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Abstract: The local well-posedness for the Cauchy problem of a system of semirela-
tivistic equations in one space dimension is shown in the Sobolev space Hs of order
s ≥ 0. We apply the standard contraction mapping theorem by using Bourgain type
spaces Xs,b. We also use an auxiliary space for the solution in L2 = H0. We give the
global well-posedness by this conservation law and the argument of the persistence of
regularity.

1. Introduction

We study the local and global well-posedness of the following Cauchy problem for a
system of semirelativistic equations

⎧
⎪⎨

⎪⎩

i∂t u +
√
m2 − Δ u = λuv,

i∂tv − √
M2 − Δ v = μu2,

(u(0), v(0)) = (u0, v0),

(1.1)

where u, v are complex-valued functions of (t, x) ∈ R × R, ∂t = ∂/∂t , m, M ∈ R,
λ,μ ∈ C, Δ = ∂2x = (∂/∂x)2 is the Laplacian in R, and u is the complex conjugate
of u. Such a semirelativistic equation is regarded as a model of relativistic quantum
mechanics. The system (1.1) is a model of a couple of relativistic quantum particles
with a quadratic interaction. We recall that semirelativistic equations with Hartree type
nonlinearity are regarded as models of Boson stars, see [4,6,13] and the references
therein.

There are some papers with regard to the single equation case of (1.1). Borgna
and Rial studied the Cauchy problem for a single semirelativistic equation with cubic
nonlinearity in [1] and they proved the existence of local solutions in Hs with s > 1/2,
where Hs = (1 − Δ)−s/2L2(R) is the usual Sobolev space. The method of proof
depends essentially on the uniform control Hs ↪→ L∞, that is just Sobolev embedding.
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Krieger, Lenzmann, and Raphaël studied the same problem in the massless case in
[12, Appendix D] and they proved the existence of local solutions in H1/2 by using
compactness and Vladimirov type arguments [15,16,19]. We remark that the Sobolev
embedding H1/2 ↪→ L∞ fails.

In this paper, we study to what extent the Cauchy problem for a semirelativistic
equation with power-type nonlinearity is well-posed in Sobolev spaces of low order, by
which the uniform control breaks down. We study (1.1) as the Cauchy problem with a
quadratic nonlinearity, one of the simplest power-type nonlinearity.We add a remark that
Strichartz type estimates are not sufficient for a contraction argument for Cauchy prob-
lems for semirelativistic equations with power-type nonlinearity with positive exponent
unless the uniform control by Hs norm is available. The situation in which the Strichartz
type estimates are not sufficient to study the well-posedness for a Cauchy problem with
respect to the regularity threshold happens in the case of nonlinear Dirac equations in
one space dimension [3,14]. To our knowledge, the well-posedness of Cauchy problems
for semirelativistic equations with power-type nonlinearity with positive exponent have
not been studied unless the uniform control by Hs norm is available, where Hs is not
the corresponding energy space. We also remark that neither can we apply the Delgado–
Candy trick which is the special technique for the Dirac equation in one dimension in
which the solution is divided into a free solution part and uniform bounded part. This
technique depends on the algebraic structure of the Dirac equation which the semirela-
tivistic equation does not have. We refer to [2,14] for the details of the Delgado–Candy
trick. Whereas, in the case where m = M = 0, the equations of (1.1) have space-time
dilation invariance under the scaling

uρ(t, x) = ρu(ρt, ρx), vρ(t, x) = ρv(ρt, ρx)

for ρ ≥ 0. Then, Ḣ−1/2 × Ḣ−1/2 norm is scaling invariant. We say H−1/2 × H−1/2 is
critical in the sense of dilation. It is well-known that the Cauchy problems for evolution
equations are expected to be well-posed in Sobolev spaces above the scaling-critical
regularity. So we expect the well-posedness of (1.1) can hold in Sobolev spaces with
lower regularity than the H1/2 previously studied.

We apply the Bourgain method to study (1.1) in Hs with s ≤ 1/2. This method does
not use the Strichartz type estimate. This method also has been applied to the Dirac
equation and the Dirac–Klein–Gordon equation in those cases [5,7,18].

Our results are the following.

Theorem 1. Let s ≥ 0 and let (u0, v0) ∈ Hs × Hs. Then there exists T > 0 and a
unique pair of solutions (u, v) ∈ C([0, T ), Hs ×Hs) to (1.1). For this pair of solutions,
we define the maximal existence time of solutions T (s) as

T (s) = T (u0, v0, s) = sup
{
T > 0 ; sup

0<t<T

(‖u(t)‖Hs + ‖v(t)‖Hs
)

< ∞
}
. (1.2)

Then T (s) = T (0).

Remark 1. The definition of the maximal existence time (1.2) makes sense because of
the blow-up alternative argument. For any pair of initial data (u0, v0) ∈ Hs × Hs , it is
obvious T (s) ≤ T (0). Theorem 1 implies the persistence of regularity T (s) ≥ T (0).

Theorem 2. Let λ and μ satisfy λ = cμ with some constant c > 0. Let s ≥ 0. Then
the solutions of Theorem 1 extend globally and satisfy (u, v) ∈ C(R; Hs × Hs) ∩
L∞(R; L2 × L2).
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We prove Theorem 1 by a contraction argument based on the Bourgain norm in Xs,b.
We also use the auxiliary norm in Y s defined below especially for the case s = 0. We
give a bilinear estimate by means of those norms, which is applied to the arguments
of the well-posedness and the persistence of regularity T (s) = T (0). Particularly, we
prove that the Hs norms of the solutions never blow up before L2 norms may blow up.

The widest space L2 × L2 in which the well-posedness of the Cauchy problem (1.1)
is guaranteed in Theorem 1 is far from the critical space in the sense of dilation. It is
not clear whether it is optimal. We provide a counterexample for the bilinear estimate
in Proposition 3 in Appendix B to show the condition s ≥ 0 of Theorem 1 is necessary
in the method based only on the Bourgain method at least.

The system (1.1) is also regarded as a semirelativistic approximation of the
Schrödinger system

{
i∂t u + σ1

2mΔu = λuv,

i∂tv + σ2
2M Δv = μu2,

(1.3)

where σ j ∈ {−1, 1}. We refer the reader to [8–11] for recent results on the Cauchy
problem for (1.3). In the case of the Cauchy problem in L2 × L2 for (1.3), the signs of
σ1, σ2 are not essential [10]. On the other hand, in this paper the combination (σ1, σ2) =
(1,−1) or (−1, 1) is essential in (1.1) in connection with the quadratic interactions on
the right hand sides as far as one tries to apply the Bourgain method in L2×L2. For other
cases, see Remark 4. We also observe that it seems difficult to close our contraction map
by using only Xs,b norms in the case s = 0. In Appendix B, we prove the fact that the
bilinear estimate with X0,b norms fails. If s > 0, we give a simpler proof which ensures
the contraction argument depending exclusively on Xs,b norms.

Under the constraint λ = cμ, we have the following conservation law of charge,
namely, the conservation law of the L2 norm;

‖u(t)‖2L2 + c‖v(t)‖2L2 = ‖u0‖2L2 + c‖v0‖2L2 (1.4)

for any t ∈ R. Equation (1.4) can be shown by an approximation argument. Then we
have the global existence of the solutions in L2, and also Hs, s > 0, since T (s) = T (0)
in Theorem 1. Also we can show (1.4) by the argument by one of us [17], which need
not take smooth approximation of solutions. In Appendix A, we give the proof of the
charge conservation law with weak solutions guaranteed in X0,1/2

− × X0,1/2
+ .

We introduce some notation to be used below. For a function u of two variables (time
and space), Fx [u] denotes the Fourier transform in space variable x and ũ denotes the
Fourier transform in space-time variables. We also write f̂ for the Fourier transform of
a one-variable function f . For m, t ∈ R, Um(t) = exp[−i t

√
m2 − Δ] denotes the free

propagator for the semirelativistic equation

i∂tv −
√
m2 − Δv = 0.

For s ∈ R, Ḣ s = (−Δ)−s/2L2(R) is the homogeneous Sobolev space of order s. For
a, b ∈ R, a ∨ b and a ∧ b are the maximal and minimum, respectively. For two normed
spaces X and Y , we define a norm ‖ · ‖X∩Y as

‖a‖X∩Y = ‖a‖X ∨ ‖a‖Y .
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For m, a, b ∈ R, T0 ∈ R, and T > 0, we define Bourgain norms

‖u‖Xs,b
m,±

=
∥
∥
∥〈ξ 〉s〈τ ±

√
m2 + ξ2〉bũ(τ, ξ)

∥
∥
∥
L2

τ L
2
ξ

,

‖u‖Xs,b
m,±[T0,T0+T ] = inf

{
∥
∥u′∥∥

Xs,b
m,±

; u
′(t, x) = u(t, x) on [T0, T0 + T ] × R,

supp u′ ⊂ [T0 − 2T, T0 + 2T ] × R

}

,

where 〈x〉 = 1 + |x |, and auxiliary norms

‖u‖Y s
m,± =

∥
∥
∥〈ξ 〉s〈τ ±

√
m2 + ξ2〉−1ũ

∥
∥
∥
L2

ξ L
1
τ

,

‖u‖Y s
m,±[T0,T0+T ] = inf

{
∥
∥u′∥∥

Y s
m,±

; u
′(t, x) = u(t, x) on [T0, T0 + T ] × R,

supp u′ ⊂ [T0 − 2T, T0 + 2T ] × R

}

.

