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Abstract: The paper contains two main parts: in the first part, we analyze the general
case of p > 2 matrices coupled in a chain subject to Cauchy interaction. Similarly to
the Itzykson-Zuber interaction model, the eigenvalues of the Cauchy chain form a multi
level determinantal point process. We first compute all correlations functions in terms of
Cauchy biorthogonal polynomials and locate them as specific entries of a (p+1) x (p+1)
matrix valued solution of a Riemann—Hilbert problem. In the second part, we fix the
external potentials as classical Laguerre weights. We then derive strong asymptotics for
the Cauchy biorthogonal polynomials when the support of the equilibrium measures
contains the origin. As a result, we obtain a new family of universality classes for
multi-level random determinantal point fields, which include the Bessel, universality
for 1-level and the Meijer-G universality for 2-level. Our analysis uses the Deift-Zhou
nonlinear steepest descent method and the explicit construction of a (p + 1) x (p + 1)
origin parametrix in terms of Meijer G-functions. The solution of the full Riemann—
Hilbert problem is derived rigorously only for p = 3 but the general framework of the
proof can be extended to the Cauchy chain of arbitrary length p.

1. Introduction

The general study of universal behaviors in random matrix models consists in identifying
statistical properties of the fluctuations of eigenvalues near a point of the spectrum; for
instance, the celebrated Tracy—Widom distribution was first derived [32] in studying
the fluctuations of the largest eigenvalue of a n x n Gaussian unitary ensemble (GUE)
matrix around the edge of the limiting (macroscopic) density (which obeys the Wigner
semicircle law). They connected the probability (for the rescaled eigenvalues x; =

\/zn% A — \/5)) that xmax < s to a special solution (Hastings-McLeod) of the second
Painlevé equation,
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2
lim Prob (Xmax <2+ \/_S) = Prob(nox;’s in[s, 0))

n—o0 2}1%
= exp |:— /oo(x — s)q(x)zdxi|

" 3 / d .
q =sq+2q°, ()= d_s; q(s) ~ Ai(s), s— +00.

For the Laguerre unitary ensemble (LUE) of positive definite matrices, the analogous
question deals with the fluctuations of the smallest eigenvalues; in this case the origin
z = O of the spectrum is a “hard-edge” because the matrices are conditioned to be positive
definite. Tracy and Widom also connected these fluctuations to a special solution of the
Painlevé III equation [33] (see also [22] for a different direct derivation).

The universal character of these fluctuations is encoded in the determinantal structure
of the correlation functions; in both cases these distributions are obtained from the
Fredholm determinant of a kernel. To prove these results (cf. [27] for a recent review on
the subject) it is sufficient to show that the correlation kernels, in a suitable scaling, tend
to a special form; for example, the Airy kernel in the GUE case or the Bessel, kernel in
the LUE case.

It is then a fundamental step to identify the possible types of kernels occurring in
the scaling limit. A general question in the study of universality issues related to multi-
matrix models (as opposed to single-matrix models) is whether they exhibit, in the
suitable scaling limit, different types of statistical behaviors for their eigenvalues; this
can be addressed by investigating their limiting kernels. The literature on the subject is
ever growing and we mention [1-5,17,18,28]. The present work is precisely addressing
the question of limiting kernels (thus leading to addressing fluctuations in a future pub-
lication) for a multi-matrix model that naturally generalizes the LUE; the model shall be
termed “Cauchy-chain matrix model". The Cauchy two-matrix model was introduced
in [8], as a random matrix model defined in terms of a probability measure on the space
of pairs My, My of n X n positive definite Hermitian matrices. We now consider an
extension of the setting to an arbitrary number p of positive definite Hermitian matrices
My, ..., M. Their joint probability distribution function depends on the choice of p
scalar functions U; : Ry — R, j =1, ... p, called the potentials, and is defined as

P
e*tr2j=1 Uj(Mj)

=cC
—1
Hf=1 det(M; + Mj.1)"

dM = [ ] doim i dSM i [ [ dMee
Jj<k 14

du(My, ..., Mp) dMy - ... -dMp,

(1.1)

The model under study is an instance of a “multi-matrix model”; a different one, which
is also actively studied, was introduced in [19]. The difference consists in the choice of
interaction between subsequent matrices in the chain: instead of det(M + M) ™", it was
the exponential interaction e =7 "™1M2) commonly known as the “Itzykson-Zuber” (IZ)
interaction.

Following [19] we shall show here that the eigenvalues of the p matrices constitute
what is known as a “multi-level” determinantal point field; the correlation functions are
computed in terms of determinants constructed from certain biorthogonal polynomials
(see Sect. 2).

The present paper has the following main goals:
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(1) formulate the general properties of the model with p-matrices in Cauchy interaction
(1.1);

(2) introduce the relevant biorthogonal polynomials (Definition 2.1) and express them
in terms of the solution of a Riemann—Hilbert problem (Theorem 2.5);

(3) express all kernels of the correlation functions in terms of the solution of the problem
above (Theorem 2.8);

(4) for a simple choice of potentials, we study the correlation function in the scaling
limit near the origin; we complete the analysis for p = 3 but indicate how it can
be extended to p =4, 5, 6.

(5) thelimiting scaling fields can be expressed in terms of special functions, the Meijer-
G functions. The method allows us to extend (at least conjecturally) the resulting
formulz to the Cauchy-chain of arbitrary length p (Definition 2.9, Conjecture 2.10
and Theorem 2.12).

(6) we show how, in suitable limits, the limiting statistics at the origin of the p-chain
decouples into two independent chains (Theorem 2.13).

The results above allow one to express the joint fluctuation statistics of the smallest
eigenvalues of the matrices in the chain in terms of a suitable Fredholm determinant with
a matrix-valued kernel constructed from Definition 2.9. In the next section we introduce
the necessary notation to formulate the results in a precise form. The proofs of these
results constitute the remainder of the paper.

2. Statement of Results

Consider the space MZ (n), p,n € Z=, consisting of p-tuples (M, ..., Mp)ofn xn
positive-definite Hermitian matrices M ;. Equipped with the probability measure (1.1)
the probability space (MZ (n), du) is referred to as the Cauchy chain-matrix model.
Here, the external potentials U; : (0, o0) — R are chosen so that

oUW oUW
lim inf = +00, — lim sup =aj,
x—+00 Inx x40 Inx
with parameters a; € R which satisfy
¢
ay=y aj>-1, VI<k=<t<p. 2.1
Jj=k

The reason for the constraint (2.1) is simply that the measure (1.1) be normalizable.
Consider now the weight functions 7,(x, y), p > 2 on Ri, given by

e~ U1(0)=U2(y)

nx,y) = Tty
Ui [, Z, S Vs
Up(x y) = / /
X+6) U Ej)
e*Up(y)
X———d& ... - dE,_n, p>3.
%‘p72+y g

The natural generalization of the biorthogonal polynomials introduced in [8] to general
p > 2 is then given by:
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Definition 2.1. The monic (Cauchy) biorthogonal polynomials {, (x), ¢, (x)},>0 are
defined by the requirements

/0 /0 Yn ()P (N p(x, ¥) dxdy = hydpm (2.2)
l/fn(x)zx”+(’)<x"_l), X — 00;

®n(x) =X"+0(x”_1), X — o00.

The pair {{,(x), ¢,(x)}, n > 1 can always (see. e.g. [29]) be constructed in terms

of the bimoment matrix I = [I jé];l'_glzo with

0o o0
I =/ / Iyt (x, yydxdy,  j,£>0 (2.3)
0 0

The convergence of the multiple integrals /;, also mandates condition (2.1) and it is
here simply a statement that allows the application of Fubini’s theorem on the iterated
integral in any order. In terms of (2.3), the biorthogonal polynomials can be written as

) = e [T ) = 5 de [m]n_l’" |
n An QI /’ZZO ’ ! An ye ]v£:0 ’

A, = detl 6]} 7L, (2.4)

It is clear that the existence of the sequence of polynomials requires that all the principal
minors of the bimoment matrix /;, be nonzero. More is true, in fact, as in the given case
(1.1) of the Cauchy interaction they are known to be positive.

Proposition 2.2. All moment determinants A, = det[[] ji];l'zlzo are strictly positive, i.e.
A, > 0foralln > 1.

Proof. As observed in [8], the Cauchy kernel K (x, y) = )ﬁv is totally positive on R%.

But total positivity is stable under convolution [25], thus 1, (x, y) is totally positive and
therefore A,, > 0. O

2.1. Part I: general structure. We shall now describe all correlation functions in terms
of the solution of a Riemann—Hilbert problem (RHP); this is conceptually parallel to the
case of the unitary ensemble, see for example [30]. In the following we shall use x4 for
the indicator function of a set A.

Riemann-Hilbert Problem 2.3. Let W5;11(x) = Uzj;1(x) for x > 0 and Wy (x) =
U, j(—x) for x < 0. Determine the piecewise analytic (p + 1) x (p + 1) matrix valued

functionT'(z) =T'(z; n) = [Fjg(z; n)]lezl such that
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e ['(2) is analytic in C\R
e ['(2) admits boundary values I' 1 (z) for z € R\{0} which are related via

L wi(2) 0 0
0 1 w7 (2) 0
Fy(z) =T_(2) 0 1 0 |, zeR\{0}. (2.5
wp(2)
0 0 0 1
Here,
wj(z) = 6_W"(Z)X(71)-f+'R+ (2)

and the orientation of the jump contour is as shown in Fig. I below.
o The columns of T'(2) have the following singular behavior near z = 0;

Fe1(z) =0(), z— 0 (2.6)

and the precise behavior of the subsequent columns U ¢41(2) is the same as the
behavior of the iterated Cauchy transforms

1 1 /e—1 x‘fj ae
Cg+1(z):/ / [1—2 b dxy-...dxg, 1<C<p
0 0 =1

_ Xj — Xj+1 Xy — 2

2.7)
as z — 0 (compare Remark 2.4 below for further clarification).
e As 7 tends to infinity we have the asymptotic behavior
7" 0
1
r@=(1+0(z")) 2.8)
1
0 "

Remark 2.4. We preferred to state the behavior at the origin in a slightly cryptic form
(2.7) rather than explicitly because it would entail too many case distinctions; in general,
the behavior of iterated Cauchy transforms as in (2.7) near z = 0 follows from Chapter
1, section 8.6 of [21]. For example;

(1) ifall a; are positive, then all columns are O(1);
(2) ifall @; = 0 then the ¢-th column behaves like O((Inz)¢~1);

- +
R 2 - >
+ 2=0 _

Fig. 1. The jump contour for I"(z) with fixed orientation: the half-ray [0, o) is oriented towards +co whereas
(—o00, 0] is oriented towards —oo
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(3) ifall the a; are negative (but still with condition (2.1) in place), then the £-th column
has behavior O(|z|?1.¢-1).

The problem arises when trying to describe compactly all possible cases where the
exponents can be positive, negative or zero.

The solvability issue of the RHP 2.3 and the connection to the biorthgonal polyno-
mials {y, (x), ¢, (x)},>0 is addressed in the following Theorem, our first result.

Theorem 2.5. The Riemann—Hilbert problem 2.3 for I'(z) = [I'j¢(z; n)]f}l:l has a
unique solution if and only if A, # 0. If I'(z) is the solution of the problem, then

Un@ =Tu@n),  ¢u@= D" L (D zn). 29)

Remark 2.6. The assumption A, # 0 of course applies in our case in view of Proposition
2.2 if the potentials U; are real; however one may also want to consider more general
settings in Theorem 2.5 where the potentials are complex-valued (of course this would
undermine any probabilistic application).

‘We now turn our attention towards eigenvalue correlations. In [19], Eynard and Mehta
analyzed the Itzykson-Zuber chain of matrices, defined through the probability measure

p p—1
dv(My, ..., Mp) ocexp | —tr | D Uj(Mj) = D t;M;Mj | |dM; - ... dM,
j=1 j=1

on the real vector space of n x n Hermitian matrices with coupling constants 7; € R. They
proved that a general correlation function for the Itzykson-Zuber chain can be written
in closed determinantal form. But for this to work, the precise form of the interaction
was not used at all. What is important for the determinantal reduction is the fact that in
both models, Itzykson-Zuber and Cauchy, the underlying distribution functions are of
the form

p—1
_ P UA(M;
dAMy, ... My) oce " 2o= YYD TT 1My, M) dM, - ... - dM,,
j=1

with the interaction functions

(A, B) = [ eTit(AB) A, B Hermitian Itzykson — Zuber
I det(A+ B)™™, A, B positive-definite Hermitian ~ Cauchy,

which are invariant under unitary conjugations /;(A, B) = I;(U AUT, U BET). In
either model we can then integrate out the angular variables with the help of a generalized
Harish-Chandra formula: there exists a function F(x, y) such that for any diagonal
matrices X = diag[xy, ..., x,] and Y = diag[yy, ..., y,] we have

det [ F(x;, yk)]j,kzl
AX)A(Y)

A =T]6g —x)

i<j

/ (X, UYTUH)dU
U(n)
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This is the crucial step for the reduction to a biorthogonal polynomial ensemble and thus
the result of [19] for the corresponding correlation function can serve as our guideline.
To be more precise, consider the probability density for the eigenvalues of all p matrices

1 NP n )
P({xlj}l}=la e {xpj};!=l) = Z_A(Xl)A(Xp)e 2=t 2j=1 Un Comj)

p—1
x [ ] det [K (xais Xar1.0]} 1,y (2.10)

a=1
with the Vandermonde determinants A(X;) = Hi< j (xkj — xk;i), the Cauchy kernel
K(x,y)=— and the partition function

P n
Z, = /n /Rn A(X1)A(Xp)exp —ZZUm(ij)

m=1 j=1
P n

X Hdet K (Xgi» Xo+1 k)]zk IHde]E

j=1¢=1

Identity (2.10) is a direct adjustment of formula (1.5) of [19] to the given Cauchy matrix-
chain, moreover the ({1, ..., £,)-point correlation function equals, see formula (1.6) in
loc.cit,

¢
R(Zl ,,,,, ep) ({_x1 }j IEREEE) {-xp]}/pzl)

P
1:[ (n—¢))! /n ) / PtxrYjors - fxpiYjo)
XH H djm; @2.11)

j:l m; :£j+1
Introduce the collection of functions {Wy,(x), @, ()c)}fz1 form,n > 0and x > O,
given by

1 o0
Wi (x) = Yn(x)e” 2010, wnm:/o o Mwe_1(v,x)dy,  £=2,...,p

1 o0
® pm () = ()30 Dy (x) = /0 Bpotm(Mwe(x, )y, L=1.....p—1

where
e 2Ue@) =3 Upi ()
we(x,y) = ———. (2.12)
xX+y

Although the functions Wy, (x), ®¢, (x) are in general non-polynomial, they are orthog-
onal by construction, namely with (2.2) for1 <{¢ < p

/0 W (¥) B () dx = /0 /0 Y ) (D) (s ¥) iy = . (2.13)
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Remark 2.7. If the potentials admit analytic continuation outside of R, (as it will be the
case) then the functions {Wy, (z), ®rm (z)}f:1 can be analytically extended as well.

Introduce also the kernel functions, i.e. for 1 <i, j < p,

n—1

1
Kij(x,y) = Hij(x,y) — Ejj(x,y), Hjj(x,y) = Zq’iz(x)‘l’jz(y)h—e (2.14)

=0
Eij(x,y)
0, for i >j
wj (x, y), for i=j—1
o0 o0
/ / Wi G £ Wit (1. E2) - w1 ()it VIAEL - dEj iy, for i < j— L.
0 0

The main result in [19]—tailored here to the Cauchy chain—shows that the correlation
function (2.10) is equal to

R = RO ()L

¢ p
cey {xpj}jpzl) = det [Kij(xir, )st)]. 0
L= ’S=1,..‘,€j

cr=1,6

This identity involves a determinant of size (Zf £;) x (Z:{7 £;), more precisely

Ki1(x1r, x15)
I1<r=<t;,1=<s<¢t;

Kz (x1r, Xx25)

l=r=t;,1=ss=<ly

Klp(xlr’ xps)
15r§€1,1§s§€,,

Ko1 (x2r, x15)

Koo (x2r, x25)

sz(xzr, xps)

R = det I<r<ty,1<s<ty| |1<r<t,1<s<t 1<r<tp,1<s<€p (2.15)
Kpl(xprs X1s) KpZ(xprv X25) Kpp(xprs xps)
L |1=r=<¢p,1<s<ly I<r=<tp,1<s<l I<r<tp,1=ss<tp| | ) (3 )

where each block K;; (x;,, xs) is a matrix of size £; x £;. If the eigenvalues {x;,} of
a matrix M; are not observed, i.e. if £; = 0, then no row or column corresponding
to them appears in (2.15). Identity (2.15) shows how general correlation functions in
the Cauchy chain model can be computed explicitly for finite n in terms of (Cauchy)
biorthogonal polynomials. However, in order to analyze the behavior of the eigenvalue
correlations asymptotically as the sizes n of matrices tend to infinity, it is preferable to
express the kernel functions in terms of the solution of the RHP stated in Definition 2.3.
This connection constitutes our second main result: rewrite (2.15) as

p Y
R_ H H e Uitie) | et [Mij(xir’ij)]ijl;r

b (2.16)
j=1 O{_/:] s=I1,..., Z_,'
where K and M are related as follows
Ko, y) = ¢ 20200 M (x, y), 2,y > 0. 2.17)
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More explicitly and for future reference, we have

n—1
1
M = —
p1(x, ) ZW@W(”M
£=0
oo e—U,-(z)
Mp,,-ﬂ(x,y):/ Mpi(x,z) dZ, i=1,...,p—1 (2.18)
U1+I(Z) 1
ll+1(x y) = / MHI i+1(2, Y) +z dz — x+y’
i=1,...,p—1 (2.19)
*Ut+l(Z)
l](x y) / MHI](Z )’) 1z dZ, i=1,...,p—1,
j=1,...,p,i+1#]. (2.20)

In particular all kernels can be constructed from M, (x, y) by means of suitable trans-
formations and we notice that M, (x, y) is a reproducing kernel, i.e.

