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Abstract: We construct Hadamard states for the Yang—Mills equation linearized around
a smooth, space-compact background solution. We assume the spacetime is globally
hyperbolic and its Cauchy surface is compact or equal R,

We first consider the case when the spacetime is ultra-static, but the background so-
lution depends on time. By methods of pseudodifferential calculus we construct a para-
metrix for the associated vectorial Klein—-Gordon equation. We then obtain Hadamard
two-point functions in the gauge theory, acting on Cauchy data. A key role is played
by classes of pseudodifferential operators that contain microlocal or spectral type low-
energy cutoffs.

The general problem is reduced to the ultra-static spacetime case using an extension
of the deformation argument of Fulling, Narcowich and Wald.

As an aside, we derive a correspondence between Hadamard states and parametrices
for the Cauchy problem in ordinary quantum field theory.

1. Introduction

The construction of a sufficiently explicit parametrix for the Klein—Gordon equation is
essential in Quantum Field Theory on curved spacetime, where two-point functions of
physically admissible states (Hadamard states) are required to be distributions with a
specified wave front set. By using methods of pseudodifferential calculus it is possible
to control at the same time the propagation of singularities and the additional properties
of the parametrix, which are needed to treat physical conditions such as positivity (or
purity) of states. As shown in the scalar case in [J,GW] for a large class of spacetimes,
this allows one to construct a large class of Hadamard states.

The generalization to gauge theories poses difficulties that are due to two main
obstacles.

First of all, the equations of motions are given by a non-hyperbolic differential op-
erator P. This is usually coped with by identifying the space of solutions of P with a
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quotient V, of subspaces of solutions of some hyperbolic operator D;. Although one
is essentially reduced to constructing two-point functions for D1, one has to make sure
that their restriction to Vp is well defined. This entails a compatibility condition that will
be termed gauge-invariance.

Secondly, the hyperbolic operator D is formally self-adjoint w.r.t. a hermitian prod-
uct thatis typically non-positive on fibers. This results in a conflict between the Hadamard
condition and positivity of states for D;. Although one can still expect positivity to hold
on the subspace Vp, it is not obvious how this can be controlled.

An additional difficulty are infrared problems, which are inherent to any massless
theory, but also have their special incarnations in the context of gauge-invariance and
positivity on Vp.

In the present paper we study those issues in the case of the Yang—Mills equation,
linearized around a (possibly non-vanishing) background solution A.

Framework for gauge theories. We work (when possible) in the abstract framework
for gauge theories proposed recently by Hack and Schenkel [HS]. More precisely, we
consider its simplified version, in which the classical theory is determined by:

(1) two vector bundles Vj, V| over a globally hyperbolic manifold (M, g), both equipped
with a hermitian structure,

(2) aformally self-adjoint operator P € Diff (M; V), which accounts for the equations
of motion,

(3) a non-zero operator K € Diff(M; Vy, V1) s.t. PK = 0, which accounts for gauge
transformations u — u + K f.

We then assume D := P + K K* is hyperbolic and define the physical space by iden-
tifying solutions of P with those solutions of D that satisfy the additional constraint
K*u = 0 (cf. Sect. 2 for precise definitions). The latter is often called subsidiary con-
dition in the physics literature, we will thus term this approach the subsidiary condition
framework." The version we consider applies to the Maxwell and Yang—Mills equations,
K being then the covariant differential d (note, however, that for other gauge theories
one would have to use the more extended version from [HS]).

Hadamard two-point functions. Inour framework, a pair of operators )Lf Te(M; V) —

I'(M; V1) induces two-point functions” of a Hadamard state on the phase space of P if
it satisfies

DM =2D1 =0, Af—-A =i'Gy, (1.1)
where G is the causal propagator of D and if moreover:

(use) WF' (L) c N*E x NE,
(g.i.) (Af)* = Ali and Ali :Ran K — RanK,
(pos) )»f >0 on Ker K*.

1 Because we are working in a purely algebraic setting, the terminology is rather ambiguous. We refer
the interested reader to [Der] for a review on the flat case that explains the terminology used in the physics
literature.

2 We work with complex fields rather than with real ones, therefore it is natural to speak of a pair of two-
point functions, cf. [Hol, GW,W2]. It should be noted that the real and complex approaches are equivalent,
see for instance [GW] for the bosonic case.
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Condition (usc) is just the same as the Hadamard condition in ordinary (i.e., hyperbolic)
field theory. What differs is the non-trivial requirement of gauge-invariance (g.i.). More-
over, positivity (pos) is no longer required to hold on all test sections, but on a specified
subspace instead.

Main results. Our main result is the construction of Hadamard states for the Yang-Mills
equation linearized around a smooth background solution A, under various assumptions
on A and the spacetime (M, g). Let us first formulate some hypotheses.

1.0.1. Spacetimes.

Hypothesis 1.1. (M, g) is a globally hyperbolic spacetime with a Cauchy surface %
diffeomorphic either to R¢ for d > 3, or to a compact, parallelizable manifold.

Hypothesis 1.2. If & = R, hij (x)dx'dx! is a smooth Riemannian metric on ¥ such
that:

M <[hj)]l<cl, ¢>0, |0%;j(x)] < Cy, YaeNI, xeRY

1.0.2. Background Yang Mills connections.
Hypothesis 1.3. G is a linear Lie group with compact Lie algebra g.

We consider the trivial principal bundle (M x G, M, G) and the associated trivial
vector bundle (M x g, M, g). Using the horizontal connection on M x G, a connection
on M x g can be identified with a section A of the bundle T*M x g, i.e., with a Lie
algebra valued 1—form A.

Hypothesis 1.4. If © = R9, A is a smooth global solution of the non-linear Yang—Mills
equation (2.14) on R; x X such that

(i) A s in the temporal gauge i.e., A; =0,
(ii) |8;‘A);£t, x)| < Cqy, locally uniformly int,
(i) 0985 F5(0, )| < Ca(x)™!, [09Fi(0,x)] < Cofx) > a e NY, x e R,

where the components As, A;, Fs, F; of A and the curvature F = dA are defined in
44.1.

_ Ourfirst theorem deals with ultra-static background metrics and background solutions
A satisfying conditions near infinity in the case ¥ = R?.

Theorem 1.1. Let us assume Hypotheses 1.1, 1.3 and if & = RY also Hypotheses 1.2,
1.4.Letg = —dt2+hl~.,~ (x)dx'dx’ on M = R; x X. Then there exist quasi-free Hadamard
states for the linearized Yang Mills equation on (M, g) around A.

Our next theorem covers the general case, with a space-compact background solution
A. We will deduce it from Theorem 1.1 by a deformation argument explained in Sect. 3.5.
This deformation relies on the global solvability of the non-linear Yang—Mills equation,
which requires that dim M < 4.

Theorem 1.2. Let us assume Hypotheses 1.1, 1.3 and dim M < 4.
Let A € ESIC(M ) ® g a smooth, space-compact solution of the non-linear Yang—Mills
equation (2.14) on (M, g). Then there exist quasi-free Hadamard states for the linearized

Yang Mills equation around A.

Let us emphasize that the case A # 0 differs substantially from the case of a vanishing
background solution (or of an abelian gauge group), as was so far assumed in other works
on Hadamard states. Indeed, if A # 0 then the deformation argument cannot be used to
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reduce the problem to the situation when (M, g) is ultra-static and the coefficients of
D1, P do not depend on time.

As further explained in Sect. 3.5, the difficulty comes from the fact that the back-
ground A must be a solution of the non-linear Yang-Mills equation and therefore cannot
be arbitrarily deformed. This is our main motivation for considering the case of a time-
dependent Klein—Gordon operator Dj on an ultra-static spacetime.

Known results. In the literature, other constructions were already considered in the
special case of the Maxwell equations or Yang—Mills linearized around A = 0.

In these cases the deformation argument yields a time-independent problem, and it is
possible to use arguments from spectral theory, at least if the Cauchy surface X has special
properties that make the infrared problems less serious. For the Maxwell equations, this
strategy was employed in [FP] for ¥ compact with vanishing first cohomology group
(extending some earlier results of [Fur]), and in [FS] for ¥ subject to an ‘absence of
zero resonances’ condition for the Laplace—Beltrami operator on 1-forms. This condition
appears to be more general but similar in nature to our assumptions, as it involves the
behaviour of ¥ at infinity.’ The Yang-Mills equation with A = 0 was considered in
[Hol2] (in the BRST framework) for ¥ compact with vanishing first cohomology group.

Another approach was studied in [DS] on asymptotically flat spacetimes, where the
use of spectral theory arguments is made possible by considering a characteristic Cauchy
problem.

Summary of the construction. Let us summarize the strategy adopted in the paper.

The construction of the parametrix by pseudodifferential calculus is a generalization
of the arguments used in [GW] in the scalar case. As an output, we obtain Hadamard
two-point functions Af that satisfy (g.i.) only ‘modulo smooth terms’. Moreover, they
are positive on some subspace (the space of ‘purely spatial’ 1-forms on M) that needs
not to coincide with Ker K *.

To solve this, we work with quantities on a fixed Cauchy surface X. We define a
Cauchy-surface analogue Ky of the operator K, and deduce that the Cauchy-surface
version of the phase space for P can be expressed as a quotient Ker K ; /RanKy [where
T is the symplectic adjoint, defined in (2.9)].

Next, we argue that gauge-invariance can be obtained by modifying Ali with the help
of a projection IT that maps to a complement of RanK5,. The whole task that remains
then is to show that:

e The range of I1 is a space on which )»?E is positive (after restricting to the phase space
of P).
e The modification of )»]i does not affect (usc).

Both tasks are unfortunately made difficult by infrared problems. For example, the
projection IT can contain terms such as ((SEdE)_l(SZ (see Sect. 8.2), whose definition is
already ambiguous, not to mention boundedness between Sobolev spaces of appropriate
order.

One way we deal with such problems is to use a Hardy’s inequality on R? for the
Hodge Laplacian on 0-forms.

3 The two methods are difficult to compare: in [FS] the infrared problem amounts to an obstruction to
invertibility of the Laplacian, whereas in our approach the Laplacian is effectively replaced by an invertible
operator and an infrared problem occurs in attempts of restoring gauge-invariance.
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The essential novelty is the systematic use of two classes of pseudodifferential oper-
ators

WE(S: Ve Vo), WLy(5: Vi Vi),

that contain infrared regularizations of different type—either a simple ‘microlocal’ cut-
off in the low frequencies (for the Wh class), or in addition to that a ‘spectral’ cutoff
(the \Dr’ég class), defined using (functions of) some elliptic self-adjoint operators. More-
over, the norm of the regularization is controlled by a parameter R that can be chosen
arbitrarily large. This allows one to obtain exact inverses in situations where standard
pseudodifferential calculus gives only inverses modulo regularizing remainders. Using
this method, we first construct a reference projection, establish its boundedness as an
operator between appropriate (weighted) Sobolev spaces, and then perturb it in order to
finally get the positivity.

Auxiliary results. Besides what is of direct interest for Maxwell and Yang—Mills fields,
let us mention some auxiliary results obtained in the present work.

First of all, in the context of ordinary field theory (without gauge), we derive a direct
relation between (bosonic) Hadamard two-point functions and parametrices that satisfy
certain special properties (Sect. 3.3). This allows us to generalize and simplify results
in [GW] that tell how to obtain more Hadamard states out of an already given one.

We also derive a number of results for the classical Yang—Mills theory linearized
around a non-vanishing background; for instance our formula for the phase space of P
in terms of Cauchy data appears to be new (see 2.4.1).

Outlook. An evident limitation of our method is that we have to assume that the Cauchy
surface X is either compact or equal RY, as the construction is based on standard
pseudodifferential operator classes. We also use Hardy’s inequality in the case ¥ = R¢.
We expect, however, that it would be possible to extend our results to other Cauchy sur-
faces by considering extensions of the standard pseudodifferential calculus on classes
of non-compact manifolds on which a generalized form of Hardy’s inequality still holds
true.

Let us also stress that all our results are formulated in the subsidiary condition frame-
work to gauge theories. Especially for applications in perturbative Quantum Field The-
ory, a different approach—the BRST framework, is commonly believed to be more ef-
ficient [Hol2]. We do not consider it here, although it seems plausible that one can
transport Hadamard states from one framework to the other, as illustrated in [FS, Ap-
pendix B]. Another assumption that we implicitly make is that A is a connection on a
trivial principal bundle and one can ask whether the methods of this paper can be applied
to the non-trivial case. We plan to address these issues in a future work.

Structure of the paper. The paper is structured as follows.

Section 2 concerns the classical theory. We first recall well-known facts on ordinary
field theories, then in Sect. 2.4 review gauge theories on curved spacetime in the (sim-
plified) subsidiary condition framework. We introduce the corresponding quantities on
a Cauchy surface in 2.4.1 and then in Sect. 2.5 we show how the linearized Yang—Mills
equation fits into this framework.

Section 3 discusses Hadamard states for both ordinary field theories and for gauge
theories in the subsidiary framework in general terms. We introduce in Sect. 3.2 the



258 G. Gérard, M. Wrochna

definition of Hadamard states that we use for ordinary field theories. We then set up
in Sect. 3.3 a correspondence between Hadamard states and parametrices subject to
special conditions. Next, we discuss in Sect. 3.4 two-point functions in gauge theory,
and formulate the conditions (usc), (g.1.), (pos) and the Cauchy surface analogues of the
latter two. In the same subsection we outline our method to cope with (g.i.) and (pos),
and discuss the main technical obstructions. The section ends with an extended version
of the Fulling, Narcowich and Wald argument in Sect. 3.5, which allows us to reduce
the construction of Hadamard states for the Yang—Mills equation to a situation where
the spacetime is static, but the equations of motions still depend on the time coordinate.

Section 4 reviews the vector and scalar Klein—Gordon equations on ultra-static space-
times.

In Sect. 5 we give a detailed construction of the parametrix for the vector Klein—
Gordon equations considered in Sect. 4, generalizing results from [GW].

In Sect. 6, using the results of Sect. 5 we obtain two-point functions for the vector and
scalar Klein—Gordon equations on an ultra-static spacetime and study their properties. At
this point, the properties (g.i.) and (pos) are not satisfied and only their weaker versions
are available.

As a byproduct of our constructions, we prove that for vector Klein—Gordon equa-
tions, where the natural hermitian product is not positive-definite on the fibers, there
does not exist Hadamard states, but only Hadamard pseudo-states.

In Sect. 7, we study the relationship between the two-point functions constructed in
Sect. 6 in the vector and scalar case. In particular Theorem 7.3 will be important later
on.

In Sect. 8 we prove Theorem 1.1 by the method described in Sect. 3.4. This is the
most technical part of the paper.

In Appendix A we introduce the necessary background on pseudodifferential cal-
culus. It includes amongst others a version of Egorov’s theorem adapted to the case of
matrices of pseudodifferential operators.

Appendix B gathers independent results, used in several parts of the main text. In
B.1 we prove a version of Hardy’s inequality adapted to our applications for the Yang—
Mills equation. In B.2 we recall the transition to the temporal gauge for the non-linear
Yang-Mills equation. In B.3 we discuss the constraint equations on Cauchy data for
the non-linear Yang—Mills equation and show how to construct examples of solutions
satisfying our hypotheses. In B.4 we sketch the proof of Proposition 3.19.

2. Classical Gauge Field Theory

2.1. Notation. Let V be a finite rank vector bundle over a smooth manifold M. We de-
note by I'(M; V), respectively I'c(M; V), ['sc(M; V) the space of smooth, respectively
smooth with compact, space-compact support sections of V, the later notation requiring
that M is equipped with some causal structure.

If Vi, V» are two vector bundles, the set of differential operators (of order m)
'(M; Vi) — ['(M; V,) is denoted Diff (M; Vq, Vo) (Diff"(M; V1, V2)), we also use
the notation Diff(M; V) = Diff(M; V, V).

By a bundle with hermitian structure we will mean a vector bundle V equipped with a
fiber wise non-degenerate hermitian form (in the literature the name ‘hermitian bundle’
is usually reserved for positive definite hermitian structures).

Suppose now that (M, g) is a pseudo-Riemannian oriented manifold. If V is a bun-
dle on M with hermitian structure, we denote V* the anti-dual bundle. The hermitian
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structure on V and the volume form on M allow to embed I'(M; V) into I',(M; V),
using the non-degenerate hermitian form on I'¢(M; V)

(ulv)y :=/ (w(x)|v(x))vdVolg, u,v e 'c(M;V). 2.1)
M

Therefore, we have a well-defined notion of the formal adjoint A* : T'c«(M; W) —
['(M; V) of an operator A : I'c(M; V) — I'(M; W).

If E, F are vector spaces, the space of linear operators is denoted L(E, F).If E, F
are additionally endowed with some topology, we write A : E — Fif A € L(E, F) is
continuous.

To distinguish between the same operator A acting on different spaces of functions and
distributions, forinstance A : T¢(M; V) — T'L(M; W)and A : T'(M; V) — T'(M; W),
we use the notation A|r, and A|r.

2.2. Quotient spaces. Inthe sequel we will frequently encounter operators and sesquilin-
ear forms on quotients of linear spaces, we recall thus the relevant basic facts.

2.2.1. Operators on quotient spaces. Let F; C E;, i = 1,2 be vector spaces and let
A € L(E1, E>). Then the induced map

[A] € L(E1/F1, E2/ F>),
defined in the obvious way, is

o well-definedif AE| C Ey and AF| C F»;
e injective iff A7V F, = Fy;
e surjective iff £y = AE| + F.

2.2.2. Sesquilinear forms on quotients. Let now E C F be vector spaces and let C €
L(E, E*), where E* is the anti-dual space of E. Then the induced map

[Cle L(E/F,(E/F)"),
defined as before, is

e well-defined if CE C F° (where F° C E* denotes the annihilator of F) and F C
Ker C;
e non-degenerate iff /' = Ker C.

If C is hermitian or anti-hermitian (which will usually be the case in our examples)
then the condition F C Ker C implies the other one CE C F° (and vice versa).

2.3. Ordinary classical field theory. We recall now some standard results, see e.g. [BGP,
HS]. Let (M, g) be a globally hyperbolic spacetime (we use the convention (—, +, ..., +)
for the Lorentzian signature). If V is a vector bundle over M, we denote ['sc(M; V) the
space of space-compact sections, i.e. sections in I'(M; V') such that their restriction to
a Cauchy surface has compact support.

One says that D € Diff (M; V) is Green hyperbolic if D and D* possess retarded and
advanced propagators—the ones for D will be denoted respectively G* and G~ (for the
definition, see [BGP]). The causal propagator (or Pauli-Jordan commutator function) of
D is then by definition G := G*— G~ . Normally hyperbolic and prenormally hyperbolic
operators (defined below) are Green hyperbolic.
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Definition 2.1. (1) An operator D € Diff (M; V) is normally hyperbolic if its principal
symbol equals —§,£"1y.

(2) An operator D €_Diff (M; V) is prenormally hyperbolic if there exists D €
Diff (M; V) s.t. DD is normally hyperbolic.

This terminology is slightly more general than the one used in e.g. [Muh], cf. [W,W2]
for examples.

Proposition 2.2. If D, D ¢ Diff (M; V) are such that DD is Green hyperbolic then D
is Green hyperbolic and their retarded/advanced propagators G* and Gﬁﬁ are related
by

+ Nt
G* = DG,

The proof of Proposition 2.2 is a straightforward generalization of the arguments of
Dimock [Dim,Muh].

Before discussing gauge theories, let us recall the basic data that define an ordinary
classical field theory (i.e., with no gauge freedom built in) on a globally hyperbolic
manifold (M, g).

Hypothesis 2.1. Suppose that we are given:

(1) a bundle V over M with hermitian structure;
(2) a Green hyperbolic operator D € Diff(M; V) s.t. D* = D.

