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Abstract: We consider a magnetic Schrodinger operator with magnetic field concen-
trated at one point (the pole) of a domain and half integer circulation, and we focus on
the behavior of Dirichlet eigenvalues as functions of the pole. Although the magnetic
field vanishes almost everywhere, it is well known that it affects the operator at the spec-
tral level (the Aharonov—Bohm effect, Phys Rev (2) 115:485-491, 1959). Moreover,
the numerical computations performed in (Bonnaillie-No€l et al., Anal PDE 7(6):1365—
1395, 2014; Noris and Terracini, Indiana Univ Math J 59(4):1361-1403, 2010) show
a rather complex behavior of the eigenvalues as the pole varies in a planar domain. In
this paper, in continuation of the analysis started in (Bonnaillie-Noél et al., Anal PDE
7(6):1365-1395, 2014; Noris and Terracini, Indiana Univ Math J 59(4):1361-1403,
2010), we analyze the relation between the variation of the eigenvalue and the nodal
structure of the associated eigenfunctions. We deal with planar domains with Dirichlet
boundary conditions and we focus on the case when the singular pole approaches the
boundary of the domain: then, the operator loses its singular character and the k-th mag-
netic eigenvalue converges to that of the standard Laplacian. We can predict both the
rate of convergence and whether the convergence happens from above or from below, in
relation with the number of nodal lines of the k-th eigenfunction of the Laplacian. The
proof relies on the variational characterization of eigenvalues, together with a detailed
asymptotic analysis of the eigenfunctions, based on an Almgren-type frequency formula
for magnetic eigenfunctions and on the blow-up technique.
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1. Introduction

In this paper we continue the analysis started in [11,31] concerning the behavior of the
eigenvalues of the magnetic Schrodinger operator
(V+A)?=—A+iV-Ag+2iAs -V +|Ag)? (1.1)

as the pole a €  moves inside of €2 and eventually hits the boundary dQ. Here Q C R?
is open, bounded and simply connected, and we impose zero boundary conditions on
0%2. The magnetic potential A, has the form

AA@:E( 2@ ma ), (1.2)

2\ (1 —an)?+ (o —a2)?’ (v —ap)? + (x2 — a2)?

fora = (aj,az) € Q and x = (x1,x2) € 2\{a}. Such magnetic vector potential is
generated by an infinitesimally thin solenoid orthogonal to the plane, and the associated
magnetic field is a w-multiple of the Dirac delta orthogonal to the plane. The result-
ing magnetic Schrodinger equation describes the motion of a non relativistic, spinless
charged quantum particle constrained in a potential well and interacting with the point
magnetic field V x A,.

Though the magnetic field vanishes almost everywhere, its presence affects the spec-
trum of the operator, giving rise to the Aharonov—Bohm effect [3]. At first, as a con-
sequence of the diamagnetic inequality, the first eigenvalue is raised by the presence
of the magnetic potential (see [26,28,29]). This is not the case for higher eigenvalues,
which show a more complex behavior. This has been numerically detected and depicted
in [11, Figure 2]. In these figures, which are shown below, the angular sector of aperture
/4, Xx/4,is represented in dark thick line. Outside the angular sector are represented
the eigenvalues A ; of the Dirichlet-Laplacian on X;,4 (which do not depend on a). We
observe the convergence proved in Theorem 1.3:

vVj>1, )»7 — Aj asa —> 0Xy4.

Figure 1 also illustrates the boundary behavior of the eigenvalues for a domain with a
piecewise C*° boundary; note that the functions a +— )Ljf are regular except at points
where the eigenvalue A‘; is not simple.

Such arich structure calls for some theoretical explanation. The study of the behavior
of the eigenvalues in connection with the nodal domains of the corresponding eigen-
functions is motivated by its relation to spectral minimal partitions, see [10,17,19-23].
It has been proved in [21] that, in dimension 2, if all the clustering points of a minimal
partition have an even multiplicity, then the partition is nodal, i.e., it is the nodal par-
tition of an eigenfunction. The results in [7-9,31] establish a strong relation between
the minimal partitions having points with odd multiplicity and the nodal domains of
Aharonov—Bohm eigenfunctions.

Two natural spaces to study the operator (1.1) are given by DL’(LZ(Q) and H /ia (),
respectively with and without vanishing boundary conditions on d2. The first space
DZ’?(Q) is defined as the completion of C3°(2\{a}, C) with respect to the norm

lullpi2 g = GV + Al ).
while the second space H}‘ﬂ (2) is defined as the completion of the set

{u € C®(R2, C), u vanishes in a neighborhood ofa}
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Fig. 1. First nine eigenvalues of (iV + Aa)2 for a varying in Ty /4
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We recall several properties of those spaces in Sect. 2.
The domain of the operator (1.1) will be one of the two previously defined function
spaces, the operator, with values into its dual space, is the Riesz one and is obviously

/
self-adjoint: for any pair of functions u, v € D}A’HZ(Q), (V+A)%u € (DL’E(Q)) (or
respectively for H }‘a (€2)) and

<(iV + A u, v> - / (Y + A)u - GV + Ag)v.
Q
We study the following weighted eigenvalue problem

(V+ A0 =M pe)gf,  with ¢f € Dy (), (1.3)

with p satisfying .
pEC®(Q), pkx)>0, xe. (1.4)
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The weight has the role of incorporating the curvature of the domain when the boundary
is locally flattened by a conformal change of variables. A bounded potential could be
added as well. Throughout the paper, we will denote by A7, k € Ny = {1,2,...},
the eigenvalues in (1.3) arranged in a real increasing sequence and counted with their
multiplicity. We will reserve the notation A, ¢ for the eigenvalues and eigenfunctions
of the Laplacian with weight p(x) in Q2 and with zero boundary conditions (again
increasing and counted with their multiplicity).

The main results obtained in [11] and [31] in connection with this topic concern the
critical points of the map

ae Q> Ay

In particular, in [11] the authors have analyzed the relation between such critical points
and the nodal properties of the corresponding eigenfunctions. To this aim, let us recall
the definition of order of vanishing of a function u at an interior point b.

Definition 1.1. (Interior zero of order h/2). Letu : Q@ C R*> — C, b € Qand h € N.

(1) If h is even, we say that u has a zero of order /2 at b if it is of class at least ch2
in a neighborhood of b and u(b) = - - - = D"/?>~lu(b) = 0, while D"/?u(b) # 0.

(i) If &k is odd, we say that u has a zero of order i/2 at b if u(x2 + b) has a zero of
order /1 at x = 0 (here x? is the complex square).

Then, a link between the order of vanishing of the function a +— |A{ — AZ| can be
established: indeed, the following result holds in case p(x) = 1 (but it is valid for any
p satisfying (1.4)).

Theorem 1.2. ([11,31]). Let @ C R? open, bounded and simply connected. Let b €
and )\Z simple. (p,’{’ has a zero of order h/2 at b, with h > 3 odd, if and only if b is a
critical point of the map a + A{. Moreover, in this case we have

1A — k| < Cla —b|" D2 asa — b, (1.5)
for a constant C > 0 independent of a.

In this paper we address the study of the behavior of the magnetic eigenvalues as the
pole approaches the boundary of the domain, starting from the observation that, since
simply connectedness is restored when the pole lies on the boundary, there holds.

Theorem 1.3. ([11,27]). Let Q@ C R? open, bounded and simply connected. For every
k € No we have that A} — ki as a — 0%2.

Our first aim is to obtain an expansion similar to (1.5) when the point b is on the
boundary 9€2. It is worthwhile to notice that the techniques that were developed in [11],
based on the application of local inversion methods, hardly extend to the study of the
behavior at the boundary. For this reason, we propose here a different and more efficient
approach, based on the variational characterization of the eigenvalues.

Another phenomenon enlightened by the numerical simulations in [11] attracted our
attention. The convergence A{ — X described in Theorem 1.3 can take place either
from above or from below, depending on the value of k and on the position of the pole,
see Fig. 4. Of course, by the diamagnetic inequality, A{ > A; for every a € Q. A more
detailed analysis suggests that the different behaviors are related to the position of the
pole with respect to the nodal lines of ¢y. If the pole a moves from 9<2 along a nodal
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Fig. 3. 3-D Representation of the map a +—> )\‘]’. in X4, for j =2,3

line of ¢y, then the nodal line of ¢} is shorter than the one of ¢, locally for a close to
the boundary, see Fig. 2c, d. This determines a decrease of the energy: we can observe
in Figs. 3b, 4 that A§ < A3 for a approaching the point (1, 0) € <2 along the symmetry
axis of the angular sector. Conversely, if @ moves from 92 not on a nodal line of ¢ as in
Figs. 2a, b, this creates a new nodal line in the magnetic eigenfunction and consequently
an increase of the energy, as we can see in Figs. 3a, 4.

The second aim of this paper is to provide a theoretical justification of these facts.
Before stating our main results, let us give the definition of order of vanishing at a
boundary point b € 9€2 of a function u, with u = 0 on 2. As we will see, this definition
makes sense only if 92 is sufficiently regular (see the case of conical singularities in
Appendix A).

Definition 1.4. (Boundary zero of order h/2). Let Q@ C R? open, bounded and of class
C®. Letu:Q2—C,u=00n0R, b € 92 and & even.

We say that u has a zero of order //2 at b if there exists a neighborhood U (b) such
that u € C"2(U(b) N Q) and u(b) = --- = D"2~1y(b) = 0 while D"?u(b) # 0 in
U®)nNe.

Note that, whereas for b € Q2 a zero of order /2 corresponds to A arcs of nodal lines
meeting at b, for b € 92 a zero of order i /2 corresponds to i/2 — 1 arcs of nodal lines
meeting at b. This is due to the fact that we are considering zero boundary conditions.
Our first main result is the following.

Theorem 1.5. Ler Q@ C R? open, bounded, simply connected and of class C*°. Let p
satisfy (1.4). Suppose that L1 < Ar and that there exists an eigenfunction ¢y associated
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Fig. 4. a — A;f, a belonging to the symmetry axis of Xy /4, for j =1,..., 9

to A having a zero of order h/2 > 2 at b € 92, i.e., at least one piece of nodal line
ending at b. Denote by I' any such piece of nodal line. Then there exists C > 0, not
depending on a, such that

A < —Cla—b|" foraeT, a—b. (1.6)

The study of the case when the pole approaches d€2 at a point where no nodal lines
of ¢ end, requires additional work. The difficulty is that, in order to prove the opposite
inequality withrespect to (1.6), we need some information about the behavior of ¢ when
a is close to the boundary. In this direction, we prove the uniqueness of the following
limit profile.

Proposition 1.6. Let e = (1, 0) and let v be a solution in H)‘E o C(R%) to
(iV+A)* =0 R2 (17
v =0 {x1 =0},
satisfying the normalization condition
PIGY + AV 72 e
LOFO) _ (18)

m
r—+00 2

|| 1// ||L2(3D;-(0))

where D} (0) := D,(0) N {x; > 0}. Then

(i) V¥ is unique up to a multiplicative constant;

: 0 b
(ii) forr > 1wehave y(r,0) = Ce'%/? [ rcost — ECOS + E = cos(nb) |,
Tor rh
n>3,nodd
where B > 0 is explicitly characterized in (6.7) and b, € R.
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Once the uniqueness is established, we can prove that this limit profile provides a
good description of the asymptotic behavior of ¢} . In the following theorem, we locally
flatten the boundary of €2 near the boundary point through a conformal transformation
(see Sect. 3 for more details), which allows us to work on half-balls. Then we perform
a normalized blow up, which converges to the previous profile on the half-space in the
limit.

Theorem 1.7. Let Q@ C R? open, bounded, simply connected and of class C*°. Let p
satisfy (1.4). Suppose that ¢y has a zero of order 1 at b € 92 (no nodal lines ending at
b).

Let ® be a conformal map such that =1 € C®(Q), ®~1(b) = 0 and, for some

small r > 0,

®~1(Q) N D,(0) = {x € D,(0) : x; >0} =: DI (0).

Then there exists K > 1 such that, denoting by

/
Kaj

d =(a},ab) =d Na), YL = op (@ (ajy1, dyy2 +aj))

llgi o Pllz2@pt , 0.0
4

we have
ol 2
VUi =¥ inHy, ,.(Ry) asa — b,

where e = (1, 0) and  is the unique solution to (1.7)—(1.8) with multiplicative constant
C given explicitly in (7.34).

