® Vir subal-
gebra has the form

Ea(q””\%@wf—)”'\'ﬁ,@v/‘r =l (P, a, P/) (Va(])(q) ® Va(z) (Q)) > (3.20)
where
M o @ o
o =Y Y = —
V2 —2b2 V2 —2b2
and |_ . means the restriction to the map between these submodules.
T Vire Vir 7 Vire Vir

It follows from the definition of the chain vector (3.11) that Proposition 3.1 follows
from this theorem.

The Theorem 3.1 was stated in [3] without proof. Our proof here is standard and
similar to the one in [18].
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Proof. Define 1, (P, a, P’) as a quotient

P, n|®y(q)| P, 1
L (P,a, P)) = (P, n|®y(q)| P, n )/ . (3.21)
(P,n|V,0 (@) Voo (@) P, 1)

First we prove that [,/ (P, «, P") does not depend on g. Recall that Tr(q) = % :
@ fg = ZL,{ g% is the fermion stress-energy tensor. We act by operator
Ly +Ly =Lo+ L(]; and get the equation

(ANS(P) + 2n2) (P, n|®y(q)| P, ')
= (P, n| (Lo + L({) By (q)| P, 1)

d _
=qd—(P,n|q>a(q)|P’,n’)
q

+ (ANs(oz —0/2) + ANS(P) + 2n’2)(P, 1Dy ()| P, ).

Therefore (P, n|®g (q)|P', ') ~ g2 (Pr2n* =AM @=0/2)=AN(P)=20" gimilarly we
have
(ANS(P) +2n%)(P, n|(Vym Vy2)(@)| P’ n')
= (P, n| (Ly’ + L) (Vyir Vyo ) (@) P, 1)

d
= CIE(P’ n|(Vy V) (@) | P, ')

H(Aa@? = 0"+ A - 0 /2)
+AYS(P) +202) (P, 1l (Vo) Vo) @I P, ).

Since A(@V — QV/2)+ A(@® — 0?/2) = ANS(a — Q/2) we have (P, n|(Voa) VA®)
(@I P', 1) ~ g P42 =AM (@=0/2)=ANS (P20 ‘perefore [,,/(P, a, P') does not
depend on q.

Using the normalization of the vertex operators V1, Vo wehave [, (P, a, P') =
(P, n|®y(1)| P, 1)

Relation (3.20) is equivalent to a relation for matrix elements

(D 2) | x™ 2) (1) / /
<P,n ‘LAZLLZ B.(q)] L,M]L_M‘ P'.n >
=1 AP L(I)L(Z) \% Vv L(Z) L(l) P/ / 3.22
=l - (P, |LOLE [Vyor (@ Vo ()| L2, LY, | P 1), (3.22)
for any partitions A1, Ay, i, n2. Here we omit arguments P, «, P’ in [,,,.
We reshuffle the operators L™V and L® to other sides of these matrix elements. Let

us define the operators D, Via (g) as commutators with LS) and Lg )

6kl(Q) = adlL(z)adle) (EQ(Q)) s V(g = adlL(z)ad]z(l) (Va<l>Va(2)) )
0 0 0 0

where k, [ > 0. Due to commutation relations (3.8) the commutators [Lf,?), D)), n =
1,2 turns out to be a sum of operators ®y;, i1, Prs+1 and similarly for Vi (q).



1038 M. A. Bershtein, A. I. Shchechkin

Moreover, the commutation relations between Virasoro generators Lﬁ,?) and operators
Dy (¢) are equivalent to the commutation relations between LS,'Z ) and operators Vi (q).
The last statement can be easily checked for oo and Vyg

-1

b=l —b

1 —

M =— > g™ ()
reZ+1/2

=q"®19(q) +mAVg" Dgo(q)
(L)), Voo(@)] = g™ Vio(q) + mAVq" Voo (q),

[LS), ®oo(q)] =

(qm+laq +(m+ I)ANS(()[ — Q/2)q'") 60{(‘])

and similarly for L. The commutation relations between the other ®y; (@), Vki(q) and
Lf,'z) follow from previous relations and the commutation relations between Lf,']) and
L.

Therefore the relation (3.22) can be rewritten as

> gkl P n[@u(@IP 0} = Ly - D g (P n|Via(@)| P, 0,

where the coefficients gi; on the left hand side and right hand side are equal. It remains
to show that

(P, n| (@) P, 1) = Ly - (P, 0V (@) P', ),

for any k,l > 0. Since (P, n| and |P’, n’) are eigenvectors for L(()"), n = 1, 2, the last
equation follows from the k = 0,/ = 0 case, i.e. from the definition of /,,,y (3.21). O

We will calculate /,,,,/ in the next subsection. Now we note that the coefficients l,%l in
(3.19) are equal to I,

V(P b|AYS, AYS) = (P, n[®y, (1)| P1) = Lo(P, az, Py),

where ap = P> + Q/2. The coefficients /,,(P, b) of decomposition (3.17) are given by
the irregular limit of (3.19)

(1) ) ZZI(P,b|A2,A1)
(P, b) = (BO) A 2(g@)~A /2 lim A (3.23)
' Moo (—APE]
where we used (3.16) and (3.6).

Remark 3.3. Recall that ¢, ,(¢), m,n € N denotes [4] the degenerate vertex operator
for Virasoro CFT with

Amn = %((m - 1)b71 +(n —1b),

which satisfies an additional differential equation of order mn. For the operators ¢1,1(g),
©2,1(q), $1,2(q) the corresponding equations read

g¢1.1(q) =0, 8;¢12(q)+b* :T(@)$12(q):=0, B $2.1(q)+b " 1T(61)¢1,2(CI)13=22-
(3.24)
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The conformal weight of the operator ¢, ,(q) is denoted by A, ,(b) = A(om,n —
0/2.b).

Similarly to Theorem 3.1 one can prove, that the matrix elements of f(g) are propor-
tional to the matrix elements of the product of ¢i{)2(q)¢§%)1 (q). This fact is the operator
analogue of the Lemma 2.2.

Moreover, due to the operator-state correspondence the highest weight vectors

|Q/2,n) € Vac correspond to the currents qﬁi”mqﬁ:;) {»m = 2n + 1. From the fusion

rules [4] follow that the action of this current on the vector | P) shifts its momentum
(P, ) — (P1 + %b(l), P + %(b(z))_1>, where |k1|, |ko| <mand m — ki, m — kp

are odd. Proposition 2.1 states that only shifts with k; = k; are allowed in our represen-
tations.

3.3. Matrix elements (P, n|®,(1)|P’,n’). In this subsection we calculate the matrix
elements I,/ (P, o, P') = (P, n|®y(1)|P’, n’). Introduce the functions Seyen(x, 1) for
n € Z and soqq(x, n) forn € Z + % by the formulae

seen(Ct,n) =[] G+ib+jb7h, seaatx,n) =2 ] +ib+jb7t),
i,j>0, i+j<2n i,j>0, i+j<2n
i+j=0 mod 2 i+j=1 mod 2

forn > 0 and

Seven(X, 1) = (—=1)"Seven(Q — x, —1),  Sodd(x, 1) = Soda(Q — x, —n)

forn < 0.

