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Abstract: We prove that the deformation theory of compactifiable asymptotically cylin-
drical Calabi—Yau manifolds is unobstructed. This relies on a detailed study of the
Dolbeault—-Hodge theory and its description in terms of the cohomology of the com-
pactification. We also show that these Calabi—Yau metrics admit a polyhomogeneous
expansion at infinity, a result that we extend to asymptotically conical Calabi—Yau met-
rics as well. We then study the moduli space of Calabi—Yau deformations that fix the
complex structure at infinity. There is a Weil-Petersson metric on this space, which we
show is Kihler. By proving a local families L?-index theorem, we exhibit its Kihler
form as a multiple of the curvature of a certain determinant line bundle.
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1. Introduction

A complete Riemannian manifold (M, g) of dimension 2n is said to be Calabi—Yau if its
holonomy group is contained in SU(n), in which case (M, g) is Ricci-flat and Kéhler.
Conversely, if (M, g) is Ricci-flat Kihler, then its reduced holonomy group is contained
in SU(n), hence (M, g) is Calabi—Yau if M is simply connected. The principal source of
examples of Calabi—Yau manifolds is the famous Calabi conjecture proved by Yau [47]: a
compact Kihler manifold with trivial canonical line bundle admits a unique Calabi—Yau
metric in each Kihler class. Subsequent work by Tian [42] and Todorov [45] shows that
the moduli space of (polarized simply connected) compact Calabi—Yau manifolds has at
most quotient singularities, and moreover, its natural Weil-Petersson metric is Kéahler.
This moduli space is central in the study of mirror symmetry, and is thus of importance
in mathematical physics, algebraic geometry, differential geometry and number theory.

Fundamental results of Tian—Yau [43,44] and Joyce [24] imply the existence of many
non-compact, complete, quasi-projective Calabi—Yau manifolds. In the present paper, we
study the moduli space of compactifiable asymptotically cylindrical Calabi—Yau mani-
folds. The only previous generalization of the Tian—Todorov theorem (to any complete
quasi-projective setting) is for the same class of asymptotically cylindrical metrics, but
only in complex dimension 2, by Hein [20, Corollary 4.3]. We mention also the formal
deformation theory in the same setting, but in general dimensions, in [25, §4.3.3]. Recall
that a complete Riemannian manifold (M, g) is asymptotically cylindrical if there ex-
ist a compact set K C M, a closed Riemannian manifold (N, &) and a diffeomorphism
®: M\K — N x (0, 00) such that for some § > 0, |VK(Pyg — g00)| = O(e~") for
all k € Np, where goo = dt? + h is a product metric. By the Cheeger—Gromoll splitting
theorem, see also [39], a connected, complete manifold with nonnegative Ricci curvature
can have at most one end unless it splits as a global Riemannian product R x N, so we
may as well assume that (M, g) has a single cylindrical end. The recent improvements
by Haskins—Hein—Nordstrom [18] of the Tian—Yau construction [43] give many new
examples of asymptotically cylindrical Calabi—Yau spaces. Indeed, let M be a compact
Kihler orbifold of complex dimensionn > 2. Let D € | — K57| be an effective orbifold
divisor satisfying the following two conditions:

(i) The complement M := M\D is a smooth manifold;
(i1) The orbifold normal bundle of D is biholomorphic to (C x D)/(t) as an orbifold line
bundle, where D is a connected complex manifold and ¢ is a complex automorphism

of D of order m < oo acting on the product via ¢(w, x) = (e% w, t(x)).

Then if Q is a meromorphic n-form on M with a simple pole along D, the construction
of [43] and [18] ensures that for every Kéhler class t on M, there exists an asymptotically
cylindrical Calabi—Yau metric gcy on M with Kéhler form wcy such that wcy € t|y,

and wiy =i QA Q. We say that a Calabi—Yau manifold (M, gcy) obtained in this
way is a compactifiable asymptotically cylindrical Calabi—Yau manifold with com-
pactification M.

The existence result of Haskins—Hein—Nordstrom was used in [11] to obtain many
new examples of asymptotically cylindrical Calabi—Yau threefolds. Those play a distin-
guished role because they can be used as building blocks in Kovalev’s twisted connected
sum construction of compact manifold with holonomy G», see [10,29,31]. Haskins—
Hein—Nordstrom also prove a uniqueness result, see Theorem 5.3 below for the formu-
lation that will be used here. More surprisingly, they establish a converse by recovering
the compactification M in many important cases; namely if (M, g) is a simply-connected,
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irreducible asymptotically cylindrical Calabi—Yau manifold of complex dimension
n > 2, then (M, g) arises from their construction.

In the present paper, we shall study compactifiable asymptotically cylindrical Calabi—
Yau manifolds and their moduli spaces. After some preliminaries on b-metrics and the
b-calculus of Melrose [35], we begin our investigation by determining the space of L>-
harmonic forms of type (p, ¢) on such a manifold. As shown in [35], see also [19],
the space of (de Rham) L?-harmonic forms of an asymptotically cylindrical manifold
is identified in terms of the (de Rham) cohomology of an associated manifold with
boundary. However, to respect the (p, ¢) decomposition, it turns out to be more natural
here to relate this (p, g) Hodge cohomology with the Dolbeault cohomology of the
compactification M. More precisely, if E — M is a holomorphic vector bundle over
‘M, then Theorem 4.6 below is the following assertion:

Theorem A.
L*HP9(M; E) = Im{H(M; Q" (log D) ® E(—D)) — H(M; Q”(log D) ® E)}.

See Sect. 4 for notation.
The proof uses a sheaf theoretic argument, along with some key facts about elliptic
b-operators which lead to the characterization of weighted Dolbeault L? cohomology

WH? 4 (gp, €, M; E) = HY(M, QP (log D) ® E(—D)),
WH?(g),, —e, M; E) = HY(M; Q" (log D) ® E),

when € > 0 is small enough, see Theorem 4.2 for details. Further analysis yields,
in Theorem 4.11, a 99-lemma adapted to this setting, and the existence of canonical
harmonic representatives for classes in WH?"9(g;, —e, M; E), which is necessary for
the deformation theory. These Hodge theoretic results do not require the full regularity
of the metric assumed here, and also do not require that g, be Calabi—Yau. We continue
to assume, however, that g, is a polyhomogeneous exact b-metric, i.e., g, admits a
complete asymptotic expansion in the cylindrical end in powers of p = e/, see Sect. 2
for details, and in fact, our next result shows that our Calabi—Yau spaces possess this
sharp regularity:

Theorem B. Compactifiable asymptotically cylindrical Calabi—Yau metrics are polyho-
mogeneous exact b-metrics.

This is the content of Theorem 5.1 and Corollary 5.4 below. The paper [41] already
contains some results in this direction, but what we prove here is more precise.

Similar regularity results for Kdhler—Einstein metrics trace back to the work of Lee—
Melrose [33], where the polyhomogeneity of the Cheng—Yau metric on a strictly pseudo-
convex domain is established: we refer also to [22,38], which prove polyhomogeneity
of other types of Kdhler—Einstein metrics. All of these results are proved by using a
linear regularity theorem (Corollary 3.8 below in our case) in an inductive bootstrapping
argument for the complex Monge—Ampere equation.

Using the fact that asymptotically conical metrics are conformal to asymptotically
cylindrical metrics, we can deduce from the proof here a similar polyhomogeneity result
for asymptotically conical Calabi—Yau metrics, as constructed in [8,44]; this is carried
out in Corollary 6.4.

This sharp regularity of asymptotically cylindrical Calabi—Yau metrics becomes ex-
tremely useful when studying the deformation theory of these metrics and for under-
standing the Weil-Petersson geometry of the corresponding moduli space. Our approach
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to the deformation theory follows Kawamata [26], who studied deformations of com-
pactifiable complex manifolds. Infinitesimal deformations of the complex structure are
described by the cohomology group H'(M; T5;(log D)), where T37(log D) is the sheaf

of holomorphic vector fields on M tangent to D. By our study of the Dolbeault—-Hodge
theory, these infinitesimal deformations admit canonical harmonic representatives. Us-
ing the Tian—Todorov theorem as well as the 99-lemma in Lemma 4.10, we recover the
result of [25] that the deformation theory is formally unobstructed in this setting. There
are important simplifications in complex dimension 2, which follow from the vanishing
of the Frolicher—Nijenhuis bracket of constant differential forms on a flat cylinder, see
[20]. To obtain actual deformations, we must choose the terms in the formal series of
the deformation systematically. This is done using a parametrix for the Laplacian in the
sense of [35] and [34]. Invoking some estimates for this parametrix, we can then safely
apply the standard argument of Kodaira—Spencer [27, § 5.3] to obtain the following
result.

Theorem C. The deformation theory of compactifiable asymptotically cylindrical
Calabi—Yau manifolds is unobstructed.

Combining this with the work of Kovalev [30], which in turn generalizes results of
Koiso [28], we see that any Ricci-flat asymptotically cylindrical metric sufficiently close
to a compactifiable asymptotically cylindrical Calabi—Yau metric g is in fact Kihler for
some nearby deformation of the complex structure of g.

Similar results about the deformation theory in some different (though closely related)
settings which involve asymptotically cylindrical geometries may be found in [23] and
[40].

We next consider relative deformations, i.e., those which fix the complex structure at
infinity. The infinitesimal analogue of this type of deformation is

Im{H ' (M; T3;(log D)(—D))— H'(M; Ty (log D))},

the space of L2-harmonic forms L>H ! (M; T57(log D)) by Theorem A. Fixing a po-
larization M and assuming that H'(M; R) = 0, we show how to systematically choose
a Calabi—Yau metric g, for each point m in the relative moduli space M.

Now define a Weil-Petersson metric on the moduli space by

gwp(u, v) = / (0, v)g, dpgm), v € TuMiet = LHO (Mo, g TV M),
where M, is the deformation corresponding to the point m. Using a suitable notion of
renormalized volume, we show in Proposition 10.4 that this metric is Kihler with Kéhler
form wwp, a multiple of the first Chern class of the vertical tangent bundle.

Just as in the compact setting, we show that dim L>H?¢ is constant in M|, which
means that it is possible to define a determinant line bundle associated to the family
of 8 operators on M, with a corresponding Quillen metric and Quillen connection.
Twisting by a suitable choice of holomorphic vector bundle E, see (10.5), our final
result generalizes [2, 5.30], see also [13].

Theorem D. The curvature of the determinant line bundle of the family of Dolbeault
operators /(0 + ") associated to the holomorphic vector bundle E is
x (M)

i
— (V2 = AT )
on V)T = T e
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The key step in proving this is to obtain a local families L?-index theorem. This is not
quite the setting of the families index theorem of Melrose—Piazza [36] since ours is not a
Fredholm family of operators. In particular, the heat kernel does not decay exponentially
fast for large time. There are special features which help our calculations. One is that the
collection of L? kernels and cokernels form bundles over the moduli space. The other is
that the indicial family, that is, the model operator at infinity, is the same for all members
of the family.

Using these and the scattering theory of [35], we show in Proposition 8.1 that the
heat kernel decays rapidly in positive degree. We can then apply the argument of [36] to
obtain the local families Z>-index formula, see Theorem 8.4. Because of the constancy
of the indicial family, our formula contains no eta form in positive degree, and only
the standard ‘Atiyah—Singer’ integrand appears. Note that our formula also applies to
certain families of signature operators. For the Dolbeault operator, proceeding as in
[5] and regularizing as in [35] to define the analytic torsion, we obtain the formula in
Theorem 9.4 for the curvature of the Quillen determinant line bundle.

The paper is organized as follows. The initial sections Sects. 2 and 3 review the no-
tion of b-metrics and recall some important properties of elliptic b-operators. In Sect. 4,
we then study the Hodge theory of polyhomogeneous Kihler h-metrics admitting some
suitable compactification by a compact Kéhler manifold. We then prove in Sect. 5 that
the asymptotically cylindrical Calabi—Yau metrics of [18] are polyhomogeneous exact
b-metrics. We also show that the asymptotically conical Calabi—Yau metrics of [8,9] are
polyhomogeneous as well. These results are used in Sect. 7 to show that the deformation
theory of asymptotically cylindrical Calabi—Yau manifolds is unobstructed. In Sects. 8
and 9, we obtain a local families L2-index theorem and a curvature formula of the asso-
ciated Quillen determinant line bundle for families of Dolbeault operators parametrized
by the relative moduli space of asymptotically cylindrical Calabi—Yau manifolds. Fi-
nally, in Sect. 10, we define the Weil-Petersson metric on the relative moduli space and
explore some of its properties.

2. Asymptotically Cylindrical Metrics

In this section we define various classes of asymptotically cylindrical metrics, defined
through different decay and regularity assumptions presented in the language of b-
geometry. This point of view is the one most coherent with the analytic methods used
later in this paper. For those unacquainted with this language, we refer principally to
the book of Melrose [35]. We first introduce the b-vector fields, which give structure to
later definitions. This leads to the introduction of function spaces which are used later,
in particular, the spaces of polyhomogeneous functions as well as the various classes
of asymptotically cylindrical metrics, also called b-metrics. Differences between these
spaces are due to the precise asymptotic regularity at infinity we impose on them.

Suppose that M is a compact manifold with boundary with dim M = n, and let
p € C*°(M) be a boundary defining function, i.e., p > 0 in the interior M = M\dM,
p = 0on dM and dp is nowhere zero on M. We define the Lie algebra of b-vector
fields on M by

V(M) = {£ € C°(M; TM) | £ is tangent to IM).

In local coordinates (p, y) near dM, a b-vector field & takes the form

—ap—+2a, ;i witha, ay, ..., an_1 € C®(M).
i=1
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As an alternate characterization, & € COO(M TM) is in Vb(M) if and only if &p €
pC (M) for any boundary defining function p.
Associated to V, (M) is the b-tangent bundle, bT M — M. This is a natural smooth
vector bundle with fibre over p € M given by

Ty M = Vs (M) /1, Vs (M), I, ={(f € C®(M) | f(p) =0}
There is a canonical morphism ¢, : ? TM — T M of vector bundles such that
(@)4C(M;"T M) = V(M) C C®(M; TM).

Note that ¢5 is only an isomorphism when restricted to M \8]\71 . The vector bundle *T M
is a Lie algebroid with anchor map given by (¢5).

Definition 2.1. A b-metric is a complete Riemannian metric g on M = M \8]\71 which
can be written as

g = (i, ) (&l ipam)
for some positive definite section g € Co°(M; Sym?(® T*M)).
Remark 2.2. 1t is convenient and innocuous to regard g as the b-metric.

In local coordinates (p, y) near dM, a b-metric is of the form
do? o d . ) ~
g= ap—'o2 +Zaidy’ ) ?'0 + Za,-jdy’ ody’, a,aj,a;j €C°(M). (2.1)
The b-metrics with all a; = 0 are particularly interesting.

Definition 2.3. A b-metric g is a product b-metric if there exists a collar neighborhood

CZ@MX[O,G)'O—)M

of the boundary such that c*g = Az + 8,7 Where A is a positive constant and g, 7 is

a Riemannian metric on dM. A b- metrlc gisexactif g —g, € pC*> (M, bTM ® bTM)
for some product b-metric g,.

In terms of the variable r = —X log p, a product b-metric has the form
dr® + 8yii» t € (—Aloge, 00)

in a collar neighborhood of dM, i.e., is isometric to a half-cylinder outside a compact
set, while exact b-metrics are those which converge exponentially to product metrics.
An alternate characterization is that g is an exact b-metric if each of the coefficients
a; of the cross-terms in (2.1) vanish at dM. One useful feature of exact b- metrics, see
[35, Proposition 2.37], is that their Levi-Civita connection V extends naturally to the
boundary to give a connection for the b-tangent bundle TM.

We now describe some useful function spaces in this setting. Fix a volume density v,
associated to any exact b-metric g; this gives the Hilbert spaces L%(M ) and L%(M ; E)of
square integrable functions and of square integrable sections of a vector bundle £ — M
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with Hermitian metric. Using a connection V£ for E and the Levi-Civita connection of
g, we define the b-Sobolev spaces

HN(M; E) = {(f € LAX(M; E) | Vif € LAM; CT*M) @ E)VE =0, ...k},

where T*M denotes the dual of ®T M. Since the elements of Vb(ﬁ ) are simply the
vector fields on M which extend smoothly to the boundary and which have uniformly
bounded length with respect to any fixed b-metric, these b-Sobolev spaces can also be
defined by requiring that u € Hlf(M )ifuand Vi - - Vyu lie in Li for any collection of
b-vector fields V; and for every £ < k. From this it is clear that the space Hé‘(M s E)is
independent of choices, even though the inner product is not. We shall also use weighted
versions of these Sobolev spaces, namely

p HY(M; E) = {p'c | o € H{(M; E)}.

