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Abstract: We are concerned with spherically symmetric solutions of the Euler equa-
tions for multidimensional compressible fluids, which are motivated by many important
physical situations. Various evidences indicate that spherically symmetric solutions of
the compressible Euler equations may blow up near the origin at a certain time under
some circumstance. The central feature is the strengthening of waves as they move radi-
ally inward. A longstanding open, fundamental problem is whether concentration could
be formed at the origin. In this paper, we develop a method of vanishing viscosity and
related estimate techniques for viscosity approximate solutions, and establish the con-
vergence of the approximate solutions to a global finite-energy entropy solution of the
isentropic Euler equations with spherical symmetry and large initial data. This indicates
that concentration is not formed in the vanishing viscosity limit, even though the density
may blow up at a certain time. To achieve this, we first construct global smooth solutions
of appropriate initial-boundary value problems for the Euler equations with designed
viscosity terms, approximate pressure function, and boundary conditions, and then we
establish the strong convergence of the viscosity approximate solutions to a finite-energy
entropy solution of the Euler equations.

1. Introduction

We are concerned with the existence theory for spherically symmetric global solutions
of the Euler equations for multidimensional isentropic compressible fluids:

dp+ Vx-(pv) =0,

(1.1)
(pV)i + Vx - (pV @ V) + Vxp =0,
where p > 0 is the density, p the pressure, v € R” the velocity, r € R, x € R”, and
Vi is the gradient with respect to x € R”. The constitutive pressure-density relation for
polytropic perfect gases is
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p=pp) =kp”,

where y > 1 is the adiabatic exponent and, by scaling, the constant « in the pressure-
density relation may be chosen as k = (y — 1)%/4y without loss of generality.
For the spherically symmetric motion,

p(t,x)=p(,r), v, x)=ult, r)é, r = |x|. (1.2)

Then the functions (p, m) = (p, pu) are governed by the following Euler equations
with geometrical terms:

I3

2 2
dm + 3, (" + p(p)) + 1 = 0.

3 p+0m+"=Lm =0,
[,p : (1.3)

The existence theory for spherically symmetric solutions (p, v)(¢, X) to (1.1) through
form (1.2) is equivalent to the existence theory for global solutions (p, m)(¢, r) to (1.3).
For any problem with a constant velocity v at infinity, i.e., lim|x|— o0 V(f, X) = Voo, We
may assume without loss of generality that v, = 0, or equivalently, lim, . o u(t, r) = 0,
by the Galilean invariance.

The study of spherically symmetric solutions can date back to the 1950s, and is mo-
tivated by many important physical problems such as flow in a jet engine inlet manifold
and stellar dynamics including gaseous stars and supernovae formation. In particular,
the similarity solutions of such a problem have been discussed in a large literature (cf.
[9,14,24,25,27]), and which are determined by singular ordinary differential equations.
The central feature is the strengthening of waves as they move radially inward. Vari-
ous evidences indicate that spherically symmetric solutions of the compressible Euler
equations may blow up near the origin at a certain time under some circumstance. A
longstanding open, fundamental problem is whether concentration could be formed at
the origin, that is, the density becomes a delta measure at the origin, especially when a
focusing spherical shock is moving inward the origin (cf. [9,24,27]).

Some progress has been made toward solving this problem in recent decades. The
local existence of spherically symmetric weak solutions outside a solid ball at the origin
was discussed in Makino-Takeno [22] for the case | < y < %; also see Yang [28,
29]. A shock capturing scheme was introduced in Chen—Glimm [6] for constructing
approximate solutions to spherically symmetric entropy solutions for y > 1, where the
convergence proof was limited to be locally in time. A first global existence of entropy
solutions including the origin was established in Chen [5] for a class of L® Cauchy
data of arbitrarily large amplitude, which model outgoing blast waves and large-time
asymptotic solutions. Also see Slemrod [25] for the resolution of the spherical piston
problem for isentropic gas dynamics via a self-similar viscous limit, and LeFloch—
Westdickenberg [18] for a compactness framework to ensure the strong compactness of
spherically symmetric approximate solutions with uniform finite-energy norms for the
case l <y < %

The approach and ideas developed in this paper can indeed yield the global existence
of finite-energy entropy solutions of the compressible Euler equations with spherical
symmetry and large initial data for the general case y > 1, based on our earlier results
in [8]. To establish the existence of global entropy solutions to (1.3) with initial data:

(,O,m)|[:0 = (pOamO)v (14)
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we develop a method of vanishing viscosity and related estimate techniques for viscos-
ity approximate solutions, and establish the convergence of the viscosity approximate
solutions to a global finite-energy entropy solution. To achieve this, we first construct
global smooth solutions of appropriate initial-boundary value problems for the Euler
equations with designed viscosity terms, approximate pressure function, and boundary
conditions, and then we establish the strong convergence of the viscosity approximate
solutions to an entropy solution of the Euler equations (1.3), which is equivalent to (1.1)
via relation (1.2). For simplicity of presentation, we focus our analysis on the physical
region 1 < y < 3 throughout the paper, though the convergence argument also works
forally > 1.

The viscosity terms and approximate pressure function are designed to approximate
the Euler equations are as follows:

[ Pr+my + n,;lm = 8()0rr + nT_lpr) = Sr—(n—l)(rn—lpr)r’ (15)

i (2 o), + P = e, 4 25) = (00 )

rop r’

where
ps(p) = kp? +8p%, 8 =28(e) > 0,

with ¢ € (0, 1] and §(¢) — 0 as ¢ — 0 in an appropriate order. Notice that the positive
term 8p2 is added into p;s(p) to avoid the possibility of formation of cavitation of the
solutions to the viscous system (1.5). For shallow water flow, y = 2, so that the term
8p? can be dropped.

We consider (1.5) on a cylinder Q¢ = R; x (a, b), with R, = [0, 00), a ;= a(e) €
0,1),b:=b(e) > 1,and

giir})a(e) =0, giir%)b(e) = 00,
with the boundary conditions:
(orsm)|,_, = 0.0, (p,m)lr=p = (5,0)  fort >0 (16)
for some p := p(e) > 0, and with appropriate approximate initial functions:
(p, m)|i=0 = (pg. my)(r)  for a <r <b, (1.7)

satisfying the conditions in Theorem 1.1 below.

A pair of mappings (17, ¢) : Ry x R — R? is called an entropy-entropy flux pair (or
entropy pair, for short) of system (1.3) if the pair satisfies the 2 x 2 linear hyperbolic
system:

m
Vq(U)=Vn(U)V(m72+p(p)), (1.8)

where V = (0,, 9;,) is the gradient with respect to U = (p, m) from now on. Further-
more, n(p, m) is called a weak entropy if

n‘p:() =0. (1.9)
u=m/p fixed

An entropy pair is said to be convex if the Hessian V21 (p, m) is nonnegative in the
region under consideration.
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For example, the mechanical energy n*(p, m) (a sum of the kinetic and internal
energy) and the mechanical energy flux ¢*(p, m):

Lm?  kp? 1m

n*(p,m) = -—+ q*(p,m) =

b +Ky
2p y-—1

3
5? y —1

mp? !, (1.10)

form a special entropy pair of system (1.3), and n*(p, m) is convex in the region p > 0.
Any weak entropy pair for the Euler system (1.3) can be expressed by

nv(eom = [ W o = 7 ds, (11
Gy (p,m) = p/oo E oo’ syw(Z + 91 — 21 ds, (1.12)
o P P

with A =

2(3)/__’/1) and the generating function ¥ (s).