Proposition 2.3. As a consequence of Hypothesis 2.1,

(1) the induced map

(M3 V)
[G]: ————— — Ker D|r,,
Ran D|r, ‘

is well defined and bijective.
(2) (GH* = GT and consequently G* = —G.

To fix some terminology, by a phase space we mean a pair (V, ¢) consisting of a
complex vector space V and a sesquilinear form g on V. Actual physical meaning can
be associated to (), ¢) if ¢ is hermitian. The classical phase space associated to D is
(V, q), where

_ Te(M: V)

= Ran DI, wqu:=i"'w|[G]v)y. (2.2)

By (2) of Proposition 2.3 the sesquilinear form ¢ is hermitian, and it is not difficult to
show that it is non-degenerate. As a rule, we will work with hermitian forms rather than
with real symplectic ones, but it should be kept in mind that the two approaches are
equivalent.
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2.3.1. Phase space on Cauchy surface. Let us fix a Cauchy surface X of (M, g). Con-
sider a Green hyperbolic operator D € Diff” (M; V). Let V, be a vector bundle over X
and p : I'sc(M; V) — I'c«(2; V,) an operator which is the composition of a differential
operator of order < m with the pullback :* of the embedding: : ¥ — M.

We equip V,, with a hermitian structure (~|~)Vp, which extends to I'c(2; V) as in
(2.1), using the volume form on ¥ induced by g. It is convenient to assume that this
hermitian structure is positive definite. The adjoint map:

p* i Te(2;V,) = I'(M; V)
is defined using the two hermitian structures (-|-)y and (-|-) v,

Hypothesis 2.2. Assume that for each initial datum ¢ € T'c(2; V), the Cauchy problem

{Df =0, fele(M;V) (2.3)

of=e
has a unique solution.

In other words, the map p : Ker D|r,, — I'c(X; V,) is a bijection. If D satisfies
Hypothesis 2.2, we will say that it is Cauchy hyperbolic (for the map p). It can be proved
that if D is Green hyperbolic then there exists p s.t. D is Cauchy hyperbolic,* cf. the
reasoning in [K, Sect. 4.3].

By Hypothesis 2.2, assuming additionally D = D* and using (2.3) of Proposition
2.3 we deduce that the phase space (V, q) is isomorphic to (Vs, gs), defined in the
following way:

Vri=Tu(E:V,), #gsvi=i"'w|Gzv)y,. (2.4)
where Gy is uniquely defined by
G =: (pG)* Gz (pG).

(Let us stress again that the stars refer to formal adjoints using the hermitian structures of
V and V,, the latter can be chosen quite arbitrarily.) As a consequence of this definition,

1=G*p*Gxp on Ker D|r,,. (2.5)

This also implies p = pG*p*Gxp on Ker D|r_, hence
1=pG*p*Gy on I'c(X; V). (2.6)

It is useful to introduce the Cauchy evolution operator:
U:=G*p*Gs. 2.7)

By (2.5) and (2.6), it satisfies pU = 1 and Up = 1 (on space-compact solutions of D).
Moreover, since G* = —G we get DU = 0. Applying both sides of (2.5) to f we obtain
a formula for the solution of the Cauchy problem (2.3).

Proposition 2.4. Assume D is Cauchy hyperbolic for p and D = D*. Then the unique
solution of the Cauchy problem (2.3) equals

f=Up =G*p*Gsp = —Gp*Gxo.

4 Of course one has to choose p sensibly, cf. the example in [BG, Sect. 2.7].
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2.4. Gauge theory in subsidiary condition formalism. The following data is used to
define a classical linearized gauge field theory on a globally hyperbolic manifold (M, g).
This is a special case of the setting proposed by Hack and Schenkel in [HS], well suited
for the case of Yang—Mills fields.

Hypothesis 2.3. Suppose that we are given:

(1) bundles with hermitian structures Vy, Vi over M;

(2) a formally self-adjoint operator P € Ditf (M; Vi),

(3) an operator K € Diff (M ; Vy, V1), such that K # 0 and
(a) PK =0,
(b) Dy := K*K € Diff(M; Vy) is Green hyperbolic,
(¢c) Dy := P + KK* € Diff (M; V) is Green hyperbolic.

The operator P accounts for the equations of motion, linearized around a background
solution. The operator K defines the linear gauge transformation f +— f + K g, and the
condition P K = O states that P is invariant under this transformation, which entails that
P is not hyperbolic. Making use of the assumption on Dy, the non-hyperbolic equation
Pf = 0 can be reduced by gauge transformations to the subspace K* f = 0 of solutions
of the hyperbolic problem D; f = 0. The equation K* f = 0 is traditionally called
subsidiary condition and can be thought as a covariant fixing of gauge.

The canonical example is the Maxwell theory, in which case K is the differential
d acting on O-forms on M and P = 4d, where § is the codifferential. The subsidiary
condition K*f = 0 is then simply the Lorenz gauge. This example will be further
discussed in Sect. 2.5 as a special case of Yang—Mills theory.

Let us first observe that the differential operators from Hypothesis 2.3 satisfy the
algebraic relations

K*D; = DoK*, DK = K Dy.

These have the following consequences on the level of propagators and spaces of solu-
tions, proved in [HS].

Proposition 2.5. As a consequence of Hypothesis 2.3,

(1) K*G}{ = GEK* on Te(M; V1) and KGE = GEK on T(M; Vp);

(2) Forall y € T'sc(M; V1) there exists h € T'sc(M; Vo) s.t. ¥ — Kh € Ker K*|r,.. If
moreover € Ker P|r, then y — Kh € Ker P|r, N Ker K*|r

(3) We have

sc”?

Ker P|r, NKer K*|r, C G1Ker K*|r, + GiRan K |r,;
(4) Ran P|r, = Ker K*|r, N G 'Ran K |r..

Since the auxiliary operators D1, Dg are Green hyperbolic, we can associate to them
phase spaces (V1, q1), Vo, qo) as in the previous subsection.

In the ‘subsidiary condition’ framework, the physical phase space associated to P,
denoted (V», gp), is defined by

Ker K*|r,
V=t B
Ran P|r,

wqpv =i 'w|[G1]v)v,.

The first thing to check is that the propagator G| of D; induces a well-defined linear
map on the quotient space above.
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Proposition 2.6. The sesquilinear form qp is well defined on Vp.

Proof.  'We need to show that (u|Gv)y, = 0if u € Ker K*|r, and v = Pf for some
f € I'c(M; Vi). We have in such case

G\Pf=—-G KK*f =—KGoK*f,

hence (u|G1Pf)y, = —(K*u|GoK*f)y,=0. O

The definition of the phase space V, agrees with the one considered in [Dim2,FP,
P,HS] and is arguably the most natural one. Other possible definitions are discussed in
[DHK,HS,B]. Let us also mention that the form g, needs not be non-degenerate on V5,
cf. examples and further discussion in [DHK,HS,B].

Itis possible to give different generalizations of Proposition 2.3, (2.3) (claim a) below
is proved in [HS]).

Proposition 2.7. The induced maps

Ker K*|r, Ker P|r,,
@ [G1]: — =

Ran P|r, Ran K|r,,

Ker K*|r, Ker Dy|r,, N Ker K*|r,.
() [G1]: — ' =,

Ran P|r, Ran G K]r,
are well defined and bijective.

Proof. (b): For well-definiteness we check that GKer K*|r, C KerD; which is easy,
and GKer K*|r, C KerK™*, which follows from K*G| = GoK*. We need also to
check that GjRanP C RanG| K which follows from Hypothesis 2.3 (c).

For injectivity we see that if K*u = 0 and Gju = G| Kv, thenu — Kv = D, f for
f € Tc(M; Vy), hence Do(v + K* f) = 0, which implies that v + K* f = 0 and hence
u=Pf.

Surjectivity amounts to showing

Ker Dy|r,. N Ker K*|r,, = G1KerK*|r, + GiRan K|r.

The inclusion ‘D’ is easy, the other one follows from Proposition 2.5 (3). O

Finally, let us quote another useful result, shown in the present context in [HS], and
often called the time-slice property (or time-slice axiom). Below, J*(O) (resp. J~(0))
denotes the causal future (resp. causal past) of O C M.

Proposition 2.8. Let T, X_ be two Cauchy surfaces s.t. J~(X4) N J*(X_) contains

properly a Cauchy surface. Then for all [ f] € Ker K*|r,/Ran P|r, there exists f €
Ker K*|r, s.t.

[f1=1[F1, suppfCJ (ZHNJI(E).

2.4.1. Phase spaces on a Cauchy surface. Let us now discuss the corresponding phase
spaces on a fixed Cauchy surface ¥ C M. Recall that in Hypothesis 2.3 we have required
that the operators D; and Dg are Green hyperbolic, and thus Cauchy hyperbolic. The
corresponding maps will be denoted
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p1: T(M; Vi) — T'e(Z;5 V),
po = T'(M; Vo) = Te(X; V).
We also recall that we have defined operators G;y such that G; = (0;G;)*G;x(p;G;)

and Cauchy evolution operators U; fori = 0, 1.
To the operator K we associate an operator Ky € Diff(X; V,, V,,):

Ks := p1 KUj. (2.8)

It is useful to introduce the adjoint K ; € Diff (X; Vj,, Vj,) w.r.t. the hermitian forms
q1x and qoy (the so-called symplectic adjoint), i.e.

GoxK) = K:G5. (2.9)

The notation T is used to avoid confusion with the formal adjoint * w.r.t. the hermitian
structures on the bundles V,,, V,,, appearing for instance in the LHS of the above
equation.

Lemma 2.9. As a consequence of Hypothesis 2.3,

(1) KUy = Ui K5 and K*U; = UK.,

(2) p1K = Kxpo on Ker Do|r,, and poK* = K;,o] on Ker Di|r;

(3) Ker K;h«C = p1GiKer K*|r ;

(4) Ran K |r, = p1 GiRan K|r,;

(5) KiKs = 0.

Proof.  (1): Let us prove the second assertion (the first one is trivial). By (2.9) and
Proposition 2.5 (1),

UoK{ = GjpiGoz Ky = Gipi KiGix = GipiUs K™ p} G
=GiK"piGiz = K*Gp{Gizx = K*U,.
(2): By (1) we have pgK* = pgK*U1p1 = ,ooUoK;,ol = K;pl. The other assertion
is trivial.
(3): Ifu = p1 G f with f € Ker K*|r, then Kyu = poK*G*f = poGEK* f = 0.

Conversely, if u € Ker K;|1~C then using that 1 = p; G7p; Gz we getu = p1G] f with
f =p{Gisuand

K*f = K*p{Gizu = p{ KiGizu = piGos Kyu = 0.

4):Ifu = p)GTK f thenu = p1 KG f = K5 poGo f. Conversely, if u = Kyh then
using that 1 = p1 G} oG5 we get

u= PIGTPTG]):th = PIGTKP(TGOZ}L
(5): By (1), K1 K5 = poUoK1 K5 = poK*U1 Kz = poK*KUy = 0. 0O

Proposition 2.10. The induced map

Ker Dy |r, NKer K*|r,, Ker K{|r,
H S

Lea): Ran G1K |r, Ran Ky,

is well defined and bijective.
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Proof. Recall that we proved Ker D1 |r,, N Ker K*|r, = G{KerK*|r, + GjRan K|r,.
For well-definiteness and surjectivity of [p1] it is thus sufficient to check that

p1(G1KerK*|r, + GiRan K|r,) = Ker K;|rc,

which follows directly from (2) and (3) of Lemma 2.9 (using GT = —G1).
For injectivity we need to show that if u € GKerK*|r, + GiRan K|, and pju €
Ran Ky |r, then u € Ran G K|r,. This follows from (4) of Lemma 2.9. 0O

We deduce from Propositions 2.7 and 2.10 that the map p; G induces an isomor-
phism between the phase space (V», gp) and the phase space (Vpy, gps), defined in the
following way:

_ KerKjlr,

Vpy, 1= ,
P Ran Ks|r,

igpsvi=i'w|[Giz]v)y,, -

2.5. Linearized Yang—Mills. We now recall how the formalism of Sect. 2.4 applies to

Yang—Mills equations linearized around a background solution A. We follow [MM, HS].
Let g be a real compact Lie algebra as in Hypothesis 1.3. We still denote by g its

complexification. The complexification of the Killing form yields a sesquilinear form

ke L(g.g"), k>0.

For simplicity we will work in a geometrically trivial situation.’
As in [HS] we take Vj to be the trivial bundle

Vo:=M x g,

equipped with the hermitian structure induced by &, and Vj the corresponding 1-form
bundle

V= T"M x g.

We equip V| with the hermitian structure given by the tensor product of the canonical
hermitian structure on 7*M with K,

Note that under Hypothesis 1.1 this bundle is trivial since ¥ and hence M is then
parallelizable.

Let us denote by £7(M) the space of smooth p-forms on M and by £®(M) =
&b » EP (M) the space of smooth forms on M. As explained in 1.3, the spaces of sections
I'(M; V;)i =0, 1 can be identified respectively with £9(M) ® g and £!(M) ® g. The
exterior product on E® (M) ® g is defined by

@Qa)A(BRb) :=(@AB)Q[a,b] abeg, «afcESWM),

(note that in the physics literature a bracket notation is sometimes used instead). The
interior product is defined by

(x®a)s(BRDb):=(xsp)R[b,al, a,beg, «a,p €€®(M).

5 Otherwise one has to use the language of principal bundles, some indications can be found in [MM,Z].
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We also define
AL EPM)®goB—> B_AcEP (M) ®g.
It holds that
(BA-)*=B.-, BeEP(M)®g

where the bar stands for ordinary complex conjugation. Note also that for O-forms the
interior product reduces to

fo-=—fn- fefM®aq. (2.10)

Letd : EP(M) — EP*1(M) be the ordinary differential and let A € £ (M) ® g (the
thick bar is designed to distinguish A from dynamical variables A, it should not to be
confused with complex conjugation A). The covariant differential d : EP (M) ® g —
EPHI (M) ® g respective to A is defined by

df =df +Anf, feEP(M)®ag.

Despite its name, it is in general not a differential in the sense that dd would vanish,
instead it holds that

dd=Fn -, @2.11)

where F := dA+AAA € E2(M)®gis the curvature of A. The covariant co-differential
§:EPN(M)®g — EP(M)®gis by definition the formal adjoint 4* of d. The covariant
differential satisfies

d(AANB)=({dA)AB+(—1)?PAAdB), Acl’M)®g, BecfiM®g.
This can be written as an identity for operators and by taking their adjoints, one gets
ALSB=(dA) B+ (—1)P’5(A1B), AclPM)®g, Bec&iM®g (.12
A consequence of the definition F = d A is the Bianchi identity
dF = 0. (2.13)
The non-linear Yang—Mills equation for A reads
§dA (=8F) =0. (2.14)

This system can be linearized as follows. We fix a real-valued section A € £!(M)®g
and assume it is on-shell, i.e. satisfies the Yang—Mills equation (2.14). The linearized
Yang—Mills operator is

P :=38d + F _ € Diff>(M; V), (2.15)

where d, § and F refer to the background solution A. The linearized Yang—Mills equation
is
PA=0. (2.16)

Gauge transformations are described in this linearized setting by the differential
operator

K :=d e Diff'(M; Vy, V).
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It is not difficult to see that Hypothesis 2.3 is satisfied by P and K. More precisely, the
operators Dy = K*K and D; = P + K K* equal

Dy = 8d € Diff*(M; Vy),

Dy = dé+5d + F L € Diff*(M; V).

To show PK = 0, we compute using (2.11), (2.12) and (2.10)

PKf=3ddf+F_(df)=8FAf)+@f) F
=3(f F)+df).F=f. 03F) Yfe& M) ®a.

By the assumption that A is on-shell (2.14) this vanishes.

2.5.1. Adapted Cauchy data. Let us denote by n the future directed unit normal vector
field to a Cauchy surface X.

Since Dp, Do are normally hyperbolic, they are Cauchy hyperbolic for the maps
01, po defined by taking the restriction to X of a given section and of its first derivative
along n.

For many purposes it will however be more convenient to consider different maps
,oIF, p(l): , which appear to be due to Furlani [Fur2] (cf. also [P]), and which are defined as

follows.”

We equip £/ (£) ® g with their standard (positive) hermitian scalar products, obtained
from £ and the Riemannian metric 4 induced by g on X. We also recall that 1* : E£(M)®
g — EY(T) ® g is the pullback map induced by the embedding  : ¥ — M.

Definition 2.11. If { € EL.(M) ® g, we set:

gl i=1ni e EAT) @,

g =1t e & (D ®g,

gt1 = ifll*gf € 53(2) R g,

g}: =i"lnade e 5;(2) ® g.
Forg' = (gl,8) e EA(X) @ g ® EL(T) ® g we set:

g:=(g"%¢") =i pi¢.

Analogously, if ¢ € ESOC(M) ® g, we set

g =1t e (D) @y,

gl ==ilrnidc e 2D @4,

and
g:=(" ¢ =nf¢

6 To be precise, reference [Fur2] uses Cauchy data which are denoted (A(,), A(0), A(s), A(q)) therein and
are related to ours by g?:A(n), g% =A©)> gll =il As)s glZ =i~ Ay



268 G. Gérard, M. Wrochna

In the terminology of Sect. 2.4.1, ,oiF To(M; V) — To(Z Vp.F) where the bundles
VPF =(T*2T*%) x g, Vpg =Z®X)xg

are equipped with their canonical hermitian structures inherited from the inverse Rie-
mannian metric on X and the Killing form k.

As in [Fur2,P], it can be checked that the corresponding Cauchy problems are well-
posed and that the operators G5 (defined using the pIF data) can be written as

0 0 -1 0
1[0 0o o0 1 1 (0 1
Gy =i! 10 o ol Gos=i 1(1 0). (2.17)
0 1 0 0

_ We denote by ds, 85 the covariant differential and co-differential on respective to
As = 1*A, ie.

dri=ds+Az n - : EL(D) @9 — EMT' (D) @4,

Soo=di: El(D)eg— & (D) @4,

where now the adjoint is computed using the inverse metric on ¥ and the Killing form

The ,ol.F Cauchy data are particularly useful to express the operators Ky = U IF K pg
and K; (where UF is defined as U; but with ,of instead of pp).

Lemma 2.12. We have:

0 i

[ ds O + (0 0 i O

K==1 0 of KE—(O ia*ng)’
i~la 0

where a := 1*(n_F) A -

Proof. The formula for K is a routine computation. To obtain the formula for K ){: we
use (2.17) and (2.9). O

Using Lemma 2.12 and the identity K ; Ky = 0 [Lemma 2.9 (5)], we obtain the
following important identity:

Ssoa=a*ods in LEEYD) ®g). (2.18)

3. Hadamard States

In this section we discuss Hadamard states both in ordinary field theory and the subsidiary
condition framework. In Sect. 3.1 we recall basic facts on quasi-free states on complex
symplectic spaces. The Hadamard condition in ordinary field theory is recalled in Sect.
3.2. Section 3.3 contains a streamlined version of the arguments in [GW], dealing with
the correspondence between Hadamard states and parametrices for the Cauchy problem
in the ordinary framework. In Sect. 3.4 we consider the subsidiary gauge framework. We
explain there in detail the strategy we will follow in later sections to construct Hadamard
states in this case, thereby proving Theorem 1.1.

Finally in Sect. 3.5 we explain the version of the Fulling—Narcowich—Wald defor-
mation argument adapted to the Yang—Mills case, which we use to deduce Theorem 1.2
from Theorem 1.1.
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3.1. Quasi-free states. Let }V a complex vector space, V* its anti-dual and Ly (V, V*)
the space of hermitian sesquilinear forms on V. If ¢ € Ly (Y, V*) then we can define the
polynomial CCR sx-algebra CCRP'(V, ¢) (see eg [DG, Sect. 8.3.1]). 7 The (complex)
field operators V 3 v +— ¥ (v), ¥*(v), which generate CCRPOL(V, q) are anti-linear,
resp. linear in v and satisfy the canonical commutation relations

V)., y ()] = @), ¥y w]1=0, [¥@), ¥y w]l=vqwl, v,wel.