We next define the space of k-times differentiable sections of E with derivatives
uniformly bounded on M (with respect to g and the metric on E):

CHM; E)={0 e CK(M; E) | sup [V'0(p)lge, <00 YE=0,1,... k).
peM

As before, C]lj (M; E) (but not its norm) is independent of choices. Set

o0 o
CO(M: E) = () Cy(M: E) and Hy*(M: E) = (| Hy(M: E).
k=0 k=0

Note that
C®(M; E) CC(M; E), and H{°(M; E) C C°(M; E).

The first inclusion is proper since u € C;° only requires the boundedness of all b-
derivatives of u, but not that they extend continuously to the boundary. Thus, for example,
cos(log p) lies in C;°(M), but not in C°°(M). The latter inclusion follows from the
Sobolev embedding theorem, and is proper since elements of C;°(M; E) which are
bounded but do not decay are not square integrable. The space C,°(M; E) is often
called the space of conormal sections of order 0 and denoted A%M: E).

It is certainly too restrictive to require that the metric coefficients a, a;, a;; in (2.1)
are smooth up to the boundary. One way of generalizing this, which appears in [18], is
as follows.

Definition 2.4. An asymptotically cylindrical metric on M = M \8]l71 (ACyl-metric
for short) is a complete Riemannian metric g on M such that there exists a§ > 0 and a
product b-metric g, on M for which

g—gp=p°C(M; P T*M @°T*M).

Unfortunately, this class of metrics is now too general for our purposes, so for reasons
which will become clear later, we consider a class of metrics intermediate between ACyl
and exact b-metrics, which are characterized as having an asymptotic expansion at infin-
ity. To make this precise, we first recall the definition of polyhomogeneous expansions
of functions and sections of bundles over M this, in turn, relies on the notion of index
sets, so this is our starting point.
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Definition 2.5. An index set F is a discrete subset of C x Ny such that

(1) (zj,kj) € F, |(zj, kj)| > 00 = Rez; — o0,
(i) (z,k) e F = (z+p,k) e F VpeN,
(iii) (z, k) e F = (z,p) e F Vp=0,... k.

The index set F is called positive if
(z,k) e F =— Imz=0,Rez > 0,
and is nonnegative if

(z,k) e F =— Imz=0,Rez >0,
0,k)e F — k=0.

Finally, if F and G are two index sets, then their extended union F UG consists of
the union of these two sets along with the pairs (z, k + £ + 1) where (z,k) € F and
(z,0) € G.

If F C R x Np, we define inf F to be the smallest element of F' with respect to the
lexicographic order relation on R x Ny, i.e.,

(z1, k1) < (z2,ky) <= z1 <z orzi =z and k| > k».

Definition 2.6. Given an index set F', define the space .Aghg(ll? ) of polyhomogeneous
functions with index set F' to consist of all functions f which have an asymptotic
expansion at 9 M of the form

f~ D acwpe ogp), a.xeC®(M). 2.2)
(z,k)eF

The symbol ~ means here that for all N € N,

f= D aguplogp) e pNCE(m).
(z,k)eF
Rez<N

If F is anonnegative index set (or one such thatevery (z, k) € F\{(0, 0)} hasRe z > 0),
then A]fhg C Cp°. We call polyhomogeneous functions with these types of index sets

bounded polyhomogeneous. More generally, if (s, k) = inf F, then Aghg Cp gy
for every € > 0.

The coefficients a; k) in the expansion (2.2) depend on the choice of boundary
defining function p, but because of condition ii) in the definition of index sets, the space

Alfhg(M ) itself is independent of this choice. There are two familiar examples of these

spaces: first, Aghg(ﬂ ) is the same as Cw(ﬁ), the space of smooth functions on M
vanishing with all derivatives on dM: next, .Aghg(ﬂ ) with FF = Ny x {0} is the same
as C®°(M). The reason for introducing these spaces with more general index sets is
that solutions of natural elliptic operators associated to even just product b-metrics are

polyhomogeneous with index sets determined by spectral data on d M, hence are only
rarely smooth up to the boundary.
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The space qug(ﬂ ) is a C°°(M)-module, and thus, for any vector bundle E — M,
we can define the space of polyhomogeneous sections of £ with index set F' by

(M: E) = AL, (M) @iy C(M: E).

phg phg

Definition 2.7. A polyhomogeneous ACyl-metric on M is an asymptotically cylindrical
metric g on M of the form
g = ()" (gblai):

where g, € AL (1\7[ ; Symz(bT*IVI )) with F' a nonnegative index set.

phg

3. Elliptic b-Operators

We next review some aspects of the theory of elliptic b-operators with particular emphasis
on their mapping properties on spaces of polyhomogeneous and conormal sections.
The space of b-differential operators on M, Diff};(M), is the universal enveloping

algebraof V), (1\71 ) over C*® (1\71 ). In other words, an element of P € Diff; (M ) is generated

by C®(M) and locally finite sums of products of b-vector fields. In local coordinates
(p,y) near oM,

A\ (0} o =
P= > aw (,0—) (—) . agp € C(M), (3.1)

a+|Bl<k op) \dy

where k is the order of P. Since Difflg (1\~4 )is aC™® (M )-module, we can immediately

define the space of b-differential operators acting on sections of a vector bundle £ — M
by

Difff (M; E) = Diff},(M) ®¢w iz, C(M; End(E)).

A connection V on (? T*M )¢ ® E is obtained from a connection V on E and the Levi-
Civita connection of an exact b-metric g. Any P € lefk (M E) then takes the form

P=>a V' ayeC®M;(TM)" ®End(E)). (3.2)

where “” denotes contraction between the copies of ? TMand"T*M. Important exam-
ples of b-differential operators include the geometric operators associated to b-metrics,
e.g., the Laplacian or Dirac-type operators. If g is a polyhomogeneous ACyl-metric,
these geometric operators are elements of

Diff} . (M: E) = Al (M) ®c 7, Diff} (M; E),
the polyhomogeneous b-differential operators with index set F.

Definition 3.1. The principal symbol of P € Diff’};(ﬁ ; E)isthemap oy (P) : by —
End(E) which is homogeneous of degree k on the fibres and is given by

o(P)(E) = i*ax (g, ..., &) e End(E), & e’T*M;
——

k times
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here ay is the leading coefficient in (3.2). It is not hard to check that this definition is
independent of the choice of connection. We say that P is elliptic if o (P)(§) is an
invertible element of End(E ) forall p € M and § € bT; M\{0}.

Remark 3.2. The principal symbol and ellipticity also make sense for polyhomogeneous
b-differential operators with nonnegative index set.

In contrast to the situation on closed manifolds, ellipticity alone does not ensure that a
b-differential operator is Fredholm. The extra information needed to produce a Fredholm
theory is encoded in the indicial family. This is a family of operators on sections of £
over d M defined by

Cstm I(P,T)0 = p—”Pp”g‘m, o €C®OM: E), (3.3)

where & € C®°(M; E) is any smooth extension of o to M. From the local coordinate
description (3.1), we can write

9 \"?
IP.1)= D (awp|yz) (0" (5) : (3.4)

a+|Bl<k
For any elliptic operator P € Diff}, (M; E), we define
Spec,(P) = {tr € C | I(P, 1) is not invertible}.

This set is of fundamental importance in the description of the mapping properties of P.
We recall two standard results, see [35, Theorem 5.60 and Proposition 5.61].

Theorem 3.3. If P € Diff{(M; E) is elliptic, then the map
P : p®H"**(M; E) — p*HJ"(M; E)
between weighted b-Sobolev spaces is Fredholm if and only if « ¢ —Im Spec, (P).

Proposition 3.4. Let P € Diff’;(l\?; E) be elliptic. If u € p”‘L%(M; E) and Pu €
AS (M5 E), then

GUF* (@), 5.
u e Aphg (M; E),

where

Fr(a) = {(z,k) e Cx No | 3r € No,Rez > a +7,

—i(z —r) € Specy,(P), k+1 <> ord(—i(z — j))}.
j=0

Remark 3.5. The appearance of this somewhat complicated looking index set F*(a) and
the need for taking its extended union with G to obtain the correct index set for u is
explained by the fact that once we know that u is polyhomogeneous, then a purely formal
calculation, matching terms on either side of Pu = f with equal exponents, regulates
which terms can appear in the expansion for #. Hence one part of this result is simply
the assertion that the solution # must be polyhomogeneous if Pu is, while the second
part asserts precisely which terms appear in its expansion.
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There is an important generalization of Proposition 3.4 which follows easily from
Theorem 3.3.

Theorem 3.6. Let P € Diff’; (1\7; E) be elliptic. Suppose that u € p*Cp°(M; E) and

Pu= fi+ fo. where fi € p*PC*(M: E) and f, € AG, (M E) (3.5

for some B > 0 and some index set G. Then u = uy + uy, where
up € ﬂ PO PTIC(M E), us e Af+("‘)UG(A7I; E).
§>0
Ifno z € Spec,(P) has —Imz = o + B, then u; € p“+/3C§°(M; E).

Proof. Choose 6 > 0 small enough so that —Im Spec,(P) N[a + B — 6, a + ) = 0.
Then u € ,o“_‘sH,;"Jrz(M) and f] € p"‘“g_‘ng”(M; E) for all m € Ny and the map

P p® PR (M E) — pP T HIM (M E)
is Fredholm. By the density of COO(M; E) in ,0"““‘3*‘S Hl;" (M E), we can find a finite
dimensional subspace V C (foo(M ; E) such that
PP (M ) = P (0P HY (M ) + V.
We can therefore find f3 € V and u; € p“+’3_‘sHl§”+k (M; E) such that

Puy = f1 — f3.

This is true for every m, so u; € p‘”ﬁ_‘sH,;’O(M; E). On the other hand, if we set
Up = u — uj, then

Puy = fo+ f € A (M; E),

so by Proposition 3.4, uy € AP @UG (31 E) as claimed. Finally, if
(FH(@)UG) N[a+B —8,a+p) =0,

then u; is independent of the choice of § > 0 up to anerror termin p**# (log p)*C°(M; E)
for some fixed k € No. Hence uy € p**P°HX(M; E) C p**P=°Cp°(M; E) for all
§>0. O

These results extend easily to allow P to have polyhomogeneous coefficients. For
Theorem 3.3, we refer to [34]. For Proposition 3.4, one can systematically and with
little effort modify the parametrix construction of [35], see [34]. Alternatively, one can
extract this generalization directly from Theorem 3.6 as follows.

Corollary 3.7. Let F be a nonnegative index set and suppose that P € Diff’g F(M ; E) s
elliptic. Ifu € p*H;"(M; E) and Pu = f € Aghg(ﬂ; E), then u is polyhomogeneous
as well.
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Proof. Take B, 5 > 0 sufficiently small so that no element (z, k) € F has z € (0, 8 +6),
and then decompose

P =Py+pPP,

where Py € Diff(M; E) and Py € Diff ., (M; E) with F' = (F\{0}) — > 8. Then
Pou = —pP Piu+ f, (3.6)

and since pPPju € p“+5+‘3,C§°(M; E) for 0 < 8’ < 8, Theorem 3.6 implies that
u = uj +uy with up € AF+(“)UG(M; E)and u; € p“+ﬁCg°(M; E). Reinserting this
into (3.6) gives

@200 (M; E) and f) polyhomogeneous.

(3.7)

Poui = —pﬁP1u1+f1 with pﬂPlul Ep

Applying Theorem 3.6 again, we thus see that u; = v| + vy withv; € p“+2ﬂC§°(M; E)
and vy polyhomogeneous, and hence u = v; + v} with v] = v2 + us polyhomogneous.
This argument can be iterated, so for each k € N, we can write u = v + v,/( with

v € petkp Cy°(M; E) and v polyhomogeneous. Since k is arbitrary, we see that u is
polyhomogeneous as well. O

Replacing Proposition 3.4 by Corollary 3.7 in the proof of Theorem 3.6, we obtain
the following

Corollary 3.8. Let P € Diff’;’ F(M ; E) be elliptic with nonnegative index family F and
let G be another index set. Suppose that u € p*C;°(M; E) satisfies

Pu= fi+ f» with f] € p““sCZO(M; E) and f> polyhomogeneous.
Then u = uy + up with

ujp € ﬂ ,00”’3_80,?0 (M; E) and u> polyhomogeneous.
§>0

4. Hodge Theory for Asymptotically Cylindrical Kéhler Manifolds

Let M be a compact Kihler orbifold of complex dimension n > 2. Let D be an effective
orbifold divisor satisfying the following two conditions:

(i) The complement M := M\D is a smooth manifold;
(ii) The orbifold normal bundle of D is biholomorphic to (C x D)/(t) as an orbifold line
bundle, where D is a connected smooth complex manifold and ¢ is a complex auto-

morphism of D of order m < oo acting on the product via t(w, x) = (e% w, t(x)).

Let M := [M ‘D] be the manifold with boundary obtained by taking the real blow-up
of M around D, cf. [35]. Although M may have an orbifold singularity along D, the
blow-up M is a smooth manifold with boundary dM which is naturally identified with
the total space of the orbifold unit normal bundle of D. Thus d M is foliated by circles
and the space of leaves is identified with the orbifold D. In particular, if D is smooth,
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this circle foliation is a circle bundle. The manifold M is an example of a b-complex
manifold, as defined by Mendoza [37].

Suppose now that g, is a polyhomogeneous Kihler ACyl-metric on M = M \D =
M\3dM, and denote by w, its Kihler form. Fix a 1 defining function p € C*(M) and
let E — M be a holomorphic vector bundle over M equipped with a Hermitian metric
h. We then consider on the quasiprojective manifold M = M\D, for any a € R, the
weighted L2-Dolbeault complex

L pUL2QPM E, ) — s p L2QP (ML E, gy) — -, (41)

where L>QP9(M; E, gp) is the space of forms of type (p, g) on M which are L? with
respect to the metric g, and

P LEQPI(M; E, gp) = {u € p°L*QPU(M; E, gp) | 9 € p* L*QP T (M E, gy)}.
4.2)
Denote the cohomology groups of the complex (4.1) by
{1 e p?L*QP4(M; E, gp) | 9 = 0}
(8¢ € p*L2QPa(M; E, gp) | ¢ € p*L2QP9"Y(M; E, g)}
(4.3)

WH”(gp,a, M; E) =

These weighted L2-coh0m01c§y groups are related to the sheaf cohomology of certain
holomorphic vector bundles on M.

Definition 4.1. The logarithmic tangent sheaf T77(log D) is the subsheaf of the tangent
sheaf T of M consisting of derivations of O; sending the ideal sheaf 75 of D in Oy7
to itself. In other words, T57(log D) is the sheaf of holomorphic vector fields tangent to
D. We also denote by ' (log D) the corresponding dual sheaf of logarithmic 1-forms
and by Q7 (log D) the sheaf of the p™ exterior power of Q! (log D) with itself.
Theorem 4.2. For € > 0 sufficiently small, there are canonical identifications

WH? 4 (gp, €, M; E) = HY(M, QP (log D) ® E(—D)),
WH?4 (g, —e, M; E) = HY(M; QP (log D) ® E),

where E(—D) is the holomorphic vector bundle on M associated to the sheaf of holo-
morphic sections of E vanishing along D.

Proof. The idea is to adapt the sheaf theoretic proof of the Dolbeault theorem, see [17,
p.45] for example, to our context. Fix a # 0. Denote by % L*>HPO(E) the sheaf induced
by the presheaf of local holomorphic p-forms on M with values in E which are p¢L?
with respect to g, and the Hermitian metric i of E. Also, let ,o“LﬁQp *4(E) denote the

sheaf defined by the presheaf which associates to 24 C M the abelian group
(e p'L*QP1UNM; E, g) | o € pL*QP U N M; E, gp)).