Theorem 1.1. Assume that (po, mo) € L} (R,)2, with py > 0, is of finite energy:

loc
2 14
(20 4 E0 y,n-t ¢ LR, (1.13)
200 y—1

Let (8, 5) = (8(¢), p(e)) € (0, ) x (0, 1) with lime—0(8, ) = (0, 0) satisfy
prb" + gb” <M, (1.14)

forsome M < oo independent of ¢ € (0, 1]. If (p, m() is a sequence of smooth functions
with the following properties:

@) py > 0;
(i) (pf, mg) satisfies (1.6) and

(r"~tmg), |,—, =0, (1.15)

and, atr = b,

—(=1) (n— (mf)?
mhy =6 o) (T ), = er (i)

0
(1.16)
(iii) (o5, my) — (po, mo) a.e. r € Ry as ¢ — 0, where we understand (p(j, my) as the
zero extension of (,00, mo) outside (a, b);

ey
(@iv) f ((mo) K)(,pf)l ) =gy - fo (2";((’) + ;p‘)l) "~Llirase — 0,

then, for each fixed ¢ > 0, there is a unique global classical solution (p, m®)(t, r) of
(1.5)~(1.7) with initial data (pg, mg) so that there exists a subsequence (still labeled
(pf, m®)) that converges a.e. (t,r) € Ri =Ry xRy and in L (R ) X (]R ),

pell,y+1),q €[l 3(;/:31)), as ¢ — 0, to a global finite-energy entropy solution

(p, m) of the Euler equations (1.3) with initial condition (1.7) in the following sense:

l oc l oc
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(i) For any ¢ € C§°(R2) with ¢, (t,0) = 0,

o0
/ (pga, + mgor) P"ldrdr + / 00N @0, r)r*ldr = 0;
0

R}
(i) For all ¢ € CS°(R2), with ¢(t, 0) = ¢ (t,0) = 0,

2 o0
m n—1
/IRZ (m¢t+7<pr+p(p)(¢r+ . ) r”_ldrdt+/0 mo(r)e0, r) r"tdr = 0;

(iii) Fora.e.tp > 11 > 0,
o0 o0
/ n*(p’m)(t%r)rn_ldrf/ n*(p, m)(ty, r) r"tdr
0 0

= / n*(po, mo)(r) r"~'dr; (1.17)
0

(iv) For any convex function  (s) with subquadratic growth at infinity and any entropy
pair (Ny, qy ) defined in (1.11)-(1.12),

2
_ _ _ m
™D+ (@yr™™ D + (n — D" z(mnw,p+7nw,m—qw) <0 (1.18)

in the sense of distributions.

Remark 1.1. Theorem 1.1 indicates that there is no concentration formed in the vanishing
viscosity limit of the viscosity approximate solutions to the global entropy solution of the
compressible Euler equations (1.3) with initial condition (1.7), which is of finite-energy
with monotonic decreasing in time (1.17) and obeys the entropy inequality (1.18).

Remark 1.2. To achieve (1.14), it suffices to choose 8 = ¢b %1 and p = b—*2 for any
ki > nand ky > %

2. Global Existence of a Unique Classical Solution of the Approximate Euler
Equations with Artificial Viscosity

The equations in (1.5) form a quasilinear parabolic system for (p, m). In this section,
we show the existence of a unique smooth solution (p, m), equivalently (p, u) with
u = %, and make some estimates of the solution whose bounds may depend on the

parameter ¢ € (0, 1] (exceptthe energy bound Eq below). For 8 € (0, 1),letC 2B ([a, b])

and C2+/3’1+%(QT) be the usual Holder and parabolic Holder spaces, where Qr =
[0, T] x (a, b) (cf. [15]). For simplicity, we will drop the e-dependence of the involved
functions in this section.

Theorem 2.1. Let (pg, mo) € (C**8([a, b]))? withinf,<,<p po(r) > 0 and satisfy (1.6)
and (1.15)—(1.16). Then there exists a unique global solution (p, m) of problem (1.5)—
(1.7) for y € (1, 3] such that

(p.m) € (CTF5(0r)? with inf  p(t,r) >0 forall T > 0.
(t,r)eQr
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The nonlinear terms in (1.5) have singularities when p = 0 or |m| = oo. To es-
tablish Theorem 2.1, we derive a priori estimates for a generic solution in C 2.1 (0r)
with || (p, %, %)”LOC(QT) < 00, showing by this that the solution takes values in a re-
gion (determined a priori) away from the singularities. With the a priori estimates, the
existence of the solution can be derived from the general theory of the quasilinear par-
abolic systems, by a suitable linearization techniques; see Section 5 and Theorem 7.1 in
Ladyzhenskaja—Solonnikov—Uraltseva [15].

The a priori estimates are obtained by the following arguments: First we derive the
estimates based on the balance of total energy. Then, in Lemma 2.2, we use the maximum
principle for the Riemann invariants and the total energy estimates to show that the L°°-
norm of u = % depends linearly on the L>-norm of p~1/2_ This is in turn used in
Lemma 2.3 to close the higher energy estimates for (p,, m,). With that, we obtain the a
priori upper bound p in L* and, by using Lemma 2.2 again, the a priori bounds of the
L*-norms of m and u. Finally, to show the positive lower bound for p, we obtain an
estimate on fot (2, )| L dt.

We proceed now with the derivation of the a priori estimates. Let (p, m), with p > 0,
be a C>1(Q7) solution of (1.5)—(1.7) with (1.15)—(1.16).

2.1. Energy estimate. As usual, we denote by

2 3

x_ M _m ’
ns = 2 +hs(p), q5 = 22 +mhg(p), 2.1)

as the mechanical energy pair of system (1.5) with ¢ = 0, where hs(p) := pes(p) for
the internal energy es(p) := i pi—?) ds.
Note that (p, 0) is the only constant equilibrium state of the system. For the mechan-
ical energy pair (13, g5) in (2.1), we denote
i3 (p, m) = n5(p,m) —n3(p, 0) — (15),(p, 0)(p — p), 22

as the total energy relative to the constant equilibrium state (p, 0).

