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Abstract: We consider modulational solutions to the 3D inviscid incompressible irrota-
tional infinite depth water wave problem, neglecting surface tension. For such solutions,
itis well known that one formally expects the modulation to be a profile traveling at group
velocity and governed by a 2D hyperbolic cubic nonlinear Schrodinger equation. In this
paper we justify this fact by providing rigorous error estimates in Sobolev spaces. We
reproduce the multiscale calculation to derive an approximate wave packet-like solution
to the evolution equations with mild quadratic nonlinearities constructed by Sijue Wu.
Then we use the energy method along with the method of normal forms to provide
suitable a priori bounds on the difference between the true and approximate solutions.

1. Introduction

The three dimensional water wave problem concerns the motion of an interface sepa-
rating a region of zero density (e.g., air) from an inviscid, incompressible, irrotational
fluid of uniform density that is under the influence of gravity. We assume that the fluid
region is below the air region, that the fluid region is of infinite depth, that the interface
approaches a horizontal plane at infinity and that the velocity and acceleration tend to
zero at spatial infinity. Denote by k = (0, 0, 1) the upward vertical unit vector, 2(¢) the
fluid region at time ¢ > 0 and X(¢) the interface at time ¢ > 0. Then if surface tension
is neglected, the motion of the fluid is described by

Vi+(v-V)v=—-k—-Vp onQ(), >0
V.v=0, Vxv=0 onQ(),t>0 (1.1
p=0 onX(t), >0 :
(1, v) is tangent to (¢, X (7)),
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where v is the fluid velocity and p is the fluid pressure. The Cauchy problem for this
system has been the subject of extensive study: for a survey of results, see [12]. The
formulation of this system that we will use here is that of [21], in which the evolution
of this system was shown to be equivalent to a system for the motion of the evolution
of the free surface X (7). Specifically, if one parametrizes X (r) by E(a, 8, ) € R? with
Lagrangian coordinates «, 8, the main evolution equation for the interface takes the
compact form

8y +k =a(Ey x Ep) (1.2)
(I -8 =0, (1.3)
where a(a, B8,1) = _ls(xlTﬁl g—fl and n is the outward-pointing unit normal of X (¢). Just

as in the 2D problem, (1.3) is a condition defined entirely on X (¢) that is equivalent to
the fact that the fluid is incompressible and irrotational in €2 (¢). The operator ) is called
the Hilbert transform associated to E; it serves the same purpose and has many of the
same properties as the ordinary Hilbert transform associated to a curve in the complex
plane, except that it requires Clifford analysis to define (see Proposition 2.3 for a precise
definition).

Our goal is to study a special class of solutions to (1.2)—(1.3) that are close to a wave
packet propagating in the i = (1, 0, 0) direction with a special scaling, i.e., a solution
that when written in coordinates is of the form

Ea, B, 1) ~ (o, B,0) + € <m(Aef<’<“+wf>), 0, ?s(Ae"<’<“+w’>)> +o(e), (1.4)

where k > 0is the fixed wave number of the wave packet,  is the wave frequency related
to k through the dispersion relation > = k, and A = A(ea, €B, €t, €>t) is complex-
valued. Here € < 1 plays the role of measuring both the smallness of the amplitude of
the wave packet as well as the slow variation of the modulation. The dependence on € in
(1.4) is balanced to produce a modulation that satisfies a nontrivial evolution equation
that we will describe below. For a survey of this asymptotic regime in the context of this
and other variations of the water wave problem, see Chapter 8 of [12].

Many authors (e.g., [1,6,23]) have sought an approximate solution to the water wave
problem of this form, along with higher order correctors chosen so that when the ap-
proximate solution is substituted into the water wave equations the residual terms are
physically of size O (¢*). If, in the case of infinite depth, one performs this process on the
Euler equations, one finds that the amplitude A = A(e(a+w't), €B, ezt) =AX,Y, T)
of the wave packet is a traveling-wave profile that travels at group velocity ' (k) for
times on the order 0(6’]), and A = A(X, Y, T) satisfies the so-called “hyperbolic”
cubic nonlinear Schrodinger equation (HNLS) for times on the order O (€72):

iAr +aAxy —bAyy +cA|A? =0, (1.5)

where a, b, ¢ are positive constants depending on k and w. However, this formal cal-
culation assumes that a solution can be developed in an asymptotic series in €, a fact
that needs justification. This sort of justification should not be taken for granted: there
are examples of modulation approximations derived by seemingly reasonable formal
arguments which do not give the correct dynamics (c.f. [7,15]). Notice that, because of
the slow time dependence of A, the HNLS dynamics are not apparent in the full solution
unless we consider solutions on time scales of the order O (e ~2). Typically, a rigorous
justification of this approximation to the water wave problem would entail showing the
following steps:
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(i) The HNLS Eq. (1.5) is locally well-posed in a suitable function space.
(i) An approximate solution E of the form (1.4) can be found which formally satisfies
the equation for E up to residual terms of physical size at most o(e?).

(iii) The system (1.1) is well posed on a space containing the approximate solutions Z,
and solutions E initially close to wave packet-like solutions exist for times on the
order O (e 2). ~

(iv) The remainder E — E is of size at most o(€) in a suitable function space.

Step (i) can be shown to hold in a variety of function spaces; standard results are
collected in [3]. In this vein, we mention the global well-posedness results of Ghidaglia
and Saut for small data in [9]. Still, for large data, little is known about the well-posedness
of HNLS beyond local well-posedness in H® for s > 0. As mentioned earlier, many
authors have performed Step (ii), and we mention in particular the more rigorous work
[6] that gives suitable estimates of the residual in L? (R2) Sobolev spacesfor2 < g < oo
in the more general finite depth case.

Step (iii) and Step (iv) have not been performed for the 3D problem to date; the
purpose of this paper is to perform them along with appropriate versions of Steps (i) and
(i1). As in the 2D problem, the main difficulty in completing this part of the program
is showing the existence of wave packet-like solutions to the water wave problem on
O(e7?) time scales. Since the L> norm of a wave packet is even larger in 3D than
in 2D, this difficulty is correspondingly magnified. Indeed, the L norm of such wave
packets are O (1) in L? and so do not even vanish as € — 0. In [20], the difficulties were
resolved in the 2D setting by finding a formulation of the water wave equations having no
quadratic nonlinearities. As recognized in [11], justifying modulation approximations
is made much simpler for such equations. This was accomplished by means of a fully
nonlinear change of variables.

In [22], Wu developed an analogue of this change of variables in 3D (denoted in this
paper by «) depending on the unknown E and used it along with the method of invariant
vector fields to prove the global well-posedness of the system (1.2)—(1.3) for localized
small amplitude solutions by constructing a system of equations in E o k! =: ¢ =
(x+p)i+(B+n)j+3kand x := (I —H)3k which is equivalent to the system (1.2)—(1.3)
and is of the form

@+ ok V)X =L X Xa+Ca X xp =G (1.6)
(I —=H)@ + o™V =0, (1.7)

where G consists of terms of third and higher order terms, and { now denotes the Hilbert
transform associated to ¢. Note that we have abused notation slightly here by reusing
o, B to denote the independent variables of the transformed problem. While the initial
data required in the global existence result of [22] is too restrictive to be of direct use
here, we will still use the advantageous structure of the governing Eqgs. (1.6)—(1.7)

The outline of our strategy is the same as that used in [20]: rather than find a formal
approximation of E and justify it directly, we instead find a formal approximation z of
the form (1.4) for ¢, and then use energy estimates to construct a priori bounds for the
remainder ¢ — £. We find in the course of the calculation that this formal approximation
Z is only in the usual L2-Sobolev space provided we take A in an L2-Sobolev space with
some mild decay. We therefore show that (1.5) is well-posed in this space, completing
Step (i). Then, after showing that we have suitable control over the change of variables
k, one can use the a priori estimates of the transformed remainder along with the O (¢ )
existence of the approximate solution ¢ to give a priori bounds of the original solution
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E for O(e~2) times. Step (iii) then follows by a bootstrapping argument, and so Step
(iv) follows immediately as well.

There are two main difficulties that arise using this approach in the 3D problem
that were not present in the 2D problem. First, there were no quadratic terms in the
nonlinearity of the governing equations in the 2D problem, whereas in 3D “null form”
quadratic terms of the form fggy — fwgp appear in the equations for the derivatives
of ¢. In the paper [22], these terms are controlled using Klainerman-Sobolev norms
constructed from the invariant vector fields associated to the water wave equations.
However, the wave packet-like solutions are large with respect to these norms since
such solutions do not possess the symmetries associated to the invariant vector fields.
Therefore we cannot use Klainerman-Sobolev norms to gain effective control of the null
form terms here.

The second difficulty arises from the slow spatial scaling of the modulation, namely
that the residual of the approximate solution in 3D is too large. If a function S(X, Y)
is of size O(1) in L%(’y, then the function S(ew, €B) is of size O(e~!) in Lg,ﬂ. Thus

if one constructed an approximate solution with residual of physical size O(e?), then
the residual would merely have size O(e?) in L?(RR?). One can then read off from the
energy inequality that we could justify at most that £ — Z = O(e) in Sobolev space.
Besides failing to satisfy (iv), this weak control of the remainder would present the more
serious obstacle that we could not even guarantee that « is invertible for O (€72) times!
(See Remark 4.1.) The aforementioned work [6] does not circumvent this difficulty in
our setting, since it gives 0(63) estimates of the residual in LY for 2 < ¢ < oo, and our
energy method requires us to have o(e3) bounds on the residual in L.

These difficulties are resolved by refining the methods used in [20] in two respects.
To resolve the latter problem above, we attempt to develop the approximate solution to
a higher order. In doing so, we find terms in the higher order correctors which are not in
L?(R?) unless mild decay restrictions are placed on low derivatives of A. Moreover, we
find that there are terms of physical size O (¢*) that cannot be accounted for by choosing
appropriate correctors for the approximate solution; that is, approximating the system
(1.6)—(1.7) with solutions of the leading term (1.4) is only formally consistent to terms
of the order O (¢*) (see Remark 3.1). Despite this, all of these terms appear in the energy
estimates in such a way so that they can be regarded as an order smaller than they first
appear. This allows us to regard the residual of the approximate solution as being of size
O(e%) in L2.