Finally, let p®L*>ZP9(E) be the subsheaf of p* L%Qp'q (E) which associates to I/ the
abelian group

(€ pL?*QPU(E); | 3 = 0).
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By Lemma 4.3 below (which is a version of the 9-Poincaré lemma in p®L?), we
know that if a is sufficiently close to 0, there are short exact sequences of sheaves,

0 ——> pt L2HPO(E) — pL2QPO(E) — s pap22r1(F) —>0, ¢ =0,
(4.4)

0—> p?L2ZP9(E) — p”L%QP*"(E) . p?L2ZP a4t (Ey ——0, ¢>0.
4.5)
We know from [19, Proposition 2, p.500] (see also the beginning of the proof of [15,
Corollary 17]) that the sheaf p”L%Ql”q(E) is fine, so that H*(M; p® L%QP"J(E)) = {0}
when k > 0. The corresponding long exact sequences in cohomology then give that
HI(M; p* L*HPO(E)) = HI™'(M; p*L> 2P (E))
HI72(M: p* L2 2P 2(E))
= H'(M; p* L2 ZP17(E))
HO(M: p* L ZP9(E)) [0H"(M; p* L3277 (E))
= WH?4(gp,a, M; E). (4.6)

e 1 1R

If a > 0 is sufficiently close to zero, then p”L2'Hp ’0_(E ) is identified with the sheaf
Q”(log D) ® (E(—D)) of holomorphic p-forms on M with values in E(—D), while
p 2 L*HPO(E) is identified with the sheaf Q7 (log D) ® E of holomorphic p-forms
with values in E. Thus, by (4.6), when € > 0 is sufficiently small,
WH?(gy, €, M; E) = HY(M; Q" (log D) ® (E(—D))) “7)
WH? (g;, —€, M; E) = HY(M; Q" (log D) ® E). '

O

Lemma 4.3. The morphism of sheaves d : p* L%Q”'q (E) — p*L*ZP9*1(E) is surjec-
tive for a # 0 sufficiently small.

Proof. Suppose first that D is smooth. It then suffices to show that the map

9 : pLEQPI(E)y — p*L*ZP 1 (E)y (4.8)

is surjective for any open set / C M biholomorphic to a polycylinder A C C" over
which E is trivial when lifted to A. We can restrict to sets of this type which are either
disjoint from D, or else for which there is a biholomorphism ¢ : i/ — A C C" mapping
D NU onto AN (C" 1 x {0}).

The assertion is not hard in complex dimension n = 1. Indeed, in that case regard A
as a disk centered at 0 in C U {oo} = CP'. If i/ N D = @, we use the surjectivity of

3: H' (CPY - L2Q% (P

to see that (4.8) is surjective. If f N D # ¢, then assume that the biholomorphism

9 :U— ACCmapsidN'Dto0 e A. Now put a complete asymptotically cylindrical
Kihler metric k;, on CP'\{0} and let x € C*°(CP') be the boundary defining function
which equals the Euclidean distance to the origin near 0 € A C C. Since there are
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no nontrivial meromorphic 1-forms on CP! with at most one simple pole, then by [35,
§6.3], we know that

3 : x*H' (CP\{0}, k) — x?L*Q%(CP"\{0}, k)

is Fredholm and surjective whenever a is nonzero but sufficiently small. Its kernel is
trivial when a > 0, while if a < 0, it is just the constants. Restricting to A, we see that
the map (4.8) is again surjective. This proves the result in complex dimension 1.

From this discussion, we see that when n = 1, there is a right inverse

@)~ Xt L2 2PN By — x“L%Q”’q(E)H (4.9)

to (4.8). To prove the result in complex dimensions greater than 1, we then proceed just
asin [17, p.25-26], although we use (4.9) instead of the one-variable 9-Poincaré lemma,
cf. [17, p.5].

Finally, if M has orbifold singularities, then we can proceed as before away from
D. Near D however, we must also consider open sets of the form U=V/{u) with  a
finite order automorphism of V such that the restriction of E to I/ lifts on V to a trivial
holomorphic vector bundle. The preceding discussion proves the surjectivity of (4.8) on
sufficiently small open sets V, and we can then average with respect to the action of p
to obtain the desired surjectivity on /. O

Our main interest here is in the case where the weight @ = 0, but the cohomology
then is often infinite dimensional since @ + 3 does not have closed range when acting

between appropriate Sobolev spaces. Here 9" is the formal adjoint of 3 with respect
gp and a choice of Hermitian metric on /. However, we can still consider the space of
L?-harmonic forms of type (p, ¢) with values in E, namely

L*HP(M; E) = {n € L*QP4(M; E., gy, h) | 0 =0, 3 n=0}.  (4.10)

Since 3+9 " isan elliptic b-operator (acting on sections of AP *Q E = @, A4 ® E), this
space is finite dimensional and every element € L>H?-9(M; E) is polyhomogeneous,
namely

n~ > p°(logp)*n.« near p =0, where . € C®(M,AP4"T*M)® E).
(z,k)eZ

The index set Z here is determined solely by the indicial family of 3 + 9", ie., it is
independent of 7.

For convenience below, let us denote by Z,, the index set corresponding to elements
n € p*L>QP-* which lie in the common nullspace of 8 and 9" Note that the condition
p* € L? implies z > 0, so Ty is a positive index set. Henceforth we shall always choose
€ so that

0 < € < infZ. “4.11)

By virtue of this remark, any n € L¥*HP9(M; E) is in p¢L?QP9(M; E, gp,) and
satisfies dn = 0, thus represents an element in WH?-% (g, €, M; E). Hence, composing
with the natural map between weighted cohomologies, we obtain a map

@ : L*HP9(M; E) — Im{WHP? (g}, €, M; E) — WHP(g;, —€, M; E)}. (4.12)

We wish to show that ® is an isomorphism, and to this end we collect some results.
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First note that

d+0" : p CHIQP*(M; E) — p~L>QP*(M; E, gp) (4.13)

is Fredholm when ¢ satisfies (4.11), where H,f QP9(M; E) is the b-Sobolev space of

order k of forms of type (p, ¢) taking values in E. The symmetry of 3 + 9" with respect
to the le, pairing and the fact that the spaces p™¢L?Q*(M; E, g;) are dual to each

other means that the cokernel of (4.13) can be identified with the kernel of 9 + 3" on
p€ Hbl Q*(M; E), which as we have just shown is the same as L>H*(M; E).Hence there
is a direct sum decomposition
P L*Q* (M E, gp) =Im{d+9 : p “H!Q*(M; E, gp) — p “L*Q*(M; E, gp)}
®L>H*(M; E). (4.14)

For similar reasons, the d-Laplacian Az = (@ +0")? induces the decomposition

p L*QN(M; E, gp) = Im{Ag: p~ HyQ*(M; E, gy) > p~“L*Q*(M; E, g))}
®L*H*(M; E). (4.15)
Proposition 4.4. There is a finite dimensional subspace A C Q*(M; E) orthogonal to
L>*H*(M; E) such that
P L*Q*(M: E, gp) = Im{Ag : p* H}Q*(M: E) — p*L*Q*(M: E. gp))
DAS® L*H* (M; E), (4.16)

where Q*(M; E) = C®°(M; A*(T*M) ® E) denotes the space of smooth forms on M
with values in E that vanish to all orders along oM.

Proof. Using the density of Q*(M ; E)in LZQ*(M ; E, gp), we first find a finite dimen-
sional subspace A’ C Q*(M; E) such that
P L*Q*(M: E, gp) = Im{Az : p° HEQ"(M; E) — p*L*Q*(M: E, g»)}
®A' ® L*H*(M; E).

This A’ need not be orthogonal to L>H*(M; E), but by subtracting the L?-harmonic
component of each element of A’, we obtain a finite dimensional space

A" C AgﬁgQ* (M; E) orthogonal to L>H*(M; E) such that
P L*Q*(M; E, gp) = Im{Az 1 p HyQ“(M; E) — p“L*Q*(M; E, gp))
®A” & L*H* (M E).
Choose a basis a1, ..., ap, for A”. Then by [35, Lemma 5.44], we can find by, ..., b, €

Aglgﬂj;(ﬂ ; E), where G 1is an index set containing Z¢ and with inf G = inf Zy, such

that
a; — Agb; € Q*(M; E) fori ={l,...,p}.

Clearly, the Azb; are all orthogonal to L>H*(M, E). We thus let A be the span of the
forms a; — Azb;,i =1,...,p. O
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This has the following useful consequence.

Corollary 4.5. Let { € p “H}QP4"Y(M; E) ® p~“H}QP-9*1(M; E) and suppose
that

(@+03)¢ € p°LIQPI(M; E). 4.17)

Then ¢ = &1 + &, where £ is polyhomogeneous and {) € pGHle*(M; E), and
the only nonzero components of {1 and ¢y are in degrees (p,q — 1) and (p,q + 1).
Furthermore, {1 = o+ %p A v +O(p€), where o and vy are harmonic, so d¢, 5*5 €

pL2QP4(M; E).

Proof. By (4.15), (4.16) and (4.17), we can write (3 + 9 )¢ = Az(11 +12) + 13 where
n € p~HEQPY(M; E) satisfies Ay € A C Q¥(M; E), n» € p* HZQP9(M; E)
and 73 € L*HP4(M; E). Set &= (3 +3 )i € p H)Q*(M; E) and =3 + 3 )12
€ p¢ Hb1 Q*(M; E); these only have nonzero components in degrees (p,q — 1) and
(p,q + 1), and we have that

@+3)C =@+3)(&1 +8) + 13

Integrating by parts in |[n3]|2 = (3, 3+ 3 )(¢ — &1 — &2)), where the pairing is in L2,
shows that n3 = 0. We then see from this that { — ¢ — ¢ = y is an element of the
nullspace of 3 + 9" on p~¢ H} Q*(M; E), so by replacing ¢; by ¢ — y, we may as well
assume that ¢ = ¢1 + &.

By Corollary 3.7, ¢; lies in Afgg(,
coefficient lying in the kernel of the indicial family of 9 + 9", and hence also in the
kernel of the indicial family of A7 = 1A = (3+3)? att = 0, i.e., it is harmonic and
has the form

so the leading term in its expansion is p° with

d
1o+ 2 A v (4.18)
0

with 10, vgp harmonic on dM . Thus dgy e ,oele,Q* (M; E), and since ¢ only has nonzero
components of types (p, ¢ — 1) and (p, g +1), we see that 3¢y, 31 € p€L3Q*(M; E) in-
dividually. Since (9+3 )1 € p¢ L2Q*(M; E), wealsoobtainthatd ¢; € p¢ L2Q*(M; E).
Altogether, we have shown the final claim, that 5; , 5*§ € p€ L%Q*(M E). O

The following is a simple adaptation of a result of [35], see also [19].
Theorem 4.6. For € > 0 sufficiently small, there is a natural identification
L*HP9(M; E) = Im{WHP(g), €, M; E) — WH"(g), —€, M; E)}
= Im{HY(M; QP(log D) ® E(—D)) — HY(M; QP(log D) ® E)}.
(4.19)
Proof. We follow closely the proof of [19, Theorem 2B].

Let us first show that the map ® in (4.10) is injective. Thus, assume that there
isan n € L¥HP9(M; E) such that ®() = 0. This means that = 3¢ for some

= ,o_eLng’q*] (M; E, gp). Since € < inf Z, we can integrate by parts to deduce that
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i3 = [ 0.8c)dg = [ @n.crdgs =0,
M M
ie.,n=0.
To prove the surjectivity of @, fix
[n] € Im{WH" (g}, €, M; E) - WH”(g;, —, M; E)}.
We must show that [n] is in the image of ®. If n € ,oEL%QP"f(M; E, gp) is a rep-

resentative of this class, then by (4.15), there are v € p_EHbzﬂp’q(M; E)and y €
L?>HP-9(M; E) such that

Nn=@0+3)v+y=0+0)+y withe:=@+9 )ve p_EHbIQ*(M; E).
(4.20)

The assertion is then equivalent to showing that 5*5 = 0. By Corollary 4.5, 5*4' €
,oEL%QP*q (M; E), so the integration by parts

(90.87¢) 2 =/M(5;>A*5*c =/M§<M*5”‘c>=/Md<;A*5*o =0

is justified and shows that 8¢ is orthogonal to 5*5. We have used here that { A *5*§ isa
formof type (n, n—1), so that8(§/\*8*{) = 0. Similarly, (8*4, n)L}z) = (a*g“, y)L% =0,
so we conclude from (4.20) that

19712, =0 = 3'¢=0.
We have thus proved that 7 = 3¢ + y, hence [5] indeed lies in the image of the map ®.

The second identification of the theorem follows by applying Theorem 4.2. O

Corollary 4.7. If the metric g, is Ricci-flat, then L>HPO(M) = L*H%? (M) = {0},
and so

Im{H”(M; O(-D)) - H"(M; O)}

Im{H(M; Q7 (log D) ® O(—D)) — H°(M; Q" (log D))}.

{0}

e 1

Proof. Thisis astandard argument, cf. [24, Proposition 6.2.4]. The Weitzenbock formula
on (p, 0)-forms specializes, since gj is Ricci-flat, to

Agé = V*VE.

Thus if & € L>H?0(M), then the left hand side vanishes, and integrating by parts yields
that £ is parallel. But £ € L?, so & = 0. This proves that L>H”:°(M) = {0}, and by
Hodge duality, that L>H%? (M) = {0}. O

Parallel to [35, Proposition 6.18], we now give an analytical characterization of the
weighted cohomology WH”9(g;,, —e, M; E) using the d-Laplacian Ay = 99 +0°0
instead of 3 + " and in terms of the space of extended L2-harmonic forms

ker”? Az = ()(n € p™ HyQP"(M; E, gs) | Agn = 0).

e>0
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As in [35], consider the space
- d d
F@+3°.0) = (no+ 2 Avy | o+ 2 Avg e ker [(Az, 0))
o o
dp . ~
={uo+— Avg | o, vy are harmonic on dM}. 4.21)
P

Here, 1(Az, 1) = %A o + c)? is the indicial family of Az, with A, the Laplacian
induced by the ‘restriction’ of the metric g, on dM, and ¢ = g,(pd,, pd,) at p = 0.
Now define a pairing on F (3 + 3, 0) by

B(u,v) = (@ +0)i, )y — (@, @+ 5*)Z)L§, (4.22)

where 1,7 € C®(M; A*(°T*M)) are smooth extensions of u and v to M. This is
independent of the choice of extensions. As shown in [35, Proposition 6.2], this pairing
is non-degenerate, and clearly, if ¥ is a smooth extension of an element v € F (5+5*, 0)
of type (p, q), then

AV € p HPQPITN (M E), 30 € pf HQP~Y(M; E) (4.23)
for € € (0, inf 7).

Lemma 4.8. Suppose thatu € p~¢ Hszp’q(M; E) and Azu is polyhomogeneous, lying
F

phg s
are bounded polyhomogeneous. If u is bounded polyhomogeneous, then ou,d u €

.Aghgﬂp'*(M; E) for some index set G with inf G > €.

in some AL QP*(M; E) where inf F > €. Then u is polyhomogeneous and du, u

Proof. Corollary 3.7 already shows that u is polyhomogeneous. Since the indicial family
I(Az, 1) = %Aa at cA?is quadratic in A, its inverse has a pole of order at most 2 at
A = 0. This means that the leading terms in the expansion of u are

uo,1log p +uo, wuo,1,uo € ker I(Ay, 0).

But 1(A7,0) = 10 + 5*,0)2 and 1(5 + 5*,0) is self-adjoint, so that ug 1, up €
ker / (§+5*, 0). Furthermore, since du is of type (p, g +1) and 3 uis of type (p, g — 1),
we get 1(3,00ug1 = 1(@",0)uo; = 0and 1(2,0uo = I(@",0)up = 0. In partic-
ular, 9u and 3 u are bounded, and if u is also bounded, i.e., ug;; = 0, then in fact
u, 9 u e p HPQ (M; E). O

Lemmad4.9. If w € 9" ker”? Ay, then w is bounded polyhomogeneous with dw = 0.
More generally, any bounded u € ker”? Az satisfies u=20u=0.

Proof. By Lemma 4.8, w is bounded polyhomogeneous. Thus we must show that if u €
ker”? Agisbounded, then du =9 u=0.Butin this case, du € p¢ HXQPI* (M E, gp),
so du, which a priori only lies in ker”" Ay, is actually an L?-harmonic form. Thus,
9 9u = 0, and integrating by parts yields

||5u||iz=(§u,§u)L§:(u,5*5u)L§=0 = Ju=0.
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Similarly, 9" is an L2-harmonic form, and
137 ul?, = (5*u,5*u)L§ = <u,5§*u>L§ =0 =— Ju=0.
O

Using these lemmas with E a trivial holomorphic line bundle, we can prove a 39-
lemma which will be important later on.

Lemma 4.10 (99-lemma). Let o be a bounded polyhomogeneous (p, q)-form which is
3-closed, with o = 3B for some bounded polyhomogeneous (p — 1, q)-form. Then there
exists a polyhomogeneous (p — 1, g — 1)-form p such that o« = 99 with 31 bounded
polyhomogeneous. Furthermore, if B € A;fhg for some positive index set F, then | is

bounded polyhomogeneous and dju € p€ Hy® QPa=1(M).

Proof. From (4.15), there exist € p~HZQP~14(M) and y € L*HP~19(M) such
that

ﬂ=A5$+y.

But 8 and y are both polyhomogeneous, so i is polyhomogeneous as well, with top
order terms

Yo2(log p)? + o1 logp + Vo0, Vo2, Yo, € ker I(Ag, 0).