We note ‖u‖Xs,b
m,±

= ‖u‖Xs,b
m,∓

and ‖u‖Y s
m,± = ‖u‖Y s

m,∓ for any s, b,m ∈ R. In addition,

we abbreviate these spaces as : Xs,b
± = Xs,b

0,±, Y s± = Y s
0,±. In our proof, the following

space is basic for the pair of solutions (u, v);

X s,b[T0, T0 + T ] = Xs,b
− [T0, T0 + T ] × Xs,b

+ [T0, T0 + T ].

We use X s,b[T0, T0 + T ] for the proof of Theorem 1.
Let ψ be a cut off function, namely, a smooth function with 0 ≤ ψ ≤ 1, ψ(t) = 1 if

|t | ≤ 1 and ψ(t) = 0 if |t | ≥ 2. For T > 0, ψT (t) = ψ(T−1t).

Remark 2. For s, b ≥ 0 , T > 0 and m, T0 ∈ R, function space Xs,b
m,±[T0, T0 + T ] is a

quotient of a closed linear subspace of a weighted L2(R2) by another closed subspace.
Since, for s, b ≥ 0, functions whose support is restricted on a closed subset of R × R

compose a closed linear subspace on Xs,b
m,±[T0, T0 + T ] because L2(R2) is continuously

embedded into them. Then ‖ · ‖Xs,b
m,±[T0,T0+T ] is a quotient norm and Xs,b

m,±[T0, T0 + T ] is
a Banach space as long as for s, b ≥ 0. However, we use the notation of ‖·‖Xs,b

m,±[T0,T0+T ]
even if b < 0. We also use the notation ‖ · ‖Y s

m,±[T0,T0+T ], even when ‖ · ‖Y s
m,±[T0,T0+T ] is

only a semi-norm.

We give a brief outline of the remainder of this article. We prepare the linear and
bilinear estimates in Sects. 2 and 3, respectively. We give the proof of Theorem 1 in
Sect. 4. We describe the direct proof of the L2 conservation law (1.4) in Appendix A.
We give a simpler proof of the local existence in the case s > 0 and we show that the
bilinear estimate fails with s = 0 in Appendix B.

2. Linear Estimates

Here we collect some basic estimates. We consider the scalar equations

i∂t u ∓
√
m2 − Δu = f (u), (2.1)
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where u and f are complex-valued functions. The Cauchy problem for (2.1) with initial
data u(0, ·) = u0 is rewritten in the form of the integral equations

u(t) = Um(±t)u0 − i
∫ t

0
Um(±(t − t ′)) f (u(t ′))dt ′.

To state the proof of our theorems, the following basic estimates are necessary. From
now on, the letter ψ is used exclusively for the cut-off function determined in the intro-
duction.

Lemma 1 [7, (2.19)]. Let m ∈ R. For any s, b ≥ 0 and u0 ∈ Hs,

‖ψ(t)Um(±t)u0‖Xs,b
m,±

= ‖ψ‖Hb‖u0‖Hs . (2.2)

In addition, for any 0 < T < 1,

‖ψT (t)Um(±t)u0‖Xs,1/2
m,±

� ‖u0‖Hs . (2.3)

Proof. The equality (2.2) is easily seen. The estimate (2.3) follows form scaling invari-
ance of Ḣ1/2. ��
Proposition 1 [7, Lemma 2.1]. Let m ∈ R, 0 < T ≤ 1 and let s ≥ 0. Then

∥
∥
∥
∥ψT (t)

∫ t

0
Um(±(t − t ′))F(t ′) dt ′

∥
∥
∥
∥
Xs,1/2
m,±

� ‖F‖
Xs,−1/2
m,± ∩Y s

m,±
, (2.4)

for F ∈ Xs,−1/2
m,± ∩Y s

m,±. In addition, let δ ≥ 0 and b satisfy −1/2 < b− 1+ δ ≤ 0 ≤ b.
Then

∥
∥
∥
∥ψT (t)

∫ t

0
Um(±(t − t ′))F(t ′) dt ′

∥
∥
∥
∥
Xs,b
m,±

� T δ‖F‖Xs,b−1+δ
m,±

(2.5)

for F ∈ Xs,b−1+δ
m,± .

Lemma 2 [7, Lemma 2.2]. Let m ∈ R. If F ∈ Y s
m,±, then

∫ ·
0 Um(· − t ′)F(t ′)dt ′ ∈

C(R; Hs) and it satisfies the estimate
∥
∥
∥
∥

∫ ·

0
Um(±(· − t ′))F(t ′)dt ′

∥
∥
∥
∥
C(R;Hs )

� ‖F‖Y s
m,± .

To extract a positive power of T , we use the following lemma.

Lemma 3 [7, Lemma 3.1]. Let s ∈ R, 0 ≤ b < b′, T > 0 and let f ∈ Xs,b′
± satisfy

supp f ⊂ [−T, T ] × R. Then

‖ f ‖Xs,b
±

� T γ (b′,b)‖ f ‖
Xs,b′

±
, (2.6)

where

γ (b′, b) =

⎧
⎪⎨

⎪⎩

b′ − b if b′ < 1/2,
(1 − ε)(b′ − b) if b′ = 1/2,
1/2 − b/2b′ if b′ > 1/2

with ε > 0 sufficiently small.
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3. Bilinear and Trilinear Estimates

In this section, we derive nonlinear estimates for Xs,b
m,± and Y s

m,± by themethod proposed
in [18]. Due to the next lemma, we may put m = 0 without loss of generality.

Lemma 4. For any m, M ∈ R, Xs,b
m,± � Xs,b

M,±, Y
s
m,± � Y s

M,± with equivalent norms.

Proof. The lemma follows from the following inequalities
〈
τ ± √

m2 + ξ2
〉

〈
τ ± √

M2 + ξ2
〉 ≤ 1 +

∣
∣
∣
∣
∣

〈
τ ± √

m2 + ξ2
〉 − 〈

τ ± √
M2 + ξ2

〉

〈
τ ± √

M2 + ξ2
〉

∣
∣
∣
∣
∣

= 1 +

∣
∣|τ ± √

m2 + ξ2| − |τ ± √
M2 + ξ2|∣∣

〈τ ± √
M2 + ξ2〉

≤ 1 + |m − M |.
��

In addition, we need the following bilinear estimates for Sobolev norms.

Lemma 5. Let α, β, γ ∈ R. Then the inequality

‖uv‖H−α � ‖u‖Hβ ‖v‖Hγ

holds if and only if

α + β + γ ≥ 1

2
and α + β, β + γ, γ + α > 0,

or

α + β + γ >
1

2
and α + β, β + γ, γ + α ≥ 0.

Lemma 6. Let p ≥ 1 and let α, β, γ ≥ 0 satisfy α + β + γ > 1/p. Then there exists a
positive constant C such that the inequality

‖〈τ + δ1〉−α f ∗ g‖L p
τ

≤ C‖〈τ + δ2〉β f ‖L2
τ
‖〈τ + δ3〉γ g‖L2

τ

holds for any real numbers δ1, δ2, δ3 and any f , g such that all the norms on the right
hand side are finite.

Proof. By the Hölder and Young inequalities,

‖〈τ + δ1〉−α f ∗ g(τ )‖L p
τ

� ‖ f ∗ g‖L p(α+β+γ )/(β+γ )

� ‖〈τ + δ2〉β f (τ )‖L2
τ
‖〈τ + δ3〉γ g(τ )‖L2

τ

from which we obtain the lemma. ��
For s ≥ 0, we define λ(s) as

λ(s) =
{
0 if s < 1/2,
s − 1/2 + ε if s ≥ 1/2,

(3.1)

where ε > 0 is sufficiently small. Here we state our main nonlinear estimates.
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Proposition 2. Let s ≥ 0 and 0 ≤ ρ < 1/2. Then the inequality

‖uv‖
Xs,−1/2
+ ∩Y s

+
� ‖u‖

Xλ(s),1/2
−

‖v‖
Xs,1/2−ρ

−
+ ‖u‖

Xλ(s),1/2−ρ
−

‖v‖
Xs,1/2

−
(3.2)

holds for any u ∈ Xλ(s),1/2
− and v ∈ Xs,1/2

− .

We remark that the regularity λ(s) in the both terms of u on the right hand side
is less than the regularity s on the left hand side. Therefore, the estimate (3.2) with
s > 0 does not follow directly from (3.2) with s = 0 and the Peetre’s inequality
〈ξ 〉s′ � (〈ξ − η〉s′ + 〈η〉s′) for s′ ≥ 0. We can exchange the smoothness with regards to
the space-time variables into the smoothness with regards to the space variable by using
(3.4) from the nice combination of signs ± in (3.2). This technique is found in Lemma
5 of [18].

The symmetry inequality

‖uv‖
Xs,−1/2

− ∩Y s−
� ‖u‖

Xλ(s),1/2
+

‖v‖
Xs,1/2−ρ
+

+ ‖u‖
Xλ(s),1/2−ρ
+

‖v‖
Xs,1/2
+

holds by (3.2) with taking complex conjugate of u and v.