The complex covariances A* € L(V, V*) of a (gauge-invariant®) state @ on CCRP°!
(V, q) are defined in terms of the abstract field operators by

AW = oY (W), VA w =@ W), v,weV

By the canonical commutation relations, one has A* — A~ = q.
In what follows we will consider only quasi-free states, which means that they are
uniquely determined by their covariances A* (since A* — A~ = ¢ it suffices to know

one of them).

Definition 3.1. A pair A* of hermitian forms on V such that A* — A~ = ¢ will be
called a pair of pseudo-covariances.

Let us recall the following characterization of covariances of quasi-free states on
CCRPN(V, ¢) (cf. [AS,GW])).

Proposition 3.2. Pseudo-covariances AF € Lw(V, V*) are covariances of a (bosonic,
gauge-invariant) quasi-free state on CCRP\(V, q) iff

AT >0. (3.1)

If q is non-degenerate then this is equivalent to £qc* > 0, where ¢t := £q~ ' A, If
moreover, (c*)? = ¢* on the completion of ¥ w.r.t. A* + A~, then the associated state
is pure.

Hence a pair of (pseudo-)covariances A* € Ly (V, V*) uniquely define a (pseudo-
ystate on CCRP!(V, ¢), where by pseudo-state we mean a s—invariant linear functional
on CCRP°N(V, ¢).

Definition 3.3. A (bosonic) charge reversal on (), ¢) is an anti-linear operator k¥ on
V such that k> = +1 and k*qk = —g, where the bar stands for ordinary complex
conjugation. A quasi-free state on CCRP°!(V, ¢) with two-point function A* is said to
be invariant under charge reversal if A~ = —«*A*«k. If ¢ is non-degenerate then this is
equivalent to ¢~ = —kctk.

Clearly, if A" is a covariance of a quasi-free state invariant under charge conjugation
then one of the two conditions in (3.1) implies the other. Note that one can always obtain
a state invariant under charge reversal by taking %(AJr —k*A~«) instead of A*. For this
reason, we will disregard this issue and consider states that need not be invariant under
a charge reversal (contrarily to most of the literature on Hadamard states).

7 See [GW,W2] for remarks on the transition between real and complex vector space terminology.

8 Here by gauge invariance we mean invariance w.r.t. transformations generated by the complex structure.
We always consider states that are gauge-invariant in this sense and not mention it anymore in order to avoid
confusion with other possible meanings of gauge invariance.
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3.2. Hadamard two-point functions.
3.2.1. Two-point functions. Let D € Dift” (M; V') be prenormally hyperbolic and for-
mally selfadjoint for (-|-)y. Let us introduce the assumptions:

(i) AT :T(M;V)—T(M;V)
(i) At =arF for (-|)y on [c(M; V),

(i) At -1~ =i"'G, (3.2)
(iv) DAt =ArtD =0,
AT >0 for (-|)y on [e(M; V). (3.3)

Note that (3.2) implies that A% : T'(M; V) — T'.(M; V). Let us set
TAFv = wrtv)y, u,veT(M;V).

If (3.2) hold, then A* define a pair of complex pseudo-covariances on the phase space
(V, q) defined in (2.2), hence define a unique quasi-free pseudo-state on CCRP?'(V, ¢).
If additionally (3.3) holds, they are (true) covariances, and define a unique quasi-free
state on CCRP°L(V, ¢).

Definition 3.4. A pair of maps AT : T'«(M; V) — I'(M; V) satisfying (3.2) will be

called a pair of spacetime two-point functions.

3.2.2. Hadamard condition. The (primed) wave front set of A* is by definition the
(primed) wave front set of its Schwartz kernel. For x € M, we denote in* the posi-
tive/negative energy cones, dual future/past light cones and set

N= = {0, §) € TIM (0} : g™ (066 =0, § € Vi), N = NTUNT.
Definition 3.5. A pair of two-point functions A* satisfying (3.2) is Hadamard if
WF'(AF) € N x N&, (Had)

This form of the Hadamard condition is taken from [SV,Hol], see also [W2] for a
review on the equivalent formulations.

Remark 3.6. Assume that there exists an anti-linear operator « : ['(M; V) — I'(M; V)
with k> = #+1 and Dk = «D. It follows that « induces a charge reversal on (V, q)
defined in (2.2). If moreover « has the property that

k(fu) :?Ku, felfr(M), uel’'(M;V)
then it is easy to see that
WF(xu) = WF(u), u € TL(M; V)
where
T:={(x,—&): (x,€)eTl}, forl Cc T*M.

If A* are the two-point functions of a (pseudo-)state w invariant under the charge reversal
k., then the relation between A* and A~ shows that the two conditions in (Had) are
equivalent. Most of the literature on Hadamard states deals only with the charge-reversal
invariant case, see however [Hol, W2].
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3.3. Correspondence between Hadamard states and parametrices. One of the methods
to impose (usc) is to construct a sufficiently explicit parametrix for the Cauchy problem
on a given Cauchy surface ¥, as was done in [GW] for the scalar Klein—Gordon equation.
In the present subsection, we will derive the precise relation between two-point functions
of Hadamard states in ordinary field theory and parametrices.

3.3.1. Two-point functions on a Cauchy surface. Let D € Diff™ (M; V') be prenormally
hyperbolic, formally selfadjoint on I'c(M; V) and Cauchy hyperbolic for some map p
asin 2.3.1.

Lemma 3.7. The operator pG extends continuously to a surjection
pG :T'(M; V) - T'(Z; V,)
with KerpG|r» = RanD|p.

Proof.  To show that pG : T'(M; V) — T'\(X; V,) is well-defined and continuous, it
suffices to use the well-known fact that

WF' (G) c N x N (3.4)

and the rules for composition of distributional kernels in terms of the wavefront set
(see [Hor]). The fact that pG : I'"(M; V) — I'"(X; V,) follows then from the support
properties of G. To prove the surjectivity it suffices to show that the identity

1=—pGp*Gyx validon T (Z;V),)

extends to I'"(X; V,). This is indeed the case because G'», is a differential operator (this
is usually shown using Green’s formula) and consequently acts continuously from I'’ to
I, hence p*Gy : T'(2; V) — I''(M; V).

The fact that KerpG|rr = KerG|rr = RanD|p follows by the same proof as
before. O

Let us introduce the assumptions:
(i) A3 :Te(B;V,) = D(: V)),
(i) Ay = (A3)* for (), (3.5)
(i) Af -2y =i"!Gy.

Definition 3.8. A pair of maps A% satisfying (3.5) will be called a pair of Cauchy surface
two-point functions.

In the proposition below we recall a well known bijection between spacetime and
Cauchy surface two-point functions.

Proposition 3.9. The maps:
Ay AT = (0G) A5 (06, (3.6)

and
A Af = (0% Ge)* AT (0" Gy) (3.7)

are bijective and inverse from one another. Moreover, \* are the two-point functions of
a quasi-free state iff

AE=0 for (),
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Proof. (1): let )ét satisfy (3.5). Clearly 2% is well defined as a map from I'c(M; V) to
LL(M; V). Ifu € Tc(M; V), then f* = )éEpGu € I'(Z; V}), hence WE(p* f+) c
NiM, the conormal bundle to ¥ in M. We use now (3.4), the fact that X is non-
characteristic i.e. NyM NN = ¢ and standard arguments with wave front sets (see
[Hor]) to obtain that A*u = —Gp* f* € I'(M; V). The other conditions in (3.2) are
straightforward.

(2): letA* satisfies (3.2). Since At D = 0, we have WF'(A*) C T*M x N which implies
that A*(p*Gy) : Te(Z: V,) — I'(M; V). Next we use that Gy is a differential
operator hence Gy : I'(3; V,) — I'(X; V,) to obtain that )»j; Te(Z5 V) —
I'(2; V). The other conditions in (3.5) are straightforward.

The fact that the two maps are inverse from each other follows from pU = pG*p*G 5 =
1. The last statement about positivity is obvious. O

Proposition 3.9 leads to the following definition:
Definition 3.10. A pair A? of Cauchy surface two-point functions is Hadamard if the

associated spacetime two-point functions A* are Hadamard.

3.3.2. Hadamard two-point functions and parametrices. Let us now discuss the link
between Hadamard two-point functions and parametrices for the Cauchy problem. Let
A7 be the two-point functions of a state. We set”

HO(Z: V,) = (Te(B; Vo) P! (3.8)

where the completion is taken w.r.t. (-|(Af + Ag)~)vp.

Theorem 3.11. Let D € Diff”™ (M; V') be prenormally hyperbolic, formally self-adjoint
and Cauchy hyperbolic. Let A* be the two-point functions of a quasi-free Hadamard
state and define

U :=Uc*: T'(2;V,) —» TLUM; V),

where ¢t = :I:iG;l)éE. Then

MHUY+U~ =U.
(2a) The spaces Ker U*| o and Ker U™ | o are orthogonal for gs.
(2b) if the state is pure then

H(Z; V,) = Ker Ut o @ Ker U™ | yo.

3) +i~ Gy is positive on Ker U:t|Ho for 1),
4) WEWUZT f) c N* forall f e T'(2; V).

Proof. (1) follows from ¢* + ¢~ = 1. To prove (2a) we note that for u™ € KercF and
qs defined in (2.4) one has:

wr+zu)gsut = W +zu)gec W +zuT) e R, VzeC,

9 For instance, if A% are the two-point functions of the vacuum for the scalar Klein-Gordon equation on

1 |
Minkowski space then HO(Z; Vp)=H?2 (Rd) dH 2 (Rd), where Hm(]Rd) are the usual Sobolev spaces.
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which implies that u_—qz u* = 0. (2b) follows from the fact that ¢* are bounded projec-
tions on HY if the state w is pure, (3) follows from the conditions )éc > 0. To show (4),
observe that for all u € I''(M; V)

Mu=(pG)'ApGu=U"pGu.

Thus, the Hadamard condition entails that WF(U*pGu) C N*. Since pG is surjective
this means WE(U™ ) ¢ N'* forall f € I''(Z; V,). The proof for U~ is analogous. O

To obtain a converse statement, we need spaces that can replace the space H O(Z s Vo),
and that will allow to compose operators.
To this end, suppose H(X; V,) is a topological vector space s.t.

F(X;Vy) CH(ZE; V,) CT(E; V).

Examples of such spaces are (intersections of) scales of Sobolev spaces associated to
a positive, elliptic pseudodifferential operator. The dual space of H(X; V,), denoted
H'(; V), satisfies

I'(S; V,) C H'(S; V,) CTUE; V).

We will denote B~*°(X; V,) the class of operators that map H'(X; V,) into I'(X; V).
We assume that

Gz, G3' i H(Z; V) — H(Z; V), (3.9)
which since i~ 'Gy is selfadjoint for (-|-)v, implies of course
Gz, G3' 1 H(Z;V,) — H(Z; V),
I?:e- corresponding natural assumption for a pair of Cauchy surface two-point functions
ot A T H(E; V) = H(Z; V),
A (D5 V) — H(D5 V),

where as before one of the above conditions implies the other.

(3.10)

Theorem 3.12. Assume that there exist operators U : H'(Z; V,) = LL(M; V) such
that U* : H(Z; V,) — ['(M; V) and

DUT =0, U'+U =U,

up to remainders that map H'(2; V,) — T'(M; V).
Assume moreover that

(1) the spaces Ker U*|y; and Ker U™ |y are orthogonal for qs and
H(Z; V,) =Ker Uty ® Ker U |y.
(2) WE(U=f) c NE forall f e T/(2; V).
Let ¢* : H(Z; V,) = H(X; V,) be the projection s.t.
Ranc® = KerUT|y, Kerc™ = Ker UF|y.

Then )éc := +i~'Gyc* are Hadamard Cauchy surface two-point functions. If moreover
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(3) £i7'Gxc® = 0 for (- )y,
then )»;t are the Cauchy surface two-point functions of a Hadamard state.
Proof. (1) implies ¢* + ¢~ = 1. By duality, ¢* : H/(Z, Vy) = H'(XZ, V,). Next, for
all f € I"(X; V,) we have:
Ut f=WUr+U )t =0t =01 - cF)f = U f mod C*°.
Therefore,
Au =270t pGu = £iUTpGu mod C*°, u e I'(M; V).

Let a™ be a properly supported pseudodifferential operator, non-characteristic on N'*
and with essential support disjoint from A/ F. From (2) and the relation above it follows
that a* AT is smoothing, hence WF' (1) ¢ N'* x N. Since A* = (A%)* this implies
WF' (A1) ¢ Nt x N'*. This proves the first statement of the proposition. The second
statement is obvious. 0O

Theorem 3.12 allows to simplify the construction of Hadamard states for the scalar
Klein—Gordon equation given in [GW]—it is in fact not difficult to check properties
(1)—=(3) directly from the construction of the parametrix therein. The space H(X; V,) is

taken there to be the intersection of usual Sobolev spaces on R¢. The next proposition
is an abstract version of a result from [GW].

Proposition 3.13. Assume that )éc, )Néc satisfy (3.10) and are the Cauchy surface two-
point functions of two quasi-free states, and suppose the first of them is pure and
Hadamard. Then the other one is Hadamard iff

c e, cféteT, cfeT T e BTR(E V) (3.11)
or, equivalently, iff
&t —ct e BT®(Z; V) (3.12)
Proof. «: if (3.11) or (3.12) holds then
Uet —UcteEet  H(Z;Vv,) - T(M; V).

By Theorem 3.11, it follows that WE(U&* f) ¢ N+ forall f € I'(Z; V,) and conse-

quently A is Hadamard by Theorem 3.12.
=: forall f e I''(Z;V,),

Uc &tet f = Uetet f —Uctetet .

By Theorem 3.11, the wave front set of the LHS is contained in N, and the wave front
set of the RHS is contained in V*. This shows that the operators Uc~é*¢* are smoothing,
therefore ¢ ~¢*¢* = pUc™ &* ¢t are smoothing. The assertion ¢*é~ ¢t € B~®(X; Vo)
is shown similarly.

Moreover, (3.11) entails that

T —ct=("+c)t (T +cT)—ct =ttt =
=c"(@ —1)c" = —c"¢7¢" mod BT(T; V,),
where the last term belongs to B~°°(X; V). This proves (3.12). O

Corollary 3.14. If )éc satisfying (3.10) are Hadamard Cauchy surface two-point func-
tions then so are v*A5 v foranyv € 1+ B~°(X; V,) s.t. v*Gxv = Gy
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3.4. Hadamard states in the subsidiary condition formalism.

3.4.1. Hadamard states in the subsidiary condition formalism. Definition 3.5 can be
generalized to gauge theories in the ‘subsidiary condition’ framework. Recall that to a
given non-hyperbolic operator P we have assigned a hyperbolic operator D; and intro-
duced phase spaces V» = KerK*/RanP, V| = I'c/RanD. We consider the following
definition, which generalizes the one used by [FP,FS].

Definition 3.15. A quasi-free state @ on CCRP'(V,., ¢,) is Hadamard if there exists
Hadamard two-point functions )»;—L on I'c(M; Vi) such that the complex covariances of
w are given by:

[WIA*[v] = wlAfv)y, u, v € KerK*|r,,
where KerK*|r, 3 u + [u] € KerK*/RanP is the canonical map.

We say that )LT are the two-point functions of the Hadamard state @ on CCRP!(V,, ¢,).
The following lemma is straightforward.

Lemma 3.16. )Lf :Te(M; Vi) — T'(M; V) are the two-point functions of a Hadamard
state on CCRPN(V,, q,) if:

(usc) DIAE =2iDy =0, WFGF) c NEx NE
(gi) A)*=if and A7 : RanK|r, — Ran K|, (3.13)
(pos) )»I—L >0 on KerK*|r,.

It is worth mentioning that in perturbative interacting Quantum Field Theory, some
constructions seem to survive if one replaces gauge-invariance (g.i.) by a condition
‘modulo smooth terms’ [Rej]. Nevertheless, (usc) and positivity (pos) are still essential
(cf. [DF] and [Hol2, Sect. 4.1.2] for discussion on the latter), and gauge-invariance (g.i.)
is needed to have a reasonable non-interacting theory, we will thus aim at solving all of
them when possible.

We now discuss gauge-invariance and positivity on the level of Cauchy surface two-
point functions )L]iz. We explain the main steps of the construction of Hadamard states
for the linearized Yang—Mills equations, leading to a proof of Theorem 1.1, which will
be completed in Sect. 8.

The construction is somewhat complicated by the need to justify that various operators
can be composed. These technical points can be bypassed on the first reading.

We fix spaces H(X; V,,), i = 0, 1 as in Sect. 3.3 and assume that G;5 satisty (3.9).
The corresponding assumption on Ky is:

Ks : H(Z; V) = H(ZE; Vy)), (3.14)
Ks : H/(Z; Vy) = H(Z; V). )

The operator K ; has then the same properties as K.

3.4.2. Cauchy surface two-point functions. Assume that we are given Cauchy surface
two-point functions A?EE fori = 0, 1 satisfying (3.5) and (3.10) for V = V;.

To )\lf: we associate as before operators cl.i = :I:iGi_zl)\?EZ which by the above as-
sumptions satisfy:
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) ci: H(Z; V) = H(Z; V),
(ii) c CH(Z5 V) = HI(Z; V), (3.15)
(i) ¢ +c; =1.

Conditions (pos), (g.i.) on )»]i in (3.13) can be rewritten as

(pos) k = :|:1’1G12c1 >0 for (| )V on KerK;,
(gi.) (61 )T =cf, ¢f :Ranky — RanKE

Note that the last condition can be rewritten as:
(g.i.) (cli)T = cf, cf : KerK; — KerK;

Let us now set:
Kz — Kscy =t £R_w. (3.16)
Condition (g.i.) is clearly satisfied if R_o, = 0.

The operators cjE are obtained from parametrices U for the Cauchy problems for D;
as in Theorem 3.12, in order to enforce the Hadamard condition for )‘1 . The construction
of parametrices done in Sect. 5 relies on pseudodifferential calculus, from which we will
only be able to obtain that R_, is smoothing.

Nevertheless, it is possible to ensure (g.i.) by subtracting to c1 a term c1 reg? which
is expected to be smoothing, and hence will not invalidate the Hadamard property.

The method works as follows.

3.4.3. Construction of a projection. Let I1 be a projection s.t.

Ker IT = Ran Ky,
I H(Z; Vpy) — H(Z; Vpy), (3.17)
I:H(Z; V) = H(Z; Vp)).

Clearly TTT has the same mapping properties as IT. Moreover one has:
RanlT" = KerK], Ran(l —II) = RanKy, Ker(l1—TIT") =Kerk{. (3.18)
Since RanKy C KerK; we also have:

NfKs = Ky, Kill =K. (3.19)

3.4.4. Construction of a right inverse to Ky. Letalso B : I'c(X; V),) — I'(Z; V) an
operator such that

KsB=1—TI, and hence B'K{ =1—TI". (3.20)

The operator B is typically unbounded from H(X; V,,) to H(X; V,,), because of in-
frared problems. To control its unboundedness, we introduce a smooth positive function
(x) : ¥ — R and still denote by (x) the operator of multiplication by (x), acting on
['(X2; Vp,). If ¥ is compact the weight is unnecessary and one can take (x) = 1.