As in the proof of Lemma 4.8, this means that 1o 2 and ¥y ; are also in the kernel of
1(9,0) and I (5*, 0). The same considerations for v/ imply that Yo,2 and Y, 1 are in the

kernel of 1(3, 0) and I (3*, 0), and thus 99 and 85*1// are bounded polyhomogeneous.
Furthermore,

A7 39y = d0AzY = (B —y)) = da = 0.
Thus, by Lemma 4.9, we have that 5*58w =0, so that
a=08=0300 .

We can now set u = 5*1ﬁ, which gives the result.
Finally, if B is polyhomogeneous and vanishes to positive order, then by Lemma 4.8,

g*w is bounded polyhomogeneous. But Ag(ﬁ*lp) =9 B, so applying Lemma 4.8 to
the complex conjugate of 5*1p gives that du = 85*w vanishes to positive order. 0O

Theorem 4.11. There is a natural isomorphism
WH? (g, —€, M; E) = LYH”I(M; E) := L*HPY(M; E) ® 9 ker” 7! A
Proof. By Lemma 4.9, there is a well-defined map

W LZHPY(M; E) — WHP (g, —€, M; E).
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Ifuep* L%QP’Q(M; E) represents a class in WH?”9(g;,, —e, M; E), then by (4.15),
u = 55*5 +5*5§ +y

for some ¢ € p‘eHszp’q(M; E,gp) and y € L*HP9(M; E). Set v = 3¢. Then

u=0 implies 99 v =0. Since 9v = 0 as well, we have that

1
v € ker? " Ag,

and thus
Rt % 244p, . FE LA Pl A
u—909¢=y+0 veLHPI(M;E)+0d ker’ Asz.

This shows that the map W is surjective.
To show that W is injective, fix y € L2HP4 (M; E) and w € kerl_7’qul Az and
suppose that there exists { € p~¢ LiQP’q(M ; E) such that

y +ow= 5;‘.

We must show that y + 9w = 0. First compute

2 - % ¥
IIVIILi =V =08 = w2 =@y, &)z — @y, w2 =0,

soy =0andd w = 0¢. By Lemma 4.9, 9 w € ker(d + ") is bounded polyhomo-
geneous. Its restriction u to dM is an element of F (5 + 5*, 0). To show that u = 0,
we use the nondegeneracy of the pairing (4.22). Namely, it suffices to show that for any

veF@+0,0), we have B(u, v) = 0. But if 7 is a smooth extension of v, then using
(4.23), we find that

B(u,v) = ((@+0 )9 w, 013 - @ w, @+ 5*)’5)le,
= (0w, @+3)0) 3,

kR~

= —(w,ﬁﬁ% — (8,979 9),2 =0.

This shows that u = 0, and so 3 w vanishes to positive order. This justifies the final
integration by parts

187wy, = (0w, 3" w) 2 = (0w, 5¢) 2 = (w,9¢)2 =0,

5 =
Ly

sothat 9 w=0. O

5. Polyhomogeneity at Infinity for Asymptotically Cylindrical Calabi-Yau
Metrics

Let M, D, g5 and wy, be as in Sect. 4. We now prove the main regularity result for the
complex Monge—Ampere equation.
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Theorem 5.1. Let F be a positive index set. If there exists f € Aphg(M )and u €
p€Cp° (M) for some € > 0 such that
+i00u)"
M — ef, (5.1)

n
@
thenu € A% hg(M) for some positive index set G.

Proof It suffices to show that for each k € N, there is a real index set G¥ and up €
phg(M ) such that
w—ug € pTHCR (M), (5.2)

where § = 3.

For k = 1, it suffices to take u 1= 0and G' = @. Suppose then that we already have
a real index set G¥ and uy € Ap (M) such that (5.2) holds. We must find G¥*! and
ug4+1 so that (5.2) holds with k replaced by k + 1.

Since uy € pCy°(M), we can replace uy by X(é)uk, where x € C°([0, 00)) is a
cut-off function with x(r) = 1 fort < 1 and r < 1, so as to make the Cg (M)-norm of
uy small enough to ensure that

wp e
> < wp+iddug < 2wp.

Thus wp 1= wp+i d0duy, is also the Kihler form of an exact polyhomogeneous b-metric.
ki
By our inductive hypothesis, vy :=u — uy € p%”cgo (M) satisfies the equation

(wpk + iaﬁvk)” . w}
— = efe, with fy = f +log w"b . (5.3)
b,k b,k
Since f € Aphg(M) and uy € .Aphg(M) we see that fj € Aphg(M) for some real

index set G*. Moreover, by (5.2),

ol (wp +i00u)" ) ke
fi = f +log nh =log\ ———— ) —log (—n) € p2MCR(M).
Dp k @y @y

Now write (5.3) as

n
L+ Ay, vk + D N (o) = ek, (5.4)
j=2

where Ay, is the 9- -Laplacian associated to the Kéahler form wp f, that is, half the
Laplacian associated to the corresponding Riemannian metric, and where

! C (=Yt

n—j AT i

NGy (wb’k /\n(laah)J
w
b,k

), h e CP(M).
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From (5.2), we deduce that N;Ob‘k (vp) € p%‘“j‘SCI;’O(M), so that
Ay vk = wy + (eF = 1),
where w; € pk“z’sc,‘jo(M) and (eft — 1) € Al (M) N pka“‘SC,fo(M) for some real

phg
index set H*. By Corollary 3.8, we can therefore find /441 polyhomogeneous and in

,O%GJ”SC;o (M) such that
vk — his1 € pRTC(M).

k+1  ~ . .
Thus, we can take ug,; = up + hipyy € .Aghg (M) where G**1 is some real index set.

This completes the inductive step and the proof. O

This theorem shows that the Calabi—Yau ACyl-metrics constructed in [18] are poly-
homogeneous at infinity. Let us first recall the construction of [18].

Definition 5.2. Let Mbea compact Kihler orbifold of complex dimension n > 2. Let
D € | — K77 be an effective orbifold divisor satisfying the following two conditions:

(i) The complement M := M\D is a smooth manifold;
(i1) The orbifold normal bundle of D is biholomorphic to (C x D) /(t) as an orbifold line
bundle, where D is a connected complex manifold and ¢ is a complex automorphism

of D of order m < oo acting on the product via t(w, x) = (ezmﬂw, t(x)).

Then if we pick a meromorphic n-form € on M with a simple pole along D, the con-
struction of [43] and [18] ensures that for every Kihler class t on M, there exists a
Calabi—Yau ACyl-metric gcy on M with Kihler class wcy such that wcy € t|;, and

Wiy =1 QA Q We say that the Calabi—Yau manifold (M, gcy) of the above con-
struction is a compactifiable asymptotically cylindrical Calabi-Yau manifold with
compactification M.

To obtain the uniqueness of such a Calabi—Yau metric, we need to better understand
the role of the n-form €2 in the construction of [18]. First notice that €2 corresponds
to a holomorphic section of K77(D). Since this bundle is holomorphically trivial by

hypothesis, restriction to D and the adjunction formula give a canonical identification
H'(M; K37(D)) = H(D; K3 (D)|5) = H*(D; Kp). (5.5)

In other words, €2 corresponds to a choice of a holomorphic section of K3 Its restriction
to dM yields a section Q57 € C*®(IM; A®"(*T*M|, =)). Clearly then,

Ly =i"QAQ byl =" Qi A i 5.6
wey =1 = Weylap = U Sam N S (5.6)

Thus the role of €2 is to impose a condition at infinity for the metric gcy. Indeed, in the
construction of [18], part of the behavior of wcy at infinity is specified by requiring that
the ‘pull-back’ of wcy to D corresponds to the Kihler form of the Calabi—Yau metric
on D associated to the Kihler class t|5. From this, (5.6) then completely determines
gp in the direction conormal to D. This suggests that one can describe this condition at
infinity directly without choosing a meromorphic n-form Q. Letc : D x A/(t) — M
be a choice of smooth orbifold tubular neighborhood for D, where A C C is the unit
disk. Letg : D x A — D x A /(1) be the quotient map. The existence and uniqueness
results of [18, Theorem D and Theorem E] can then be combined into the following.
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Theorem 5.3 (Haskins-Hein—Nordstrom). Let M and D be as in Definition 5.2. For
any choice of Kdhler class t on M and any A > 0, there exists a unique asymptotically
cylindrical Calabi—Yau metric gcy on M with Kdhler form wcy such that [wcy] = t|y
and

dw O dw
lwl|?

for some § > 0, where g5 is the Calabi—Yau metric on D associated to the Kiihler class

8CY — Cxx (gDH\ ) e p°Cp°(M; Sym*(T*M)) (5.7

tl5-
Corollary 5.4. The asymptotically cylindrical Calabi—Yau metric of the previous theo-
rem is in fact a polyhomogeneous exact b-metric.

Proof. The existence of wcy as an element of Cp°(M; A>(T*(M\dM))) is obtained
in [18] by finding for € > 0 small enough a solution u € p¢C° (M) of the complex
Monge—Ampere equation (5.1) with w, the Kdhler form of a carefully chosen exact

b-metric and with
2 —
QLAQ —~
f =log(—l m )e pC®(M).
Wy

The polyhomogeneity of wcy = wp, + iddu then follows from Theorem 5.1. O

6. Polyhomogeneity at Infinity for Asymptotically Conical Calabi—Yau Metrics

Another important class of complete noncompact quasi-projective Calabi—Yau spaces are
those which are asymptotically conical at infinity. These are conformal to asymptotically
cylindrical metrics, so essentially the same techniques as above can be used to prove
their polyhomogeneity. Since this is only a slight detour, we carry this out here.

We begin with a more careful definition of asymptotically conical metrics. Once again,
let M be a compact manifold with connected boundary d M. Fix a collar neighborhood
of the boundary described by some diffeomorphism ¢ : M x [0,v) < M. The
projection prp : dM x [0,v) — [0, v) determines a boundary defining function p
in this neighborhood, which we then extend smoothly to all of M. Having fixed p,
consider the Lie algebra of scattering vector fields,

Vie(M) = (£ € C®(M; TM) | £p € p°C®(M; TM)). (6.1)

This is a Lie subalgebra of V;,(M ) and its definition depends on the choice of p. As for
b-vector fields, there is an associated scattering tangent bundle ST M with

CTpM = Vie(M)/I,Vie(M), 1, ={f € C¥(M) | f(p) =0}.

There is a canonical morphism ¢ : SCT1\7I — TM such that (1s¢)xC®°(M;*TM) =
Vie (M ycc °°(M T M), inducing on SCT M the structure of a Lie algebroid with anchor
map (tsc)«. Just as for ¢p, i is only an isomorphism when restricted to the interior of
M.

There is a space of scattering differential operators, Diff, (M ), where an element of
order k is generated by C%(M) and products of up to k sc-vector fields. We can also
consider the space of polyhomogeneous scattering differential operators

Difff, p(M) = AL (M) ®co(jiz) Diffl, (M).
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Definition 6.1. A scattering metric g on M = M\9M is a complete Riemannian metric
on M of the form

8= ([;cl )*8sc

for some positive definite section g € C* (M; Sym? (% T*M)).Itisa warped product
scattering metric if in the collar neighborhood,

2 ~

s, _ 9P S

c'g=—+
ot p?

6.2)

where g, j; is a metric on dM, and it is exact ifg—g, e pC>(M; Symz(SCT*M)) for
some warped product scattering metric g .

If g is a scattering metric, then g, = p?g is a b-metric; with this correspondence,
warped product and exact scattering metrics correspond to product and exact b-metrics.
Under the change of variable ¢+ = 1/x, we recognize a warped product scattering metric
as an exact conical metric

1
2 2, -
i +17gy7, 1>~

More generally, cf. [9], a complete metric g on M is an asymptotically conical metric
on M if there is a choice of collar neighborhood, compatible boundary defining function
p, and warped product scattering metric g, such that

g§—8&p € ,O‘SCEO(M; Sym?>(**T*M)) for some § > 0.

An asymptotlcally conical metric g is called a polyhomogeneous scattering metric if
g € AE hg(M Symz(SCT*M)) for some F > 0. Notice that the exactness condition is
assumed.

Let Agc be the Laplacian (with negative spectrum) associated to gs €

phg (M; Symz(SCT*M )). In the collar neighborhood, and for some § > 0,

3 \* d
Age — pz(Am + (,0%) —(n— 2),0%) € p’ DiffZ, ;. (M) C p** Diff} . (M),
where F’ > 0. In particular, A := p*ZASC € Diff% F,(]VI) is an elliptic b-operator with
indicial family ’
A(T) = Ay — 2 —i(n —2)t.
We may thus apply Corollary 3.8 directly to obtain the following.

Corollary 6.2. Let gy be a polyhomogeneous scattering metric. If u € p“C;° (M) sat-
isfies

Asett = p*(fi+ f2) with fi € p*PC(M), f2 € Ao (M),

for some B > 0 and some index set G with inf G > «, then u = uy + uy with uy €
Ns=o P*P7IC (M) and u> polyhomogeneous.

We now turn to the complex Monge—Ampere equation. Suppose that M\OM is
a complex manifold and that the complex structure J extends to an element J €
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Al%g(lvl : End(**T M)) for some Q > 0. Suppose g is a polyhomogeneous scatter-
ing metric which is Kahler with respect to J, and has Kéhler form wsc.

Theorem 6.3. Let F be a positive index set. If f € Aghg(]VI ) and for some € > 0,
u € pG*ZC‘b’O(M) satisfies
(e H 00 _ 1, 6.3)

Wse
thenu € Aghgz(ﬂq)for some G > 0.
Proof. The strategy is the same as in the proof of Theorem 5.1, with small variations.
It suffices to show that for each k € N, there is a positive index set Gk and Ui €
Aglkgfz(]lﬁ/f ) such that
U—up € p3 XM, (6.4)

where § = §. For k = 1, we take u; = 0 and Gl =g.
Suppose that (6.4) holds for some uj € Agﬁé_z(ﬁq) with G¥ > 0; we must show
that (6.4) holds at the next level. Just as before, replace uy by x(?)uk with r < 1 to

make the p*ZC,f(M )-norm of uj small enough so that

w =
% < wse +100U; < 2wse.

Thus, wge k == wse + 199duy is the Kihler form of a polyhomogeneous sc-metric. By our
inductive hypothesis, vy := u — uy € p%—mcgo (M) satisfies

+i00u)" U
(“)SC’"wn—’”") = el with f = f +1og(cjf1i). (6.5)
sc,k sc,k

. - ko = k
Since f € Aghg(M) and uy € Aghg(M), we see that fj € Aghg

Moreover, by (6.4),

" o +190u)" ol
fi=f +10g( Wye ) — log (wsc +100u) _ log( sc,k)
Wsc, k wgc Wsc

isin ,ok7€+‘ng°(M). Now rewrite (6.5) as

(Mq) for some G¥ > 0.

n
1+ Awsc,k Vg + Z N;osc.k (vp) = efk’ (6.6)
j=2

where Ay, is the 5-Laplacian associated to the Kdhler form wg x, and where

Na)sc,k (l’l) _ n' (w:Cj/‘(/ A (lagh)J
| =

(1= )" ) emaon

Wsc, k
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jke | .
By (6.4), we deduce that N;Usc’k (ve) € p"T”‘Sleo(M), so that
Awye 0k = wi + (e — 1),

where wy € pkf+25c;;° (M) and (efk —1) € A;{g(/ﬁ) ﬂpkf”C;"(M) for some H* > 0.

I?ly Corollary 6.2, we can find a polyhomogeneous function /41 € p 5 ’2+‘SC§° (M) such
that

vk — hist € pRTHCRM).

Now take upr; = up + hpy1 € Aphg 2(Mq) for some positive index set G, Since
U — gy € pke= 2+‘SC§° (M), we have in particular that

s = (ge1 — u) +u € p<2CO(M),
which completes the inductive step and the proof. O

This result can be used to prove the polyhomogeneity at infinity of the asymptotically
conical Calabi—Yau metrics which come from the construction of Tian—Yau [44, Corol-
lary 1.1] and its refinement and generalization [8, Theorem A]. Let M be a compact
Kihler orbifold of complex dimension n > 1 without C-codimension 1 singularities.
Let D be a suborbifold divisor of M containing all the singularities of M such that
—K37 = q[D] withg € Nand g > 1. Suppose that D admits a Kihler—Einstein metric
with positive scalar curvature. By the orbifold Calabi ansatz [6], [32, Proposition 3.1],
there exists a Calabi—Yau cone structure # on Kp\0. Using the (g — 1)-covering map
n : Np\O — Kp\0 induced by the adjunction formula NqD_1 =K 51 and a choice of

meromorphic volume form  on M with pole of order ¢ along D, the pullback of & is
a Calabi—Yau cone metric go on Np\0 with apex at infinity. Consider the real blow-up
= [M; D] of M; this is a smooth manifold with boundary. We can then write
_dx® h
8=+
where x = pn e for some boundary defining function p € COO(M) Thus gp is a
scattering metric in terms of this new defining function. What is actually happening here
is that we are replacing the original smooth manifold with boundary M by a new one,
M et where the (equivalent) C* structure is the one obtained by adjoining this new

deﬁmng function, or equivalently, by pulling back the original C* structure under the
obvious homeomorphism. In this new structure, smooth functions on M have Taylor
expansions in nonnegative integral powers of x rather than p, etc. Notice, however, that
a function which is polyhomogeneous in the new structure is polyhomogeneous in the
original structure, and vice versa, and the notions of positivity and nonnegativity of index
sets remain the same, even though the index sets themselves transform.