Proof. It is enough to show

‖uv‖
Xs,−1/2
+

� ‖u‖
Xλ(s),1/2

−
‖v‖

Xs,1/2−ρ
−

+ ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

and

‖uv‖Y s
+

� ‖u‖
Xλ(s),1/2

−
‖v‖

Xs,1/2−ρ
−

+ ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

.

Let

M(τ, ξ, σ, η) = ∣
∣τ + |ξ |∣∣ ∨ ∣

∣τ − σ − |ξ − η|∣∣ ∨ ∣
∣σ − |η|∣∣. (3.3)

Then the triangle inequality implies

|ξ | + |ξ − η| + |η| ≤ 3M(τ, ξ, σ, η). (3.4)

Also, we decompose the integral region as follows;

A1 = {
(τ, ξ, σ, η) ; M(τ, ξ, σ, η) = ∣

∣τ + |ξ |∣∣} ,

A2 = {
(τ, ξ, σ, η) ; M(τ, ξ, σ, η) = ∣

∣τ − σ − |ξ − η|∣∣} ,

A3 = {
(τ, ξ, σ, η) ; M(τ, ξ, σ, η) = ∣

∣σ − |η|∣∣} .

(a) X norm estimate with s > 0.
By the Minkowski inequality,

∥
∥
∥
∥〈ξ 〉s

∫∫

〈τ + |ξ |〉−1/2χA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

τ L
2
ξ

�
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 I1(ξ, η) dη

∥
∥
∥
∥
L2

ξ

,
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where

I1(ξ, η) =
∥
∥
∥
∥

∫ ∣
∣
∣̃u(τ − σ, ξ − η) ṽ(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2ṽ(τ, η)

∥
∥
∥
L2

τ

by Lemma 6. Since

1

2
− s + λ(s) + s ≥ 1

2
,

1

2
− s + λ(s) > 0,

and Lemma 5,
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 I1(ξ, η) dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

.

Similarly, for j = 2, 3,
∥
∥
∥
∥〈ξ 〉s

∫∫

〈τ + |ξ |〉−1/2χA j ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

τ L
2
ξ

�
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 I j (ξ, η) dη

∥
∥
∥
∥
L2

ξ

,

where

I2(ξ, η) =
∥
∥
∥
∥〈τ + |ξ |〉−1/2

∫

〈τ − σ − |ξ − η|〉1/2
∣
∣
∣̃u(τ − σ, ξ − η) ṽ(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2−ρṽ(τ, η)

∥
∥
∥
L2

τ

,

I3(ξ, η) =
∥
∥
∥
∥〈τ + |ξ |〉−1/2

∫

〈σ − |η|〉1/2
∣
∣
∣̃u(τ − σ, ξ − η) ṽ(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2ṽ(τ, η)

∥
∥
∥
L2

τ

,

by Lemma 6. Then, we obtain by Lemma 5
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 I j (ξ, η)dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
Xλ(s),1/2

−
‖v‖

Xs,1/2−ρ
−

+ ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

.

(b) X norm estimate with s = 0.

‖uv‖
X0,−1/2
+

≤
3∑

j=1

∥
∥
∥
∥

∫∫

〈M(τ, ξ, σ, η)〉−1/2χA j 〈τ + |ξ |〉−1/2〈M(τ, ξ, σ, η)〉1/2

·̃u(τ − σ, ξ − η)̃v(σ, η)dσdη

∥
∥
∥
∥
L2

τ L
2
ξ
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�
3∑

j=1

∥
∥
∥
∥

∫

〈ξ 〉−1/4〈η〉−1/4 I j (ξ, η) dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
X0,1/2

−
‖v‖

X0,1/2−ρ
−

+ ‖u‖
X0,1/2−ρ

−
‖v‖

X0,1/2
−

,

where M is defined in (3.3) and the last estimate follows from Lemmas 5 and 6.
(c) Y norm estimate with s > 0.

By the Minkowski inequality,
∥
∥
∥
∥〈ξ 〉s

∫∫

〈τ + |ξ |〉−1χA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

ξ L
1
τ

�
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 J1(ξ, η) dη

∥
∥
∥
∥
L2

ξ

,

where

J1(ξ, η) =
∥
∥
∥
∥〈τ + |ξ |〉−1/2

∫ ∣
∣
∣̃u(τ − σ, ξ − η) ṽ(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L1

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2ṽ(τ, η)

∥
∥
∥
L2

τ

by Lemma 6. Then we obtain
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 J1(ξ, η) dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

by Lemma 5. Similarly, for j = 2, 3,
∥
∥
∥
∥

∫∫

〈τ + |ξ |〉−1χA j ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

ξ L
1
τ

�
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 J j (ξ, η) dη

∥
∥
∥
∥
L2

ξ

,

where

J2(ξ, η) =
∥
∥
∥
∥〈τ + |ξ |〉−1

∫

〈τ − σ − |ξ − η|〉1/2
∣
∣
∣̃u(τ − σ, ξ − η) ṽ(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L1

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2−ρṽ(τ, η)

∥
∥
∥
L2

τ

,

J3(ξ, η) =
∥
∥
∥
∥〈τ + |ξ |〉−1

∫

〈σ − |η|〉1/2
∣
∣
∣̃u(τ − σ, ξ − η)̃v(σ, η)

∣
∣
∣ dσ

∥
∥
∥
∥
L1

τ

�
∥
∥
∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉1/2ṽ(τ, η)

∥
∥
∥
L2

τ

.

Then we obtain from Lemma 5
∥
∥
∥
∥

∫

〈ξ 〉s−1/2 J j (ξ, η) dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
Xλ(s),1/2

−
‖v‖

Xs,1/2−ρ
−

+ ‖u‖
Xλ(s),1/2−ρ

−
‖v‖

Xs,1/2
−

.
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(d) Y norm estimate with s = 0.
By Lemmas 5 and 6,

‖uv‖
X0,−1/2
+

≤
3∑

j=1

∥
∥
∥
∥

∫∫

〈M(τ, ξ, σ, η)〉−1/2χA j 〈τ + |ξ |〉−1〈M(τ, ξ, σ, η)〉1/2

· ũ(τ − σ, ξ − η)̃v(σ, η)dσdη

∥
∥
∥
∥
L2

ξ L
1
τ

�
3∑

j=1

∥
∥
∥
∥

∫

〈ξ 〉−1/4〈η〉−1/4 J j (ξ, η) dη

∥
∥
∥
∥
L2

ξ

� ‖u‖
X0,1/2

−
‖v‖

X0,1/2−ρ
−

+ ‖u‖
X0,1/2−ρ

−
‖v‖

X0,1/2
−

.

��

Corollary 1. Let s ≥ 0, 0 ≤ ρ′ < 1/2 and let T > 0. Then

‖uv‖
Xs,−1/2

± ∩Y s±
� T ρ′ ‖u‖

Xλ(s),1/2
∓

‖v‖
Xs,1/2

∓
(3.5)

for any u ∈ Xλ(s),1/2
∓ and v ∈ Xs,1/2

∓ such that supp u, supp v ⊂ [−T, T ] × R.

Proof. By Proposition 2 with ρ > ρ′ and Lemma 3 with ε > 0 such that (1− ε)ρ = ρ′,
we obtain (3.5). ��

Remark 3. Here we observe that Proposition 2 is optimal in some sense. We show the
estimates in Xs,b fail for s < 0 in Proposition 3 below. This is the reason why we
require s ≥ 0 in our Xs,b argument for the proof of Theorem 1, even though the critical
exponent in the sense of dilation is −1/2. >From the simple consideration, the Xs,b

argument requires the following bilinear estimate

‖uv‖Xs,b−1
+

� ‖u‖Xs,b
−

‖v‖Xs,b
−

with some b ∈ R since the gain of regularity with respect to time-space is at most 1 from
the point of view of Proposition 1. We shall observe this inequality in Proposition 3, and
see also Proposition 6.

Proposition 3. For any b ≥ 0 and s < 0, there exists a pair u, v ∈ Xs,b
− such that

‖uv‖Xs,b−1
+

= ∞. (3.6)

Proof. Suppose b ≥ 1/2. Let 0 < ε < −s/2 and let

ũ1(τ, ξ) = ṽ1(τ, ξ) = 〈ξ 〉−s−1/2−ε〈τ − |ξ |〉−b−1/2−ε.
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If τ > 2, τ − 1 < ξ < τ + 1, then

〈ξ 〉s〈τ + |ξ |〉b−1
∫∫

〈η〉−s−1/2−ε〈ξ − η〉−s−1/2−ε

· 〈σ − |η|〉−b−1/2−ε〈τ − σ − |ξ − η|〉−b−1/2−εdσdη

� 〈ξ 〉s〈τ 〉b−1
∫ ξ

0
〈η〉−s−1/2−ε〈ξ − η〉−s−1/2−ε〈τ − |ξ − η| − |η|〉−2b−2εdη

� 〈ξ 〉−s−1−2ε〈τ 〉b−1
∫ 2ξ/3

ξ/3
dη

� 〈τ 〉−1/2.