Second, in order to overcome the former difficulty of the quadratic null-form non-
linearities, we introduce third order corrections to the energy and use the method of
normal forms. This involves perturbing the remainder by a quadratic expression which
is explicitly constructed in frequency space to cancel the quadratic contributions. A fair
question to ask is why one would not use this method directly from the outset to eliminate
quadratic nonlinearities from the system (1.2)—(1.3). Indeed, this approach has been used
in the context of global well-posedness of this system by [8] as well as in modulation
justification by [17]. However, doing so forces one to work in more restrictive classes of
solutions than is done here.! Wu’s transform instead eliminates all quadratic nonlinear-
ities except for those of null-form type, and the special structure of these nonlinearities
avoids the singular behavior that necessitates restricting one’s class of solutions (to see
the cancellation explicitly see Lemma 4.3).

I See the discussion in Appendix C of [22].
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We also note that arbitrary wave packet-like initial data need not satisfy the compat-
ibility conditions required by solutions to the system (1.6)—(1.7), and so we show that
one can always construct initial data satisfying these constraints that differs by at most
O(e %) from any given wave packet-like candidate for the initial data.

We now state the main result of this paper. Let H*(d) be the homogeneous Sobolev
space of functions f (x, y) for which the weak derivatives of (1 + x> + yz) 2 f of order
exactly s are in L2, let H® = H*(0), let H*(d) = H°(d) N H*(d), and let H® = H*(0).
The contributions of this paper in completing the steps (i)-(iv) above in the transformed
unknown ¢ are summarized in

Theorem 1.1. Letk > 0,5 > 9,6 > 0,and Ag € H‘Y+13DH3(8) be given. Then there ex-
istsa 7 > Odepending ons and || Aol| ys+13n 3 (s) and a solution A € C([0, 7], HS*13n

H3 (8)) to the initial value problem (1.5) for constants a, b, ¢ depending on k with
A(0) = Ag. Moreover, for any 7 > 0 such that the above holds, there exists an €y > 0
depending on k, s, 7, || Ao ||Hs+13mH3(5), and § so that the following hold:

(a) There is an approximate solution E of (1.6)—(1.7) having the form (1.4) in C([0, T
€~2), H**) satisfying (1.6) up to a residual of size O(e*) when measured in H".

(b) There exists initial data Eq constructed using Ay which satisfies the compatibility
conditions of the system (1.2)—(1.3). Moreover, if kg is the change of variables
constructed through Eo and {o = Eq o k. ! then forn = % this data satisfies

11DI2 (50— )] Y+,+||3z(§o—€(0))ll ot +07 (o= O) | s < Ce™™, (1.8)

where C depends on k, s, 7, || Aol gs+130p3(s) and 8.
(c) For any initial data of (1.2)—(1.3) satisfying (1.8) with n = 0, there is a solution E
of (1.2)—(1.3) satisfying

(|D| ( — (@ B, 0)), g, E,,) eC ([0, Te 2, H*S x H*D x H)
Moreover, forall0 <t < Te2and0 <1 < 1,

11DI2 (¢ (1) —E(I))II S HIE) = 63 oK) NN sid
+HI B4 (1) = 97 (C 0 YD) | s < C™,

N

where C depends only onk, s, 7, ||A0||H3-+13QH3(5), S and L.

Remark 1.1. In fact the error in the stability estimate (c) can be improved to ¢ = 0.
However, then the estimate is only valid on an interval of time [0, .7’ €72] where in
general 7' < 7.

In particular, this theorem implies that solutions to the water wave problem in
Lagrangian coordinates with wave packet-like initial data exists for O(e~2) times.
Unlike in [20], half-derivative control of the remainder along with the embedding

L®([R3?) > H2(R?) N H(R?) is sufficient to give us immediate control on the L™
norm of the solution and its derivatives in the transformed coordinates.

Corollary 1.1. Under the same hypotheses as Theorem 1.1, we have furthermore that
1) = E@ it < CE

forall0 <t < Te2, where C depends on the same quantities as in Theorem 1.1.
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There is still the question of how to derive justification of the asymptotics in more
physically meaningful coordinates. Theorem 1.1 justifies the modulation approximation
for the velocity and acceleration fields of E in Lagrangian coordinates by straightfor-
wardly changing variables by k. However, changing variables in the spatial derivatives
contributes an error of the order O (¢) to the horizontal component of E and its deriv-
atives (see again Remark 4.1.) Therefore, while we can justify the asymptotics for the
vertical component z of E, we cannot do so for the horizontal component.

To rectify this, we give an Eulerian version of the justification. Since ¢ (¢) parametrizes
% (1), Corollary 1.1 guarantees that X(¢) is a graph for 0(e72) times provided ¢y > 0
is chosen sufficiently small. Parametrize this graph by X£(¢) = {(«, B, h(, B,1)) :
(a, B) € R?}. If we decompose ¢ = T + 3k into horizontal and vertical components,
then h = 30t~ !, where 7~! denotes the inverse of 7 as a map R> — RZ. In the
same way, the Eulerian velocity field is defined by v = (9; + (k; o k 1)){ ot . We
analogously set Z = T + 3k and define the approximate Eulerian position h = 5ot L,
with the approximate Eulerian velocity b defined similarly. Then we can use Theorem
1.1 to obtain

Theorem 1.2. Let k > Q, §>9,8>0,t>0and Ay, A, T be as in the hypothesis of
Theorem 1.1, and let h, h be constructed as above. Then there exists an €y > 0 depending
onk,s, 7, |Aoll gs+13np3(s), and 8 so that for all 0 < € < €, there exists initial data

ho, vo which for n = % satisfies:
D12 (ho — RO)I 1 +llvo — 5O 1 < Ce
0 T 0 oy =

and moreover for all such initial data satisfying this bound with n = 0, the quantity h
exists for times [0, 96_2] and moreover for all 0 <t < Te? satisfies

|11 (r(e) = By +0) =8Oy < C™

where C depends on the same quantities as in Theorem 1.1.

This paper is organized as follows: in Sect. 2 we review Clifford Analysis and intro-
duce the main evolution equations, as well as relations between the associated quantities
involved. In Sect. 3 we formally expand the Hilbert Transform 7, compute the correc-
tors to the approximate solution (1.4), as well as address some analytic issues brought
about by the formula for the correctors. In Sect. 4 we derive evolution equations for the
remainders between the true and approximate solution and associated quantities, and
use them to derive a priori bounds on the remainders via energy estimates. In particular,
we construct normal form transformations and third-order corrections to the energy to
eliminate the quadratic terms that arise in the energy inequality. Finally, since arbitrarily
chosen wave packet-like initial data need not satisfy the compatibility conditions for the
water wave system, we show in Sect. 5 how to construct such admissible data suitably
close to given wave packet-like initial data, as well as use a bootstrapping argument to
show existence of the water wave problem on O (¢ ~2) times.
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2. The Governing Equations

2.1. Notation and Clifford-algebraic preliminaries. For a 2-vector (x,y), denote

[(x, ¥)| = V/x%+yZand ((x, y)) = +/1+x2 + y2. We also write

_ eyl [xnl=1
I(X,y)|§—[0 |(x7y)|21

along with |(x, y)|> = [(x, y)|—|(x, ¥)|<. We write the Jacobian of amap ¢ : R? — R?
by J(¢), and sometimes denote f o ¢ =: Uy f. The commutator is written as [ X, Y] =
XY —-YX.

The algebra of quaternions H consist of a vector space spanned by the elements
1, 1, j, k along with a product called quaternion multiplication characterized by W. R.
Hamilton’s celebrated formulas

i? =32 =k* =ijk = —1

Observe that the above laws imply that multiplication restricted to distinct units of 1, j, k
agrees with the usual cross product multiplication on R3.

For a quaternion ¢ = qo + q11 + ¢2] + g3k, we sometimes denote components of
a large quaternion-valued expression by ¢; = {qo +qi1 + g2] + g3k},;. Define ¢ =
q0 — q11 — g2J — g3k, as well as the scalar part R(q) = %(q +¢) = qo and the vector
part V(g) = 3(q — ) = 35, giei.

We call a quaternion real-valued if U( f) = 0, vector-valued if R(f) = 0, and
1, j-valued if f = fo + jf> for two real-valued functions fy, f2, etc. Many of the
quantities in this paper are 1, j-valued quaternions, and for these quaternions only we
define the scalar J(a + bj) = b in analogy with the complex numbers. We define the
inner product p - g = Z?:o piqi. If p and g have no scalar parts, we identify p, g with
vectors in R? and define their cross product p x ¢ in the usual sense of R3. In cases of
ambiguous multiplication, the order of operations in this paper will be to first perform
cross products followed by quaternion multiplications. Finally, we denote by ¢ = kqlk,
which for vector-valued quaternions corresponds to reflection across the 1, j-plane.”

For vector quantities p, g we have pg = p X ¢ — p - q. A quaternion generalization
of the ordinary scalar triple product of three vectors is given in the following

Proposition 2.1. For quaternions f, g, v with v vector-valued we have f - (vg) = —g -
(vf). In particular;, f - (vf) = 0.

Proof. Expanding f and g into scalar and vector parts, we have
f-g) =T(f) - (v xW(g) — NN - V() +N(g)(v-V(f))

and now observe that this expression is antisymmetric under interchanging f and g.
0

2 The reader is cautioned that in [22], this operation T is instead denoted using the overbar =, which we
reserve instead for ordinary quaternion conjugation.
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For 6 € R, define

el? := cos(0) + j sin(0) (2.1)

We define the left j-Fourier transform of a function f : R> — H by

1
(27)?