Recall that the vectors | P, n) were fixed in (2.9). The factors €2, were defined by
the normalization condition. In the following theorem we give explicit expressions for
them.

Theorem 3.2. The matrix elements l,,,, (P, o, P') have the form
(—1)%82M7'Q, (P)Qu (P)
Seven( 2P + Q12n)Seven (2P + Q1210")

[lco—iSeven(a+€P +€'Pen’ +€'n), n+n €Z
X €=
[1co—sSoda(w+€P' +€' P en’ +€'n), n+n' €Z+1/2

ln)’l/(Pva’ P/) =

(3.25)
where the factors Q,(P) are given by the expressions
D> I @P+ib+jb7h
QX (P) = Zni’_jlzl’ = — , (3.26)

22n.2P [] 2P +2ib) ] @P+2jb7 1)

i=1 j=1
and the sign factors are equal

(—1)%¢ = -1, ne€Z+1/2,neZ
1,  otherwise
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These expressions were given in [3] without proof (see also Remark 3.5). The argu-
ments in [3] were partially based on the conjectural expression of lﬁn, in terms of the
Liouville and super Liouville three point correlation functions. Here we find /,,,; mim-
icking the standard approach to the Liouville three point function [28,31] based on the
associativity property and the properties of degenerate vertex operators ¢12. Note that
contrary to Liouville theory which is the coupling of chiral and antichiral CFT, here we
use the product of two chiral CFT with the central charges ¢ and ¢®.

As was already mentioned in the Introduction the formula (3.25) was also proven in
[18] by a different method based on the Dotsenko—Fateev integral representation of the
conformal blocks.

Remark that the explicit expressions (3.25) have the geometric meaning in the frame-
work of the instanton counting. We recall this in Sect. 5.

Proof. Due to the symmetry | P, n) = | — P, —n) it is sufficient to consider only a case
when n,n’ > 0.

In the proof we consider the matrix element (P, n|®4 (1) f(¢)|P’, n’). This matrix
element is a Laurent polynomial since [60,, fr1=0and f,|P',n’)y =0 forr > 0, and
(P, n|fr = 0forr <« 0. Therefore we can consider this matrix element as an analytic
function on ¢ € CP'\{0, oo}.

We decompose the proof into several steps.

Step 1. First we consider (P, n|®4 (1) f(q)|P’, n’) as a function on |¢| < 1.

Using the decomposition (2.7) we can write f(q)|P’,n') = > .7 |us(q)), where

lus(q)) € ”\r;i:esa</2ir' Then we have a decomposition

(P, n|De (D) f(@)IP' 0y =D (P, n|De(1)]us(q)).

SEZ

Due to Theorem 3.1 and Remark 3.3 the matrix elements (P, n|®g (1) |u (g)) are propor-
tional to conformal blocks of the CFT with Vir @ Vir symmetry. The Vir & Vir conformal
blocks factors to the product of the two Vir conformal blocks (3.4)

P, n[®y(1 Fun (A0, AD Fun (A9, A?
< ,n| ot( )|Ms(l]))"“ c(l)( , /+X/2|‘I))' c(l)( , ,1/+X/2|Q)),

n

where the intermediate weight (A(nl,)Jr 520 Af,)JrS /2) is the weight of the vector | P/, n'+s/2),

and the external weights are equal to

—
AD = (AR, A2, A = 0072,60), AR, BY)),

7)) '2) 1,2 ) 2 () ) 2 @
AD = (AP0, A2 (6, A = 02/2.5%), AP, b))

It follows from Eq. (3.24) that the conformal block with the degenerate vertex operator
¢1.2(q) satisfies a second order differential equation. This equation reduces to hyperge-
ometric equation [4]. Therefore the conformal blocks written above are nonzero only
for s = %1 and become proportional to the | F> hypergeometric function

(n) )
FPq) =q% 1 —?" 1 FRAD, BM|CcPlg), n=1,2, (3.27)
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where
a’ = AP 5. b = Ara (™) — APV, b,
dV = A((X(l) _ Q(l)/2 _ ail))z’ b(l)) _ A((x(l) _ Q(l)/z’ b(l)) _ A],z(b“))
AP =1/2+2a)" (sP'" —aV — PV + 0V )2) (3.28)

B =1/2+2a"’, (sP'" —aV + P + 0" /2)
O]
Cc =1 +4sa1y2P’“),

and similarly for a®, d®, AY, B&, C{¥ with the replacement (1) <> (2) in the super-

script and o}, <> &5”). Therefore we can write

(P,n|®o (1) f(@)IP', 1)
= D (P, +5/2 f(DIP', 1) - (P, n[De(DIP, 0" +5/2) - F () F(9)
s==%1
(3.29)
The first two factors in the sum appear due to the chosen above normalization of
the conformal block F(g) = ¢* (1 +q(... )). By the definition [, 452 (P, , P =

(P, n|®y(1)|P’, n' +5/2). Using the definition of the vectors | P, n’) (2.9) and the nor-
malization (P, n’| P, n’) = 1 we have

(P',n"+1/2| f(D|P',n') = (P’,n’+1/2|f_4<n/+12/2>71 [P 1) = Qi1 2(P)) ) @ (P')

(P',n" —1/2| f(DIP',n') = (P',n’ — 1/2|fL{1|P',n’) = Qu(P")/Qu-12(P)

(3.30)
Here we used that n” > 0. Substituting these expressions into (3.29) we get

Sw+s/a(P /_))S fﬁ”(q)f@(q))

(Ponl®a (D f@IP 0} = (l”"’“'”(P’“’ P/)( Q2 (P)
(3.31)

s==+1

Step 2. Now we want to consider expression (3.31) at the region |g| > 1.
For the left hand side we can use [®4 (1), f(g)] = 0 and write

(P, n|@a (1) f(@)|P' 1) = (P.n| f(@)®a(D)|P', 1) = (P'.n'[@y(1) f*(q)| P. ).
It follows from (3.1) that f(g)" = —1/qf (1/q). Conjugation of ®, was givenin (3.14).
Therefore we have

o ., (_1)2(n+n/) R
(P, n|®Po (1) f(@)IP,n) = (P, n | Do (1) f(1/q)|P, n) (3.32)
We can substitute (3.31) to the right hand side of (3.32) and see that (P, n|®4 (1) f(¢)
|P’, ') is a linear combination of F}"(1/q)F;”(1/q) and F"\ (1/¢)F* (1/q).
On the other hand the hypergeometric functions on g and 1/q are connected by

y LOTAZD) - Bp(B 1—C4B.1—A+B.1/g).