This implies u1v1 �∈ Xs,b−1
+ . Moreover, suppose 0 ≤ b < 1/2. Let b and δ satisfy

0 < 2ε ≤ 1/2 − b and let

ũ2(τ, ξ) = 〈ξ 〉−s−1/2−ε〈τ − |ξ |〉−b−1/2−ε,

ṽ2(τ, ξ) = 〈ξ 〉−s−1/2−ε 〈τ − |ξ |〉−b〈τ + |ξ |〉−1/2−ε.

Since for any real number a and b, 〈a + b〉 ≤ 〈a〉〈b〉, for ξ > 0,

〈ξ 〉s〈τ + |ξ |〉b−1
∫∫

〈η〉−s−1/2−ε〈ξ − η〉−s−1/2−ε〈σ − |η|〉−b−1/2−ε

· 〈τ − σ − |ξ − η|〉−b〈τ − σ + |ξ − η|〉−1/2−εdσdη

� 〈τ + |ξ |〉b−1
∫∫

〈η〉−1/2−ε〈ξ − η〉−b−1/2−ε〈σ − |η|〉−b−1/2−ε

· 〈τ − σ + |ξ − η|〉−b−1/2−εdσdη

� 〈τ + ξ 〉b−1
∫ 0

−∞
〈η〉−1/2−ε〈ξ − η〉−b−1/2−ε〈τ + ξ 〉−2b−2εdη

� 〈τ + ξ 〉−b−1−2ε〈ξ 〉−1/2 �∈ L2
ξ>0(L

2
τ ).

Therefore, u2v2 �∈ X0,b−1
+ . We complete the proof of (3.6). ��

Remark 4. The trick of exchanging smoothness above is not applicable to the bilinear
estimate Xs,b

+ Xs,b
± ↪→ Xs,b−1

+ nor Xs,b
− Xs,b

± ↪→ Xs,b−1
− . For example, the estimate

Xs,b
− Xs,b

− ↪→ Xs,b−1
− corresponds to the investigation for the Cauchy problem

⎧
⎪⎨

⎪⎩

i∂t u +
√
m2 − Δ u = λuv,

i∂tv +
√
M2 − Δ v = μu2,

(u(0), v(0)) = (u0, v0).

Indeed, for any s ≤ 1/2 and b ∈ R, let ũ± = 〈τ ± ξ 〉−b−1〈ξ 〉−s−1/2 log〈ξ 〉−3/4. Then
u± ∈ Xs,b

± and

‖u+u±‖Xs,b−1
+

= ‖u−u±‖Xs,b−1
−

= ∞.
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These estimates are calculated as follows;

‖u+u+‖
Xs,b−1
+

=
∥
∥
∥
∥〈ξ〉s〈τ + |ξ |〉b−1

∫∫

〈τ − σ + |ξ − η|〉−b−1〈σ + |η|〉−b−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη

∥
∥
∥
∥
L2L2

≥
∥
∥
∥
∥〈ξ〉s〈τ + ξ〉b−1

∫ ξ

0

∫ −η+1

−η−1
〈τ − σ + ξ − η〉−b−1〈σ + η〉−b−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη

∥
∥
∥
∥
L2

ξ≥2L
2−ξ−1≤τ≤−ξ+1

�
∥
∥
∥
∥〈ξ〉−1/2 log〈ξ〉−3/4

∫ ξ

0
〈η〉−1 log〈η〉−3/4dη

∥
∥
∥
∥
L2

ξ≥2

�
∥
∥
∥
∥〈ξ〉−1/2 log〈ξ〉−1/2

∥
∥
∥
∥
L2

ξ≥2

,

‖u+u−‖
Xs,b−1
+

=
∥
∥
∥
∥〈ξ〉s〈τ + |ξ |〉b−1

∫∫

〈τ − σ + |ξ − η|〉−b−1〈σ − |η|〉−b−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη

∥
∥
∥
∥
L2L2

≥
∥
∥
∥
∥〈ξ〉s〈τ + ξ〉b−1

∫ 0

−ξ

∫ −η+1

−η−1
〈τ − σ + ξ − η〉−1〈σ + η〉−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη

∥
∥
∥
∥
L2

ξ≥2L
2−ξ−1≤τ≤−ξ+1

�
∥
∥
∥
∥〈ξ〉−1/2 log〈ξ〉−3/4

∫ ξ

0
〈η〉−1 log〈η〉−3/4dη

∥
∥
∥
∥
L2

ξ≥2

= ∞,

and the remainders are estimated similarly.

4. Proof of Theorem 1

We separate the proof for the existence and for the persistence of regularity.

4.1. Proof of existence. Let s ≥ 0, (u0, v0) ∈ Hs × Hs and let 0 < T ≤ 1. We define
Φ : (u, v) �→ (Φ1(u, v), Φ2(u, v)) as

{
(Φ1(u, v))(t) = Um(−t)u0 − iλ

∫ t
0 Um(t ′ − t) u(t ′) v(t ′)dt ′,

(Φ2(u, v))(t) = UM (t)v0 − iμ
∫ t
0 UM (t − t ′) u(t ′)2dt ′.

(4.1)

We also define a metric space

Bs(R, [0, T ]) =
{
(u, v) ∈ X s,1/2[0, T ]; ‖(u, v)‖X s,1/2[0,T ] ≤ R

}

with metric

ds( (u1, v1), (u2, v2) ) = ‖(u1, v1) − (u2, v2)‖X s,1/2[0,T ]
= ‖u1 − u2‖Xs,1/2

− [0,T ] + ‖v1 − v2‖Xs,1/2
+ [0,T ] .
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We see (Bs(R, [0, T ]), ds) is a complete metric space for any s ≥ 0. We prove that Φ

is a contraction map on Bs(R, [0, T ]) for sufficiently large R and sufficiently small T .
Let (u, v) ∈ Bs(R, [0, T ]) and let (u′, v′) ∈ Xs,1/2

− × Xs,1/2
+ satisfy

u′ = u on [0, T ] × R, supp u′ ⊂ [−2T, 2T ] × R,

v′ = v on [0, T ] × R, supp v′ ⊂ [−2T, 2T ] × R.

Then Φ1(u, v) and Φ2(u, v) are defined on [0, T ] × R. Moreover,

ψT (t)
∫ t

0
Um(t ′ − t) u′(t ′) v′(t ′) dt ′ =

∫ t

0
Um(t ′ − t) u(t ′) v(t ′)dt ′,

ψT (t)
∫ t

0
UM (t − t ′) u′(t ′)2 dt ′ =

∫ t

0
UM (t − t ′) u(t ′)2 dt ′

on [0, T ] × R and their supports are contained in [−2T, 2T ] × R. Then,

‖Φ1(u, v)‖
Xs,1/2

− [0,T ]

≤ ‖Um(−t) u0‖Xs,1/2
− [0,T ] +

∥
∥
∥
∥λ

∫ t

0
Um(t ′ − t) u(t ′) v(t ′)dt ′

∥
∥
∥
∥
Xs,1/2

− [0,T ]
.

By Proposition 1,

‖Um(−t) u0‖Xs,1/2
− [0,T ] ≤ ‖ψT (t)Um(−t) u0‖Xs,1/2

−
� ‖u0‖Hs .

By Proposition 1 and Corollary 1, for 0 < ρ < 1/2,
∥
∥
∥
∥

∫ t

0
Um(t ′ − t) u(t ′) v(t ′) dt ′

∥
∥
∥
∥
Xs,1/2

− [0,T ]

≤ inf
u′,v′

∥
∥
∥
∥ψT (t)

∫ t

0
Um(t ′ − t) u′(t ′) v′(t ′) dt ′

∥
∥
∥
∥
Xs,1/2

−

� inf
u′,v′

∥
∥
∥u′ v′

∥
∥
∥
Xs,−1/2

− ∩Y s−
� inf

u′,v′ T
ρ
∥
∥u′∥∥

Xs,1/2
−

∥
∥v′∥∥

Xs,1/2
+

� T ρ ‖u‖
Xs,1/2

− [0,T ] ‖v‖
Xs,1/2
+ [0,T ] ≤ T ρR2

for 0 < ρ < 1/2. Similarly,

‖Φ2(u, v)‖
Xs,1/2
+ [0,T ] � ‖v0‖Hs + T ρR2.

This implies thatΦ is a map from Bs(R, [0, T ]) into itself for some R and T . Moreover,
let (u j , v j ) ∈ Bs(R, [0, T ]) for j = 1, 2 and let (u′

j , v
′
j ) ∈ Xs− × Xs

+ satisfy

u′
j = u j on [0, T ] × R, supp u′

j ⊂ [−2T, 2T ] × R,

v′
j = v j on [0, T ] × R, supp v′

j ⊂ [−2T, 2T ] × R.
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We have

‖Φ1(u1, v1) − Φ1(u2, v2)‖Xs,1/2
− [0,T ]

� inf
u′
1,u

′
2,v

′
1,v

′
2

{
∥
∥(u′

1 − u′
2) v′

1

∥
∥
Xs,−1/2

− ∩Y s−

∥
∥
∥ u′

2 (v′
1 − v′

2)

∥
∥
∥
Xs,−1/2

− ∩Y s−

}

≤ T ρ inf
u′
1−u′

2,v
′
1

{
‖v′

1‖Xs,1/2
+

∥
∥u′

1 − u′
2

∥
∥
Xs,1/2

−

}

+ T ρ inf
u′
2,v

′
1−v′

2

{
‖u′

2‖Xs,1/2
−

∥
∥v′

1 − v′
2

∥
∥
Xs,1/2
+

}

� T ρR ‖(u1, v1) − (u2, v2)‖X s,1/2[0,T ] .