The previous two results are obtained by exploiting an Almgren-type frequency for-
mula [5,6] for magnetic eigenfunctions, see Definition 5.1. This tool has been introduced
in the context of magnetic operators in [13] to obtain, among other results, sharp regu-
larity results for Aharonov—Bohm eigenfunctions.

The asymptotic analysis above allows us to prove the last main result of the paper.

Theorem 1.8. Ler Q@ C R? open, bounded, simply connected and of class C*. Let p
satisfy (1.4). Suppose that Ly is simple and that ¢y has a zero of order 1 at b € Q2 (no
nodal lines ending at b). Then there exists C > 0, not depending on a, such that

AL > g+ C (dist(a, 3Q))* asa — b. (1.9)

Remark 1.9. (i) Theorem 1.8 establishes a local diamagnetic spectral inequality when
the pole approaches the boundary away from the nodal lines of the eigenfunction.

(ii)) The exact behavior as a — b € 92, b being the endpoint of one or more nodal
lines of ¢, but a not belonging to any such nodal line, remains an open problem.

(iii) The assumption of regularity of £ can be weakened: it is enough to have Q2 € C>¥
for some y > 0, see Remark 3.2.

(iv) If Q presents a conical singularity, estimates (1.6) and (1.9) do not hold at the vertex
of the cone. This can be observed in the numerical simulations: we see in Fig. 4
that the curve a +— 1§ is flat as a approaches the acute angle of the angular sector.
Concerning for example 15, we see that relation (1.9) does not hold, despite the
absence of nodal lines of ¢,. We treat this topic in Appendix A. If we particularize
Theorem A.1 to the case of the second eigenvalue in X /4, we obtain for example

A4 > o+ Clal®,

as a moves along the angle bisector.
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The paper is organized as follows. In Sect. 2 we define two function spaces related
with the magnetic operator, DL’?(Q) and H fl‘a (£2), respectively of functions with and
without zero boundary conditions on d€2. We also recall a Hardy-type inequality and
the asymptotic behavior of the eigenfunctions ¢, and ¢; around zeros of order 4 /2.
In Sect. 3 we use a Riemann mapping theorem in order to flatten locally the boundary
0$2 around the point 0. By doing this, we recover an equation similar to (1.3), the new
weight verifying the same assumptions as the old one, see (1.4), thanks to the regularity
hypothesis on 92. Then, we prove some Poincaré-type inequalities in half-balls. In
Sect. 4 we prove Theorem 1.5. In Sect. 5 we introduce the Almgren’s function for the
eigenfunctions ¢f and we study some properties of this object. In Sect. 6 we prove
Proposition 1.6, and in Sect. 7 we prove Theorem 1.8. In Appendix A we treat the case
of a Lipschitz domain with isolated conical singularities. Finally, in Appendix B we
prove an estimate on the Green’s function for a perturbed Laplace operator.

2. Preliminaries

We recall here some properties of the two functional spaces defined in the Introduction.
As proved for example in [31, Lemma 2.1], we have the equivalent characterizations

Dy*(Q) = Iu € H(Q) : € LZ(Q)]

u
|x —al

and

Hy (@)= [u e H'(Q) : € LZ(Q)] ,

lx —al
and moreover we have that D}A’f(Q) (respectively H )la (£2)) is continuously embedded

in HO1 () (respectively H'()) : there exists a constant C > 0 such that for every
u e Di{az(Q) andu € Hfl\,,(Q) we have

Il g oy < Cltlpiegg, and  lullpigy < Cllulyy - @.1)

This is proved by making use of a Hardy-type inequality, which was obtained by Laptev
and Weidl [26] for functions in Di"f(Q) and has been extended to functions in H)‘a (RQ)

in [28, Lemma 7.4] (see also [29]). If Q is simply connected and of class C*, there
exists a constant C > 0 such that for every u € H /ia (£2) the following holds

u

< ClIGV +Adul 2 q)- (2.2)

|x — (l| L2(Q)

The constant C in (2.1) and (2.2) depends only on the circulation of the magnetic potential
A, and remains finite whenever the circulation is not an integer.
As a consequence of the continuous embedding, we have the following.

Lemma 2.1. Let Im be the compact immersion of DL‘HQ(Q) into (DL’HZ(Q))’ . Then, the
operator ((iV + Aa)z)*] olm: D}L"f(Q) — Di\’f(ﬂ) is compact.
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As ((iV + A,)?) " s also self-adjoint and positive in (DL’?(Q))’ , we deduce that the

spectrum of (iV + A,)? in D/lf(Q) consists of a diverging sequences of real positive
eigenvalues, having finite multi‘blicity.

We now recall a result proved in [18] concerning the magnetic operator (1.1) with
half-integer circulation, which is fundamental for our analysis. The eigenfunctions of
such operator coincide, up to a complex phase, with the antisymmetric eigenfunctions
of the Laplace—Beltrami operator (real valued) on the twofold covering manifold of 2.
The complex phase is more precisely ¢/%/2, 6, being the angle of the polar coordinates
centered at a. Notice that this is a multivalued function in 2. The twofold covering
manifold is the Riemann surface associated to the complex square root, so that ¢'%/2
is continuous therein. We prefer to state the result in the following form, taken from
[31], where a projection is applied from the twofold covering manifold into some flat,
bounded domain of R

Lemma 2.2. ([18, Lemma 3.3], [31, Lemma 3.14]). Suppose that A, has the form (1.2).
Then the function

e*"@(”(p;?(y2 +a) definedin{y € C: y>+a € Q},

(here 0 is the angle of the polar coordinates around 0) is real valued and solves the
following equation on its domain

—A 'Vl (y +a) =15 (e Ve +a), P =4lyPp(y +a).

The projection allows us to recover the continuity of the phase thanks to the rela-
tion ef0a(’+0)/2 — (100 Ag a consequence of this result, the magnetic eigenfunctions
behave, up to a complex phase, as the real laplacian eigenfunctions far from the singular
point a. The behavior near the singularity is, up to a complex phase, that of the square
root of an elliptic eigenfunction.

Since we are interested in the shape of the nodal lines, let us first recall the known
results concerning the elliptic eigenfunctions in the plane (see also [4]).

Proposition 2.3. ([16, equation (5”)], [21, Theorem 2.1]). Let Q2 C R2 open, bounded,
simply connected and of class C*. Let p satisfy (1.4). If ¢; has a zero of order h/2 at
0 € Q, then h is even and we have

h h
0j(r,0) =r"? |:ch cos (59) +dj, sin (59)] +g(r, 0),

withx =re'? e Q, C%l +d,% # 0 and

r’ . 1+
lim g, llci@p,)

0 h]2 =0. (2.3)

In addition, there is a positive radius R such that

(1) if0 € Q then ((,oj)’1 ({0}) N DR(0) consists of h arcs of class C*°, whose tangent
lines divide the disk into h equal sectors;

(i1) if 0 € K2 then ((pj)_l({O}) N Dg(0) N Q consists of h/2 — 1 arcs of class C*°,
whose tangent lines divide the half disk into h/2 equal sectors.
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The behavior near the boundary at point (ii) above can be deduced from point (i).
Indeed, since the boundary is regular, it can be locally rectified as described in Lemma 3.1
below. By performing an odd extension, we transform the boundary point into an interior
point of type (i).

‘We summarize below the local properties of the magnetic eigenfunction near the pole.
The proofs can be found in [13, Theorem 1.3], [18, Theorem 2.1] and [31, Theorem 1.5].

Proposition 2.4. There exists an odd integer h > 1 such that (pj? has a zero of order h/2
at a. Moreover, the following asymptotic expansion holds near a

0a 6 6
¢ (x—al,0.) = R Ix—al"/? [ch(a) cos (h%) +dy(a) sin (hga)}+g(|x—a|, 0a)
) (2.4)
where x —a = |x —ale'%, cp(a)? +dy(a)? # 0 and g satisfies (2.3). In addition, there
is a positive radius R such that ((p‘j‘)’1 ({0}) N Dg(a) consists of h arcs of class C*°. If
h > 3 then the tangent lines to the arcs at the point a divide the disk into h equal sectors.

3. Equation on a Domain with Locally Rectified Boundary

The local analysis near 0 € 92 is easier if the boundary is locally flat at O, i.e. if there
exists > 0 such that

QN D.0) = {x € D,(0) : x; > 0} = D} (0). 3.1)

If 02 is sufficiently regular, we can locally rectify it without altering the nature of the
problem, as we show in the following lemma. This is not the case when 92 presents an
angle, as for the angular sector presented in the Introduction, see Appendix A.

Lemma 3.1. Let 2, Q' C C be open, bounded and simply connected domains with C o0
boundary. There exist a conformal transformation ® : Q' — Q, ® € C*(Q') and a
Sunction y € C*(2') such that, letting w,i’/ = e ixX (¢} o @), we have

(V+ A wf =2 p i, w e Dy (@),
where ®(a’) = a and p’ satisfies (1.4).

Proof. The existence of a regular conformal map is ensured by the Riemann Mapping
Theorem. We note that @ is regular up to the boundary thanks to the assumption that
Q, Q' have C* boundary.

First define v,i’/ = ¢} o ®. This function solves
(V + By) v =20 p (),

where the weight is given by p’(x) = |®'|?po ®(x), By = (®'"- A,) o ® and where &’
is the matrix of the derivatives of ®. Indeed, remember that the magnetic potential A, is
defined as A, = V6,/2 almost everywhere in 2. Under the conformal transformation,
the magnetic potential will transform as

V(8,0 ®)

By = —5— = (@A) o®.
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Next, we can verify explicitly that this new magnetic potential B, has the same
circulation than A,. Indeed, if we consider a closed path y, winding once around the
point a’ in €', we obtain

! 1
Py fic:y B;/()C)|x:y(z) Y@ de = 7 j{zy (Ala . cb/)(cb(x))bc:y(t) () dt

1 t / r—1_1
=5 (Ag - @)W ly=o@) - ® 0o (1) dt

y=0

: f AL ()] "(1)dr :
— o —
27 =0 a\V)ly=o() 2
where we used the change of variable y = ®(x). The new path 0 = ® o y is a closed
path winding once around @ in € and its derivative is y’ = &' ~! . ¢, Moreover, we can
verify that V x B, = 0 everywhere in '\{a’}. Then, there exists x € C*°(’) such
that By = Ay + Vx, where A, has the form given in (1.2).

Finally, we can gauge away the term V x by letting wfj/ = e ixX v,‘c’/. O

As a consequence, by simply renaming the weight p(x) in Eq. (1.3), we will work
in a new domain satisfying (3.1).

Remark 3.2. In fact, in what follows, it will be enough to have a weight p of class C!.
Thanks to [25, Theorem 5.2.4], to this aim it is sufficient to assume 92 € C27 for some
positive y. This ensures that ® in the previous lemma is C2(£2’), so that the transformed

weight p'(x) = |®'|>p o ®(x) is C1(Q)).

In Sects. 5 and 7, we will study the behavior of the eigenfunctions go;? asa = (ay, az)
approaches 0 € Q2. As we will see later, the significant parameter will be the distance
of a from the boundary d€2. Such distance is a; if 92 is locally flat at O and |a| is
sufficiently small. We will perform the analysis in half balls centered at (0, a»); all the
future estimates will be independent from a». To this aim, it will be useful to have some
general inequalities for functions u € H /}\a (DS (0, az)) withu = Oon {x; =0}, a €
D} (0, az). To simplify the notation, we write

n(a) = (0, a2),
7 corresponding then to the projection onto the x;-axis, so that
Df(r(a)) = {(x1,x2) € R?: x? + (x3 —a2)? <72, x1 > 0}.

Lemma 3.3. (Poincaré inequality). Let a € D} (rw(a)). For all u € H)‘a(D;r(n(a))),
with u = 0 on {x; = 0}, the following inequality is verified

1 1
= lu)?dx < —/ |u|2da+/ |GV + A ul?dx.  (3.2)
=)D} (@) " JaDi (n(a)) D} (w(a))

Proof. By explicit calculation we see that, for every u € HIL{H (Df (7 (a))), we have

V-(lulP(x—7(a))) = 2Re (iu GV + Apu - (x = T[(a)))+2|u|2 ae. x € D (n(a)).
(3.3)
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Then

/ lu|? dx = —Re i/ u(vV+Alu - (x —n(a))dx +f/ lu|? do
D} ((@)) D} 2 Jopy (x(a))

1 r?