We assume that:

() (X)Giz(x) N H(E: V) —> H(Z: V), i=0,1,
(i) () 'Kg(x) : H(E; V) = H(Z; V), (3.21)
(i) (0) " eF (x) D H(Z; Vi) — H(E; V),
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Concerning the operator B we assume that:

B H(Z; V) — ()H(Z; Vi),

B :H(Z; V) = (x)H' (25 Vg, (3.22)

Theorem 3.17. Let Cii , I, B be as above. Let us set:

&G =1+ B KL + KscTB,
cﬁeg = +(B"R_oo + ITR_ B),

AL = TGrsE
Then:

(D) Eft : (x)_lH(Z; Vo) = (x)H(Z; V), hence 5# Te(2; V) = T(Z; V).
(2) One has:

i @ =¢ér,

(i1) 5f+51*=1,

111 C N er —> er ,

(i) & : Kerk] — KerKy

V) (fIAE 9y, = Tf ALy, . f g € Kerky,
T hr Py !

) L =4 +Clreg’

in particular )ZTE satisfy (g.i.).
(3) If the projection I1 is such that

AE >0 on TKerKy, (3.23)

then Xli): satisfy also (pos).
(4) If moreover

clireg : Iﬂ(/:(z:; VPI) - F(E; Vpl)
and Afx are Hadamard, then i]iz are Hadamard.

Proof. Let us first prove (1). Clearly H*clil"[ CH(E; V) = H(Z; V), by (3.15),
(3.17). Next we obtain that chng TH(E; V) = (x)H(E; V), by (3.22), (3.21).
Using the same assumptions and duality we obtain that BTcéE K j: ) TIH(E Vo) =
H(E; Vy)).
Let us now prove (2). (i) is easy. To prove (ii) we write
Gr+é; =n'N+BKL + KB
=n'n+B'kin+k:B
=O00+1-0HO+1-1) =1,

using successively c;r +c¢; =1,(3.19), and (3.20). (iii) follows from RanIl’ = KerK;
(see 3.18), and RanKy C KerK . (iv) follows from the definition of ):I—LZ. To prove (v)
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we write:

& =nen+ B'eEKL + KocEB
=N+ B K] + T Kyci B
—n'ein+ B ki + e kBT B'RT FITR B

—nietn+a-mic+nfefa-mB'R TR B
+ +
=€ T Clreg-

(3) follows from the fact that ('|5‘;_L>:')Vp1 = ('ME')VM on KerK;.

Under the hypotheses of (4) )‘E — X1x is smoothing, hence so is AI—L - XI—L. This
completes the proof of the theorem. O

Remark 3.18. If B satisfies additionally BKy = 1 (as will be the case in Sect. 8), then
EI—L satisfies a stronger version of gauge-invariance, namely

EFKs = Kscf. (3.24)

Such property is needed to construct two-point functions in the BRST framework, cf.
[Hol2] for discussion in the case of Yang—Mills fields with flat background connection
and [WZ] for generalization and computations on the Cauchy surface.

3.5. Reduction to ultra-static spacetimes by deformation. A well-known argument due
to Fulling, Narcowich and Wald [FNW] allows one to reduce the construction of
Hadamard states for the Klein—Gordon equation to the special case of an ultra-static
spacetime, and an extension of this method can be used for the Maxwell equations [FP]
and Yang—Mills linearized around A = 0 [Hol2].

Let us first recall the FNW deformation argument for ordinary field theory: let g, g’
be Lorentzian metrics on M such that (M, g) and (M, g’) are globally hyperbolic and
¥ C M a Cauchy surface for (M, g) and (M, g’). Assume that g = g’ on a causal
neighborhood O(X) of X. Assume also that D, D’ € Diff”(M; V) are normally hy-
perbolic operators satisfying the assumptions in Sect. 2.3 such that D = D’ on O(Z).
Then by the time-slice property and Hérmander’s propagation of singularities theorem,
the restriction of a Hadamard state for D’ to O (X) yields a Hadamard state for D.

In the subsidiary condition formalism, one has to assume the existence of operators
P, K, P, K’ as in Hypothesis 2.3 such that P = P/, K = K’ on O(X). The same
argument using the gauge invariant version of the time slice property, i.e. Proposition 2.8,
shows that the restriction of a Hadamard state for (P,” K') to O(X) yields a Hadamard
state for (P, K).

In the ordinary case one fixes an ultra-static metric g,s, a normally hyperbolic operator
Dys, an interpolating metric g’ sharing a Cauchy surface ¥ with g and a Cauchy surface
Yus With gys, and finally a normally hyperbolic operator D’ with D’ = D near O (%)
and D' = Dy near O(Z,). Applying twice the above argument, one obtains a one-to-
one correspondence between Hadamard states for D and Hadamard states for D,s. The
construction of Hadamard states for Dy is easier since Dy can be chosen in such way
that its coefficients are independent on the time coordinate and then it admits a natural
vacuum state which can be shown to be Hadamard.
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3.5.1. Deformation argument for Yang—Mills. In the subsidiary condition formalism,
it is not obvious how to find interpolating operators P’, K’ equal to P, K near O(X)
and satisfying Hypothesis 2.3 globally on M. Moreover even if (M, g’) is ultra-static
on some O (Zy;s), this does not imply in general that P/, K’ will be independent on the
time coordinate on O (Xyg).

For linearized Yang-Mills equations, it is possible to find interpolating operators
P’, K’ if we can find a 1—form A’ on (M, g’) such that 8’ F' = 0 and A’ = A near
O(X). This will follow in turn from a result of global existence of smooth solutions
of the non-linear Yang—Mills equation, on the spacetime (M, g’), with smooth Cauchy
data on X.

Assuming this problem is solved, there is another issue that we need to consider:

by the deformation argument explained above, to prove the existence of Hadamard
states for the linearized Yang—Mills equations on (M, g), we may assume that (M, g) is
ultra-static, i.e. g = gus = —dr® + hij (x)dxtdx/ on M =R, x Z,.

Recall that we assume that ¥ is either a compact manifold or ¥ = R?. The Rie-
mannian metric £;; (x)dx'dx’ on ¥ can be chosen as we wish, in particular if ¥ = R4
is not compact, we may assume that it satisfies Hypothesis 1.2. However if & = R?,
we need also to ensure Hypothesis 1.4 on the (non necessarily time-independent) back-
ground solution Ay (recall that this is a decay condition at spatial infinity). Moreover
we have to assume that A is in the temporal gauge, i.e. that Zus,  =0.

If our model problem is obtained from the above deformation argument, A is ob-
tained by solving two Cauchy problems for non-linear Yang—Mills equations:

in the first step one has to solve it on (M, g’), from a Cauchy surface T in the future
(where g’ = g) to a Cauchy surface X in the past (where g’ = gys). In a second step
one has to solve it globally on (M, g,s) with the Cauchy data on ¥, obtained in the first
step.

Clearly if the Cauchy problem for the Yang—Mills equation (2.14) on a globally
hyperbolic spacetime (M, g) can be globally solved in the space of smooth space-
compact solutions, then all the intermediate background fields A’ and A will be space
compact, and hence A, will satisfy the decay condition (1.4). As a consequence the
FNW deformation argument can be applied, giving the existence of Hadamard states if
the background field A is space-compact.

Fortunately it is not very difficult to deduce the result we need in dimensions lower
than 4, from the existing literature, in particular from the work by Chrusciel and Shatah
[CS, Thm. 1.1]. The proof of the following proposition will be sketched in Appendix B.4.

Proposition 3.19. Assume that dim M < 4 and (M, g) is globally hyperbolic. Let A €
SSIC(M ; @) a local solution of the Yang—Mills equation (2.14) near some Cauchy surface
Y. Then there exists A' € EL.(M; g) such that:

(1) A’ ~ A near %, where ~ denotes gauge equivalence,
2) é; =0,ie A is in the temporal gauge,
(3) A’ is a global solution of (2.14).

Combining Proposition 3.19 with the above discussion, we see that Theorem 1.2
follows from Theorem 1.1.

4. Vector and Scalar Klein—-Gordon Equations on Ultra-Static Spacetimes

In this section we consider a general framework containing the operators Dy = §d and
= d& +8d + F L associated to the Yang—Mills equation (defined in Sect. 2.5) on
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ultra-static spacetimes. This will provide a basis for the construction of the parametrix
in Sect. 5.

4.1. Preparations. The operator Dy, (resp. Do) acts on £ (M) ® g (resp. E9(M) ® g).
Since by Hypothesis 1.1 M = R; x X is parallelizable, we fix a global trivialization of
T*M and identify £'(M) ® g (resp. EX(M) ® g) with C*(M; W) for

W:=V®g and V =C" (resp. V = C). (4.1)

We refer to the two cases as the vector case (resp. scalar case).
The background metric is ultra-static:

g= —dt* + hij (x)dxidxj,
on M =R x X, with either £ = R or ¥ a compact manifold. We obtain a splitting
V=VieVs, Wis:=Vs89 W=W & Wy, (4.2)

by writing a 1-form as A = A;dt + Asdx, and we identify V; with C. In the scalar case
we take V; = {0}, Vs = C. Defining J € L(V) by

J = (_o1 2) ifv=Cc*, J:=1 ifV=C, (4.3)

we see that V; = Ker(J +1), V5 = Ker(J —1).

We denote by (:|-) the canonical positive definite scalar product on C°(M; W). In
the scalar case we set:

(ulv) = / (¢, x)kv(t, x)|h) 2 dedx,
M
in the vector case we set:
(ulv) ==/ i, x)J g~ (x) ® kv (e, x)|h) 2 dtdax,
M

To avoid introducing too much notation, we also denote by (-|-) the analogous scalar
product on Cg°(Z; W), ie.:

(u|v) :=/ 7(x) ® kv(x)|h|Zdx, resp.
x (4.4)

1
(u]v) :=/ #(x)Jg ™ (x) ® kv(x)|h|2dx,
z
which is also positive definite.

We denote by I'y € C*°(X2; L(V)) the coefficients of the Levi-Civita connection for
(M, g). Since this connection is metric for g~!, we have:

dg ' =Trg M+ g7, (4.5)

Since the metric is ultra-static we have moreover I'g = 0, and I'; are the Levi-Civita
connection coefficients for (2; h;;dx'dx/).
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We denote by M, = adga € C*®(R x X; L(g)) the connection coefficients for

the algebra degrees of freedom. They can also depend on x° because the background
Yang—Mills solution is in general time-dependent. We have of course Mi K+ kM, = 0.
In the vector case we set

T, =T¢Q®@1g+1y @ M, € C*°(R x X; L(W)),

and T, := M, in the scalar case.
In the vector case we also fix amap p € C*®°(R x X; L(W)) representing the term
FL such that

p*g ' @R = (g7 ® A,
in the scalar case we take p = 0. We set:
_1 1
VI i=8,+T,, D:=—|g| 2V |g|2g"V] +p. (4.6)

The charge q defined in (2.2) equals:
Tq¢ = /{IMW@—1 ® KL+ g7 @KITIV clhlTdx, (@)
in the vector case and
tq¢ :=/” RS (RS (438)
1}x

in the scalar case.

4.2. Temporal gauge. The temporal gauge is Ag(t, x) = 0, which since M, = ad A,
implies that Ty = 0, i.e. vI = 9,.1tis well known that one can always assume that one
is in the temporal gauge, cf. Appendix B.2.

In this case the operator D takes the form:

D =d%+a(t,x,Dy), a(t,x,Dy)=—h"2VT kil ()2 VT + 49
= 0; » X, Ux), , X, Ux) = i j p(t,x). (4.9)

Denoting by a* the formal adjoint of a for the positive scalar product (-|-) , we deduce
from the fact that g defined in (4.7), (4.8) is independent on ¢ that:

a*J = Ja, (4.10)

for J defined in (4.3). In other terms, D is self-adjoint for (-|-)y := (:|J-). In the next
sections we will use primarily the product (-|-).
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4.3. Cauchy problem. The standard Cauchy problem for the operator D is

D¢ =0,
[pc=f, @11

for p¢(x) = (£(0,x),i719,2(0, x)), f = (f° f1). We denote by ¢ = U the solution
of (4.11). We will denote by f,i, fé, i = 0, 1 the time and space components of f',
according to the decomposition W = W, @ Wy.

Denoting still by ¢ the charge expressed in terms of Cauchy data we obtain that in
the vector case:

faf = IO+ (Olurh
= (I + (A — D — D, (4.12)

In the first line above the positive scalar product (-|-) is defined in (4.4), the positive
scalar products in the second line are equal to

R 1 J— 1
(fl fo) :=/ Foh™' ® kfelhltdx. (filfo) :=/ T kfilhldy.  @13)
b)) )
In the scalar case we have instead

Faf = (£ + (LY. for (ulv) = /Eﬁ flhl dx.

4.4. Adapted Cauchy data. The above choice of Cauchy data is the usual one for an
operator obtained from a metric connection. In the vector case, however, it will often be
more convenient to work with the adapted Cauchy data ,olF defined in Sect. 2.5.1. In this
subsection we discuss the transition from one choice of Cauchy data to the other.

4.4.1. Identifications. The space EL(M) ® g equals C22(M; W).
For A € EL(M) ® g we set:
A =: Aidt + Ay, 4.14)

for A; € C®(R, 53(2) ® g), Ax € CP(R, 501 (2) ® g), which corresponds to the
decomposition ¢ = ¢ @ {x, using (4.2). We will use the corresponding identifications
for restrictions to X, i.e.:

CE(Z; W) ~ CE(E; W) @ CR(S: W) ~ (E2(2) @ 9) @ (EL(Z) ®9). (4.15)

We have also corresponding decompositions for 2-forms. Namely, if F € ESZC(M )Rg
we set:

F=:dt AF, +Fs, (4.16)

for F; € C¥(R, EH(D) @ g), Fs € C¥(R, EX(Z) ® g).
We recall that A € Eslc (M) ® g is the background connection, which we assume to
be in the temporal gauge. We introduce the derivative and co-derivative on X:

dy=dy+As A -1 ELD)@g— EM (D) @ .
Soo=di: EN(D) g T (D) @y,
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and one has dydy = F5 A - using the notation in (4.16). An easy computation using that
A; = 0 shows that:

du = dudt +dsu, u € 5SOC(M) R g,

dA =dt A (8 As —dsA) +dsAs, AcELM)®y,

SA=0,A+8:As, AcELM)®g, @17

§F = —(8s F))dt + 3, F; + 85 Fy, F € E2(M) ®g.
Using (4.17), we see that

Fy = 0,Az, Fy=dsAs,
and that the Yang-Mills equation § F = 0 is equivalent to:
§sF, =0, 0,F +8:Fs =0, (4.18)

where of course (4.18) holds for all r € R.

4.4.2. Transition to adapted Cauchy data. The adapted Cauchy data were defined in
Sect. 2.5.1. Using (4.17) we obtain the following relation between the standard Cauchy
data p; and the adapted ones ,of.

Lemma 4.1. Let Rp := pF o p; ! Then:

(1
1 0 00 1 000
(o 1 00 4 [0 100
Re=10o -is, 1o] ® =| o i 10
iz 0 01 —idy 0 01
(2) We have:
RrqRr =g,

i.e. Ry is symplectic.

Note that the precise form of Rp relies on the assumption that the spacetime is
ultra-static. It enjoys some good properties particular to that case, like for instance
J Rr = RgpJ, which is used implicitly in some computations in Sect. 8.

5. Parametrices for the Cauchy Problem

In this section we give a construction of the parametrix for the Cauchy problem (4.11),
by adapting arguments in [GW] to vector-valued Klein—Gordon equations. In the rest of
the paper, the principal part of the operator a(t, x, D,) below is time-independent, since
the background metric is ultra-static. In this section however we treat the more general
case where the principal part is time-dependent, which corresponds to the case when the
Riemannian metric A;; (¢, x)dx'dx/ is time-dependent. The completely general situation
of a metric —B(t, x)dr? + hij(t, x)dx'dx’ could be treated as well by our methods.

The construction of a parametrix for the Cauchy problem given later on will rely
heavily on pseudodifferential calculus. For the necessary basic facts and definitions we
refer the reader to Appendix A.
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5.1. Setup and notation. We consider an operator

_ a2 _ L aTij loT
D _8t +a(t7'x7D)C)a a(ta-va)C) - _|h| Zvl h (ta-x)|h|zvj +10(t’x)7

where T, p etc. are as in Sect. 4.

We assume that the metric h;; (¢, x)dx'dx’ satisfies Hypothesis 1.2, locally uniformly
in ¢, and that the background Yang—Mills solution A satisfies Hypothesis 1.4 (ii).

In the sequel we denote a(t, x, Dy) simply by a(t) € C*(R, WUZ(T: W)) (see Ap-
pendix A for the definition of pseudodifferential operators classes W', W ). One has:

opr(a(t)) = kih' (1, )k; ® 1y, (5.1)

hence a(t) has a scalar principal part. For V a finite dimensional vector space, we set

H(E: V)= () H" (S V), H(E: V)= H"(Z:V), (5:2)
meZ meZ
equipped with their natural topologies, where H™ (X; V') are the Sobolev spaces, which

are canonically defined since ¥ is equal either to R? or to a compact manifold. We set
also

L2z W) = HY(Z; W),

where in the situation considered in Sect. 4, L>(Z; W) is equipped with the scalar
product (4.4).

5.2. Some classes of pseudodifferential operators. In this subsection we introduce some
special classes of pseudodifferential operators which will play an important role later
on.

5.2.1. High momenta localization. A first problem that we have to face is the need to
construct exact inverses to some elliptic operators, not only inverses modulo smoothing
errors. Let us explain the well-known way to solve this problem on a simple scalar
example:

if r € W"H(RY), the operator 1+ r is not necessarily invertible on L?(R%). However
if we fix some cutoff function x € C*°(R), with x(s) = 0 for |s| < 1, x(s) = 1 for
|s| > 2 and set

rr(x. k) = x(R™'kDr(x, k), rg:=rg(x, Dy), (5.3)
then r — rg € W~°°(R?) and rg — 0 in WO(R?) as R — +oo. It follows that
1+ rg is invertible on L2(R?) for R > 1, (1+rg) ' e 1+ W I(RY). (54)
We formalize this method by introducing the following definition.

Definition 5.1. Let Vi, V, be finite dimensional hermitian spaces. We denote by
Wl (Z; Vi, V») the space of R—dependent pseudodifferential operators cg such that:

(i) cg is uniformly bounded in W7 (X; Vi, V2),
(ii) cg — 0in WP*(XZ; Vi, Vo) when R — +oo for some (and hence for all) ¢ > 0.

The space W4 (Z; V, V) will be simply denoted by WL (X; V).
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We now collect some easy properties of the above classes [the meaning of statement (2)
below is explained in the proof].

Lemma 5.2.(1) (WR(Z; Vi, V2))" = WA(Z; Vo, V),
(2) WP(Z; Vi, V) C Wie(Z5 Vi, Vo) + W (25 Vi, Va),
(3) let cp € W *(X; V) for e > 0 and let a € R. Then for R > Ry we have:

A+cp)* €1+W S (Z; V).

Proof. (1) follows from the definition. If ¢ € SP(X; Vi, V») we set cr(x, k) =
x(R™YkDe(x, k), for x as in (5.3), and obtain that cg(x, Dy) € WA(Z: Vi, Va),
c(x, Dy) — cr(x, Dy) € W™°°(X; Vq, Vo), which proves (2). Let us now prove (3).
We obtain that cg — 0in WO(Z; V), hence in B(L2(X; V)). It follows that for R > Ry
(1+ cgr)® is well defined by the holomorphic functional calculus of bounded operators.
The map cg + (1 +cg)® — 1 is then continuous on W~¢(X; V) for all ¢ > 0, from
which we deduce that (1 +cg)* € 1+ ¥ 5(X; V). O

5.2.2. Infrared cutoffs. Some operators will need to contain additional low energy (in-
frared) cutoffs, defined using some selfadjoint operators. These cutoffs will play an
important role in Sect. 8.