FLHE = (FEPELE) = / /R D (0, pdadp (22

Since we have the natural identification C = R + Ry, all of the usual formulas for the
ordinary Fourier transform still hold with j in place of i provided the j-Fourier transform
actson a 1, j valued function. To extend calculation to H -valued functions, we use the
identities Fji- = i.F;- and Fjk- = kJF;- where we denote

— 1 .
FiNE = 553 / /R TR [ dadp

It is clear from the definition that (F f) (£, n) = (F f)(—&, —n). The Plancherel Identity

for the j-Fourier transform continues to hold even in the presence of non-commutativity,
since we can write for two H-valued functions f, g:

//f'gdotdﬂ = //(fo+f2j) (8o +1g2) + (f1 — f3)i- (g1 — jg3)ida dp
=/ (fo+ f21) - (8o +182) + (f1 — f3]) - (g1 — Jg3) da dp

= [[ Fhcoe it FHiceo + e
+ FLI(A = fDil- Fll(gr — jga)ilda dp
- //ff[f]  FLigldadp

The j-Fourier transform of a quaternion product is less well-behaved. We denote the
convolution product of two functions by

1
=— — d
(f *8)(x) a2 //]RZ S —ygy)dy
Observe also that the convolution property F;5( fg) = F;(f)* Fj(g) still holds provided
fis 1, j-valued. Similarly, the right F; Fourier Transform is defined by

1 .
(FRHE) = G / /]R S (o Be 1) dadp (2.3)

As above, fﬂR enjoys the Plancherel Identity, and the convolution property provided the
right factor is 1, j-valued.

Fractional derivative control will be crucial in the sequel. It is convenient to work
with fractional solid derivatives. If f € C8° , these can be defined using either of the
above versions of the Fourier transform as multipliers

FADIf) = EI*F(f)
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If in addition —2 < ¢ < 0, we can formally write |D|? as a principal value convolution
operator in physical space:

1
DI f = (f » pvi(e, B2 (2.4)
q

where the constant Cy = 47 T'(g/2)I"((2—q) /2)~1; here I is the Euler Gamma function
(c.f. [19]). We will continue using (2.4) formally when ¢ is not a nonpositive even

integer.
We will use multi-index notation for denoting derivatives. Let j = (j1, j2) € N2 be
given, and suppose f = f(«, B8). Then denote 9 = 8%1]6%22 Addition, subtraction,

and ordering of multi-indices is componentwise. Define the length | j| = ji + j».
Fors € N, define the Sobolev spaces W* ° to be the space of functions f € LllOC (R™)

for which the norm || f||ws.c0 = Z|j|§s 187 f || is finite. For s € R, define H* as the
completion of CSO(RZ) with respect to the norm || f || zs = || |D]® f1I;2, and let H® be
the completion of CSO(RZ) with respect to the norm I £1I%s = ||f||%2 + ||f||2-s. For an
interval I C R and a Banach space X, let C J (1, X) denote the functions f(«, B, t) for
which sup; [|0" f/0t/||[x < ooforall0 <i < j.

To further control half derivatives, we will use the following version of complex
interpolation between Sobolev spaces.

Proposition 2.2 (c.f. Theorems 4.4.1 and 6.4.5 of [2]).

(a) Let Xo, ...,XS, Xll, e, X,ll be Banach spaces, and suppose that X? is the 6-
complex interpolation space between X? and X } Suppose further that T is an

n-multilinear operator so that T : X(l) X+ X XS — Y is continuous with operator

norm ||T||oand T : X} X - X Xi — Y is continuous with operator norm || T ||1.

Then forall0 <0 < 1, T : X(f X oo X XZ — Y? is continuous with operator norm
(1-0) 0

at most ||T ||, 715 ‘ ‘ ‘

(b) The 6-complex interpolation space between H*®® and H*' is H1=0)s0%0s1

In order to generalize complex analysis to 3D we give a brief overview of Clif-
ford analysis in the quaternion context. For more information see [22], and for a full
development see Chapter 2 of [10].

Fora C? openset Q C R3,let F : @ C R3 — Hbe given. We define F to be analytic
on Q if DF = 0, where we have introduced the Dirac operator D = 1'1% + j% + Ika%.
This implies that each component of F' is harmonic; conversely if ¢ is a real-valued
harmonic function on €2, Dg is analytic on 2. For vector-valued F, observe that the
scalar and vector parts of DF = 0 reduce to the div-curl system V- F =0,V x F = 0.

Denote the fundamental solution of the Laplacian in 3D by

N R 1
F) =C(x) = e

and denote the Clifford analogue of the Cauchy kernel by

-

_ - I x - =

3 Indeed this can be made rigorous by analytically continuing (2.4) as an analytic function of g.
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One can construct a Hilbert transform associated with a C? boundary ¥ = 9 in
parallel with the classical construction of the Hilbert transform associated to a curve in
the complex plane. We collect the properties of the Hilbert transform that we will use in
this paper in the

Proposition 2.3 (c.f. Chapter 2 of [10]). Let Q2 be a C* domain in R? with boundary
0Q = X. Let n(X) be the outward unit normal to % at X, and let dS(X) be the surface
measure of X. Then

(a) If F is analytic on Q and decays at infinity, then we have the Cauchy integral formula
- 1 o ey o o -
FG) =5 [ KG-mGFG)dsG)
=

forall X € Q.
(b) For an H-valued function f defined on X that decays at infinity, define the Hilbert
transform associated to ¥ by

Hy f(3) = pov / / KG - G fG) dSG)

Then the Cauchy integral
- 1 o e o -
cr@) =5 [[ KG=onG)1G)ds)

is analytic on Q and extends continuously to the closure Q. Moreover on T we have
the Plemelj relation

1
Cf= 5(1+Hz)f

(c) Suppose that F is a continuous H-valued function defined on Q that decays at
infinity. Then F is analytic on Q if and only if F(X) = Hg F(X) forall X € X.
(d) The Hilbert transform Hy, satisfies H% =1,Hyx[Hx,T] = —[Hx, T|Hsx on L2

In the sequel we will denote the Hilbert transform of a surface ¥ parametrized by a
function y by H,,, reserving the symbols $), H, H for the special cases y = 8, ¢, ai+
B3. In fact the results of Proposition 2.3 continue to hold provided the parametrization
y satisfies the chord-arc condition: There exist constants v, N > 0 so that

b < s PO YO

- x;éy |-x - )’|
We denote the double layer potential operator IC,, = () associated to H,, by
G = [ (KG =) -nG) 1G)ds)
and we denote K, = R, K when y = E, ¢ respectively.

Define the (real) adjoint of the Hilbert transform ,, through the usual L?(R?) inner
product, and denote it by . Then we have the formula

Hy f = —// n(HK G —X) f()dSG)
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2.2. Reformulation of Euler’s equation without quadratic nonlinearities. Here werecord
the evolution equations for E and ¢. We will often write Egdy — Eqdg = (N x V),
where N = B, x Eg. For brevity we refer to the literature for proofs whenever possible,
especially [21,22].

Key to the cubic nature of the water wave problem in new coordinates are the following
explicit commutator identities:

Proposition 2.4 (c.f. Lemma 3.1 in [21] and Lemma 1.2 of [22]). Let y : R* — H be
vector-valued and satisfy the chord-arc condition. Then the following identities hold:

(a) Let f = f(a, B,t,s). For 0 = 0y, dg, 0, 05, denote 9 = 3y, dp’, 0r, O respec-
tively. Then we have

0.1,1f = [[ KO/ =90y = 09 x Gy = o) da'dp’
(b) Let " = yy X yg. Then for any scalar-valued function g,
[8(¥89a —vadp). Hy ] z//K(J/—y) (g7 —&'T") X (vgrda — vy dp) f' do'dp’
(©
197, Hy 1 = // KW' =) = Vi) X (vpder — veydp) [ dod'dp’
([ k6 =000 =) % e = vt
+ / / K& =)0t =¥ X (lgdar — Vi) ' de'dp’

w2 [ K" =900 = i) x s = vyt s da'dp’

Let & — (ai + B]) = xi+ yJ + zk; using (1.2) along with Proposition 2.4 we can
derive the evolution equation for (I — $)zk as in Proposition 1.3 of [22]:

(87 — a(Epdy — Badp))(I — H)zk
- //K(: —E)(E - E)) X (S — El0p)(E]) kda, df’

—// K(E' — E)(E — &) x (E;ﬂ,aa, — 8,07 kda’dp’

—// O K(E — B)(E — B) x (Epdy — Bl dp)kda'df’ (2.5

The first term in the nonlinearity above can be rewritten as cubic since we will
see that 2, and E, are orthogonal in L2 up to higher order terms. However, we must
consider derivatives of this equation in order to close the energy, and then the quantity
a — 1 appears and is only linearly small, spoiling the cubic structure. This obstacle is
overcome by introducing Wu’s transform (c.f. (1.28) of [22]):

k=EB—T+9H—-R)zk (2.6)

While it is immediate from the definition that « has no k component, « is in fact
1, j-valued as a consequence of the general result:
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Proposition 2.5. Let y = y1 + y»] + 3k satisfy the chord-arc condition. Then the
quantity (H, — K)ysk is 1, j-valued.

Proof. The proof in the case y = E is given on p. 9 of [22] culminating in identity
(1.30); we need only note that the derivation of (1.30) does not depend on any properties
of E except that it parametrizes a surface. O

Using the identification R* = Ri + Rj C H, it makes sense to regard « as a change
of variables on R? and so consider compositions f o « for functions f : R?> — H.
In fact we will show that « is a diffeomorphism in Proposition 4.3. Since we have not
yet specified the initial parametrization of the original Lagrangian coordinates, choose
E(a, B, 0) so that k (o, 8, 0) = a1 + B].