2 ; 2

5—/ |u|“dx + — |(iV + Ag)ul|” dx
2 Jpg(ra)) D} (7 (a))

r 2
+ = |u|” do,
2 Japy (n(ay)

where we used the Young inequalities and the fact that (x — 7w (a)) = rv on 3 D} (7 (a)).
This proves the statement. O

Similarly, we can prove the similar Poincaré inequality for all functions v in
H! (D} (0), R) with zero boundary conditions on {x; = 0},

1 2 1 2 2
5 [v]*dx < [v|“do + [Vv|©dx. (3.4)
= JDi) r JaD;(0) D (0)

Lemma 3.4. Let a € D} (w(a)). Foru € H)‘a (Df (7 (a))), withu = 0 on {x; = 0}, the
following holds

1
-/ lu|? do 5/ |GV + Ag)u|? dx. (3.5)
" JaD}(m(a)) Dj ((a))

Proof. We will prove the following statement: forallv € H ! (Df (7 (a)), R), withv =0
on {x; = 0}, we have

1
-/ lv|? do 5/ |Vv|? dx. (3.6)
T JoaD;(n(a)) Df (n(a))

The lemma follows from it by taking v = |u| and by applying the diamagnetic inequality.
It is sufficient to prove (3.6) in the ball D7 (0) since the general case can be recovered
by performing a translation and a dilation. Let

ﬂ:infi/ |Vw|2dx:/ w2do:1,weHl(DT(O),]R),w:OOn{xl:O}].
D} (0) aD}(0)

Let wy be a minimizing sequence. Then supy, |, D) |[Vwy|?> dx < C and by the Poincaré
inequality (3.4) we have sup;, ||wk|| H(DHO).R) = C’. Hence there exists a function
we H! (Df(O), R) such that, up to a subsequence,

wp — w in HY(DF(0),R) and wy — w in L*(D7(0),R)

by the compact injection. Using the lower semi-continuity of the H!-norm we obtain

/ |[Vw|?dx < liminf/ |Vwy|? dx = B.
DT(O) k—+00 DT(O)
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By the compactembedding HY Q) < L2O) (see e.g.[2]) we alsohave fBDfr(O) |w |2 do
= 1. Therefore w is a minimizer and solves the associated Euler-Lagrange equation

—Aw=0 D7 (0)
ow _ N
— = Bw aD7(0)
ov

w=0 x1 =0.

If we decompose the boundary trace in Fourier series w(1, 6) = >  4q o cos(k6), 6 €
[—7F. F]. then w(r,0) = > (44 apr cos(k6). The bounc_lary conditions imply koy =
Bay for every k > 1. We deduce that w(r, ) = aﬁrﬂe’m for some integer § > 0.
Since w can not vanish because of the constraint, the infimum is assumed by 8 = 1 and

v=./2
W= .,/7X]. O

4. Pole Approaching the Boundary on a Nodal Line of ¢y,

In this section we prove Theorem 1.5. We use some of the ideas introduced in [11,
Section 6]. As we already mentioned, we modify the argument therein both in order
to avoid the use of local inversion methods and in order to prove that the convergence
Ag — A takes place from below.

We adopt the standard notation f(x) = o(g(x)) as x — xp if limy_, , f(x)/g(x) is

zero, f(x) = O(g(x)) as x — xo if limsup, _, | f(x)/g(x)| is finite, f(x) ~ g(x) as
x — xo if limy_, , f(x)/g(x) is finite and different from zero.

Lemma 4.1. Let A > 0 and p satisfy (1.4). Let a — 0 so that I{al_l — e ¢ {x; = 0}.
Consider the following set of equations in the parameter a

(iV+Ay)*v = Ap(x)v in D3,,(0)
v:Og on {x1 = 0} “4.1)
v=e7 {la|"*"f +g2lal,)} on 9D3,,(0) NRE,

where f,g(2lal,-) € HI(BDEW(O) N Ri) are real valued, vanish at —m /2 and at
/2, f # 0and, for some n € Ny,

lg2lal, Mooy, 0nr2) B

m 1
la]—0 |a] 't

Then for |a| sufficiently small there exists a unique solution of (4.1) in H}la (D;\m(o) N
]Ri), which moreover satisfies

~ 34n ~ 2+n
||U||L2(3D;w(o)) a2 ,||U||L2(D;|a‘(0)) la|™™,

. Lin
1GY + 400 - vl 2y, orm) ~ lal 2™

/ (iV+ A v - vvdo| ~ [a)"*2.
BD;W(O)
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Proof. Notice that the boundary trace is continuous on 9 D Slal (0). Indeed, we can choose
6, to be discontinuous on the segment joining a with the origin, so that e!%/2 restricted to
the boundary is discontinuous only at the origin, where the boundary trace vanishes. The
existence and uniqueness of the minimizer follow plainly by the fact that the quadratic

form

/ [|(iV+Aa)v|2 —kp(x)|v|2] dx (4.2)
2‘a|(0)

is coercive for |a| sufficiently small.

The estimate on the L% (9 D 2l (0))-normisimmediate. In order to prove the remaining
estimates we will make use of some computations contained in the proof of [11, Lemma
6.1].

Let ®, be a family of conformal transformations in the parameter a satisfying the
properties

e Cc(DI0), @;'(D30) =D3(0), and @ (I |):e.

Since a/la] — e, we have that @, is a small perturbation of the identity. Moreover,
thanks to the fact that e ¢ {x; = 0}, we obtain that

|®/| < C uniformly in a. (4.3)

Making use of such maps ®,, we decompose v into the sum of two functions
v(x) = lal*"z (<1>;1 (i)) +lal™z; (cb;l (i)) ,
lal |a

(iV+A)%*21 =0in D3(0),  z1 = |a|" "™ v(la|®,) on d D3 (0),
iV + Ao’z = Mal® p(jal®y) | D, [* (z1 +22) in D3(0),  z2 =0 o0n dD3(0).

where

These transformed equations have the advantage that both the domain of validity, D3 (0),
and the position of the singularity, e, are fixed. The dependence on the parameter a has
been transferred to the coefficients of the equation (and is still visible on the boundary
trace).

Notice that ¢/0a(121®a)/2 — iX ¢i%/2 for some regular function x and let

Q:{ye(c : y2+eeD§(O)}

be the double covering, which does not depend on a. By applying Lemma 2.2 we see
that the new functions

- _i0e
Zi(y) = e T (37 +e)

are real valued and solve the following elliptic equations in €:
A =0in 0,  F = e F "My (1| Dy (v2 + €)) on 9L,
which is the same as the relation above (6.3) in [11], and

—AZ = Alal? p(lal®@a(y* +e) [@,(y* +e)* (1 +22) in Q, 7 =0on i,
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which is the same as (6.4) in [11]. Thanks to the bound (4.3), one can proceed exactly
as in the proof of [11, Lemma 6.1] and show that z, provides a negligible contribution
in the sense that

122l 1) + V22 - vl 200 < Clal?.
while the contribution of Z; is the following

c1 = ”ZIHHI(Q) <2, c1 = ||V21 ' v”LZ(GSNZ) <2,

for positive constants c1, ¢z not depending on a. This also provides

1 =

/~ V(Z1+22)-v(Z1 +Z2)do| < cp.
1Y

By performing all the inverse changes of variables and going back to the original domain
D;\al (0), we obtain the statement. O

Lemma4.2. Let k > 2 and let M = M (lal) = (m;j) be a k x k hermitian matrix
depending in a smooth way on the parameter |a|. Suppose that there exist n € Ny and

Cx > O such that, as |a| — 0, we have

mip=xi+0(a?), i=1,.... k=1, my =i — Clal”"* +o0(ja|*"*?),

mij=0(al?), i # j, i, j=1,....k=1, mj=0(al""?), i # jandi =k or j=Fk.
If Mk—1 < A, then the greatest eigenvalue of M satisfies
Amax (M) = A — Cilal*™? + o(la|”"*?) as a — 0.

Proof. In order to estimate the eigenvalues of M, we compute the determinant of the
matrix B = M — tld = (b;;). We have

det(B) = > sgn(o) Hbm(,), (4.4)

oePy
where ¢ is a permutation of the set {1, ..., k}, Py is the set of all such permutations,
sgn(o) is the sign of o and o (7) is the image of the element i € {1, ..., k} under the

action of o. We recall that a fixed point of o is an element i such that o (i) = i. We
define, forr =0, ..., k,

Py, ={o € P : o has exactly r fixed points}.
Notice that Py x = {Id} and Py x—1 = ). We split the sum in (4.4) in the following way:

det(B) = waz > gn(o)]‘[bwmz > gn(o)]‘[bm,)

i=1 r=1o0ePy, r=0 ocePy,
o (k)=k o (k)#k
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Due to the specific form of M we can estimate each piece as follows

k—1

k
[ T2 = 0x = CrlaP™** +o(la?) — ) [ [ (1 + O(la®) — 1),
i=1 i=1

k
> sen@) [[biowy = G — Celal?*? =00 (1aP*) 0,11, laP),
oePy, i=1
o(k)y=k

k
> sen@) [T biow = 0 (1aP"2) 0 (laP*"2) 0, 1aP). r=0,... k=2,
ceP, i=1
o (k) £k

where Q,(t, |a|?) denotes a polynomial of degree r in the variable ¢, which depends
on |a| with terms of order O(|a|?). More explicitly, Q,(t, la|?) is given by the sum
over any possible choice of » numbers in the set {1, ..., k — 1} of a product of r terms
of the form (A; + O(la|?) — 1), for some i # k. We can also define Qx_1(t, |a]?) =
Hf;ll (Ai + O(Ja|®) — 1) and remark that

k—1
Ok 104, 0) = [ [ = ) #0, (4.5)
i=1
where we used the assumption that A1 < Ag.
Let ¢ = |a|?. We rewrite the determinant in terms of &, obtaining

k=2
det(B) = (A — Cke"' +0(e™h) — 1) [le (t,e)+> 0 (e"—r) Q,-1(t, s)]

r=1
k=2
>0 (e’“k*’) 0,(t, &) = f(t,e).
r=0

The assumptions of the implicit function theorem hold for f (¢, €) at the point (Ag, 0).
Indeed, f (A, 0) =0, fisatleast C"lina neighbourhood of (A, 0), and % (A, 0) =
—Qk—1( k, 0) # 0 thanks to (4.5). Then there exists a function A(¢) € C™*! defined in
a neighbourhood of ¢ = 0, such that f(\(¢g), e) = 0.

Let us first differentiate this relation with respect to & and estimate it in (Ag, 0)

f / f _
=7 Ok 0 2/(0) + == (3, 0) = 0.

Sincen > 1, % (Ak, 0) = 0 and we conclude that A’(0) = 0. We can differentiate n + 1
times the identity f (A (¢), ¢) = 0 and each time use the relations obtained in the previous
step. We have

0 . 9/
—f(,\k,on(ﬂ(on —f(,\k,O) =0, j=1,....,n+1.
ot e/



On the Aharonov—Bohm Operators with Varying Poles: The Boundary Behavior of Eigenvalues 1117

Thanks to the factthatn +k —r > n+1forallr =0,...,k — 2, and using (4.5), we
deduce

a/f 8n+1f
0 =0, j=1....n, — 0 0)=—-Ce(n+D!Qr_1(A,0) #0.
de/ aent

Then
A0 =0, j=1,....n,  A2™D0) = —Cr(n+ 1)!
and we conclude that A(g) = Ay — Cre" ' +0(e" Y ase — 0. O

Proof of Theorem 1.5. We can assume without loss of generality that » = 0 and more-
over, by Lemma 3.1, that €2 satisfies (3.1). Let ¢ have a zero of order #/2 > 2 at 0,

corresponding to

_n 1>1 4.6)
n_2 > .

arcs of nodal line ending at 0. Denote by I" any such piece of nodal line and let a € T".
We shall take advantage of the min-max characterization of the eigenvalues, which we
exploit by constructing suitable finite dimensional spaces of competitor functions.
Step 1. Construction of the space of competitors. As shown in [11, Lemma 4.1], we
can choose the discontinuity of 6, on the piece of I connecting a with the origin, so that

V0,
2

Fori =1, ...,k we define

= A, globally in Q\Dj (0).

lal

W) = 0G0, x e D3, 0), @D

+

. jla . . .
Since ¢' 2 is univalued and regular in Q\Dy,

(0), the gauge invariance implies
iV + AV = dip)vf™ in Q\D3, (0). (4.8)

In the interior of the small disk we take the solution of the magnetic equation in
H/la (D;|a\ (0)), having the same boundary trace, thatis, fori =1, ..., k,

iV +A)™" = aip()vf™ in D}, (0), " = ¢% g on 3D3,(0).  (4.9)

By uniqueness, Uf’” can also be characterized as the function which achieves
inf [/ [|(iV + Ag)v]? — Aip(x)|v|2] dx : v e Hy (D3,(0)),
D;la‘(O)

v=¢%g ondD? (0)} (4.10)
= gﬁl z‘al . .