I'(A)I(C — B) .
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Therefore we have the relation for functions }'S(")(q) (n = 1, 2) defined as (3.27)

()
FO@ =g > BPFE1/g). (3.34)

t==%1
The transformation matrix BS(?) do not depend on gq.

We substitute (3.34) into (3.31) and get the linear combination of F, 9)?;3), fors,s =
+1. But it was proven above that only the terms s = s’ can appear. Therefore the
coefficient of the term J—'{”J—'(_Z)l should vanish. This is equivalent to the equation (for
n' > 0)

lnn’+l/2(Ps o, P) _ Qi/(P/) BQLB(_Z)_ (3.35)
Lyw—12(P,a, P') Qur1/2(P)Qu—12(P") BYBY '
Step 3. Due to the relation between ®(g) and ®*(1/g) we have
b (P, er, P') = (= 1>, (P' o, P). (3.36)

n+s n
tions we reduce ,, to [(,)(}, Where {n} denotes fractional part of n.
Due to (3.36) it is enough to consider only the case n > n’. In this case we use (3.33),
(3.34) and rewrite the ratio of the gamma functions as

Therefore we can find! 1 (P, «a, P/)/ln_% (P a, P') from (3.35). Using these rela-

) p@)

B, B?_
BYBY

(@—P—P —ib—jb~l) 11 (@—P+P +ib+jbh
_ i,j>1, i+j=2n"+2n+1 i,j>0, i+j=2n"-2n—1
- I QP'+ib+ jb1)

i>0,j>1i+j=4n'
(@+P —P —ib—jbh 1 (@+P+P +ib+jb~h)
i,j>1, i+j=2n'-2n+1 i,j>0, i+j=2n+2n'—1

4n’—1
I1 QP +ib+ jb~1)

i=1,j=20, i+j=dn’
Using this expression we get
= QypP) QL (P)

L (P, Py = (=)0 00 (P e, P - ; :
it H) Qi (P)Qirs1 (P) I.H Qi (P)Qin (P)

i'={n’ =(n}

| - I1 (@—€P—P —ib—jb" Y a+eP+P —Q+ib+jb ")
i,j>1, i+j=2(n+n’) mod 2
242({nHn'}<i+j<2(n'+en))
11 QP'+j'b=1 +i’b)2P’ +i'b~! + j'b) 11 QP + jb='+ib))2P+ib~! + jb))
i'>0,j'>1, i'+j'<4n’ =2 i>0,j>1, i+j<4n—2
i"+j'=(2—4{n'}) mod 4 i+j=(2-4{n}) mod 4

(3.37)
The values of I(,)(,/}(P, o, P’) can be calculated explicitly using the expressions

1
[P,0)=|P), [P, 1/2)=S,2(P) (f—1/2+ VY

0/2+P

Q15 (P) = —
1/2(P) P
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The answer reads

oo(Poa, Py =1, 1y (P, Py = QXL P Z 0P+ Pt

12 VAPP(Q+2P)(Q +2P)) '
. Nt
e =g = gt

Step 4. In order to finish the proof we should calculate the coefficients €2,,(P). Below we
used the generic values for . But the matrix elements (3.37) are defined in algebraically
and this formula should hold for any «.

If we put @ = 0 and then P = P’ then the operator ®, defined by (3.8) and normal-
ization is the identity operator. Therefore /,,,,(P, 0, P) = (P, n|P, n) = 1. Substituting
this into (3.37) we have for (n > 1/2)

Q%+1/2(P)Q;2171/2(P)

Qi(P)
i js0. ivj—an—2@P +ib+ J TN j20,isjoan QP+ Q +ib+ jb71)
- [lis0. 51 i+ jan@P +ib+ jb=)QP +ib~! + jb) '

(3.38)

Using the initial date Qo(P) = 1, @} ,(P) = — Q2P e get the answer (3.26).
Substituting this to (3.37) we get the answer (3.25). O

Several remarks are in order.

Remark 3.4. The main point of the proof was the Eq. (3.35) which follows from the
vanishing of the coefficient of the .7-'{”]:(_2; term. A similar vanishing of the .7:8)1.7: iz)

term imposes the relation, which differs from (3.35) by the replacement b <> b~!. But
the final answers (3.25) and (3.26) are symmetric under the b <> b~! replacement.
Therefore this new relation does ont impose new constraint.

Remark 3.5. In this paper we fix 2, (P) by the relation (P, n| P, n) = 1. But the expres-
sion for matrix elements (3.25) should be valid for any €2, (P) since they appear only as
factors.

In [3] another normalization was used!

Qp =2 "Seyen 2P + Q, 2n).

Substituting this into (3.25) we get the formula for the matrix elements proposed in [3]
(up to a sign factor).

As was explained in the end of the previous subsection formula (3.25) gives an explicit
expression for l,%l. Substituting €2, from (3.26) and putting n’ = 0, we get
="
VSeven(2P, 2)seven 2P + O, 2n)
8 {H“,Zi Seven(P2 +€P; +€' P + %, €'n), n+n €’

1
[leo—s Sodd(P2+€P +€P+ 5 €n), n+n' €Z+1

(P, b|AYS, AN®) =

1 More precisely this is a corrected formula, it looks like there is a misprint in [3].
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Then we have from (3.23)

—1)yr227* (g AV 2 p0y—22 2
by = S B 1 ) (3.39)
\/seven(zpa 2n)Seven (2P + Q, 2n)

Remark 3.6. There exist another method to find €2,,(P). Consider the function defined
in the region |g| < 1 by the formula

Hy(q) = (P, n|f () f()|P.n).

We see that

: + D (P nlf filPon) (g~ T2 — ") (3.40)

Hy(q) = 1—¢q

s>0

and the sum is actually finite for any n. Therefore H, (q) is a sum of Laurent polynomial
and ﬁ. Therefore H,(q) can be analytically continued on the (CPI\{O, 1, oo}. In the
|g| > 1region we have H,(q) = —(P,n|f(q) f(1)|P, n)i.e. H,(q) is aradial ordered
conformal block. It follows from (3.40) that

Hy(q) = —q "' H,(1/q)

similarly to (3.32).
Using the second order differential equations we can write the function H,(g) as a

sum of two products of hypergeometric functions similarly to (3.31). The parameters

of the hypergeometric functions are given by (3.28) for P’ = P, n’ = n, oV = oz(lly)z,

a? = a(ﬁ. We have (P, n|f(1)| P, n') instead of [,,,,; in the coefficients of analogue of

(3.31). Recall that (P, n|f(1)| P, n’) are given in terms of 2, (see (3.30)). Therefore
the vanishing of the coefficient of F, f” .7-'(_2)1 term gives an equation on €2 in terms of the

transformation matrix Bg;ﬂ
2 2 1) pR)
Q8% 1 B B
4 — T php® -
Qn B++B+—

As expected, this relation coincides with (3.38).