Proposition 2.1. Let

b
Ey = sup/ 15 (oo (1), mﬁ(r))r”fldr < 00.
a

>0

Then, for the viscosity approximate solution (p, m) = (p, pu) determined by Theorem
2.1 for each fixed ¢ > 0, we have

b
1 - - —
sup / (3P0 +hs(p, p))r"~"dr
te[0,T]/a

2
ou _
+g/ (k5 @)1or P+ plur P+ (0 = DE5) " ldrdr < Eo. - 23)
or

where

_ —1
hs(p, p) = hs(p) — hs(p) — h5(p)(p — p) = c1p(p” — p)?, 9=VT, (2.4)

for some constant ¢ = c1(p, y) > 0. Furthermore, for any t € [0, T], the measure of
set {p(t, ) > %,5} is less than co Eq for some ¢y = ca2(p, y) > 0.
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Proof. We multiply the first equation in (1.5) by (775) pr”_l, the second in (1.5) by
(713)mr"~!, and then add them up to obtain

@5, + (@5 = (P Om)r" 1)

-1 —1
p ) (D) — 1) (B, ) +er" (my + ——m) (),

—er" (o +
that is,
@5 D+ (@5 — 0P, 0m)r"™ ") + (n — Demn})mr" >

=e(pr" N () — 1) (5, 0)) + &™), (0)m- (2.5)

Integrating both sides of (2.5) over Q; for any t € (0, 7] and using the boundary
conditions (1.6), we have

b
/ ﬁ:}ﬁrn_ldr"'s/ ((pr’ mr)vzﬁ:;(pry mr)T+
a '

2
m—)r"_l drdt = Ej.
2012
Note that (py, mr)V2ﬁ:3k (pr,m,)isa positive quadratic form that dominates /5 (p) | o, 12
and p|u,|? so that

b 2
/ ! dr+8/ ((25 +kyp” 7)o + plus? + (n — 1)’)12) r"~ldrdr < E.
a or r

(2.6)
Estimate (2.6) also implies
b
sup / (pu* +hs(p, p))r" " dr < E.
te[0,T]Ja
The function A5 (p, p) is positive, quadratic in p — p for p near p, and grows as p™{r:2}

for large values of p. In particular, there exists ¢; = c¢1(p, y) > 0 such that (2.4) holds.
Thus, for any ¢ € [0, T'], the measure of set {p(z, ) > %,6} is less than ¢, Eg for some
c>0. O

With the basic energy estimate (2.3), we have

Lemma 2.1. There exists C = C(e, T, Eg) > O such that
T
2max{2,
/O o g5 dr < c. 2.7)

Proof. In the case that the measure of set {p(z, -) > % p} is zero, we have the uniform
upper bound % p for p(t, r). Otherwise, for r € (a, b), let rog € (a, b) be the closest to
point r such that p(t, ro) = %,5. Clearly, |[r — ro| < c(p)Ep. With such a choice of ry,
we have

107 (t.7) = p7 (2, 7o) 28)

,
[ o emnnay
:

0

=V

1

r 1 b 1
/py(t,y)y"_ldy‘z(/ py‘z(t,y)lfoy(t,y)lzyn_ldy)2
T a

0

<C

1

b 1
<c( / P72 lor e P dr) 2.9)
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Then estimate (2.6) yields

T
/0 1ot I ey df < C. (2.10)

where C stands for a generic function of the parameters: y, ¢, §, T, Ep, and p.
Repeating the argument with p2 instead of p?, we conclude (2.7). O

From now on, the constant C > 0 is a universal constant that may depend on the
parameter ¢ > 0 in Sects. 2.2-2.3, while the constant M > 0 below is another universal
constant independent of the parameter ¢ as E( from Sect. 3, though both of them may
also depend on T' > 0, Ey, and other parameters; we will also specify their dependence
whenever needed.

2.2. Maximum principle estimates. Furthermore, we have

Lemma 2.2. There exists C = C(a, T, Ey) such that, for any t € [0, T],

lull Loy < C(lluo+R(00) Lo (@b + o — R(po) | L (@.p) + | R(P) I (0,). (2.11)

where

V Ps(8)
R(,o):/op j ds.

2.12)

Proof. Consider system (1.5). The characteristic speeds of system (1.5) without artificial

viscosity terms are
M o=u—/p5(p),  ra=u+/pi(p),

and the corresponding right-eigenvectors are

=[] e[

The Riemann invariants (w, z), defined by the conditions Vw - r{ = 0and Vz-r, =0,
are given by

m m
w=—+R(p), z=——R(p),
2 o
with R defined in (2.12). They are quasi-convex:
Viwviwviw)T =0,  —vizviz(vinT >o, (2.13)
where V? is the Hessian with respect to (p, m) and VLt = (8,, —dp).

Let us multiply the first equation in (1.5) by w,(p, m), the second in (1.5) by
wy, (0, m), and add them to obtain

n—1 p
wy + A wy + " uy/ ps(p)

= - 8(;0r(w,o)r + mr(wm)r) +EeW,r +

—1 1
(nr—)g(wr — ;mwm),
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where A, is as above. Then

(n—1e

+ (o — - Jwr — Wy

= —¢&(or, mr)vzw(pr, mr)T -

—1 ,
uy/Ph(p) = (n = De.

We write
(or,my) =aVw + ,BVLw
with
Wy PrWm — MyWp
o = , =
|Vw|? p |Vw|?

Then we can further write

Wi + AW, — EWyp

—1 u
29l o2 L NT ’
= — V-wV-w(V — —(n—e—, 2.14
ef?VEwviuw(viw) uyPi(p) = (n = D5 (214)
where
—1 2
g, i De e SVuwViu (V)" + gLy,
r Vw2 [Vw|?
By setting

w(t,r) =w(t,r) —

( 1)/ H\/P(;(P(f r)u(z,r) gu(f ) H
n—

and using the quasi-convexity property (2.13) and the classical maximum principle
applied to the parabolic equation (2.14), we obtain

L>(a, h)

).

max w < max { max wp, max
(o (a,b) [0,¢]x ({a}U{b})

or
max w < Inax wo ||1‘)(l()”L Qt

{Ly—1}
+C(5,a) / Lo oG Sy ™Y, e dr.

Similarly, we have

max(—z) < max(—zo) + [[R(p)llL=(0,)
(o2} (a,b)

t
max{]y 1}
+C / (1+ 10 F 2 ) I e de.
0
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Since p > 0, it follows that

max |u| < max |wp| + max |zo| + [[R(p)] L
0; (a.b) (a.b) (@

%max{l,y—l}

t
+C@ /0 (1+ 1o iy ) lu@ Mm@ . 2.15)

By (2.7) and max{l, y — 1} < 4y, we have

T 1
> max{l,y—1}
/ lo(t, ) oo dt <C.
0

Then we conclude (2.11) from (2.15). O

2.3. Lower bound on p.

Lemma 2.3. There exists C = C(||(po, uo)llL>a,b) I (00, m0)||H1(a,b), y) such that

b
sup / (lor* + m,17) dr + / (lpre? + Impr Py drdt < C. (2.16)
t€l0,T]Ja or

Proof. We multiply the first equation in (1.5) by p,, and the second by m,, to obtain

lor 1> + m|?
—a,(’—zr) —&(1ore >+ 1mer 1P) + (011 + (mymy),
(n—1) n—1 ,
PU My

mpryr — (pu2 + ps)rmyy —

(n—1e

= —MyPrr —
(n—1e
0 Prr ( m)rmrr~

We integrate this over Q; to obtain

/” (|pr|2 + |mr|2)
a 2

n—1
= / (mrpor + mpy,) drdt + (pu® + ps)rmyr drdt
t

t

dr+e/ (o) + mpr|?) drdt
0 0

r o
,ou2 I3 m
+(n—1) (Tmrr — ;,or,orr) drdt—(n — 1)e (7)rmr, drdt. (2.17)
QT t

We now estimate the term f QT(pu2 + p)ym;, drdt first. Consider

‘/ ps(p)prmyy drdz
t

< A/ Imrr|2drdr+CA/ (23,0+Kypy_1)2|,0,|2drdr
t t

t b
<& [ i Pdrdvacs [ ((+lo@ik) [ioPar)ar @1s)
0 a

t

where A > 0 will be chosen later.
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Consider (puz)rmrr = uzprmr + 2puu,my,.. We estimate