/O /O M1 (x. EDMp1 (E2, V)1 (61, £2) dE1dEr = M1 (x, ),

o o
| Mmoo dxay = 221)
o Jo
The connection to the solution of the RHP for I' = I'(z; n) in Definition 2.3 is as follows
Theorem 2.8. Let x, y > 0. The correlation kernels (2.18), (2.19) and (2.20) equal

(=Dt [F_l(w;n)F(z;n)]
j+1.e

(—2mi)/—t+ w—z

Me(x, y) = l<jt=p

wex(~1)J+!’
=y(-nt-1

(2.22)

where the choice of limiting values (£) in the matrix entry upon evaluation at w =
x(=1J7* 7 = y(= D) is immaterial.

2.2. Part II: asymptotic eigenvalue distribution near the origin in the p-Laguerre case..
After establishing the general results in Theorem 2.5 and 2.8 we intend to analyze the
correlation kernels asymptotically as n — oo for the specific choice of Laguerre-type
weights, i.e. for the choice of external potentials

V,
Uj(x) = NV;(x) —ajlnx, aj > —1: ag= > a;>—1; lim i%

x—+00 Inx

(2.23)

with V; (x) real-analytic on [0, 00) and N independent. The parameter N > O is a scaling
parameter: in the study of the large-size limit n — oo it is chosen in such a way that
¥ — T € R,.Inthe asymptotic study here we shall simply choose n = N and therefore

T=1.
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We derive an asymptotic solution of the RHP for I' = I'(z; n) as n — oo through
the nonlinear steepest descent method of Deift and Zhou, cf. [14—16]. As opposed to the
Riemann-Hilbert analysis carried out in [9], the choice of potential (2.23) allows for an
overlap of the supports of the equilibrium measures (compare Sect. 4 below). Hence we
face the necessity to carry out a local analysis near the overlap point and we consider
the construction of the new parametrix the main technical contribution of the paper to
the nonlinear steepest descent literature. The relevant parametrix is constructed for the
general (p + 1) x (p + 1) RHP using Meijer G-functions. These special functions have
appeared recently in a variety of problems [1-5,28] analyzing the statistics of singular
values of products of Ginibre random matrices. In particular, they also appeared in
the context of the Cauchy-Laguerre two-matrix model, i.e. with p = 2 in (1.1) and
Uj(x) = Nx —ajlnx, aj,a; > —1, a; +ax > —1. In fact, it was shown in [10]
that the biorthogonal polynomials in Definition 2.1 can be written explicitly as Meijer
G-functions. Thus for the Cauchy-Laguerre two chain one can analyze the correlation
kernels asymptotically without any Riemann—Hilbert analysis. However this feature does
not seem to carry over to general p > 2, which motivates our current initiative based
on nonlinear steepest descent techniques. In order to state our results for the scaling
analysis, we first pose the following Definition:

Definition 2.9 (Meijer-G random point field for p-chain). Let {a j}j;l C R satisfy the
condition (2.1) with ajg = 0 and define the polynomial K (u)

14
K@) = (D" [Ja—ai). (2.24)
s=0

The Meijer-G random point field consists of the (multi-level) determinantal random
point field of p point fields in R with correlation functions

glto) (1t &0 5 Epls -sépﬁp):det[gi(;))(éirs%_js)]f’j =Lt
=D =1, lj
(2.25)

with the determinant above analogous to (2.15). The kernels appearing above are defined
as follows:

1
(=D — (=D&

% 1 / / Hf;(l) I — aiy) Hf:j I'(ais —v)
Qi) JLJT T, T +as —w) [[/20 T (1 = ag +v)

G E nifar, ... ap)) =

K@) — K(®v)
X e ——
u—uv

EVn " dvdu. (2.26)

Here, the integration contours foru € L, v € L are chosen so as to leave all the poles
of the integrand in u, v to the left, right and to extend to oo in the left, right half plane.



Universality Conjecture and Results for a Model of Several Coupled Positive Matrices 1087

Alternatively, and equivalently, we have the formula

(P) : §= () F(M —ayy) Hf:j I'(ais —v)
Gie G m s aph _(27”)2 / / [17_, T +ai; —u) Hi;(i 'l —ap+v)

Vo —U {—1
F'd+v—a
E dvdu + Z res Hszg (I+v—a)
T—u+v o e Llars —v)
1—‘(als —v) Evpv

1‘[ F(l +v—ap) CDIE— (=D

(2.27)

where now the contours are meant to be small circles around the poles of the integrands,
with the circles in the v variable smaller than those in the u variable, and where P =
{aie, 1 <€ < p}.

We now state our second result, in the form of a conjecture which is then proven for
p = 3 (and we indicate how to prove it also for p = 4, 5, 6 in Remark 4.4).

Conjecture 2.10 (Universality). For any p € Zs», there exists co = co(p) > 0 and
{wj}‘;:l which depend on the parameters {aj}l;z1 introduced in (2.23) such that

. Cco - o
lim n@tTPiK; ( )
n—oo pPtl jt 1’+1E np+l !

ZZI(ZZI

= ¢, " g i1 GW 6 i ay. ... ap)) (2.28)

with Q;’g) as in Definition 2.9. The limit holds uniformly for &, n chosen from compact
subsets of (0, 00).

Remark 2.11. The correlation functions of the kernels on the right side of (2.28) are
the same as those of the kernels gj.’g) (2.25) because the corresponding matrices in the
determinants (2.15) are conjugate of each other by a diagonal matrix.

Conjecture 2.10 expresses our belief that the Meijer-G random point field (2.26) is
universal in the scaling limit z — z con~?*D within the Cauchy p-chain (1.1) for the
choice (2.23). This expectation is based on a rigorous proof of the following Theorem

Theorem 2.12. Conjecture 2.10 holds for p = 2, 3 and potentials as in (2.29).

The case p = 2 for the Cauchy-Laguerre chain was addressed completely in [10]
without the necessity of a complicated asymptotic analysis because of a lucky occurrence
by which the biorthogonal polynomials for any n can be expressed exactly in terms of
Meijer G-functions, and therefore the asymptotic analysis follows from relatively simple
estimates on their integral representations. Clearly, we have verified that our conjecture
matches the existing result, see Sect. 4.2.4. In addition, in Sect. 4.2.5, we show that
the limiting kernel of Kuijlaars and Zhang [28, Theorem 5.3.], which appears in the
analysis of the singular values of products of Ginibre random matrices, is exactly one
of the kernels in the family (2.27).
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We have stated the Conjecture 2.10 based on our rigorous analysis of the Cauchy-
Laguerre p = 3 chain with the choice of external potentials

4
Ujx)=Nx—ajlnx, a;j > —1: ay :Zaj >—1, VI<k<{<p.
j=k
(2.29)

Indeed, we will solve the relevant 4 x 4 Riemann-Hilbert problem asymptotically and
prove (2.28) with explicit values for ¢o and @ ;. The reader with some experience in
the Deift-Zhou steepest-descent analysis will know that the method relies on two main
hinges:

e the construction of appropriate equilibrium measures representing the asymptotic
densities of eigenvalues of the matrices of the chain (replacing the Wigner semicircle
law for GUE or the Marchenko—Pastur law);

e the construction of local parametrices near the points where the equilibrium densities
vanish or diverge.

For the first point it is known that the equilibrium measures minimize a certain functional
[6] and that their Stieltjes transforms then solve a certain algebraic equation that can be
viewed as a Riemann surface (algebraic plane curve). The logic can be turned on its head
in special cases: one can (and often does), based on a body of experience and heuristic
expectations, postulate an appropriate Riemann-surface-Ansatz and subsequently verify
that the Ansatz leads to the appropriate equilibrium measures by verifying a certain
set of equalities and inequalities that characterize the equilibrium measures. We have
followed this second route and postulated the Ansatz of the algebraic equation (4.3),
and then verified the appropriate necessary and sufficient properties in Proposition 4.1.
Although not completely satisfactory from a general point of view, the approach is quite
effective in these special cases. Given that this is not the main focus of the paper, it
would be however too long and possibly even too vague to try and formulate a clear set
of guiding principles that lead to an effective Ansatz. We did, nonetheless, follow the
same principles to postulate the algebraic curves for the cases p = 4, 5, 6 in Remark 4.4;
in these cases we did not provide the corresponding analog of Proposition 4.1 because
we are not using those results in the sequel. We believe that the reader, if interested, can
easily adapt the idea of Proposition 4.1 since it amounts to a straightforward exercise in
calculus.

For the second point the crux of the matter is the construction of a local parametrix,
G(¢), that solves a suitable local model RHP near the origin. We shall detail this con-
struction for general p > 2 in Sect. 4.2.1 in terms of Meijer G-functions. The connection
to the “physical”, i.e. spectral variable z of the RHP is carried out only for p = 3 with
the specific choice (2.29). The main reason for this lies in the use of a (vector) g-function
transformation, which we achieve through the spectral curve method rather than via the
analysis of the underlying equilibrium problem. However, as universality theorems have
been established in many areas of random matrix theory, we expect the specific choice
of the potentials V;(z) in (2.23) not to violate the scaling behavior near the origin, thus
our conjecture (2.28).

The key ingredient for the explicit construction of the vector-equilibrium solution for
p = 4,5, 6 is given (without proof) in Remark 4.4. The reason we cannot fully claim
to have proven (2.28) also for p = 4, 5, 6 is simply because we are not providing the
necessary error analysis of the final approximation in the Riemann—Hilbert problem. On
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the other hand we believe that it should be clear to the experienced reader that such a
proof can be obtained by simply repeating the steps we are taking now for p = 3.

2.3. Chain separation in the p-chain Meijer-G case. Consider the p-chain Meijer-G
random point field of Definition 2.9. We refer to the random point fields of the eigenvalues
of the three chain as the (j)-fields, j = 1, 2, 3. The (2)-field interacts with both the (1)-
field and (3)-field. For a longer p-chain the (j)-field for 2 < j < p — 1, interacts with
both the (j — 1) and (j + 1) fields.

In the general chain, the exponent a,,1 < g < p measures the strength of the
repulsion of the (q)-field from the origin: the larger a, is, the more suppressed is the
empirical statistics of the (¢ )-field at the origin. This simply follows from the observation
that the probability measure du in (1.1) is proportional to det(Mg)? . For the scaling
field at the origin, therefore, the (¢)-field becomes statistically irrelevant as a;, — oo:
thus it is expectable thatif a; or a,, tend to infinity, the corresponding field will disappear
and the remaining ones obey the same limiting statistics as the chain of one unit shorter.
If one of the a,, corresponding to a field in middle of the chain, tends to infinity, then we
should observe that the remaining fields obey the statistics of two independent chains
of length ¢ — 1 and p — g, respectively: i.e. the p-chain is broken into two independent
subchains.

The formalization of the above discussion is contained in the following Theorem
2.13; for the case p = 3 we have either ¢ = 1, 3 or ¢ = 2; in the former case Theorem
2.13 states that the remaining parts of the field obey the same statistics as the 2-level
Meijer-G field obtained in [10]. In the latter case, p = 2, the chain is split into two
“one-chains” of equal length. In this case we show in Sect. 4.2.3 that the p = 1-chain
is nothing but the Bessel field appearing in the scaling limit of the Laguerre Unitary
Ensemble.

Theorem 2.13 (Chain separation). Let 1 < g < p and consider the kernels gﬁ) <, n;
{ai, ..., aq)). In the limit as A = a; — o0 we have the following behaviors;
p

AP+ [g;‘?)(AP—q“{, AP= T yay, aq})]j =1

Gt V@ aragD)| o

_ 1<jt<q—1
O (A7) o
A4 I:g]([;)(Aq;’ A‘{n’ {alv e, aq}):ljl=1
) om

oy |GGG taga . ap)
l<j.t<p—q

That is, the p-chain random point field split into two independent multi-level random
point fields corresponding to two subchains of lengths g — 1, p — q with scaling at the
indicated rates. In the case that p —q = q — 1 (i.e. p is odd and p = 2q — 1) so that
the two subchains scale at the same rate, we have
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q () q qp: "
A [gje (ATE, A {“1""’6"’})]1',@:1
169D Emsta{Z)) ]
! 1<jt<q—1 o o

E 9G0P € mtad_y D
I=jtl=p—q

OA™ ounhH

and hence they still are independent subchains because the correlation functions factor-
ize to leading order.

Remark 2.14. We would like to offer an explanation regarding the scalings in Theorem
2.13; this is based on the heuristics (see Conjecture 2.10) that for a chain of length p the
scaling of the eigenvalues at the origin is n~”~!. The chain separation occurs when one
of the exponents a, in the potentials (2.23) scales as a, = nf3. Then the chain separates
into two independent chains of lengths p — g and ¢ — 1. The ¢ — 1 subchain should be
now scaled by n~¢; but since the variables ¢,  had been previously scaled as n”*! then
the effective scaling in a; o n is nP—a+l, exactly as in the latter Theorem. A similar
argument explains the scaling of the other subchain.

Remark 2.15. For the single-matrix case and a; scaled with n in the Marcenko—Pastur
density, one also observes that the spectrum gets “detached” from the origin. This de-
tachment is the underlying mechanism of the chain separation.

We conclude this introduction with a short outline for the remainder of the article. In
Sect. 3 we prove Theorems 2.5 and 2.8. After that Sect. 4 contains the most technical
part of the paper, the rigorous asymptotical analysis of the Cauchy-Laguerre three matrix
chain (2.29): this includes in particular the construction of the vector g-function, a series
of explicit transformations (including the construction of the origin parametrix) and a,
somewhat tedious, error analysis at the end. After that we are ready to prove Theorem
4.21 which forms an intermediate step on the way to Theorem 2.12. Followed by that, we
complete the proof of Theorem 2.12 by deriving double contour integral representations
for the entries under scrutiny in (4.75). This step is again carried out for the general
p > 2 chain and it allows us to derive Theorem 2.13.

3. Part 1. Correlation Kernels for Finite N: Proof of Theorems 2.5 and 2.8
Lemma 3.1. The determinant of I (z) is constant and equal to 1.

Proof. The usual argument is that detI'(z) has no jumps in C\{0} with a possible
isolated singularity at the origin. Then one estimates the possible growth near z = 0; if
detT'(z) = o(z™ 1), the possible singularity at z = 0 has to be removable. Thus det I'(z)
is an entire function that tends to 1 at infinity (compare (2.8)) and hence identically equal
to 1 by Liouville’s theorem.

However for negative a;’s, we have detI'(z) = O(zzle 4ty z — 0 but from
(2.1) it only follows that Zf: | a1e > —p, hence the above argument fails. To cover

also these cases we use a different argument: if —p < Zle ayy < —q, q € Nwe
can only argue that detI'(z) = Q(z)/z? with Q(z) a monic polynomial of degree ¢
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(so that detT'(z) — 1 as z — 00). Suppose ¢ > 1 and let zp € C be a root of
Q(z); then there is a linear combination of the rows I'1 ¢(2), ..., ['p+1.e(2) of I'(2)
such that r(z) = > j riI'j «(z) vanishes at z = zo but is otherwise not identically
zero (if zo € R, since we have assumed the potential real-analytic, a simple argument
shows that both boundary values of r(z) vanish at z = zg). Then r(z)/(z — zp) is a
bounded row-solution of the jump condition (2.5) which at infinity has the behavior
OE"H,0E™,...,0E™YH, 0). But this implies that we could add any
multiple of r(z) to the first row, therefore altering its entries. But as we shall see in a
few moments (without using the unique solvability of the RHP 2.3) the first row I'1 o(2)
contains the polynomial ¥, (x), which is uniquely determined, compare Proposition 2.2.
Hence we must have ¢ = 0 and unimodularity of I'(z) follows. O

Proof of Theorem 2.5. Uniqueness of the solution follows in the standard way. By Lemma
3.1, det I'(z) is an entire function and by (2.8) with Liouville’s theorem, det I'(z) = 1.
This shows that the ratio of two solutions, I'1(z) and I'>(z), is first well-defined and
secondly from (2.5), ' (z)"y ! (z) is analytic in C\ {0} with a removable singularity at
the origin. Hence by another application of Liouville’s theorem, we have I'1 (z) = I'2(2).