Denote D = 10, + jog. We change variables in (2.5) by writing

Ai=C — (@i+B)) =ri+nj+3k:=Eok ", H = H,
along with the notation
D=3+ ok ) D, b=kok ', A=(aJk))ok!
and so have (c.f. (1.35) of [22]):
(D} — A(Lpda — Cadp)) (I — H)3k

= // K (&' = )(Dig = Dig)) x (g9 — 95N D] (¢ ") kdo'dp’
- [[ K@ = )Dic = Dic) x @ D¢ 8, ~ 8Dl 0y kda'dp’
- [[ Pk = 10 - Die) x G~ capiskda'dp @)
Set P := DzZ — A(£80y — $a0p), and denote (2.7) by P(I — 'H)3k = G. By taking
a derivative D; to (2.7), we arrive at the following evolution equation for D; (I — H)zk:

PDi(I —H)z;k =[P, DI —H);k+ DG (2.8)

Moreover, we can write the commutator [D;, P] in two different ways: first by
straightforwardly distributing the D;, and second by changing variables with respect
to k:

[Dr, P1 = (DL AN x V) + A((D:¢p)da — (D1la)dp)
— AU (%) N X V) + A5 Dy — 3 Dy 0p) 2.9)
In order to close these equations we need formulas expressing b, A — 1 and D; A as

quadratic functions of ¢ and its derivatives. Denote P := a1+ B]. An immediate yet
key consequence of (2.6) is the relation

A=U+H-K)szk (2.10)
Proposition 2.6. The following identities hold:
(a)
(I —H)b=—[D;y, HI(I + H)3k + (I — H)D,K3k
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(b)
(I - K)A= {]k+ [Dr, HID, ¢ + LA x V), HI(I + H)3k
+ (I —H) (—ALp % (9K3k) + ALy x (95K3K) + A(hy X ,\ﬁ))}3

(@)
(I —H)U " (0;(Eq x Ep)) = [D} + AN x V), HID ¢

_2 / / K(' — O)(D* — (D)) x (£58 — wdp)DLC dardB
" / / K(' = )(Dit — DI’y x (Cgdr — Lardg)(D2E dar dP

+/ (D¢ = Dig) - VYK = §)(Dig = Dit)

X (8pdar — Cardp) DIC dar df

+ [ [ K@ = o(«wie - bl x ay i 2Dl
—((Dig = DjE') x D]¢ "y Dj¢' ) da dp

Proof. The first two formulas are shown as in footnote 6 of Proposition 1.4 of [22],
where for the second we have taken the k-component. The third formula is (2.39) of
[22]. O

Remark 2.1. The idea behind the formulas of Proposition 2.6 is to use the fact that D, ¢
is the trace of an analytic function in 2 (#) and that A is, up to terms of higher order, the
trace of an analytic function on €2(¢) as well. One generates formulas from this fact by
recognizing that, if an almost-analytic function 6 satisfies a formula of the form 76 = Q
for some operator T, then

I-—H)Q=U-H)TO =[T,H]O+T{ —"H)I,

and these two terms are typically of second order by hypothesis and thanks to the
commutator formulas of Proposition 2.4. Parts (a), (b), and (c) follow in essence for
Q =bA-1, UK’] (a,(Eq x Eg)) by respectively applying the above method to
0 =A,k, Di¢and T = Dy, (D? — AN x V), (D? + AN x V)).

2.3. Analytic estimates. We first record some preliminary estimates, which we will need
in order to close our energy estimates in H?.

Proposition 2.7.(a) If f € H?, then f € L*® and | f| 1~ < C| f| 2, where C is a
univerhlval constant. .

®)IfID|2f € H2, then f € L™ and || f|lr~ < C|ID|2 f | 3 where C is a universal
constant. "

(c) Let f, g : R? — H. Then for any 0 < g < 1 we have

DI~ (f)ll2 < Cylligl + gl 2ol £l2
< Cylgle + gl 2 20 I3
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Proof. (a) is the usual Sobolev embedding. To prove (b), we use (2.4) and Young’s
Inequality to derive, for f € . (R?), that

D172 flipee = I1f * (e, B Lo
< If % 1@ BN oo + 11 f % 1@, BNl
2N e + 111l
STV

Finally, to prove (c) we have by Young’s Inequality and Holder’s Inequality that
DI (f9)ll2 < 1£8) * (e BIZ N2 + 11(£8) * (e, B .2
< e I e liglzell f 2 + e B 2 TAgHgﬂzﬁqufHLz
= Cq(ligllzee + gl L2-) 1 f Il 2
The second inequality of (c) now follows by Holder’s inequality applied to
llg{(ee, B))P{(et, B)) Pl 2

The estimate requires that we choose p@ >2. O

Remark 2.2. From this point on in the paper, we use the notation 0* and allow constants
to depend on the fixed implicit parameter § > 0. For example, the estimate (d) becomes

DI~ (f@)lie < Clighze +llgl 2o I F 1l 2

Finally, in order to estimate the singular integral terms appearing in our formulation,
we use the celebrated

Theorem 2.1 (Coifman-Meyer—McIntosh—David). Ler J € C'(R?, R!), A; € C1(R?)
fori=1,...,m,and F € COO(RI). Forx,y € RY, define

S1(A1, Aa, ..., A, f) = //F (J<x> - J(y)) A1(x) — A1(y)
lx — vl |x — y|

An(x) = An(y) fQ)
x =yl x =y

=//k1(x,y)f(y)dy
and for 0 = 0y, for some k =1,

Sa(A1. Ase o\ Ay f) = // (M)—J(y)) A1) — AL

|x — yl |x — ¥
Ap(x) _Am()’) af(}’) dy
[x — I lx — y|4-1!

_ / / ka(r, ) f () dy

Suppose thatky(x, y) = —k1(y, x) and ka(x, y) = k2 (y, x). Then there exists a constant
C =C(F, |VJ| L) so that
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(@) IS1(A1, Az, ooy A, Pl < CA+mHIVALx, - IV Anllx,, 1 f 1 x0
(1) 1S2(A1, A2, ooy A, Ol < CA+mHVALx, . VAR, |Lf 1

where in both cases one of the spaces X; fori = 0,1,...,m is L*> and the others
are L*°.

Proof. See [22] as well as [4,5]. O
To use this result in H*, we have the

Proposition 2.8. Let s > 4 be given. Let y be a parametrization of a surface satisfying
the chord-arc condition and such that ||V (y — P)|| gs—1 is finite. Then

(a) For 0 = 0y, 0p, if

T/ (@, ) = / / K@ B,o, B)f (o, ) de’ df,
then
[0, T1f = / / (0+0)K (@, B/, B f (@, B)de df’
(b) For a multiindex j of length n,
1007, Hy1£ 122 < CIVGr = PYlgot 19 £l s
(©

IHy fllas = CA+IV(Y = P)llgs=)ll fllas

Proof. (a) is immediate after an integration by parts. Likewise, (c) follows immediately
from (b) and Theorem 2.1. To prove (b), suppose without loss of generality that f is
scalar-valued. Write the multi index j of length n as a sum j = j; + jo + - - - + j, with
each | j,,| = 1. We first write

n
[0/, Hy1f = Z §irkin-1[gin 3 Jgdnr+tin f

m=1

Motivated by the expression for [9m 'H, 1, denote

K = {K(y —y)@"(y — P) = @) (y' = P)) x ygh
and

Kl =K@y —y) @ (y — P) = @) (' = P)) X ya)y
Then we can write the /th component of each term in the above sum as

{3jl+'”+jm71 [8jm , Hy]&jm+l+"'+jn fh

B / / (@49 =)t (RF ) @yt
—((@+9) — 3’)j1+'“+jm—1 (Kla) (a’)jm+1+'“+jn 8,3’f/ do dp
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= Z (//(a + 8’)”(K1‘9)(8/)j_”8a/f’

PEJi+ =1

—0+ a/)P(K;”)(a’)f'Paﬁ/f/) do dB

Note that K}* and K lﬂ are kernels of the type introduced in Theorem 2.1(b). Since the
operator (3 + 3") acts on functions of the form g(a, 8) — g(a’, B) by

@+ (g(er, p) — g(@', B)) = (3g) (@, B) — (3) (@', B")

it follows that (9 + 3")/ acting on these kernels is also a kernel of the same type.

In order to achieve the optimal bounds we must estimate in cases. If j < n — 2, then
every term in the kernel has at most n — 3 derivatives, and so we may apply Theorem 2.1
in any way we please along with Sobolev embedding. In the other cases the dangerous
terms are those with a large number of derivatives falling on one of the differences given
by components of

Fy(a, p)— 'y, B) ="y - P)a B) -y — P)(, B

If j = n —2,n — 1 then since we assumed that n > 4 there will be such a difference
having either n — 2 or n — 1 derivatives, and the other terms of the expression will have
at most 2 derivatives. Therefore we can estimate the term with the highest number of
derivatives in L2 and the others in L°°. Finally, if j = n and all of the derivatives fall on a
difference, then estimate by splitting that difference into two separate singular integrals
and estimating each using Theorem 2.1(a) and Sobolev embedding. O

Proposition 2.9. Suppose s > 4 is given. Let yy, y1 parametrize two surfaces both
satisfying the chord-arc condition and such that ||V (yo — P) || gs—1 and ||V (y1 — P)|| gs-1
are finite. Then for f in H® and W*° respectively we have the estimates

|(Hy, = Hyp) fllas < CIUIVO0 — yO llgs—1 L fllas or CIV(vo — vl gs—1 L f Tws.o
where the constant C depends on ||V (yy — P)|l ys—1 and |V (y1 — P)| gs-1.

Proof. Set yy = yo +s(y1 — vo). We express H,, — H,, using Proposition 2.4 as
1 1
(Hyl - Hyo)f :/ aS(H)/Sf) ds :/ [aSa Hys]fds
0 0
1
N /0 // Ky = "Y)((Vl — ) — (i — VéD) X (Vs 0 — a5 9p) f dot’ dp’ ds
(2.11)

After using Minkowski’s Inequality, the bounds now follow as in Proposition 2.8. O

Remark 2.3. One can always weaken estimates of Propositions 2.8 and 2.9 if it is more
convenient to estimate in W*°°. For instance, the bounds

1187, Hy1f Il < CIV(y = P) -1 IV £ | -1 and CIIV (y = P) | g1 IV f llyyn-1.00

both follow by less careful estimates.
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The next proposition will imply that the energy we construct in Sect. 4 controls half
derivatives.