/ |u? pymyr| drdt

t

t b
<2 |mrr|2drdr+cA/0 (el [ 1on(eraP dr)ae
t a

t b
<& [ i Pdrdeacs [ (e olis [ @l P dr)de
' 0 a

Using the uniform estimates (2.11), we obtain

_ 2 1,y—1
(T, M ooy < Nellfio,) < C(BLa. oo, w0l @) (1+ 10175 ).
(2.19)

Inserting this into the above inequality, we have

/ |u2prmrr|drdt
< A/ \myr|* drdz
t

! b
a

s€[0,7]
On the other hand, using the estimate similar to (2.8), we can write
4,7+2 b
I I < (1 +/ lpre,)Rdr)  for 1€ (0,71 (220)
a
Using (2.20) and y € (1, 3], we obtain
| wpmlaras

< A/ \myr|> drdt

+CA/ 1+ sup / lpr (s, r)| dr / ’8/(,0)|pr(r,r)|2dr)dr. 2.21)

s€[0,7]

Furthermore, we have
/ |puu,m,,|drdt < A/ |m,r|2drdr
t t

t b
+Ca /0 (e e [ ol ey dr) e
(2.22)
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Arguing as in (2.19) and (2.20), we obtain

2,
loud) @l = (14 sup JpGs, )IFER")
s€[0,7]

1+ sup / o r)|2dr) (2.23)
s€[0,7]

Inserting this into (2.22), we obtain

/ |puu,m,,|drdt

t

< A/ \mr|? drdt

+CA/ 1+ sup / |or (s, r)| dr / ,o(r,r)|u,(r,r)|2dr)dr

s€[0,1]

(2.24)
Combining (2.18), (2.21), and (2.24), we obtain

(pu® + p)ymyy drdz| < A / iy 2 drde
t

/,
t
+CA/ d>1(t) 1+ sup / |pr (s, r)| dr

s€[0,7]

where
b
10 = [ (1@lon P+ ol e, nP) dr

is an L'(0, T)—function with the norm depending on a, ¢, and Ey; see (2.3) and (2.7).
Consider now

2 2
/ pu mydrdt

r

t b
<A / iy |* drdt +Ca / ([RICPIP / (pu)(x. 1) dr)d
o 0

t
SA/ |mr,|2drd7:+CA/ (1+ sup / | or (s, r)|2dr)dt
t 0

s€l0,7]

where, in the last inequality, we have used (2.3) and (2.23). All the other terms in (2.17)
can be estimated by similar arguments. Thus, we obtain

b
sup / (10r (T, )17 +Imy(x, $)P) dr +¢ / (|orr > + Imyr ) drdz

€l0,t]1/a Oy
<8 [ (1o + ey P
o
t b
+CA/ (1+¢(r))(1+ sup / (|,0,(s,r)|2+|m,(s,r)|2)dr)dt,
0 s€[0,7]

where ® (1) = @y (1) + || p(z, -) ;227
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Choosing A small enough and using the Gronwall-type argument and Lemma 2.1,
we complete the proof. O

As a corollary, we can first bound || p|| o (g;), which follows directly from (2.16)
and (2.20), and then bound ||u ||~ (g,) from Lemma 2.2.

Lemma 2.4. There exists an a priori bound for ||(p, u)|| L (o) in terms of the parame-
ters T, Eo, |[(p0, 40)|Lo(a.p), and || (po, uo)ll g1 (a p)-

Define

|—
b

= > P <
b p

bxl'—
h

¢(p) = {

=k
.bx :01

Lemma 2.5. There exists C > 0, depending on ||¢(p0) || 11 4,5) and the other parameters
of the problem, such that

sup / b (o(t, ))dr+/ 'g' drdt < C. (2.25)
or

1€[0,T]

Proof. Indeed, multiplying the first equation in (1.5) by ¢’(p), we have

lor|?
Gt + (up)r — ey +(n — e ,03 X{p<p)}
1 1 n—1 1 1
=2( = Surip=prt——Pu( 5= 5 Mpp (5 = 53)Prkio=p)

Integrating the above equation in (z, ) and using the boundary conditions (1.6), we have

2
sup / ¢(p)dr+8(n—1)/ |p,3| drdt
te[0,T] orn{p<p} P

11 ~1 (1 1
/ 2(= — <)u, drdt| + / L pu (—2 - ~—2) drdt
ornfp<py P P ornlp<p) T PP

(n—1e 1 1
—o |5 — =) drdt
orN{p=<p} r P P

=11+ 1+ Is. (2.26)

=<

+

Integrating by parts, we have
|u|*

2
& | or|
I <2 < - > drdt +C; MY grar.
0rnlp<p} 8 Jornip<p) P 0rnip<p) P

Since p~! < ¢(p) for small p, u is bounded in L, and |{p(¢, ) < p}| is bounded
independently of 7', then the last term in the above inequality is bounded by

c(1+ /Qsz(p)drdt).

pru
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Thus, we have
u
P2 |drd
0

I < 2/
OrN{p<p}
lor]?

< A/ S drdt +Ca (1 + qb(,o)drdt). 2.27)
Ornip<p} P or

Also, by the similar arguments,
—1
I = '/ n (6_3_2) drdt
orn{p<p} T o P

&pr

Iz < C/
orn{p<p} | P
Lo |?

< A/ 3 drdt + Ca (1 + ¢ (p) drdt) . (2.29)
orn{p<p} P or

Combining the last three estimates in (2.26), choosing A > 0 sufficiently small, and
using the Gronwall-type inequality, we obtain the a priori estimate we need. O

<C (1 + ¢>(,o)drdt) , (2.28)
or
and

drdt

Then we have the following estimate:

T 1 lor? 1 12
/O Hp(l, 5 HL%!b)dt < C(l +(/QT - drds) (/QTqS(,o)drdt) )
-c (1 / |or I ;)
<c(1+( drdi)? ) . (2.30)
or

03
Lemma 2.6. There exists C > 0, depending on ||¢(p0) || 1 4.y and the other parameters
as in Lemma 2.4, such that

T
/ H(ﬂ,&,ur)(t, )H dt <C, (2.31)
o I"p’p L®(a.b)
and
c'<pit,r)<cC. (2.32)
Proof. Indeed, by the Sobolev embedding and (2.30), we have
/ Y ARA [ / et Moo~ 6 Mt dr
o W p@ ) lLean  — Jo ' '

< c/OT (/b |mrr|2dr)%(1 +(/b|‘;+3|2dr)5)dr,
a a

which is bounded by (2.16) and (2.25). The estimate for %’ is the same. The estimate

for u, follows from u, = '”7’ — ”Tf", the estimates above, and Lemma 2.4.