Similarly,

‖Φ2(u1, v1) − Φ2(u2, v2)‖Xs,1/2
+

� T ρ inf
u′
1,u

′
2

∥
∥u′

1 + u′
2

∥
∥
Xs,1/2

−

∥
∥u′

1 − u′
2

∥
∥
Xs,1/2

−

� T ρ ‖u1 + u2‖Xs,1/2
− [0,T ] ‖u1 − u2‖Xs,1/2

− [0,T ]
� T ρR ‖(u1, u2) − (v1, v2)‖X s,1/2[0,T ] .

Therefore Φ is a contraction map on Bs(R, [0, T ]) with sufficiently small T .

4.2. Proof of persistence regularity. Let s ≥ 0 and let (u0, v0) ∈ Hs × Hs . By the
previous subsection, we have the maximal existence time T (s′) > 0 for 0 ≤ s′ ≤ s
such that there is a unique pair of local solutions (u, v) ∈ C([0, T (s′)), Hs′ × Hs′).
Since s ≥ λ(s), we have T (s) ≤ T (λ(s)), where λ(s) is as in (3.1). We show that if
T (s) < T (λ(s)), then

sup
t∈[0,T (s))

‖(u, v)(t)‖Hs×Hs < ∞, (4.2)

namely, T (s) = T (λ(s)). Let T1 = 1 ∧ T (λ(s))−T (s)
2 . For sufficiently large c, we define

R1 > 0 as follows

R1 = 2c

(

1 + sup
t∈[0,T (s)+T1]

‖(u, v)(t)‖Hλ(s)×Hλ(s)

)

< ∞.

We have 0 < T2 < T1 such that for any 0 < T0 < T (s) and any 0 < T < T2, Φ

is a contraction map on Bλ(s)(R1, [T0, T0 + T ]). Let 0 < ρ < 1/2, and let (u j , v j ) ∈
Bλ(s)(R1, [T0, T0 + T ]). Let u′

j ∈ Xs,1/2
− , u′′

j ∈ Xλ(s),1/2
− , v′

j ∈ Xs,1/2
+ , v′′

j ∈ Xλ(s),1/2
+

satisfy

u′
j = u j on [T0, T0 + T ] × R, supp u′

j ⊂ [T0 − 2T, T0 + 2T ] × R,

u′′
j = u j on [T0, T0 + T ] × R, supp u′′

j ⊂ [T0 − 2T, T0 + 2T ] × R,

v′
j = v j on [T0, T0 + T ] × R, supp v′

j ⊂ [T0 − 2T, T0 + 2T ] × R,

v′′
j = v j on [T0, T0 + T ] × R, supp v′′

j ⊂ [T0 − 2T, T0 + 2T ] × R
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for j = 1, 2. Then by Proposition 2, for 0 < ρ < 1/2,

‖Φ1(u1, v1)‖Xs,1/2
− [T0,T0+T ] ≤ ‖Um(−t)u(T0)‖Xs,1/2

− [T0,T0+T ]

+

∥
∥
∥
∥λ

∫ t

T0
Um(t ′ − t)u1(t ′) v1(t

′) dt ′
∥
∥
∥
∥
Xs,1/2

− [T0,T0+T ]
≤ c‖u(T0)‖Hs + cT ρ inf

u′′
1,v

′
1

‖u′′
1‖Xλ(s),1/2

−
‖v′

1‖Xs,1/2
+

≤ c‖u(T0)‖Hs + cT ρR1 ‖v1‖Xs,1/2
+ [T0, T0+T ] .

Similarly,

‖Φ2(u1, v1)‖Xs,1/2
+ [T0,T0+T ] ≤ ‖UM (t)v(T0)‖Xs,1/2

+ [T0,T0+T ]

+

∥
∥
∥
∥μ

∫ t

T0
UM (t − t ′)u1(t ′)2 dt ′

∥
∥
∥
∥

Xs,1/2
+ [T0,T0+T ]

≤ c‖v(T0)‖Hs + cT ρ inf
u′′
1,u

′
1

‖u′′
1‖Xλ(s),1/2

−
‖u′

1‖Xs,1/2
−

≤ c‖v(T0)‖Hs + cT ρR1‖u1‖Xs,1/2
− [T0,T0+T ].

Let

R2(T0) = 2c{1 + ‖u(T0)‖Hs + ‖v(T0)‖Hs }
and let

T3 = T2 ∧ (8cR1)
−1/ρ ∧ (T (s) − T0).

Then for 0 < T < T3, Φ is a map on

Bλ(s)(R1, [T0, T0 + T ]) ∩ Bs(R2(T0), [T0, T0 + T ]).
In addition,

‖Φ1(u1, v1) − Φ1(u2, v2)‖Xs,1/2
− [T0,T0+T ]

≤
∥
∥
∥
∥λ

∫ t

T0
Um(t ′ − t)u1(t ′)

{
v1(t

′) − v2(t
′)
}
dt ′

∥
∥
∥
∥
Xs,1/2

− [T0,T0+T ]

+

∥
∥
∥
∥λ

∫ t

T0
Um(t ′ − t)v2(t

′)
{
u1(t ′) − u2(t ′)

}
dt ′

∥
∥
∥
∥
Xs,1/2

− [T0,T0+T ]
≤ cT ρ inf

u′′
1,v

′
1−v′

2

‖u′′
1‖Xλ(s),1/2

−
‖v′

1 − v′
2‖Xs,1/2

+

+ cT ρ inf
v′′
2 ,u′

1−u′
2

‖v′′
2‖Xλ(s),1/2

+
‖u′

1 − u′
2‖Xs,1/2

−

≤ 1

4
‖(u1, v1) − (u2, v2)‖X s,1/2[T0, T0+T ] .
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Similarly,

‖Φ2(u1, v1) − Φ2(u2, v2)‖Xs,1/2
+ [T0, T0+T ]

≤ cT ρ inf
u′
1,u

′′
1,u

′
2,u

′′
2

‖u′′
1 + u′′

2‖Xλ(s),1/2
−

∥
∥u′

1 − u′
2

∥
∥
Xs,1/2

−

≤ 1

4
‖(u1, v1) − (u2, v2)‖X s,1/2[T0,T0+T ] .

Therefore Φ is a contraction map and the pair of solutions (u, v) is guaranteed in both
X λ(s),1/2[T0, T0 + T ] and X s,1/2[T0, T0 + T ]. If (T (s) − T0) < T2 ∧ (8cR1)

−1/ρ , then
T3 = T (s) − T0 and

sup
T∈[0,T (s)−T0)

‖(u, v)‖X s,1/2[T0, T0+T ] ≤ R2(T0),

which together with Proposition 2 implies

sup
T∈[0,T (s)−T0)

{
‖uv‖Y s−[T0, T0+T ] + ‖u2‖Y s

+ [T0, T0+T ]
}

≤ cR2(T0)
2.

Then by Lemma 2,

sup
t∈[T0,T (s))

‖(u, v)(t)‖Hs×Hs ≤ c2R2(T0)
2.

Thus, we obtain (4.2) and T (s) = T (λ(s)) = T (0).

Acknowledgement. The authors are grateful to the referee for important remarks and suggestions.

Appendix A: Proof of the L2 Conservation and Theorem 2

In this appendix, we prove the L2 conservation for Theorem 2.
Although we can justify a formal proof of the L2 conservation by the approximation

argument by smooth solutions, we give a different approach here. We derive the con-
servation laws without approximation. We derive it in the framework of the Bourgain
method, as we studied in the previous sections. For the Schrödinger equation, there is a
proof of the conservation laws in the framework of the Strichartz estimate [17]. To our
knowledge, the direct proof of conservation law without smooth approximation had not
been studied unless the Strichartz estimate holds. We have to justify each step of the
calculation. Especially we show the integrability of terms in the argument. We use the
following Lemma and Proposition for it.

Lemma 7. Let p and α satisfy p ≥ 1 and 0 ≤ α ≤ 1/p. Let β, γ, κ satisfy 0 ≤
β, γ, κ ≤ 1/2 and α +β +γ +κ = 1/p +1/2+ ε with ε > 0. Then there exists a positive
constant C such that the inequality

‖〈τ + δ1〉−α f ∗ g ∗ h‖L p
τ

≤ C‖〈τ + δ2〉β f ‖L2
τ
‖〈τ + δ3〉γ g‖L2

τ
‖〈τ + δ4〉κh‖L2

τ

holds for any real numbers δ1, δ2, δ3, δ4 and any f , g, h such that all the norms on the
right hand side are finite.
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Proof. By the Hölder and the Young inequalities,

‖〈τ + δ1〉−α f ∗ g ∗ h‖L p
τ

� ‖ f ∗ g ∗ h‖L p1

� ‖ f ‖L p2 ‖g ∗ h‖L p3

� ‖ f ‖L p2 ‖g‖L p4 ‖h‖L p5

� ‖〈τ + δ2〉β f ‖L2
τ
‖〈τ + δ3〉γ g‖L2

τ
‖〈τ + δ4〉κh‖L2

τ
,

where

1

p1
= 1

p
− α +

αε

α + β + γ + κ
,

1

p2
= 1

2
+ β − βε

α + β + γ + κ
,

1

p3
= 1

p1
+ 1 − 1

p2
,

1

p4
= 1

2
+ γ − γ ε

α + β + γ + κ
,

1

p5
= 1

2
+ κ − κε

α + β + γ + κ
,

from which we obtain the lemma. ��
Proposition 4.