Though vf”’ and vf” solve the same equation on the respective domains, the com-
petitor functions defined as

v{'nt D+ 0
vi =[ i 21 (©) (4.11)

o Q\D3,(0)
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do not solve the equation in €2. Indeed, we have, for all ¢ € Dl"f(Q),
/Q [(iv +A)vi - (Y + A — Am(x)v,a] dx
= i/ (iV + A ) (0 —vi") v do, (4.12)
D3, (0)

where we used the formula of integration by parts, (4.8) and (4.9).
Step 2. Estimates on the single competitor functions. By Proposition 2.3, ¢; has the
following behavior on BDzl al (0), fori <k,

¢ilapy, 0 = laleicos® +o(lal), asa — 0,
with ¢ eventually 0, whereas for ¢, we have
@rlans, @ = 1al'™" (€1 cos[(1+m0]+ diyy sin[(1+m)0]) +o(lal'*™), asa — 0,

with c14y # 0,d14, = 0if niseven and c14, = 0, d14, 7# 0if n is odd. Since a belongs
to one of the nodal lines of ¢, I', and the tangents to the nodal lines divide 7 into equal
angles, we have that a/|a] — e & {x; = 0} and we recover the property (4.3). Hence
Lemma 4.1 applies providing the following estimates

. ; . 2
||U§m||L2(aD§‘,,‘(0)) = 0(lal?), ”v;m”LZ(D;‘a‘(O)) = O(lal"),

_ 1 (4.13)
GV + Aa)vfm : V||L2(aD§‘a|(o)mQ) = O0(la|?),
fori=1,...,k—1,and
. 3 ;
10" Nz2pg, 00 ~ a2 10" 2003, 0p ~ 1al™*", (4.14)
. ; 1 . . .
[V + Ag)vi" vlz2s, 0ne) ~ 1l z+",/ iV + A" - vuit do ~ |a |2,
D3, (0)
(4.15)

Step 3. We claim that there exists a constant Cy > 0 such that

i/ iV + A) W — vy VT do = —Crlal™™? + o(la*™?).  (4.16)
D3, (0)

The asymptotic behavior is consequence of (4.15). Let us prove that the quantity we
want to estimate is negative. To this aim, we extend the function v,ﬁx’ ="' 2 g toall
2. Such extension is continuous in D;lal(O), since ¢ vanishes on I' and 0, is regular
outside I', and solves

iV +A)* 0" = p()vf™ Q\T

v =0 09Q2.

Since v¢*" = 0 on T, we can test this equation by v¢* itself in D;\a|(0) and apply the
formula of integration by parts to obtain

i/ (iV + A ) vipdo = _/ [|(iV+ Aa)v;”|2—)\kp(x)|v,§”|2] dx.
D3, (0) D3,,(0)



On the Aharonov—Bohm Operators with Varying Poles: The Boundary Behavior of Eigenvalues 1119

On the other hand, by testing (4.9) by v,’;’” we obtain the same expression for v,i"’ . By
subtracting the two equalities, and recalling the characterization of v,i”’ in (4.10), we
obtain that the boundary integral in (4.16) is negative.

Step 4. Estimate of the eigenvalue. Let

k
Fr = HQD = Zaivi ra=(ag,...,0) € (Ck] CDL’(JZ(Q),
i=1

where v; are the competitor functions defined in (4.11). By (4.13), (4.14) we have, for
i # .

‘/ PV dx| = / p(X)gig; dx +/ PO — @) dx| < Clal*
Q Q D}, (0)
(the last estimate improves to |a|4+" in case i = k or j = k ). Therefore Fy is a
k-dimensional subspace of Di\’f(Q) for |a| sufficiently small and we have
2
) 19112,
Ap < sup ———————.
deFy fQ p(x)|®|=dx
Relation (4.12) provides
2
113,20,
k .
- Z i x,-/ p(x) viv; dx+i/ iV + A (v — vl v do |
= Q 8D3,,,(0)
J= a
Thus we can write
a al Mo 1
)”k =< sup —_T = dmax(N~ " M),
wcCk @ Na

where @’ denotes the transposed and the complex conjugation of the vector o, Apax (+)
is the largest eigenvalue of a matrix and M, N are by construction k x k hermitian
matrices with entries

mij = /\i/ p(x) viv;dx +i/ (Y +A) @™ = ") - vi; do,
o 9D}, 0)

nij = / p(xX)v;vjdx.
Q
By exploiting (4.13)—(4.15), we see that M has the form in Lemma 4.2 and
1+ 0(lal® O(al®y  O(al™")
N=| 0da" '

1+03alY  O(al™
0(|a|n+4) O(|a|”+4) 1+0(|a|2”+4)
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By writing N = Id + £(la|) we have N~! = 352, (=1)/E(lal)/ ~ 1d — E(la]) as
a — 0, so that N~! has the same form as N. Therefore N1 M has the same form as M
and we can apply Lemma 4.2 obtaining

A< Ak — Crlal®™ + o(la*™?).

The result follows recalling that 2n +2 = h. O

5. Frequency Formula for Magnetic Eigenfunctions at Boundary Points

Throughout this section we assume that €2 is regular and that p(x) satisfies (1.4). Given
apoleb = (b1, by) € R2, we recall the following notation from Sect. 3

w(b) = (0,b2), Dj(r(h) ={(x1,x2) € R*: x{ + (x2 — b2)” < r?, x1 > O}.
We define a Almgren-type frequency function in D (7 (b)) as follows.
Definition 5.1. Let b € C, r > 0 such that b € D} (w (b)) and u € Hlib(Df(n(b)))
with u =0 on {x; = 0}. Let 2 € R, and p(x) satisfy (1.4) in D} (s (b)). We define

Eu,r,. (), . Ap) =/ (|(iV+Ab)u|2—Ap(x)|u|2) dx. (5.1

D} (b))
1
Hura®) = [l (52)
" JoDt (b))
and the frequency function
E@,r,m(), 1, A
N, r, (b, &, Ap) = 7B A Ap) (5.3)

H(u,r,mw(b))

In the notation above we keep track of all the parameters involved, apart from the
weight p, since we will need to let them change from section to section. The weight is
not explicitly mentioned because it does not play a significant role, as long as it satisfies
(1.4).

In particular, in this section we will estimate the frequency function for u = ¢}’ and
A = Ay. We shall omit the index k since we will work with a fixed k from now up to
Sect. 7.4. By Lemma 3.1, we can assume that <2 is locally flat near the origin, so that
we consider the following equation

iV + Ag)¢" = 1 p(x)p* D3, (0)
=0 {x1 =0} (5.4
9" € Hy (D3, (0)).
Here rg is chosen such that
ro < A% pllzee)~"/? for |a| sufficiently small, (5.5)

which is possible due to the fact that p is bounded and that A — X asa — 0, as recalled
in Theorem 1.3. For r < rg and |a| < r we have that D} (7 (a)) C D;ro (0) so that, for
such r and a, the frequency function for solutions of (5.4) is well defined.



On the Aharonov—Bohm Operators with Varying Poles: The Boundary Behavior of Eigenvalues 1121

5.1. Estimates on H(¢®, r, m(a)). We can compute the derivative of H with respect to
r similarly to the standard frequency function for non-magnetic eigenfunctions. In the
following a = (ay, az).

Lemma 5.2. If ¢ is a solution of (5.4), for a; < r < rog we have

d a 2i . a —a 2 a a
—H (", r,m(a)=—— (IV+A) " -vptdo = —E(¢%, r, m(a), M, Ay).
dD} (w(a)) r

dr r
(5.6)

Proof. By the change of variables y = (x — m(a))/r we have

1
H(g", r, (a) = —/ o |* (x) do (x) =/
T JoD#(n(a)) aDT(

o2 (ry + 7 (a)) do ().
{0

By taking the derivative with respect to » we obtain

d -
d—H(w“, r,m(a)) = 2Re/ Vo (ry +m(a)) -y ¢i(ry +m(a)) do(y)
r aD}(0)

2 _
:—Re/ Ve - v e?do(x)
r D} (m(a))

2 _
= —Re —i/ iV + Aye® -vptdo ¢,
r dD; ((a))

where we used the fact that Re(—i |¢“|2Aa -v) = 0. On the other hand, by testing
Eq. (5.4) by ¢“ and integrating by parts, we see that

E@°, r, (@), \*, Ag) = —i/ (iV+A)e" vgido €R, (5.7)
AD* (1 (a))

which concludes the proof. 0O

We can prove the following estimate.

Lemma 5.3. Let ¢ be a solution of (5.4) and ro be as in (5.5). Ifa; < r;1 <r» < ry
then

H@  n,7@)  —c (’_2)2 (5.8)

H(p% r1,m(a)) — r

If |a| is sufficiently small, we can choose C = 4\| p| L, where X is the limit of \* as
a— 0.

Proof. By combining Lemmas 3.3 and 3.4 we see that

1
— lp? > dx < 2/ |GV + Ag)g?|? dx. (5.9)
) D} (r(a)) D} (r(a))
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Next we apply Lemma 5.2 and, in order, the inequalities (5.9) and (3.5) in the following
way

a > .
Lo @) == / GV + A" — 29 p(0)le" ) dax
D} (7 (a))

dr r
2 .
> Z(1 =22 pllgeer?) |V + Ag)g® |*dx
r Dy (w(a))
2 a 2 a
> (1 =22 plleor®) H (@, 7, w(@).

Integrating the last inequality between r; and r, we obtain

H(w“,rz,n(a))) (m)z )
log{ ——————— ) > 1o — —2A“||p||Lw(r —ry)
g(H«oa,rl,n(a)) S\ 27N

2
2
> log (—) — 207 pllzers.
T
Taking the exponential of both sides and recalling that A* — X we obtain the statement.
]

Remark 5.4. Relation (5.9) in the previous proof shows that E (¢, r, w(a), A%, Ay) >0
forr < rg.

5.2. Estimates on E(¢%,r,w(a), A%, A;). We will need the following Pohozaev-type
identity for the solution ¢“ of (5.4). Also compare with [13, Section 4].

Lemma 5.5. (Pohozaev-typeidentity). If ¢? is the solution of (5.4), the following identity
is valid foray <r < rg

L 16V AP = 21GY 4 A o 2%l do
2 Japt @y
Vo (@) (5.10)
+K“/ |<ﬂa|2(1?+—p )dx+Ma=0,
Di(m(a)) 2
where
M, = lim {Re [(iV+Aa)(p“ VGV + AN - (x —n(a))]
e—0 aDg(a) (5 11)

1 . a2
—§|(1V + Ao |“(x —m(a)) - vy do.
Proof. We test the Eq. (5.4) with the vector field & = (iV + Ay)¢? - (x — w(a)) in
D} ((a))\Ds(a). We need to remove a small ball around the singularity because V¢*

may be singular at a (it is singular in the case that ¢“ has a zero of order 1/2 at a).
Multiplying by i and taking the real part we obtain

Re i/ (iV+ A9 Edx | = Re i/\“/ P p(x)Edx}.
D ((a))\De (a) D ((a))\ Ds (a)

(5.12)
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Similarly to (3.3), the following identity with the weight holds

1 Vp-(x —
5V (Pl P —m@n)) = o (p + M) +Re (ipg“).

It allows to rewrite the right hand side of (5.12) as
)\‘(l
2 Ja(D (x(@)\Ds (@)

Vp-(x —
—x“/ Vae (p L TP ml@) ”(a))) dx.
D} ((@)\ D¢ (a) 2

Taking the limit as ¢ — 0, we obtain

plo? (x — () - vdo

24r Vp-(x —mn(a
= ploPde =30 [ g (’”w) dx.
ID} (1(a)) Df (n(a))

The integral on d D (a) vanishes as ¢ — 0 because |¢p“| behaves at least like e!/2 on
d0D.(a) by (2.4). Next we look at the left-hand side of (5.12). Integrating by parts and
using the identity

Re (i(iV + A)e® - GV ¥ A,,)g) - %v GV + Ad)¢®*(x — m(a))) ae.x € D},

we rewrite it as

Re i/ (iV + A - IV + Ag)E dx—/ (iV +A)g" - vEdo
D} (x(@)\De (@) (D} (r(@)\Ds (@)

i _
= / [,|(N + A P (x — (@) - v — Re[(iV + Ag)g” - V§]] do
d(D} ((@)\Ds (a))

1
=r/ {7|(iV+Aa)(p”|2—|(iV+Aa)(p”-v|2] do
aD*(r(a) | 2

+/ {Re[(iV + Ag)g? - VE] — l|(iv +AD P (x — () - u} do.
9D (@) 2

By taking the limit as ¢ — 0 and by combining the two contributions in (5.12) we obtain
the result. O

This identity allows to compute the derivative of E (¢%, r, w(a), A%, A,) with respect
tor.