Now we can obtain a uniform estimate for v = %. Notice that v verifies the inequality:

.

e(n— 1))Ur e, < (Mr N (n—Du

UZ+(M_ , .

By the maximum principle, we have
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T
HéaXU < C max {||U0||L°°(a,b)v l—}}eC j() Il Qr ) (T, ) 00 0,5y dT < C max {HUO”LOO(a,b)a l_)},
T

(2.33)
by Lemma 2.4 and (2.31).

The estimates in Lemma 2.4 and (2.33) are the required a priori estimates. The proof
of Theorem 2.1 is completed.

3. Proof of Theorem 1.1

In this section, we provide a complete proof of Theorem 1.1. As indicated earlier, the
constant M is a universal constant, independent of ¢ > 0, from now on.

3.1. A priori estimates independent of e. We will need the following estimate.

Lemma3.1. Letl = 0,...,n — 1, and a1 € (a, 1]. There exists M = M(y, a1, Eg)
such that, for any T > 0,

sup /b,o(t, VY rldr < M(1+p7D"). (3.1)
1€[0,T1Jay
Proof. The proof is based on the energy estimate (2.3). Let
ép)=p" =" =y o~ p).
Using the Young inequality, we find that there exists M (y) > 0 such that
p’ < My)(Ep) +57).

Then we have

b b
/ pY rldr < M(/ ép)ridr + p7b1).
a a

1 1

Since 0 < a(e) < 1 < b(e) < o0, we have

b b
/ é(o(t, r)rldr < a™'=" sup / o, r),m(z, ) r"'dr < ay'""Ey,
aj 7€(0,t] Ja

by Proposition 2.1 for Ey, independent of ¢, which implies that, foralll =0, ...,n—1,

b
/ oV rldr < M(a{*"EO +pVb") < M(1+p"D").
a

1

Lemma 3.2. There exists M = M(T), independent of €, such that

T b b

3 . n—1 o
//,Oy dydth(1+ ) forany r € (a, b). 3.2)

0 r £
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Proof. Consider first the case y € (1, 2). We estimate

T b T
8/ / 0>y Ydydr < Me/ sup p37V (¢, ) dt
0 Jr 0 (b

T by,
5M+Ms/ / P~ Tty dydr
0 r
T rb
<M +M8/ / 0 " H"laydr
0 r
T rb
— M+M8/ / p673y(yn71)27)/(yn71)y73 dydt
0 r

e T b
<M+ —/ / oy ldydt,
2 0 r

where, in the last inequality, we have used the Jensen inequality. It follows from the
above computation that

T b
s/ / >y ldydt < M(T) forallr € (a,b),
0 r

which arrives at (3.2).
Let now y € [2, 3]. First, we notice that

1 y—1

b b v b =
sup / py"'dy < sup (/ pyr”_ldr) (/ y”_ldy)
te[0,T]Jr te[0,T] a r

n(y—1)
<Mb v <Mb"

since b > 1.
Then we argue as above:

T b
/ / p3y”_ldydt§/ sup p(t, )/ Py ldy
0 r 0 (r,b)
< M’ (1+/ / p|pr|dydr)
0 r
b oY r=2
= Mb" (1+/ / p_2p2|,oy|dydt)
0 r
1 T b
(1+—+/ / o7 (yhHT! dydt)
& 0 r

<Mb"(1+ )

< Mb"

™ | =

= M —
€
where in the last inequality, we have used the Jensen inequality with powers ﬁ and

2y —; and the energy estimate (2.3). O
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Lemma 3.3. Let K be a compact subset of (a, b). Then, for T > 0, there exists M =
M (K, T) independent of & such that

T
/ /(py+1+8,03)drdt <M. (3.3)
0 K

Proof. We divide the proof into five steps.

1. Let w(r) be a smooth positive, compactly supported function on (a, b). We multiply
the momentum equation in (1.5) by w to obtain

-1

2 n
pu-w — a(a)(mr +

(puw); + ((,ou2 + pg)a))r + m))r

= (pu2 + ps — e(m, + " m))a),. (3.4

Integrating (3.4) in r over (r, b) yields

b bn—1 5 n—1 )
(/ pua)dy) +/ ou a)dy+8a)(mr+ m) = w(pu” + ps) + f1,
r 1 r y r

(3.9
where
b
2 n—
fi= / (,ou + ps — e(my + m))a)y dy.
B
2. Multiplying (3.5) by p and using the continuity equation (1.5), we have
b n—1 n—1 4
(p puwdy) + ((pu)r + pm — e(prr + pr)) puwdy
- 1 r r r
b
—1 —1
+p/ " puza)dy + 8,0a)(m, + " m)
ro Y
= (p*u® + pps)o + pfi,
and
b b
(,0/ pU® dy) + (pu/ ouUw dy)
r t r r
n—1 b n—1
+8(— (prr+T,or) pua)dy+pa)(mr+ p m))
r

= ppsw + f2, (3.6)

where

n—1 b bn 5
fr=pfi— ——pm puwdy — p pu-wdy.
r r
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Notice that
n—1 b n
—(prr + T:Or) puwdy + pw(m, +
r

)
b n—1 b n—1 ,
— (pr ,ouwdy) — pUprw — 0 puwdy) -— P uw
r r r r r r

n—1 b
+—5 ,0/ puwdy + ,ozura) + puprw +
r r

b n—1 b
2
= - (p/ puwdy) — (p uw), — (—p/ puwdy)
r r r r

9 n—1 b
+ourw + — p/ puwdy.
r r

n—1

,ozua)

It then follows that

b b b
(,0/ ,oua)dy) +(,0u/ pua)dy) —8(,0/ pua)dy) —8(p2ua))r
r t r r r rr
(45 [ o) e
—& 0 puwdy ) +ep u,w
r , ,

= pspw + f3, (3.7
— b
where f3 = f» —S”r—21pfr puwdy.
3. We multiply (3.7) by o to obtain

b b b
(,oa)/ ,oua)dy) + (puw/ pua)dy) —a(a)(p/ ,oua)dy)r)
r t r r r r
b —1 b
2.2 n
+8(,oa)r/ pua)dy) —e(p uw), — 8( pw/ puwdy)
r r r r r

+8p2ura)2 + spzuwwr
= pspw’ + fa, (3.8)

where f4 = wf3 + puw; frb ouwdy — "r;l,ow, frb puwdy.
We integrate (3.8) over [0, T'] x [a, b] to obtain