∥
∥
∥〈τ 〉−1ũ(σ − ρ, ξ − η)̃v(ρ, η)w̃(τ − σ, ξ)

∥
∥
∥
L1

τ L
1
ξ L

1
σ L

1
ρ L

1
η

� ‖u‖
X0,1/2

±
‖v‖

X0,1/2
±

‖w‖
X0,1/2

±

for any u, v, w ∈ X0,1/2
± .

Proof. Let

N (τ, ξ, σ, ρ, ε) = ∣
∣τ

∣
∣ ∨ ∣

∣σ − ρ ± |ξ − η|∣∣ ∨ ∣
∣ρ ± |η|∣∣ ∨ ∣

∣τ − σ ± |ξ |∣∣,
Then we have |ξ | + |ξ − η| + |η| ≤ 4N . We also separate the integral region as follows

B1 = {
(τ, σ, ξ, ρ, η) ; N (τ, ξ, σ, ρ, ε) = ∣

∣τ
∣
∣
}
,

B2 = {
(τ, σ, ξ, ρ, η) ; N (τ, ξ, σ, ρ, ε) = ∣

∣σ − ρ ± |ξ − η|∣∣},
B3 = {

(τ, σ, ξ, ρ, η) ; N (τ, ξ, σ, ρ, ε) = ∣
∣ρ ± |η|∣∣},

B4 = {
(τ, σ, ξ, ρ, η) ; N (τ, ξ, σ, ρ, ε) = ∣

∣τ − σ ± |ξ |∣∣}.
By Lemmas 5, 7 and the Hölder inequality,
∥
∥
∥χB1〈τ 〉−1ũ(σ − ρ, ξ − η)̃v(ρ, η)w̃(τ − σ, ξ)

∥
∥
∥
L1

τ L
1
ξ L

1
σ L

1
ρ L

1
η

� ‖〈τ 〉−1/2〈ξ 〉−1/4〈η〉−1/4

· ũ(σ − ρ, ξ − η)̃v(ρ, η)w̃(τ − σ, ξ)‖L1
τ L

1
ξ L

1
σ L

1
ρ L

1
η

�
∥
∥〈ξ 〉−1/4〈η〉−1/4‖〈τ ± |ξ − η|〉1/2ũ(τ, ξ − η)‖L2

τ
‖〈τ ± |η|〉1/2ṽ(τ, η)‖L2

τ

∥
∥
L2

ξ L
1
η

‖〈τ ± |ξ |〉1/2w̃(τ, ξ)‖L2
τ L

2
ξ

� ‖u‖
X0,1/2

±
‖v‖

X0,1/2
±

‖w‖
X0,1/2

±
.



384 K. Fujiwara, S. Machihara, T. Ozawa

Moreover,

‖χB2〈τ 〉−1ũ(σ − ρ, ξ − η)̃v(ρ, η)w̃(τ − σ, ξ)‖L1
τ L

1
ξ L

1
σ L

1
ρ L

1
η

� ‖〈τ 〉−1〈ξ 〉−1/4〈η〉−1/4〈σ − ρ ± |ξ − η|〉1/2
· ũ(σ − ρ, ξ − η)̃v(ρ, η)w̃(τ − σ, ξ)‖L1

τ L
1
ξ L

1
σ L

1
ρ L

1
η

�
∥
∥〈ξ 〉−1/4〈η〉−1/4‖〈τ ± |ξ − η|〉1/2ũ(τ, ξ − η)‖L2

τ
‖〈τ ± |η|〉1/2ṽ(τ, η)‖L2

τ

∥
∥
L2

ξ L
1
η

‖〈τ ± |ξ |〉1/2w̃(τ, ξ)‖L2
τ L

2
ξ

� ‖u‖
X0,1/2

±
‖v‖

X0,1/2
±

‖w‖
X0,1/2

±
.

The other integrations are estimated similarly. ��
Then we show the charge conservation with Proposition 4.
Let (u0, v0) ∈ L2 × L2 and let T > 0 sufficiently small. Then we have a pair of

extensions (u, v) ∈ X0,1/2
− × X0,1/2

+ of the solutions for the Cauchy problem (1.1) such
that for any t ∈ [0, T ],

u(t) = Um(−t)u0 − iλ
∫ t

0
Um(t ′ − t)u(t ′)v(t ′)dt ′,

v(t) = UM (t)v0 − ic−1λ

∫ t

0
UM (t − t ′)u(t ′)2dt ′.

Then

‖u(t)‖2L2 = ‖Um(t)u‖2L2

=
∥
∥
∥
∥u0 − iλ

∫ t

0
Um(t ′)u(t ′)v(t ′)dt ′

∥
∥
∥
∥

2

L2

= ‖u0‖2L2 − 2Im

(

û0, λ
∫ t

0
Fx

[
Um(t ′)u(t ′)v(t ′)

]
dt ′

)

+

∥
∥
∥
∥λ

∫ t

0
Fx [Um(t ′)u(t ′)v(t ′)]dt ′

∥
∥
∥
∥

2

L2
,

where (·, ·) is the L2(R) inner product. We have

∫ t

0
f (t ′)dt ′ =

∫
exp[i tτ ] − 1

iτ
f̂ (τ )dτ

for any f ∈ L1 such that f̂ ∈ 〈τ 〉L1
τ . Moreover, the inequalities

‖Fx [uv]‖L∞
ξ L1

t
≤ ‖u‖L2L2 ‖v‖L2L2 ≤ ‖u‖

X0,1/2
−

‖v‖
X0.1/2
+

hold by the Hölder inequality and
∫∫∫∫

exp[i t ·] − 1

i · ũ(ρ − σ, η − ξ )̃v(ρ, η)̃u(σ − ·, ξ)dξdσdηdρ ∈ L1
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by Proposition 4. Then

∥
∥
∥
∥λ

∫ t

0
Fx

[
Um(t ′)u(t ′)v(t ′)

]
dt ′

∥
∥
∥
∥

2

L2

= 2Re
∫ ∫ t

0
λFx [uv](t ′) λFx

[∫ t ′

0
Um(t ′′ − t ′)u(t ′′)v(t ′′)dt ′′

]

dt ′dξ

= −2Im
∫ ∫ t

0
λFx [u(t ′)v(t ′)] Fx [Um(−t ′)]û0 − Fx [u(t ′)] dt ′dξ

= 2Im

(

û0, λ

∫ t

0
Fx [Um(t ′)u(t ′)v(t ′)]dt ′

)

+ 2Im λ

∫∫∫∫∫
exp[i tτ ] − 1

iτ
ũ(ρ − σ, η − ξ )̃v(ρ, η)̃u(σ − τ, ξ)dτdξdσdηdρ.

Finally, we obtain

‖u(t)‖2L2 − ‖u0‖2L2

= 2Im λ

∫∫∫∫∫
exp[i tτ ] − 1

iτ
ũ(ρ − σ, η − ξ )̃u(σ − τ, ξ )̃v(ρ, η)dτdξdσdηdρ.

Similarly, we have

‖v(t)‖2L2 = ‖UM (−t)v‖2L2 = ‖v0‖L2 − 2Im

(

v̂0, c−1λ

∫ t

0
Fx

[
UM (−t ′)u(t ′)2

]
dt ′

)

+

∥
∥
∥
∥c

−1λ

∫ t

0
Fx

[
UM (−t ′)u(t ′)2dt ′

]∥∥
∥
∥

2

L2

and

∥
∥
∥
∥c

−1λ

∫ t

0
Fx

[
UM (−t ′)u(t ′)2

]
dt ′

∥
∥
∥
∥

2

L2

= −2Im
∫ ∫ t

0
c−1λFx [u(t ′)2] Fx

[

ic−1λ

∫ t ′

0
UM (t ′ − t ′′)u(t ′′)2dt ′′

]

dt ′dξ

= 2Im

(

v̂0, c−1λ

∫ t

0
Fx

[
UM (−t ′)u(t ′)2

]
dt ′

)

+
2

c
Im λ

∫∫∫∫∫
exp[i tτ ] − 1

iτ
ũ(σ − ρ, ξ − η)̃u(ρ, η)̃v(σ − τ, ξ)dτdξdσdηdρ.