In the rest of the paper we denote by ., x. € C*°(R) two cutoff functions with

X<+ Xx>=1, suppx. Cl—oo, =1JU[1,+oo[, suppx.C[-2,2]. (5.9)

Definition 5.3. Let V, V; be finite dimensional hermitian spaces and h; € Diffz(E; Vi)
be elliptic, selfadjoint and bounded from below. We denote by \I/r’ég (Z; V1, V) the space
of R—dependent pseudodifferential operators cg such that:

(i) cr € WL(Z; Vi, V),
(i) cg = x-(h2)cgx-(h1) for some yx. as in (5.5).

The space W/ (2; V, V) will be simply denoted by Wiee(Z; V).

Lemma 5.4.(1) (W2e(; Vi, V2))* = Wle(Z; Vo, V),
(2) WP(2; Vi, Vo) C W (S5 Vi, Vo) + W20(S; Vi, V),
B)letcg € YV E(X; V) fore > 0 and let o € R. Then for R > Ry we have:

&
reg

A+cp)* el+V E(Z; V).

reg

Proof. (1) follows from the definition. (2) follows from Lemma 5.2 (2) and the fact
that y_(h;) € W™°(Z; V;), since h; is elliptic and bounded below. Next (1 + cg)¥ is
well defined for R large enough by Lemma 5.2. For f (1) = (1 + A)* we have (denoting
x=(h) simply by x.):

f(cr) = f(x-crx-) =1+ f/(O)x-CRX- + X-CRX-8(X-CRX-) X-CR X~»

forg(r) = A~ 2(f(A)—1—f’(0)A). Since g is analytic near 0, we obtain that g(x.crx.) €
WO(T: V) and moreover that g(x-crx-) is uniformly bounded in WO(: V). This im-
plies (3). O

We will use the above operators classes for V. = W;, Wy, W or W @& W. We start by
defining the operators & that will be used in our case.
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Definition 5.5. We set:
he =38sds : EX(2)®@g— E(D) @4,
hy i=38ydy +dsds + FrL-: EL () ®@g— ELD) @4,

and denote still by &;, hs their selfadjoint extensions, with domains HZ(Z; Wy,
H2(Z: Wy). We set:

h :=h; & hy acting on LZ(E; w).

Note that from Hypothesis 1.2 we obtain that /;, resp. hy belong to W2(Z; V;), resp.
W2(%; Vi) with principal symbol equal to k' (0, x)k;k j- It is well-known that this
implies that their closures are selfadjoint with domains equal to H>(X; W;), respectively
H*(Z; Wy).

We equip then the spaces W;, Wy, W and W & W with the elliptic operators h;, hy,
h and h @ h and define the various spaces \IJrlég using the above operators.

Finally we choose a number C > 1 such that 2 + C1 > 1 and set:

e=(h+C)? =¢ e (5.6)
where €; := (h; + Cl)%, €s = (hy + Cl)%. Let us collect some useful properties of the
above operators.

Lemma 5.6. (1) h € Diff>(Z; W) is an elliptic differential operator with principal
symbol

opr () (x, k) = k;ih'/ (0, x)k; & 1y
(2) € € W(Z; W) is an elliptic pseudodifferential operator with principal symbol:
. 1
opr(€)(x, k) = (kih" (0, 0)k;)2 @ 1y .

3

(i) h=h* e=¢€, [h,J]=[e,J]=0,
(ll) hzdz :dzh[+8):FE/\', 8):]12:]’1[82 +82F2_J'.

Proof. (1) and (3) (i) are straightforward. (2) follows from Proposition A.1. (3) (ii)
follows from the Riemannian version of the computations at the end of Sect. 2.5. O

5.3. Construction of generators. In this subsection we construct the two generators for
the parametrix of the Cauchy problem, by modifying arguments from [GW].

We first introduce a convenient family R 3 ¢ — €(r) € C®(R, W!(Z; W)) with the
properties below. The operators € (¢) will serve as elliptic ‘weight’ operators.

i) ople() = (kih (1, 2)k)? @ 1y,
(ii) €(¢) is selfadjoint on L2(X; W) with domain H(Z; W), (5.7)
(i) e@) =1, e@)J =Je(@), €(0) =¢,

where € is defined in (5.6). It is easy to construct such a family €(¢), one way being
to introduce the operator 4 (f) as in Definition 5.5 using the metric A" (f, x)dx'dx’
and connection coefficients T, (z, x) at time ¢ instead of at time 0, and to set €(t) =

(h(1) + C(t))? for some C(t) > 1.
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Proposition 5.7. There exists for R > 1 a family R > t +— bg(t) such that:

(ia) br(1) = e(t) + C¥(R, WO(Z; W)),
(ib) i0,br(t) — b3 (t) +a(t) = r_oo(t) € C®(R, W=0(Z; W),
_ br(t) + Jbs(t)J : HY(Z; W) — L*(X; W) is invertible,
(ic) {bR(t) +IbL()T = ()2 21+ COR, W1(Z; W)))e(n)?,
(d) (br(1) + TbG(NT) ™2 = e() 2 (A 1+ C®R, W= (3; W)))e(t) 2.

Moreover we have:

(i) br(0)+JbL(0)] = €221+ Wl (Z; W))e?,

reg
(i) (br(O) + JbHO)) ™ = € T (S1+ W) (B W))e 2
(iv) br(0) = €2 (1+r_1,R)e?, roi g € Ul (; W),

Remark 5.8. Tt is easy to see that the equation
10,b(t) — b*(t) + a(t) = r_oo(t)
is equivalent to
(0, +1b(2)) o (0, — ib(1)) = 8t2 +a(t) —r—so(t) (5.8)

The idea of factorizing the Klein—Gordon operator modulo a smoothing error term was
already used in [J] to construct Hadamard states in the scalar case. However, in contrast
to [J], instead of solving (5.8) on the level of symbols we work with the operators and
supplement arguments from microlocal analysis by Hilbert space techniques (cf. [GW]
for the scalar case).

Proof. Step I:1in Step 1 the parameter R will be absent, so we suppress the subscript R
to simplify notation. We look for b(¢) of the form:

b(t) =: €(t) +bo(t), bo(t) € C¥(R, WO(; W)). (5.9)
Using that a(t) = €2(1) +r1(r) by (5.7) (i), we obtain that bo(r) should solve:
by = 2€)idre + 2) T (r1 (1) — 1) + (2€) ' (i8,bg — bF + [€, bo])

= (2e)7'(idye +r1 — 1) + F(bo), (5.10)

Since €(¢) as a scalar principal symbol, we have €(f) € C*(R, lIlslcal(il; W)) +

C®(R, WO(X; W)). Therefore we obtain that [¢, ¢c] € C*®(R, W™ (Z; W)) for any op-
erator c € C*°(R, W (X; W)). It follows that we can apply [GW, Lemma A.1] and find
b(t) = €(t) + by(t), unique modulo C*®° (R, ¥ ~°°(XZ; W)) such that

10,b(t) — bz(t) +a(t) € CPMR, ¥~°(%; W)), 5.11)
hence we have satisfied conditions (ia), (ib).

Step 2: in Step 2 we modify b () by subtracting an R—dependent term in W~ (W) to
ensure the remaining conditions. We first write b(f) as

b(t) = e()Z(1+r_1(1)e()Z, r_y(1) € COR, U™ (T; W)).
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We fix a cutoff function y € C*°(R), with x (1) =0 for [A| < 1, x(x) = 1 for |A] > 2,
and set for R > 1 and a function A € C*°(R) to be determined later:

roLr() = X (%2)) 1O (;A(t(i))

We know that for fixed r we have x ( )r 1M x (6(’)) — 0in \IJO(E; W), when

A — +00. Therefore we can find a smooth function R > r — A(¢) € R such that

1
||r 1 R(t)||B(L2(Z W)) - ViteR, R>1. (5.12)

l\)

Moreover we have
r_1(t) = r_1 (1) =r_0o,r(t) € CTR, W(Z; W)).
Finally we set
1 1
br(t) = e(@®)2(1 +r_1, g(t))e(?)2,

sothat br(t) = b(t) + C°(R, W~°(X; W)), hence bg(¢) still satisfies (ia), (ib).
To verify the remaining conditions, we write:

br(t) + Tbp(t)] = €(t) (21 +r_1 g(£) + Jr*, p(DD)e()?,

since € () is selfadjointand [J, € (t)] = 0, by (5.7). Since ||r_1,R(t)||+||Jrf1’R(t)J|| <1
by (5.12), we have

(bR() + bR = e(t) "2 L+ r—1 g (1) + Jr¥ | g ()]) e(t) 2
_1 1 00 —1 _1
=€) ? (51 +CT (R, W (2 W))e(r) 2
by Proposition A.1. This proves conditions (ic), (id).
It remains to check (ii), (iii), (iv). This follows from the fact that €(0) = e hence

r—1.r0) € lIJreg(Z W). It suffices then to apply the properties of the space W Lz w)
recalled in Lemma 5.4. 0O

reg

5.4. Parametrices for the Cauchy problem. 1tis well known thatif f € H(Z; W W),
then the Cauchy problem (4.11) has a unique solution ¢ = U(¢) f € C® R, H(XZ; W)).
In this subsection we give a representation of U (¢) by generalizing to vector-valued wave
equations the constructions in [GW, Sect. 6] for the scalar case.

Theorem 5.9. Let b(t) = br(t) € C®(R, W (X; W)) be the operator constructed in
Proposition 5.7 and let us set:

bH(1) == b(t), b~ (1) := —Jb*(1)J,

u®(t) == Texp(i [y b*(o)do)
= F(b*(0) — b7 (0)"'bF(0) € WO W),
=0T 0) - b (0) T e W W),
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and
rEf =0 0B L e S W e W), (5.13)
Then
U@t) =urOrT +u™ (Or " +7_0o(t), 7—oo(t) € CPR, W™X(Z; WO W, W)).

Proof. 1Tt is convenient to generalize slightly the situation and to denote by U (¢, s) the
Cauchy evolution operator for initial data at time s, so that U (r) = U (¢, 0). We set also

o Ul(t,s) ) .
T(t,s):= (i_latU(t,s)) THE,WeW)— HE, W W),

so that
i_la,T(t, s)=AMT(t,s), A@) = (a?t) (1)) . (5.14)

Note that the operators r¥(1), defined as in (5.13) with b*(0) replaced by bE(1) are well
defined, by Proposition 5.7. Similarly we set u*(t, 5) = Texp(i [} b*(0)do), and

Ut,s) = u*(t,s)r*(s) +u"(t,s)r (s),

Fo o U@ \_ ut(t, )rt(s) +u=(t, $)r=(s)
@)=\ o150, 5) ) = \ bt syt s) + b 0w @) (s) )

An easy computation shows that
T(s,s) =1, ur(t,s)rt(s) =rF(OT@,s), (5.15)
which implies that (¢, s) T(t,s)isa two-parameter group. From Proposition 5.7
719, (bEut ) =196 @) + b (1) = a(r) — rE (1),
for rfoo(t) € C®°(R, W~°°(X; W)). Using then (5.15) we obtain that
719, T(t,5) = AT, s),
for
AN = A0 = Ross(0),

R_o(t) = (rt O(I)) ort(t)+ (r_o(t)) or~(t) € CPR2, U~°(T; W @ W)).

We can then express 7 (¢, s) in terms of T(t,s) by setting
T(t,s) = T(t,s)oR(,s), (5.16)

where R(t, s) solves the equation

(5.17)

i7Y9,R(t,s) — T(s, ) R_oo(1)T(t,5) 0 R(t,s) =0,
R(s,s) =1.
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By Lemma A.5 we first obtain that
Rooo(t,s) := T (s, ) R_oc()T (1, 5) € CX(R*, W™°(T; W @ W)).

The solution of (5.17) is then given by

t
R(t,s) = Texp(i R_oc (0, 5)do) = 1+i/ R_so(0, 5)R(o, s)do.  (5.18)

By the argument in the proof of Proposition A.3 (see the properties of m(z, s) in the
proof), we first obtain that R(z, s) € C®(R?, WO(Z; W @ W)). (5.18) then implies that

R(t,5) =1+ COR:L U~2(Z; W @ W)).
By Lemma A.5 we obtain finally that
T(t,s) =T(t,s)+CPR:L U™°(Z; W @ W)),
hence
U(t,s) = U(t,s) + COR2, W™°(Z; W@ W, W)).

Setting s = 0 completes the proof of the theorem. 0O
At this point, we could set

UT :=U@)rT = ut()rf + COR, U™°(; W)),

and prove directly that these are parametrices that satisfy the properties listed in Theorem
3.12, with the exception of positivity (positivity w.r.t. the product (-|-)y does not hold
if J # 1, instead one gets positivity w.r.t. the ‘non-physical’ inner product (-|-)). Thus,
we could associate to them (non-positive) pseudo-covariances A* in an abstract manner
as in Theorem 3.12. However, we prefer to construct them in a more systematic way
in Sect. 6 in order to derive additional information needed to cope later on with the
conditions (g.i.) and (pos) in gauge theory.

6. Hadamard Two-Point Functions

6.1. Preparations. In the present section, we continue with the setup of Sect. 5 and
deduce expressions for Hadamard two-point functions from the construction of the
parametrix. This is done in a similar way as in [GW], i.e. we construct an operator
Tr that diagonalizes the symplectic form and separates Cauchy data that propagate with
positive and negative energies in the wave front set. We also show in Sect. 6.3 that
Hadamard states do not exist for vector Klein—Gordon equations if the scalar product is
not positive-definite on the fibers.

In the sequel, if b (7) is the operator constructed in Proposition 5.7 we denote bg (0)
simply by bg.

Lemma 6.1. There exists Zgr € \Il% (X; W) such that:
brJ + Jbj = ZRJ Zg, 6.1)
and additionally:

Zr = 1+ W NS W)Q2e)?, Zp' = Q) 2(1+ W (T W)).

reg reg
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Proof. By Proposition 5.7 we have

Jbr+b5] = Q)2 (J + Jcp +h )26, cx € Wl (Z W).

reg

We look for Zg in the lemma under the form Zg = Sg (26)% for

Sk =1+dg, dg € Vg (Z; W). (6.2)
The identity (6.1) is satisfied if
SkJSr=J +Jcg +chl. (6.3)

Using W = W; @& Wy (see 4.2), we can write:

Sp = Stt,R Stz,R | Ctt,R Cts,R

R = , CR = .
Sst,R STx,R Cst,R Cz3,R

-1

Let us now formulate the property that cr € W,

CR.
If «, B are any of the symbols ¢ or =, then since h = h; @ hx, we obtain that
Cap,R € ‘lfrggl (X; Wy, Wg). We are looking for sqg g such that

(X; W) in terms of the components of

-1
Sap,R — Sap € Wiee (X5 Wo, Wp)
Let us now suppress the index R to simplify notation. The Eq. (6.3) is satisfied iff:
=85 Set + Sa,550 = 1= ¢, — e,
_Sl*tstz +S;IS2): = —Ctx +C;t,
x " " (6.4)
—S;5 81t + SysSst = Cxt — Crxs
stoses — 878y = L+ csxy + 5.
To solve this system we first set s;5 = 0. The last equation of (6.4) can then be solved
for R large enough by

1 —
sz = 83y = (L4 cps +¢5p)2 € L4+ Wiy (5 W, Wy,

using Lemma 5.4 (3). The second and third equations are then solved by

Syr = S;;ZI; (CEI — C;kz) € \pil(Ey WZv Wt)!

reg

again by Lemma 5.4. Finally we solve the first equation by

St = Sl*t = (1 + Ci + C;k[ +S;§[S):[)% € 1 + \I/r;gl(E, le W[)
This completes the proof of the lemma. O

We now set

Tk = ZR(b;é — bI_Q)_l ® 1@2 o ( bt _11) € \I’OO(E, wWeoeWw), (6.5)
R

ZRr;éf

sothatTsz(Z o f
RTR

), where 7 are defined in (5.13). We have:

_ 11 _
TRlz(b} bR)oZRl(X)lCz. (6.6)
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Proposition 6.2. We have:

(Tg ) oqoTy' = (é _OJ), 6.7)

1 e 1 1\[e o0
TR=E(1+\IJreg(Z,W®W))(1 _1)(0 E_%). (6.8)

Proof. Letus suppress again the subscript R and denote ijF simply by b*. Set f* = r* f,
so that

=+ =t
An easy computation using that b* = b, b~ = —Jb* J yields:
faf = (fAUTb+b" N[5 = (fTITb+b"D) 7).

By Lemma 6.1 we have Jb+b*J = Z}J Zg. This implies (6.7) by the definition of Tg.
Let us now prove (6.8). From Lemma 6.1 and Proposition 5.7 we have

Zr = A+ W73 W))Q2e)2,

reg

(b;-? - b;)—l == (bR + Jb;,.])_l = (26)_%(1 + \I/_I(E; W))(ZG)_%

reg

Similarly we have
—by 1\[e? O Jbpde e
( +R ) 1 = R 1 1
bp -1 0 €2 be™ 2 —€2
=L+ V(S W e W) (} _11)

Then (6.8) follows by applying formula (6.5). O

6.2. Hadamard two-point functions. In this subsection we construct pairs of Hadamard
two-point functions.

Proposition 6.3. Let us define c* : H(Z: W @ W) — H(Z; W @ W) by:

_ 10 _ _ 00
c* :=TR10(0 O)OTR, c :=TR10(0 I)OTR, (6.9)
Then the following holds:
(1) One has
s (0 HS W & W)
c f - birif P f € ) )
()

i) c¢t+c =1, (¢5)? =t
(i) (B =c*,
(i) rEoct =r*.
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Proof. (1) is a routine computation using (6.5), (6.6). (2) follows from (6.7). O
Theorem 6.4. Let ¢ be defined by (6.9) and set
AL i=dgoct e BH(EZ: W W), H(Z; W W)). (6.10)

Then

(1) )éc is a pair of Hadamard Cauchy surface two-point functions;
(2) one has:

A;:T;(é 8) Tg, )»;:T;(g 9>TR. (6.11)

Proof. The proof of (1) is identical to the proof of [GW, Thm. 7.1]. Note that only
the proof of the implication = in [GW, Thm. 7.1] needs to be copied. (2) follows from
(6.7),(6.9). O

Remark 6.5. Statement (1) of Theorem 6.4 still holds if we replace ¢* by ¢* 4 r_n, for
Feoo EVTX(Z; W W).

6.3. Non-existence of Hadamard states for vector Klein—-Gordon equations. In this sub-
section we consider a vector Klein—-Gordon operator D as above, assuming that J # 1,
i.e. that the hermitian form on W is not positive definite. We show that under a mild
additional condition on its two-point functions, there does not exist any Hadamard state,
but only Hadamard pseudo-states.

Theorem 6.6. Assume that J # 1. Then there does not exist spacetime two-point func-
tions X* for D satisfying (usc) and (pos) such that additionally the Cauchy surface
two-point functions )\;:t map continuously H(X; W & W) into itself.

Proof. Let X% the Cauchy surface two-point functions of the state w. Since by assumption
)fzt preserve H(X; W @& W) we can apply [GW, Thm. 7.1], which generalizes directly
to the vector case. We obtain that if (usc) holds then )éc - )»j:t is smoothing. Let us set

. N J 0
A= (T} 1(A;+A2)TR‘, A::(O J).

By (6.11) we obtain that A = A + R where Ry is smoothing. We may choose a
sequence f, € L>(X; W @ W) with || || = 1, (fulAf,) = —1, w—lim f, = 0, with
support in some fixed compact K C X. Let us denote lg the characteristic function
of K, understood as a multiplication operator. Since lg R g is compact we obtain
that lim,, _, oo ( f,,|A fn) = —1. But this contradicts the positivity condition (pos), which
implies that A >0. O

6.4. Positivity of Hadamard two-point functions on subspaces. We saw in Theorem 6.6
that it is impossible to construct Hadamard two-point functions for D1, since in this case
J # 1. However there exist subspaces of H(X; W & W) on which )‘E are positive.
This will follow from the fact that J is positive on Wy = (Ker(J — 1)) ® g.
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Proposition 6.7. Let A'* be defined in (6.10), for D = Dy. Then there exists r_1,R €
\I’rfcé (2; W & W) such that:

A >0 on (1+7-1 R)H(Z; Wy @ Wy).