/ (8,03 + K,Oy+l)(1)2 drdt
or

= / (,s,ozura)2 + s,ozua)a),) drdt
or

b b T
+/ (pa)/ pua)dy)‘ dr — fadrdt
0 or

8/ ,o3a)2drdt+£M (p|ur|za)2+p|u|2|wr|2) drdt
0

T or
b
+/ pa)/ puwdy)|0 dr — / fadrdt
r

<e¢ / p’w? drdt + M(suppw, T, Eo). (3.9)
or
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The last inequality follows easily from (2.3)—(2.6) and the formula for fs.
4. Claim: There exists M = M (supp w, T, Ep) such that

s/ oo’ drdt < M + Ms/ " w? drdt. (3.10)
t t
If y > 2, the claim is trivial. Let y < 8 < 3. We estimate

e / pPw’dxdt (3.11)
or

<e sup (pﬁ—wa)/ pYdrdt
supp » Qrnsuppw

<eM sup (p#7w?)
supp

<eM | PPV |(pD)wldrdt +eM | pPY wlw,|drdt
Or Oor

§sM( / o drdt + / (p"), Pw?drdt + / p2ﬁ_3yw2drdt)
OrNSuppw or or

< M(1+s / pzﬁ*”wzdrdr). (3.12)
or

If28 —3y < y +1, the estimate of the claim follows. Otherwise, since 28 —3y < 8
(note that B < 3), we can iterate (3.11) with 8 replaced by 28 — 3y and improve (3.11):

8/ oPwdrdt < M(1+8/ p4’379”a)2drdt). (3.13)
or or

If 48 — 9y is still larger than y + 1, we iterate the estimate again. In this way, we obtain
a recurrence relation 8, = 28,—1 — 3y, Bo = B < 3, and the estimate

8/ oPwdrdt < M(n)(1+€/ pﬁ""a)zdrdt).
or 0

T

Solving the recurrence relation, we obtain

Bn=2"B -3y —1).

For some n, the expression is less than y + 1 (note that § < 3). Then the expected
estimate is obtained.

5. Now returning to (3.9), we have
/ (,0”+1 + 8p2)w2drdt < M(suppw, T, Ep)
or

forall smalle > 0. O

The following lemma holds for weak entropies 1 (also cf. [13]).
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Lemma 3.4. Let n*(p, m) be the mechanical energy of system (1.3), and let (ny, qy)
be an entropy pair (1.11)—(1.12) with the generating function ¥ (s) satisfying

sup [¢" (s)| < oo.
N

Then, for any (p, m) € R% and any vector a = (a1, az),
lavna'| < My av*n*a'  for some My > 0. (3.14)

Lemma 3.5. Let K C (a, b) be compact. There exists M = M (K, T) independent of ¢
such that, for any ¢ > 0,

T
/ /(p|u|3+py+9)drdt5M(1+,5Vb"+§b").
0 JK &

Proof. We divide the proof into five steps.

1. Let (17, ¢) be an entropy pair corresponding to ¥ (s) = %s|s|. Define

(o, m) = (p, m) — Vo mi(p,0) - (p — p,m) >0,
2

~ v v, - m

4(p.m) = §(p.m) = Vipmii(p, 0) - (m, =+ p).

Note that the entropy pair (17, ¢) is defined for system (1.3) with pressure p = xp?,
rather than ps. Then (77, ¢) is still an entropy pair of (1.3).

We multiply the continuity equation in (1.5) by ﬁpr”_l, the momentum equation
(1.5) by 71,,7"~!, and then add them to obtain

2
- - _ . . m- . _
@+ (G, + (= D" 2(—q+mnp+777,"+nm(p,o>p(p>)

I n - - -
P+ 1y + =) i) = BpP) i (3.15)

1 n
=er" ((prr + .

2. It can be checked directly that, for some constant M = M(y) > 0,

- 1
Go,m) > M(p|u|3+py+") — M(p +plul*+p"), (3.16)
—g+m(@, +uny) <0, (3.17)
il < M(Jul+ %), 1ol < M(lul* + p*), (3.18)

7l < M(p+plul®+pY), pliip +uiim| < M(p+plul*+p"),  (3.19)

and, for 77, + u1,, considered as a function of (p, u),

|Gl +uiim) 1 < M (" Hul + 9>~ (57 +uiha) | < M(Ju] + 0%). (3.20)

Also see [8] for these inequalities.
Moreover, note that, at r = b,

G(p,0) = q(p,0) =co)p”*,  |im(p, 0 =c1()p’, 7,(p,0) =0, (3.21)

for some positive ¢;(y), i = 0, 1, depending only on y.
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3. We integrate equation (3.15) over (0, T') x (r, b) to find
T b
/ G(x,r)yr"tdr = c(0)p" "' T + / Gi(T, y) =710, ) y*~'dy
0 r

T b m2
+(n — 1)/ / (—cj +mi, + —ﬁm) y"fzdydt
0 r 1Y

T b
+(n— 1)/O / Y205, 0)(p(p) — p(p)) dydr

791

reb n—1 n—1 -
+ &y ((pyy+pr)np+(my+Tm)ynm) dydt
0 r

T b
+/0 / sz((ﬁm)ppy + (ﬁm)uuy)yn_l dydt
-

T b
+(n — 1)/ / 8p%iimy" 2 dydrt
0 r

=L+ - +1.
4. Now we estimate the terms in (3.22). Clearly,
L] < Mp"* b < MpYb'",

since p < 1 and b > 1 for small ¢ > 0.
Notice that |77(p, m)| < n*(p, m). It then follows that

b
1= [ i m(T o ar

b
< / n*(p(T,r), m(T,r))r" 'dr.

By the energy estimate (2.6), |I>(¢, r)| < Ep.
The term /3 is nonpositive by (3.17) and can be dropped.
Using Step 2, we have

[I4(t,r)| < M(ay, T)(l +,67’b") for any (¢,r) € [0, T] X [ay, b].
5. Consider I5. We write
_ n—1 _ -
r' 1(;Orr + T,Or)np =" llor)rnp,

_ n—1 - _ - 3 .
(A MYy iim = (" )i — (0 — D" miy,

and employ integration by parts (note that 7, (0, 0) = 7,4 (p, 0) = 0) to obtain

(3.22)

(3.23)

t b t rb
== [ [ oyt 4my )y v = 6= e [ [ ity Sdyar
0 Jr 0 Jr

t
+8/ it r)rlde
0

=J1+h+ J3.

(3.24)



792 G.-Q. G. Chen, M. Perepelitsa

Using the energy estimate (2.3) and Lemma 3.4, we have
|Ji(z, )| = MEj.
Also, using Step 2 and (3.21), we have
Imiim| < M(plul* + p¥ + pliim (5. 0)I) < M (n*(p, m) + 5 p).
It follows by the energy estimate (2.3) that

b
|/ Jrwdr| < M(suppw, T)(1 + p”b")
a

for any nonnegative smooth function @ with suppw C (a, b).
We write

Nr = Prilp +Mplm = pr(Np + Ulm) + PHmUy.