4. Bilinear Relations on Conformal Blocks

4.1. Painlevé equations and isomonodromic problem. Painlevé equations are second-
order differential equations with no movable brunching points except poles. We recall
several facts about them following [17,20].

The Painlevé VI equation has the form

d? 2
g _L(L, U U y(day _ (L, L 1 \da
di2 2\qg qg—-1 g—t)\dt t t—1 qg—1t) dt

L2441 —1 ((900 Sy 6, 0a—1) (O —3)1u~ 1>)’

2(t — 1)2 2 ¢ (g-12 (q—1)?

Here 6y, 61, 6;, O are the parameters of the equation. All other Painlevé equations can
be obtained from Painlevé VI by a confluence
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PVI PV PIIl; — PIII; — PIII3

PIV PII PI

The Painlevé III} equation has the form

a2 g

d? 1 (dg\> 1ldq 2¢* 2
7_ (X 4,4, 2 @.1)
dt t dt 2t

Remark that the Painlevé III; equation differs from standard Painlevé III3 equation by
the change of variables 7|, = t&l, Gy = fmGu-

We now proceed to the Hamiltonian (or ¢) form of Painlevé VI and III’3 and then to
the v form. For simplicity we present all formulae for the Painlevé III; equation and
omit some analogous calculations for the Painlevé VI equation.

The Painlevé equations can be rewritten as non-autonomous Hamiltonian systems. It
means that they can be obtained by eliminating an auxiliary momentum p(¢) from the
equations

dq 8HJ dp 8H] /
— = —, — =———, J]=VILIII; and others.
dt op dt ag

The corresponding Hamiltonians are given by the expressions

2
tt —1)H,, =q(q—l)(q—t)p(p—————
g g—-1 q-—t
+(Bp+0;+601 +0) (O +6:+0] —05 — 1) g, 4.2)
t
tH , =p*¢* —q——. (4.3)

e

3 q

It is convenient to pass from the Hamiltonians to closely related functions ¢(¢) by the
formulae

tvi(t) = 1(t = DHyi(t) — q(g — 1)p + (Bo+6; +01+600)q — 2606, — 2051 — 200611
Sy, (1) = t Hyy (1).

Remark that if we know the functions ¢(#) on trajectories of motion then we can find
q(t) and p(t). For the Painlevé III/3 equation we have

q(t) = — . p@) =1"@1)/2.

¢'(t)
See [17] for the analogous expression of g (¢) in terms of ¢ (¢),¢’(¢),¢” () for the Painlevé

VI equation. Substituting these expressions to (4.3) we get Hamiltonian (or ¢) form
Painlevé III} equation

(" (1) = 4 1) (0) — 18/ (1)) — 4L (1). (4.4)
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The Painlevé VI equation in { form reads

(t(t —1¢"(1)* = -2

2A¢ () =) O+ Ao+A+A - Ax
det 1'(t) — (1) 2A; (t—1D¢' @) —¢@)
O+ Ao+ A+ A1 —As (t — DI (1) — (1) 2A
4.5)

Here A, = 03, forv=0,1,1t, occ.
Now let us differentiate (4.4), (4.5) and divide the result by ¢” (). Substitute ¢ (1) =

t(t — 1)% in the Painlevé VI case and ¢ (1) = dloir(t) in the Painlevé III} case.
We obtain bilinear equations on the t functions. It is convenient to write these equatlons
by use of Hirota differential operators Dkx]. In our paper we use only Hirota derivatives
with respect to the logarithm of a Variab{e. These operators are defined by the formula

o0 k
FE@D8E 1) = D Dl (1), 80) 7 (4.6)

k=0
The first examples of Hirota derivatives are
Dflog ) (f (1), (1)) = f()E(1),  Dijog ) (f (1), 8(1)) = tf'()g(1) — f(1)1g'(0).
Then, the 7 form of the Painlevé III; equation can be written as follows

1 d 1
D" (z(t), 7 (t))=0, where D'''= 2D[log,] tdtpﬁog, +21)[10g,]+2t010g,
4.7)

This form was found in [27]. For the Painlevé VI case we use 7(¢) = t20*21¢(¢) and
rewrite the equation as DY/ (Z(1), T(t)) = 0, where

DV’——l(l 1)> Dijogsy + (1 — 1) (1+t)( d)D
=73 [logt] [log1]

1 2 2
+(1— t)(Zt(At + A1) =201 = N1(A0+ Aco) = (1 =1 +1 ))D[log,]

1 d
— 51— (tdt) Dfoer +t((A0 +Ase)(1 = 1)

d
— A+ AN +1) ( ) Dilog

+ 2;((A0 — AD(A] = Aoo) +1(Ag + A (A7 + Am)) Dfer

Now let us review some facts about the isomonodromic deformations of linear sys-
tems on CP! (following [16]). In the simplest non-trivial case this problem leads to the
Painlevé VI equation.

We start from a linear system of rank N with n regular singularities a = {a1, ..., a,}
on CP!
n Av
0,9 =A)®, Ax) = E , (4.8)
Z— a])

where {A,} are s[(N, C) constant matrices.
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We made some assumptions. We assume the constraint >, A, = 0, which is
equivalent to the absence of singularity at co. We assume that A, are diagonalizable so
that A, = g,,’]}gv_l with some 7, = diag {)»,,,1, e AV,N}. And finally we assume that
Av,j — Ak ¢ Z for j # k (anon-resonance assumption).

The fundamental solution is normalized by ®(z9) = 1y. Near the singular points,
the fundamental solution has the following expansions

Dz = ay) =G(2) z—a) P C,.

Here G, (z) is holomorphic and invertible in a neighborhood of z = a, and satisfies
Gy(ay) = G,. The matrix C, is independent of z and is defined by the position of
z0. Counterclockwise continuation of ®(z) around a, leads to a monodromy matrix
M, =¢;le?mi T,

Let us now vary the positions of singularities and .4,’s in such way that the mon-
odromy is preserved. A classical result translates this requirement into a system of PDEs

— A
O = —2"% 2V g 4.9)

20 —ay T —ay

Schlesinger deformation equations are obtained as compatibility conditions of (4.8) and
(4.9). Explicitly,

Ay = D [AwA] L Doy ==

20 — Ay Ay — ay prsd

[ A

ay — ay

0

It follows from Schlesinger equations that the form Y, _, Tr A, A, dlog (a, —a,) is
closed. The isomonodromic t function t(a) is locally defined by

dlogr = " Tr A, A, dlog(a, —a)) . (4.10)

n<v

The Eq. (4.8) is invariant under fractional linear transformations, i.e. if w = w(z),
then transformed equation have the form:

It can be shown that the isomonodromic 7 function of the system with n singularities
transforms under fractional linear transformations identically to n-point chiral correla-
tion function of CFT primaries with conformal weights A, = %TrA%. The expression
of the Painlevé VI t function in terms of the Liouville conformal blocks ¢ = 1 from
[16] is a generalisation of this observation.