For existence, the jump condition (2.5) and behavior (2.6), (2.7) imply that the first
column of I'(z) = I'(z; n) must consist of entire functions; on the other hand from the
asymptotic behavior at infinity, the first column I, 1 (z) of I"(z) consists of polynomials,
more precisely

Tai(2) = (.2, v @, . v P @) 3.1)

where 1, (z) is a monic polynomial of exact degree n and

v @) = Zw(“,m j=1....p (3.2)

are polynomials of degree < n — 1 whose coefficients will be determined uniquely later
on. The jump condition (2.5) and asymptotics (2.8) imply the following formul®for the
remaining columns

o 041(2) b /Oor (( 1) ) ~ve) __d® l<t<p—1
. =e — et | (— W <{<p—
et 1o J o v)e w+z(—1)* P
1 e dw
T = — Iy ,— ( —1)P*! ) “Upwy____—— 3.3
(D) 2711'/0 - (EDTw)e w+z(—1)? 3.3)

where e; denotes the j-th cartesian unit (column) vector. Here and in the following,
all integrals are ordinary Lebesgue integrals, not oriented line integrals. The asymptotic
behavior (2.8) for the (p + 1)t column poses certain conditions on the polynomials

7, (2), 1#,5]_)1 (z) which we now read off:

o~ Zh= Ujw))
/ / o1 (wDwy, Hp I dwy -...-dw,

(w + w/+l)

—(27”)Jz,2
= : , (3.4)

—Qriyr=',
(=2mi)P(=1)P*DEs, 4
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valid for 0 < £ < n — 1 and where

—mU(wl
Jem—/ / dwy -...-dw,, m=1,...,p.
(wj+w]+1)

Let us consider the first row in (3.4), it reads as

Uj(wj)

/ 1
0—/ / nn(wl)w dwy - ... -dw)p
H (wj + w]+1)
- /0 /0 70 ()Y (x, ¥) dxdy (3.5)
and has to hold for any £ € {O — 1}, i.e. m, (x), which is a monic polynomial of

exact degree 1, must be the n™ monic orthogonal polynomial ¥, (x) subject to (2.2).
The next (p — 1) rows in (3.4) can be written as

Zw(l Diwe = —Quiyi 0y, j=2.....p (3.6)

and these equations have to hold for any £ € {0,...,n — 1}. A similar equation also
follows from the last row in (3.4), it differs from the latter only by a replacement of the
right hand side in (3.6). Fixing j in (3.6), we can rewrite the corresponding equation as an

n x n linear system of equations on the unknown coefficients @é] _1), Sl yu 1) . In this

system however the coefficient matrix is given by the moment matrix [Im o m. e=0' Hence
assuming A, # 0 ensures solvability of (3.6), which in turn guarantees existence of the
polynomials in (3.2) and therefore the solution of the RHP 2.3. Conversely assuming
solvability of the RHP for I'(z) we have already seen that this solution has to be unique.
Hence following our previous logic, all resulting systems from (3.6) have to be uniquely
solvable, i.e. A, # 0.

As for the remaining identity (2.9), we know from the previous part that ¥, (z) =
['11(z; n). In order to find ¢, (z), we let F(z) =T ),z € C\R. This leads to the
following jump relation for I'(z)

1 —wi(z) O 0
0 1 —wy(2) 0
Ti(z) = 0 1 0 T_(z), zeR\{0}, (3.7)
.. .. _wp(Z)
0 0 0 1

which follows from (2.5), and adjusted behavior at infinity

" 0

T(z) = (I+(’)(z71)), 7 — 0.
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Solving this problem recursively as we did it before for I'(z) (here row by row, instead
of column by column), we first see that

Frie@ = (0" @, 0. ), 70 (2)

where 7, (z) = ’r\‘pﬂ, p+1(z; n) is a monic polynomial of exact degree n and fﬁ\,,(’ )(z)
(uniquely determined) polynomials of degree < n — 1. Next

Tre(2)=¢f — L/Oo Teatom ((—1)“1“)) PRI R p
) l 27Ti 0 k) w+Z(_1)‘€’ 9 9

) dw
— (3.8)

~ 1 L
I'e(z) =— . / I o—(w)e_Ul(w
’ 27i Jo ’ w—z

and recalling the behavior at infinity in the T'-RHP therefore
o0 o0
/ / 7, ((—1)P+1y) npx.y)dxdy =0, £e{0.....n—1}, (3.9)
0 0

thus F;Jrll’pﬂ(z;n) = M(z) = (~)"Pthg, ((—1)p+lz) which completes the
proof. O

We state several corollaries to the latter Theorem which are used later on.

Corollary 3.2. The entry (p + 1, 1) of the solution I"(z) = T'(z; n) of the RHP 2.3 is
given by

_ JAN
Tpi11(2) = (=27i)P (=) ‘><"+‘>A”—1wn_1(z)
n

and the “norms” hy in (2.2) equal

(3.10)

Proof. From (3.4) we see that the entry under scrutiny must be proportional to v¥,—1(z),
on the other hand the representation (2.4) gives us

o o0 m An+l
Yn(X)y np(xa y)dXdyZSnmA_» m=n
0 0

n

and therefore the claim follows from (3.4).

Corollary 3.3. The solution of the RHP 2.3 is such that

Y Y:
HEm = (I + it t0 (Z3)) EErte ) B = [8jadp]l
(.11)
where
—Hp+D) A —Drp+hy
[Yinlipe1 = ) L ) n (3.12)

(=27 A,  (=27i)P
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Proof. The matrix entry [Y1,]1,p+1 is the coefficient in 727"~ of the asymptotic expan-
sion of I'1,1(z; n) in the proof of Theorem 2.5, namely

: /°° /°° T bt
e TR VAT T Dt an i dw - .. dw,
(=2mi)? Jy 0 ij'):ll(wj+wj+l)
(_1)n(p+l) /oo /oo ; (_1)n(p+l)hn
=  y)dady = —— "
o Sy o Yn(x)y"np(x, y) dxdy iy

O

We will prove Theorem 2.8 by induction on n € Zx( and for that we need to analyze
the action of the shift n +— n + 1 on I'(z; n). In the Riemann-Hilbert problem, this shift
corresponds to an elementary Schlesinger transformation in the sense of [24] which
takes on the following form. We first observe that I'(z; n + 1)I"~! (z; n) is a linear affine
function, more precisely

C(z;n+ DI Nzn) =24, + B, = Ry(z), z€C. (3.13)

Indeed, the expression on the right side of (3.13) is immediately seen to have no jumps
on the real axis, and an isolated singularity at the origin. However, due to (2.1) one
finds that this singularity is o(z ') and thus concludes that the expression is analytic at
z = 0. The asymptotic behavior at z = oo implies that the expression grows at most
linear and by Liouville’s theorem we conclude that it must be an affine function in z.
The coefficients A, and B,, are determined from the asymptotics (2.8), we have (see [24,
formula (A.1)])

B By, -+ Bip Bipa
B> 1 0 0
An = Ell» Bn = .. : s
By 0 1 0
By O ... 0 0
Big = —[Yiule, 2<€=<p+1
and
1
5 S 1Y jpet = [Yault pet 5 I
1= ) 1=,
[Y1n]1, p11 P [Y1n]1, p11
Y
By = ! ln]K,p+1’ 1<t<p
(Y11, p+1

where we recall from (3.12) that [Y1,]1, p+1 # 0. By similar reasoning as above, one
also finds that

R N(2) = 2Eps1pr1 + Co (3.14)
with
0 0 0 Ci,p+1
0 1 - 0 Co p+1
€= 3 ;
0 0 1 Cp p+l

Cpr11 Cpr12 oo Cprip Cpripn
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where
[Yinlie
Copst = Yinleper, L€{1,....p}i  Cpru=————, LE{2,...,p)
[Y1n]1, p11
and
1 [Y2,.11 p+l
Copri1=——5—7, Cott,p+1 = Yinlpst,pr1 — —0— 7.
Pt [Yinl1, pr1 prip L [Yinli, pr1

Using the previous identities, we derive the following Proposition, which will be impor-
tant in the proof of Theorem 2.8

Proposition 3.4. For any n € Z>g

Ep+1,1

RAwWR,2) =1 — (z —
n (R (@) (c w)[Yln]l,p+l

. zweC. (3.15)

At this point we are ready to derive Theorem 2.8.

Proof of Theorem 2.8. We use induction on n € Zs¢ and apply (3.15). During this we
employ the notation

M e ED"reEnThl,, , =M @re@],,,

w=x(—=1)/*, z=y(=1)¢~!

and M, (x, y) = M (x, y; n) to indicate the n-dependency.

First case: 1 < £ < j < p. In the base case, use that both, I'(z; 0) and ' !(z; 0) are
upper triangular, thus

[T (x(=D7* 5 0)T (= D' 0)

which matches the left hand side in (2.22), since by (2.18) and (2.20) the corresponding
kernels M, (x, y) always contain an empty sum. For the induction step, apply (3.13),
thus

[F—l(x(—l)f“; n+ (=D n + 1)]

=0
j+le

j+1e
— (=D =x (=17
1

J+le [Yln]l,p+1

= (x(=D* —y(=D) [M,-e(x, y; n)(=2mi) ~H (!

= [r e (=D )|

j+1.¢

x [T (e (=D ) Eppia T (=1 ) |

+T77!

T FEDTE T (y (=D n)(—zmﬂ’(—l)"‘f“”hi (3.16)

n

where we used the induction hypothesis as well as (3.12) in the last equality. For j = p
and 1 < £ < p, (compare (3.3), (3.8))

Ty @) = (D" P e, (=P 2), T = ¥a()

1 o0 ' e~ Ue—1(w)
Cie(zin) = 2_m/ (FI,Z—I((—D w; ”)) dw, 2<{€=<p
0

—w +Z(_1)€—1
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and therefore with (2.18) back in (3.16)

[P (=D s )P (=D s+ 1)
p
= (=27)P "N (=) M (x, ysn+ 1)
x(x(=DP = y(=nT)

+1,¢

in accordance with (2.22). Similarly, for | < j < p—1land 1 < £ < j, we use in
addition

—1 o0 1 ]+2 e~ j+l(w)
P p@m =—>— ; (F,-+2,p+1((—1) w; ”))_mdw

and obtain from (2.18) and (2.20) back in (3.16)

[P (=D YD (=D i+ 1) |

= (=27i) TN =D Mo (x, v+ D(x (=D = y(=DE).

j+le

This completes the induction for 1 < ¢ < j < p.

Second case: £ = j + 1. In the base case, we have to take into account that

[r (x5 0)r (y(=1); 0) ] = 1.

JHLj+l
But from (2.19), we get

1
(=T =y (=1’

1 .

M; ,y;0) = ——— = (—1)/

joj+1(x, y30) Tty (=D

i.e. the base case is completed. The induction step is as before:

[T (=D s+ (=134 1) = (x(=1)7* = y(=1))

Jj+Lj+1
x [M,», 1y (=D + T (D s )Ty (=17 s n)

x (—2ni)f’<—1>"“’+”hi] = (=M jr1 (x, y; ) (x (=D — y(=1)7)

n

where all three identities (2.19), (2.18) and (2.20) are used in the last equality. This
completes the induction in case £ = j + 1.

Third case: £ > j + 1. We need to use that

r Wnp Wi - W,

0 1 Woo Wap
Fr@oO=|: o :

Wop

0 0 1
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with

1 00 o] E_Z'l;’:j U (wp) dwj . dwz
W'Z(Z)=+/ / . I=j=t=p,
! Qmi)t=i*t Jo 0 Z;lj(wm + Wyep) We +2(—1)¢

m
and also
W Wi - Wy
0 1 Wao Wap
O ET ;
Wop
0 0 1
where

R 1 [ele) e} e Zﬁl:j U (W) dw;--- dwﬁ
“Gd@==———f7t77/m"l/ i ; o
(=2mi)=7* Jo 0 [Tz (W + wia1) Wi +z(=1)/

m=

I<j=<t<p.

Hence certain combinations of ng(w) and W, (z) will appear in the base case. On
the other hand (2.19) gives additional terms inside the integrals and using partial frac-
tion decomposition, we can verify the base case. The induction step is again a direct
application of (3.15) combined with (2.18), (2.19) and (2.20). O

4. Part II: Asymptotics for the p-Laguerre Chain

In the rest of the paper we specialize the potentials to the choice (2.29); due to the form
of the potentials, we shall refer this chain model as the Cauchy-Laguerre p-chain. In
the interest of concreteness, we also choose p = 3, that is the first case which is not
analyzed already in the literature. This choice is dictated mostly by convenience, as the
overall logic can be carried out along similar lines for arbitrary p. The only step where
a general theorem would be needed is in the construction of the so-called g-function.
One of the key features (which is verified here) would be that the macroscopic densities
pj(x) of the eigenvalues of the matrices M; should have the following local behavior
near the origin

_p
pj(x) ~ Clx| . (4.1)

For p = 1 (i.e. the ordinary Laguerre unitary ensemble) the density is the arcsine law
and has precisely the behavior (4.1). For p = 2 this is verified in [10]; for p = 3 it is
verified in the present paper and for p = 4,5, 6 see Remark 4.4. For general p (and
general potential) a proof of this can only follow from potential theoretic methods. On
a different note, the same singular behavior (4.1) has also been found in the analysis of
products of random matrices, cf. [12,34].

4.1. Riemann—Hilbert analysis for the Cauchy-Laguerre three-chain. We shall now ad-
dress the asymptotic analysis of Problem 2.3 for p = 3 and choice of potentials (2.29)
to be analyzed in the limitn = N — oo.
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Following the well established nonlinear steepest descent method of Deift and Zhou
[14-16] a sequence of explicit and invertible transformations is carried out to simplify
the initial problem for I' = I'(z; n) and to derive an iterative solution valid as n — oo.
The overall logic for this is well-known in the literature and we shall begin with a
normalization transformation, the introduction of the (vector) g-functions.

4.1.1. g-function transformation. We transform the initial problem

Y(2) = LT (2)G()L™!, ze C\R
£ = diag [, e~ o700 o~HL], 4.2)

G(z) = diag [e_"g(”(Z), e_"g(Z)(Z), e—ng“)(z), e_,,g(4)(z)] .

The diagonal matrices G(z) and £ contain functions and normalization parameters which
are constructed as follows. Start from the algebraic equation

_ _ 2
4 22 N Bz+4)(3z—-8)* _ 0. “3)
27 43273

The algebraic equation (4.3) will be used to construct the g function and all the required
equalities and inequalities will be rigorously verified in Proposition 4.1. The equation
itself was the result of an Ansatz based on heuristic guidelines and then subsequent
rigorous verification of its suitability. The Eq. (4.3) defines a Riemann surface X =
{(y, 2) : satisfy (4.3)} which consists of four sheets X ;, j =1, ..., 4 glued together in
the usual crosswise manner along [a, 0] and [0, b] where
4 b— 64

a=—-—, = —
3 27

y

(4.4)

are zeros of the discriminant of (4.3). We denote with y : X — CP! the bijective
mapping such that y; = y[x;, j = 1, 2, 3, 4 are the four roots of (4.3). Since we usually
identify the sheets X ; with copies of the complex plane, y; = y;(z) are defined on C
with appropriate cuts. In more detail, we have

1 1 1
y@ =5 (z2 — 22z — b)) — 2z)2 @) = —21).
1 ) 1 %
#@=—5 (F+2ce -7 -2) . BE=-nE
Z

with principal branches for all fractional exponents, in particular (z(z — b))% is defined
and analytic for z € C\(0, b) such that (z(z — b))% ~ zasz— +o0o, argz = 0 and

o1 . 116 .
yl(z)———z——z+(’)(z ) yz(z)——§+ﬁ+(’)(z ) 7 — 00.
4.5)

Notice that y{ (z) is analytic for z € C\ (0, b) whereas y;(z) is analytic for z € C\(a, D).
In particular,

V1+(2) = y2-(2), ¥1-(2) = y24(2),2€ (0,0);  y4:(2) = y3-(2),
v4—(2) = y34(2), 2 € (0,b)
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Xy

X3

Xo

Xy

Fig. 2. The four sheeted Riemann surface X. The endpoint of the cuts are z = a on the left and z = b on the
right

and

v21+(2) = y3-(2), y2-(2) = ¥3:(2), z € (a,0).