Then we consider the integral
b
/ J3 a)dr:e/ p(f;p+uﬁm)wr r"_ldrdt—(n—l)s/ p(ﬁp+uﬁm)wr"_2drdt
a or or

_8/ p(pr(ﬁp + ”ﬁm)p +ur(p + Ul )y — ﬁmur)w r"ldrdr.
Or

Noticing that ), +uij, = 1,+un,+const. and using Step 2 and estimates (2.3)—(2.6)
and (3.10), we obtain

b
1
y/ L, r)odr| <M, T, ||w||C|)+§/ (olul® + p"*)wr"drdr.
a

or

To estimate g, employing that |(7,,),] < Mp?~ |(fm)u]l < M, and the energy
estimate (2.3), we have

82 T b 52 S
|Ig] < M—/ / p>r"ldrdt < M—b" < M-b",
e Jo Jr £ &£

where we have used the result of Lemma 3.2 and g < 1 for small ¢ > 0 in the last
inequality.
The last term /7 is estimated in the similar fashion:

b 2
8 8
|/ I wdr| < M(suppw)—b" < M(suppw)-b",
a & £

since § < 1 for small ¢ > 0.

Finally, we multiply equation (3.22) by the nonnegative smooth function o, integrate
it over (a, b), and use estimate (3.16), together with the above estimates for /;, j =
1,...,7, and an appropriate choice of § to obtain

/ (/o|u|3 + py+9) wr" Vdrdr

O
1) 1

<SM(1+p7b" +-b") + 5/ (,0|u|3 + py+9) wr" ldrdr.
8 t

This completes the proof. O
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3.2. Weak entropy dissipation estimates. Leta = a(e) — 0 and b = b(g) — oco. We
choose p = p(¢) — 0 and § = (¢) — 0 such that

_yon . . .
p'b" + -b" <M  uniformly in ¢. (3.25)
I3

With this choice (p, §), the estimates in the lemmas in Sect. 3.1 are uniform in ¢ — 0.

Given a sequence of the initial data functions as in Theorem 1.1, denote (o, m®) by
the corresponding solution of the viscosity equations (1.5) on Q¢ = [0, co) x[a(¢), b(e)]
with p = p(e) as above.

Proposition 3.1. Let (1, q) be an entropy pair of system (1.3) with form (1.11)—(1.12)
for a smooth, compactly supported function yr(s) on R. Then the entropy dissipation
measures

n(p®, m®); +q(p°, m®),  are compact in Hl;cl. (3.26)

Proof. We divide the proof into seven steps.

1. Denote n® = n(p®, m%), ¢° = q(p°, m?), and m® = p°u®. We compute

1 1

(o + (),
—e(pE5)r +mEMG)r) + enf — (5p7) 11,

=I[+---+1I. (3.27)

I’l—lpug (nf)+ugnfn) +8n—

nHa = —

2. We notice that
£t )| < Mpfluf|(1+ (p5)7) < M(pf|uf|* + p° + (0°)), (3.28)

bounded in L! (0, T;L 110 (0, oo)), independent of ¢ (all of the functions are extended
by 0 outside (a, b)).

3. Next,
I = snr_2 Lo —mens) v e (L) =15, + 15, (3.29)
Since
In® —men,| < M(p° + pfluf|?),
then
,—>0 inL] (R?)ase— 0. (3.30)

On the other hand, if w is smooth and compactly supported on Ri, then

n—1,
—n°w, drdt
r

< eM(suppw)||p* ||Ly+l(suppw) ”a)”Hl(RE)'

& =¢&

/ Lyo(t, r)drdt
QS

Since ||p?|| LY+ (suppw) is bounded, independent of ¢ (see (3.3)), the above estimate
shows that
I5,— 0 inH_'(R?)ase — 0. (3.31)

loc
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4. For 135 , we use Lemma 2.1 to obtain

1151 = el(V?n (0", m*) (o}, mE), (o5, )|
< My e(V2i* (pf, m®) (pf, mE), (pf, mE)).
Combining (3.32) with Proposition 2.1 and Lemma 3.4, we conclude that
I5  is uniformly bounded in LYo, T; L}OC(O, 00)). (3.32)

5. To show that I{ — 0in Hl;; as ¢ — 0, we need the following claim, adopting
the arguments from [19].

Claim: Let K C (0, 00) be a compact subset. Then, for any 0 < A < 1 and ¢ > 0,

T
/ /e%|pf|2drdth(ﬁA%+A+s). (3.33)
0 K
In particular,

T 3
/ / £2|p¢? drdt — 0,
0 K

and

2
ent — 0 in L”(0,T; L] (0,00)) for p:=2— € (1,2).
Y

Now we prove the claim. For the simplicity of notation, we suppress superscript ¢ in
all of the functions. Define

2
&, <A,
¢(0)=1 2 P
S +A(p—A4), p=A,
so that

?"(P) = X{p<n}(p),

09/ (0) — $(p) = ©

for p < A,
B P
2

pd' () — P (p) = 5 for p > A,

where x4 (p) is the indicator function that is 1 when p € A and 0 otherwise.

Let w(r) be a nonnegative smooth, compactly supported function on (0, c0). We
compute from the continuity equation, the first equation, in (1.5):

I, 5 5 n—1
(Ppw); + (Puw), — puw, — E(p X{p<a) +9 X{p>A})0)ur +

pumin{p, A}
-
, . . (n—De
= e(¢/wp,)r — e min{p, A p, +

wmin{p, Ao, — ewlp,I* xip<a).

(3.34)
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Integrating (3.34) over (0, T) x (0, o), we obtain

T
/ / solp,* x(p<a) drdi
0
- T
= —/¢w|0 dr+/ /(bua)rdrdt
0

1T T —1
+§/ /(pzx{p<A} +6x{p>A})a)u, drdt — / /n pumin{p, A}drdt
0 0

r

r T r(n—1e
—/ /smin{p,A}a)/,o, drdt+/ /—a)min{p,A}pr drdt
0 0 r
=J1+

T (3.35)

We estimate the integrals on the right:

T
7] < M(suppa))(A2 + A/O / ,odrdt) < M(suppw, T)A; (3.36)
supp

T
REE / / (Alpulxio<ay + (A + Ap)ulx(p>ay) drdt
0 Jsuppw

T
SA/ / (p + plul*)dtdt
0 Jsuppow

< M(suppw, T)A; (3.37)
3

Ar [T A
|J3] < —/ / (p +eplu,|?) drdt < M(suppw, T)—~; (3.38)

Ve o Jsuppw NG

T
[Js] < M(suppw)A/ / (p+ plul?) drdt < M(suppw, T)A; (3.39)
0 Jsuppw

| /51

IA

T T
14 r=2
~/5A2/ Vep? Iprldrdt+8/ / Plpr X(p<aye drdt
0 Jsuppw 0 Jsuppw

IA

e [T, o ’ 2o y
_/ " 1o wdrdt+28/ / P drdt + /e A M(suppw, T)
4 Jo 0 Jsuppow w

IA

T
Z/ /I,or|2a)drdt+8M(suppa), T)
0

+VEAT M(suppw, T). (3.40)