Corollary 6.4. If t is a Kiihler class on M = M\D and ¢ > 0, then there exists a unique
Calabi-Yau polyhomogeneous scattering metric gcy on M 41 in the Kdhler class t with

gcy — exp, (cgo) € X°C®(Mg_1; Sym>(*T*M,-1))

for some § > 0, where exp : Np — M is the exponential map of any background
Hermitian metric on M.
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Proof. By assumption, there exists a meromorphic volume form € on M with a pole of
order g at D, so in particular, 2 defines a polyhomogeneous scattering volume form on
M, 1. Itis shown in [8, Proposition 2.1] that

Q— (=1)"(g — 1) exp,(n* Qo) € xTTCX(Myrs N"(CT*My-1)),  (6.7)

n

where €2 is the tautological holomorphic volume form on K p. In addition, it is proven
that the Kihler class t (and indeed, any Kihler class on M,) can be represented by a
smooth real (1, 1)-form & on M. This shows in particular that tis (—2)-almost compactly
supported in the sense of [9, Definition 2.3]. From [9, Proof of Theorem 2.4], one can
then construct an asymptotically conical Kéhler metric g in the Kéhler class t with
Kihler form wsg such that

wse = & +¢(i/2)09(exp, 1)

in a neighborhood of the boundary of M, where r is the radial function of the metric go.
Since £ is smooth on M, it is in particular polyhomogeneous on M ,-1, so that g is in

fact a polyhomogeneous exact scattering metric with
8sc — exXP,.(cg0) € X°C¥(My—1; Sym® (°T* M 1)) (6.8)

for some § > 0. _
The existence and uniqueness of gcy with Kihler form wcy = wsc+i90u is obtained
in [9] by showing that the complex Monge—Ampere equation

— 2 —
+i99u)" QA G
(@5 HP09U) _ f ith f = log(l—), (6.9)

7 7
wSC wSC

has a unique solution u € ,o‘s’zcgo(M) for some § > 0. By (6.7) and (6.8), f €
,o‘SC}‘jO (M; A"(*°T*M)). Since 2 and wy. are polyhomogeneous, f is also polyhomo-
geneous. Thus, the polyhomogeneity of u and wcy follows from Theorem 6.3. O

Theorem 6.3 can also be used to show that the asymptotically conical Calabi—Yau
metrics of Goto [16] and van Coevering [46] on a crepant resolution of an irregular
Calabi—Yau cone are polyhomogeneous. Indeed, let C = L x R, be an irregular Calabi—
Yau cone of dimension n with Calabi—Yau cone metric g, associated Kihler form wy,

and holomorphic volume form €2¢ normalized so that a)g =" Q0 A Qg. Furthermore, let
p : C — L denote the radial projection and let 7 : M — C be any crepant resolution,
so that the holomorphic volume form 7*Q2¢ extends to a holomorphic volume form <2
on M. For a given ¢ > 0, an asymptotically conical Kéhler metric g5 can be constructed
in each Kihler class t of M whose Kihler form wg. can be written as

wse = T pFa+ et wy

outside some compact subset of M, for some closed primitive basic (1, 1)-form « on
L; see [16, Lemma 5.7] and also [9, Section 4.2]. We compactify M as a manifold with
boundary M using the boundary defining function x = (*r)~!, where r is the radial
coordinate of the cone metric go. Then, since both M and C are biholomorphic away
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from the exceptional set of the resolution, and since the form 7* p*« clearly extends to
dM, we see that the metric gy is a polyhomogeneous exact scattering metric with

gsc — T (cgo) € XPCEO(M; Sym? (*°T* M)

for some § > 0. As before, the existence of an asymptotically conical Calabi—Yau metric
gcy with Kéhler form wcy = wge + i00u is obtained by showing that the complex
Monge—Ampere equation

(wse +100u)"

7
a)SC

* n
= ef, with f = log (M) ,
a)n

SC

has a unique solution u € x5—2cg° (M) for some § > 0. Polyhomogeneity of u, and
hence wcy, then follows from Theorem 6.3 using the fact that f is polyhomogeneous
because ws is.

As for the asymptotically conical Calabi—Yau metrics of [8, Theorem C] with irregular
tangent cone at 1nﬁn1ty, one can show that they too are polyhomogeneous. In this example,
the irregular cone is C = K p\0 with D = CP? 1. p, the blow-up of CP? at two points. The

asymptotically conical Calabi—Yau metric is constructed on M = M\ D with M = C]P’?,

the blow-up of CPP? at one point, where D € | — %Kﬁl is seen as the strict transform of a
smooth quadric passing through p. By [14], we know that C = K p\0 admits an irregular
Calabi—Yau cone metric go with apex at the zero section. The Calabi—Yau metric of [8,
Theorem C] is then constructed using a very careful choice of exponential type map
exp : Np — M. Notice however that this map does not provide the right gauge to
establish the polyhomogeneity of the metric, since it introduces non-polyhomogeneous
terms in the complex Monge—Ampere equation used to construct the metric. In fact, in
[8], a better diffeomorphism ® : M\ K; — C\ K> for some compact sets K1 C M and
K> C C is obtained using a gauge fixing argument as in [7]. With this identification,
we get a compactiﬁcation M of M such that g := ®*g is a scattering metric and such
that p = q)* , with r the radial function of (C, go), is a boundary defining function near

dM. With respect to the metric g, the Calabi—Yau metric gcy = g + & of [8, Theorem
C] satisfies the elliptic quasi-linear equation

RiC(go + h)ij + (Vi%g(h)j + Vj%g(h)[) =0
with i € pPC°(M; °T*M ® *T* M) for § = 0.0128 > 0,  (6.10)

where B, = divy (h— % trg (h)g) is the operator appearing in the Bianchi gauge condition
and V is the Levi-Civita connection of g. Using [9, Lemma 1.6], one can put this equation
in the form

5 hVh Vh\?
Ph=Foh)-h*+ Fi(h) - (== ) + Fa(h) 7) : (6.11)

where P is an elliptic b-operator, F; : Symz(SCT*M) - *TM) ® Symz(SCT]VI)
fori = 0, 1, 2 are smooth maps mapping sections to sections, but not linearly, and *“*-”
denotes some contraction of indices. In particular, the right hand side of (6.11) is in

P2 C°(M; *°T* M ® T*M). Using Corollary 3.8, we can then apply a bootstrapping
argument as in the proof of Theorem 5.1 to conclude that the metric gcy of [8, Theorem C]
is in fact a polyhomogeneous exact scattering metric for the boundary compactification
M.
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7. Deformations of Compactifiable Asymptotically Cylindrical Calabi-Yau
Manifolds

We henceforth fix a compactifiable, asymptotically cylindrical Calabi—Yau manifold
(M, gp) with compactification (M, D). To describe the complex deformations of M,
we appeal to the deformation theory of compactifiable complex manifolds developed
by Kawamata [26]. There is a Kuranishi type theorem in this context. In our setting,
however, the existence of a Calabi—Yau metric makes it possible to obtain a sharper
result, namely that the deformation theory is unobstructed.

First, recall from [26] that the infinitesimal complex deformations of M, as a com-
pactifiable complex manifold, are given by H! (M T5;(log D)), where T57(log D) is the
logarithmic tangent sheaf. Given a Dolbeault representative ¢ € Q01 (M; T57(log D))
ofaclass [¢1] € H'(M; T5;(log D)) = Hg’l(ﬁ; T57(log D)), the first step in ‘integrat-
ing’ ¢ to an actual deformation is to solve the problem formally. In other words, we
wish to construct a possibly non-convergent series

o)~ > ¢it', teC, (7.1)
i=1

term by term so that the new formal d-operator 3 + ¢ (t) satisfies the Maurer—Cartan
equation d¢(¢) + %[qb (t), ()] = 0 in the sense of Taylor series. This equation is the

one which indicates whether this @ operator is integrable, i.e., corresponds to a new
complex structure. In terms of the coefficients of the power series (7.1), the Maurer—
Cartan equation implies the sequence of equations

— 1
O = —5 > i, dil. (72)

i<k

When k = 1, this states simply that d¢; = 0, which is automatic by definition of the
Dolbeault cohomology group Hg’l (M; T57(log D)). Whenk = 2, this gives the equation

1
—§[¢1, é1l- (7.3)
There is an obvious cohomological obstruction to solving this equation. Indeed, [¢1, ¢1]
represents a class in HBB’Z(M; T57(log D)) and (7.3) has a solution if and only if this
class is trivial. But in our case, as we now explain, this obstruction always vanishes—as
do the obstructions inherent to solving (7.2) for all higher values of k. The proof takes
advantage of the asymptotically cylindrical Calabi—Yau metric g, and uses the same
strategy of Tian and Todorov [42,45]; we refer also to [21] for a nice introduction to the
subject. o .

By using the meromorphic form Q € H 0, Q”M(log D)), we first define a sheaf
isomorphism

Iy =

n: APTM(logﬁ) — Q"M_p(logﬁ), NUIA - AVp) =ty 1y, K2 (7.4)
This induces an isomorphism

n:QYI(M, APCTYOM)) — QP (M), (7.5)
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which in turn can be used to define the b-operator
T Q) (M; APCTOM)) — Q) (M; AP CTYOM)), T=n"odon. (16)
It is not hard to check, see [21], that 7" anti-commutes with 9, namely
Tod=—-00oT. (7.7
In addition, T satisfies the following fundamental property.
Lemma 7.1 (Tian, Todorov). For
a € QP (M; Ty;(log D)) and B € QU4 (M; Ty;(log D)),
we have that
(—DP[a, Bl =T(a A B) = T(@) AB— (=)’ a AT(B).
In particular, if « and B are T-closed, then [«, B] is T-exact.
Proof. The proof is a local computation; see [21] for details. O
We are now ready to solve (7.2) by induction on k.

Proposition 7.2. Let (M, gp) be a compactlﬁable asymptotlcally cylindrical Calabi-Yau
manifold with compactification M. Suppose that ¢ € LZH_ (M:PT1051) represents
an infinitesimal deformation. Then there exists a formal power series _pe ort* with

k 1

a¢k———2¢,,¢k il, (7.8)

i=1

where each ¢y is a bounded polyhomogeneous (0, 1)-form with values in " T1OM such
that n(¢r) = 9Bk for some polyhomogeneous form By.

Proof. We first claim that if ¢ is harmonic, then n(¢) € p~¢ H,‘)’OQ”’I’I(M) is har-
monic as well. Indeed, since €2 is holomorphic, d o = 71 o 9, so that 9n(¢1) = 0.
Next, since gp is Calabi—Yau, n is compatible (up to a constant scalar factor) with the
Hermitian metrics on *T1-93 and A™°(*T*M), so that 3o n=mno 9", and hence
5*n(¢1) = 0 as well.

Since ¢ is bounded polyhomogeneous, so is 1(¢;), so applying Lemma 4.9 to
n(¢1) and its complex conjugate shows that it is both 3-closed and d-closed. Hence,
by Lemma 7.1, n([¢1, ¢1]) is d-exact and d-closed, i.e., n([¢1, ¢1]) = 9B with B =
—n(¢1 A ¢1) bounded polyhomogeneous. By Lemma 4.10 (the 39-lemma), we can find
a polyhomogeneous (n — 1, 1)-form p with du bounded such that

g1, 11 = dopu.
Thus, taking ¢ = —%n’lau, we have that

— 1
¢y + 5[451, $1]1=0.

Furthermore, 1n(¢,) = ——8/1 is 0-exact.
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Suppose now that we have found ¢, ..., ¢r—1 with the desired properties. Then by
the Tian—Todorov Lemma,

nléi, dr—il = —n(di A dr—i),

i.e., n([¢i, Pr—i]) is d-exactfori < k. Thus, Zf‘;ll [¢i, pr—i]is d-exact. It also 9-closed,
since

k—1
5(2[@, ¢k—i]) =
i=1

»

-1

M

(101, px—i1 — [¢i, 0pr—i1)

I
-

k=1 [i-1 i1
1
= 52(2[[%@-,-1,@ A= (61, b0, $r—i—t]
i=1 \j=1 =1
1k 1i—1
= =5 2 2 (U9 6151 duci] = [9ii. (87, 61-1)

i 1

J

=~
|

—_

|

p— =

= [¢k u[d’j i ]]] (7.9

1 1

~.
Il

But this is precisely equal to the coefficient of ¥ in

k—1
Z¢, [qul Z«mn

and therefore vanishes by the Jacobi identity. By Lemma 4.10, we can thus find a polyho-
mogeneous (n—1, 1)-form x with 3z, bounded such that 89 iy = —%n(Zf;ll [bi, Pr—iD.
Now take ¢ = n~'dux to complete the inductive step. O

To find actual deformation families, we wish to show that this formal series converges
in a suitable topology, and for this we must study the mapping properties of a generalized
inverse of Ag. Fix € as in (4.11) and consider the generalized inverse G _ of

Ay p  HFP?QPI(M) — p~  HEQP1(M) (7.10)
in the sense of [35, Proposition 5.64] and [34, Theorem 6.1]. Namely,

G_c: p “HFQPI(M) — p~€H}2QP9(M)
is the unique b-pseudodifferential operator of order —2 which satisfies

G_cAy=1d—T1;, A;G_. =1d—Tly,
where I1; is the p‘eLi—orthogonal projection onto ker?”? Az and
Mo : p “LiQP (M) — LyHP (M) < p “LiQP9(M)
is the projection defined by
¢

Mo(u) = D (. vi) 201,

i=1

where vy, ..., v is an orthonormal basis of LZH?9(M).
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Proposition 7.3. For any § € [0, inf Zj),
99" G_c : pPCE (M AP (M) — p°Che (M AP (M)
is a bounded operator.

Proof. We need to invoke some of the more technical aspects of the structure of the
Schwartz kernel of this operator, for which we refer to [34,35] and also to [22], where
a very similar but more complicated result is proven. First note that 85*G,e is a b-
pseudodifferential operator of order zero. A priori, its Schwartz kernel could have a
leading logarithmic term at order p° in its polyhomogeneous expansion at the left bound-
ary face lb(MZ) of the b-double space. However, we rule this out by observing that this
operator maps polyhomogeneous forms with positive index sets to polyhomogeneous
forms with positive index sets. To check this last fact, note that if 8 is polyhomogeneous
with positive index set, then ¥ = G _B is polyhomogeneous and Az = B + y with
y € Lin'q(M). Thus, Lemma 4.8 implies that 5*¢ is bounded polyhomogeneous.
Applying this lemma once more, this time to the complex conjugate of E*xlf, we conclude

that 8§*w is polyhomogeneous with positive index set.
This property implies that the index set Ej, of the polyhomogeneous expansion of

the Schwartz kernel of E)g*G_6 is strictly positive; in fact, inf Ey, > inf Zj. Now [34,
Proposition 3.27] shows that

39" G_c 1 pPCEA(M; AP9(M)) — p°Ch(M; AP (A1) (7.11)

is bounded for0 < § < infZy. O
We now define a function space slightly smaller than C]éfh“(M AP9(M)) in which
restriction to M makes sense. Let x € C°°(M) equal 1 near 9 M and be supported in a

collar neighborhood c : aM x [0,1) > M of 9M, and let T : IM x [0,1) — OM be
the projection onto d M. For 0 < § < inf Z, define

Cos (M API(M)) = xeum*Che@M; AP4(T*M) o) +p°C* (M AP9(M)).
(7.12)

This is a subspace of Clg,;“(M ; AP4(M)) and is naturally isomorphic to the direct sum
Cht @M APICTEM)| ) @ p°Coyf (M; AP (M)).
The norm on this latter space induces a norm on Cg:g(M s API(M)).
Proposition 7.4. For § > 0 sufficiently small,
00" G_c : Cys (M5 AP9(M)) — Cy'5 (M5 AP*971 (1))

is bounded.
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Proof. By definition, the indicial operator I (P) of P := 39" G _¢ is the restriction of the
Schwartz kernel of P to the front face of the b-double space. Recall from [35] that 7 (P)
is an R*-invariant operator on the cylinder d M x (0, +00) ,. Moreover, the corresponding
indicial family I (P, A), which is the Mellin transform of 7 (P), satisfies

[(PYo*u =@*I(P,0u forueCt*@M; AP1CTEM) ol (7.13)

where @ : 9M x (0, +00), — dM is the projection onto the left factor. Therefore,
xI(PYxn*u = x7n*I(P,0)u — xI(P)(1 — x)w*u. (7.14)

Clearly,
I(P,0) : C*¥ (i A”'q(bTéZVI)‘BM) — ¢ @it AP CTED)| )

is bounded. On the other hand, applying [34, Proposition 3.27] as in the proof Proposi-
tion 7.3, we see that

xI(P)(1—x): &*Ch*(M; AP»‘!(”T@M)‘W) — pPCLE (M AP (M)

is also bounded. One similarly checks that x I (P)x is bounded on p® Céf,;“ -forms. Alto-
gether,

XI(PYx 1 Cys (M3 AP9(M)) — Co's (M3 APHM471 (M) (7.15)

is bounded. Now, by construction, the Schwartz kernel of P — xI(P)yx has positive
index sets at all front faces. Thus, by [34, Proposition 3.27],

P — xI(P)x : C**(M; A9 (M) — p°Che (M AP* 971 (7.16)
is bounded for § sufficiently small. Combining (7.15) and (7.16) yields the result. O

Theorem 7.5. Let (M, gp) be a compactifiable asymptotically cylindrical Calabi—Yau
manifold with compactification M. Then the logarithmic deformations of M (in the sense
of Kawamata [26]) are unobstructed.