We can visualize this behavior as shown in Fig. 2.
Moreover, the Riemann surface X is of genus g = 0 with a rational uniformization
given by

1 I 99 . 210 288 . 128
1= ——— . = —— _— -,
MWa-He-Ha-He-2 2 1 AP

e CP!

which defines a bijective map T : CP' > X, t = (z(0), y(t)) with branch points
{t;.*}jle where

67 67 67 67
¥ — ——
i =t§ =13 :,‘2<

4
0 <1<%—i«/10<§< = <§<%+i\/10<2. (4.6)
—— 7 3 5
—

In particular, under the map T = T(¢), we have the following correspondences:

7= 001 8 7 =002 8 7 = 003 7 = 004
1~ 1 — 1 - 1 2
3 7 y=—3; 5 y =73

y= _%9
4.7)

and we depict the partitioning of CP' 5 ¢ into the four sheets under the uniformization
map T~! : X — CP' in Fig. 3. With the jump behavior of the y j’s inmind, we introduce
the functions

Wy, 2 [f Wy _2_ [
g (@)= 1t3 —/ yi)da, g% (@) = 173 —/ ya(A)dr, z € C\(0,b),
0 0

2
Qo2 _z_ [ YR B
g7@=—-—5— [ »nWdi, gv@=—-+5—[ y@)di, ze€C\(ab).
4 2 0 4 2 0
The integration contours are chosen in the upper half plane and avoid crossing the branch
cuts (a, 0) U (0, b). Furthermore, the constants [;, j = 1,...,4 are chosen in such a

way as to ensure the normalization
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Fig. 3. Schematics of the mapping of the sheets X ; to the complex ¢ plane. All sheets meet at the branch point
tik shown as black box on the very left. The other branch points t;‘ correspond to the other boxes. We give the

boundary pieces Cji =C i N {31, 2 0}, j =1, 2, 3 the same orientation as the branch cuts shown in Fig. 2,
i.e they are oriented from tik to t}‘, J # 1. The labeling of C;.t is according to the labeling of sheets X ;

g(l)(z) =Ilnz+0O (z_l) , 9(4)(z) =—Inz+0O (z_l) , g(j)(z) =0 (z_l) ,
j=2,3 z— oo. (4.8)

As can be seen from (4.5), this is achieved by

( b b o0 11
—1=1nb—§+/ y1+(x)dx+/ (yl(k)——+—)dk, =0
0 b

2 27
[2—b+/b (A)dk+/oo (x)+1 drh, I3 =—I
4_2 OyZ+ , 2 ) s 3 = 2.

We summarize certain analytical properties of the g-functions which are consequences
of the jumps of y;(z) in the following Proposition.

Proposition 4.1. Let

w1010 =000 g — (M L L er =123
4.9)
Then
w12(2) =wu(z) =0, z€(0,b); wn(z)=0, z€(a,0) (4.10)
and
w2 = _%/bz (\/)‘2+2m—2)»+\/k2 —A/W—zx) d% <0,

z>b,

w23(z)=—/a\/)\2—2\/|)»()\—b) —2A&—)]<0, z<a,
Zz
1 [z da
w34(z)=—§/ (\/A2+2,/A(k—b)—2)L+\/)Lz—2‘/)\(k—b)—21)7 <0,
b

z > b.
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In order to perform subsequent steps in the Riemann—Hilbert analysis, we also require

Definition 4.2. We introduce the effective potentials

[ [ <
o) =2+~ ——=—gV)+g?() =/0 (A — y2(1) di

4 4
[ [ <
@(2) = —z + ZZ - 23 - g% +¢%0) = /0 (y2(0) = y3(1)) di
[ [ <
3(z) =z + f — 24 ~g¥@+9g% @) = /0 (3(0) — ya(W) di = 91 (2)

Lemma 4.3. There is a neighborhood of (0, b) for which R (¢1(z)) < 0, R (¢3(z)) <0
away from the interval (0, b). Similarly there is a neighborhood of (a,0) for which
N (92(2)) < 0 away from the interval (a, 0).

Proof. Letm;(z) = gij)(z) — gg)(z), z € R and notice that

71(2) = —914(2) = 1-(2), 7a(2) = ¢3:(2) = —@3-(2), z€(0,D), (4.11)
m2(2) = —24(2) = 2 (2), m3(2) = 24(2) = —2-(2), z € (a,0). (4.12)

Thus the continuations of ¢;(z) into the upper and lower half plane are ensured and
since J(m1(z)),z € (0,b) and J(m2(z)),z € (a,0) are both strictly decreasing on
(0, b), resp. on (a, 0), the sign conditions on % (¢;(z)) and % (g2(z)) follow from the
Cauchy-Riemann equations. O

Remark 4.4. We state here, without proof, the spectral curves to use for the analysis of
the longer chains p = 4, 5, 6. They have been obtained by an educated guess starting
from a uniformization of the Riemann sphere of degree p + 1 and subsequent verification
that they define positive equilibrium measures. A general existence proof for arbitrary p
(and in general arbitrary potentials) requires a vector-potential theoretic approach. This
framework is partly contained in [6]; however, the potentials that are of interest here
do not satisfy all the properties in loc. cit.: in particular those requirements which were
invoked to guarantee that the supports of the equilibrium measures have a finite distance
from the origin. In all cases the behavior of the various branches of the solutions y(z)

L . .
near z = 01is y(z) ~ cz »r*'.The spectral curves below and their corresponding vector-
equilibrium measures could be used as a starting point for a steepest descent analysis in
the corresponding p = 4, 5, 6 cases.

s 3.5 (222-25)y (1222-25)y  288z* — 300027 +3125

Es=y —= 4.13
L R R B D v 125002 .13)
o (“3z+d)yt (7523220022 +256) y  (4—52) (2522 — 40z —64)°
Es =y’ + + +
47 40073 20000025
(4.14)
E6=y7—9y5+(ZZ_7)(21+7)y4 (87Z2_98)y3
7 4972 34372
(29162% — 3042927 + 19208) y? 8 (5422 —49) (2722 —49) y
6482774 45378974
16 (236196 z° — 2250423 z* + 2722734 72 — 823543
ol : : : ) (4.15)

6003628477°
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Remark 4.5. For p = 3 we can consider the following more general case where the
exponent a; is allowed to scale with n according to a, = nf, B > 0. In this case the
spectral curve is the following one

2 2
4 =224 PB° 5, Qo)
AT =N
00(2) = 2* =42 —22B(B+ 4 +4z (1 + B — ) + 6 (416)

where g = ¢ (B) is the unique positive root of the following polynomial (in ¢)
27(1 + B)%q> — 16(98% + 9B + 4)q* + 1682 (B> + B +8)g — 648*.  (4.17)

The existence of g(B8) > 0 follows from the following reasoning: the discriminant
of (4.17) equals A = —4096 (1+8) (1 + 2 B)? (3 BZ+3B+ 32)3 B> and hence it is
negative for B > 0. Therefore there must be at least one pair of complex roots. Since
the degree of (4.17) is three there is only one (positive) real root. The condition (4.17)
guarantees that the spectral curve (4.16) is of genus O (with one nodal point). The
solutions of (4.16) are the four sheets

1 V224824214 VzE—q)
2’ z

V1,234(2) =% (4.18)
and thus z = 0, ¢ are branchpoints connecting two pairs of sheets; the other two branch-
points are the zeros of the radicand of the outer root, which turn out to be the roots of
Qo(z) in (4.16); the Eq. (4.17) is simply the vanishing of the discriminant w.r.t. z of
Qo(z), which guarantees that one root of Q¢(z) is double. A full inspection (left to the
reader) reveals in turn that the roots of Qo(z) are all real: the simple ones are negative,
and the positive one is double and greater than ¢ (8). These observations can be used
to obtain a complete proof that (4.16) is the correct spectral curve for the construction
of the relevant g-functions; since we do not need them for our paper, the proof is also
omitted for general 8 > 0. Only the case 8 = 0 is needed and proved in Proposition 4.1.

Moreover, for B = 0 the curve reduces to (4.3) (with g = %). As B — +00 we
have ¢ — 4. The plots of the relevant densities are shown in Fig. 4; the density on the
negative axis is the density of the spectrum of M> while the densities of My, M, are
equal to each other and equal to the density on the positive axis.

Returning now to (4.2), we obtain a transformed Y-RHP with jump matrices

e "M@ a1 pnwin(2) e (D) a3 pnw34(2)
Gy(z) = 0 o~ m2(2) 0 e (@ |’ >0

e~ 1m2(2) (—z)®R2e"®23 (@)

Gy@) =e "M@ |: 0 e~ 3 (2) :| GeE, 2 <0

which can be simplified using Proposition 4.1 and Lemma 4.3,

e 12 Z01 o3 (2) 7%
GY(Z) = 0 ennl(z) @ 0 enn3(z) , 2 € (01 b)v

ay pnw12(z) a3z ,nw34(z)
Gy(z)z[(l) e ]@[(‘) @ ] ¢> b,
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-8 -6 -4 -2 0 2 4 -8 -6 -4 -2 0 2 4

z
$=1.500 B=0

Fig. 4. The limiting densities of eigenvalues for the p = 3 separated chain for ay = nf and different values
of B and a; is independent of n. Note that the support of the density of the matrix M5 is separated from the
origin. By comparison we also show the densities for 8 = 0 (connected chain). The profile of the density on
the negative axis is the asymptotic macroscopic density of the eigenvalues of M reflected about the origin,
while on the positive axis the profile corresponds to the densities of M1, M3 (they are identical)

as well as

—nm2(z) _ a2
Gy(z)=1€B[e . (en,fz)@}@l, z € (a,0);

_ a2 ,n23(2)
Gy =1@ |l (F7¢ o1, z<—a.
0 1
In the latter, we also used that (compare earlier)
71(z) = —m2(2), w3(z) = —ma(z), z € (0,b); 72(z) = —m3(2), z € (a,0)

and we emphasize the normalization Y (z) = I + O (z_l) , z — 00, following from
(4.8) and (4.2).

Remark 4.6. From now on the notation A@B@C ... with A, B, C, ... square matrices
(each of different sizes in general), stands for a block diagonal matrix with A, B, C, ...,
along the diagonal.
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Fig. 5. Opening of lenses and the resulting jump contours in the S-RHP

Next, we factorize the jump matrices on the segments (a, 0) U (0, b). For the correspond-
ing 2 x 2 blocks this means (recall Lemma 4.3)

_e_nrrl(z) Zal 1 0 0 Zal 1 0
0 @ | T grareni@)- || @ 0 || z-@enr@s 1|
2 € (0, b),
[ enma(2) 7% 1 0 0 793 1 0
0 o@D [T ;a3 n(93(2)- 1 —7 B 0 7743 (93(2))+ 10
z € (0, b),
[enm@)  (—z)®
0 m2(2)
1 0 0 |z]%? 1 0
| T 2eim@2en@2@)- | | —|z|7® 0 T RemiTa @) |

z € (a,0).

4.1.2. Opening of lenses. If we let

(£) _ 1 0
SL1 (2) = @ |:Zaje”(¢j(1)):t 1:| ’

j=13

) 1 0
SL2 @)=1& [Ziaze:;:inuzen(tpz(z))i 1:| S

Lemma 4.3 allows us to perform “opening of lenses", i.e. we consider the transformation
(compare Fig. 5)

Y(Z)(Sg_)(z))i], z€ 95.”
S@Q=1r@)(s; @), zeQ, Jj=12 (4.19)
Y(Z)s else

which leads to the following RHP

Riemann-Hilbert Problem 4.7. Determine the 4 x 4 piecewise analytic function S(z)
such that

e S(z) is analytic forz e C\(RU y Uy, UyS Uy,)
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o The jump conditions are as follows

5:(2) = - P [_Zo_a,. ZS’}, € (0.b)

j=13
0 —7)®
S+(z)=s_(z)(1@[_(_z)_az o ]@1), 2€@0)
S:(z) = Sf(z)Sij)(z), ceyf, j=1.2

aj 1), j412)
S+(Z)=S—(Z)@[(1) e } > b

j=13

S:(2) = S_(2) (1 ® |:(1) (_Z)azfanS(Z)} ® 1) Ciea

e The behavior at the origin is dictated as in (2.6) and (2.7) as long as we approach

)

z = 0 from the exterior of the lenses Q;i . From within the behavior is slightly

changed due to the effect of Sg), compare (4.19)
e Forz — oo, we have S(z) — 1

As @),j41(2) < 0 for z € R\[a — §, b + 8] with any fixed § > 0 and 5;°’(z) — 1

as n — oo exponentially fast away from the real line, we are naturally lead to the
construction of the following model functions.

4.1.3. Outer parametrix. We consider the following auxiliary RHP. Find M : C\[a, b] —
C**# such that

e M(z) is analytic for z € C\[a, b]
e We have jumps

M) = M- P [_Zoa_,. Zg’}, z€(0,b), (4.20)

j=13
0 )@
Mi(2) = M_(2) (1@9[_(_2),42 ( 8) }@1), z€(a,0) (421)
o Asz— 00,

M@ =1+0 (z*‘) (4.22)

Jump conditions in the form of (4.20), (4.21) have appeared in the literature before, we
shall use ideas similar to [26] in the proof of the following Proposition.

Proposition 4.8. Put

4

M@ =[M; (T7 @ 3@

Jk=1

where T = T(t) denotes the map T : CP! — X introduced in (4.6) and

4
[k (0 — 1)

Mj(t) =mj :
(B3 — 1) — ) —1)))2

D(),
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with
35 i 1 40 [ 2 1 56 . 1
= ——(D(t , =——,/— (D(¢ , =——./—=1i(D( ,
mi == «/@( (1)) my 3 67( (12)) m3 3 671( (13))
70 1 1
my = ——— (D(¢ .
4= m( (1))
Here {tj}‘}:l ={nh =1n = g,t3 = %,m = 2} and the square root function

(H‘/":z t(t— t;-‘)) 2 is defined and analytic fort € C\U? Cj_ such that (H;L-:Z t(t —t;‘)) 7~

13 ast — +00. Moreover the scalar Szegé function D(t) is given by

()" ()™ ()™, reUlen)
()" (G ()™, reuTon
DO =1 g van g ar rogras B (4.23)
(l—tl) (t—tz) ( t ) ’ 1e U (X3)
(ZR) ()™ (). e U™ (X,

which involves the normalization factor B = | —ﬁ. Then, M (z) has jumps as in (4.20),
(4.21), and we have the behavior

M(2) =(’)(z—%z%), z— 0, M(z)=1+(9(z_l), z— 00, (424)
where
A =diag[—Q@ay +2a> + a3), a1 — 2ar — a3, a1 +2a; — a3, ay + 2a, + 3az]
= [458.]; (4:25)

jk=1"
Proof. The stated jump conditions (4.20) and (4.21) imply for the first row entries of
M(z),

[ M114:(2) = —27"M1p—(z),  z€(0,b)
Mi24(2) = 2" M11-(2), z€(0,b)
Mi34(z) = =27 B Miu—(2), z¢€(0,b)

| M14+(2) = 28 M13-(2), z € (0,b)
Mi14(z) = My1-(2), z € (a,0)

M2 (2) = —(—=2)"?M13-(z), z¢€(a,0)
Mi34(2) = (—2)?M12-(2), Z € (a,0)
| M14+(2) = M1a—(2), 7z €(a,0)

We lift the problem to the Riemann surface X and treat M1(z) = M11(z, y1(z)) as
defined on the first sheet X, similarly M1, on X, M3 on X3 and M4 on X4. Using
the uniformization map T~! : X — CP!, define

M (z(1), y(1), te€ T_i(Xl)

] MuGo @), e T (X
MiO=1 M.y, 1eT(Xs) (4.26)

MG, y(), 1€ T\ (Xy).
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With this the jumps for My, j = 1,2,3,4 are translated into the 7-plane (compare
Fig. 3) as follows

My () = 25 M- (1), 1 €C5 Mis(t) = £(=2)"2 M- (1), 1 € Cy;
Mip(t) = 22753 M_(1), 1t € C5

where z = z(¢) as in (4.6). We also enforce the normalization M1(z) — 1, M1,(z) —
0, £ =2,3,4as z — oo. In terms of ¢, this means that

7 5
We will seek M (t) in the form
8 8

t—2)t—32)t -2

C=C =52 - D(1), teC\UjCy
(B3 =)t — ) —1]))2
with a cut along C;” UC, UC5 . But this means that D(¢) should be analytic in C\ U? Cj_
with jumps

Dy(1) = 2Z5D_(1), 1 € CE; Dy(t) = (—2)*@D_(1), 1 € CF;
Di(t) = 25%D_(1), t € CF

Mi(1) =1, M1(§)=0, M1(§)=0, M;(2) =0.

M) = c

where z = z(¢). By straightforward computation, we check that D(¢) as given in (4.23)
indeed satisfies the latter jumps and in order to ensure the correct normalization for
M (t) we must have

1 =c; (—%)V—67D(1) & 1= ?\/%(

To get back from (4.26) to M11(z), M12(z), M13(z) and M14(z) we use

D))~

Mie(z) = My (T (2, ye(2))), €=1,2,3,4.