Now let A, € sl(2) and n (number of singular points) equal to 4. We will see that in
this case the isomonodromic t function coincides with Painlevé t function. We follow
[20] in the presentation.

Using the fractional-linear transformations we put singular points to 0, 7, 1, co (we
now drop the constraint >} _; A, = 0). We move the normalization point z¢ to oo
choosing an appropriate asymptotics of ®(z) as normalization condition (or we can
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keep z¢ finite and the resulting equation remains the same since the t function does not
depend on zg). Then the Schlesinger equations have the form

8, Ag = [A”tﬂ, A = %, A = _[A’;AO] - [“‘:”_“‘:1]. 4.11)

We introduce ¢ (t) = t(t — 1)%. From (4.10) we get the relation
@)y =@ — 1D)TrA, Ao+t TrA A, .
Differentiating and using (4.11) one finds

() =TrA Ao+ TrA A, () = W. (4.12)

Now one can use an identity valid for any triple of matrices Ay, A;, A| € s1(2)

Tr.A(Z) TrApA; TrApA
Tr([Ao, AJA1? = —2det [ TrA;Ag TrA? TrA A,
Tr A Ag Tr A A; Tr.A%

This identity is equivalent to the well known formula for a triple product of vectors in
R3. Substituting (4.12) and A, = %Tr.Av2 we get a differential equation on ¢ (¢) which
coincides with (4.5). Therefore the Painlevé VI t function and the 7 function of given
case of isomonodromic problem coincide.

4.2. Proof of the Painlevé III T function conjecture. In this subsection we prove The-
orem 1.1. Recall that we want to prove that the t function defined by the expression

t() = 35" Clo +mF((e +m)lD), (4.13)
nez
satisfy D11 (z(1), T (1)) = 0, see (4.7). Here F(c2|t) = Fi(c%|t) denotes the irregular

limit of conformal block defined in (3.7) for the central charge ¢ = 1. The coefficients
C (o) are defined by the formula

1

€)= G0 =20)G(1 +20)°

where G(z) is the Barnes G function. Of all properties of this function we will use
only a recurrence relation: G(z + 1) = I'(z)G(z). The parameters s and o in (4.13) are
constants of integration of the equation Painlevé III/3 (4.1) (see also Remark 4.4).

Proof. First we substitute the conjectural expression for t function (4.13) into (4.7) and
collect terms with the same powers of s. The vanishing condition of the s coefficient
has the form

> (C(o +n+m)Clo — n)D”I(}'((a +n+m)>2|0), F(o — n)2|t)) —0.
nez
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Clearly this s™ term coincides with the s”*2 term after the shift o — o + 1. Therefore
it is sufficient to prove the vanishing of s° and s! terms:

> (Ce+mCo —mD" (F((o+m?n, F(@ =) =0, @.14)
nez

> (C(o +n+1)C(o — n)D”’(f((o +n+ D20, Flo — n)2|t))) —0. (4.15)
nez

We prove these relations by use of the Whittaker vector decomposition proved in Propo-
sition 3.1. Taking the scalar square of (3.17) we have

Funs(A®|g) = > (P D)FVFL, (4.16)
2nez

where
F=F.anAPYI1BVq), FP=FoAy18%).

We will use below the shorten notations ", f,?). We want to prove relations that
contain Hirota differential operators. Let us introduce the operator H

H=>bLY +b"'Ly, (4.17)

and deﬁneﬁand .7-'; by the formulae

00 Kk X
— o —~a
Fus = (1 ® Wysle® |1 @ Wys) = E (1® Wys| H |1 ® WNS)F: E ko (4.18)
k=0 ’ k=0 :

We can calculate j—"; using right hand side of (3.17)

(1® Ws(@)le" |1 ® Was(9)) = D 15(P,b)
2nez

X (WD) 1 W5V} (W2 (8| e (WP (6%).
(4.19)

Generalized Hirota differential operators D’gl o]

are defined by

fe%g)ge?q) = Z D, exfiogq1(f (@) g(q))(:;—!a
n:O

where we take derivatives with respect to logarithm of variable as before. Since

()
(Wi g eetd

Wrgn)(lg(n)q)> — ]:’gn)((ﬁ(n)q)eae)’ n=1,2.
we can rewrite (4.19) as

Fo= 3 (BP.OD e P FD). (4.20)
2nez
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On the other hand we can calculate .7-'7( using the left hand side of (3.17). Using
the explicit expressions (2.3) we can rewrite the operator H in terms of the F & NSR
generators

H=Q > rifsfri= D f+Gn (4.21)

reZ+1/2 reZ+1/2

We want to calculate H¥|1 ® Wys) and substitute this to (4.18). We do this calculation
fork <4
H|1® Ws) = —¢"/* f-1211) ® |Wys)
H?|1® Wys) = —q"/411) ® G_12|Wxs) — Qq"* f-121) @ |Wis)
H |1 ® Wys) = —0%¢"* f_1211) ® [Wys) — 0q'/4[1) ® Gy /2| Wis)
+2q"* f_1211) ® LolWas) +2¢°/* f_3211) ® |Wis)
- ql/zf—1/2|1> ® G_1/2|Wis)
HY1® Wys) = —0%¢"*[1) ® G_1)21Wys) +2¢"4[1) ® G_12Lo| Wis)
q'"*11) ® L_1|Ws) +2¢°*|1) ® G_3/2| Wys) +

where “. - - ” stands for terms involving f in H*. Then we have the relations

— — — d
Fo=Fns, Fa=—q"Fus, Fa= q1/2<2quNs — g Fus) — 0%q"* Fus,

(4.22)
where Fns denotes F_ns (ANS|g) = (Wys|Wis) and we used the relation (Wys|Lo| Was)
=du 4 Fs. Using these formulas we derive the equation for Fr

— d —~ — P
Fa+ 2qE}"2 —(1+0HFr+qFy=0. (4.23)

Now we can use (4.20) and rewrite (4.23) as a bilinear differential equation. Introduce
the corresponding operator by the formula

plll = D4 ZqiDz

Nogq1t dq  bb'llogg] —(1+0? )th logq]+quh1[logq (4.24)
We proved that
> (b DY (Fan (AVIB7). Fao (AR 1B%)) ) =0 (4.25)
2ne7Z

This sum splits into two, which consist of integer and half integer n (qANS times integer
and half integer powers of ¢ correspondingly). Therefore we have

> (2ep.o) - DI (Fan (APIBY ), e (AP 1B%)) ) =0 (4.26)
nezl

> (B DY (Far AL 18 Fon (AP 1879)) =0 @27)

nezZ+1/2
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We want to compare these relations with (4.14), (4.15), where the central charges
are equal to 1. Therefore it is natural to set b = i. We specify other parameters by
q = 4t; P = 2io. Therefore we get

1
0=0, b(n)=i, 13(77)21; P(n)=iU, n=1,2,

AV = (0 +n)?, A? = (o —n)’

After this specialization we have D!/ > 2D | F 1) (A} |BVq) — F((o +n)?|t),

Fe (Af) 1B@¢) — F((o — n)2|t). In result the specialization of relation (4.26) coin-
cides with (4.14) up to coefficients. But using the recurrence relation for G(o’) one can
prove that

C(o +n)C(G—n) 1 _ANS

1)1, (2i
C(0)2 2|n\ 1(k2 40_2)2(2|n|—k)(402)2\n| =D (2io, l)

(4.28)

where 2n € 7 and the functions /,,(2io, i) are specified in (3.39). Therefore the special-
ization of relation (4.26) coincide with (4.14).