Lemma 5.6. If ¢¢ is a solution of (5.4), then for a; < r < roy we have

d
—E(so“,r,n(a),A“,Aa)=2/ 1V + Ag)¢® - v* do
dr dD} (7(a))
A4 02 2
- — l*1"Rp+Vp - (x —m(a)))dx — =M,,
I JD} () r
(5.13)

where M, is defined in (5.11).
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Proof. We have

d
TE@ @t A = [ (167 A)p P - 2ple ) do

aD¥ ((a))
Then we use the Pohozaev identity (5.10) to conclude. O

In what follows we will estimate the remainder M, which appears in the derivative
of E in Eq. (5.13).

Lemma 5.7. Let v(y) = e 90 (a1 y*+a), defined in the set {y : a1y*+a € D;ro 0)}.

Then )
M, = nReI(av(O)) ] . (5.14)
dy

Proof. First we shall prove that

M, = lim Re[(iV+ An)e -v(IiV+A)e®  (x —m(a))]do = anr

(cf —d),
e—0 3D, (a) 4

(5.15)

wherec; = cq(a), di = d;(a) are the coefficients appearing in the asymptotic expansion
(2.4) of 9%, and a = (ay, a2). Indeed, by differentiating (2.4) we obtain a.e.

ie'%al? 64 » » 64
(IV+Ay)e" = N (c1 cos >~ dp sin > c1 sin > +dj cos E)
+0(r¢;1/2) asr, — 0,
and hence
1
GV + Ag)e")* = F(c% +dp) +o(r; ") asry — 0.
a

Moreover notice that x — 7 (a) = (ay, 0) + e(cos8,, sinf,) and v = (cosb,, sinb,) on
0D (a). Therefore

lim |V + Ay > (x — 7(a)) - vdo
e—0 3D, (a)

2
1
= lim 8/ [4—(0% + dlz) + 0(8—1)i| [ai cosb, +¢] db, =0,
0 &

e—0

and we have estimated the second term in (5.11). By a direct calculation one estimates
the first term in (5.11) and obtains (5.15).
Now, by changing variables in (2.4), we obtain the following expansion for v

v(r,0) = Jair (c; cosO +d; sin@) +o(r) asr — 0.

Hence we have % = ‘/T‘TI (c1 —idy) and (5.14) follows by combining with (5.15).
O

From (5.15), we remark that the constant M, is identically zero if the eigenfunction
% has a zero of order strictly greater than 1 at a.
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Lemma 5.8. There exists C > 0 not depending on ay such that

(M| _
H(¢%, 2ay,m(a)) —

Proof. The quantity M, is expressed in terms of v in Lemma 5.7. We also rewrite

H(¢%, 2a1, 7(a)) :/v2|y|do, (5.16)
Y

+

2ay

solves —Av = 4a%|y|2ﬁkav in Q, where p(y) = p(a;y? + a) has the same properties

as p(x). Since y does not depend on a, Lemma B.1 applies, providing for a; sufficiently

small the representation formula

where, letting 2 = {y : aly2 +a € D5 (w(a))}, we have y = 0Q2. By Lemma 2.2, v

v(x) = —/ v(3) 8,G(x. y) do (3),
V4

for x € 2 and moreover,
[0y, G(x, ) — O, P(x, ) lw2a () < Ca12 forl <qg <2.
Therefore we have, by the Holder and traces inequalities (for the trace embedding, see

for example [2, Theorem 5.36]) and the estimate above, taking for example g = 4/3,
we have

2
|95, v(0)* = ( / 3,y G (0, y)da(y))
Y

< [0 [ oG0Py <C [Pl
Y Y Y

Hence, by Lemma 5.7 and by (5.16), we have

Ml _ . [VVO)P
H(p" 2a1,7(@) ~  H(g" 2a1,7(@) ~

Lemma 5.9. There exists C > 0 independent of ay such that

M C
$ < — foreveryk > 2.
H (g4, kay, w(a)) ~ k?

Proof. 1t is a straightforward consequence of Lemmas 5.3 and 5.8:

Ma M H@%2a,m@) _ C
H(p% kai,7(a))  H(p? 2a1,7(a)) H(p* kay,n(a)) ~ k*
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5.3. Estimateson N (9%, r, w(a), \*, A;). Thefunction N may notbe increasing, because
of the remainder M, which appears in the derivative of E in (5.13). Nonetheless, we can
use the estimates proved in the previous paragraph to obtain a bound from below on the
derivative of N.

Lemma 5.10. Let ¢ be a solution of (5.4) and ro be as in (5.5). Fora; < r < rg we
have

1 o 2dy < E@Lr @00 A+ Hig® ro@)

(5.17)
12 J D (riay) 1—Cr§

If |a| is sufficiently small, we can choose C = 2\| p|lL~, where A is the limit of \* as
a— 0.

Proof. On the one hand, the Poincaré inequality (3.2) provides
1
= o[> dx — A / p0)lg?|* dx
= J D} (w(a)) Djf (e (a))
< E(¢%,r,m(a), A, Ag) + H(p", 1, (a)).
On the other hand, if we take r < rg, we obtain that

1 —r2 o 1
5 2||p||L / P dx < 1
r D} (n(a)) r

x/ 9% dx —A“/ p(0)]9” | dx.
D} (m(a)) D} (r(a))

The result follows by combining the previous two inequalities. O

Lemma 5.11. Let ¢“ be a solution of (5.4) and ro be as in (5.5). Foreveryk > 1, a; <
ro/k and kay < r < ro we have

. Ccec  Cr}
N(p?, r,m(a), \?, Ay) < [N(¢“, ro, w(a), A%, Ay) + 1]exp —t— |- L
k 1-Cry
(5.18)
with C > 0 independent from ay, k, r, ro.

Proof. Let for the moment N = N (¢?, r, w(a), A%, A;) and analogously for H and E.
We use Lemmas 5.2 and 5.6 to obtain, for r > aj,

dN 1 |2
— == -/ |(iV+Aa)<p“~v|2da/ lp?)? do
dr H* | r Jopt(n(a)) ID* (n(a))

2
2 (. . —
—— i IV +A)e" - vetdo
r D} ((a))

1 a a2 a2
— >3 12Matr lp“1°2p+Vp - (x — 7(a)))dx lp“|” do
r°H D} (7(a)) D} (7(a)

1
T [2|Ma|+)»“ll2p+vp'(x—ﬂ(a))llLOO/ |<p“|2dx]. (5.19)

D} (n(a))
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In the last step we used the Schwarz inequality and the regularity assumption on p (1.4).
Therefore we have

d
—log(N +1)
dr

1
> ————12|M |+)»a||2P+VP'(X—ﬂ(a))HLw/
r(E + H) { “ D¥(7(a))

|wFM].
(5.20)
We look at the first term in the right hand side of (5.20). By Lemma 5.3 we have

H (%, r,mw(a)) - O

e — ) k .
H(¢" kay, (@) — (kay )2 a=r=r

This together with Remark 5.4 and Lemma 5.9 provides

Ccr? 2
[Mg| - M| . ¢ "o Mg |(kay) ~ el
rE+H)~ rH — 3 H(g%kay,n(a)) — r

|Q
W0

, kay <r <rg.

Concerning the second term in the right hand side of (5.20), we apply Lemma 5.10 to
obtain

1
r(E+H) Di(m(a)) 91 dx - cry’ kay <r <rn.
Thus we have obtained
i log(N +1) > —Cecrgalz — cr , kay <r <rg.
dr r’ 1—Crj

By integrating between r and r( we arrive at

N a7 , 7)\a’A +1 Cré Crg C
log (¢“, ro, w(a) a) > Ca e’ e B 2 —r?)
N(g, r,m(a), A%, Ag) +1 g r? 1-Crd
2 cr? 2
- —CeCr%a—l— Crg - _Ce "o . Cny ,
- L o e N e

for ka; < r < rg. The statement follows by exponentiating both terms. O

6. Proof of Proposition 1.6

Proof of Proposition 1.6. Step 1. Suppose by contradiction that there are two solutions
Y and ¥ to (1.7) in H j‘e (]Ri), which do not differ by a multiplicative constant. By
Proposition 2.4 we have

e 6 6
V(lx —el,0,) = ¢ % /Ix — e (cl cos = +dy sin Ee) +o(/Ix —el).
~ 0, 0, ~ 0
Y(x —el,6,) = e’%,/ |x — e (El cos ?e +dj sin 36) +o(/|x —e|),

,loc
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as [x —e| — 0, e = (1,0). Suppose first that c% + dlz # 0. We consider the linear
combination v + v that we can write, thanks to the expressions above,

- 9, 0 ~ 0
( +9)(x —el,0) = ¢ 5 /Ix —e] [(tcl +&1)cos =+ (tdy +d)) sin 3]
+o(|x —el). (6.1)
The parameter ¢ is chosen in such a way that

(tcy +51)2 — (Zdl +L§1)2
T =
4

M =

07

where M is the constant associated to 19/ + v/, see (5.15). More explicitly we have
t = (d — 51)/(6‘1 —dy) if ¢y *= dyand t = —(¢; +d1)/(6‘1 +dy) if g # —d. Exactly
as in (5.19) we have for r > 1

2M

— =0, (6.2)
rH(y +¢,r,0)

d -
d—N(np +v,1r,0,0,A,) > —
p

thanks to our choice of ¢, so that N (¢ + &, -, 0,0, A) is increasing.
We claim that ~
lim Nty +,r,0,0, A,) < 1. (6.3)
r—00

Suppose by contradiction that there exist §, Rs > 0 such that N (ry + 1/7, r,0,0,A,) >
1 + 6 for every r > Rj;. Then, since i + ¢ solves the equation, proceeding as in (5.6),
we find

% log H(ty + ¥, r,0) = %N(tl/f +1,7,0,0, A,) > 3(1 +8), r>Rs (64)
Integrating between R;s and r we obtain
Hty +v9,r,0) > Cr20+ > Ry. (6.5)
On the other hand, by assumption (1.8) we have (by eventually taking a larger Rs)

1) ~ )
N(w,r,O,O,A6)<1+§, N(w,r,0,0,Ae)<1+§ r > Rs.

Proceeding as above, this implies H (¢, r, 0) + H(tﬁ, r,0) < Cr2+8/2 for r > Rs.
Hence, by the Young inequality, we obtain

H(@y +,r,0) <2 [H(mp, r0)+ H(W,r, 0)] <2/ Lo Ry

which contradicts (6.5). Hence (6.3) is proved.
On the other hand, it is not difficult to see that, since 7y + i vanishes on {x; = 0}
but is not identically zero, we must have

Ny +1.0,0,0,A,) > 1. (6.6)
Indeed, suppose by contradiction that there exist & > 0, r, < 1 such that

N(t‘(t[/+1!;‘7r’0701Ae)<1_8, r <re.
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Using this inequality as we did in (6.4), and then integrating between r and r,, we arrive
at

H(t1//+¢,re,0)<(r_s)2—2£
H@y +¥,r,0) — \r )

Conversely, Lemmas 5.2 and 3.4 provide
~ 2 ~
—H(ﬂﬁﬂﬂ r,0) = / |GV + Aty + )P dx = ZH(tyr + .7, 0),
D+(()) r

and hence
H{y +V, 1, 0) - (}’8)2
Hy+9.r,00 ~ \r/
which contradicts the previous inequality for r < r,.
We conclude from (6.2), (6.3) and (6.6) that N(tyr + v, r,0,0, A,) = 1 and, in
turn, that 1 + ¥ = ¢%/2rg(#), for some function g depending only on the angle. This

contradicts the asymptotic behavior (6.1) of 11 + ¥ at e. We have obtained uniqueness
up to a multiplicative constant in case c% + d12 # 0. If ¢c; = di = 0 then all the previous

considerations apply with ¥ in place of #1 + ¥ and we still obtain a contradiction.