Proof. We construct the formal power series of Proposition 7.2 more systematically.

Given an infinitesimal deformation ¢; € Lng‘l (M; T37(log D)), choose the coeffi-
cients of the power series of Proposition 7.2 by

k—1

1 -
pe=n |90 G [ 2n@j At | |- (7.17)

j=1

since in the proof of the 99-lemma (Lemma 4.10), we can take Y = G_B.By (7.17)
and Proposition 7.4, if § > 0 is sufficiently small, there is a positive constant Ky o such
that

-1

9l < Kea > (I91llcts - I6e-illgre )- (7.18)

i=1
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Now apply the argument of [27] to conclude that for m € N, there is §,, > 0 such that
o0
¢) = > put* (7.19)
k=1

converges in C(’)"’B“ for |t| < §,,. This does not immediately imply that ¢ (¢) is smooth.
To prove this, note that from its construction, ¢ is a solution of the non-linear equation

—— 1—
Aghp =00 =—50 (¢, ). (7.20)
This equation can be put in the form
Azp+¢-Pp=Vo- Vo, (7.21)

where P is some second order differential operator and ““-”” denotes some contraction of
indices. When ¢ is sufficiently small in C°-norm, this is a quasi-linear elliptic equation,
so by taking §,, smaller if necessary, we see that ¢ is smooth for |¢| < §,,. Similarly,
restricting this equation to the boundary, we see that ¢ ()|, j; is smooth. Thus, ¢, (¢) :=

xc*w*(¢(t)ly57) is smooth and v = ¢;§>" satisfies the equation

-
(0 Azp’)o = p~° (—58 ¢, ¢ — Am) : (7.22)

By definition of ¢, the right hand side of (7.22)is in c’g;’ (M; A®N(T*M)®T3;(log D).
Since (M, gp) has bounded geometry, interior Schauder estimates and a bootstrapping
argument imply that

v e Coo(M; A» (T M) ® Ty;(log D)).

b

Consequently, ¢ = ¢y + p’v € C§G(M; A®! (T M) ® Ty;(log D)). Using (7.20) and
Corollary 3.8, we can apply a bootstrapping argument as in the proof of Theorem 5.1 to
show that ¢ is in fact polyhomogeneous. Proceeding as in [27], we also check that ¢ is
smooth in 7. _ _

Finally, notice that by construction, ¢ (1) € C°(@M; A" *T*M) ® T5;(log 5)|a i)
corresponds to a deformation of the complex structure of Nz\0, i.e. a t-invariant de-
formation of D x C*. From (5.7), we see that the Calabi—Yau metric on M induces on
D x C* a Calabi—Yau cylindrical metric

dw O dw
8 =8p+h——5—
|w

The Calabi—Yau manifold (D x C*, gy) is naturally compactified by D x CP!. For this
compactification, we have a natural identification

L*H*' (D x C* (D x C*) = H'(D x CP,; T'°D @ Op, cp1)
= H'(D; T"°D)® H'(D; Op)
= 1%(D; T"'°D) & H*! (D), (7.23)

where in the last line the spaces of harmonic forms are defined with respect to the
Calabi—Yau metric gp. The identification

Y1 (D; TVOD) @ HO' (D) — L*H™' (D x C* T'0(D x C*))

is given by
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d
T (w1, w2) = pri(w2) +pri(w2) ® w%, (7.24)

where pr; : D x C* — D is the projection on the first factor. Notice in particular that

elements of L2H%! (D x C*; T1-9(D x C*)) are C*-invariant. Now, the restriction ¢ (¢)
of ¢ (¢) can be recovered by applying the construction (7.17) to D x C* starting with
the restriction ¢ 5 € L*H% (D x C*; T1-9(D x C*)) of the infinitesimal deformation
¢1. Since the Laplacian on D x C* is C*-invariant, so is the generalized inverse G _.
This means that the construction (7.17) is carried out in a C*-invariant way, hence ¢y (¢)
is C*-invariant. We also deduce from (7.24) and (7.17) that ¢ (¢) is of the form

Bo(0) = el + e @ 0 (7.25)
with 1 € QO1(D) and pr € Q%1(D; T"-D). In this decomposition, the first term
corresponds to a deformation of the complex structure on D, while the second term
corresponds to a deformation of the holomorphic structure of the trivial C*-bundle over
D. This shows that ¢, () naturally extends to a deformation of D x C (and D x CP'). The
whole construction is t-invariant, so it descends to a deformation of N7 as a holomorphic
orbifold line bundle.

The new line bundle obtained from such a deformation is not necessarily holomor-
phically trivial, but nevertheless, the proof of [18, Theorem 3.1] still works, so that there
is a diffeomorphism ¥, on M such that if J; is the new complex structure defined by
¢ (1), then ;" J; extends to a smooth complex structure J; on M, making (M, J;) a
compactifiable complex manifold as in Definition 5.2. O

Combining this result with the result of Kovalev [30], we obtain the following.

Corollary 7.6. Let (M, gp) be a compactifiable asymptotically cylindrical Calabi—Yau
manifold with compactification M. Then any Ricci-flat asymptotically cylindrical metric
on M sufficiently close to gy, is Kdhler with respect to some logarithmic deformation of
the complex structure on M.

We are also interested in studying relative logarithmic deformations, i.e., deforma-
tions which fix the complex structure on N7 Infinitesimal relative logarithmic defor-
mations correspond to

Im (Hl(ﬁ; Ty7(log D)(~D)) — H'(M: Tﬁ(logﬁ))) ,

and by Theorem 4.6, this space is the same as L%HO’I(M; T57(log D)).

Theorem 7.7. Let (M, gp) be a compactifiable asymptotically cylindrical Calabi-Yau
manifold with compactification M. Then the relative logarithmic deformations of M are
unobstructed.

Proof. If ¢1 € L,Z,HO’I(M ; T37(log D)) represents an infinitesimal deformation, then
Theorem 7.5 gives a deformation (7.19). We must check that this solution ¢ (¢) decays
at infinity so that it is a relative logarithmic deformation.

Choosing § < inf Zy, we see from Proposition 7.3 that instead of (7.18), there is a
positive constant Ky o such that

-1

90l et = Kia 3 (111 st - 9=l st )- (7.26)

i=1
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We thus conclude that for m € N, there is 6, > 0 such that ¢(z) €
p2Cor®(M; A1 P T*M) ® T57(log D)) for |t| < &, Since ¢y = 0, we deduce from
Theorem 7.5 that ¢ (1) = p°v € p°Cg2(M; A% (PT* M) ® Ty;(log D)), which gives the
desired decay. O

8. A Families Index for Dirac-Type b-Operators with Fixed Indicial Family

‘We consider a smooth fibre bundle
N
l(p 8.1)

with base B a smooth connected manifold and typical fibre M an even dimensional
oriented manifold with boundary. We will suppose that the restriction of ¢ to the boundary
of N induces the trivial fibre bundle

OM — 3N = IM x B
id’la (8.2)
B,

where ¢ly = 7g : dM x B — B is the projection onto the right factor. Let p €
C®(N) be a choice of boundary defining function and let g, be a family of fibrewise
polyhomogeneous exact b-metrics on the fibres of (8.1) with restriction to 9 N given by

AR

where 7y : dM x B — 9M is the projection on the left factor and # is the restriction
to dM of an exact polyhomogeneous b-metric on M = M \BM In other words, the
restriction of the family g, to 9N is constant in b € B. Let CI(N/B) be the family of
Clifford bundles associated to ?T (N /B) and gp. Fmally, let £ — N be a smooth family
of Chfford modules with Clifford connections V€. Assume moreover that the restriction
of (€, vé ) to N is the pull-back under 7y of the restriction of a Clifford module W1th
Clifford connection on M associated to the Clifford bundle Cl(bT(N /B)) | o1 (b)

some b € B.Inother words, (£, V )|31\7 is ‘constant’ inb € B.Let0 € lefl(N/B, 5)
be the corresponding family of Dirac-type operators. With our assumptions, the indicial
operator [ (0) is the same for each element of the family. We will further assume that

dim ker; > 0*(b) and dimker; > 0~ (b) are independent of b € B. (8.3)

A simple example of a family satisfying all of these hypotheses is the family of
signature operators associated to g,. More importantly for us is the family of Dolbeault
operators associated to a family of asymptotically cylindrical Calabi—Yau metrics; that
these operators satisfy all of the conditions above is proved in Sect. 10.

If the operator 7 (0, 0) is invertible, then Theorem 8.4, the main result of this section,
is an immediate consequence of the families index theorem of Melrose and Piazza [36].
Thus, we shall concentrate on the case where I(3d, 0) is not invertible. The families
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index theorem of Melrose and Piazza [36] does not apply then since this is no longer
a Fredholm family. Nevertheless, assumption (8.3) together with the constancy of the
family of indicial operators makes it possible to derive a local formula for the Chern
character of the L2-index bundle of the family 3.

Before going into the precise statement of the result and details of the proof, let us
point out that the results from [35,36] used here are only stated for exact b-metrics
with index set F' = Ny x {0}. Nevertheless, these results do admit straightforward
generalizations when the b-metrics are polyhomogeneous, cf. [34]. Indeed, the presence
of a polyhomogeneous exact b-metric necessitates only mild changes to the index sets
appearing in these results and their proofs. Moreover, only the parts of the index sets

close to zero are relevant, so if we replace the boundary defining function p by x = ,0%
for some large k € N, then

g~ gp € XNCE M "TMy ®TM)),

where g, is a product b-metric and M 1 is the k' root of M as defined in [12] (i.e., the

manifold M with the new C* structure obtained by adjoining x = p%). Thus, for the
purposes of applying the results of [35,36], this change effectively presents the metric
gp as a product b-metric. From now on, we will therefore apply the results of [35,36] to
polyhomogeneous b-metrics without further comments.

To define the local families L2-index, choose a connection for the fibre bundle (8.1),
i.e., a splitting

TN =TyN ®*T(N/B), ¢*TB=TyN.

We assume that this agrees on 3N with the canonical splitting induced by the identifi-
cation 9N = dM x B. We can then associate to d a Bismut superconnection

A=0 +A[1] +A[2],
see [36, (9.23)] for a definition. The rescaled Bismut superconnection is then given by
A, = I%SI oAo 8;1 = l‘%6+A[1] +t7%A[2],

where & is the automorphism which multiplies elements of C* (N: ¢* A (T*B)®E) by

172, cf. 1, p.281]. Let us also denote by ITj the orthogonal projection onto the L?-kernel
bundle of d. The operator

VLZ = Ao
defines a smooth Z,-graded connection on the L?-kernel bundle of d.

Proposition 8.1. The b-Chern character of the Bismut superconnection is such that

Jlim bCh(A))[0) = ind(@(b)), Vb € B, (8.4)
—00
lim PCh(A) 2y = Chker;2 3, VE Y gup, 1> 0, (8.5)
— 00

where iﬁa@(b)) is the extended index of Melrose [35, (In.30)].
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The proof of this proposition is carried out in a set of lemmas, following the strategy
of [1] and [36]. However, since our family of operators is not Fredholm, many important
modifications are necessary. Let us first introduce some notation. As in [36, (15.8) and
(A.9)], set

~ ~ ~ 1
N = Q*(B) ®coe(p) W, (N: £) = Q" (B) ®c(p) A (N x¢ N; £ ®"Q7):

this is the space of smooth families of operators of order —oo with Schwartz kernel
conormal and vanishing at order € — v for all v > 0 at the boundaries of N x4 N. We
also set, cf. [36, (15.8) and (A.11)],

ME = Q°(B) ®cop) (p°Wp, 3 (N1 ) + p W, 57 (N1 ) + U, 5(N: 6)),

where we refer to [36, (A.11)] for the definition of the space of family pseudodifferential
operators \Ill()):(‘; (ﬁ ; £). Notice that contrary to the definition in [36], the space of operators
M€ is residual in the sense that the Schwartz kernels of its elements decay like p€ at the
front face of the b-double space. There are filtrations

Nf =D Q4B) ®c~5) qf(;‘x’f(ﬁ; &),
k>i

M§ =" Q4(B) @cxp) (0°W) (N3 E) + p* W, 57 (N €) + W, (N; €)).

k>i

(8.6)

As in (4.11), we choose € € (0, inf Z), where Z is the index set of the expansions of
elements of the L?-kernel of 3. Since the fibration ¢ : N — B and & are trivial over
oM, we see from [36, (9.25)] that we can choose € small enough to ensure that

A? =9 mod Mj.

Now, using the projection ITo onto the L?-kernel, we can decompose the Bismut
superconnection as follows:

A=A+ withe=TloA(Id —TIp) + (Id =) ATy € NF.

In terms of the decomposition L%(N/B; &) = ran(T1y) @ ran(Id —I1y), we have

w= (8 ‘5) with u = TMeA(Id —TTp), v = (Id —ITo)ATTp.

Hence the curvature is

(}Z( ?) :=]~“=(1&+a))2=&2+[;&,a)]+w/\w

8.7)

R+ v Mo[A, p](1d —Tp)
(Id —TTo)[A, v]TTo S+vu ’

where R = TTyA2TTy and S = (Id —ITo)A2(Id —ITp). We conclude that

x v\ _ [ Rar+uopm mmd (NN
ZT N 51)[1] 62 o Nze M? '
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Now consider the family of Fredholm operators
8 p “Hf™(N/B; &) — p Hf(N/B; E). (8.8)

This has cokernel canonically identified with the L2-kernel of 3. Since the index of (8.8)
is independent of b € B, the kernels of the operators of this family form a vector bundle
over B. Thus by [35, Proposition 5.64] and [34, Theorem 6.1], there exists a smooth
family of generalized inverses b — G (b) of (8.8) such that

G =1d-T,, G’ =1d-TI,,

where I is a smooth family of projections onto the kernel of (8.8). The projection Iy
acts on p~¢L%(¢~1(b); &) by

k
Mo() : p~ L2 (@~ (0); &) — kerp20(b), To(b)w) = D (u, v;)2v;,

i=1

where vy, ..., vk is a choice of orthonormal basis of ker; 2 d(b). The formal adjoint G*
of G is a smooth family of generalized inverses for

9 : pHf2(N/B; E) — p HF(N/B; ) (8.9)
and satisfies
G*3* =1d -y, 9°G* =1d—I1}.
Acting on ,oeLz(N/B; £), we have
92G*(1d —Tlp) = *G*(3*G) = *(1d -Tp)G = *G =1d—Ty.  (8.10)
Taking the adjoint yields that
(Id —T1p) G = Id — T (8.11)
on p~¢L*(N/B; £). Similarly, we have that
9G*d = 0G*0(Id —Ip) = 0G*D(D’G) = d(1d —I1p)dG = 3*°G =1d -y, (8.12)
along with the adjoint equation
0G0 = Id —Ip. (8.13)
In particular, these identities imply that

X1 — YmGZpy = Ry + pwpvp — (w0 G @vpry) = Ry,

(8.14)
X121 = YG*Zpy = Rpay + vy — (wnd®G*@vpny) = Ry

Lemma 8.2. There exists a family of operators A with A — 1d € N such that

. XY\ _, (UO
AFAT = A ATl =
ZT 0V

withU = X —YGZ mod N5 and V =T mod Nf.