The strategy for the remaining second, third and fourth row is identical to the previous,
we obtain jumps for M, (t), M3(t) and M4(t) as before, but we enforce slightly different
normalizations, namely M (#) = &;x. The remaining behavior at the origin follows

from the observation that M ; (D)~ = (’)(t_%) as t — 0 and this combined with
(4.6) gives (4.24). O

Remark 4.9. A somewhat more detailed representation for M (z) near z = 0 than (4.24)
is given by the following identity

1 A
7

M) = M)z MU (2)z%, |zl <r, z¢R (4.27)

where we choose principal branches for fractional exponents. Then, M(z)is analytic at
z = 0 and we have

Ut (e—i%Aun @ei%A“U}), argz€ (0, )
U~ (ei%AmaeBe*i%A““), argz€ (-, 0)
(4.28)

rq=diag[3,1, -1, =3]; U(z)=
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with
—w3 o’ —w! )
—1 1 1
ut=| 0 e T e=dT,
- ! —w3 w 3
»? —w73 w —ow!
0 —1 0 0
Uu-=U0" (1) 8 8 _01 4.29)
0 0 1 0

4.1.4. Local RHP at the origin z = 0. Near the origin we are looking for 4 x 4 matrix
valued function Q(z) defined inside the disk D(0,r) = {z € C : |z] < r} with
O<r< % sufficiently small such that

e ((z) is analytic for z € D(0, H)\((—r,r) U yji)
o [t satisfies the boundary relations (see Fig. 5 for the orientations; all roots are prin-
cipal)

0
0:(2) =0-(2) @ [ ajemp,(z) 1:|’ z€ Vli;

j=13

0+2)=0-() P [_Zo_a,. ZO’], € O.r);

j=13
1 0
0+(2) =0-(z) (1 ® I:Z—azeq:inazenwz(z) 1} 8% 1) L zEYs
oo-0-@1e]_ %n TF7|e1). zecno

e Near the origin it has the singular behaviour as in the RHP 4.7 for S(z)
e Asn — oo, we have uniformly for |z| =7,

0(2) = (I +o(1))M(2). (4.30)

Our first step consists in modeling the jump behavior shown in Fig. 6 near the origin—we
construct a bare parametrix G (¢).

This construction makes use of the Meijer G-function, cf. [31], which can be defined
through the Mellin-Barnes integral formula

Gm"( Ly g):L [, Cbe+s)  [Ti—, T —ap —s)
br.....bg 2 JL T, T =bea—s) TI0Z, T(aca+s)

% ds

(4.31)

where a;j, b; € C, wehave 0 < m < g, 0 < n < p and the integration contour L
is chosen in such a way that it separates the poles of the factors I'(b, + s) from those
of the factors I'(1 — ay — s). The general construction for G(f’)(g“) with p € Z>; is
accomplished in Sect. 4.2.1, Theorem 4.23. We avoid repeating the construction for
the special case p = 3, compare Theorem 4.23, and only list the relevant analytical
properties of G (¢) at this point.
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Fig. 6. A jump behavior near ¢ = 0 which can be constructed explicitly using Meijer G-functions

Corollary 4.10. Let

d

G @) = [(Ar —ae ) g ©],_,» £ € C\(—o00,0; Ae=tg

with

m
Gy o [ e T +ae-) sing,, -5y € C\(—00.0
&m(©) 2m/L1‘[f;:m r(1+a,-@—s)e ¢ ds, £ eCil=00,0],

1 <m<4.

Here, 6, = (m +1) mod 2 and c,, = 22mi)*"™ (Zn)_%. With

GW(), O<arg¢<m
= 4.32
co {G“KO, 7 <argf <0 (432
the bare parametrix
G(©), argr e (=3, —HUE, )
G 1 1 Ola1 S
({) @ ;_azeinaz 1 @ ’ arg; € (T? N)
1 0 1 0 .
G(3)(g-): G(¢) - | D _gas | , arg¢ € (0, Z) (4.33)
G 1 1 0 1 3
(;) @ _é‘_aZe_iﬂGZ 1 @ ’ arg; € (_ﬂ! _T)

1 0 1 0 .
(G({)(|:§a1 1:| ® |:§a3 1:|), arg¢ € (=%,0)

has jumps on the six rays arg¢ = 0, w, £%, :|:3T” as shown in Fig. 6. It has the same
singular behavior at { = 0 as the one stated in the RHP 4.7 (we are allowed to locally
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deform the lens boundaries )/ji as to match the aforementioned six rays). Moreover, as
¢ — oo with € > 0 fixed,

1
_1 1 A le ¥ ec<argr <m—e
GV =@ (1o () et e TSNS
e s —mT+e <argl < —€

(4.34)

where g, U(Z) and A have appeared in (4.27) and

;31

. j3 g3 ogm _gm ~ . _jdm 3w _ym om
Q=diag |[e'4,e "4, e'T, e "1, Q=diag [e "4, 4, e "4, 7.

Remark 4.11. The functions g,S;t )(g), m = 1,...,4 involved in the latter construction
are all Meijer G-functions, in fact
ej”'”z) ,

).

e*"”;) :
3t

We now connect the ¢-plane to the z-plane. The effective potentials in Definition
(4.2) satisfy

2 4 0(
3 0,4
(27)2 0, a3, a3, a3

2i ——
(%) 3,0
= G
& (@) 2 04(0, az,apn, —as

g7 @) =

and

8 () = =2v27 Gy (0 ar

, —az, —a3

&) . 3 41,0
¢)=-2i2m)2 G (
s 04\ 0, —ar, —an. —ar3

01(2) = ¢3(2) = 4bie*i [ziel(z) - %Ziez(Z)} . zeynDO. 1
1 . . i 3 3
02(2) = 42 biet3 |:(ei’”z)4 e1(2) + ‘1/—6_ (ei”’ ) ez(z)} zey; DO, )

for0 <r < % sufficiently small. We have chosen principal branches for z% and both
functions e (z) and e (z) are analytic at z = 0; in fact

el(z)—l—m+0( ) ez(z)—l+i($—l)z+(’)(z2), 0.

The expansions for ¢;(z) motivate the use of the locally conformal change of variables

16
{=1t@=5n “2(e1)", —m <arge <w, zeDO,r)

2
g 41(2) = —32161(Z), - <argz <7
3z
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as well as the definition of the origin parametrix

0(z) = Bo(Z)G(3)(§(Z)) (2—261(1))_A 64?5%(Z)+%3:I%z3%ez(z)§2’ 0 <argz<m,
37 64524“1(1}{%3 Zzzez(z)ﬂ’ - <argz<0.
(4.35)
with G (¢) as in Corollary 4.10. In (4.35) we have chosen
Bod) = M@z U (@) (5@) ™. Izl <r
= T (@)™, 20 (4.36)

to be analytic at the origin, compare (4.27).

Remark 4.12. In order to achieve a control over the matching condition (4.30) on the
boundary of the disk D (0, r) it will be necessary to re-define the multiplier By(z) in
(4.36). This shall be accomplished in (4.55). See Proposition 4.17.

By the jump properties G (¢), compare Corollary 4.10, the function Q(z) has the
following jumps near the origin (we match the jump contours in the S-RHP near the
origin with those in the definition of the bare parametrix by a local contour deformation)

1 0 1 0
0+(2) = 0-(2) (|:Zalen<ﬂ1(z) 1i| & |:Zaaen<ps(z) 1i|) » L€ Vli N D(O,r)

oo=0-@( 2 o] 2o §7]) ceom

1 0
0+(2) = 0-(2) (1 52 |:Z—aze:!:inazen¢2(z) 1j| D 1) » ZE€ Vzi N D, r)

0:z) =0 (z)(l@[ 0 (_C)@}@l) z€(~r,0)
H =L ~=0™ 0 ’ O

This matches exactly the jumps of S(z) in the RHP 4.7 near the origin. Also, as another
consequence of Theorem 4.23, Q(z) and S(z) have the same singular behavior at the
origin. Thus, by construction, the function Q(z) is related with the exact solution S(z)
of the RHP 4.7 by a left analytic multiplier N (z),

S@)=N(@0(), Izl <r (4.37)

Let us now turn towards the matching between the local model functions Q(z) and
M (z). From (4.34), as n — oo (hence |[¢| — o0) for 0 < |z| < r with r sufficiently
small,

o0
_ ~ 1 J 1 ~ _
0@M@) ™ ~ M@z 1+ X K¢ [H@ (@)™ @38)
Jj=1
where we introduced the function H(z), z € C\R given by
13 -
6%3 4z4 ez(z)Q’

3
137473 Q
e23 1l

O<argz<m

H(2)U(2) = U(z) (4.39)

—m <argz <0
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with U (z) asin (4.27) and the 4 x 4 matrix valued coefficients K ; depend polynomial on
{ak}i=1 but are independent of ¢ and z. We could, in principle, compute all coefficients
K ; explicitly, however our analysis requires only a certain structural information which
is stated after the next Proposition.

Proposition 4.13. Let 77 be defined for —m < argz < m such that 7V > 0 for z > 0.
Then z_%“H(z)z%)‘4 is an entire function with

_1 1 z
z zlgMH(Z)zéM =1+h,(0)E4 — Ehi(O)(EB + E2q)
3

% s
120hn(O)EM +&), z—0, (4.40)

where

6| < cn’lz, ¢>0, [zl <ri  ha(2) = = 37er().

NS

. _1 1 . . .
Proof. Notice that z~8* H (z)z8* has no jump on the real line, since

Ei4 — Ey — Ezp — Eg3, k=1

U+§2k(U+)71 _ Ufgk(Uf)fl _JEn—Eu+En+Ep, k=2 @41
Eip+Exyz+Ezq — Eq, k=3 ’
_I, k = 43

where E j are again matrix units, i.e. Ej; = [8]-(8@;{]2}:1, and also

e_i%k“UJ'ﬁk(Uﬂ_le’%M = U_Qk(U_)_l, Q= diag [ei%, e i, e_i%ﬂ, e_i%] .
This means z‘é)“‘ H (z)z%M could only have an isolated singularity at the origin z = 0,
but with the help of (4.41) we can compute its expansion at z = 0, in fact

o0
TIHHEZ =D A=) (4.42)
m=0
with coefficients
h4m h4m+l
@it |+ Gt E14 + Bu (@), m=0 mod3
4m+1 4m+2
Ap = —?4m+1(§!)(—E21 — E3xp — Eg)+ ﬁ(—EIS —Eyn), m=1 mod 3
Am+2 4m+3
—?4m+§’) (E31 + Eg) + ﬁ(ﬂz + Ep3 + E34), m =2 mod 3,
4.43)
where
B = (@) = 23 er). Bu(e) = o "=
7)) = 7)) = — 462Z, ) = 4m—1
! 2 ! }(l4m—g!) Eq, m=0 mod3, m=>3
Thus 7z~ 8§ H (2)z8* is analytic at z = 0 and we obtain the first terms written

in (4.40). O
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Remark 4.14. Subsequently we will make use of the following structure of the error term
En (Z ) B !

2
z
E(2) = Ehz(o)(Em + Ex3 + E34) + {2h},(0)E14 — zha(0)(E21 + E32 + Es3) }
+O (r4n6) (E13+ Ex) + O (r3n4) ., 0<lzl <r

Proposition 4.15. The matrix coefficients {K j}?o: | appearing in the asymptotic expan-
sion (4.38) display the following structure,

F000 %] F0%007]
%000 00x0
0s00 |+ J=1 mod 4 000« | » J=3 mod4
000 *000
K; = :00 _ and K; = 1 C
%0 *000
000 0%00
4000 |» /=2 mod4 00%0 |» J=4 mod4
0x00 000

(4.44)

Proof. The line of argument is almost identical to the last Proposition. Notice that
0(z) (M (z)) ! has no jump on R\ {0}. Hence the coefficients in the asymptotic equality

. . _l L1y, .
(4.38) have to be meromorphic in z. As we have just seen, z 5% H(z)z8™ is an entire
function, thus the coefficients in the formal series

o
1 j 1
7sM [I + ZK/[_%]ZEM
j=1

. . . _1 3 _1
can contain only integer powers of z. Since { ™% = 33 (2ne;(z)) "1z % where e;(2)

is analytic, we obtain (4.44) by simply conjugating the formal series by z’ék“ and
collecting integer powers. O

Our goal is to achieve a matching relation between the model functions Q(z) and
M(z) as n — oo, valid on a disk boundary d D (0, r), compare (4.30). As can be seen
from (4.38) and (4.39) the presence of the function H(z) forces us to work with a
contracting radius r = ry,

1
m=n" 0<e< 5 fixed. (4.45)
Shrinking the radius in this way we obtain from (4.13), asn — oo uniformly for |z| = r,,

LT EM H(z)z%“ =1+0MEj4+0 (n°) (E13+ Exu) + O (n*“k) Eia+&x(2),
(4.46)

1 1f an error estimate O is not multiplied by a matrix from the right, we interpret the error estimate entry
wise on the full 4 x 4 matrix.
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with |£,(z)| < ¢ n~1*2€ ¢ > 0. This estimate contains terms which are unbounded in #,
but which are all analytic functions in the spectral variable z. Now following Proposition
4.15, we find the bound

1 J 1 [07 o
—44[ PR I SN 14 13 24
z 8™ + K 4]18 =1+ki"Ey— +(ky"E13+ k5" Epg) ——
jz_l i€ 1B (ky"E13 + k3 24)n2Z

3
[07 o ~
+(/€121 Er +k132E32+k?3E43 —k114E14,3);+(k31)2E12+k§3 Exs +k§4E34)E +&,(2),

validasn — ooforz € aD(0, r,;) with |gn(z)| < cen—172€ ¢ > 0. We used the notation

K;= [k}"f]ij:l and

o 33 €0
S 20100 T e (0)

(4.47)

Remark 4.16. Also here, we require more detail on the structure of the error term 3,‘; (2),
as n — oo uniformly for z € aD(0, r,,),

5 2
~ o o _0_
8,(2) :k;4E14n5—Z2+{(k§‘ Esi + k2 Eqg) = 2068 Exs + K3 Exi) Y + O (n 2 f)
(4.48)

Let us summarize, as n — oo uniformly for z € dD(0, r;,),

TEMH @) = T+ 00) + O (n) + O (n—‘”f) ,

L émﬁ]zw 140 ) +0 () + O (171) + O (17177).

We fix r = r,, as in (4.46) and first eliminate the unbounded terms in z‘é)“‘ H (z)zé)‘4 by
successively redefining the left analytic multiplier Bo(z). This shall be accomplished in
the three steps detailed below.

Changing By(z)-step one. Recall (4.40) and move from By(z) as in (4.36) to By 1(z)
given by

~ z 7

Bo,1(z) = M(2) (1 = ha(©) Era + Sh (0)(Ers + Eoq) + th(O)Em)

x (M) Bo(2). (4.49)

The parametrix Q(z) defined as in (4.35) but with By 1(z) instead of By(z) still has the
same analytical properties near z = 0, however the matching (4.38) is replaced by

_ o~ o o
0(2)(M () ! =M(z)[I+k114E14E+zhﬁ(0)E13+(k121E24—kf'3E13 —k*E13) ;hn(O)

—2hy O E2 + £, |(M@) !, n— o0, z€D0O, 1) (4.50)
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where the error term én (z) has the following structure

. 0 0 0 = 0
£n@) = O (n714%) [g 99 g} +0 (n1+%) [g
0 0 0 0 0

1+ 8 3 9 3 1 9

Clte _

o ()8 85 Eeo()[s

0 0 =x 0
This information is derived by directly applying Proposition 4.13 and recalling Remarks

4.14 and 4.16, in principle we could compute &, (z) explicitly. Still, estimation (4.50) is
not of the form (4.30) since, as n — oo uniformly for z € 9D (0, r,),

o o
k114E14E +2h2(0)E13 + (ki Exa — kP Ej3 — k}“Elg);hn(O)
=(9(n‘—€)+0(nf)+0(1). 4.51)

We now “peel oft” the analytic terms in the latter expression by redefining the multiplier
for a second time.

Changing By(z)-step two. Replace By 1(z) by
~ 07
Bo.2(2) = M) (1=2h ) Ers—= (' Exa—{* Evs =k E13) =y (0) + 2y (0)Ex
~ -1
x(M(z2))” Bo,1(2). (4.52)

Again, the analytical properties of the parametrix Q(z) with By 2(z) instead of By(z)
remain unchanged, only the matching relation now reads as

0@ (M@) ™" = M@ 1 +k{* Era 4 kf* Exaha(0)~ + £, | (112)) ™

(4.53)
and the error term 5,, (z) has to leading order the same structure as f:'n (2), 1.e.
. 0 0 0 = 0 % 0 =
=0 =) [l 48 o[ § s 0]
0O 0 0 O 0O 0 0 O
0 x 0 =x
+o(n—1+f)[g 0 g]+o(n—1) (4.54)
0 0 % 0

as n — oo, uniformly for z € dD(0, r,). The leading growth in (4.53) originates from
the term k%“% = O(n'~¢) which is not analytic in the disk D (0, r;,), hence we cannot
absorb it by another change of the analytic multiplier By(z) — we can only remove the
constant term k}4h,, (0)% in this way.