Proof. From (6.8) we obtain that

1 (1 1\ ez 0 e
TR=E<1 _1)(0 eé)(1+\ymg(2,WeaW)). (6.12)

This implies, using also Lemma 5.4 (3) that for R large enough there exists r_j g €
\Ilrggl(Z; W @& W) such that

1 (1 1\[e o »
TR:E(I _1)(0 6é)(l'ﬂ’—l,R) .

We note next that (J O) and (0 O) are positive on H(X; Wy @ Wy), since

=

00 0 J

1
J is positive on Wy. The operators (} 11) and 602 01 preserve the space
— b
H(XZ; Wy @ Wy), since € = ¢; @ ex. The proposition follows then from (6.11) and
(6.12). O

7. Pair of Hadamard Pseudo-Covariances

In this section we consider the pair of operators Dy = 8d, Dy = d§ +8d + F _ as in
Sect. 2.5. After going to the temporal gauge, we may assume that both operators fit into
the framework of Sect. 5, i.e. that:

D; =8> +a;(t, x, Dy),

where a; (1) € C®(R; W2(Z; W;)) for Wy = Vi ® g, and Wy = g. The operator K = d
becomes in this framework:

K = Ko(t)o; + K1 (1), (7.1)
where K (1) € C*(R, Diff/ (Z; Wy, W1)) is a differential operator in x, such that
(32 +ai(1)) o K = K o (8> +ap(1)). (7.2)
It is easy to check that
Ko(t,x) € LWy, W) #0, V(t,x) e Rx X. (7.3)
We recall that
Ks := p1 o K o Uy € Diff(Wy & Wo, Wi & Wy),

where p;, U; are the trace and Cauchy evolution operators.
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7.1. Some preparations. Let us denote by uii(t), i = 0, 1 the operators constructed in
Theorem 5.9.

Lemma 7.1. There existmy € W' (Z; Wo, W) andr=, (1) € C®(R, W~ (Z; Wo, W1))
such that:

K oujy (1) = ui (mi +rE (o).

Proof. We consider only the + case and suppress the + superscripts to simplify notation.
We also denote by r_o (¢) a generic operator in C*°(R, W ~°°(X; Vi, V2)) for appropri-
ate Vi, Vo. We will use repeatedly the following consequence of Proposition A.3: the
map

m(t) = u; ()m(t)u; (t)f1 is bijective on C*(R, W/ (X; W;, W))). (7.4)
This follows from the fact that b; (¢) have a scalar principal symbol equal to (ki h (2, x)
k)2,

We recall the following equivalent identities from Proposition 5.7:

(i) 18;bi (1) = b7 (1) + i (1) +r—oo(1) = 0,
(i) (3 +ibi(t)) o (3 —ib;i (1)) = 3% +a; (t) +r—0o(t), i =0, 1.

(7.5)
Since ug(t) = Texp(i fot bo(s)ds), we obtain from (7.1) that:

K oug(t) = (iKobo(t) + K1) o ug(t).
Composing this identity to the left with d; — ib; and using (7.5) (i) we obtain:

0y —ib1) o K o ug(t)
= (—Ko(ap +7r—c0,0) + 3 K1 +1(0; Ko + K1)bo + b1 (Kobg — 1K 1)) o ug(t)
= ma(t) o up(t), for ma(r) € CP(R, W2(T; Wy, Wi)). (7.6)

By (7.4) we obtain that:
ma (1) o ug(t) = uy(t) oma(r), where ry(t) € CP(R, WA(T; Wo, W)).  (7.7)
Combining (7.6) and (7.7), we obtain that:
(0 —ib1) o K oug(t) = uy(t) o ma(t).
We compose the above identity with d; + b (¢), using again (7.5) and obtain:

(8,2 +ay) o K oug(t) =(0; +ib1) oui(t) o my(t) +r_oo(t) Kug(t)
=2ibj o ui(t) o n~’l2(t) + ul(t)atﬁiz(t) +7_oo(t) Kug(t)
=w1(1) o (Ai2(0) = ib1 (ia(1) + (1))
where in the last line we use (7.4), and b1(t) € C®(R, W1 (Z; W))) is again elliptic

with a real principal symbol.
On the other hand since (37 +aj) o K = K o (3 + ap), we have by (7.5)

(07 +a1) o K oug(t) = K or_oo(D)uo(t) = u1(t) o r_oo(t),
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again by (7.4). Summarizing we obtain that 7, (¢) solves
3 (1) + b1 (1) (1) = r—oo (1),

hence
t t
iy (t) = Texp(i / by (0)do )i (0) + Texp(i / b1(0)do)r_so(s)ds
0 K
t
= Texp(i / b1(0)do)ima(0) + oo (1). (7.8)
0

By Lemma 7.2 below this implies that mi>(t) € C*°(R, ¥ ~>°(X; Wy, Wp)), hence by
Lemma A.5 that my(¢) € C*(R, ¥ ~°°(X; Wy, W)). The identity (7.6) becomes

(0 —1b1) o K o ug(t) = r—oo(t).
As in (7.8) this implies that
K oup(t) =ui(t) o (K oug)(0) +r_so(t),
and completes the proof of the lemma. O

Lemma 7.2. Let b1 (1) € C®(R, W (Z; W1)) satisfying the assumptions of Proposition
A3andm(t) € C*°[R, WP(Z; Wy, W1)), p € R such that:

m(t) = Texp(i fé b1(8)ds)m(0) + r_oo(t), r—oo(t) € C®[R, ¥™°(X; Wy, W1)).
Then m(t) € C*®° R, W=°(2; Wy, W))).
Proof. We have 9,m(t) — ib1(t)m(t) € C*°(R, ¥~°°). By induction we obtain
dFm(r) — pr(tym(1) € CXR, ¥~), k €N,

where pi(t) € C®(R, WA(Z; W), ope(pr) = (iope(b1))¥. Note that by is ellip-
tic in W!(Z; W) hence py is elliptic in Wk(Z; Wp) and since atkm(t) belongs to
C®(R, WP (X; Wy, Wi)) by assumption we obtain thatm (1) € C® (R, WP5(X; Wy, Wy)).
This completes the proof. O

7.2. Compatibility of Hadamard pseudo-covariances. We prove now the main result of
this section, which will be important later on.

Theorem 7.3. Let cl.i € B(H(Z; W; & W;)), i =0, 1 be as in Proposition 6.3. Then
EKy — Kscf € W™0(Z; Wo ® Wo, Wi @ W)).
Proof. Since c;' +tc, = 1, it suffices to prove the + case, which amounts to show that
c; Kscg € W™UZ; Wo @ Wo, Wi @ W). (7.9)

In the sequel we denote simply by r_(f) an error term in C®° (R, W~ (3; Vi, V1))
for appropriate V1, V,. We recall from Theorem 5.9 and Proposition 6.3 that:
+ +£ _ £

Ui(t) = uf (Ori +u; (Or;] +r_oo(t), rioc;- =1/,
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Using Lemma 7.1 this gives first:
Ui(1)Kscy = KUp(t)ch = Kuf()rg +r—oo(t) = uj (t)miry + r_oo(t)

for some mT € W (Z; Wy, Wy). On the other hand:

Uy (I)cha— = uT(t)rlJrcTKgca + ul_(t)rl_cl_KEcg +7_oo(t).
It follows that

uy (O] ¢y Kxe§ = uj(®) o (mirg —rici Kzch) +r—oo(t). (7.10)
We claim that if n € WP(%; Wo @ Wy, W)) satisfy

ui(On] —uy (Hny € CPR, W™°(Z; Wo & Wo, W1)),

then nf € U™(X; Wy & Wy, Wyp). Taking first + = 0 we obtain that nT —n; €
W(X; Wo @ Wy, Wp). Next taking derivatives in 7 at r = 0 we obtain that (b7 (0) —
by (0)n7 € W™X(X; Wo @ Wy, Wy), hence n] € W™>°(X; Wy @ Wy, Wy) by the
ellipticity of bT(O) — b} (0). This also implies that n; € W~°(X; Wo & Wy, Wy).

Applying this remark to (7.10) we obtain that ;" ¢; Kxcly € W™°(Z; Wo @ Wo, Wy).
This implies (7.9) since from Proposition 6.3 and r{c;” = 0 we obtain:

¢ = ( _rf _) ocy.
bl O)ry

This completes the proof of the theorem. O

8. Proof of Theorem 1.1
As before, ¥ is assumed to be compact or equal to R?. If & = R we assume Hypothesis

1.4.
In this case it follows from Proposition B.1 that %, satisfies a Hardy inequality:

he = 8ds = C(x) 72, @.1)
which will be very important in the sequel.
Our goal in this section is to construct a projection IT acting on Cauchy data with the

following two properties:

(i) KerIT = RanKjy
(i1) )Lliz are positive on RanIT N KerK ..

We will ensure (ii) by choosing IT in such a way that
RanTT NKerKy € (1+7_1 g)H(Z; Wy @ W), (8.2)

where the operator r_; g appears in Proposition 6.7.
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8.1. Notations.

— As before, if E, F are two topological vector spaces, we write A : E — F if A is
linear continuous from E to F. We write A : E — F if additionally A is bijective
and both A~ is linear continuous. .

— We denote (x) H™ (X; V) the Sobolev space of order m with weight (x) = (1+]x]|)2
(of course this is just the same as H™(X; V) if ¥ is compact) and (x)LZ(Z; V) =
(x)H(Z; V) the weighted L? space.

— We will denote B~*°(X; Vi, V,) the space of operators that are bounded from
H™™(%2; Vi) to H™(X2; V;) for any m € R.

8.2. The reference projection for ¥ = R?. In this subsection we assume that & = R9.
We define a reference projection I1p, which will be used to construct the projection IT.
We first state an easy consequence of the Hardy inequality.

Lemma 8.1. The following operators are bounded:

() hy 2Byt L2 Wa) — L2 W),
(ii) Ezh;% CLA(Z W) — LA(Z; Wy),
(iii) ht_%(x)_l DL2(Z; Wy) — L2(Z5; W)
Proof. (i) and (ii) follow from the definition of %;. To prove (iii) we use the Hardy
inequality (8.1) and the Kato—Heinz theorem which yield 4, l<c x)72. o
Definition 8.2. We set:

7i=dsh '8yt L2(Z; Wy) — L2(S; W),
bi=h; '8y L2(Z: Ws) > (x)L2(Z; W),
a:=F A -1 (x)L2(Z; W) — L2(Z; Ws).

The above operators are well defined by Lemma 8.1 and Hypothesis 1.4.
Clearly m is the orthogonal projection on Randy, where ds is considered as a closed
operator on L2(Z; W;) with domain H'(Z; W,). Moreover one has:

dysob=m, bods =1. (8.3)

We will construct IT by modifying a reference projection I1y. We denote by I1j the
operator defined in the adapted Cauchy data by the matrix:

0 0 00O
01-7 00
0 0 10
0 iaob 0 1

My = (8.4)
Since a(x) : L>(Z; W;) — L?(X; Wy) by Hypothesis 1.4 we see that

Mo: LA(S; W W) — LA(Z; W W).
Let us consider the operator Ky given in Lemma 2.12 as an unbounded operator

Ks: L2(Z; W, @ W,) — L*(Z; Wy & Wy),
DomKs = H'(Z; W) @ L2(Z; W)).
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Lemma 8.3. Iy is a bounded projection on L2(Z: W @ W) with Kerllp = RanKy.

Proof. The fact that I is a projection is a routine computation, using that b(1—m) = 0.
Since ab is bounded by Lemma 8.1 and Hypothesis 1.4 we see that Iy is bounded. To
prove the second statement we note first that [To Ky = 0, using (8.3). This implies that
RanK;y C KerIlj. Conversely let g € KerIlp, i.e.

g9 =783, & =0, g; = —iabg;.
From the first equation we get gg = dsu® for u® = bgg € H'(Z:g), and hence
g; = —iau¥ ie. g = Ksu, foru = (uo, i’lg?). O

We end this subsection by constructing an operator By such that (1 — I1p) = Kz By
(see the discussion at the end of Sect. 3.4).

Lemma 8.4. Let By : L>(Z; W @ W) — (x)L*(Z; W) @ L2(Z; W;) be given by:

0 bO0oO
By = (_i 0 0 o)' (8.5)

(1 —Tlp) = KxBy, BoKsz =1.

Then one has

Proof. The proof is a direct computation that uses dsb = 7. O

8.3. The reference projection for % compact. In this subsection, we assume that ¥ is
compact. This implies that Kerh; = Kerds is not necessarily trivial. Therefore we need
to change the definition of &, b and ITp. We set now:

Definition 8.5.

7= dshy oy (h)8x 2 L (S5 W) — LA(T; Wy),
b= h; Mgy (h)8s : L2(Z5 Ws) — L2(Z; Wy),
a:=F A -: LX(Z; W) > LX(Z; Wy),

where 1\ (o) stands for the characteristic function of R\{0}.
Note that since /; has compact resolvent, we know that
7 e V(D Wy), be WI(Z; Wy, Wy), ae WO(Z; W, Wy). (8.6)
We also denote by 1 : L%(Z; Ws) — L2(Z; Wy) a bounded projection with
Ker 71 = a(Kerh;), (8.7)

like for example the orthogonal projection for the natural Hilbertian scalar product on
L2(Z; Wy) along aKer#h,. By the ellipticity of &;, we know that Kerh, C C*(X; Wy),
hence aKerh, C C°°(X2; Wy) and these two spaces are finite dimensional.

This implies first that there exists a right inverse a~! € L(Kerm;, Kerh,) such that

aoa ' =1onKerm. (8.8)
Moreover since Ker 71 is a finite dimensional subspace of C*°(X; Wy) we have:

T e+ W (S Wy), a ' — 1) € U"0(Z; Wy, W)). (8.9)
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We set now:
0 0 0 0
0O 1—-7 0 O
Iy := 0 0 1 0 (8.10)
0 imjaob 0 m

Lemma 8.6. 1y is a bounded projection on L2(Z: W @ W) with Ker 1y = RanKs.
Moreover Ty € \IIO(Z; W e Ww).

Proof.  The fact that Tlp is bounded follows from the properties of m, a, b stated
in Definition 8.5 and from (8.9). Again the fact that I1j is a projection follows from
b(1 — ) = 0. Let us now prove that [1gKs = 0 hence RanKy C Ker I1y. By a routine
computation this amounts to show that (1 — 7 )ds, = 0 and that ja(bdsy — 1) = 0. The
first identity is immediate. To prove the second, we use that bdy — 1 = Ijoy(h;). Then
maly(hy) = 0 since Ker 7y = a(Kerh,).

Let us now prove that Ker I1p C RanKs. Let g € Ker I i.e.

g =ngd gl =0, m(gl +iabgd) = 0.
Then g = Kyu foru = (u°, u') if
' = g0 dsu® = g% —iau® =gl (8.11)
We take u! =i71g% and u® = bgQ+v0 for v° € Kerhy, so thatdsu® = dybgd = 1% =
g2. Tt remains to satisfy the third identity in (8.11), which yields —iav® = gl +iabgQ.

Since (gé + iabgg) = 0, we can find v° € Ker#, satisfying the above condition, using
that Ker 771 = aKerh,. The fact that [Ty € W follows from (8.6) and (8.9). O

We need the analog of Lemma 8.4 in the compact case.

Lemma 8.7. Let By : L2(Z; W @ W) — L2(Z; W,) @ L*(Z; W,) be given by:

(0 b—a'd—mpab 0 ia~'d—-m)
By = (_i 0 0 0 , (8.12)

where a1 : Kerm; — Kerh, is defined in (8.8). Then one has
(1 —-Tly) = Kx By, BoKs =1. (8.13)
Moreover By € Y (Z; W d W, W, @ W)).

Proof.  Again the first property of By is a direct computation, the fact that By € W™
follows from (8.6), (8.9). O

8.4. Change of Cauchy data. In this section we systematically work with the adapted
Cauchy data, in which the operators K5 and K ; take simple forms. Therefore the operator
F_1.R € \Ilrgé (X; W @ W) appearing in Proposition 6.7 is replaced by Rror_j g o R;l.

Moreover it is convenient to perform another change of Cauchy data, corresponding
to putting different weights on the two components 0, f! or g%, g! of a set of Cauchy

data. The need for these weights is already apparent from the presence of the matrix

0
s:={ € ) 8.14
( 0 6_2) ( )

=
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in the expression of the operator Tx in Proposition 6.2. It can also be seen from the fact
that the natural space of Cauchy data appearing for example in the quantization of the

scalar Klein—-Gordon equation is H 2 ) H -3 (X). It is convenient to treat the two
components of the Cauchy data as follows: If f € H(XZ; W & W) and g = Rgf we
will set

f:=5f g:=Sg. (8.15)

Note that S maps H2(Z; W) @ H™2(Z; W) into L2(Z; W & W). Let us now collect
a few properties of S. Clearly

S*q1S = q1,
i.e. S is symplectic. Moreover:

SUL(ZwWaew)S =iz, waew),

SUL(Z; W@ W)S™! = Ul (Z; W e W). (8.16)
If f, g are as in (8.15), then § = Rp f for
1 0 00
fr=sres' = 0 L 0% cwmwaew 8.17
F -= F = 0 —i6y 1 0 € (% W), (8.17)
id: 0 01
and
~ 1 _1 ~ L 1
8y =€, *8zy€5 2, dy =€ 2dse, . (8.18)
Finally let us express the transformed reference projection. If & = R¢ then:
0 0 00
1 _1
= 1 _ |0 1—€gmeg” 00
Iy := STpS™ = 0 0 10l (8.19)
_1 _1
0 ieg?aobeg? 0 1
and if X is compact:
0 0 0 0
1
= 1|0 1—egmes® O 0
[Ip := STIpS™ = 0 0 1 0 (8.20)
_1 _1 11
0 ieg’maobes? 0 €5 ’mies
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8.5. Operator classes for adapted Cauchy data. Ttfollows from the above discussion that
after going to the adapted Cauchy data and conjugating by S, the class \Ilreg Z;wWew)

appearing in Sect. 5 should be replaced by Rp \l/reg (Z; W@ W)R: !, which is different

from \Ilreg (X; W @ W). In this subsection we introduce classes of pseudodifferential

operators in which the operator equation 8y ov = r can be solved in v (see Lemma 8.10)
and which contain the class Iéerggl =, W W)I?PT ! We first introduce some notation.

In the sequel i, j are indices equal to either O or 1, and «, B are indices equal to either
tor z. If o = ¢, respectively =, we set @ =z, resp. ¢t and:

o ds, if a=t,
b, if =3,

so that s, € \IJO(E; Wy, Wg).
If c € WP(X; W ® W) we denote by cjq, jg its matrix entries according to the
decomposition

WoeW=WeW)d (W e W) =Wy, ® Wis® Wi, & Wis.
Recall also that y. denotes a cutoff function as in (5.5).
Definition 8.8. Let p € R.
(l) We set
(X Wg, W) := WE(Z; Wg, Wo) x-(hg) + VL(Z; Wg, Wa)sgp,
(X Wg, W) := x-(ho ) WE(Z; Wg, W) +sgVE(X; Wg, Wa),
e (23 Wg, W) 1= x-(ha) WR(Z; Wg, Wo) x-(hp) + sa Wi (25 Wg, Wg) x-(hp)
+sg Wi (2 We, Wa) x-(hp) +sa Vi (Z; Wg, Wa)sa.

reg T
reg 1

reg

(2) We say that ¢ € \I/reg Ij(23; Wee W)ford=1r1,if cio jp € \Aﬂr’;g’u(E; Wy, Wpg) for
alli, «, j, B.

The next lemma shows that the above classes have similar properties to lI/r"ég (Z; WeWw).