Moreover, Jg is estimated in the same way as Js5. Thus, estimate (3.33) is proved.
Now we prove the second part of the claim.
Notice that

el < M(1orInp +unml + plurl) < M(10,1(1+ p%) + pluy ). (3.41)



796 G.-Q. G. Chen, M. Perepelitsa

Let g € (1, 2) be chosen later on. Compute

T T T
/ /£q|nr|qdrdt§M/ /8q|pr|qdrdt+/ /eq||pr|p0+p|ur||qdrdt
0 K 0 K 0 K

M T
§A+—/ /82q|pr|2drdt
Ao Jk

T oy !
+M/ / et (10" pr17 + |p2ur|®) drd
0 K

M (T 3 2
<A+ — e2|py|-drdt
A Jo Jk

T
9
+ s‘I*‘M/ / (e(0? 2o 1> + pluy|®) + ep?7) drdt
0 K

M ' 1o, 2 g-1

<A+ e2|p P drdt +£97C(T, K), (3.42)
Ao Jk

provided that ﬁ = y + 1, which holds if and only if ¢ = 2 — % Combining this

with estimate (3.33), we arrive at the conclusion of the claim.

6. Consider the last term /5. This term is bounded in LY, T : L' (0,00)).Indeed,

I
for a compact set K C (0, 00), using the energy estimates (2.3) an0c,1: Lemma 3.2, we

obtain
T T
/ /|I5|drdt§M,/,/ /8p|pr|drdt
0 K 0 K
52 T
< M®, K)(1+—/ /p“*ydrdz)
& Jo JK

§2 82 (T
<M K16+ % [ [ parar)

< My, K)(l + § + i—zb").

From the choice of §, the term on the right is uniformly bounded in ¢.

7. Combining Steps 1-6, we conclude
n(p®, m) +q(p*,m*), = f* +g°, (3.43)

where f¢ is bounded in L' (0, T; L}, (0, 00)) and g° — 0 in lecl’q (R2) for some

loc

q € (1,2). This implies that, for 1 < g1 < 2,
n(p®, m®); +q(p®, m®), are confined in a compact subset of Wl;cl,’ql i (3.44)

On the other hand, using formulas (1.11)—(1.12) and the estimates in Proposition 2.1
and Lemma 3.5, we obtain that, for any smooth, compactly supported function v (s) on
Rs
R,

n(p®,m®), q(p°,m*)  are uniformly bounded in L{>_
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forgp = y +1 > 2 when y > 1. This implies that, for some ¢2 > 2,

n(pt, m); +q(p°, m*),  are uniformly bounded in Wl;j’qz. (3.45)

The interpolation compactness theorem (cf. [3,11,12]) indicates that, for g1 > 1,
g2 € (q1,00], and qo € [q1, q2),

(compact set of Wl;CI"“ (R2)) N (bounded set of Wl;Cl’qz (R2))
C (compact set of Wl;cl, 90(R2)),

which is a generalization of Murat’s lemma in [23,26]. Combining this interpolation
compactness theorem for 1 < g1 < 2,92 > 2, and gg = 2 with the facts in (3.44)—
(3.45), we conclude the result.

3.3. Strong convergence and the entropy inequality. The a priori estimates and compact-
ness properties obtained in Sects. 3.1-3.2 imply that the viscous solutions satisfy the
compensated compactness framework in Chen—Perepelitsa [8]. Then the compactness
theorem established in [8] for the case y > 1 (also see LeFloch—Westdickenberg [18])
yields that

(p*,mf) — (p,m) ae(t,r)eRZ inL] (RI) x L] (R?)

loc

forpe[l,y+1)andqg € [1, 3(;’:31) ). This requires the uniform bounds (3.3)—(3.5) and
the estimate:

q 2q
Iml? = p3[ulfp3 < plul® +p¥*!

_ 3+
for q = W
From the same estimates, we also obtain the convergence of the energy as ¢ — O:
(0, m?) = n*(p,m) i L} (R2).

Since the energy n*(p, m) is a convex function, by passing to the limit in (2.6), we obtain

n [e)e] 00
/ / T (o, m)(t,r)r"drdt < (1~ 12) / n*(po. mo)(r) r"~dr,
n 0 0

which implies that, for a.e. r > 0,

/ n*(p,m)(t,r)r"tdr < / Oon*(Po,mo)(r)r"_ldr- (3.46)
0

+

This implies that there is no concentration formed in the density p at the origin r = 0.
Furthermore, we multiply both sides of (2.5) by a smooth function ¢(¢) € C& Ry)

with ¢ (0) = 0, integrate it over R2, and pass to the limit & — 0 to obtain
/ n*(p, m)¢'(t)drdt > 0,
R}

which, together with (3.46), concludes (1.17).
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Finally, the energy estimates (2.3)—(2.6) and the estimates in Lemmas 3.3-3.5 imply
the equi-integrability of a sequence of

(m°)?
Mys qy> M 3pny, T&nnfw Ty

for any v/ (s) that is convex with subquadratic growth at infinity: limg_, » '1/’3(25 I —o.
Passing to the limit in (3.27) multiplied by r" and integrated against a smooth com-
pactly function supported on (0, co) x (0, co0), we obtain (1.18).

3.4. Limit in the equations. Let ¢(t, r) be a smooth, compactly supported function on
[0, 00) x [0, b(¢)), with ¢, (¢, ) = 0 for all r close to 0. Assume that the viscosity solu-
tions (p?, m®) are extended by 0 outside of [a(e), b(e)]. Multiplying the first equation
in (1.5) by "~ !¢ and then integrating it over R2, we have

n—1

r

/R2 (png +m®o, +ep® (@ + qor)) r"ldrdt

e

+/ o5 (@, r)r"ldr = 0.
R,

Note that, by the energy inequality, fol (p°)Y r"~'dr is bounded, independent of &, which
implies that there is no concentration of mass at r = 0.
Passing to the limit in the above equation, we deduce

/2 (p(p, + mgpr) P ldrdt + / 0o (0, r) " ldr =0,
R:

+ R,

which can be extended to hold for any smooth, compactly supported function ¢(¢, ) on
[0, 00) x [0, 00), with ¢, (¢, 0) = 0.

Consider now the momentum equation in (1.3). Let ¢(z, r) be a smooth, compactly
supported function on [0, 00) x (a(g), b(e)). Multiplying the first equation in (1.5) and
then integrating it over Ri, we obtain

& (m8)2 & n & n—1
- (m ot — et (e er+ ——¢) +em wrr) P ldrdt
2

+/ mé ()0, r)r"tdr = 0.
R.

Passing to the limit, we find

m? n—1
/R i (m¢t+7¢r+p(p)(wr+ - w))r"‘ldrdw / mo(r)g(0, r) r"~'dr = 0.

Ry

Note that the term containing 5p? converges to zero by Lemma 3.2 since § = 8(g) —
Oase — 0.

This equation can be extended for any smooth compactly supported function ¢(z, r)
on [0, 00) x[0, co) with¢(z, 0) = ¢, (z, 0) = 0, since (”%+,07’)(t, -l e L}OC([O, o0) X
[0, 00)).
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