Step 2. We will use some ideas in [14], in particular Lemmas 2.4 and 2.9 (see also [1]).
Let Q1 = {(x1,x2) € R%2: x; >0, xp > 0}andletT; = {(x1,0) e R%2: 0 < x; < 1}.
We consider the following minimization problem

= ian/ |Vul?dx : u € D2(Q1), u=00n{x; =0}, u = —x; on n] ,
01
(6.7)
where we denote by D2(Q) the closure of C5°(Q1) with respect to IVullz2¢0,)- By

standard variational methods the infimum is achieved by a unique function w € D"2(Q1)
(see for example [32, Theorem 8.4]). Due to the symmetries of the problem, we can
extend w to RE in such a way that w(x;, —x2) = w(x1, x2) and moreover w satisfies
the following properties

—Aw :0inRi\F1,w =0on{x; =0}, w=—x;onTIYy, /2 |Vw|2dx =B < 0.

¥

By the maximum principle we have w < 0 in R2. One can check that
V= €% (x1 + w)

solves (1.7), by passing to the double covering as in Lemma 2.2. We aim at showing
that Y = w thanks to step 1, it will be sufficient to prove that ¥ satisfies (1.8). Let
w be the Kelvin transform of w, that is @w(y) = w(y/|y|?) for |y| < 1. Because w
is harmonic outside of D7 (0), w is harmonic in D7 (0) with zero boundary conditions

— 712 _ 2 ~ :
on {y; = 0}. Moreover, fDT(O) [V®|>dx = fRi\DT(O) [Vw|?dx < B, then w has finite
energy. Therefore w is analytic in D} (0) and admits the following expansion in D7 (0)

W(y) = ZRe(bny) by € C, sothat w(x)= ZRe(n' I2) for |x| > 1.

n=1
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By passing to polar coordinates and taking into account the symmetries of w, we find
b
w(r, 0) = E Zcos(nb), r>1, b, R, withb; <O0. (6.8)
'
n od

Hence w(r, 0) = by cos@/r + O(r—3) as r — o0, and an explicit calculation provides
lim N(¥,r,0,0,A,) =1 andhence ¥ = ¢ =e'%/?(x; +w).
r—0o0

To conclude the proof of point (ii) it remains to show that by = —g/m. By testing the
equation —Aw = 0 in R%\Fl by w we deduce

B =/ [Vw|?dx = —2/ x1Vw - vdo. (6.9)
R% I

On the other hand, by testing the equation for w by x1 in D3 (0), R > 1, and the equation
Ax; = 0 by w in D}(0) and subtracting we obtain

/ (wVx; —x;Vw) -vdo — 2/ x1Vw -vdo =0. (6.10)
3D%(0) Ty

By combining (6.8)—(6.10) we obtain

B = lim (x;Vw —wVxy) -vdo
R— o0 BD;(O)

Db, [™?
= lim {— Z (n;n—_)]"/ cos(ne)cosede}

koo oda —n/2

/2

= —2b1/ cos2 6 do = —1 by
—/2

which concludes the proof. 0O

We can interpret 8 as the cost, in terms of energy, needed to impose that w vanishes
on I'y, or equivalently as the energy cost of the nodal line of .

7. Pole Approaching the Boundary not on a Nodal Line of ¢

Let ¢ be a solution of (5.4). In this section we treat the case when a — 0 and ¢ has
a zero of order 1 at 0 (no nodal lines). In this case, if 7(a) = (0, az) is sufficiently
close to 0, then ¢ has a zero of order 1 also at 7 (a): there exists ap > 0 such that, for
|t (a)| < ap, we have

p(lx — (@), Or@) = |x — m(a)l
(c1(7(@)) cos Ox () + di ((a)) sin Oz (a)) + O(Ix — 7(@)[?), (7.1)

as|x—m(a)| — 0,withcy (7(a)*+d (1(a))* # 0and x —7(a) = |x —7(a)|(cOS Or(a),
sin 6, (4)). In the following, we keep the notation used in Sect. 5.
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7.1. Estimates on the frequency function.

Lemma 7.1. Let ¢¢ be a solution of (5.4) and suppose that ¢ has a zero of order 1 at
0. Let | (a)| = |aa| < ay so that (7.1) holds. For every ¢ > 0, there exists r¢ > 0 such
that for all r¢ < 7, there exists aj ¢ r, > 0 such that

e
1 < N, re,m(a), \, Ay) < 1+ 5 forallay < aye,r,. (7.2)

Proof. The bound from below can be proved as in (6.6). Let us concentrate on the bound
from above. Relation (7.1) implies that 1 < N (¢, r, m(a), A,0) < 1+O(r)asr — O(see
for example [15, Corollary 2.2.4]). Let 7, be such that N (¢, 7, 7(a), A,0) < 1 +¢/8.
By the monotonicity property of the Almgren function for the eigenfunctions of the
Laplacian (see for example [15, Corollary 3.1.2]), we have that N (¢, r, m(a), A,0) <
1+¢/4 forevery r < 7. Fix 0 < r, < 7,. Since we know from [11, Remark 4.4] that

A = A and |le "0a/2p" — ¢l — 0, asa—0,

we deduce |N (¢%, re, w(a), A%, Ay) — N(p, re, m(a), A, 0)| < e/4 for |w(a)| < ap and
ay <daiegr. 0O

So far we have obtained an estimate on N for a fixed radius r,. Since N is not
increasing, this is not sufficient to obtain the estimate for » — 0. Nonetheless, we can
provide abound on N for r sufficiently far from the singularity. This is done by exploiting
the estimates proved in the Sect. 5.

Lemma 7.2. Let ¢¢ be a solution of (5.4) and suppose that ¢ has a zero of order 1 at 0.
Let |7 (a)| < ap so that (7.1) holds. For every ¢ > O there existrg,ay e > 0and ke > 1
such that

N, r,m(a), A% Ay) < l+e (7.3)

for every a1 < a1 ¢ and for every kcay <r < re, and

H((pa7r2’n,(a)) _ (r_2)2(1+€)
H(p* ri, (@) — '

foreverya; < ayeandkeay <rp <ry <re.

(7.4)

ri

Proof. To prove the first inequality we combine the previous lemma with Lemma 5.11.
In Lemma 5.11 we choose ro = r, < 7. Forevery k > 1, a; < min{r;/k, aj ¢, .} and
kay < r < re we have

N( a ( ) )\(ll A ) < (2 4 8) Cechz + 2)\.“”3
s rmwla), 5 = — ) ex —

i “ 2) P\ T T2

We can impose that the right hand side above is less than 1 +¢ by choosing r, sufficiently

small and k = k. sufficiently large. Then we let a < min{rg/ke, a1 ¢ .}

Let us look at the second inequality. We deduce from Lemma 5.2 and from (7.3) that
2(1+e¢)

r

d 2
d—lOgH((pa, r, 7'[(61)) = _N(goaa T, T[(Cl), )"av Aa) =<
r r

fora; < aj¢andkea; < r < re. Integrating between ry and r, we obtain the result. O
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In Lemma 5.3, we obtained a superior bound on the function H (¢“, r, w(a)). In the
case where r is sufficiently far from the singularity, we can obtain an inferior bound on
H(¢%, r,m(a)), which can be improved with respect to (7.4). This is the object of the
following lemma.

Lemma 7.3. Let ¢ be a solution of (5.4) and suppose that ¢ has a zero of order 1 at 0.
Let |m(a)| < ay so that (7.1) holds.

For every K > /B/m (B defined in (6.7)) there exists a; > 0 (depending on K) and
C > 0 such that

H(e% Kai, m(a)) > C(Kay)? for every a; < aj.

Proof. We consider the function ¥ which has been introduced in the statement of Propo-
sition 1.6 (with abuse of notation we divide by the multiplicative constant C which is
not relevant in this context). The rescaled function

®(x) = ary (—x - ”(“))
ai
satisfies

(iV+A)’®=0 R2
®=0 {x1 =0},

and the following expansion, where x — 7w (a) = p (08 Oz (4), SN O (q)):

(0, On(a))
b cos b cos(n6
=% | pcosbaia) — Sa%—”(‘” + Z bna’lﬁl(—n”(”)) for p > ay.
n>3 P
n odd
(7.5)

By testing the equation satisfied by ¢ by ® in D} ((a)) (r > a1), we obtain:

A“/ P9 D dx =i/ [(N+Au)¢“.v6+<p“ (iV+Aa)<1>.v} do.
D*((a)) aD* ((a))

(7.6)
Fix K > /B/7. For p > a; we also define
i 0 cos 6 cos(n6.
T(p, Ora) =€ * (K2 - ﬁ) A bna{'“M NN
T P n>3 P
n odd

so that

(iV+A) T =0 RI\D} (n(a))
r=0 {x1 =0}
r=ao Dk, (m(a)).
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By testing the equation satisfied by ¢ by I" in an annulus (D3 \ D)) (7w (@) (R > r > ay),
we obtain:

A“/ p(x)eT dx
(DR\D)((a))

=i/ {(N+Aa)¢“.uf+<p“ (iV+Aa)r.u] do.  (7.8)
A(DE\D})(x(a))

In Egs. (7.6) and (7.8) we choose r = Kaj and R > Ka to be fixed later. Adding the
two equations we obtain

i/ @ {(iV+Aa)<I>-v—(iV+Aa)I‘-v} do
(7 (a))

= A“/ ()P dx + k”/ p(x)@“T dx
D}al (m(a)) (D}\D;}al ) (7 (@)

—i/ {(N+Aa)<p“.uF+<p“(iV+Aa)r.u} do. (7.9)
D} (7 (a))
Noticing that

il B nb,,
(iV+A)D v |BDKa1<n(a)) =ie'2 {(1 + —nKz)cos(?n(a) - ; T COS(nQn(a))}
n odd

) €0 O (a)+ E cos(nGn(a))}
n>3
n odd

iba

(Y + AT - v [yt — _iel% {(1

Kay (n(a))

we can estimate the left hand side of (7.9) from above as follows

i/ @“ {(iV+Aa)<I>-v — (iV+Aa)F~v} do
3Dk, (@)

. 04
/ ¢%e " 22c08 0y do
oD%, ((@)

< 2||90”||L2(az)7(aI (m(ay ll cos 9”(“)||L2(3D7<a, ey = Kary/2m H(g®, Kay, m(a)).
(7.10)

In what follows we will estimate the right hand side of (7.9). To this aim, recall that for
every r > (it holds

it
le™ 2 ¢ = ¢llce@\pr)y — 0 asa — 0.

Moreover, ¢ satisfies (7.1). Hence we have

.04
9* lops (@)= €' 2 co €08 Ox(a) + h(p, Or(a)) +0a; (1),  forevery p >ay, (7.11)
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where ¢ € R and £ satisfies (see (2.3))

Ao, )llctop:
im ODF @ _ . (7.12)
p—0 P
Let’s first look at the boundary term in the right hand side of (7.9). Taking into account
that R is fixed and a; — 0, we have

(V+A0)¢" VT |yptray
| B\ o oh
_; ( K* =~ ) R |05 br@ + 3 (R bri@) 05 by [ +0(a),

9 (V+ AT -V |30t (r(a))
. B\ ai h(R, 02 ()
=i (K2 - E] ¢ cos> On(a) + T”(a) coSOra) | + o(a%),

so that

—i/ [(iV + A" VT + ¢ ((V + AT - v} do = c(nK? - B)a?
D} (n(a))

2
h(R.6 dh
+ (K2 - é) “_1/ (M + —(R, eﬂ(a))) cos Oy () do + o(a?)
D (@) p

7] R R
h(R,) 0h
> c(nK? — Bal — Ca? (R, ) +—(R, ") +o(ad) = C'K%a?,
9
P L® (3D} (n(a)))

(7.13)

for suitable C’, R > 0 and a; sufficiently small, thanks to (7.12).
Concerning the integral in the annulus in (7.9), we replace (7.7) and (7.11) to obtain

/ c— (K2 P ) a%R2
+\ D+ 4 b4
(DR\Di ) (@)

R
cos(nBr(q))
ey ) / ey | 22 e O o dp ot

p)@Tdx| < lIpllz=

n>3
n odd
1
<Ciq K2R+ by a"+1 — +o(a?) <Ca’K*R*+0(a?),
2 balai™ |2 — ez | [ ro@h =Cai (@)
n>3
n odd

(7.14)
since R, K are fixed while a; — 0.