Changing Bo(z)-step three. In this final step, we replace By 2(z) by
i 14 AN TN
Bo.3(2) = M) (1 =k Exaha(0) ) (#(2) ™' Boa(). (455)

and summarize our estimations in the following Proposition.
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Proposition 4.17. Let r, = n~2* with 0 < € < % fixed. The origin parametrix

0(z2), z € D(0, r) is given by (4.35) with By(z) replaced by By 3(z) as in (4.49), (4.52)
and (4.55). Moreover, as n — 00, we have an asymptotic matching relation between
the model functions Q(z) and M (z) of the form

0@)(M@) ™" = M©) [1 + k%4El4:—Z + Sn(z>} (M©) ", (4.56)

uniformly for z € dD(0, r,) where E,(2) is estimated in (4.54).
The last Proposition completes the construction of the origin parametrix. We now
briefly discuss
4.1.5. Parametrices near 7 = a and 7 = b. Two remaining parametrices need to be
constructed inside the disks
D(a,r):{ze(C: |z — al <r}, D(b,r):{zE(C: |z — b| <r}

with r > 0 sufficiently small and fixed. As for z € D(b, r) N (b, 00),

w12(2) = w34(2) = —C(z = b)Y 1+ Oz — b)), C>0

with similar expansions for z € yljE N D(b, r) as well as on the jump contours near
Z = a, the relevant model functions are constructed with the help of Airy functions.
These constructions are well known in the literature, see [15] for the standard Airy
parametrices in the 2 x 2 context.”> We skip the details as they are not relevant for our
purposes and only list the matching relations between the endpoint parametrices P;(z)
and the outer parametrix M (z),

Pi(z) = (1 +O (n_l)) M), n— oo, 4.57)
uniformly for z € dD(a,r) UdD(b, r).

4.1.6. Ratio problem and final transformation. We introduce

S@(Pi@)", lz—al <r

S@)(Pa2) ", lz—bl <r

S@(0@) 7", lzd<r

SOM@)™", 1zl > lz—al >r lz—bl > r

R(z) = (4.58)

where Q(z) is in (4.35) (with By(z) replaced by Bo 3(z) asin (4.55)), P12(z) asin (4.57)
and M (z) in Proposition 4.8. The radius 0 < r < % remains fixed and r,, = n~2*€ with

0<e< % This transformation leads to a ratio-RHP for R(z) on a contour X » which
is depicted in Figure 7 below.

Riemann-Hilbert Problem 4.18. Determine the 4 x 4 piecewise analytic function R(z)
such that

2 The Airy parametrices of [15] were embedded in [9] into the 3 x 3 situation of the Cauchy two matrix
model, here we would simply embed them into the given 4 x 4 context.
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o

- )
Cy 2 by Cy

Fig. 7. Jump contour X in the ratio problem for R(z)

e R(z) is analytic for z € C\Xg with ¥ = (=00, a —r)U (b+r,00) UCoU Cy U
2
G U Uj:l Y
o The jumps on X g are as follows

Ri(2) = R-@M@S @(M@) ', yepf, j=1,2

|:1 Zajenwj,jﬂ(z)

0 | i| (M(z))_l, z>b+r

R.() =R-M() | D

j=13
1 (—7)%2eten

Ri(z) = R_(2)M(2) (169[0 1 :| 691) (M(z))fl, z<a-—r
Ri() = R_@Q0@)(M©@) ', z€Co
R.@) =R_QP)(M@)", zeCj, j=1,2

o We emphasize that R(z) is analytic at z = 0, this follows from (4.37) and definition
(4.58)
o Asz — 00, we have R(z) — 1.

In order to proceed, we estimate the behavior of the latter jumps Gg(z, n) asn — o0
and z € Xp: on the contours of X which extend to infinity, this is done by recalling
Proposition 4.1. Since 0 < r| < % remains fixed, we have there

IGRC 1) = Il 210 (parooy < dre” ",

IGRC, 1) — Il 210 (—ooary < d3e 4", d; > 0. (4.59)

Next for the parts )’/‘/.lL which are part of the original lens boundaries: we notice that

sup |Gr(z,n)—I| = sup |Gg(z,n)—1|
ZEV;E zECoﬂyji
and
IISEE)(z, n) — 1| < ds|z|”maxlanas}ndtei@ o o »y\li;
1S 2y m) — 1) < dolz| ™2™ 920, 2 € PiF.
Thus with (4.25),

p 1,¢€
$)p—dsn2™4

’

31—
”GR(‘» Vl) - I”LzﬂLw(yli) S d7n2(1
3 € Lie
IGRC. 1) = Tl 2 ooy < don2(1=9) g=dion "3 (4.60)
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which ensures that, even with a shrinking disk Cp, the lens boundary contributions are
exponentially close to the identity matrix in the limitn — 00.OnthecirclesC;, j = 1,2
we obtain a power like decay from (4.57),
di :
IGRC.n) = Tl 2nreoc)) < T J= L,2. (4.61)

As for the corresponding estimation on Cy, we have already seen in (4.56), that G g(z, n)
= Q)M (z))_1 , z € Cy is not uniformly close to the identity matrix. We resolve this
issue with another transformation: note that (with M (z) as defined in (4.27))

~1
F(z,n)= [M(O) (1 + k114E14:—Z) (M(O))‘l] — M(0) (1 — k114E14:—Z) (M)

exists and
F(Z,n)=l+(9(z_l), 7 — 00.
We define
R(Z)a |Z| frn . —2+ 1
X(z) = with r, =n""", 0<e < = fixed
@ [R(Z)F(z,n), |z > ry, ! 7

(4.62)
and obtain a RHP for X (z) which is posed on the same contour X as shown in Fig. 7

Riemann-Hilbert Problem 4.19. Determine the 4 x 4 piecewise analytic function X (z)
such that

e X(z) is analytic for z € C\XZg
o The jumps equal

X:(2) = X_()Gr(2)F(z,n), ze€Co
X:(2) = X_(2)(F(z,n)) "' Gr(2)F(z,n), z€Zg\Co

e X (2) is analytic at the origin
o Asz — 09,

X@=1+0(z"), 2>
Since for n — o0,
(Fem)™ =1+0(n7"), zecij=1.2
(Fem)™ =1+0 ('), zec,
we obtain

501_1 1+
1Gx (- n) — I”LZQLOO(J’;ji) = d12n§(l_we)€_d13n2 , j=12 (4.63)

I

as well as estimationson Cj, j = 1,2 and (—o00, a —r) U (b +r, 00) which are identical
to (4.61) and (4.59). For the relevant estimation on Cy, we recall (4.56) and in particular
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(4.54). The latter expansion shows that right multiplication of Sn (z) with E4 does not
affect the terms in (4.54) up to O (n_l). But this means that we have the following
estimation

di4
I1Gx(,n) = Ill2nzeocy) < P > ny, (4.64)

which, combined with (4.59), (4.61) and (4.63), guarantees the unique solvability of the
X-RHP (cf. [16]) for sufficiently large n.

4.1.7. Iterative solution of the X-RHP. The X-RHP is equivalent to solving the singular
integral equation

1 da
X_(z)=1+—,/ X_W(Gx(\) —1)——, z€Zp. (4.65)

2mi SR A—2Z

As we have seen in the latter subsection, there exists ng > 0 such that

1
1Gx (1) = Tl 2npe(s) < nc—e Vnzm, O<e<s fixed

and therefore (4.65) can be solved uniquely in L2(Xg) viaiteration. The solution satisfies

IX-Com) =Tl < . nzno
né

and we have
—€

X(z):O( "

) , n>ng, z€C\Xg. (4.66)
1+ |z]

The latter estimation completes the asymptotical analysis of the initial RHP 2.3 for
p = 3 and the choice (2.29).

4.2. Proof of conjecture 2.10 for the Cauchy-Laguerre three matrix model. Following
our general discussion in Sect. 2, we need to analyze nine correlation kernels, compare
(2.15) and (2.22). We scale x and y as

27 & 27 n
X = —— . = ——,
160 Y7 160t
and are now interested in the n — oo behavior of K, (x, y) given in (2.17), Theorem
2.8. We need to unravel the sequence of transformations

F(zn=N) Y (@) — S@) — R@) — X(2)
to solve the initial I'-RHP. Through the first transformation (4.2),

&, n>0, (4.67)

-1 ' '
Kje(x,y) = % 3003000 (=10 (@ (=1 H =g D (x (1))
—ZTL)/
W=z j+l,e ' w=x (=Dt z=y(= 1!
(GO

. w z
— 7 x24jy3% ; Ada — A)da .
(_27_”.)]_“1)5 y=exp |:n/0 Vi+l,+() n/o ye,+ () ]

-1
X [W} (4.68)
w—7z
j+1.e

w=x(=1)J*, z=y(~ !



1120 M. Bertola, T. Bothner

To obtain (4.68), one uses the explicit expressions for the g*)(z) functions. With the
help of the transformation sequence Y (z) — S(z) — R(z) — X (z), we have forz € R
with |z] = O(n™%),

) 2n -
Y4(2) = X(2)Bo,3(2)G (¢ (2)) 3—381(2)
i

1 3 ~
exp [4;;‘ ()Q+ %S_Jtziez(z)ﬂ} L 250

X (4.69)

1 - 3
exp [4& ()2 + %3iziez(z)9} . 2<0

as the effect of the opening of lenses transformation Y (z) — S(z) is compensated in the
definition of the origin parametrix Q(z), more precisely through (4.33), the conjugation
with (---)~4 and the piecewise defined exponential factors in the last equality. Also,
we chose to approach z € R from the (+) side, as this choice was immaterial, compare
Theorem 2.8. Thus for |z|, jw| = O ~?),

1 2n Aj#t fop —Ae
[rwre] | = (3—3e1<w>) (3—3e1(z))
+1, 1 1

1 13 -
¢4 Q=53 T ul Qi 5 0
8 Y szt
ey )R =53 Fuy 62(w)Qj+1, w <0

1 13 -

P OL RS K AR IO )
1 . 1 3

A @A il .

< [N B mx T WX @Bis@EVe@)] @0

where we use the notation 2 = [Qj5jk]jk=] and similarly Q= [fz,(s,k]‘]{k:] . Now we
check that for w > 0 and w = O(n™%),

w 8 iz 1 3 4
/ i+ dA = ——e " Twie(w) — Te
0

iz 3
Fwiex(w)

w 1 37F _.x 03
/ V(M) dh = ——e'Twiep(w) — Te*’iwzez(w)
0 31

[0%]
,a|°° I

&1

as well as for w < 0 and w = O(n_4),

w 8 1 371 3
/ P14 ) @ = ==l ber @) + -l e w)
0 T

/ y2+(A) di =
0

iz 1 SE 3
e 2|w|4el(w)+7e Z|wl*ex(w).

W
‘““"l o w
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Combining the latter in (4.70) with (4.68),

=D&t (o Ajst fop —Ac 1
Kje(x,y) = sza/yzaz 3T%el(w) 3—%61(2,) DI = y(C T

<[ ) B X WX @BeEY )] |

w=x(—1)/*!, z=y(-=D¢-!

.71

valid for x, y = O(n™*). For the remaining matrix use (4.66) and recall the definitions
of the analytic multipliers By x(z), thus for w = x(=1)J/*land z = y(—l)@_l
—1 _ _
(G w)))” Bia)X ' w)X (2)Bo3(2)GM (¢ (2)
E(=D/* — n(—l)‘—l)

5
€+3

= (GYEDM)TEPm-n"H+0 (

n

It is important to observe that in the last equality the choice of the limiting values (£)
would lead to different results as we are not choosing specific entries of the matrix
product (G (w))~'G™H (7). This is however irrelevant for our purposes since (4.71)
selects concrete entries.

Notice now that all explicit n dependent terms in the right hand side of (4.71) are
taken to the exponent

1 .
Kje=—§(l?+1)(aj +a)+Ajp — Ay, 1<j,L<p, 4.72)
in (4.71) with the special choice p = 3. In order to complete the proof of Theorem 2.12
for this special choice as well as to state the general conjecture 2.10, we require the

following Lemma

Lemma 4.20. Let {A,-}f:l be solutions of the linear system Ajy1 — Aj = (p + Da;
which add up to zero. Then

1 .
o= [gell 0 Kje= —3(P+ D@ +ag+Aj —Ac, 1<€j<p

is a skew-symmetric p X p matrix and

Kjg = @j — wy, with w'j=(p+l) (alj—%). “4.74)

Proof. 1f j = € itis immediately seen that «;; = 0. Assume now ¢ < j, then

+1 +1 J
Kﬂ:-pz (aj+ag)+Aj+1—Ag=—p2 (@j+ap+(p+1D> a
k=t
it 1 a a
J .
=<p+1>k§:eak+§<p+1>(aj—az)=<p+1>(a1j—7)—<p+1)(aw—3)

=w; —Wy.
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j—1

(az +aj)—(p+1) Z a

p+1
Kyj=—"5 (ag+aj) —(Aj — Agr) =

k=t+1
j—1
=—(p+ DD @~ —(p +D)(aj —a)) = —kje
k=t
which implies the stated skew-symmetry. O
Up to this point we have thus proven
Theorem 4.21. Forany 1 < j, £ < p, p =3 withcy = %
(&0} [&0] (&0}
nlinéo np+ lnw VK je (np+1g nptl 77)
L (@—w))
1y e—1 P i -1
_ED e ghajpta |G WCE @)
(_27.”')/—Z+1 w—Zz IRy, w:&(—l)f”

z=n(—1¢!

where the choice of limiting values (%) in the matrix entries upon evaluation at w =
E(—1)7*1 and z = (=) "V is immaterial and the stated convergence is uniform for
&, n chosen from compact subsets of the half line (0, co) C R.

Proof. We only need to address the independence of choice of the limiting values and
here our argument already appeared (implicitly) in the computations which lead to
Theorem 2.8. Also the same logic applies to the general p € Z>; bare parametrix G(¢)
which is constructed in the next section. Note that (compare Theorem 4.23 below, in
particular (4.84), or also (4.32))

G+(¢)=G_<;>(1ea[(l) (“i)az]@l), ¢ <0

G+(;>=G_<;>([é fﬂ@[}) ﬂ]) ¢=0

which shows the same (block) jump structure as the original I'-RHP. Qualitatively it
tells us that the first column of G(¢) is an entire function and subsequently all even
numbered columns are analytic in C\[0, co) while all odd numbered ones are analytic
in C\(—o0, 0]. For (G(¢))~! the situation is reversed, there the last row is entire and
subsequently all even numbered rows are analytic in C\ (—o0, 0] and all odd numbered
in C\[0, o). But since the entries under consideration are as follows

jot=1 mod2: [(Gw) G(z))] el

z=n>0

j=1,£=0 mod2: [(G(w)) G(Z)

jH+1L e | w=£>0

z=—n<0

J+1,€ | w=—£<0
z=n>0

Jj,£=0 mod?2:

I ),
j=0. =1 mod2: [(Gw)'Cw)]
[ (Gw)) 'G()) ]

J+1,0 | w==£<0

z=—n<0
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it is now evident that the choice of limiting values in the matrix entries upon evaluation
is immaterial. O

The latter Theorem proves that all local scaling limits of the correlation kernels in
the given Cauchy-Laguerre three matrix chain are determined by specific entries of
G~ (w)G(z), with G(¢) being constructed out of Meijer G-functions, compare Corol-
lary 4.10. We expect that for general p € Z>, similar identities as (4.75) hold, compare
Conjecture 2.10, that is the limits of the correlation functions K ¢(x, y) to be propor-
tional to the ratio

w—z

[G—l(w)G(z)]
j+1.e

w=§(=1DJ*, z:n(—l)‘f’ll

For w, z € C\R the explicit computation of G~! (w)G(z) is achieved in the following
section.

4.2.1. General origin parametrix. The analog of the RHP for the bare parametrix
GP(¢) in the general p > 2 chain can be evinced by repeating the steps that we
have taken for p = 3.

Riemann-Hilbert Problem 4.22. (Bare Meijer-G parametrix for p-chain) Ler GP) ()
bea (p+1) x (p+1) piecewise analytic matrix function analytic in C minus the rays
=Ry t5 =—-Ryvi2= eii%RJr , 034 = eiisT”RJr which are all oriented from the
origin towards ¢ = oco. With

hpri = diaglp, p—2.p—4, ..., —pl, A=diag[Ar,....Apu], (476

where Aji1 — Aj = (p+Daj,1 < j < p such that Zf:l Aj =0, the jumps on the 6
rays t; equal

GP ) =GP (&), forc ey, £=0,...,5.