Proposition 2.10. (a) For g vector-valued and f, h quaternion valued,

= IVelizellfll ol s

‘/ S (gpha — guhp)dadp

(b) For f a vector valued function satisfying f = —Hf and for sufficiently small
IVA| Lo, there is a constant C(||VA| L) > 0 so that

1
—IfI%, < —//f SN x V) f <CIfIZ,
C HZ H2
Proof. To show (a), consider the bilinear mapping
T(f.h) = / F - (gpha — gahp) dadp

We have by an integration by parts and Proposition 2.1 that

/ / F - (gpha — gahg) dadf = / / fu - (gph) + f - (galt) derdB
= [[h ep s~ gusprdaas

Now Hélder’s inequality implies that the L norm is bounded by both

IVelizell fll2lglg and [Vl Al 2111l -

Then (a) follows by these two estimates and applying Proposition 2.2.
The right-hand inequality of (b) follows immediately from (a). To prove the left-hand
inequality of (b), we manipulate the following integral using the identity kD = Hy|D|:

[ =1+ ot cusidwap
= // —f- UkD)fdotdﬂ+/ —f - (Agdy — Aq0p) fdadpB
= [[ 1 otitor) dads
+// [0y —19g)(H — Ho) f da dp +/ —f (Ao — Ag0p) fdadp
Uy + [ [ £+ GouiopOt=t0)  dadps [ [ =1 - Gpt=2aty) £ dadp

Note that by Proposition 2.9 we have both || (K —Ho) f ;2 < C|[VA|r><| fIl ;2 and for
a = 80(9 aﬂ,

10(H = Ho) fllL2 = I(H = Ho)df [l 2 + 1[0, HIf N2 < CIVAIL= L f ]l g1
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Thus, by Proposition 2.2 applied to the operator T = H — Hp, we have ||(H —
HO)f”H% < C||VA| L ”f”H% , and so by (a) the above becomes

TR // —f N V) fdadB+ I f ] 1K = HOFI 1+ VA<l 12,
02 jig: 02 a2

= // —f N x V)fdotdﬂ+C|IV)»||Loo||f||i.I%

Now (b) follows provided ||VA| L~ is sufficiently small. O

We close this section with half-derivative estimates of operators formed by commut-
ing singular integrals and derivative operators.

Proposition 2.11. Let s > 4, let 9,01, 02 = 0y, 08, 0;, 05, Dy, and let y parametrize a
Lipschitz surface and satisfy the chord-arc condition. Then the following estimates hold
forall0 <v <1:

(a) There is a constant C depending on ||V (y — P)| gs so that
I, Hy1f llas < CIIDI Y0y = P)lus Il DI f |l s
(b) There is a constant C depending on ||V(y — P)| gs so that

1001, [02, Hy 11/ las = CUIVO102(y — P)ll gs—1
+[Vor(y — P)lus VO (y — P)llgs-D I f I s

Proof. Write
[0.7,1f = // K = )@y =0y x G fe — v f}) dodp

and distribute 3/ derivatives as in Proposition 2.8. By Proposition 2.2 and Theorem 2.1,
we can estimate the operator

Te.h) = [[ KO =) - &) x i, — iy dad

by
IT(g, W2 < Cliglgs—lhllgy and Cligllgi-v|l IDl”hllH%

Part (a) follows by applying these estimates to the term 7(3/0(y — P), h) and any of
the terms where no derivatives fall on f.

Similarly, (b) follows by applying Proposition 2.8 to the following explicit commu-
tator formula:

1102111 = [ [ Ky = ¥ 0102y = 0i0sr') x (s vy dadp
v [[ K = vy — vy x @i 1~ @ f) dad
+/ @+ 0Ky —¥) @2y — 05y') x (vj [y — vafy) dadp

O
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Remark 2.4. As in Proposition 2.8, we are always free to relax to L°° estimates if it is
convenient, provided one of the factors is still estimated in L2, If f = f +(f — f ), we
will often need to use the above estimates in such a way that we replace |||D|" f || gs in
the above proposition by |||D|V(f — f Mas +1l f lyys+1,00, with similar modifications for
the other quantities in the proposition.

Remark 2.5. Since we can write the difference of two Hilbert transforms as in Proposition
2.3, part (a) of the above Lemma along with Proposition 2.2 implies the estimates

I(Hyy = Hy) fllas < CHIDI (1 — yo)las I DY fllgs for 0<v <1
where C now depends on ||V (y; — P)||gs,i =0, 1.

3. The Formal Calculation of the Approximate Solution

In this section we determine the correctors to the wave packet-like approximate solution
so that the residual to (2.7) is physically of order O (€?). Our first task is to write the wave
packet in (1.4) in terms of quaternions. In analogy to our choice of wave packet in [20],
we can use (2.1) in order to take the following as the leading term of our approximate
solution:

A = €iA(ea, €B, et, €21)el k@D L 0 (e?)
—c (ﬁt(Ae-ﬂ<k“+w’>)ﬁ + S(Ae-‘j(k‘““”))]k) +0(2)

= e@P1+9Vj+3VK) + 0(e?), (3.1)
where the function A is 1, j-valued. In order to systematically develop the correctors of
A, we adopt a multiscale ansatz for A. If we let g = o, 01 = €, B1 = €B, 10 =1, 1 =
€t, ) = €%t, we write

= €iA(ar, Br. 11, 12)e? + O(e?)
—c (m(AeN’)ﬁ + S(Aejd’)lk) +0(ed) (3.2)
where we have introduced the phase
¢ = ko + wty (3.3)

If we are to seek such an ansatz, we must interpret the action of the operators in (2.7) and
Proposition 2.6 on multiscale functions and interpret the result as multiscale functions.
Interpreting derivatives in this way is straightforward by the Chain rule:

Qo = Dy + €3y, Op = €dp,, 0 = By + €y + €%y,
However it is not immediately clear how to interpret H acting on a multiscale function.
One can formally expand the kernel of H into a power series of homogeneous terms,

and each of these terms yields an operator that can be written in terms of iterates of
commutators with known quantities and the flat Hilbert transform

1 / (@ —a)i+(B—pBj
272 ) Jr2 e, B) — (&, B3

This reduces the problem to understanding how H acts on multiscale functions. Since
the only multiscale functions that arise in our formal calculation are in essence of the

form F(ay, 1, t1, tz)e"W fork e R,n € Z, and F a 1, j-valued function, we begin by
understanding how Hj acts on these types of functions.

Ho f (e, B) = kf(a, p’)da'dp’ (3.4)
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3.1. The action of the flat Hilbert transform on wave packets. We first observe that
because our wave packets are concentrated in frequency space about the fixed frequency
(k, 0), we can always localize a smooth wave packet about its wave number in Fourier
space at the expense of a small error. In this section we use only the left j-Fourier

transform with frequency variable & = (&1, &), and denote .7-'J]-L[ fl=FIf] = f for
brevity.

Lemma 3.1. Let s, m > 0,k # 0, and € > 0 be given. Let By be the Fourier multiplier
with symbol

L |61 —k &)l =3

0 otherwise

Br(&) := |

Then for any function A € HS*™, there is a constant C depending only on k, s, m so
that

I Aea, €B)el*® — By A(ea, €B)ed || s < Ce™ 1| Al gsom
Proof. We calculate by Plancherel’s Identity that for any m > 0 that

|Atea. ef)e™ — BiA(ea, ef)e™™ 2

| (5 —k &\[ 12
Z(// TA( : ,—2) de) dsz)
lE1—k.E)> 3k | € € €
Ul Lo ()
ek enl= 1k | {(E =K, &))" €

< C" M Allam
where the constant C depends only on k and s. Note that we have lost a power of € by
measuring A in the slow variable ea. Since By commutes with differentiation, the result
now follows upon applying the above to 9/ A for |j| <s. O

5 12
d§ déz)

This result allows us to interpret the action of H on a wave-packet by expanding the
symbol of H in a Taylor series about the frequency (k, 0). The effect of this is to write
the action of Hp on a wave packet as a series of differential operators, which are then
easily interpreted as operators on multiscale functions.

Proposition 3.1. Let F € H*** be a 1, j-valued function, and denote f(a,p) =

F(ea, ef)ed* for k € R. When k = 0 we interpret HO (F (a1, 1)) = (HoF) (a1, B1)
with no correctors. When k # 0 we have the following estimate

I(Ho — H + eHS” + EHP + EH) fllgs < CENF | osa
where the operators H(])forj =0,1,2,3are
0
Gh )f = —sgn(k)f
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2 1
f+ aollﬂlf

@
H f=——"0
o/ 2klk| P T Kk

1 1 1
3) ; I
o = _W.ﬂaalﬂlﬁlf+wnaalalﬁ1f 2|/’<|3 g8 S

Proof. The case k = 0 is immediate since H is invariant under dilations. Hence it
suffices to consider the case where k # 0. Applying (2.4) to the components of (3.4)
yields formulas for the symbols of the Riesz transforms:

J,E( 1 v o ) . & f( 1 v B ) .on (3.5)
277 (e, BB [(§, I 277 (e, B [(&, Ml
we can write the symbol of Hy = —] R + 1R in coordinates as follows:

FHo =F(IR1k+jR2k)
= F(=jR1 +JR2k)
= —JFR1 +jFR2k

) & ) &

— i) Fei (-2 ) Fx
JJ( Jm) ”( “”|s|)

_ by 8y

&l 18l

We will expand these symbols in a formal power series (1 + (&/E)3) ™12 about
(&1 — k, &) to third order using the power series expansions

2 11 _w
S hoE -kt e, |k|2< G

| 2y-1/2_1
(1+(&2/507) 2512 B

which are absolutely convergent in the support of l%k. We calculate that

L sene (1 + G/

€]
1 & &

— ol 22

A T (s{‘)

Psz@l b+0 (I -k +16l*)