In order to estimate the last term, we apply Lemma 3.3, the equation satisfied by
and the expansion (7.5) with p = Ka; > ay, as follows

@)%, < Kal/ |®|? do +(Ka1)2/ [iV + Ay)®@|? dx
L (D+ (ﬂ(a))) aD (7 (a)) D;(nl(n(a)) “

= Kal/ |®*do — i(Kal)z/ (iV+A)® - v®do = O(a}).
0 (@) ¥a, (T(@)
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In a similar way

a2
||(/) ”LZ(D;-(HI ((a)))

< Ka / 1692 do + (Kap)? | 2 / Pl dx
BD;}al (r(a)) D}al (7w (a))

—i/ (V+ A% -vpidot,
8D}'(al(n(a))

so that, using (7.11),
2 2 _ 4
(= 21pll~ K)o Wy, ) = @D

The Holder inequality provides

/ @@ dx
D, (t(@)

By combining (7.9), (7.10), (7.13), (7.14) and (7.15), we obtain

4
= ||</)a||L2(D;f(al(n(a)))||¢||L2(D;<al(n(a))) = 0(01)- (7.15)

Kay/2nH(¢®, Kay, m(a)) > C(Ka1)* = C'(KaiR)* +o(af) = C"(Kay)*,
for a suitable choice of R and for a; sufficiently small, and hence the thesis. O

Lemma 5.3 and 7.3 allow us to say that H(¢?, Kay, w(a)) = O ((Kal)z) for K >
max{f/m, 1} and a; < a; (a; defined in Lemma 7.3).

7.2. Normalized blow-up at the pole. In order to analyze the behavior of ¢“ near a (for
|a| close to 0), we perform a normalized blow-up of the function near the pole. For a
fixed ¢ > 0, let

I's, al,e, ke be as in Lemma 7.2. (7.16)
We define
a p“(a1y +m(a)) + ro
= , e D3 (0), R = —. 7.17
Vi) Ji k@) Ro(0): Ro ” (7.17)

Note that these are the functions which appear in the statement of Theorem 1.7 (with
K = k) and that they are singular at e = (0, 1), independently of a. We also remark
that ¢ solves the problem

(7.18)

(V+A)*Y* =2%aip(y)y* D, (0)
=0 {y1 =0},

where p(y) = p(a1y + 7 (a)).
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A direct calculation provides the following relations between the frequency function
for ¢* and that for ¢

E(‘pa7 Ra17 jT(a)a )\'a7 Ad)

EW®, R,0, %%, A,) = , 7.19
i WA = T (ot ke, 7@) 719
H ll’R ’
Hp*, R, 0) = 2@~ Ry, m(@) (7.20)
H(¢4, keay, m(a))
N, R, 0,292, A,) = N (g%, Ray, w(a), 2%, Aq), (7.21)

for R > 1. Here, with an abuse of notation, the frequency function for ¢ contains the
weight p(x), while in the frequency function for ¥¢ appears p(y) due to the change of
variables in the integral. This has no influence in the calculations, since both p and p
satisfy (1.4).

We will show that the boundedness of the Almgren’s function implies the convergence
of the blow-up sequence as a; — 0. To this aim, notice that Lemma 7.2 and relations
(7.19)—(7.21) provide the following bounds.

Lemma 7.4. Given ¢ > 0, take the same assumptions and notations of Lemma 7.2. Let
v be as in (7.17). Then

N, R,0, A”a%, A) <l+e¢ (7.22)
foreveryay; < aycandk, < R <rg/ay, and

HY" Ry, 0) _ (Rz)z(“g)

H(Y R1,0) — \ R,

(7.23)
foreverya; < ajcandk, < Ry < Ry < r¢/ay.

Lemma 7.5. Given ¢ > 0, take the same assumptions and notations of Lemma 7.2. Let
¥ be as in (7.17). For every R > kg, there exists a constant C (g, R) > 0 such that

. re _
||Wa||H/;€(D;(0)) <C(e,R) foreverya; < min {Es’ alyg} . (7.24)
Proof. Relation (7.23) and our choice of the normalization provide
HW* R,0 R )"
H“ R,0) = HY- RO <\ < C(g)R*1*9), (7.25)
H(I/fav ké‘v O) ké‘

This, together with the definition of N and (7.22), implies
E(W" R,0,1%7, A,) = N(¥“, R,0,)%a}, A ) H (Y, R, 0) < C(e)R*1*).
Both relations hold for R > k. and a; < min{r./R, a; }. Then

/ |GV + Ay ? > dy < C(s) R+ +,\“a%/
D4(0) *

D (

P> dy
0)

< CEORMM 43| pllL=R? (H(W, R.0)+ / )

D

iV +Ae>w“|2dy)
0)

< C(ORY 4 39)| pll e r2C(e)R2) 4 29| pll poor? /
)

Dy

1V + Ay dy.
0)
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At the second line we used the Poincaré inequality (3.2), at the third line we used (7.25)
and the fact that R < r¢/ay. Then, thanks to (5.5), we have

R2(1+e) 1 "‘)\a||l7||L°°”g2
1 —Ad||pllpoer?

&

/ GV + Ay dy < C(e)
D¢ (0)
We look then at the second part of the norm. Using Poincaré inequality (3.2), we obtain
/ [y dy < R®HW, R,0) + RZ/ GV + Ay P dy < C(e, R),
D3 (0) D3 (0)

where we used the previous inequality and (7.25). Finally, we combine the two contri-
butions and obtain a constant depending only on R and . O

Lemma 7.6. Given ¢ > 0, take the same assumptions and notations of Lemma 7.2. Let
v be as in (7.17). There exists € H}‘e’lOC(R%), Y #£ 0, such that for every R > k,

we have, up to a subsequence, ¥* — r in Hlie (Dx(0)) as la| — 0. Moreover,  solves

7.26
¥ =0 {y1 =0}. (720

Proof. By Lemma 7.5, there exists i such that, up to a subsequence, ¥ — ¥ in
H}‘e (DR(0)) and ¥ — ¢ in L2(D1+Q (0)) as |a| — 0. Due to the compactness of the

trace embedding, we have faD,j © [ |>do = kg, so that y = 0. For every R > k. and

{(iV+Ae)2w =0 R2

for every test function ¢ € C5°(D}(0)\{e}), we have

/D+(0)(iV+Ae)1//“ S(IV+A)pdy = k“alz/ POV Pdy.

D}(0)

By the weak convergence in H/L (D%(0)), the first term converges

/ (iV+AIY* - (iV+A)pdy — (IV+A)Y - (V+A)pdy.
D}(0) ©)

D+
R
We estimate the second term as follows by means of Lemma 7.5

)L“a%/
D (

R

a, 2 a
= Aailplizeli@ll 2o on 1V 2ok 0y

POV ddy
0)
< Catlyllyy pyoy < Cle. Rai — 0,

so that ¥ solves the limit equation (7.26). In order to prove the strong convergence, we
consider the equation satisfied by ¢ — 1. We have

(V+A) (Y —¥) = 1%ai p(y)Y® in DR(0).

By Lemma 7.5 and the Sobolev embeddings, the right hand side above converges to 0
in L?(D}(0)) for every p < oo as |a| — 0. The Kato inequality

—AY = Y| |GV +AD W — )
(see for example [24]) and the standard regularity theory for elliptic equations, imply
that |* — ¢/| — O in W2*1’(DI+Q(0)) for every p < oo as |a| — 0. This in turn implies
that the convergence is Clll;z(D;}(O)\{e}) for every 7 € (0, 1) and H' (D} (0)). O
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As a consequence of the strong convergence and of Lemma 7.4, we deduce the
following.

Lemma 7.7. Let  be defined in Lemma 7.6. We have

N, R,0,0,A,) <1+¢ forevery R > ks, (7.27)
H(, R, 0 Ry\ 21+
% < (R—T) forevery k., < R; < R;3. (7.28)

Lemma 7.8. Let r be defined in Lemma 7.6. There exists d € [0, +00] such that

lim N(¥, R,0,0,A,) =d.

R—+00

Proof. Reasoning as in (5.19) we find

dN(I//ROOA)> 2IM|
dR T Y= RH(®Y, R, 0)

where M is now the constant

M = lim Re/ (V+A)Y vV + Ay - ydo.
aD:(e)

e—0

We can prove as in Lemma 5.3 that

HW.R.0) _ (R)2

H(, ke, 0) — \ke

for R > k.. Recalling that H (y, k., 0) = 1, we obtain
dN(lﬂROOA)> Ckf
dR E) E) £ E) e _ R3 )

for a positive constant C. Let us show that this implies the existence of the limit. Let
for the moment N(R) = N(y, R, 0,0, A,). Integrating the last inequality in (R1, R>),
with k; < R; < R, we obtain

N(R2) — N(Ry) > Ck? (i2 — L). (7.29)

2
RZ Rl

If d = +oo there is nothing to prove. Otherwise, we claim that N(R) is bounded.
Indeed, d # oo implies the existence of K > 0 and of a sequence R, — oo such that
N(Ry,) < K for every n, so that for R sufficiently large and R, > R we have, by (7.29)

1 1
2
N(R) < N(R,) — Ck; (R_yzz — ﬁ) <K+o0(l) as R — oo,
so that N is bounded. Suppose by contradiction that N(R) does not admit limit d €
[0, 00). Then for every § > O there exists a sequence R, — oo such that |[N(R,) —
N(Ry+1)| = 8. The case N(R,) > N(R,+1)+6 contradicts (7.29) if R, is great enough,
the case N(R,+1) > N(R,) + § contradicts the fact that N is bounded. 0O

In the next subsection we will prove that d = 1.
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7.3. Proof of Theorem 1.7. In order to study the behavior of the limit function i at
infinity, we perform a rescaling (blow-down) on the independent variable by a factor
R. As before, using the boundedness of the Almgren’s frequence of i, we prove the
convergence of the blow-down function as R — co. Moreover, we will prove that the
limit function is an homogeneous harmonic function of degree 1. Then, this aims us to
conclude that sufficiently far from the singularity y» behaves like an harmonic function,
up to a complex phase. More specifically, we prove that this function  verifies the
conditions of Proposition 1.6.

Lemma 7.9. Let v be the function introduced in Lemma 7.6. We define

wr(x) = L ED
R JHW,R,0)

For every r > 0 there exists a constant C (g, r) such that ||wg ”H}K D)) = C(e,r)
e/R"T

(7.30)

for every R > k..
Proof. Forr > 1 and R > k. we have

N(wg,7,0,0, Ag/r) = N(,rR,0,0,A,) < 1+¢ and

H(wg,r,0) = % < 20140
by Lemma 7.7. By combining the two, we obtain
E(wg,7,0,0, Ag/g) < (1 +&)r21*
for every r > 1 and R > k.. As a consequence, using Lemma 3.3 we estimate

lwrllyy ooy < A+ rHEWg, 1, 0,0, Ajr) +r*H(wg, 1, 0) < C(e, r)

forR > k.. O

Lemma 7.10. Let wg be defined in (7.30). There exists w € Hlloc (Rf_), w # 0, such that
e 10R 2y g — win Hzloc(Ri)- In addition, w is harmonic in R? with zero boundary
conditions and, for almost every r > 0, we have

dim Ewg. 70,0, A/r) = E(w.1,0.0,0). (7.31)
—00

Proof. Fix r > 0. By (2.1) and Lemma 7.9, there exists a constant C(e,7) > 0 (not
depending on R) such that

”wR”Hl(D;f(O)) = C”wR”HAe/R(D:(())) <C(e,r).