Then

‖v(t)‖2L2 − ‖v0‖2L2

= 2c−1Im λ

∫∫∫∫∫
exp[i tτ ] − 1

iτ
ũ(σ − ρ, ξ − η)̃u(ρ, η)̃v(σ − τ, ξ)dτdξdσdηdρ.
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In addition,

− Imλ

∫∫∫∫∫
exp[i tτ ] − 1

iτ
ũ(σ − ρ, ξ − η)̃u(ρ, η)̃v(σ − τ, ξ)dτdξdσdηdρ

= Imλ

∫∫∫∫∫
exp[−i tτ ] − 1

i(−τ)
ũ(σ − ρ, ξ − η)̃u(ρ, η) ṽ(σ − τ, ξ)dξdσdηdρdτ

= Imλ

∫∫∫∫∫
exp[−i tτ ] − 1

i(−τ)
ũ(τ + ρ′ − ρ, ξ − η)̃u(ρ, η) ṽ(ρ′, ξ)dξdσdηdρ′dτ

= Imλ

∫∫∫∫∫
exp[i tτ ′]−1

iτ ′ ũ(ρ′ − σ ′, ξ − η)̃u(σ ′ − τ ′, η) ṽ(ρ′, ξ)dξdσ ′dηdρ′dτ ′

= Imλ

∫∫∫∫∫
exp[i tτ ′] − 1

iτ ′

× ũ(ρ′ − σ ′, η′ − ξ ′)̃u(σ ′ − τ ′, ξ ′) ṽ(ρ′, η′) dξ ′dσ ′dη′dρ′dτ ′,

where ρ′ = σ − τ , σ ′ = ρ − τ , τ ′ = −τ , ξ ′ = η, and η′ = ξ . Finally we have

‖u(t)‖2L2 + c‖v(t)‖2L2 = ‖u0‖2L2 + c‖v0‖2L2

for t ∈ [0, T ].

Appendix B: Proof of Local Well-Posedness Independent of YNorm

In this Appendix, we clarify why the auxiliary space Y is important in our argument.
We give an alternative proof of the existence of solutions for s > 0, without using the
auxiliary norm Y . On the other hand, we shall explain why we need the norm Y at least
in our argument in the case s = 0. It is important that δ(s) in this proof below is strictly
positive. We exchange it into the positive power of T . Then the contraction argument is
completed when T is sufficiently small.

For the alternative proof, we use the following proposition.

Proposition 5. Let ε > 0, ρ ≥ 0, b, δ ∈ R satisfy

1 + b − δ >
1

2
+ ε + ρ,

b + δ + ε, ρ + δ + ε ≤ 1,

b − ε, b − ρ ≥ 0,

s + ε ≥ 1/2.

Then

‖uv‖Xs,b−1+δ
±

� ‖u‖Xs,b
∓

‖v‖
Xs,b−ρ

∓
+ ‖u‖

Xs,b−ρ
∓

‖v‖Xs,b
∓

(B.1)

for any u, v ∈ Xs,b
∓ .

Remark 5. b = 1/2 , δ = 0 , ε = 1/2 are the only numbers that ensures (B.1) for s = 0.
For detail, see Proposition 6.
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Proof. Weuse the same notation as in the proof of Proposition 2. Since |ξ |, |ξ −η|, |η| ≤
3M(τ, ξ, σ, η) and Lemma 6,

∥
∥
∥
∥〈ξ 〉s

∫∫

〈τ + |ξ |〉b−1+δχA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

τ L
2
ξ

�
∥
∥
∥
∥

∫

〈ξ 〉s−ε/3〈ξ − η〉−ε/3〈η〉−ε/3K1 dη

∥
∥
∥
∥
L2

ξ

,

where

K1 =
∥
∥
∥
∥〈τ + |ξ |〉b−1+δ+ε

∫

|̃u(τ − σ, ξ − η) ṽ(σ, η)| dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉b−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉bṽ(τ, η)

∥
∥
∥
L2

τ

.

Similarly, for j = 2, 3,
∥
∥
∥
∥〈ξ 〉s

∫∫

〈τ + |ξ |〉b−1+δχA j ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη

∥
∥
∥
∥
L2

τ L
2
ξ

�
∥
∥
∥
∥

∫

〈ξ 〉s−ε/3〈ξ − η〉−ε/3〈η〉−ε/3K j dη

∥
∥
∥
∥
L2

ξ

,

where

K2 =
∥
∥
∥
∥〈τ + |ξ |〉b−1+δ

∫

〈τ − |ξ − η|〉ε |̃u(τ − σ, ξ − η) ṽ(σ, η)| dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉bũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉b−ρṽ(τ, η)

∥
∥
∥
L2

τ

,

K3 =
∥
∥
∥
∥〈τ + |ξ |〉b−1+δ

∫
∣
∣̃u(τ − σ, ξ − η) 〈τ − |η|〉εṽ(σ, η)

∣
∣ dσ

∥
∥
∥
∥
L2

τ

�
∥
∥
∥〈τ − |ξ − η|〉b−ρ ũ(τ, ξ − η)

∥
∥
∥
L2

τ

∥
∥
∥〈τ − |η|〉bṽ(τ, η)

∥
∥
∥
L2

τ

.

We obtain (B.1) by Lemma 5. ��
Proof [The alternative proof of Theorem 1 for s > 0]. Let s > 0, (u0, v0) ∈ Hs × Hs

and let 0 < T ≤ 1. We take b(s) = 3/4 ∧ (1 + s)/2 > 1/2 and δ(s) = 1/4 ∧ s/2 > 0
for Proposition 5.

Let

‖u‖X ′s,b
m,±[T0,T0+T ] = inf

{∥
∥u′∥∥

Xs,b
m,±

; u′(t, x) = u(t, x) on [T0, T0 + T ] × R

}
.

and

X ′s,b[T0, T0 + T ] = X ′s,b
− [T0, T0 + T ] × X ′s,b

+ [T0, T0 + T ].
We define a metric space

B ′s(R, T ) =
{
(u, v) ∈ X ′s,b(s)[0, T ] ; ‖u‖

X ′s,b(s)
− [0,T ] + ‖v‖

X ′s,b(s)
+ [0,T ] ≤ R

}
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with metric

d ′( (u1, v1), (u2, v2) ) = ‖(u1, v1) − (u2, v2)‖X ′s,b(s)[0,T ] .

We see (B ′s(R, T ), d ′) is a complete metric space. We prove that Φ defined as (4.1) is
a contraction map on B ′s(R, T ) for sufficiently large R and sufficiently small T .

Let (u, v) ∈ B ′s(R, T ) and let (u′, v′) ∈ Xs,b(s)
− × Xs,b

+ satisfy

u′ = u on [0, T ] × R, v′ = v on [0, T ] × R.

We have

‖Φ1(u, v)‖
X ′s,b(s)

− [0,T ]

≤ ‖Um(−t) u0‖X ′s,b(s)
− [0,T ] +

∥
∥
∥
∥λ

∫ t

0
Um(t ′ − t) u(t ′) v(t ′)dt ′

∥
∥
∥
∥
X ′s,b(s)

− [0,T ]
.

By Lemma 1,

‖Um(−t) u0‖X ′s,b
− [0,T ] ≤ ‖ψ(t)Um(−t) u0‖X ′s,b

−
� ‖u0‖Hs .

By Propositions 1 and 5, we obtain
∥
∥
∥
∥

∫ t

0
Um(t ′ − t) u(t ′) v(t ′) dt ′

∥
∥
∥
∥
X ′s,b(s)

− [0,T ]

≤ inf
u′,v′

∥
∥
∥
∥ψT

∫ t

0
Um(t ′ − t) u′(t ′) v′(t ′) dt ′

∥
∥
∥
∥
Xs,b(s)

−

� inf
u′,v′ T

δ(s)
∥
∥
∥u′ v′

∥
∥
∥
Xs,b(s)−1+δ(s)

−
� inf

u′,v′ T
δ(s)

∥
∥u′∥∥

Xs,b(s)
−

∥
∥v′∥∥

Xs,b(s)
+

� T δ(s) ‖u‖
X ′s,b(s)

− [0,T ] ‖v‖
X ′s,b(s)
+ [0,T ] ≤ T δ(s)R2.

Similarly,

‖Φ2(u, v)‖
X ′s,b(s)
+ [0,T ] � ‖v0‖Hs + T δ(s)R2.

Thus,Φ is amap from B ′s(R, T ) to B ′s(R, T ) for some R andT .Moreover, let (u j , v j ) ∈
B ′s(R, T ) for j = 1, 2 and let (u′

j , v
′
j ) ∈ Xs,b(s)

− × Xs,b(s)
+ satisfy

u′
j = u j on [0, T ] × R, v′

j = v j on [0, T ] × R.