Asymptotically Cylindrical Calabi—Yau Moduli 993

Proof. We proceed by inductiononi = 1, ..., dim B and assume that we have found
A; with A; —1d € N such that

X; Y NE  NE
Al A71: L L 2 1
FA; (zi Ti)e(/\/'f T+Nf)’

where T; = 92 mod M (we take A = Id). Notice that if we write A; = Id+K, then

dim B

A7l = Z(—])ij.
Jj=0

Now, set

Nt <

VY _( ld -YG\[(X Y d -vG\ !
7.)] \G*'z; 1d zZ; T;)\G*z; 1d '
-Y;G

. 0 ’
Since (G*Zi 0 ) € Nf, we see that

d —-vG\' . YiG) .
G*Z; 1d -G*Z; Id 2

i Id -YG X Y Id Y;G .
— mod N5;.
: G*zZ; 1 Z; T, -G*Z; 1d

and hence

N
NI
M=

This gives
X:i=X; —Y,GZ — Y,G*Z; + Y;GT;G*Z; = X; mod N5,
Yi = Y;(Id—GT;) + (X; — ¥;GZ))Y;G mod N5, 5.15)
Zi = (d-T;G"Z; +(G*Z))(X; — Y;G*Z;) mod N5, '
Ti =T, +G*Z;Y; + Z;Y;G + G*Z; X;Y;G = T; mod NF,

so using (8.10) and (8.11), we compute that

= Y;(1d —Gd?) = Y;(Id —T1p)(Id —Gd*) = 0 d N .,
( ) ( 0)( ) mod N; (8.16)

Yi
Zi = (d-9°G*")Z; = (Id —0*G*)(Id —T1p)Z; =0 mod NF,,.

This shows that we can continue the induction to construct the element A as desired.

e, (ld+K M . <
Now,1fA_( N Id+L)W1thK,M,N,L€N,thenwehavethat

d+K M X Y\ (U 0\ /[ld+K M
N Id+L z T) \0 V N Id+L )’
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so that

V=T+LT+NY)Id+L)"' =T mod N¢,
U=X+KX+MZ)1d+K)"' =X +MZ mod N¥, (8.17)
Y+MT =UM — KY € N5.

Multiplying the last equation by G gives that M = —Y G mod N . Substituting this
into (8.17), we obtain finally that U = X — YGZ mod N%, as claimed. O

We now show that the contribution of V' to the Chern character vanishes in positive
degree when ¢ tends to infinity.

Lemma 8.3. For k > 0, the form (e“s’(v))[k] lies in Nt and decreases rapidly along
with all its derivatives as t tends to infinity. In particular, it decreases rapidly with all
its derivatives as a differential form valued in trace class operators.

Proof. Writing V = 8% + A with A € M¢, we have that e *#(V) =SBk p 1),
where

() = / e 5 (A)e 5 (A) -1 5 (A)e M doy - doy.
A

Here Ay is the simplex

k
A ={(00, ..., o) € RF1| zdi =1, 0; > 0}.
i=0

The family of operators e’ & e v, ®(N/B; &) is bounded on L2 uniformly in ¢ €
[0,00). Since A € {, we have that (Id —I"I())e_’s2 (Id —T1p)A and
A(d —TIgp)e™" ch (Id —IIp) are in N f . Clearly, it then suffices to show that
(Id —Tg)e"® (Id —TTp) A and A(Id —TTg)e P (Id —T1o) are rapidly decreasing with
all their derivatives as ¢ tends to infinity to obtain the result.
Suppose that we establish that
pri i Nf — Nf pai Nf — N
U — (Id —1'[())53*’32 1d -TIp)U U —~ U(d —1'[0)e*t62 (Id —T1p)

have the property that 12 pi.+ is uniformly bounded with all its derivatives in B as ¢ tends
to infinity. Noticing that for k € N,

1 2k
12
*pii = @ (ﬁpk) :

we see that ¥ p; ; is also uniformly bounded as 7 tends to infinity and that the same is true
for all horizontal derivatives using Duhamel’s formula. Thus (Id —ITp)e ™" ca (Id —-TIp)A

and A(dd —IIp)e™’ ch (Id —Tlp) are rapidly decreasing with all derivatives as ¢ tends to
infinity.
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It remains to show that t% pi.+ is uniformly bounded with all horizontal derivatives as
t tends to infinity. For this purpose, we proceed as in the proof of [35, Proposition 7.37]

and write the heat kernel of 3” in terms of the resolvent,

1
1 = —/ e @ — ) lan, (8.18)
27i Jy,

where y4 is a contour in C that can be taken to be inward along a line segment of
argument —§, % > § > 0, with end point (—A — 1, 0), and outward along a line
segment of argument § from this point. Choosing a cut-off function x € C*(R) such

that x (r) = 1 forr < % and x(r) = 0 forr > %C, where 0 < C < 1 will be specified
later, (8.18) decomposes as a sum of the two terms

Hi(t) = i. x(Re Ve (@ — )~ lda,
2mi va (8.19)

Hy (1) = % (1 — x(ReA))e (@ — 1)~ lda.
YA

In the expression for H;, the integrand is supported in Re z > g. Since (82 — )~ is
uniformly bounded in the calculus with bounds for the part of y4 in that region, we see
that Hp(t) : N} — N decays exponentially quickly with all its derivatives as ¢ tends
to infinity.

We thus focus attention on Hj(z). First replace y4 by the simpler contour integral
Imz = 8 > 0 where A = z% and Imz > 0 is the physical region. Using the Cauchy
formula, write Hy = H{ + H{', where

1
H(t) = —/ xRev)e (@ — 1)~ lda,
2mi Im z=8
| (8.20)
H{(t) = —/ Ix(Re Ve @ — M) 7"'dr A dn.
2 S(A,8)

Since 9 x (Re z) is supported in Re z > g, the second term H{'(t) decays exponentially
quickly with all derivatives as t — o0, so we reduce further and focus solely on the first
term. Introducing z as a variable of integration, we have that

1
H{(t) = — /I B x (Re(z2)e™" (@ — 25 zdz. (8.21)

We know from [35] that (3% — z2)~! extends meromorphically to C with values in the
calculus with bounds. It has a double pole at z = 0 with coefficient of 1/z> equal to the
projection onto the L?-kernel of &> and with residue, i.e., the coefficient of 1/z equal to

> UcUedgy. (8.22)
l

Here, Uy € C®(¢p~ 1 (b); Ep) + p‘sHl‘f"(qb’l(b); E) for some § > 0 is a basis of those
solutions of 32U = 0 orthogonal to the subspace of L2-solutions which have boundary
values orthonormal in L2(3¢ 1 (b); Ep).

Only (Id —l'Io)Hl/ (t)(Id —ITp) is really used in the definition of p;,, so that it is

only necessary to deal with (Id —T) (@2 — zz)’1 (Id —ITp). This has a simple pole at
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z = 0 with residue given by (8.22). In particular, provided that the constant C used in
the definition of x above is sufficiently small so that (3> — z?) has only a pole at z = 0
on the support of x (Re(zz)), we see that

P(2) = zx(Re z2)(Id — ) (@* — z2)~ ' (1d — o)

is a family of operators which is smooth down to Imz Y\ O and with values in the

calculus with bounds \II;TOOY(;O (¢~ 1 (b); Ep) (see [35, (5.107)]). This induces a family of
operators

P(2): Nf — NY
which is uniformly bounded as Im z N\ 0. Taking the limit § — 0 and making the change
of variable Z = z/s, s = 1/t%, we see that
s [ _
(Id —Tlp) H{ (r)(Id —TTp) = —_/ e P(sZ)dZ.
i

—00

After removing the factor s on the right, this integral is a differentiable family in the
argument s with values in the space of bounded operators on ' | (acting by composition

. . . . 1 . .
on the left or on the right). By the discussion above, this shows that ¢2 p; ; is uniformly
bounded as ¢ tends to infinity. Moreover, using Duhamel’s formula, the same argument

can be applied to show the uniform boundedness of the horizontal derivatives of 17 Dit-
This completes the proof. O

Proof of Proposition 8.1. The formula (8.4) follows from [35, Proposition 7.37]. For
(8.5), Lemma 8.2 gives that

W)
e ) = 5,4)7! ( 81(A).

0 e ()

Using Lemmas 8.2 and 8.3, and since A—1d € N, we seethatifk > 0, then (e_"sf(}—))[k]
is a differential form with values in the space of trace-class operators such that

—18,(U) —Rp2
(e—tét(}')) — (e 0)+O(r‘i)= (e 0)+(9([‘£)_
[k] 0 0 0 0

Consequently, for £ > 0,
lim *Ch(A) kg = lim ? Str((e ™)) = lim Str((e ™))
r—00 r—00 =00
= Str(eR2) 5 = Ch(ker;2 3, VL") 4. (8.23)
O

Combining this result with [36, Proposition 11 and Proposition 16], we obtain a
formula for the Chern character of the L?-kernel bundle with respect to the connection

VL2,
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Theorem 8.4. The Chern character of the L*-kernel bundle of ® with respect to the
connection VL is given by

Ch(ker,2 8, VL") 2 = [ /N/B A(N/B; g») Ch'(§) — dByi| . n>0.

Qmi)? (2n]

Here, m = dim M and

o dA
y = / bSTr (—te_Afz) dt.
0 dt

Proof. By [36, Proposition 11],

d “
EbCh(A» = —dgy(t) — (1),

where

dA 2 1 dIB 2
b T —A A t B
t) ="STr{ —e Yy, nt)—— Str —e .

Here, B, is the rescaled odd superconnection associated to the family of Dirac-type
operators on d N, see [36, p.38]. By assumption, this family is trivial, so the only non-
zero contribution is in degree 0. Thus in fact,

d

dl”cmAt)m] = —(dpy®)px) fork > 0. (8.24)

Next, by [36, (15.17)],

y(t) = O@™2) ast — 0.

On the other hand, using Proposition 8.1 and its proof, we can argue as in the proof of
[1, Theorem 9.23] to conclude that for k > 0,

YO = O(t_%) ast — 0o.

Finally, [36, (15.15)] tells us that

lim ?Ch(A ) = [ / A(N/B; gb)Ch/(E)} for k > 0,
t—0 N/B

Qi) [2k]

so the result follows by integrating (8.24) with respecttor. O
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9. The Curvature of the Quillen Connection

In this section, we suppose that N = [E; D], where N is a complex orbifold and D is
an effective orbifold divisor with (N, D) satisfying hypotheses (i) and (ii) of Sect. 4.
We also assume that B is a complex manifold and that ¢ : N — B is induced by a
holomorphic fibration ¢ : N — B. In this case, E is a Hermitian vector bundle over N
such that the family of Dirac-type operators is the family of Dolbeault operators

0=+v20+3") ©.1)

associated to the Clifford bundle £ = Q¥*(N/B) ® E. We will also assume that g, is a
family of Kéhler metrics inducing a structure of Kéhler fibration on ¢ : N — B in the
sense of [4], with associated connection Ty N for ¢ : N — B. Finally, we assume not
only that the family of nullspaces ker, > 9 is a bundle over B, but also that the L>-kernels
of  acting on Q%9(N/B) ® E determine a bundle over B in each degree g.

With these extra assumptions, we now consider the L?-determinant bundle associated
to the family (9.1). This is the complex line bundle over B given by

det(@*) = (A™* ker;2(0) 7! @ A™* ker;2(d7). 9.2)

. 2. .
The L2-connection VL~ induces a connection V4@ on det(d"). By Theorem 8.4, the
curvature of this connection is given by

(vdet@ﬂ)z:[% / X(N/B;gh)Ch/(g)—dBV} : 9.3)
(2mi)? JN/B [2]

A more natural choice of connection on v4et@) ig the Quillen connection. To describe
it, we introduce the d-torsion of the family of operators 0, following the approach in
[35]. We first define the determinant of the restriction A, of the Laplacian A = 92 =

2(5*5 +00") to elements of type (0, g).
First consider the function

1 1
t0(Ag,5) = m/ 1 PTr(e™"4)dr for Res > 0.
s 0

Since ”Tr(e~"24) admits a short-time asymptotic expansion,

o0
PTr(e ™A ~ > apt? as 1\ 0,

k=—m

the ¢-function Zp(Ay, s) extends to a meromorphic function on C with only simple
poles. Because of the I'(s) factor, {o(Ay, ) is holomorphic near s = 0. Fort ' oo, we
also consider the ¢-function

1 o0
Coo(Ag, 8) = m/ 571 PTr(e™"4) dr for Res < 0.
s) J1

There is an expansion

o
bTr(e"2a) ~ Zakt_k/z ast — 09,
k>0



Asymptotically Cylindrical Calabi—Yau Moduli 999

S0 £oo(Ay, ) extends meromorphically to C with at most simple poles. As before, this
extension is holomorphic near s = 0, so altogether,

;(Acp S) = §O(Aq7 S) + ZOO(Aqv S)

is holomorphic near s = 0. We then define the regularized determinant of A, by the
usual formula

logdet(Ay) := —¢'(Ay, 0).

The d-torsion of the family 9 is now defined by

log T(@) = D (—1)Yq logdet(A,).
q

Alternatively, we can define the d-torsion in terms of one ¢ -function using the regularized
supertrace and the number operator Q, which acts on Q0.4 (N/B) ® E as multiplication
by g, namely

log T(3) =¢'(3,0),
where £(9, s) = £0(3, 5) + o0 (d, ) With

1
20, s) = Z(—l)qq;O(Aq, 5) = %/ =1 PSTr(Qe™")dt for Res > 0.
0
q

{oo(@, 8) = 2 (=1)7q¢o0(Ay, 5) = %/ 71 PSTr(Qe™"2)dt for Res < 0.
s) J1
q
(9.4)

We now define the Quillen metric of det(d") by
=1
-l =Tz ll2,

where || - || ;2 is the metric induced by the L?-norm on ker 12 0.
To introduce the corresponding Quillen connection, we need a bit more preparation.
Following [1], first consider the Fréchet bundle ¢.£ — B with fibre

$uElp = CC (P~ (b): € x PQ1 (¢~ (b))

bQ3 (¢~ (b)) is the half b-density bundle and C® (¢~ (b); € x b3 (¢~ (b)) is the
space of smooth sections with rapid decay at infinity. The choices of connection for
¢ : N — B and & induces a connection V¢ for ¢.& (cf. [1, Proposition 9.13]). In
fact, Apy = V€ (see [1, Proposition 10.16]). It is convenient to consider a truncated
version of the Bismut superconnection involving only the terms of degree 0 and 1,

A= Ao+ A =0+ V¢*S,
which has the rescaling

A =120+ Vv,



1000 R. J. Conlon, R. Mazzeo, F. Rochon

For t € R*, define the following differential forms on B:

1 _ o~
—"STr (V23 ).
2

ot (1) = — STy (fa e_&) and o~ (1) =
2 2t2

2t
In degree 1,

- 1
(e )y = (e M) = _t/ e~ 1= =3 [99E 51T do
0
! ! 1 ? & o
= —¢2 / e~ =00 g9 Fle=019 gg. (9.5)
0

Due to our assumptions on the restriction of the family & to d N, [V#+€, 3] has vanishing
indicial family, so the integrand in (9.5) is trace class, and we can thus define ozi(t)[l]
without using the b-supertrace:

1 — x 1 -
ot ([ = — STr(v23 (e A and o~ ()1 = — STr(v2a(e 2 1)).
2t2 2t2
Lemma 9.1. The 1-form components of the differential forms a™ (t) satisfy
at() = —a (.

These are rapidly decreasing (with all derivatives in B) as t tends to infinity and have
short-time asymptotics

oo
k
oei(t)m ~ Z ﬁaki ast N\ 0.
=N

k=—

Proof. Since (e"&tz)[ 17 is trace class, the first assertion follows as in [1, Lemma 9.42],
using the fact that 9" is the formal adjoint of 3 and that \ad respects the metric on ¢,.£.