As ¢ — 0, we have a singular behavior as in (2.6) and (2.7) approaching the origin
from the top and bottom sectors. Furthermore, the asymptotic behavior at infinity in the
half planes is given by:

Ap+l 1 A 1
GV () = ¢ T UE (140 (¢771)) £7 exp [ —(p+ DEPT Q| ¢ e B
4.77)
Here the constants U and Q4 as well as the jump matrices take the following forms

depending on the parity of p.
For p =1 mod 2 we have,

-1 ' -3

0 1 0
Ji2 = @ [;*02k+l 1 ] ’ Ba=119 @ |:§*‘12k+zeii”a2k+2 1j| 1),
k=0 k=0

(=1 0 02k 1 1 0 (—)%2k+2
Jo = @ |:_§7a2k+l 0 } JSs=|1e kej) |:_(_;-)*02k+2 0 ]EBI

k=0
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$(p+1)

1 (Z —2k Aj )‘73

- — . +1
Ut = [(_])k+_iflw(—1)k<p—2L%J)w(*1>k '%(pfzt%m—n}” wr

Jok=1"j—y

[SE]

k=0

$(p+) -1 .
- =Ut @ (—iop) | , @ a)iﬂ(p 2k)a3 w=e 2P,
k=1

On the other hand, for p =0 mod 2:

-2 X 0 T2 .
N2 = @ |:§—02k+| 1]691 cBa=|18 @ |: —a2k+2@ilﬂ“2k+2 1] ’

k=0

22 0 £a2%k+1 32 ()22
Jo = @ [,C*a2k+l 0 j|®l ’ 1o @ |: (g) a2k42 0 ] :

k=0

P

_ A 1 2
U+:[(—1)/'flw<—1>"<p—2L%J>w<‘1)k_l%(ﬂ—%%m—l)]’” Do 3 AN g |

Jik=1\ =1

p 1o
2 2(1’ 2) 5

“=U0t P ioet]|. Q= P o7 e1
k=1

k=0

Theorem 4.23 (Solution of the RHP 4.22). Let o = (j +1) mod 2 and

(%) HZ 1 F(S +ae - 1) ilnsa .
) = i d 1 1 C —0Q, 0].
g () 2m e F(l+ajg—s) ¢ds, 1=j=p+1 teC\( ]
(4.78)
- A\prl—j p_"'l
cj = 2mi) / Tk (4.79)

and the contour of integration L leaves all possible singularities of the integrands in
(4.78) to the left. Let

i1 p+l d
OO = (A —ax) T O] L reCio 0l A=
GM), ¢eH

GON), ¢eH With this, the solution G?)(¢) to the bare

and assemble G(¢) = [

RHP 4.22 is given by

G(6), ) arg;e(—f ~LHuE ir)
3 (p=3) 1 0 .,

G({)(l @D @2 P [Pk TaN ] :| @D 1), arg¢ € (3, )

2(17 D - 1 0 .
G = G(©) D= —gau 1}’ arg € (0, %) (450)

(p—3) 1 0 .

G(;)(l @ @2 0 _g—uz;ﬁ_zefiﬂazk*,z 1:| @ l), argé‘ c (—YT, _T)
10

G(f)@Z(P 1 ¢~z 1:|’ arg¢ € (—%,0)
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in case p =1 mod 2, and for even p =0 mod 2 by

G(©) ) arg¢ e (=, —I)U (%, )
G(é)(l eaeaup 2) {,azmlemzm ?D argz € (3T, 1)

GV () = G(:)( o __Clm, 10} ® 1), argl € (0, %) wsh
G(Z)(l ® @2(17—2) —{‘“2"+zle—ina2k+z ﬂ ) arg¢ € (—, —3%)
G(g“)( 2(17 2) _C_JZM ﬂ ® 1), arg € (—1.0)

We will split the proof of Theorem 4.23 in several parts, starting with the jump
conditions and the singular behavior at the origin ¢ = 0.

Lemma 4.24. The function gl )(g) ¢ € C is an entire function, whereas {g( )(C)}’7+1

are defined and analytic for { € C\(—o0, 0]. In particular, for2 < j < p+ 1 we have
the monodromy relations

(+) (€e2m) g;+)(§) 9= 1piTaj-10j- 1g(+_) (§e2niaj71) , (4.82)

valid on the entire universal covering of the punctured plane. Also, the behavior of

g“)(;) at{ = 0for1 < £ < p is the same as the behavior of the iterated Cauchy
transforms Cy41 given in (2.7).

Proof. The singularities in the integrand of gfi) (¢) are solely located at ¢ = —n,n €
Zsg. Thus retracting the contour L to —oo we pick up a residue at each nonpositive
integer point equal to

—1)"
res I'(s) = ) .
s=—n n!
Since the remainder of the integral tends to zero by the properties of the Gamma function,
we get

T AP S e AN sy
! I T +a+k) k!

which implies that gii)({) is entire. The same argument applied to the remaining

{ gﬁi) (g“)}p ! shows directly that they are analytic in C with a cut along the negative real
axis. Suppose now that 2 < j < p + 1 and start with

(+) 27i +) H(i 1P +ae 1) £i50; —2mis _ |
(ce) - ¢ @) = A e (e ) as.

(4.83)

Since

. 1
2mwi iz

e—Zm's 1= _e—insm’ HF(S +agj— 1) = F(S)ZI_II I'(s +ay, j— 1),
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we can change the variable of integration in (4.83) as s = u —a; 1,1 =u —aj_1,
and are lead to

e

) Jj—1 . inuo;
_ G-l [To—y Tw+aej—1 —aj—1) e eI dy
2mi Hf_.r(l+a/’g+a/‘_1—u)r(1+aj_1—u)
L+aj_ =/
J
% é.aj_1ei71a_/_1a_/-_| (Zﬂl C])
Cj—l
Jj—1 . _
_ _é,a/ 1 l?Ta] 101 Cj-1 HZ=] F(u+a£»J_2) ei?Tqu,1 4.627'”'6]',1 u du
a 2mi M- T +a;—u)
t=j—1 je—u
L+aj_

_é.aj 1 l]taj 101 (+) (§e2maj 1)

In the last equality we used that there are no singularities of the integrand between
L+a; yand L since aj—1 > —1. As for the singular behavior at { = 0, we simply

use analyticity of g1 1) (¢) and apply the monodromy relations iteratively. This combined
with the Plemelj-Sokhotskii formula leads to a behavior as in (2.7). 0O

We are now ready to derive the jump behavior of G?)(¢) as stated in Theorem 4.23

Proof of Theorem 4.23-jump and singular behavior. The matrix G(¢) is analytic in the
uppetr/lower half plane and thus the jumps on the four rays v 2 3 4 follow at once from
the definition of G'7)(¢). Now it follows from o; = (j + 1) mod 2 that for odd j the

functions gi.i) (¢) coincide. For even j = 2k we have instead that
ng)(§e2m) = gzk)(é‘) ¢ € C\(~00,0]
and thus with Lemma 4.24
g1 () = g5 (O + gy [(0), ¢ € C\(—00,0].

Hence, the functions G (¢) are related by

l(p—l) 1 Ca2k+l
l?:o 0 | , p=1 mod 2

GW () =G () (4.84)

1., 1 s
20 2)[0 cl ]@1, p=0 mod2

From this, the remaining jumps on the real line, i.e. on tp 5, follow by matrix multipli-
cation applying the Definitions (4.80), (4.81) and using that ¢} = ¢” for ¢ > 0 as well
as ¢ = ¢¥ e for ¢ < 0. As for the singular behavior near ¢ = 0, this is dictated
by the result of Lemma 4.24 and the Definitions (4.80), (4.81). O
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e_inUpH ;.) ,

We move on to the asymptotics at { = oo. Since

+1,0
gg:.)l(g) = Cp+1G(§Tp+1 (

alp’ azp’ a3p7 DR appvap+l,p

we get from [7,20] that, as ¢ — oo with |arg¢| < w(p + 1),

8;:31 ) =¢ =3 1 40) g Tt 4y 5 58 @)

X exp [—(p+ 1)w‘%”ﬂ“;#] (1+O(¢‘ﬁ)), (4.85)

Here we put

iz P
w=w,=e¢ 2,

[SE]

and all subsequent expansions of { g§+) (g“)}fz1 at ¢ = oo can now be derived from (4.85)
by substituting into (4.82). We summarize

Lemma 4.25. Let € > 0 be fixed. As { — 09,

gzk)(C) =¢ 2(””)602+p 2k ¢ P+' w flzpﬂ j
Lo 1o 1o e )

uniformly for arg{ € (—m, w — €] and any

L I....3(p=1, p=1 mod2
I R 52 p=0 mod 2.

Secondly with H* = {¢ € C: sgn(J¢) = +1}, as ¢ — oo

. 1

¢~ 2\,+1) P~ 2’<;- ,z’ilI w P 23 hinA ’exp[ (p+ D™ ,(P 2’\)] (1+O<{_”%)), el
(+)
&1 §) =

Apy +
(—1)P ¢~ T = (P20 A o Thina ;exp[ (p+1)a,,,<17 2");,11](1+O(§v+l)), ¢ eH*

uniformly for arg { € (—m, —€] in the lower half-plane, for arg ¢ € [€, i) in the upper

1
half-plane and any k =0, 1, ..., \"’TJ

In addition

Corollary 4.26. Let € > 0 be fixed, then as { — 00, uniformly for arg¢{ € [—m + €, 0)
g5y (€)= e gl (0) = g5 (C em) g5, (©)
_ (_l)p—lg—%w—(2+p—2k)é_2+l 230, exp[ (r+ 1)a)p(2+[) 2k)§p+1]
x (1 +0 (;‘ﬁ)) (4.86)

+1
foranyk =1, ..., LPTJ
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We can now complete the proof of Theorem 4.23

Proof of Theorem 4.23-asymptotic behavior at { = co. The sectorial asymptotics of
G®)(¢) follow from Lemma 4.25 and careful algebra. The jump-matrices do not affect
the sectorial asymptotic because by construction of G (¢), the asymptotics of G (¢)
and GP)(¢) are the same as ¢ — o0. This follows from the Definitions (4.80) and (4.81)

in the sectors arg ¢ € (—37”, —%) U (%, 3T”) and estimations of the form (here only for

p=1 mod 2)

. [ip-D :

o+ 1 0 A
(1T [T [—C‘“z’“‘ 1] PR i
k=0
_ 7
=1+0(¢7®), args € (0, Z)

1 z(P 3)

+1 0 T A
§p+| (p+1)QC P 1 @ |:§ 02A+Zelml2k+2 11|@1 (P+1)Q P

3n
:I+O(§_°°), arg{( n)
as ¢ — oo with similar ones in the sectors in the lower half-plane. O

4.2.2. Computation of the right hand side in (4.75) for general p > 2. Our next goal is
to express the entries under consideration in the matrix product G~! (w)G(z) as double

contour integrals. To this end it is convenient to pass from the functions g;.i> (¢) and
G (¢) to the functions {f(i)(g‘)}pJrl F®) (¢) defined through

FE@ =B @), ceC\(—00,0,  j=1....p+l (4.87)

+1
FH (@) = [A’ ‘f%)] =GP (0)¢”  Di=diag[0,a1,an, ai3,...,a1,).
J.k=1

(4.88)

Note in particular that all functions f j(i) (¢) admit a contour integral representation, with

¢ € C\(—00,0],

i F
1@ =35 [ FPec e mPe [0 PO =40 sintsma e,
. miJr; HZ /1"(1+a15—s)
(4.89)
We also define for convenience the following functions
1900 =55 [ B s,
J 2mi i J
(4.90)

. [T0_._  T(s +an)
PO (g) = =i

i—2
1o T —s —ai)

ej:tn(s+a1,j,1)aj,1 ,
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and analogously as before,

= i—1 p(+ 1

FH @) = a7 5P 1L, ¢ eC\(—o0,01.
The normalization constants ¢; are defined through c; in (4.79) as

5J'+1 = —27‘[1'6/'. 4.91)
The goal of this section is to prove
Theorem 4.27. For w, z € R,
[G_l(w)G(z)] = cjcw Tt
jk

@, p, K@ —-K@ o _, dvdu
X/L/ZFk Wk =) u—v v Qri)?’ *492)

where the signs (L) are chosen according to whether the corresponding variable belongs
to HE. Also, the multi-valued functions ¢ have to be evaluated with principal branches
and the integration contours are chosen as in Definition 2.9.

We split the proof of the latter Theorem into several steps
Proposition 4.28. The  functions {f\ (O} and ()2, defined  for

¢ € C\(—o0, 0] are linearly independent solutzons of the classzcally adjotnt differential
equations

P P
[Tac+ai) r)=—cr@) . [](ac—aw) f@©) =-tf@). A= c i
£=0 £=0
which follows from the functional relation of the kernel functions

F}i) (s+1) = F;i) ()K (s), ﬁjfi)(s +1) = ﬁ]@ ()K (—s),
P
K(s) = (D" ][ —aw). (4.93)

=0

Proof. The functional relations (4.93) follow simply from the standard relation I"(1 +
s) = sT'(s). The stated differential equations are then derived by differentiation in (4.89),
(4.90) and application of the latter functional relations for the integrands. O

Definition 4.29 (Bilinear Concomitant, see [23]). For ¢ € C\(—o0, 0], introduce the
bilinear form,

~ F(”)Fk(v) —u—v
BUfy. foe) = - 1)2/ J e xw ko] ava

1§J,k§p+1 (4.94)

or written equivalently without double integrals,
B(fj: fo©) = [A©). A fu@). AL/ . ALfi(0)]
T
<[ £ A f5©). ALF@). o ALFO] @05)
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where

. 1
1K(,+/<—1)(0) p
(+k—1)!

K= [(—1)1’+’<—

Jjk=1

Here, f;(¢) or fk({) can be replaced by any function of the collection { f j(i)(;)} or
(2.

Proposition 4.30. The bilinear form in Definition 4.29 is piecewise constant in ¢.

Proof. From the functional equations of F;(s) and F i (s) (here F;(s) can represent any
of the F ;i) (s), similarly for Ia i (s)),

d A cjCk . y—pe
B Fo© = =255 [ [ Fwho)[Kw - keo]e
L / Fie™d /ﬁ( ) d
Tl A e

Cjék ) —u i —v
+(2m_)2/LF,(u)§ du/Z+1 Fr(v)¢ Y dv
= —fi O f@) + [0 fr(0) =0, ¢ €C\(—o0,0]

where we used Cauchy Theorem in the last equality. O

The particular choice of the expressions (4.89), (4.90) is explained by the following
Proposition.

Proposition 4.31. For independent choices of signs (£), we have
B(fj(i), D@ =68, jk=1,....,p+L (4.96)

Proof. The proof is technically simpler if we impose the non-resonance condition
akg:ZajgéZ, 1<k=<{=<p. (4.97)

This condition can then be lifted a posteriori since the result is independent of the a;’s.
As B(fj, fk)(§ ) is defined through a double contour integral we shall apply residue

theorem to retract first the contour Lg to —oo. This procedure amounts to picking up
the residues of the inner integrand which by assumption (4.97) are all originating from
simple poles of the expression Fi(—v). Let P = {ai1.a12, ..., a1,}: note that our
assumption (4.97) implies P N Z = {. Then the poles of F;(u) are in general located
on the lattice (P U {0}) — N whereas the poles of I:"k(—v) are in general centered at
(P U {0}) + N. Retracting the contours as indicated, we create certain double series of
the form

B o= > R (4.98)
me(PU{0})—-N £e(PU{0})+N
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with coefficients Rr(niz; ik determined through residue evaluations. The so obtained series
defines an analytic function in C\(—o0, 0]. Now we know that B( f j(i), fk(i))(g“ )is ¢-
independent and hence the computation of (4.98) only requires from us to inspect those
coefficients R' z ik which can give a contribution to the O (;“ ) terms in (4.98). Also, as

(4.97)is in place we only have to compute the residues of the integrand at the elements
of the finite set P. Concretely we obtain

i—1
#) ) [1)Zo T — aip)
51 k 1F( v +daim) :I:m(u ap,j-1)o;

Hm ol +v—aiy)

x e:l:zn’(—v+a1‘k,1)ak,1 C —u+v

K — K
() (v) dvd
u—v
i1
[1\2 Taie —awn)  [1h_ioi T(—aim +ain)

—c '6]( z Z n#@ n#m K(alf) - K(alm)
=%
Py I‘(1+a1n—alz) Hn 0F(1+a1m—a1n) ay—aim
Xeil”(all_al,]—l)o'] eilﬂ(—alm*'al.k—l)ck—l cam—a (4.99)

Since by construction
K(aie) — K(aim)

aie — dim

= 8emK'(are), (4.100)

we see from (4.99) that B(f{™, f)(¢) = 0 for j < k in the corresponding half-
planes. For j =k,

B2, f)@)

= ;¢ ;]1 OF(Cll j=1=ain) H:=j [(=aij-1+am) "(a1,j-1)
n:j 1—‘(1"'51111_511,j71) Hfl;éI‘(1+a1)j,1 —din) '
2 P 1 )

=t | H o= )\ o= ) Ky
n=0 " n=j ’

= Cjéj e =1

where we used the normalization (4.91). Thus B( f;i), fj(i))(g“) = 1 forall j =

1, ..., p+ 1 in the half-planes. It remains to consider the situation when j > k,
j—1
oo j-1 H{,=0 F@m—ain) [T T(—aim+ain)
B [N = cje Yy — - K'(@m)

mek—1 Lln=j 'l +ai, —aim) Hn -0 I'(l+ay, —ain)

eTim(@im—ay, j-1)0; ,2Ein(=aim+ar k-1)0k—1

j—1 j-1
Cr Z H I'(aym — an)l (a1n, — aim)
m=k

—1 n=k—1
n#m
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K/(alm)eiiﬂ(alm*al.j—])aj etin(—aim+ay k-1)0k-1

k—2
H;I;:j (a1n — aim) Hn:()(alm —ai,)

-1 j-1
R J J .
P S | [ S—
J sin(ay,

m=k—1 n=k—1 — ain)
n#m
/
% . K'(aim) einake:tirr(mmfa].j,l)aje:tin(fmmﬂll,k,l)(fkfl
H n=0 (aln - alm)
n#Em
j—1
:C_/eiiﬂ(a],k—lak—]*al,j—l”j) z eiiﬂalm(ﬂ./*ﬂk—l)
C,
k m=k—1
i—1
! g
X H _ (4.101)
sinw(ay, — ain)
n=k—1
n#m

The last sum vanishes identically: to see that, we consider the meromorphic functions

j—1
() _ tinz(oj—or_1) T .
P =e —, ] >k,
Pjk @) nlzl_l sinmw(z — ayy) J

which are periodic q)ﬁ:) (z+1) = (pﬁ:) (z). In this latter expression we can assume without
loss of generality thata, € [0, 1) forallk —1 <n < j—1. Let Bg ¢ be the rectangular
box with sides

{l+e+it, 1€ [-R, RI}U{t+iR, t€[e,1+€l}U{e+ir, t € [-R, R]}
U{—iR+1,1€[e, 1+€l}.
Then we can always find € € R such that
1 €—ioo I+e+ioco ) ) 1 )
0= Lo O g, R0

and the latter integrals yields the sum of residues inside, which equals exactly the sum
in (4.101). O

The last result is now put into use in the following way: with

F®¢), ¢ eH*

B@) = () KG@©)¢ ™,  where m“:[w>@>ceH

we get from (4.95) that
B f@).  0<arge <x
[B©)] ;= K Y B
B(fk 7f/ )(g)’ 7T<argf<0

and thus (4.96) shows that 3(¢) = I in the separate half-planes. In other words, we have
computed the matrix inverse

G©) ' = PEQ)K, ¢eC\R (4.102)
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Remark 4.32. A direct computation in fact shows that ¢ ~P @ (C)) " has the same jumps
on the real line as (G(¢))~!. For this we would notice that
p+l

CPEVE) = [ a0 @]

where we introduced the “dual functions" {g j+)(§)} to {g (+)(§)} namely

. p
R ¢ [To—. T(s+aje)
g =L !