For the specialization of relation (4.27) we substitute 0 +— o + 1/2, n +— n + 1/2.
Then we obtain

) . NS 2 2 _
é(zn%(zmﬂ,zw (f((o+n+1) 1), F((o —n) |z))) —0

It remains to compare the coefficients. We can rewrite the coefficients in (4.15)

Clo+n+1)C(c—n) C((o+1/2)+(n+1/2)C((c +1/2) — (n+1/2))
C(o+1/2)2 - C(o +1/2)2

and then using (4.28) obtain 12 ! (2io +1i,1i) (with the additional factor T ). This
concludes the Proof of (4.14), (4 15).

Remark 4.1. Equation (4.22) suggest more simple equation then (4.23), namely .7-'2 =
4 2}"0 But this second order differential equation

—q'? > (P HFVFY = > 1 (P.b)D,,
2nez 2ne7

gt EDY, (429)

interchanges F, with integer and half-integer n and does not provide analogous equation
on the t function. Therefore we need Fj4.

Remark 4.2. Using the expressions for H*|1 ® Wys) we can find the corresponding ﬁ .
We have for k = 1, 3 (using (4.20))

2 (PDIDy iy (B T = Fi =0, (4.30)
2ne’
D PDIDY e FR FE) = Fy = —0q'* Fs. (4.31)

2nez
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In the b = —1 specialization we have trivial relations j-'\] j—'} = 0, so we did not
use these functions in the proof But for other central charges we can write additional
equations. For example, using the expression for }"2 (4.22) we get

D GPDID) g TR F) =0 D L(P.DD;
2nez 2nez

Mog q] (‘Fr(zl)’ fr(zZ))'

(4.32)
We use these relations in Sect. 4.4.

4.3. Proof ofthe Painlevé VI t function conjecture. As was explained in the Introduction
the initial Gamayun—Iorgov—Lisovyy conjecture was for the Painlevé VI t function. The
Painlevé V and III conjectures are degenerations of that conjecture. We prove the Painlevé
VI conjecture below.

Theorem 4.1. The expansion of Painlevé VI T function near t = 0 can be written as
T, 0.5.0)= > "Clo+n, )F(K. (o +n)|0). (4.33)
nez

where
— —>
9 = (90591‘7917900)9 A= (AOa AlaAlvAOO)7

]-"(X, (o +n)2, 1) = F (_A), (o +n)2, |t) denotes the 4-point conformal block defined

in (3.4) for central charge ¢ = 1. The coefficients C (o, 5)) are expressed in terms of
Barnes G function by the formula

[leo—t1 G +6; +€6p+€'0)G(1 + 01 + €0 +€ o)
]_[6 —t G(1 +2¢0)

—
C(o, 6)=

Remark 4.3. 1t is natural to ask: do the series (4.13) and (4.33) converge? It was proven
in (4.13) that the series (4.13) converges absolutely and uniformly on every bounded
subset of C. One can similarly prove the convergence of (4.33) on some neighborhood
of t = 0. Convergence radius of (4.33) is non greater than 1, because at the point ¢ = 1
conformal block have singularity. It seems to be that it really equals 1.

Remark 4.4. Note that any general solution of t form of Painlevé equations depends on
4 integration constants unlike ¢ () which depend on 2 integration constants as a solution
of the second order differential equation (4.4), (4.5). One of extra constants is a constant
factor since t(¢) was defined by ZM Another constant emerges from differentiation
of ¢ form of Painlevé equation.

It is easy to see that the parameters s and o are defined by the asymptotic behavior
of 7(¢) (up to discrete shift o + o + 1), and are independent on constant factor of ().
Therefore this extra parameter, which correspond to constant factor cannot be expressed
in terms of s, 0.

Comparing the asymptotic behavior of the corresponding ¢ (¢) one can see that there
is no additional constant in { forms of the Painlevé equations (4.4), (4.5). Therefore the
T function (4.33) corresponds to a solution of these equations.
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Proof. The proof goes in the same way as in the Painlevé III; case. We substitute the

conjectural expression (4.33) for 7 (¢) into DY/ (Z(¢), 7(t)) = 0and collect the s”-terms.
It is enough to proof the vanishing of s°, s coefficients (similarly to the Painlevé 1T,
case). These vanishing conditions have the form

> (C(a +n, 6)C(o —n, ?)DV’(f(Z, (o +n)|0), F(A, (0 — n)2|t)) —0,
nez
> (C(a+n+l, )C(o—n, ?)DV’(f(X, (o +n+ D20, F(R, (a—n)2|t)) —0

nez
4.34)

We prove these relations using the chain vector decomposition proved in Proposition
3.2. Using rather cumbersome calculations (presented in Appendix A) we prove that

> (B bIAY, AYS) - AP, bIAY, AY)
2neZ

pVi(F A_J) AD O A _
Dy N Fon (A, AP, Feo(AY, A g) ) ) =0, (4.35)
where
P 3p4 1 1 2(,- L) p2
b —_5( —q) b,b*l[logq]_( +q)(1—¢q) CIE b,b~!{logq]
+(1—q) (—q(AY® + AS®) +4(1 — ¢)(AT® + A}®)
1
5 (Q2(1 +4g+gP)+ (1 —q+ q2))) Di,bq[logq]—

1
+54 (‘](Ags + AP (AY® + AY®) — (AY° — AP (AF® — AZ—IS))Dg,b—I[logq]

1 NS NS NS NS d 0
+3a(A1 + A1 —q) = (A + A1 +9) 435 ) Phs g

1 d\*
- Eq(l _Q) (QE) Db,b_][logql'

Here the highest weights of Vir™, n = 1,2 modules are related to the highest weight
of NSR module by the formula (2.6)

-1
A(l) — b

b
25 ﬁ2
K bl bl’j’ P

K b b71 A’IEIS’ K = 1, 2, 3,4

Similarly to the Painlevé III} case the sum (4.35) splits into two sums, which consist
on terms with integer and half-integer n correspondingly. In order to get Painlevé VI
relations we specialize the parameters