= sgn(k) — 2k|k|€2

|k
Note also that since By has a scalar-valued symbol, it commutes with the Riesz trans-
forms. If we use the notation f = g + O(e") to abbreviate || f — g||gs < C€", we have
for A € H*** the following asymptotics in H*:

fﬂ&mmz—i

1€

— [ — _L - El —k EZ 3
—( sgn(k)+ 2k|k|€ |k|3§2(§'1 ))Bk ( c e)+0( )

FBr Ak + O(e%)
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2 &3
:“FBk((_‘g“()_zkm|§1 "k mam)[kﬁu)+cxe%
62 E .
=F ((— sgn(k) — lela’%l - jwaél 8a1) Aeﬂk“) +0(eY)
where in the last step we use Lemma 3.1 so that the number of derivatives lost exactly

balances the powers of € needed to achieve an error of O(e?). Similarly, using the
following expansion about (k, 0):

L _&H G-k 1 1 & 4.4
€l =k KIK] k2|k|§z(€1 k)? — 220 +O0(|§ — k" + 182

we calculate in the same way that

FiRakAelk®

= i;' [Bk]kAe]]ka](g, kgt 0(63)
£ EE —k) 1 & o

:Gﬂ_ ém HW&@—>L5pﬁ FIBLAS N g, —k.6) + O(€”)

which is equal to

€ . e? 3 &3 "
F —mnam k|k| aouaﬂ] |k|3118a1011ﬂ| - 2|k|3 /31,31/‘3| Ae

up to an error O(e%). Summing these gives the full expansion for H®. O

3.2. Expansion of the full Hilbert transform. We now consider the expansion of the full
Hilbert transform

_ b s, B) — ¢, B)
Hf_b#//ﬁ@ﬂ%ﬁ(ﬂﬂm“daﬁ)xww‘”VW B)do! dp’

We seek to expand the various parts of the above kernel in a perturbation from the
flat Hilbert transform. For the functions f to follow, we abbreviate f = f(«, ) and
f' = f(, B). In order to anticipate formulas for our operators, we proceed formally
to find the third order expansion of the difference quotient in the kernel in functions
homogeneous in A — 1

(=g _  (P=P)+0.-X)
1 —=¢PF  (I(P=P)+(—1) 32
(P=P)+(h—1) (P—P)-(h—2) [h=n2\ "
= 1+2 +
P =P ( P=PP w—Pﬁ)
(P=P)+(h—1) (P—P'y-(L—2)
= 1-3
P= PP ( P = PP
3=N2 15 ((P—P/)-(A—k’))z

__—+_
21P—P2 " 2 P — P2
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LIS P =P 0= M)A — MZEO35((P =P (.= A))?
T |P P|4 2 |P — P'|6

_ . |)\‘_)\‘/|2 2
0| ) (36

|P — P’|2
The normal vector term can be expanded exactly as follows:

Ca X ip=Lk+ Ay X J)+ (1 X Ag)+ (kg X Ag) (3.7)

This expansion of the full Hilbert transform above motivates us to find the Fourier
transform of the kernels of the form ——2|P|" forn = —3, —5, —7. To do so, we use

(2.4) to obtain
o)
272 RG]

and then appeal to the identity A|P|™" = 72| P|~"*2 to find that

! -3 ! -5 Lo ! -7 5
f(2n2| | ) 13 f(2n2| | ) S f(2n2| | 225|s|

In order to express |D| in terms of ordinary differentiation and the flat Hilbert Trans-
form, we recall the identity

ID| = HokD (3.9)

which is easily verified on the Fourier side.
This allows us to further develop the expansions of Hj, H, and H3z unambiguously

into powersof e : Hj = 67‘{51)+62H§2)+E3H§3)+0(64),Hz = 627'[;2)+63H§3)+0(64),
and 'H3 = 637'(;3) + O(e%). Then we define
H=Ho+Hi+H2+Hz+---
= M) + ey + 1)+ EHE + HP + 1Y)
+EHD +HY + 1Y +HP) + oY
i=HO +eHD + HD + EHO + 0(eh

We will see in the formal calculation that we need to develop the approximate solution
to the fourth order, and so we set

4

4
=S =3¢ (;mﬁ +9); +5(j)1k)
j=1

j=1

We defer the calculation of the multiscale operators /) to Appendix A and record the
results that we will explicitly use in the calculation in the following

Proposition 3.2. Assume that f = f(«g, o1, B1), and denote p1 = ¢ + 3], and p(] )
9 + 395, Then we have the formulas

Hf =160+ 530, H Ol £
HP £ =1a? +552), HOowe £ + 1D +53D), HL 1040 f
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+ [(F(l) _,_sz(l))7 H(O)]aal f+ [U(l) _ ]'15(1)’ H(O)]aﬂl f
HP 1 = 10 HOWaagp () g 1)+ 5105 1 HO i f
Using the formulas of Propositions 3.1 and 3.2, we now define
H=H?+eHD + 2H® + HO (3.10)

In Sect. 3.4 we will give estimates that justifies the use of power expansions to develop
this approximation of the Hilbert Transform.

3.3. The multiscale calculation. We take as our system the equations

(D} — A(¢pds — Ladp))(I — H)3k = [D;, HID ¢
- // K (&' =) (Dt — Di¢") x (95D[' 80 — 0, Dy )3 ke do'dp’
- [ Pk = i = e x (Gpo = Gy dalap G

A= (I +H)sk — K3k (3.12)
(I — H)b = —[D;, HI(I + H)3k + (I — H)D,K3k (3.13)

(I —K)A = {Ik+ [Dy, HID:2 + [AWN x V), HI(I + H)3k

+(I = H) (—ALg x 0 K3K) + ALy x (0pK3K) + AQhg x xﬁ))}3
(3.14)

which will allow us to successively solve for the asymptotic expansions of the quantities
3, A, b and A, which we denote by

o o o
A~ S pa S A~ AW
j=1 j=1 j=0

We also express the multiscale expansion of the operator P = th — A(Lpda — La0p) by
o0
P~ Z g 10
j=0

First, observe that it follows immediately from (3.14) that A® = 1. We also have
PO = 8% — J0q, since there is no dependence on . Hence, the O (¢) terms of (3.11)
give the equation

POU —HP);Pk =0

This equation admits the solution 31 = J(Ael?) for ¢ = kag + wiy satisfying the
dispersion relation w” = k. Since the kernel of H has no scalar part, £ = 0, and so
we find from the O (€) terms of (3.12) that

AD = (1 + HO); Dk = 149 (3.15)
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as we expected. Notice that the right hand sides of (3.13) and (3.14) have no first order
terms, and so b’ = 0 and A = 0. Using the identity PV = 28,9, — jd, +1dp,,
the O (€2) terms of (3.11) give the following equation:

PO — 'H(O))j(z)]k _ 7)(0)7.[(1)3(1)11{ + [0y Hgl)]ato (;(D)T — P - 'H(O))j(l)lk
= Ag el + (2‘116,)(/%1 — o/ Ag))e?i — Ag, e-W’)
= 2jw(A; — o' Ag,)e'?i

To suppress secular terms, we choose A = A(a| +w'ty, B1, 1) = A(X, Y, T). Then we
solve (3.11) to the order O (¢2) by taking 3(2) = J(Bel?) + M@, where B and M® are
1, j-valued and scalar-valued functions of X, Y, T, respectively, to be determined later.
From the formula

1 : .
HO3 Ok = Jk(1 = Ho)lAPk+ %S(Aye-w)

and the fact that (" — KM); Wk is just H V3D k without its k-component, we
calculate that

2D = (1 + HOY;O% 4 HD;O — D30
. 1 i )
— iBel® + (I + HOyMPk — E1<71{0(|A|21k) + %S(Ayew)
Next, we find that the O (¢2) terms of (3.13) yield the condition

(I —HP = —[5,, H V1T + HO); DK
+ (I —H)a, kD3 VK
= (I — Ho)(—kw| A*1)

The fact that b is 1, j-valued now forces the choice b® = —kw|A|%1.
Finally we calculate A® from (3.14):

AD = {18, 112 + [8eg, HOIT +H )3V
+ [0, — 195, HONT + HOY; Dk + (1 — HO)(—j x Baolc(l)g,(l)lk)h
= [t = HIAPK = K2 — Ho)l APk - 24yeH
+ 2Ayej¢ + O}3
=0.
We now collect the O (€?) terms, beginning with those contributed from (3.11). We

record the following useful formulas derived through Proposition 3.2 for calculating
terms below involving H?):

. . _ 1— _
HP + HPYFe™ 3% = —k2A%Fed? + (I — Ho) (AFX + 5 AFyk — kBFJ]) (3.16)

. 1 _ 1 —— . .
HP +HP) Fel? = —5U —Ho)AFyk+ S j(AFy ~ Ay F)e 494 (3.17)
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Note that

PP = 20,8, + 97 + 21 0ugdiy — 1y By + ALY 0p,

The O(e3) terms contributed from (3.11) now give
PO (] — HOY;O = PO DO

+ POHD;M
_ ([ — Oy,
+ POHD;M
_ PO — O,
+ 13, MV 19, AP
+ 13, MV 19, WD)
+ (3, HV16@
+ (3, H + HP 10, D)
+ 107, HP 19, WD)
+ (B B, Holyy 0.7

2712 |P P |3 |P—P/|3 |P—P/|2

Oy = iy )) % GGYHkd P’

4]

=h+h+L+---+12

First, it is quick to see that I; = Ig = I;9p = I1; = 0. For the rest of the terms we
calculate:

I = Eyeﬂj(p
I = —LZYYe_Mbﬁ - lnye‘_jd)j
2k k

Iz =—Bye 3% — (I — Ho)| DM Pk
Iy = _iAYYeM’ﬁ + izyye—ﬂ% + ljzxye_jd’ + ’f(l — Ho)|DI(|A*k)
2k 2k k 2
Is = (ZjAT — W Axx + 2k2wA|A|2) %5
1 _
Io = Sk(I = Ho)AAyj
1 _
Ip = —k(I = Ho)AAy]