- [ — €% ds, ¢ € C\(—o0, 0].
2mi Lj é:l I —S+a@,j_1)

Here, g (;‘) is an entire function whereas {g j( )(g)} =1 are defined and analytic for
¢ € (C\( 00, 0], also (compare (4.82)) we have a monodromy relation

A(+) (é.e2m) _ gj(+)(§.) — é.a,-einajﬂ,g(ﬂ (4.62711:7/) L, 1<j<p (4103

valid on the entire universal covering of the punctured plane. Then one checks with
(4.103) that the jumps of {‘D(]F({))T are indeed identical to the ones of (G(¢))™".

In order to complete the proof of Theorem 4.27, we use (4.102), thus for w, z € C\R
Gl w)G(z) = wiDCI‘:(w))TIC F(z)zP.
This motivates the following generalization of (4.94)

Definition 4.33 (Generalized Bilinear Concomitant). For w, z € C\(—o0, 0], let

5 2 K K
B(fj, fi)(w,z) = o )2//F ) Fp(—vy) ——————~ (u) (v) w'z " dv du,
w,z € C\(=00, 0] (4.104)

where f;, f] stand for any of f j(i), fj(i), with integration contours chosen as in the

definition of B(f;, fk)(;“ ), compare (4.94). Equivalently, without any contour integrals,
B(fj. fow. ) = [ few). dufew), A futw),... AL fuw)]

x/c[f,(z),Azf/(z),Aﬁf,(z),...,Ag’f,(z)]T. (4.105)
Proof of Theorem 4.27. Let
Bw,2) = (Fw)) KF), weC\R
and observe from (4.105), that

(f(“‘) f(i)) w e Hi, ze H*

[B(w )] [B(f( -) f(:t)) w EHi, Z cH-. (4]06)

Since
G '(w)G(2) = w PBw, 2)z°

we have thus proven Theorem 4.27. O
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An alternative formulation of the matrix (4.105), which is also used in Definition 2.9
is given below

Proposition 4.34. Forany 1 < j, k < p+1,with Py = PU{0} = {0, a1y, a2, ..., aip},

B(f), fow, 2) _ GG //F(i)( VED (- v) -~ dvdu

w—z (2mi)?

—cjéx Z res Fj(v+ D Fp(— v)
s€Py

Here the integrations around L, L are taken in the indicated order;\ and thus mean the
evaluation of the residues in the v variable first at the poles of Fr(—v) followed by
evaluation of the residues in u at the poles of F;.

Proof. Start from (4.104) and first use the functional equations for F;(u) and I:"k(—v),
ie.

dv du

B(f, fi)(w,2) = | Fitu+ 1) Fr(— v)

- (ngci’;Z//F ) Fi(1 = v)=

where each /; is now dependent on the order of integration. By the residue theorem,
with Py =P U {0},

dvdu_11 — I

_ cjCk A wYz ! cjCk
L=2— > ekl ”)/LFJ(“)u_vd” :

2mi 2mi
s€Po+1+N

x/ _ FiwF(1 —ww"z " du
LNInt(L)

U*M

z Z Igest Eess Fk(l —v)F; (u)

s€Po+14N rePy—N

+cjCk Zres Fr(l — vF(wwz™"
se(P0+l+N)ﬂInt(L)

C 'C A

_ Ltk Fi) Fr(1 — wyw"z ™" du. (4.107)

271 JLAine@)

Notice that from the functional relations we have Fj(v)l:“k(l —v)=Fj(v+ l)ﬁk(—v),
and thus,

s€Po+1+N)NInt(L): res Fr(l — V) Fj()yw'z ™"
v=s

1 A N
— Fi(0)Fr(1 —v)w’z " dv =res Fj(v+ 1) Fr(—v)w’z"".
= 27i aD(s,€) v=s
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Back to (4.107) with the help of the functional relations once more,

. ~ wlz ™" .
L =cjé Z Z lgistge:sst(l—v)Fj(u)u_v +cjck
sePo+1+N teP—N
% . Lo v_—v
25e=sx Fi(+ 1) F(—v)w'z
s€(Po+1+N)NInt(L)
ciC ~
- j—k/ _ Fiju+ D) F(—uw)w"z " du
20 J @)
v+l —u
=cjc g Fij(u)———— +c¢j¢
c.,ckz Z Igest 5655 r(—v) (u) S CjCr
s€Pp+N rePp—N
% Lo . v, —v
Zg Fr(—v)Fi (v + Dw"z
s€(Po+1+N)NInt(L)
ciC N
_ Ltk  Fi(u+ D) (—wyw'z " du.
27 Jam@)
Now move on to /1, by similar reasoning,
va_u+l
I =cjc Z Z thresi 5esv Fk( v F; (M)T +cjck
s€Po+N rePyp—N
Lo . v, —v
X 25e:sSFk( VFi(v+Dw'z
se(Po+N)NInt(L)
Cjék

- / R Fj(u+1)ﬁk(—u)w”z_“ du.
21i J D)

and subtracting, we have proven the Proposition. O

In order to obtain the expression of the kernels in Definition 2.9 and also completely
prove Theorem 2.12, we need to express explicitly the right side in Theorem 4.21, that
is we have to compute

R YA —1
Cie(€,n) = &b : " E%”m%ae G~ w)GGE)
: (—2mi)/—t+ w—z e lw=E()
z=n(—)*"!
(4.108)
where j, £ = 1,..., p and cg, &, n > O with {w}} as in (4.74). For this, we need to

use Theorem 4.27, the explicit formule for F;(u), F i (v) (4.89), (4.90) combined with
(4.106), the expressions for ¢, éj in (4.79), (4.91) and then simplify so as to obtain the
expression in Conjecture 2.10.

4.2.3. The one-matrix “chain”. We show here that for p = 1 the Meijer-G field is
nothing but the ordinary Bessel random point field [10]. We make use of

! '@ —u — %
PO =05 | Fare—mt W=CTHOVO (4.109)
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with the Bessel function J, (-) of first kind. Thus, using (2.27), we have

(1) _ I"(u) F(—v+ap) &9 dvdu
g“(g’n)_//l“(nal—u) F(1+v) 1—u+v Qi)

1
_ /0 Bay (10) Bay (1)1 d1 = 4K pess o (45, 41)

where we used the expression of the Bessel kernel as given in [10, formula (4.26) and
4.27].

4.2.4. Comparison with [10], two matrix chain. In [10] (Theorem 2.2) the chain p = 2
was studied; we can compare those results with our situation. The four kernels defining
the Meijer-G field were introduced in [10] as

o066 = oo [ [ r e Twrh) 787 44,
@ni)? ) s Ta = +b—w Td— )l +a—v) 1 —u—v

dore- ) = (27111')2 //yz (- E)(?(Jrli)b —w ?i?)fivff; 1§—_uf:vv dvdu

B (27111')2 //yz Fr((bi)}:;uj:)) r( - S)(;;i)a ) 1;_*“5:”1) dvdu,

= s [, Bt

(4.110)

The indexing of the four kernels follows a different convention and thus we need to
compare

2 2 2 2
Goo < G5, Goi < Q{l) , G0 Gy, Gt Gy

It is then a simple verification that

Goo & n)=<%) G2 (n, &: {a, b)) 901(5,77)=(%> G2 (n. &; (a, b))
(4.111)

glo@,n):(%) G, & {a, b)), gu@,n):(%) G\ (n, & {a, b)) .
(4.112)

This implies the equivalence of the determinantal point fields.

4.2.5. Comparison with [28], singular values of products of Ginibre matrices. In Kuijl-
laars and Zhang [28, Theorem 5.3.], obtained the following limiting kernel in the cause

of a local scaling analysis,
M b 1o - M0 -

K (x, )= Gy tx )Gy, ty ) dt
v (X)) /0 O,M+1( ) 0,M+1(U17.”’DM’ Yo y)

1o, —Vi...,—Vy




Universality Conjecture and Results for a Model of Several Coupled Positive Matrices 1137

where v; = Nj — Nog € Z>o and M € Z>1. Recalling (4.31), we have equivalently

1 r M T (v, —vyu
Kﬁ”(x,y) = ﬁ// u @) ~ HSEOI (_v +v) ly— x_ dvdu
(2mi) 2 [Tie (L +vg — u) (I-v) u—v

and thus with (2.27)

M
KM, y) = G0 (3,05 (1, v2 = w1, v3 = vas o o — w1 }).

Here we observe that in [28] and in [4] only the correlation kernel of one product was
considered; thus we can only compare it to one (the (1, 1) specifically) of the kernels
we obtain. It is possible to speculate that if one could construct the joint correlation
functions for the singular values of all the intermediate products of Ginibre matrices

in [4,28], then also the remaining kernels g}jM) would match. This would reinforce the
universal character of these new kernels.

4.3. Limiting random point fields and chain separation. We now provide the verification
of Theorem 2.13. In the study of these limits, we use Stirling’s approximation for the
Gamma functions

I'(z+98) = (Z)Z za(2nz)% (l +0 (zfl)), 7 —> 00, largz| <m —e€

= —E((j-:f))) =0r (1 +0 (z_l)) )

Proof of Theorem 2.13. For the purposes of this proof we introduce the notation

M@ —ay) Tli_; Tl —v)

Ty, v: {a}) = '
P(M,Uy {a}) Hg’zzr‘(l+a15 —u) H;;l 'd+v—apy)
i = K=K
U —

and K = K (u) as in (2.24). The expression VK (u, v) obeys the Leibniz rule
V(K1 K2)(u,v) = Ki(m)VKy(u, v) + K2(v) VK (u, v)

Now we shall write

14 q—1 P
Kywia)= (D[] -ai) =D ] - a0~ @ = ai)

s=0 s=0 s=q
= Kq—l(”? {ar, ..., aq—l})Kp—q(u — dlg; {aq+17 ceey ap})
= Kq—l(u)Kp—q(u - alq)

where in the last writing the parametric dependence on the a;’s is understood. Note that
K,_1(u), K p_4(u) are independent of a,. We analyze the integrand in (2.26)

Hf;(l) I'(u —ayy) Hf:J I'(ais —v)

~ — VK (u,v)
[[_, T +ay —u H!:o 'd—apj+v)

Cp(u,v; {ah) VK (u,v) =

(4.113)
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and need to consider 9 types of situations, depending on the positioning of the indices:
J, £ less, equal or greater than g. The large parameter in these computations is a; = A.

Case: j, L < g. We look at the asymptotic behavior of the integrand for the kernels
in this block under the two scalings; the computation requires to consider the following
steps

Lp(u, v; {a}) VK (u, v)
Lg—1(u,vifar,....ag—1})
_ —1
[1i=0 T — aro) [T2Z; T(ar — v) v, Tlai; —v)
T +ay, —w) [[Zy T —ays +v) =g T +ai, —u)
X (Kp,q W —a1g))VKy_1(u,v) + Ky 1(W)VKy_4(u —aig, v — alq))
=Ty 1, vi{ar, ..., ag_1)VKy_1(u, v) AP AP=arDE=D (14 O(A™))
=Ty, vi{ar, ..., ag_1DVK_1(u, ) AP~V (1 0A™hH)  (4.114)

If we plug (4.114) into the formula for the kernels we find
1
(=D — (=&
1 o |
x (27”')2 // Fq—l(”’ vi{ag, ..., aq—l})VKq_l(u, U)A(P q+1)(u v)(l +O(A ))

AP G (AP AP fay, L ap)) =

x (Ar=et1g)" (ar=0*1n) " dvdu = G 6 midan, . ag D (1+ OAT).

In the other scaling we need to show that the latter block of kernels tends to zero; to this
end we also need the behavior of the integrand I', (u, v; {a}) VK (u, v) with the shift
u=u'+ayy, v="1"+ay,.Inthe computation below we use Euler’s reflection formula

_ -1
Hfz(l) INCS +ayg — ais) Hg:j C(a;s —v' — ayg)
M= T +ay, —arg — u) [ T +agars —u')
Hf:q I‘(aq+1,s - v,)

X -
—1
Hﬁ:o F+v +ayy —ais)

VKW' +aig, v +aiy)

-1
B ﬁ T(age1s — V') qH [(aig +u' —ays)
s=q

LTI+ agers — u') 0 L1 +v +ayy — ais)

g—1__ 1 ’
s T osinm(alg +u' —ayy)

i —— O (A7)
HZ:]. (—m)~lsinm(aiy +v' — aiy)
1

sinm(ayg +u' — ayy) Ad =)

p q—1 __
-11 (ag+1,s — V") 5=t T
- / —1 .

S=q (1 +ags1s —u') H;f:j (—m)~lsin m(ayg +v' — ais)

x (0(1)+(9(A—1)). (4.115)

Substituting (4.115) into the formula for the kernels, we obtain
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1 1

Aqgﬁ)(l\qf» Aqn; {ai, ..., ap}) = (_1)[77 _ (_1)j§ (27Ti)2

// H l—1(aq+l,s - U/)
C(l+agsrs —u')
l] nlsinm(a, +u' — aiy)

ALI('/—U’)

H (—JT) Usin(ayg +v' — aiy)

x (A‘Ig)”'”“f (Aqn)‘”"“‘ff dv'du’ 0(1) (1+0 (A7)

(&/m)a // H T(ag+1,s — V')
T (=D (=1)ig (2711)2 g Tt ages —u)

1 .
17, -t sinm(arg +u' — aiy)

- dv’ du’ O(1)
Hq (=)~ Lsinm(ay + v — aig)

In principle, at this point, one expects an expression that contributes to order O(1) in
A; but notice that the integrand is entire in the integration variable u’ and thus a simple
argument using Cauchy theorem shows that it vanishes. Thus the leading contribution
must come from the next order in A, namely, o).

Case: j, ¢ > q. This is entirely analogous to the above and left to the reader.

Case: j < q < £. We proceed following the same logic as before.
1 1
f=o P —aip) HZ:] M@ —v) f[ [(ais — v)
HQS 'd+v—ai) — qsmﬂ(u—als)é —, T +ais —uw)
3;01 F'(w —ay) H?;ll I'(ais —v)
[/Zg T +v —ay)

VK (u,v)

-1
X H #A(p—qﬂ)(u—v—l) (1 +0 (A—l)) O (Ap—q+1)
=g sinTt (4 — ayy)
q-1 q-1 -1
= 5= F(u, —a1) [Ty Tlas —v) H T AP D=0 (1),
[T +v—a) =g SN (U — aiy)
(4.116)
Substituting (4.116) into the formula for the kernels thus yields
g y
A"—q+1g(.”)(AP—q+1g, A"—q“n; {ar.....ap})
/ M7 T — ar) TT2Z; Tars — v)
T (=i ( 1)/& Qri2 [Ty T +v—aiy)
£—1
v —Uu
X Smn(u p” )A(P*tﬁl)(ufv) (AP*(1+1€:) (AP*11+1,7) O(1)dv du
- K

S=q
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1 / [1/20 T — ar) [T/ Tars — v)
(=Dt — (=1)Jg mi)? Hf;é T +v—ayy)
-1
i v —U _
x gms " O)dvdu = O(1)

For the other scaling we use again a shift of «, v, thus obtaining an estimate of O(1).
Details are omitted.

Case: £ < g < j. The computation proceeds similarly to the previous case; this time
we obtain a leading order term (O(1) in the integrand that is entire in one of the two
variables and thus vanishes by Cauchy’s theorem. Hence we get a leading order term of
order O(A™").

Remaining cases. They are all handled along the same lines; the verification is left to
the reader because there is really no further surprise in the computation. O
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