1
g=t,b=i,=0=0, cng =c? =1, A,((")zzA,’;‘S, n=12 k=1234

The relation between A parameters in the Painlevé VI equation and in equation (4.35)
can be written in terms of parameters 6 and P

Py =2i6y, P, =2i6;, P3=2i0;, P4s=2i60s, P =2io.
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Then we have DX 'ts DV and the Eq. (4.35) reduces to (4.34) up to the coefficients.
For these coefficients we have the relations
Clo+n+1)C(oc—n) C0c+1/2)+(n+1/2))C((0 +1/2) —(n+1/2))
C(o +1/2)2 B C(o +1/2)2

and
Clo+n)C(o —n)
C(0)?
ees T (O + €60+ )2 — oM T (01 + €00 + 102 — o)~
,%';"fl (k2 — 40:2)2QInl—=k) (45 2)2In|

= (=1)* . 12'Qio,i|263,267) - I2*(2i0, 11267, 26%),

where 2n € Z. Here we used the recurrence relation on Barnes G function and explicit
expressions for 21 (P, b|AYS, AY®) (3.39). This completes the proof. O

4.4. Effective algorithm for conformal blocks calculation. Bilinear relations on the Vira-

soro conformal blocks provide efficient algorithm for calculation of the power expan-

sions. Analogous algorithm based on Nakajima—Yoshioka relations was given in [26].
We start with ¢ = 1 4 point conformal block defined by its power expansion

F@) =2 z BNV, B(0) =1. (4.36)
N=0

We consider both irregular and generic cases. Substitute the expansion (4.36) to the

(4.14) in irregular case and (4.34) in generic case. Then the equation that the (ANSHN
coefficient is O gives the relation which expresses B(N)B(0) in terms of [, and B(M)
for M < N. Thus one can compute coefficients B(N) recursively.

This algorithm has a polynomial complexity in contrast to exponential complexity
of algorithms based on the AGT expressions or on calculation of a Kac—Shapovalov
matrix. Note that a Zamolodchikov recurrence formula [30] also provides an algorithm
of a polynomial complexity.

For instance a calculation of B(n) for n < 50 by use of bilinear relations took 33 s in
the irregular case and 256 s in the generic case (we use Intel Core i3; 2.2 GHz 2 Core and
program Wolfram Mathematica 8.0). Calculation of B(30) in the general case took 30 s.
For comparison a calculation of B(30) using the AGT correspondence (and additional
improvements such a parallelization) took 240 s.

Such terms like B(50) are important for the numerical study of the conformal blocks
for |t] — 1, where series (4.36) converges very slowly. For instance this calculation can
be used to check the formula (5.3) in [22].

This method can be generalized for calculations of the Virasoro conformal blocks in
case ¢ # 1. In this case we use two bilinear relations; (4.30) and (4.32) in the irregular

case and (A.3) and (A.5) in the generic case. In the recursion procedure the g ANIEN form
contains two new terms BV (N)B®(0) and B’ (0)B®(N). They can be found using
two bilinear relations.
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5. AGT Relation

The AGT relation states the equality between conformal blocks in certain 2d CFT and a
generating function of certain integrals on instanton moduli spaces (Nekrasov partition
function). It is known [7,9] that conformal field theory with NSR symmetry corresponds
by AGT to the instanton counting on the minimal resolution of C?/Z,. We denote this
minimal resolution by X».

Let M(C2; r, N) be the moduli space of instantons on C? with rank r and ¢; = N.
Let M(X5; r, N) be the moduli space of instantons on X, with rank r,¢c; =0, ¢ = N.
By Zpure (€1, €2, a; g) and folfre (€1, €2, a; q) we denote the Nekrasov instanton partition
functions for pure U (2) gauge theory on C? and X, correspondingly. These functions are
the generating functions of equivariant volumes of the corresponding instanton moduli
spaces

o0 o0
Zoure(er, €2,a:q) = D g / L ZX (et e,aiq) = D q" / L,
N=0 yr 2. ) N=0 prx5:r,N)

It was proven in [9] (see also [11]) that

X .
Zyie(€1, €2, a5 )

2n?
q
= E (mzpure(z‘fl»_fﬁ‘eZs a +2ney; q) Zpure(€1—€2, 2€2, a+2ney; C])),
n ’ ’

2nez
5.1
where
Li(a, €1, ) = (—1)*"sc(2a, 2n)sc (2a + €1 + €2, 2n)
se(x,n) = H (x+iey+ jep), forn >0
Pl (5.2)
i,j>0, i+j<2n
i+j=0 mod 2

Se(x,n) = (—=1)"sc(e; +ep —x, —n), forn <O0.

The coefficients /,,(a, €1, €2) are called the blow-up factors.
The AGT relation for the Virasoro algebra was proved for Virasoro algebra in [1]. In
the Whittaker limit the AGT relation states that

—A
q q
Zpure(el»GZ»a;Q)Z(ﬂ) fc(A|ﬂ)»
€162 €1€2

4a® — (€1 + €2)? €1 +€)?
WhereA:le)’c=l+6(l—2)
46162 €1€2

Then we set €] = b, € = b=, a = P and rewrite the right hand side of (5.1)

1) 2) _A(l> _A(Z)
2n~2A0,  +2A
(=1)22%n * 20 g gy

Seven(2P[2n)Seyen (2P + Q|2n)

Biq Baq
1 AP 2L
4)fc<2>( n 4>,

2_ A _ A2
RHS — Z q2n An An
2nez

Fem (A;l)
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where 81, B, are defined by (3.18), the central charges ¢, ¢® are defined by (2.5) and the
highest weights AY, Aﬁf) are defined at (2.8). Using the equality AY +Af12) = ANS42p2
and formula (3.39) we get

_aNs
RHS = (%) D (PO Fa (Al(ll) /i%q) Fe (Aff) ﬁqu) :
2nez
We compare the last equation with (4.16) and get
_ANS
25 (b, b7 Pig) = (%) Fons (ANS‘CZI). 5.3)

This relation was proposed in [9] (following [7]) as the AGT relation for the NSR algebra
in the Whittaker limit. This Proof of (5.3) follows [3]. This proof is based on the proof
for Virasoro case, Proposition 3.1 and the values of /,, found in Sect. 3.3 (which were
given in [3] without proof).

More general spherical (and toric) NSR conformal blocks (3.10) can be expressed in
terms of Vir conformal blocks by use Theorems 3.1, 3.2. On the other hand the Bonelli,
Maruyoshi, Tanzini found expression of the Nekrasov partition function on X5 in terms
of Nekrasov partition function on C2 [10] (see eq. (2.14) in loc. cit.). But Virasoro
conformal blocks are equal to Nekrasov partition functions on C2?. Using Theorems
3.1, 3.2 (or the corresponding results in [18]) one can see that the coefficients in the
expressions in terms of conformal blocks coincide with the coefficients found in [10].
Therefore the NSR conformal blocks coincide with the Nekrasov partition functions on
X». This finishes the proof of AGT relation for the NSR algebra in the form proposed
in [10].