Simplifying 112 by writing (Al — (")) x G4k = (o) — () Gs) i and
calculating as in Appendix A gives
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Iy = [A(” (0

t()’ 1o

1 1 (1 (1
DO D1+ 12, [k, 20 DO 380 — 30, ), 28 DO 130

1 1 1 (1 1
[)L( ) M |D(O)|] 3(1)J1+ [?;0) +J]3t (e)) [xgo)’ 2|'D(0)| (1)]1

t l‘o ’ o0
= _Ekz[(;m +5e D), 1D + 52Dy, DO — jrM)i
= —k3A|A% %0

and so
k
POT —HO;DKk = (1 — Hyp) (—|D|M<2>1k + §|D|(|A|2Ik))
+o (ZjAT — o' Axx +20" Ayy + kza)AlA|2) %3

In order to suppress secular terms in 3*), we choose M ?) = §|A|2 and insist that A
satisfy the cubic hyperbolic nonlinear Schrédinger equation:

2jAr — 0" Axx + 20" Ayy + K*wAlA)? =0 (3.18)

With these choices, we update the formulas for 3 and A®:
3 = J(Bel?) + l/<|A|2 (3.19)
A2 = iBel? + ;k(l +Ho)(|AI*k) — —kH0(|A|21k) + s(AyeN’)
=iBel? + Ek|A|21k + ES(AyeM’) (3.20)

where at this stage in the calculation B remains to be determined. With these choices
made, we can solve the equation for 3® by choosing 3 = M® for some scalar-valued
function M@ of slow variables, again to be determined later. With this choice, we can
calculate A as follows:

2D = (1 + HOO L+ (HD — KDYk 4 (HO — K@)k
= +Ho)MPk
n . 1 _ 1 _
+ %(Byew) + 5 (I = Ho)kHo(AB)k — HE(I — Ho)kHo(AB)]k] k
3

+ i%(f\weﬂ )i — _J@Axyew)ﬂ

k 1 1 1
(——A|A|2eﬂ¢n +(I —Ho) ( AAxi+ 4(AAy +AAy)j + szAIk))
K s 1 1 1
— =S AlAPei+ (1~ Ho) AAXn+ 4(AAy +AAy)j + szAJk k

3
(3.21)

Note that the scalar part of the right hand side of (3.21) is %Rzax |A|2— %Rl ay|A|? =
0. We continue by collecting the O (€) terms from (3.1 3), which yields the condition
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(I — Ho)b® = HDp@ — [b(Z)aaO, HOYT + H(O))g(l)]k
— [y 11U+ HO)3 Dk — 8, 11+ HO)3 @k
— [3, HPTHD 3Dk — [3,, HP + HP 1T + HO); VK
+ (I = H)3, KP3Dk + (1 — H )9, L V3P K
+ (I — HO), KO3 0K — 1D, 3D

Using the formula
(I —Ho)(So + S3k) = (I — Hp)@(R1S53 — R2S0) +(R1S0 + R2S53))

for scalar-valued S¢S3, we can solve for »® as a i, J-valued function. This gives us
consistency for the formula for b up to residual terms of physical size O (¢*). Similarly,
since the formula for 4 requires extracting the k-component of some expression, we
may always find a formula for A® that makes (3.14) consistent to terms of size O (e*).

We can now consider the O (e*) contributions from (3.11). An explicit calculation
of 3 would be taxing on the author and reader alike. Luckily, the precise form of 3
is irrelevant: we need only show that we can find some choice of correctors that yields
a residual of physical size O(e’). Thus we instead give a general argument that the
structure of G is such that we can always solve for 3.

In order to further analyze the terms of size O(e*), we appeal to the idea of rotal
order and total phase. The idea is that the power of € and the multiple of j¢ in the phase
of any term in the formal calculation can be read off from the function of slow variables
in each term. We would like to formally describe maps o and p from the set of terms
that can appear in the formal calculation into the integers with the property that all terms
appearing in the formal calculation are of the form

O(F) Fp p(F)j (3.22)

To describe this formally, consider the monoid* of functions 2 with pointwise mul-
tiplication, and generated by the functions 77175 ...T,1 where each T; is either the
operator of multiplication by A, B, ‘A, B or one of the operators dy, dy, dr, R1, Ra.
Every term appearing in the formal calculation can be expressed as a member of this
monoid. The total order 0 : A — (N, +) and the total phase p : A — (Z, +) are
respectively monoid homomorphisms> satisfying o(T1T5 ... T,1) = H'}Zl o(T;) and
p(MTy...Tyl) = H?:l p(T;), where

0, T=R|, R -1, T=A,B
oT)=11, T=A, A, dx,dy p(T)=170, T ="Ri, Ry, dx,dy,r
2, T =B,B,dr 1, T=A,B

It is tedious but straightforward to verify that (3.22) holds by construction for all terms
up to O (e*); we leave the proof to the reader.
We are now ready to analyze the O (¢*) terms.

Lemma 3.2. Let PO (I — HO);3 Kk = G be as above. Then GP is of the form

4 A monoid is an algebraic structure with an associative multiplication and an identity element.
5 That is o and p send pointwise products of functions to the sums of the images of their factors.
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(25Br — o Bxx + 20 Byy) i+ (I — Ho)((F3 — IDIM®)k + Fo)

o L1
+ D S DS SU +HoF (3.23)
0<|n|<3 0<|m|<3
where the Sy, S),, Fj 1, j-valued are sums of members of U with total order at most four
and further satisfying:

(@) The Fj are scalar-valued for j =0, 3.

(b) F3 is independent of M® and is a sum of terms in A having the form either (i) a
pure derivative in dx, dy or (ii) a product of two or more factors of A, B, A, B and
their derivatives in X, Y and Riesz transforms of such products.

(c) Sy does not depend on derivatives of B.

Hence we may always choose M = |D|~' F3 and B so that
2JjBT — CL)”BXX + Za)//Byy = —S] (324)

and 3 so that only terms of the form

1 . .
¢ ! oMmid
(I —Ho) Fo + E(I + Ho)F + E Spe"?1 + E S, e™ (3.25)

—3<n<0 0<|m|<3
remain.
Proof. Consider the equation
BF4
7)(0)(1 _ H(O))5(4)1k — Z _P(jl)([ _ H)(jZ)g(j3)]l{ = GW
Ji+jatjz=4
where in particular G® is calculated through b® and A®. Notice that we can always

replace Ar everywhere with only A and its derivatives in X and Y using (3.18). Observe
first that the only place that 37 and 9%, 8)2, act on B is through the term —P® (I —
H®)3;@ k. Simplifying this term contributes (2jBr — @”Bxx + 20" Byy) €1 which
we have isolated. Similarly, since M3 appears only in 3 and is a function of slow

variables alone, the only place it appears is through the term —PM (1 — H@); Pk,
which when calculated simplifies to —(I — Ho)|D|M k. Denote the rest of G by

GS) = GW — (2jBr — " Bxx + 2" Byy) /i + (I — Ho)| DMKk

Next, since the operators appearing in G(()4) are concatenations of either multipli-
cations by wave packets of the form Fe™i¢ for n = —1, 0, 1, multiplication by 1, or
operating by the flat Hilbert transform Ho = —jR + 1R», it follows that G(()4) is of the

form . .
Ft+ > $e™i+ > 8)em?
0<|n|<3 0<|m|<3

where the F, S,, S), are functions of the slow variables alone. Observe that for scalar-
valued functions F, G we have the identity

(I — Ho)(Fi+Gj) = (I — Ho)((—Rl F— RyG)k+ (R, F — RZG))
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This allows us to write (I — Ho)F = (I — Ho)(Fy + F3k) as above, which gives us
(a). In particular, the terms 2,31:2 S,€"?1 can be accounted for by an appropriate choice
of 3®.

Now all terms of the form Fe™¢ appearing in G(()4) satisfy o(F) = 4; those terms
comprising Sy also satisfy p(F') = 1. Showing (b) reduces to ruling out the existence of
aterm in F3 having only one occurrence of A, B, A, or B. But the only such members of
A possible are A, B, A, or B operated on by ﬁmtely many Riesz transforms R 1, Ry, and
all such terms have o(F) < 2. Similarly, to show (c), note that (up to Riesz transforms)
if a term F has a derivative of B as one of its factors, its other factors could have total
order at most 1. However, up to Riesz transforms this forces the other factor to be A or
A. But then this term cannot appear in S; since then p(F) would be even. O

Remark 3.1. No possible choice of M ®). B, and 5(4) can account for the terms (3.25).
In this sense, (3.11) is only formally consistent up to a residual of physical size O (e*).
However, in the process of deriving the energy inequality, we will show using an almost-
orthogonality argument that these terms do not spoil the energy estimates.