In order to check that the constant C in the previous inequality does not depend on the
position of the singularity e/ R, one can extend functions in Hfl‘e/R (D} (0)) which vanish
on {x; = 0} trivially to functions belonging to HAE/R (D,(0)), and then proceed as in
the proof of [28, Lemma 7.4]. Hence there exists w € H' (D} (0)) such that wg — W
in H'(D}(0)) and wg —  in L?(D}(0)), as R — +00. Since H(wg, 1,0) = 1 for
every R, the trace embeddings provide w # 0.
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Let w = ¢ i%/2¢%. In order to prove that w is harmonic, notice first that (iV +
Ae/R)sz =0in Ri for every R. Given a test function ¢ € CgO(D;’(O)), let R be so
large that e/R ¢ supp{¢}. Consequently we have

—A(e e/RI2yyp) = 0 (7.32)

in supp{¢}. This implies, using the weak convergence,

0 =/ V(e_ief/R/sz) -Vopdx — Vw-V¢dx asR — oo,
D} (0) D} (0)

so that w is harmonic in D} (0).

To prove the last part of the statement, fix two concentric semi-annuli A; C Aj,
centered at the origin and having positive distance from it. Let 1 be a cut-off function
which is 1 in .4; and vanishes outside .A,. For R sufficiently large, we have that (7.32)
holds in A». By testing the equation satisfied by e ~%/&/2wp —w by (e ~0e/k/ 2y g —w)n
in A,, we obtain

/ [V (e~ 0/R 2y — w)|* dx
A

<

— 0,

/ V(e 0errI2yp — w)Vn(e_ief/R/sz —w)dx
Az

which tends to 0 as R — oo by the weak convergence. This implies that

/ (|V(e*""e/R/2wR — W)+ e R 2y — w|2) do — 0, (1.33)
GDE(O)

for almost every p such that 8D;;(0) C Aj,as R — +oo.
Finally, we use integration by parts as follows (the second equality is well defined
provided for R > 1/r)

|E(wg,7,0,0,Ae/r) — E(w,1,0,0,0)]

5/ | =iV + Aejp)wg - vibg — Vw - vw| do

D} (0)

= / ‘V(eiiH“/R/sz) cve 0/R2yp — Vi - vw‘ do — 0,
aDf(0)

where the convergence to O comes from (7.33) for almost every r > 0. O

End of the proof of Theorem 1.7. By combining (7.31) and Lemma 7.8 we obtain, for
almost every r > 0,

N(w,r,0,0,0) = lim N(wg,r,0,0,A,r)= lim N(,rR,0,0,A,) =d
R—o0 R— o0

(recall that ¥ was introduced in Lemma 7.6). Since N (w, -, 0, 0, 0) is continuous, it is
constant. Since we proved in the previous lemma that w is harmonic with zero bound-
ary conditions on {x; = 0}, we deduce from standard arguments (see for example [30,
Proposition 3.9]) that w(r, ) = crd cos(d®), for some d € Ny odd. Comparing with
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(7.27), taking for example ¢ = 1/2, we conclude that d = 1. In conclusion, by Propo-
sition 1.6, ¥ solves (1.7)—(1.8). Then, ¢ = Cei%/? (r cosf — 5@ + 0(r‘3)) for
r > 1. Moreover, since H (¥, kg, 0) = 1, the constant C is given by

1

k2m

= — —
> =B+ 0Gs)

(7.34)

7.4. Proof of Theorem 1.8. We can assume without loss of generality that » = 0 and
moreover, by Lemma 3.1, that €2 satisfies (3.1). Let ¢ have a zero of order 1 at 0 € 9€2,
meaning that there are no nodal lines of ¢; ending at 0. Let K > /B/m large be such
that the statement of Theorem 1.7 holds. We proceed similarly to the proof of Theorem
1.5.

Fori=1,...,klet
v = ¢ % g8 in Q\ D, (7(a)).

1

For a; sufficiently small, vf”t is defined as the unique function which achieves
inf / (|Vv|2 - A?p(x)|v|2) dx : ve H' (DY, (t(@)),
D, (r(@)

xv =10 on 8D}al(n(a))] .

We let v; = vi" in Dy, (w(@), vi = vi*" in Q\Dgyg, (7r(a)). Notice that estimate
(4.13) holds in this case for every 1 < i < k since g has no nodal line at 0. We take

k
Fr, = [@:Zaivi ta=(ar,...,0) ERk} C H(}(Q),
i=1

so that

VeI, T
(2) o o .

M= SUp s g = SUp g =4 (N M) (7'35)
<I>elgk fgz p(x)|<I>|2dx ae]]gk aT Na max

Here X4+ (¢) is the largest eigenvalue of a matrix and M, N are k x k matrices with
entries

mi; =/ Vu; - Vu;dx = Af/ p(x)vivjdx +/ V(Ufnt — v - v do,
Q Q D, (T(a)

nij =/ px)v;v;dx.
Q

Let us estimate my ;. We perform the following change of variables in order to work
with the function v/ defined in (7.17)

v (ary + 7 (a))
JH(? Kay, n(a))’

£ () Vi (ayy + 7 (a))

a,ext — —i0./2.1.a — = .
[ =e Vi () JH(? Kay, n(a))
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By Theorem 1.7 we have that f,f M e71%/2yy in H' (D} (0)) as a — 0. Moreover,
we have f;" int i in H'(D}(0)) asa — 0 and —Af{" = 0in D} (0), fi =

e~ 1%/2yy on 9 D% (0) From Proposition 1.6 (ii), we deduce the followmg behavior of
the harmonic extension f} int

f;fm(r,@)zc( p )rcos0+C E —5-cos(n)r", r <K,
3
i:l;dd

for b, as in Proposition 1.6, (ii), and C given by (7.34) with K = k.. Therefore we have

/ V@i — vy vy do
BD;'QI] ((a))
= H(¢y. Kal,n(a))/ V(I = [ ufE do
D% (0)

= H(p?, Kay, 7(a)) C* {—ﬂ + 0K+ oal(l)} = —Cid?

for some Cy > 0 as soon as K is sufficiently large and a; is sufficiently small, where in
the last step we used Lemma 7.3.
We deduce that the matrices M and N appearing in (7.35) have the following form

2+ 0(d?) 0(a})
O(a}) A +0(a?)
O(at) A — Cral +o(ad)
1+ 0(a}) O(a})
N =
0(a})
1+0(a})

Since A is simple, proceeding similarly to Lemma 4.2, we obtain
M < AL — Cral +o(ad), (7.36)

which concludes the proof. Indeed, N ~1 M has the same form as M. When looking for
the eigenvalues of this matrix we search the ¢ such that

(Af — Crat — ) Qk—1(t, a7) +af Q—2(t, ai) = 0,
where
k—1
Qr-1(t.a}) = [ ¢ + 0@} — 1)
i=1

and Qy_»(t, af) is a polynomial of degree k — 2 in the variable ¢, which depends on a;
with terms of order O(a%). We set ¢ = a% and we apply the implicit function theorem
to

fle,x, 1) = (x —1)Qi—1(t, ) + &> Qr—a(t, €)
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at the point (0, A} — Ckalz, A= Ckalz). We see that at any point (0, x, X) we have
k—1
af o _ _
57050 =-0 &0 =[] -9,
i=1

so that the implicit function theorem applies at any point (0, x, X) such that x # A;
foreveryi = 1,...,k — 1, and we have 7(¢,X) = X + o(¢) in a neighborhood of
(e, x) = (0, X). Taking ¥ = A{ — Cxa? we obtain (7.36).

Appendix A. Domains with Conical Singularities

The proofs of the main theorems can be partially adapted to the case when €2 presents
isolated conical singularities, as in the numerical simulations which appear in the Intro-
duction. The results are qualitatively the same as for the smooth domain, but the rate of
convergence of the eigenvalues depends on the aperture of the cone. We can interpret
this fact in the following way: the zero boundary conditions on an acute angle of 92
play the same role as the nodal lines of the eigenfunction. The tighter is the angle, the
faster is the convergence.
Consider the following conical domain of aperture «, for some 0 < o < 7

a o
Q= {(r, 0):re1),6c (——, —)} (A1)
2°2
The counterpart of Theorem 1.5 holds.
Theorem A.l. Let Q2 be as in (A.1) and let p satisfy (1.4). Suppose that Ay,_1 < ,y and

that there exists an eigenfunction ¢y associated to L having a zero of order h/2 > 2 at
the origin. Then there exists C > 0, not depending on a, such that

A< A — C|a|h% for a — 0 along a nodal line of ¢y.

As for the analogous of Theorem 1.8, we can prescribe the behavior of the eigenvalues
only in case the pole approaches the vertex of the cone along the angle bisector. This
restriction is related to the open problem presented in Remark 1.9 (i).

Theorem A.2. Let Q2 be as in (A.1) and let p satisfy (1.4). Suppose that A is simple
and that ¢y has a zero of order 1 at the origin. Then there exists C > 0, not depending
on a, such that

oz
Ay = M+ Ca)® fora=(ar,0), ay — 0.

The strategy of proof consists in applying the conformal map x &, so that the conical
domain is transformed into the regular half ball D (0). We end up with a singular
equation of the following type

“)2 PY)_ o in DF0).

(iV + Ag) 2l = 28 (— o
a k k - |x|2_27 k
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The singular potential |x * belongs to the Kato class, which allows to adapt the

proofs of the previous sections. In particular, the following Hardy inequality holds: for
every ¢ > ( there exists a positive constant C such that

C ul? 1
S | 2|_8 dx S/ |V u||> dx + —/ lu|? do, (A.2)
r® Jp, 0 1| D, (0) r Jap,(0)

for every u € H'(D,(0), C) and for every r > 0 (see [33]). By combining with the
diamagnetic inequality

/ |V|u||2dxs/ GV + Agyul? dx,
D, (0) D, (0)

we obtain the counterpart of the Poincaré inequality (3.2).
Concerning Proposition 2.3, its validity in case of a singular potential belonging to
the Kato class is stated in [13, Theorem 1.3].

|—2+

Appendix B. Green’s Function for a Perturbation of the Laplacian

Lemma B.1. Consider the set of equations (depending on the parameter ¢) —Af =
ecx)finQ C R2 bounded, with ¢ € L®(Q). For ¢ sufficiently small there exists a
Green’s function G (x, y) such that the following representation formula holds for x € Q2

fx) = —/ fovG(x, ) do(y).
a0

Moreover, for every 1 < p < oo there exists C independent from ¢ such that we have
[0x; G (x, ) — Oy, P (x, ')||W1.p(agz) <Ce,

for x € Q, where ® is the Green function of the Laplacian with homogeneous Dirichlet
boundary conditions in 2.

Proof. We define the Green function as G(x, y) = I'(y — x) + L(x, y), where I'(x) =
—ﬁ log | x| is the fundamental solution of the Laplacian in R? and L(x, -) solves, for
x €,

[ —AL(x,y) —ec(y)L(x,y) =ec(NT(y —x) yeQ
Lx,y)=-T(y—x) y € 0Q2.

Notice that this equation admits a solution for & small because the quadratic form
/ (IVv]* — ec(x)v?) dx (B.1)
Q

is coercive for v € HO1 (2), and moreover I' € L2().
The validity of the representation formula is standard. Indeed, the following identity
holds (see for example [12], equation (25) in paragraph 2.2.4)

fx) = —/Ql“(y —x)Af(y)dy +/BQ(F(y —0)d f(¥) = fF(MHT(y —x))do(y).
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By using the Green formula

[@rs-tapay= [ @rr-La oo

Q a0

and the equation satisfied by L(x, -), we obtain the representation formula for f.
In order to estimate 9y, (G — ®), we write ®(x, y) = I'(y —x) + H(x, y), with

—AH(x,y)=0 yeQ
Hx,y)=-T(y—x) yedQ,

so that 9y, (G — ®) = 9, (L — H) =: u solves

—Au —ec(Y)u =ec(y)oy, P(x,) yeQ
u=0 y € 082.

We apply Poincaré inequality and the positivity of the quadratic form in (B.1) as follows

lull i) = CliVull 2@

12
<c ( [ a9 = e dy)
Q
12
=C (/ ec(y)oy, ®(x, y)u dy) .
Q

Since dy, (x, -) € L1(2) for 1 < g < 2, we can apply the Holder inequality and the
Sobolev embedding to obtain

1/2 1/2
lull 1) < Ce (14 @l sy Il aey) > < CePllullyy? g

Finally, using again the Sobolev embeddings and a bootstrap argument, we obtain that
u e W»4(Q) forevery 1 < ¢ < 2 and

lullw2a(q) < Ce. (B.2)

O
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