6. Concluding Remarks

e The conformal block bilinear equations (4.25), (4.35) were proven for any central
charge. It is natural to ask for the corresponding 7 function equations for ¢ # 1.
Namely one can introduce b dependent 7 function (for irregular limit case)

(b, Plgq) = ZS"C[,(P +nb)F.(A(P +nb, b)lq), (6.1)
neZ

with the coefficients Cj, (P) defined in terms of double Gamma function I'> (P |b, b~ 1).
Then we define TV (q) = (b, P1|B1q). TV (q) = T(—(b®)™", P,|p2g) and ask
for equation

DIz (g), 1?(q)) = 0.

However, argumentation from Sect. 4.2 runs into difficulties. First note that in
Sect. 4.2 we used the fact that s and s"*? relations are equivalent. For ¢ # 1 this
argument works only for special central charges, namely ¢ and ¢® corresponding
to generalized minimal models M(1, k) and M(1, 2 — k), k € N. Another obstacle
to study is the convergence of the series (6.1).
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e As was mentioned in the Introduction and Sect. 5, Eq. (4.23) has the geometrical
meaning in the framework of the instanton counting on X5. In would be interesting
to find its geometrical proof similarly to the Nakajima—Yoshioka proof [26].
Probably, a more fundamental question is the geometric interpretation (in terms of
instanton moduli spaces) of the t functions (4.13), (4.33).

e Our approach is quite general, it seems that bilinear equations for many point con-
formal blocks can be obtained this way. Another possible generalization is bilinear
equations on Wy conformal blocks for N > 2. It would be interesting to find bilinear
equations on t functions in the corresponding isomonodromic problems.

e Recently Litvinov, Lukyanov, Nekrasov, and Zamolodchikov suggested a relation
between classical conformal blocks (¢ — o0) and Painlevé VI [25]. It would be
interesting to find any relation between this fact and the Gamayun—lIorgov-Lisovyy
conjecture studied in our paper.
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A. Proof of Relation (4.35)

As we already claimed in the main text the proof of the relation (4.35) is similar to the
proof of its irregular analogue (4.24). In this appendix we will use shorten notations

=0 (PBIAYS, AYS), I = (P bIAYS, AYS),
(1) D AWM @) O A
Fo)=F.a(AV, AV q), F7=F.o(A%, ACg).

Similarly to Sect. 4.2 we define the functions Fr by the formulae

0 k 0 k
— o

2 Frgy =341 @ Wisle™ 1@ Was)ar = D> 34(1 ® Was HE[1® Was)ar

k=0 ’ k=0 ’

where the operator H was defined in (4.17). As in irregular case we have
Fo= 2 (1255 Df posog B F)) (A1)
2nez

where we used decomposition (3.19). On the other side we can use expression (4.21) of
the operator H in terms of F @& NSR generators and calculate
HI1® Ws)ai =— D ¢ fI1) ® [Wys)ai

reZzo+%

0 > 2q"Pf11) ® Was)an

1
reZ20+7

H*|1® Wys)a1
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- Z f]r/2|1)®G7rlm)21

reZZM%

— > AT fI) ® [Was)ar.

r,seZZo+%,s;ﬁr
For H3 and H* we omit terms which do not contribute to ]/-'; k<4

H1® Washar = =02 > 2n)2q"2 f,11) ® [Whs)as

reZZM%
) Z 2rq"?|1) ® G_,|Was)21
reZZo+%
+ Z g f 1) @ GsG_r [Wis)ai
r,seZZo+%

— S 2 AT (f Gy = foGo1) @ | Ws)ar + -

r,seZ20+% JFES

xHY1® Washai = =0 >~ (21)%q"*1) ® G [Wys)an

reZZ()+%
c 1 —
+> P ®G (2LH +0? - Z)Sr,s) [Whs)2t
r,seZZ(ﬁ%
- > 4P ®G GG [Was)n
r,seZ20+%

r+s

D AT @ (GG = GGy Washar ++-

r,sezzo+%,r;ﬁs

Then we multiply these equations by 34(Wys| and calculate the corresponding j—"; For
Fo and F, one can easily get

12

—~—

fNS7 (A.2)

ﬁ)Z‘FNS, ﬁ:—
l—¢q

—_ ~
where Fys = Feyg (ANS, ANS|g), and similarly for Fys, see (3.15). For the calculation
of F4 we use (3.13) and matrix elements

d d \?
(Was|LolWas) = (g— ) Fns,  (Was L3I Was) = (g ) Fuss
dg dq
e~ e~ d ~
(WnslLolWns) = ¢g—Fns
dq

and get:

Fa=-0" > (@rq Fus+2

1
reZ20+§
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1 d\ ~
X Z q° ((s — r)(AgS + 5) — ATS + qﬂ) Fns

r,seZZo+%,r<s

1 d\ ~ d ~
+ z qr((7’—S)(A§S+§)—Ays+45)st+ Z q9"q—Fns

d
r,seZZo+%,s<r rezz(ﬁ% q
CNS ro0 1 ~
+— r°— —)F
) Z q ( 4) NS
reZZo+%
r+s NS NS d NS NS d
dq dq
r,seZZo+%

- Z 4" r(s — r)AYSAYS Fus

r,seZzo+% IS

Substituting fNS and Fys from (A.2) and performing the summation we obtain

— 14+6g + q2 —
Fa=0Q0————-F
(1-¢)?
_q(—ATS + AN +g(AYS + AN (=AY + AYS +g(AYS + AZ‘S))j__\
(1—q)* ’
_q(—ATS — AN+ AN+ ANS + (AYS + ANS + AYS + AZ‘S)Q)qifO
(1—-q)? dq
2
q d ) =
(1—q)7? (q dg
_zq(Ags + AV +1— AV + ANSHA - q))j’—'; _, l+g¢ qi]’—';
(1—-¢)? 1—q dq
(1+9)* =~ 24 = asans 40 =
———=F —(1+20°)——=Fr +4A°AT——F
(1—gq)? (1—g)? 2T -9
Using (A.1) we finally get (4.35).
Remark A.1. As in the Painlevé III'; case we can calculate ﬁ fork=1,3
Fi= 20 LD, ooy B i) = 0 (A3)
2neZ
~ V2(1+ g)—~
B= 3 D) i P FD = 0T TR (A
2neZ q
These relations are trivial in case b = —1 due to [2'13* = 12! 3% ' For b?> # —1 we can

use (A.2) and get

(1=9) 2 B'RDY g o (P T = QU14q) D0 DY oy (FI F).
2nez 2nez
(A.5)
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