Lemma 8.9. The following properties hold:

(1) RpVE(Z: W @ W)R_ \IJE{Z(E W e Ww),
2) RF\Ilreg(E W & W)R - \Ilreg(E W W)CWLh(Z:WaeWw),
(3) Let cg € \Ilreg ﬁ(2, W @& W) for e > 0 and let o € R. Then for R > Ry we have

(IL+cp)® € L+ WE (S W@ W).

Proof. (1) follows from the fact that the class WPl is invariant under left or right
composition with elements of wo, (2) is a routine computation, introducing the matrix
entries of some ¢ € \L’Kég(E; W & W) and using (8.17). To prove (3) we use the identity
a- a) '=1+a+a(d —a)"'a and the following easy observations:

Uf W—f W2

reg,l> “reg,l Treg,r reg

WOwE cwf U Wl cf

as *reg,r reg,r’ reg,l
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‘We end this subsection with another technical lemma, which will motivate the introduc-
tion of the above operator classes.

Lemma 8.10. Let r € ‘Tjrlég(& Wo, W) for o = t, . Then there exists v € \Tfrlég,r
(Z, Wa, Wz) such that

Ssov=r.
Proof. Since r € Wy (Z; Wy, W) we can write
r=xo(hymy +8zmy, my € Wl (55 Wo, Wi), my € WPy (55 We, Wy).

If follows that

11

1 _1 1 ~
v=eidsh, *€} x-(hy)mi +my € WL, (Z; Wy, Ws)

reg,r

solves s ov =r. 0O

8.6. Technical estimates for ¥ = RY. In this subsection we collect some delicate tech-
nical estimates on the operators 7, b in the case ¥ = RY. 1t is convenient to introduce
some notation related to Hypothesis 1.4: if V is a finite dimensional vector space we set:

Sp(B; V)= {f € CO(T; V) Y f(x) € O((x)™), @ € N},
Abusing notation we see that Hypothesis 1.4 implies that
As e Sy, 8:FseSy', F esy’

Recall that B~°°(X; Vi, V») denotes the space of operators that map H " (X; Vi) —
H™(X; V,) for all m.
Lemma 8.11. Assume that ¥ = R?. Then:

(1) dsx(h)h; "85 € B=°(Z; W),

Q) () x(h)h 85 € B=(2; Wy)

B) 7 e WO(Z; Wy) + B~2(Z; Wy),

4) be WI(Z; Wy, W) + (x) B~°(; Wy, W)),
(5) x-(hs)m € WO(Z; Wy) + (x) "1 B=(Z; Wy),
(6) aobe (x)"'WI(Z; Wy) + (x)"1B=®(Z; Wy).

Proof. (1): letA = JEX<(h,)h,_1§Z. We need to prove that
(h" +1)ARL +1) : L> > L?, VneN,
which will follow from

i): A:L?— L2, (i) : Ahg: H" — L2,
(iii) : hsA: L2 — H", (iv): hyAhs : H" — H".

(1) is straightforward by Lemma 8.1. Let us now prove (ii). By Lemma 5.6 (3), we have:

Ahs = JZX<(ht)h7]g>:hz = EEX<(ht)gz +JEX<(ht)h;1Rs
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for R = 85 F5-. The first term on the right belongs to =%, We write the second
term as c?zht_l (x)" Vo (x) x(h;)R. The first factor is bounded on L? by Lemma 8.1, the
second belongs to W=, since 8 Fy, € S '. This implies (ii) and hence (iii) by duality.
To prove (iv) we write

hsAhsy = h):d_z)(<(ht)gz +h>:d_zX<(ht)h;1R
= hds x(h)8s +ds x (h) R+ R* x (h)h; ' R.
The first two terms belong to W ~°°. We factor the third term as:
R*x(h)(x) o (x) "' A ) ™! o () x-(h0)R,

for some cutoff function . with the same properties as x_and x_x. = x.. The first and
last factor belong to W=, the middle one is bounded on L? by Lemma 8.1. This proves
(iv) and completes the proof of (1).

(2): the proof of (2) is completely analogous to the proof of (1) and left to the reader.

(3):  we write

T = dyx-(h)h; 85 +dsx(h)h; ' 5.

The first term belongs to W°, the second to B~ by (1). This proves (3).
(4): we write

b= x-(ho)h; "85 + x(h)h; 'y,

the first term belongs to W™, the second to (x) B~%°, by (2).
(5): We write as before:

X-(hs)m = o (hs)ds x-(h)hy ' 8s + x-(hs)ds x (ho)hy 'S5
The first term belongs to W, We write the second term as
X-(hs)hs hsds x ()b 'S5 = x(hs)hy ' ds x (h)8s + x-(hs)h5 R x(ho)h; 'Sy
The first term belongs to W ~°°. We factor the second term as:

()" o (1) x-(h)hy R () 0 ()~ x(h)hy s

Now (x) x-(hs)hy ' R*(x) € WO since 85 Fs € Sy % and (x) ™' x_(h)h; '8 € B~ by
(2). This proves that the second term belongs to (x)~! B~ and completes the proof of
(5)'(6): we write once again:

aob=ay.(h)h; '8z +ao x(h)h; ' 55.

The first term belongs to (x)~'W~! since F; € Sy ! The second term belongs to
(x)"'B~°°, using (2) and the fact that F, € Saz. o
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8.7. Construction of the projection I1. In this subsection we construct the projection IT.
The first step consists in determining its range.

Proposition 8.12. There exists s_1, g € Vg l(E W @& W) such that:

(1+s_1.g)RanTly N KerKy C (1+r_1 ) L2(Z; Wy @ Wy),

wherer_j g € W, \(Z; W @ W) is the operator in Proposition 6.7.

reg

Proof. We set g = Rpf. Itis easy to check that for Iy given either by (8.4) or (8.10):

f € Kerk] = gt1 0,
feH (Z:WsdWy) & gt =0, gt+182g2_0 (8.21)
f € Ranlly = gt =0, SEgZ = 0.

As explamed in Sect. 8 5itis convenient to work with g g = Sg, which amounts to replace
rleyRFrlRR _randisbyRFrlRR ;5.
By Lemma 8.9 we know that 7 € \Ilreg(E W e W) and we will look for § €
reg r(E W & W). Again by Lemma 8.9 it will follow that s € \Ildsl (Z; W W).
Expressed in terms of g, the statements in (8.21) become:

f eKerki = gl =0,
feH (S W@ Ws) & g =0, g +182g2 =0, (8.22)
f € Ranlly = g,o =0, 62g2 =0,

where 82 = 73 2 was defined in (8.18). We set:

10 00 1000
Al:(o 8y i 0)’ Az:(o s 0 o)’

so that
fe@+rH (Z; Wy ®Wy) & geKer(Ajo(d+7)7}), (8.23)
fe@+s)Ranlly = geKer(Aro(@+5)7"). '
To prove the proposition it suffices to find § € \Ilreg (2; W @ W) such that
geKer(Ayo(1+57Y), g =0= geKer(Ajo@+/M)7"). (8.24)

Again by Lemma 8.9 (3), we know that for R large enough (1+7)~! = 1+7 for7 € et

reg "
Let assume that we have found § € \Ilregl . such that

g €Ker(Axo (1+5)), & =0= §eKer(Ajod+7)). (8.25)

Then setting 1+5 := (1+5) ™!, we know that § € \I/re . by Lemma 8.9 and that s solves
(8.24). Hence to complete the proof of the proposmon it remains to solve (8.25).

We have
00 ilto

A1=A2+A3 fOI‘A3=(O 00 O).
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Therefore we look for § = 7 + 0 and need to find ¥ € \Tlr;é’r such that:

Ayd = A3(1+7) on {g! =0}.
Since A3 =0on {g} = 0}, we finally need to find ¥ such that
Ayd = A3F on {g! =0).
A routine computation yields the following equations for the entries of 0:

vor.jp =0, VB,

vorjp =19, TP , (8.26)
dsvos,jp =17 r1y,jp  for jp=01, 0z, Iz

We can set all the other entries of ¥ to 0. It remains to solve the equations in the second
line of (8.26). This can be done by applying Lemma 8.10. This completes the proof of
the proposition. 0O

In the proof of Proposition 8.12, we use the assumption that (M, g) is ultra-static:
otherwise the expression in the second line of (8.22) becomes more complicated and it
is not clear how to choose the reference projection ITy.

If © = R? we will need some further properties of the operator s_ 1, constructed in
Proposition 8.12.

Proposition 8.13. Assume that ¥ = R%. Then there exists Ro such that for R > Ry and
foranym € R:

() 14s_ygllo: H™Z (S WYSH" 2(S; W) > H™3(; WY@ H" 2 (3; W),
(i) (x)(X+s_1 gMo)(x)~1: H"”%(E; W) e H"’_%(E: W) - Hm+%(2; w)
GH" (% W).

Proof.  As before we conjugate all operators by Rg, which amounts to replace S_1.R
by s_1r = Rps_l,RIél:l, [Ty by I:I() = RFHOR;I and Hm+% (&) Hm_% by H" & H™.
From the expression (8.19) of 1:[0 we see that the entries of §_1 g l:IO are of one of these
three types:

(D Vg ) ¥y (1—7), )W

reg,r’ reg,r

-1
reg,rd © b.

Terms of type (1) are simply considered as belonging to lIla_sl. To control terms of
type (2) we recall that \IlrfcglJ = ;1X>(hz) + \112;152. By Lemma 8.11 (5) we know
that W;1X>(hg)n € \Il‘,;l + (x)_I\II;IB_OO. The terms of type (3) belong to \IJ‘,;l +
(x) "W ' B>, by Lemma 8.11 (6). It follows that

§rMp e Wl + () tw tB=. (8.27)

Let us now prove (i). From (8.27) we first deduce that ||§,1,R1:[0 | B(L?) € o(RO), hence
we can find Ry such that

1+5 8000 LA W W) S LA WaW).
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Let us first assume that m > 0. We apply the identity
n—1
A-a)'=> al+A"1-A)"!
Jj=0

to A = —5_1gllp. By (827) we know that §_jgIly : H"™(Z:W @ W)
— H™1(Z; W @ W). We obtain taking n large enough that

(A+5_1 gI0) ' H"(Z; WO W) — H™(Z; W W),
which proves (i) for m > 0. The same argument shows that for m > 0
1+ Go gIl0)* s H"(S; WO W) > H™(Z; W W),

which by duality proves (i) for m < 0.

To prove (ii) we split §_1’Rl:[0 as my g + ma g, where m| g € \Ilegl and mp g €
(x)_llllzng_oo. We can choose R above large enough such that (1 + mlgR)_l e wo
for R > Ry. We have

A +5_1 gT0) = W +my g) 7 A —my (A +5_1 gTTo) 7).

Now ma g : H" — (x)"TH™ and (1+m1,R)’1 s (x)"'H™ — (x)"'H™ by pdo
calculus, which implies that (1+§_1,R1'I0)’1 S (x)"'H™ — (x)"'H™. This completes
the proof of the proposition. O

8.8. The projection Il and the right inverse B. We now define a projection IT and a right
inverse B to Ky asin 3.4.3, 3.4.4.

Theorem 8.14. Let Iy be given by (8.4) if £ = R? and (8.10) if ¥ is compact. Let also
s_1,Rr be the operator constructed in Proposition 8.12. Then there exists Ro such that
forall R > Ry:

(1) the operator
I:= (1+s_1 g) o1+ Tos_1 gMo) !

is a bounded projection on L*(X; W @& W).
(2) moreover

1—-T=(1—T)d+s_1 M) "
(3) one has

(a) Ker Il = RanKjy,
(b) AI—LZ are positive on RanIT N Ker K ;

DT :HE, W) = HE, W), IT:H((Z; W) — H(Z; W).
(5) if Z is compact then T1 € W (Z; W @ W).
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Proof. 1f T1j is a bounded projection on a Hilbert space H and ||r|| < 1, then Ker Ty
and (1+r)RanTly are supplementary subspaces and it is easy to show that the projection
[T with Ker IT = Ker I1g and RanIT = (1+r)RanIIy is given by the formulas in (1) and
(2). Statement (3a) follows from Ker [T = Ker [Tp = RanKy. Statement (3b) follows
from RanIT = (1 +s_1 g)Ranllyg C (1 +r_1 r)H(XZ; Ws & Wx) by Proposition 8.12,
and from Proposition 6.7.

Let us now prove (4). It suffices to prove the corresponding statements for 1 — I1
Using that by Proposition 8.13 (1 +s_;.z[Tp) ™! maps H(Z; W) and H'(X; W) into
themselves, we can replace 1 —IT by 1 — I1j. The result follows then from the expression
of Ty in (8.4) and statements (3), (6) of Lemma 8.11. Finally the fact that [T € W if &
is compact, follows from the same property of Iy, see Lemma 8.6. This proves (5). O

Let us now define the right inverse B to K.

Proposition 8.15. Let By be given by (8.5) if & = R or by (8.12) if ¥ is compact. Let
B := Bo(1+s_1 gTp)" . (8.28)

Then
B=1-1T11, BK;=1. (8.29)

Moreover

() if T =R then B : H(Z; W) — (x)H(Z; W), B: H/(Z; W) — (x)H/(Z; W).
(2) if X is compact then B € WV (Z; W @ W, W, & W)).

Proof. The fact that Ky B = 1 — I1 follows from the definitions of B, IT and the fact
that Ky Bg = 1 — I1y. The identity BKy = 1 follows from BpKy = 1 and [1Ky = 0.
To prove (2) we can as in the proof of Theorem 8.14 replace B by By. The statement
follows then for the expression (8.5) of By and from (4) of Lemma 8.11. Finally, (2)
follows from the fact that By, [Ty belong to W°°, see Lemmas 8.6 and 8.7. O

8.9. Proof of Theorem 1.1. We now complete the proof of Theorem 1.1, by checking
the assumptions of Theorem 3.17. We take for c for i = 0, 1 the operators constructed
in Proposition 6.3 for the operators 8 +a;(t) =

- cjE are pseudodifferential operators, hence c satisfy (3.15 (i), (ii) and Co satisfy

(3 21) (iii).

— Gjgareequal toi ( {)' 0 ) for J; given in (4.3), hence conditions (3.9) and (3.21)

—J;
(1) are satisfied.

— K is amatrix of differential operators with coefficients bounded with all derivatives,
by Hypothesis 1.4, hence conditions (3.14) and (3.21) (ii) are satisfied.

— IT and B satisfy conditions (3.17) and (3.22), by Theorem 8.14 and Proposition 8.15.

— the positivity condition (3.23) is satisfied by IT, using Theorem 8.14 and the fact that
RanITN KerK; = I"IKerKT since KerIT = RanKy C KerKT

— the two-point functions A 5 are Hadamard by Proposition 6.3. To prove that A 5 are
also Hadamard, we need to check that clreg are regularizing. This delicate pomt is
shown in Proposition 8.17 below. The proof of Theorem 1.1 is complete.

Remark 8.16. 1t is easy to deduce from (6.11) and the property Ker [T = Ran K that
the two- pomt functions A » We construct have the property that )» s+ A 5 s injective

on KerK .. This issue is related to faithfulness of the state w.
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Proposition 8.17. (1) Assume that ¥ = R%. Then for any n € N one has:

(1) ReB:H(Z,WOW) - (x)H' (Z; WO W),
() A=TNHR_B: H"(Z: WD W) —> (x)H'(Z: W d W).

(2) Assume that ¥ is compact. Then R_o B and (1— MHR_oB belongto W=°(X; W
w).

Proof. The proof of (2) is straightforward, since if ¥ is compact we know that B,
(1—-T1") € U>® and R_o, € W,

We now turn to the proof of (1) which is much more delicate. The Sobolev spaces or
pseudodifferential classes between the various vector bundles over X will be abbreviated
H™, WP m,peR.

We will work with the adapted Cauchy data. Note that because the operators Rr and
Ry ! are differential operators (see Lemma 4.1), the operator R_x,, expressed in term of
adapted Cauchy data, i.e. RER_o Ry ! belongs also to W~°°, and will still be denoted
by R_w.

Let us first consider the operator R_», By, which we write as a 4 x 4 matrix. A routine
computation shows that the entries of R_., By are of one of the two forms

7—o0o0s F—oob, (8.30)
for r_oo € W™, From Lemma 8.11 (4) we obtain that b : H™" — (x)H "™ for all
m € N. Since r_o : (x)H™" — (x)H" by PDO calculus, we obtain that R_., By :
H™" — (x)H". By Proposition 8.13 (i) we know that 1 + s_ITp : H™" — H". This

completes the proof of (i).
The proof of (ii) is more delicate. We claim that it suffices to prove that:

(1 —T{)R_By: H" — (x)H", VneN. (8.31)
In fact by Theorem 8.14 we have:
(1= = (1+ (s ) ) ™' (1 = T,
By Proposition 8.13 (i) (1 +s_1 My)~': H" - H™", and by Proposition 8.13 (ii) and

duality (1+ (s_;TT9)")~' : (x)H" — (x) H". Hence (ii) will follow from (8.31).
Let us now prove (8.31). We write R_, as a 4 x 2 matrix:

rot,0  T0t,1
roz,0 T0s,1
Rooo=|"% ’
0 10 Tl
r'is,0 Tzl
Using that
0O 0 00O
+ [0 0 00
1-Th=1o o 1 0]
0 ib*a* 0 =
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we obtain that the entries of (1 — HS)R,OOBO are of the form (8.30), except for (sums)
of the more singular terms

(D) wris,1, (2) b*a*rox. 1,
(3) b*a*roz0b,  (4) wrix,0b,

where as before all the r; ; terms belong to W~°°. We will examine successively these
4 terms.

Term 1: by Lemma 8.11 (3) we know that ¥ : H" — H”" for all n € N, hence
wriz1c H" — H".

Term 2: by Lemma 8.11 (6) and duality, we know that b*a* : H" — H", the same
argument as before shows that b*a*ros | : H™" — H".

The terms 3 and 4 will be more delicate to estimate. We will cut them into a high
and low energy part. The high energy part is not affected by the infrared problem and is
easy to estimate. The low energy part will be estimated by ‘undoing the commutator’,
i.e. rewriting R_c as ¢c] Ky — Kxcf.

Term 3: we write rox,0 = rox,0X-(h:) + ros,0x<(h;). We know that x.(h;)b =
X>(ht)h,_1§2 e W~ hence ros.0X-(h;)b € W=, This implies that ros ox-(h;)b :
H™™ — H". Since by Lemma 8.11 (6) b*a* : (x)H" — (x)H" it follows that
b*a*ros 0x-(h)b: H™" — (x)H".

It remains to control the term b*a*ros o x-(h;)b. We claim that

b*a*ros.ox-(h)b: H™ — (x)H", Vn e N. (8.32)

To prove (8.32) we write R_ as ¢] Ky — Kycf. Writing ¢} and ¢ in matrix form, we
obtain after a routine computation that:

r0s,0 =m]c72 +m221+672m3, m; € W,
‘We have hence to consider the three terms:
(3&) b*ﬂ*mlgz X<(hf)b7 (3b) b*a*mzaX<(hI)bs (SC) b*a*g2m3 X<(ht)b7

and to show that each of them maps H " into (x) H".
Term 3a: we have

b*a*mds x(h))b = b*a*m ds x (h)h; ' 85.

Using Lemma 8.11 (1) and the fact that m; € W, we know that mdx x(h;)h; '8y :
H™™ — H".Next we use that by Lemma 8.11 (6) b*a* : (x)H" — (x)H".

Term 3b: by Lemma 8.11 (2) and the fact that F, e SO_1 we know that mpay_(h;)b :
H™ — H™ and we can conclude the proof as for term (3a).

Term 3c: we use identity (2.18) to obtain that b*a*ds = b*8ya = ma. Therefore:

b*a*dsmzy_(hy)b = mwam3y_(h,)b.