To see that o™ (#)[1] is rapidly decreasing as ¢ tends to infinity, notice that
ot () = — STr(V28 [VP€  Ble )
— — STr(v23"[V**€, 8](1d —Tg)e 7 (1d —Tp)),

so we can use the decay properties of p;; : N — N[ established in the proof of
Lemma 8.3 to conclude that ™ (t)17 israpidly decreasing as ¢ tends to infinity. The short-
time asymptotics follow from the corresponding asymptotics of the heat kernel. Taking
the complex conjugate of r* (7)1}, we get the corresponding statement for ™ (¢)[1]. O

This lemma shows that the 1-forms
o0
BE(s) = 2/ Sat(t)dt
0

are well-defined and holomorphic in s for Res > 0. The short-time asymptotics of
a® (1) also allow us to extend ST (s) to a meromorphic function in s for s € C with at
most simple poles. In particular, we can define the finite part at s = 0 by

d

dsT (s)

ﬁj:

s=0
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Lemma 9.2. As a function on B, the differential of log T (3) = ¢’(d, 0) equals
dt'(0,0) =" — B~

Proof. Using Duhamel’s formula,

t
el (3, s)= (r(s) / ( #=1P8Tr (Q /0 e<’”>52[v¢*5,62]e052da)) dt)

9.6)

for Res < 0. Since [V?*€, 82] has vanishing indicial family, the term inside the b-
supertrace is trace class, so we can replace the b-supertrace with the usual supertrace.
The decay properties of p;; show that the integrand is rapidly decreasing (with all
derivatives in B) as ¢ tends to infinity, so the differential d ¢/ (@, s) extends to an entire
function of s. In particular,

del (9,0) = 4 (r( ) / £ STr(Q[V#€ , 92T )dt)

s=0
Similarly, for Re s > 0, we have that

de) @, s) = i (r( ) / £ STr(Q[V#€, 9%)e 1% )dt)

By the short-time asymptotics of the heat kernel, we extend this differential meromor-
phically in s € C with only simple poles; the result is regular at s = 0. This shows
that

d¢'(3,0) = dgf(0,0) +del (0, 0)
d
- ¢:E =27 ,—10%
= (F(s)/ 5 STr(Q[V?<, d*]e )dt)

Now, using the relation

[V#€, %] = [V*€, 8]0 + O[V*E, 7],

9.7)

s=0

we see that
STr(Q[V#*€, 3%1e ') = STr(QIV#€, 513e ") + STr(QA[VHE , Fle )
— STr(QIV*<€, 51e~"T°F) + STr(QO[VH<E, le'T)
= STr([Q, DI[V#€, Ble '), 9.8)
where in the last step, we use that

0— STr([(Q[V¢*5, 31—, 6])

= STr(QIV?*<, 81e~"P8) + STr(AQ[VHE, 3le~'T).
Therefore, since [Q, 8] = +/2(3 — 3 ), (9.7) and (9.8) show that

dc’'(@,0) = — 4 (L /OO 15 STr(v/2(3 — ) [V, 5]6_’62)dt)
ds \I'(s) Jo §s=0
=B -5 9.9)

which gives the claimed result. O
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The Quillen connection on det(d") is given by
VQ — Vdet(5+) + ,8+.
As the terminology suggests, V€ is compatible with the Quillen metric.

Proposition 9.3. The Quillen connection is the Chern connection of det(0%) with respect
to the Quillen metric.

Proof. We know that vdet®@) ig the Chern connection of det(0") with respect to the
0.0

L?-metric. Since | - || o=e 2 | -2, wesee that V€ is compatible with the Quillen
metric provided
de'(@,0
Bt = —é’ (2 ) +w

with w an imaginary 1-form. But by Lemma 9.2, v = b +;‘3 —, and by Lemma 9.1, this

is imaginary. To see that V€ is the Chern connection of the Quillen metric, we note
that 8* is a (1, 0) form on B, which follows from the fact (see [4, Theorem 1.14]) that
[V‘i’*g, a] is an operator valued (1, 0)-form. O

Theorem 9.4. The curvature of the Quillen connection equals

(V9?2 = [ !
Qri)?

/ Td(Tl’O(N/B), 8b) Ch(E)i| , where m = dimp M.
N/B [2]

Proof. The curvature of vdet(@) jg given by (9.3). On the other hand, since % — 8~ =
dz’(9, 0) is a closed form, we have

(VO = (VIU@))2 | gg+ _ (yder@))2 | w. 9.10)

Since A equals A up to terms of order 2, we see that
6 50 = 4 (5 | e on e wmar
= = — = o a
2 ds \T'(s) 1 1
4o,
s (s) t [ o

o0 dA
- / STr( ! Az) dt, ©.11)

dAt A, )
[

s=0

where in the last step we have used that STr (
combining (9.3), (9.10) and (9.11), we see that

(Vo) = [

. is integrable in ¢. Thus, by

1 —~
7 / A(N/Bigb)Ch/(E)i| - 9.12)
(27'[ i ) 2 JN/B 2]

Taking advantage of the fact that ¢ : N — B is a Kahler fibration, this integral can be
rewritten in terms of the Todd form of 71-°(N/B) and the Chern character form of the
Hermitian bundle E. O
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Remark 9.5. Instead of using the 9-torsion as in [5] to define the Quillen metric, we
could as well have used the approach of Bismut-Freed [3] and defined the metric as

_ _1
|- llgF == det@ ) 2|| - || = e~ 2@ T0 ),

with a compatible connection VB whose curvature is given by (9.12). The advantage
of the Bismut—Freed approach is that it works in non-holomorphic settings, but its
disadvantage is that in holomorphic settings, the connection VEF is typically not the
Chern connection of the metric || - || 5.

10. The Weil-Petersson Metric on the Moduli Space of Asymptotically
Cylindrical Calabi-Yau Manifolds

Let (Z, g») be a compactifiable asymptotically cylindrical Calabi—Yau manifold with
compactlﬁcatlon Z such that Z = Z\ D for some divisor D 1n Z as in Definition 5.2.
Assume that H'(Z; R) = 0. This is the case for instance if H'(Z; R)=0.Let L — Z
be an ample line bundle over Z with induced Kihler class e H"(Z) c H*(Z;R) and
denoteby ¢ € H 2(Z ; R) the restriction of £ to Z. By Theorem 7.7, there is a well-defined
relative moduli space in a neighborhood of Z,

7—1 o5
l(,, (10.1)
Mrel,
with ¢~ (mg) = Z and

TngMeel = LzHo’l(Z; le,OZ)
= tm (' (Z: T7(108(D)) (D)) — H'(Z: T7(log(D))) .

As the complex structure is deformed, the line bundle Kf(ﬁ) = K5 ® L automatically

remains topologically trivial. Thus, since H 0.1(Z) = 0, we conclude that Kf(ﬁ) also
remains holomorphically trivial. This means that a global non-zero meromorphic vol-
ume form with a simple pole at D continues to exist as we deform the complex structure.
Consequently, we can apply the construction of Haskins—Hein—Nordstrém and obtain
the existence of Calabi—Yau metrics on the deformed spaces. The following result allows
us to make a canonical choice.

Lemma 10.1. The class € on Z remains a Kihler class as the complex structure is
deformed in M.

Proof. Any class £ € Im (Hl(f; Tf(log(ﬁ)(—ﬁ))) — Hl(Z; Tf(logﬁ))) can be
paired with £ to obtain an element in

Im(H?(Z; T2 ® Tz(log D)(—D)) — H*(Z; T} ® Tz (log D))).

Since Tf(logﬁ) is naturally a subsheaf of 75, there is a canonical map
H*(Z; Tr ® T;(logD)) — H*(Z; T: ® Tz). Composing with the map
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H 2(_7; T2®T;) — H 0.2(Z) induced by the trace T2 ® Tz — O, we obtain from &
and ¢ a class

1l € H**(Z).

This encodes how ¢ changes when the complex structure is varied in the direction &.
Restricting to Z, again using the sheaf map 75 (log D) — T, we see that the restriction

of LSZ to Z comes from an element of
Im(H*(Z; O7(~=D)) — H*(Z; 05) = L>H*2(2).

But by Corollary 4.7, this latter space is trivial so LEZ‘ ,=0.
On the other hand, consider the long exact sequence associated to the pair (Z, 7\/\[5) ,
where A7 is a tubular neighborhood of D in Z, which is of course diffeomorphic to the

normal bundle of D. Depending on whether or not H'!(Z; R) is trivial, we deduce that
either

ker(H*(Z;C) — H*(Z;C)) =0
or that
ker(H*(Z; C) - H*(Z;C)) = H*(N5: C) = HY(D; C) = C.

In the first case, we have automatically that (z¢ = 0. In the second case, H2(N%; C)
is generated by a (1, 1)-current supported on D. Since ng is of type (0, 2) and lies in
this space, we conclude that LJ = 0. Since the class & was arbitrary, £ must remain
unchanged as the complex structure is deformed in M. 0O

By this lemma, we can use the class £ and Theorem 5.3 with A = 1 to define for each
m € Myl a unique asymptotically cylindrical Calabi—Yau metric g, on Z,, = ¢~ (m)
with Kéhler form w,, belonging to the class £ = Z| , €H 2(Z; R). This family of Calabi—
Yau metrics gives ¢ the structure of a Kéhler fibration in the sense of [4, Definition 1.4].
Indeed, let /1, be the Hermitian metric on the polarization L over the fibre ¢~ ! (m) with
first Chern form on ¢~! (m) equal to the Kihler form w,,. Let  be the corresponding
first Chern form of the line bundle L — X with Hermitian metric 4,,. Clearly, w is
a closed (1, 1)-form which restricts to w,, on ¢! (m) for each m. Define Ty X as the
orthogonal complement of the vertical tangent bundle 7 (X/Me) with respect to the
symmetric 2-form g = w(J-, -), where J is the complex structure on X. Notice that g is
not necessarily positive-definite on X, but it is when restricted to the fibres of ¢, so Ty X
is a well-defined vector bundle inducing the decomposition 7X = Ty X & T (X/ Mie)).
Since the action of J preserves g and T X/ M, it preserves Ty X. This means that the
triple (¢, gm, Ty X) is a Kéhler fibration.

More importantly, the family of Calabi—Yau metrics g, induces a metric on the
moduli space M.

Definition 10.2. The Weil-Petersson metric on M, is defined by

gwp(u, v) =/ (, v) g, di(gm) foru,ve LPH*N(Zy, gm; T Z,) = Ty Miar.



Asymptotically Cylindrical Calabi—Yau Moduli 1005

For compact Calabi—Yau manifolds, the volume is a natural quantity which appears
in many computations related to this Weil-Petersson metric. Although the volume of
an asymptotically cylindrical Calabi—Yau manifold is infinite, there is a notion of renor-
malized volume which is an adequate replacement. This is defined by

BNOL(Zun, g p) = FPy—g / P du(gm), (10.2)
Zm

where p € C*(Z) is a choice of boundary defining function for Z and FP;—¢ f(s)
denotes the finite part at s = 0 of the meromorphic function f. This uses the fact that
s = f Z p*du(gy) is meromorphic in s with at most a simple pole at s = 0. This
definition depends on the choice of p. However, replacing p by cp for some positive
constant ¢, a simple computation shows that

RNOW(Zun. gm. cp) = FVOI(Zy, gm. p) + Vol(d Z: gm) loge.
Thus, choosing p appropriately, we can assume that
RNON(Z s 8mg» 0) =1, Where mg € My is such that Z = ¢~ (mg). (10.3)

The good news is that by doing so, nearby Calabi—Yau manifolds in this family also
have renormalized volume 1 for this same choice of p.

Lemma 10.3. Suppose that p € C* (Z)isa boundary defining function such that (10.3)
holds. Then

RNOWZ, gy p) =1 Ym € M.

Proof. Let w,, be the Kihler form of g,,. Then, by Lemma 10.1 and Corollary 5.4, we
know that

Wy = Wy +du

for some polyhomogeneous L? 1-form u. Using Stokes’ theorem, we thus obtain that

R R a)ﬁ — a);li
VOI(Zma 8m )0) — VOI(ZmO, 8myg» p) = / TO
Ly Z”: n! NI
= - . u u )
n'Jz, o Jlin— ! "o
=0.

O

Proposition 10.4. The Weil-Petersson metric is Kdihler. Furthermore, the first Chern
form of the bundle *T10(%/ Mye)) with Hermitian structure induced by the family of
Calabi-Yau metrics associated to the class € is given by

1T/ M) = —er (A" (T 0%/ Mea))™)) = & ‘;W”,

where ww p is the Kdhler form of gwp.
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Proof. We know that A" ((°T1:0(%/ Me1))*) has a global holomorphic section which is
flat with respect to the Levi-Civita connection of g,,, hence

1 (T Mren)) = —¢* 1 (HO(X/ Meet: g, (log D))).

Let 2 be a local non-vanishing holomorphic section of H 0%/ Mel; Q%/ M (log D))
rel
on Mier. Then on Z,,,,
_ 2
Q(m) A Q(m) = cp(—i)" dp(gm)
for some constant ¢,, > 0, or equivalently,
1Qm)I;, = cm.
so that
0% . SN 2
er(HO X/ M % (108D)) = 2Dty IMiq log|2(m)I,
= T Iy 10g O (10.4)

2
Now, the constant c,, can be conveniently rewritten using the renormalized volume,
JFPy— [, p*R0m) A Qm)
RVOI(ZWH gms p)

2 —_
en = (—i)" = (—i) " FPy_y / P*Q(m) A QM)
Zm
where, by Lemma 10.3, we can assume that p is chosen so that RVol(Z,y, gm,p) = 1.
Substituting this expression in (10.4), we compute that

_ ] 1
(log D))) (£, 7)) = ——

HYF/ M;a: Q -
C]( (x/M el 27{ (_l.)nZCm

i -
M / 1 Q(m) A 1, Q(m).

Just as for the moduli space of compact Calabi—Yau manifolds, see for instance [42,
p-640-641], we also have that

- 2
/z tg2(m) N1y 2(m) = Cm(_i)nlewWP(Evﬁ),

and the result follows from this. O

Consider the holomorphic vector bundle over X with coefficients

n
E = P(1)? pQP (X/ Mse). (10.5)
p=1

This has a Hermitian structure induced by the family of Calabi—Yau metrics g,, associ-
ated to the polarization €. Let & = \/§(5+5*) be the corresponding family of Dolbeault
operators. To apply Theorem 9.4 to this family, we must check that the family O satisfies
the hypotheses of Sects. 8 and 9. Since we are on the moduli space of relative defor-
mations, it is clear from Theorem 7.7 and Corollary 5.4 that the indicial family 7 (0, A)
is unchanged as we move on M. On the other hand, we have shown that the family
of Calabi—Yau metrics g, gives ¢ the structure of a Kihler fibration (¢, g,,, Ty X). It
follows from the next result that the L2-kernels of 9 acting on Q%9 (X/ Mye)) @ E form
a bundle over M.
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Lemma 10.5. The Hodge numbers hP4(m) := dim L>H?9 (¢~ (m), gn) are indepen-
dent of m € M.

Proof. Since M| is assumed to be connected, it suffices to show that 279 is locally
constant. For € > 0 sufficiently small, L>H?-9 (¢~ (m), g,n) corresponds to the kernel
of the Fredholm operator

Az pHZ (¢ (m), QP9 (¢~ (M) — p Lo~ (m), QP9 (o~ (M))).

Hence, there is a small neighborhood i/ of any mg € M suchthat 2”9 (m) < hP-9(mg)
for all m € Y. On the other hand,

dim L*H (@~ (m), gum) = D WP,
p+q=k
But by the result of [35], see also [19], the number dim L>H* (¢! (M), g,n) depends
only on the topology of Z = [Z; D], the blow-up of Z at D in the sense of [35], so it

is independent of m. This means that none of the individual Hodge numbers 4”9 can
decrease, so h?9(m) = h?9(mg) forallm e Y. O

The family O thus has a well-defined determinant line bundle. We can use Theorem 9.4
to compute its curvature.

Theorem 10.6. The curvature of the determinant line bundle of the family of Dolbeault
operators 0 = \/5(5 + 5*) associated to the bundle (10.5) is

i x(2)
— (V2 =2 owp.
2 V= g ewe

Proof. By Theorem 9.4,

(VO)? = [

. / Td(T"0(%/ M), gb) Ch<E>} . where n = dim¢ Z.
2mi)* Jn/B 2]

(10.6)
On the other hand, by [2, p.374],

\n+1
Td(T "%/ M;e1) Ch(E)) = —2mi)" Leuoy + (2m‘)"gcn — (z%clcn

+ (higher order terms), (10.7)

where ¢; = ¢;(T"9(X/Myy)) are the Chern forms of the Hermitian bundle
TI’O(%/MM) and the 27i factors appear because we follow the convention of [1]
for the definitions of the Todd form and the Chern character form. On the other hand,
by Proposition 10.4,

d*wwp

(T X/ Meer)) = (10.8)

Hence, combining (10.6), (10.7) and (10.8), the result follows from the Chern-Gauss-
Bonnet theorem for manifolds with cylindrical ends (see [35]),

/ tn = X (Zu) = x(2).
m
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