Then we have

‖Φ1(u1, v1) − Φ1(u2, v2)‖X ′s,b(s)
− [0,T ]

� inf
u′
1,u

′
2,v

′
1,v

′
2

T δ(s){∥∥(u′
1 − u′

2) v′
1

∥
∥
Xs,b(s)−1+δ(s)

−
+
∥
∥u′

2 (v′
1 − v′

2)
∥
∥
Xs,b(s)−1+δ(s)

−

}

� T δ(s) inf
u′
1,u

′
2,v

′
1,v

′
2

{‖v′
1‖Xs,b(s)

+
‖u′

1 − u′
2‖Xs,b(s)

−
+ ‖u′

2‖Xs,b(s)
−

‖v′
1 − v′

2‖Xs,b(s)
+

}

� T δ(s)R ‖(u1, v1) − (u2, v2)‖X ′s,b(s)[0,T ] .
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Similarly,

‖Φ2(u1, v1) − Φ2(u2, v2)‖X ′s,b(s)
+

� T δ(s) inf
u′
1,u

′
2

∥
∥u′

1 + u′
2

∥
∥
Xs,b(s)

−

∥
∥u′

1 − u′
2

∥
∥
Xs,b(s)

−

� T δ(s) ‖u1 + u2‖X ′s,b(s)
− [0,T ] ‖u1 − u2‖X ′s,b(s)

− [0,T ]
� T δ(s)R ‖(u1, u2) − (v1, v2)‖X ′s,b(s)[0,T ] .

Thus, Φ is a contraction map on B ′s(R, T ) for sufficiently small T . ��
The following proposition implies that we can not take δ > 0 when s = 0 in the

above proof.

Proposition 6. For any b ∈ [0, 1/2) ∪ (1/2, 1], there exists a pair (u, v) ∈ X0,b
− × X0,b

−
such that

‖uv‖X0,b−1
+

= ∞. (B.2)

Also for any δ > 0, there exists a pair (u, v) ∈ X0,1/2
− × X0,1/2

− such that

‖uv‖
X0,−1/2+δ
+

= ∞. (B.3)

Remark 6. This is the reason why we use not only the norm Xs,b
± but also the norm Y s±

and support restricted functions to obtain solutions of the Cauchy problem (1.1).

Proof. Suppose 1/2 < b ≤ 1. Let 0 < 2ε ≤ b − 1/2 and let

ũ1(τ, ξ) = ṽ1(τ, ξ) = 〈ξ 〉− 1
2−ε〈τ − |ξ |〉−b−1/2−ε.

If τ > 2, τ − 1 < ξ < τ + 1, then

〈τ + |ξ |〉b−1

·
∫∫

〈η〉−1/2−ε〈ξ − η〉−1/2−ε〈σ − |η|〉−b−1/2−ε〈τ − σ − |ξ − η|〉−b−1/2−εdσdη

� 〈τ 〉b−1
∫ 2ξ/3

ξ/3
〈η〉−1/2−ε〈ξ − η〉−1/2−ε〈τ − |ξ − η| − |η|〉−2b−2εdη

� 〈τ 〉b−1〈ξ 〉−1−2ε
∫ 2ξ/3

ξ/3
dη

� 〈τ 〉−1/2.

This implies u1v1 �∈ X0,b−1
+ .

Moreover, suppose 0 ≤ b < 1/2. Let b and δ satisfy 0 < 2ε ≤ 1/2 − b and let

ũ2(τ, ξ) = 〈ξ 〉−1/2−ε〈τ − |ξ |〉−b−1/2−ε,

ṽ2(τ, ξ) = 〈ξ 〉−1/2−ε〈τ − |ξ |〉−b〈τ + |ξ |〉−1/2−ε.
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Since for any real number a and b, 〈a + b〉 ≤ 〈a〉〈b〉, for ξ > 0,

〈τ + |ξ |〉b−1
∫∫

〈η〉−1/2−ε〈ξ − η〉−1/2−ε〈σ − |η|〉−b−1/2−ε

· 〈τ − σ − |ξ − η|〉−b〈τ − σ + |ξ − η|〉−1/2−εdσdη

� 〈τ + |ξ |〉b−1
∫∫

〈η〉−1/2−ε〈ξ − η〉−b−1/2−ε〈σ − |η|〉−b−1/2−ε

· 〈τ − σ + |ξ − η|〉−b−1/2−εdσdη

� 〈τ + ξ 〉b−1
∫ 0

−∞
〈η〉−1/2−ε〈ξ − η〉−b−1/2−ε〈τ + ξ 〉−2b−2εdη

� 〈τ + ξ 〉−b−1−2ε〈ξ 〉−1/2 �∈ L2
ξ>0(L

2
τ ).

Therefore u2v2 �∈ X0,b−1
+ . We complete the proof of (B.2).

Suppose δ > 0 and b = 1/2. Let ε satisfy 0 < 2ε ≤ δ and let

ũ3(τ, ξ) = ṽ3(τ, ξ) = 〈ξ 〉−1/2−ε〈τ − |ξ |〉−1−ε.

If τ > 2, τ − 1 < ξ < τ + 1, then

〈τ + |ξ |〉−1/2+δ

·
∫∫

〈η〉−1/2−ε〈ξ − η〉−1/2−ε〈σ − |η|〉−1−ε〈τ − σ − |ξ − η|〉−1−εdσdη

� 〈τ 〉−1/2+δ

∫ 2ξ/3

ξ/3
〈η〉−1/2−ε〈ξ − η〉−1/2−ε〈τ − |ξ − η| − |η|〉−1−2εdη

� 〈τ 〉−1/2+δ〈ξ 〉−1−2ε
∫ 2ξ/3

ξ/3
dη

� 〈τ 〉−1/2.

This yields u3v3 �∈ X0,b−1
+ and we obtain (B.3). ��

References

1. Borgna, J.P., Rial, D.F.: Existence of ground states for a one-dimensional relativistic Schrödinger equa-
tion. J. Math. Phys. 53, 062301 (2012)

2. Bournaveas, N.: Local well-posedness for a nonlinear Dirac equation in spaces of almost critical dimen-
sion. Discret. Contin. Dyn. Syst. 20, 605–616 (2008)

3. Bournaveas, N., Candy, T., Machihara, S.: Local and global well posedness for the Chern–Simons–Dirac
system in one dimension. Differ. Integral Equ. 25, 699–718 (2012)

4. Cho, Y., Ozawa, T.: On the semirelativistic Hartree-type equation. SIAM J. Math. Anal. 38, 1060–1074
(2006)

5. D’Ancona, P., Foschi, D., Selberg, S.: Null structure and almost optimal local regularity for the Dirac–
Klein–Gordon system. J. Eur. Math. Soc. 9, 877–899 (2007)

6. Fröhlich, J., Lenzmann, E.: Blowup for nonlinear wave equations describing boson stars. Commun. Pure
Appl. Math. 60, 1691–1705 (2007)

7. Ginibre, J., Tsutsumi, Y., Velo, G.: On the Cauchy problem for the Zakharov system. J. Funct. Anal. 151,
384–436 (1997)

8. Hayashi, N., Li, C., Naumkin, P.I.: On a system of nonlinear Schrödinger equations in 2d. Differ. Integral
Equ. 24, 417–434 (2011)



Well-Posedness for the Cauchy Problem for a System of Semirelativistic Equations 391

9. Hayashi, N., Li, C., Ozawa, T.: Small data scattering for a system of nonlinear Schrödinger equations.
Differ. Equ. Appl. 3, 415–426 (2011)

10. Hayashi, N., Ozawa, T., Tanaka, K.: On a system of nonlinear Schrödinger equations with quadratic
interaction. Ann. I. H. Poincaré 30, 661–690 (2013)

11. Hoshino,G.,Ozawa,T.:Analytic smoothing effect for a systemof nonlinear Schrödinger equations.Differ.
Equ. Appl. 5, 395–408 (2013)

12. Krieger, J., Lenzmann, E., Raphaël, P.: Nondispersive solutions to the L2-critical half-wave equa-
tion. Arch. Ration. Mech. Anal. 209, 61–129 (2013)

13. Lenzmann, E.: Well-posedness for semi-relaivistic Hartree equations of critical type. Math. Phys. Anal.
Geom. 10, 43–64 (2007)

14. Machihara, S., Nakanishi, K., Tsugawa, K.: Well-posedness for nonlinear Dirac equations in one dimen-
sion. Kyoto J. Math. 50, 403–451 (2010)

15. Ogawa, T.: A proof of Trudinger’s inequality and its application to nonlinear Schrödinger equations. Non-
linear Anal. 14, 765–769 (1990)

16. Ogawa, T., Ozawa, T.: Trudinger type inequalities and uniqueness of weak solutions for the nonlinear
Schrödinger mixed problem. J. Math. Anal. Appl. 155, 531–540 (1991)

17. Ozawa, T.: Remarks on proofs of conservation laws for nonlinear Schrödinger equations. Calc. Var. Partial
Differ. Equ. 25, 403–408 (2006)

18. Selberg, S., Tesfahun, A.: Low regularity well-posedness of the Dirac–Klein–Gordon equations in one
space dimension. Commun. Contemp. Math. 10, 181–194 (2008)

19. Vladimirov, M.V.: On the solvability of a mixed problem for a nonlinear equation of Schrödinger
type. Dokl. Akad. Nauk SSSR 275, 780–783 (1984)

Communicated by W. Schlag


	Well-Posedness for the Cauchy Problem for a System of Semirelativistic Equations
	Abstract:
	1 Introduction
	2 Linear Estimates
	3 Bilinear and Trilinear Estimates
	4 Proof of Theorem 1
	4.1 Proof of existence
	4.2 Proof of persistence regularity

	Acknowledgement.
	Appendix A: Proof of the L2 Conservation and Theorem 2
	Appendix B: Proof of Local Well-Posedness Independent of YNorm
	References