Since F; € S(jl we deduce from Lemma 8.11 (2) that am3x_(h;)b: H™" — H". Next
by Lemma 8.11 (3) we know that v : H" — H". This completes the proof of (8.32).

Term 4: we split rix,0 as x-(hs)ris,0 + x-(hs)riz,0. By Lemma 8.11 (4) we know
that b: H™" — (x)H™". Since rix 0 € ¥~>° we know that ris o : (x)H ™" — (x)H".
Finally by Lemma 8.11 (5) and duality 7 x.(hs)(x)H" — (x)H".
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We now claim that:
wx(hg)rizob: H " — (x)H". (8.33)

Again we write R_ as ¢] Kz — Kxcjj, obtain that
ris.0 = midy + maa+amsz, m; € ¥,
and have to consider the three terms:
(4a) 7 x(hg)mdsb, (4b) 7w x(hs)maab, (4c) 7w x(hy)am3b.

Term 4a: using that dx b = 7, this term equals 77 x_(hs)m 7, which maps H " into H"
by now standard arguments.
Term 4b, 4c: these two terms can be treated as term (3b), using that F; € Sy I o
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Appendix A. Background on Pseudo-Differential Calculus

In this section we recall some facts about pseudo-differential calculus. We refer to [GW,
Sect. 4] for more details. We need to extend slightly the situation in [GW] to include
matrix-valued symbols.

A.l. Notation.

— We denote by ¥ either R? or a smooth compact manifold. If ¥ is compact we
choose a smooth, non-vanishing density © which allows to equip C°°(X) with an
Hilbertian scalar product. Typically p will be the canonical density associated to
some Riemannian metric on . If £ = R¢ we use of course the Lebesgue density
dx.

— We denote by V a finite dimensional complex vector space. For simplicity we assume
that V is equipped with a Hilbertian scalar product, which allows to identify V and
V*.

— We denote by Cp5(XZ; V) the space of smooth functions ¥ — V uniformly bounded
with all derivatives. We equip Cpg(X; V) with its canonical Fréchet space structure.

— The Sobolev space of order m is denoted H™ (X; V). Furthermore, we define the
spaces

HE; V) = Nper H"(Z: V), HI(Z: V) :=U,er H"(Z: V),

equipped with their canonical topologies.

A.2. Symbol classes. Wedenoteby S (T*X),m € R theusual class of poly-homogeneous
symbols of order m such that additionally

329l a(x, k) € Oy ), a, e N (A.1)

Similarly we will denote by S™ (R) the class of poly-homogeneous functions f : T*% —
C.
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We denote by S["(T*X) C S™(T*X) the subspace of symbols homogeneous of
degree m in k away from 0.
These spaces are equipped with the Fréchet space topology given by the semi-norms:

lallm, N == sup |(k>_m+|ﬁ|3;¥8£a|.
la|+BI=N

We set

ST(T*Y) = ﬂ S™(T*T), S(T*T) := U S™(T*%).

meR meR

Let now Vi, V» be finite dimensional complex vector spaces equipped with non-

degenerate hermitian sesquilinear forms. The spaces Sﬁ’l)(T*E) ® L(Vy, V) will be
denoted by S%(T*E; Vi, V) and by SZ’I)(T*E; Vifvi=V,=V.
The subspace of scalar symbols S™ (T*X) ® 1y will be denoted by S” (T*X; V).

scal

A.3. Principal symbol and characteristic set. Fora € S™(T*X; Vi, V2) we denote by
apr € 8§ (T*X; Vi, V2) the principal part of a, which is homogeneous of degree m.
The characteristic set of a € S™(T*X%; V) is defined as

Char(a) := {(x, k) € T*T\{0} : detap(x, k) =0}, (A2)

which is conic in the k variable.
A symbol a € S™(T*X; V) is elliptic if Char(a) = .

A.4. Pseudo-differential operators. In this subsection we collect some well-known re-
sults about pseudo-differential calculus.

We denote by Op : a — Op(a) a quantization procedure assigning to a symbol in
S(T*X%; Vi, V) apseudo-differential operator on . If ¥ is compact, this quantization
depends on the choice of a partition of unity on ¥ and of associated coordinate mappings,
the difference between two choices being a smoothing operator. If £ = R? w choose
the Weyl quantization. One has

Op(a) : H(Z; Vi) — H(Z; V2), Op(a) : H'(Z; Vi) — H'(E; Va).

We denote by \Il(’gcal)(Z; V1, V») the space Op(S(”slcal)(E; Vi, V»)) and set

W2 Vi, Vo) = (per W (25 Vi, Vo), WR(Z; VL Vo) = Uper Y7(Z5 Vi, V2).
We equip V" (%; Vq, V2) with the Fréchet space topology induced from the one of

S™(T*%; V1, Vo).
Let s, m € R. Then the map

S™(T*%; Vi, V) 3 a +— Op(a) € B(H*(Z; V1), H™"(X; V1)) (A.3)
1s continuous.

We denote by o : U(X; Vi, Vo) — S®(T*X; Vy, V,) the inverse of Op, o(a)
being called the (full) symbol of a.
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If ¥ is a compact manifold, different choices of Op lead of course to different maps
o, differing by a map from W to §”~!. On the other hand, the principal symbol map:

Ope WS Vi, Vo) = SPUTHE: Vi, V))

is independent on the choice of the quantization.

An operator Op(a) € W"(X; V) is elliptic if its principal symbol o} (a)(x, k) is
elliptic in $™(X; V). If a € W™ is elliptic then there exists b € W ™", unique modulo
W~ guch that ab = ba = 1 modulo W~°°. Such an operator b is called a pseudo-
inverose or a parametrix of a. As a typical example 1+ b forb € W™, m > 0 is elliptic
in W,

A.5. Functional calculus for pseudo-differential operators. We recall without proof
some well-known results about functional calculus and pseudo-differential operators.

Proposition A.1. Leta € V" (X; V) form > 0 be elliptic in V" (X; V) and symmetric

on H(X; V). Then:

(1) a is selfadjoint on H™(XZ; V),

(2) Denote by res(a) the resolvent set of a, with domain H™ (2; V). Then for z € res(a),
z—a)y ' e V(T V),

B)if f € SP(R), p € R, then f(a), defined by the functional calculus, belongs to
WP (x; V).

4) if f is elliptic in SP(R) then op:(f(a)) = for(ope(a)).

A.6. Propagators. Inthis subsection we state some results about propagators, associated
to elliptic operators in W!(Z; V). It is important to restrict oneself to operators with
real and scalar principal symbols. The propagators in our presentation replace Fourier
integral operators which are often used in the literature.

Let us fix a map €(t) = €1 (1) + €o(t), where €; (1) € C®(R, W (X; V)) fori =0, 1.
We assume that
(1) €1(z) is scalar, i.e. belongs to \Ilslcal(Z; V),
(2) €1(2) is elliptic in vz v),
(3) €1(¢) is symmetric on H(Z; V).
It follows by Proposition A.1 that €1 (¢) is selfadjoint with domain H 1(2: V), hence €(r)
with domain H'! (X; V) is closed, with non empty resolvent set.

We denote by Texp( f : i€ (0)do) the associated propagator defined by:

L Texp([! ie(0)do) = ie(t) Texp([! ie(o)do),

%Texp(f; ie(0)do) = —iTexp([! ie(0)do)e(s),

Texp( [ ie(o)do) = 1.
It is easy to see (see e.g. [GW, Sect. 4.6]) that Texp(f; i€ (0)do)is strongly continuous
in (¢, s) with values in B(L2(Z; V)).

Definition A.2. We denote by ®.(z,s) : T*X\{0} — T*X\{0} the symplectic flow
associated to the time-dependent Hamiltonian —op, (€) (2, x, k).
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Clearly (¢, s) is an homogeneous map of degree 0.
We now state a version of the Egorov’s theorem for matrix-valued symbols.

Proposition A.3. (1) Texp(fstie (0)do) is bounded on H(Z; V) hence on H'(X; V)
by duality.

(2) There exists m(t,s) € C®(R?; WO(X; V) elliptic, invertible on L*>(Z; V) with
m~(t,s) € C®R?; WO(Z; V)) such that

Texp([!ie(0)do) = m(t, s)Texp( [!ie1 (o)do).
(3) Leta € W™ (; V). Then
a(t, s) := Texp([ie(0)do)aTexp( [ ie(o)do)
belongs to C®°(R?, W™ (X; V)). Moreover
Opr(@)(t, 5) = opr(@) 0 D (s, 1).

Proof.  The proposition is well-known in the scalar case, i.e. if €(f) = €1(¢), see
eg [T, Sect. 0.9] for the proof. It is easy to extend it to our situation. Let us denote
Texp(fstie (0)do), respectively Texp(f;iel (0)do) by U(t, s) respectively U (¢, s). Set-
ting

U(t,s) =:m(, s)Ui(t, s),
we obtain that m(z, s) solves the equation:

oym(t,s) —ieo(t, s)ym(t,s) =0,
m(s,s) =1,

for eg(t,s) = Ui(s, )eo(t)U;(t, s). Note that €o(r,s) € C®(R?, wO(Z;V)), by
Egorov’s theorem for the scalar case. The solution is

m(t, s) = Texp([!ieo(a, 5)do).

It is easy to see that m(¢, s) € C®([R% WO(x; v)), using for example Beals criterion.
Moreover m(t, s) : L2(X; V) — L*(X; V) is boundedly invertible, with inverse

m~L(t,s) = Texp(['ieo (0, 5)do).

The same argument shows that m~! (t,s) € C*® (Rz; \IIO(E; V)),hencem(t, s) is elliptic
in WO(; V). This proves (2). (1) follows from (2) and the analogous result in the scalar
case. We write then

a(t,s) = Ui (t, s)m(t, s)am™ " (t, )Uy (s, ) = Uy (t, s)a(t, s)Ui (s, 1),
where a(t,s) = m(t,s)am™'(t,5) € C®R? W"(Z;V)) has principal symbol
opr(a(t, s)) = opr(a). (3) follows then from Egorov’s theorem for the scalar case. O

The following two results are proved in [GW, Sect. 4] for the scalar case. By the
argument outlined in the proof of Proposition A.3 they immediately extend to our situ-
ation.
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Proposition A.4. For u € H'(X; V) one has:
WE(Texp( [/ ie(0)do)u) = ®c(t, s)WF(u),
hence
WF/(Texp(fStie(a)da)) ={(x,k,x', k) (x,k) = D, 5)(x', K)}.

Lemma A.5. Let €(f) € C®(R, V' (Z;V)) as above, s_oo(t,s) € C®(R?,
W=(X; V). Then

Texp(f;ie(a)da)s_oo(t, 5) € C¥(R?, W™®(%; V).

Appendix B. Some Auxiliary Results
B.1. A Hardy inequality.

Proposition B.1. There exists C > 0 such that

Seds > C(x)"2, on L2RY, |h|2dx) ®g. (B.4)

Proof. Letus denote by M;(x) € L(g) the operator i’lﬁj (x) A - and note that M (x)
is selfadjoint on (g, k). Let

d
hy =) (Dj+M;(x))*,
j=1

acting on L?(R?, dx) ® g. We claim that the proposition follows from
hy > C{x)"2. (B.5)
In fact we have:

d
hy = 8pdy = |h[72(x) D (D + M)A ()12 (0) (D + M(x),
jk=1

acting on L2(R, |h|%dx) ® g. Clearly h; is unitarily equivalent to:

d
he = 1073 D0 (D) + M) (0[R2 (0)(Dy + My ) ]~ (),
jik=1

acting on L2(R4, dx) ® g, by the map U : u > |h|%u. It suffices to prove Hardy’s
inequality for /;. Since cp < |h|(x) < ¢y ! for some co > 0, we can also replace h; by
k| i |h|7 . Finally since || /i, |h|T > Chy for some C > 0, we see that (B.5) implies
(B.4).

Let us now prove (B.5). From the usual Hardy inequality we know that there exists
C > 0 such that

—A—C@x)2>0. (B.6)
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We use now the diamagnetic inequality:

—t(hy—C(x)~

le Dull < CACO 0 we 2R, dx)®g, 120, (B7)

where ||u||2(x) = u(x) - ku(x). The proof of (B.7) can be done as in [CFKS, Thm. 1.3].
The key fact is that

Dj+iM;j(x) = S (x)D;S;(x)
for

Sj(x) = Texp(—ifxoj Mj(X1, .. Xj 128, Xjsls - o Xg)ds)

where S (x) is unitary on (g, k). Using al = f0+°° e~ 'dt, we deduce from (B.7) that
fore >0

wl(hy — Cx) 2 +8) ) 2y < (lulll(=A — Clx) 2+ &) ul) 2
<& 'ullllul) e =™ @lu)r2gg.

This implies that 1, — C(x)? > 0 and completes the proof of the proposition. O

B.2. Transition to the temporal gauge. In this section we review the transition to the
temporal gauge, explained in the language of connections.

We assume here that g = —f(r, x)dt* + hij(t, x)dxidx/, i.e. that we are in the
general globally hyperbolic case.

We set:

S(t, x) := Texp(— [ To(s, x)ds) € C(M; L(W)),
so that

0:S(t, x) = S(t, x)To(z, x)
S0, x) =1w.

Note that S(z, x) = Sy (¢, x) ® S4(¢, x), for:
Sy(t, x) = Texp(— [ To(s, x)ds), Sg(t, x) = Texp(— [ Mo(s, x)ds).
An easy computation using that T is metric for g~ ® £ shows that:
g (1, x) ® k= S*(t,x)g7 (0, x) ® KS(r, x).
Again if we set
T, = S3,5 ' +8T,87", p:=5Sps~!,
then setting go_l(t, X) = g’l(O, x) we have:

dagy @ k=Trgy' ®k+gy' ® kT,
ey @ k=gy"' ® kb,
To = 0.
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Setting 51 = SD;S~! we have:

~ B O R/ N

Dy = —[g|72V, g17g""V, +p.

The conserved charge is:

|

pa — '—lvT~ . —1 - ~__ —1 '—lvf~ h%d
1982 'Vt 8y ®Kk+81-8) ®KiT VY &alhl2dx.
{t}xZ

B.3. Constraints for initial data of Yang—Mills equation. In the main part of the text
(Hypothesis 1.4, Theorem 1.1) we make several assumptions on the Cauchy data of the
smooth solution A of the non-linear Yang—Mills equations, used to linearize the system.
To be sure that such solution A exists, one needs to verify that the conditions on the
Cauchy data are consistent with the constraint equations. Although there is already some
literature on this subject [CB,CC, Seg], it does not cover directly our case, we thus briefly
discuss the constraint equations below.

We use the framework and the notations introduced in Sect. 4.4.1, in particular we
assume that the spacetime (M, g) is ultra-static. We assume A is in the temporal gauge
A, =0.

The definition F = d A gives

F): = JZA_Ev (B~8)
Fl - B,Ag. (B9)

The Yang—Mills equation § F = 0 reads

55 F, =0, (B.10)
3 F, + 85 Fy = 0. (B.11)

Taking the first time derivative of (B.8) and using (B.9) one gets
a[FZ:d2F[+Ft/\A2. (B.]Z)
This allows to consider (B.9), (B.11) and (B.12) as evolution equations

atA_E = Ft:
o F = =85 Fy, (B.13)
8;FE =d2Ft+Ft/\gg,

subject to constraint equations (B.8) and (B.10):
(B.14)

The first constraint (B.8) is not problematic in the sense that it does not restrict the set
of allowed Cauchy data. It is also straightforward to see from (B.12) that it is preserved
by the evolution (B.13).

The second constraint (B.10) does significantly restrict the set of allowed Cauchy
data.
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First, let us check that it is preserved by the evolution (this is a known result, cf. [CS]
for the case of arbitrary globally hyperbolic spacetimes). Recall that 85 = 85 + Ay J -
(where for simplicity we assume the Cauchy data are real). Thus, using (B.9) and (B.11)
one gets

8tSEFl =SEBZF,+E_|F,=—(§); OSEFE'FFI_IFI. (BIS)

Since (B.8) holds for any time slice, we have ds ody, = Fy A -, and by taking the adjoint
0y 06y = Fx 1 -. Hence (B.15) gives in fact

8,3);]_7, - _FE | Fg + Fl‘ JF;.

Both terms identically vanish, as is easily seen by writing the expression for the interior
product in an orthonormal frame. This proves that 65 F; = 0 on each time slice.

B.3.1. Existence of Cauchy data with decay at infinity. One can construct examples of
Cauchy data F,, A): satlsfymg the constraint 85 F; = 0 as follows.

Let us take F, = 8:G, G € EX(Z; g). Then if we take Ay and G with disjoint
supports, then 85 F; = 0 is trivially satisfied. If, moreover, both the supports of Ay and
G are compact, then the Cauchy data Ay, Fy, F; have compact support, as requested in
Theorem 1.1.

Let now S™ denote the space of g-valued functions (or differential forms) whose
coefficients satisfy classical symbol estimates 3¢ f(x) € O ({x)"™~lely_ 1t suffices then
to take Ay € S™' and G € S~! with disjoint supports to ensure that Fx € S~2 and
F; € S~2. This provides a class of examples for Hypothesis 1.4.

B.4. Global existence of smooth space-compact solutions for non-linear Yang—Mills
equations. In this subsection we explain how to deduce Proposition 3.19 from the ar-
guments of Chrusciel-Shatah [CS].

Proposition B.2. (1) for each A € EL.(M) ® g there exists A’ € EL.(M) ® g such that

A, =0and A’ ~ A.

(2) Assume that dim M < 4. Let A € 5 (M) ® g be a solution of the non linear Yang—
Mills equation (2.14) near a Cauchy surface X.. Then there exists A e 551C(M) Qg
such that A’ ~ A, A} =0 and A’ solves (2.14) globally.

Proof.  (1): recall that we assumed that G is represented as a subgroup of L(V') for

some finite dimensional vector space V. The gauge transformation generated by the map
M>x+— 9x)eGis:

Ay A =97 '8,9+979,9.
Writing M = R, x X, we obtain A; =0if ;% + A,9 = 0. This can be solved by
G(t, x) = Texp( [y —A, (s, x)ds).

Since A, € C(M)® g, we obtain that 4 — 1 € CX(M; G), henceA/ eCy(M)®g.
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(2): By (1) we can assume that A; = 0, i.e. that A is in the temporal gauge. We recall
the form of the Yang-Mills equations in the temporal gauge, recalled in [CS, Sect. 4].
Denoting by F),, the curvature, we obtain the equations:

3:151' = F, ~ B
.%Fij =9jFio—.%Fj0, (B.16)
9 F% = 9, Fi,

where 2, =V, +[Ay,-l,and Z; = Dy. _ o

Another fact is that if G, := Fj,, — 9, A, +0,A, — [A,, Ay] vanishes att = 0
and (B.16) holds in some region / x & where [ is a time interval, then G, vanishes
identically in I x &, hence F = dA.

By [CS, Thm. 1.1] the local in time solution (A;, F;;, Fy;) of (B.16) extends globally
as a smooth solution. Moreover since (B.16) is a symmetric hyperbolic semi-linear
system of equations (see e.g. the proof of [CS, Prop. 4.1]), its solutions satisfy Huygens’
principle, which implies that the global solution of (B.16) belongs to Sslc (M) ® g. Note
that [CS] deals with the most difficult case dim M = 4. It is easy to extend the result to

lower dimensions. In fact if dim M = n < 4, we consider M=M x ]R‘y‘_" with metric
g+dy*. A l1—form A = A, (x)dxt e EN(M) ® g is extended to A= Au(x)dxt e
E'(M) ® g. It is easy to see that A satisfies the Yang—Mills equation on M iff A satisfies
the YM equation on M. It follows that the Cauchy problem can be globally solved
for smooth Cauchy data in M. The fact that a local space-compact solution extends
as a global space-compact solution follows by the same argument based on Huygens’
principle. O
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