In summary, there exists some choice of M 3, B and 5(4) as in Lemma 3.2 so that if
we take as our approximate solution to the system (3.11)—(3.14) as the following:

. . 1 ; .
* = eided? + &2 (ﬁBeN’ + 51<|A|21k — %S(Ayem’)) +EAP +eHVKk (3.26)

where 1) is given by (3.21) and 3 is given as in Lemma 3.2,
b = X (—kw|AI’1) + 26D + O (%) (3.27)

where 6@ = (ZI <3 S;ie'i?) + (le <3 S;¢'3%)T for some functions S; of slow variables
alone,

A=1+EA% + 0(eh (3.28)
where A®) =% Zli\ <3 F;€'1% for functions F; of slow variables alone. Further define
D=3+ (- D), P=D}—Csdu+Cedp (3.29)
then the Eqs. (3.11)—(3.14) are satisfied up to the following residuals:
P —H)3k = [Dy, HID &
+ / / K(@E — )D& — D&y x (8D} 8 — 8, DIZ 07 kedet', d’
o [[ DK@ - EBE - DE) x Gy Gy de dp’
2 .
e ((1 —Ho)Fo+ Y s,’”e'"-ﬂ"’) +0(e) (3.30)

m=1

where Fj is a scalar-valued function of slow variables alone, and the S,’n are 1, j-valued
functions of slow variables alone,
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r = +H)jik—Kik+ 0(*) (3.31)
(I — H)b = —[D;, HI(I + H)3k + (I — H)D, K3k + O(e*) (3.32)
(I -K)A= {1 +[Dy. HID,Z + LA x V), HI(I + H)3k
(1= T0) (—AZp x (0580 + Al x (95K580 + Al x )1,3))}3
+0(eh (3.33)

The largest number of derivatives falling on A and B in the above residuals occurs in
the residual of (3.30) and is 9 and 8, respectively. Denote the right hand side of (3.30)

by G. If we operate on (3.30) by D; then we also have
PD,(I — H)zk = [P, D,1(I — H)3k+ D,G + O() (3.34)

The largest number of derivatives falling on A or B in the residual of (3.34) is hence

11 and 10, respectively. As in (2.8), we rewrite the commutator (D,, P] by changing
variables. Introduce the approximate change of variables « as the solution to the following
ODE:

IthEOIZ
Z(0) = ai + Bj

Then by construction we have ﬁ, UE_l = U;la, and hence
[D,, P] = AU;! (%’) (N X V) + (95D, 0y — 30 D,Z0p) (3.35)
Finally, we record the formula
o () B (1929

_ bt.z{]k_Ujl —Eﬂ Xlztaj'lza Xlztﬂ
“ J (i)

DA .
== ]l{+(ija—nxbﬂ) (3.36)

from which it is clear by (3.27) and (3.28) that Ulz_l (ﬁ,/ ﬁ) consists of terms of size at
most O (€3).

3.4. Analysis of the approximate solution and Hilbert transform. Most of the terms in
the higher order corrections in (3.26) can be estimated trivially in Sobolev space, given
that A and B are in a suitably regular Sobolev space. However, there are terms in the
correctors of the form

SIS

where S depends on A, B, and their derivatives. Such terms are not in general in L2
unless extra conditions are put on A and B. The most obvious condition is to restrict
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AeH'NnH ¥, but this implies an undesirable mean-zero condition on A. Instead, since
Lemma 3.2 shows that S is either a pure derivative or a product of two or more instances
of A, B and their derivatives, we opt to insist that some of the lower-order derivatives of
A and B decay at infinity at a mild algebraic rate. This, along with Proposition 2.7 and
the following well-posedness result, gives us the required control in L?.

Proposition 3.3. Let s > 6 and 0 < § < 1 be given. Suppose that Ag € H® N H3(5)
and By € H*=3 N L*(8). Then there exists a 7 > 0 depending on Aol s m3(s) and
| Boll zrs—3n12(s) S0 that both the initial value problem consisting of the HNLS equation
(1.5) with initial data A(0) = Ag and the initial value problem consisting of (3.24) with
B(0) = By have unique solutions A € C([0, T, H* N H3(8)) and B € H* 3N L?(8)
respectively. In particular, if the solution A cannot be continued past a time 7, then
IACT) lwrs2100 € L°([0, D).

Proof. To avoid cluttering the proof, we observe that by rescaling we may without loss
of generality ignore positive constants depending on k. Denote the linear propagator of
HNLS by ¢7. Then by a routine energy estimate -7 is unitary in every H* for any
real s. Using Duhamel’s formula on HNLS with s > 2 gives

T
A(T) =eLTA(O)+/ ET=D AWM A®@)|* dt
0

from which by a routine contraction mapping argument in H* we have local well posed-
ness of A in H®. We gain decay by rewriting HNLS as

(X, A7 — 51X, V)’ A xx +5((X, V) A)yy
= §[0%, (X, Y))°1A — j[87, (X, ¥))’]A

Since 0 < § < 1, the right hand side of this equation is a linear combination of A and its
first derivatives with bounded coefficients. Therefore the usual energy estimate applied
to the above equation along with its derivatives up to the third order yields

d
T IHOC T AMs < CICG Y AMD sl Alleo, 7,w4)

and so Gronwall’s inequality implies

X, Y)Y AT) | g3 < CIUX, Y)Y AO) | gae! Aleqo. 7rweoo T

Recall that by Lemma 3.23, B satisfies an equation of the form (again dropping
positive constants)

Br ZjBXX—jByy+F1(A)B+F2(A)E+ F3(A) (3.37)

where F| and F, are polynomial functions of A and its first and second derivatives,
and F3 is a polynomial function of A and its first through third derivatives. Because no
derivatives of B appear in the nonlinearity, we may use the same Duhamel argument to
show local well posedness of B in H*~3 given A is as in (a). Finally, the decay in B
follows in the same way as the decay in A; three derivatives of A are needed to decay in
order to control || B| 25 since the coefficients and source terms in (3.37) contain up to
three derivatives of A. O
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Remark 3.2. Since the largest number of derivatives needed in A and B in order to
guarantee that the residual of (3.30) be in H* is s + 11 and s + 10, respectively, we must
require that A € C([0, 7], H**13 N H3(8)) and B € C([0, 7], H**10' N L2(8)). We
will always take By = 0 in the sequel.

Lemma 3.3. Suppose Ag € H*'3 N H3(0"). Then for €g > 0 chosen sufficiently small,

I(Hg = H) fllms < Cell fllms I(Hz = FO) fllms < CEX N f s

Proof. This amounts to analyzing in more detail the expansion of the factors (3.6), (3.7)
of the kernel of H Abbreviate the expansion (3.7) by N =17y x Eﬁ =Ny + N1+ N3,
where N is homogeneous of degree j in A — A/. Similarly, abbreviate the expansion
(3.6) by
;=
c -

where K ; is homogeneous of degree j in A — A/, and Ry is the remainder term arising

=Ko+ K1 +Kr+ K3+ Ry

from the power series expansion in (3.6). By construction, we have that the kernel H
consists of those terms of the operator

// Z KN f do' dp’, (3.38)

i+j<3

with formal powers of € of size 0(€3) and lower orders when the substitution A =

Z‘}: €'Y is made and expanded. Therefore our task is to estimate the following
singular integrals:

I, = //ZKJ\/’fdozd,B and 12=//R4N’f’da’dﬁ’

i<3,j<2
z+]>4

along with Z3, which are the contributions of formal size O(€") and higher order terms
of (3.38).
PHYO.—))

First we estimate Z;. If we write A — )/ = —(P P )(P popp > Wecan express

the general term K; N as a product of ——5 along with the factors

|P P’
(P=P)H(O.— ) (P=P)- (=) A — )| (3.39)
|P — P'|? |P — P'|? |P — P'|? '
k (ha X ) + (i X Ap) (he X 1p)

in appropriate combinations so that the degree of homogeneity in A is i + j. Each of the
difference quotient expressions is of degree zero, and so the resulting kernels are of the
type in Theorem 2.1(a). We can therefore estimate

~ i ~iri—1 >
IZillms <€ D7 VAt fllas or € D IVAIyL IVALas I llws
i+j>4 i+j>4

4 3
= Ce'llfllus or Ce|l fllwse

where the constant C depends on || Agl| g7s+131 g3 (0+)-



402 N. Totz

To estimate 73, make the substitution A = ijl €/14) in each of the expressions

in (3.39) and expand. This yields a set of factors of the same form as in (3.39), but with
€/ 00 replacing . Estimating the operators that result from the finite number of terms
that contribute O (¢*) or higher as we did when estimating Z; yields the same bounds.
We omit the details.

To estimate Z,, denote the difference quotients

(P—P)-h—=2) A=) iy
P — P|? |P— P2

If we choose €y > 0 so small so that | VAo < 4—11, we have by the Lipschitz bound

|A—A'| < [|VA|lL|P— P'| that| Q| < %.In this case the Taylor expansion of (1 +0)2
is valid. Observe that, for some universal constant C3, we have the following integral
expression for the remainder Ry4:
= 0
Ry = 4“—4“3 G+ (0 - 1idr
1 =21 Jo

Following the proof of Proposition 2.8, we take up to j derivatives of the integral factor
with respect to (dy + dy7) Or (dg + dg/) for 0 < j < s. When we do so, we get by the
Chain Rule and by Differentiation under the Integral Sign a sum of terms of the form

n ) 0
(C} [T+ 8 3 + 9" Q) / Ca(l+D)73(Q = 1)"dr  (3.40)
i=1 0

wherem =0,1,2,3,Co =0,m+n =3,and 3 —m) + >, (|jil + |l;|) <s. Terms
of this form with m = 0 can be estimated directly using Theorem 2.1. Note that we can
always estimate these integral terms in (3.40) coarsely by

o
‘/ Cn(l+ r)_%(Q —)"dr| < C|Q|"™*! (3.41)
0

To write the terms with m > 1 in the correct form to apply Theorem 2.1, we repeatedly
integrate by parts to arrive at the following formula for N > 1:°

0 9 . N el _% m+n—1 —1Qm+n
| ent+ni-n v =Ca 2D () %

0 /9 -1
+(—1>Ncm/ (NZ)(’";N) A+1) 2 NQ — "N de
0

Using the bound |(7)| < C,n~! along with (3.41), we see that upon choosing €y > 0
sufficiently small, the above series converges pointwise in Q, giving the exact series
representation

9 N _9 -1 Am+n+l
/ cm(1+r>3<Q—r>""dr=cm§<—1>"( 2)("””) o
0 = n n m+n+1

6 Here we use the generalized binomial coefficient (;) = %r(r —1)(r—=2)---(r —n+1). By convention
we stipulate that () = 1.
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This yields an infinite series of singular integrals. Using Theorem 2.1, we have upon
choosing €y > 0 to be sufficiently small that the remainder is bounded by

o0
IZalls < € D 2" (1 +n®) | VA I f 1l s

n=1

< Ce*ll fllms

Similarly, one has |72l s < VA o IVAILEs | fllwsee < CEX|l fllwses. O

Ws,o00
Lemma 3.4. The following estimates hold:
@ (H; =H) fllus < CeNflls and CElfllwse

) 1D, Hy = H1flws < CeHlifllms and CE|flws
© WDy, 1D, Hy = HINfllas < CeXll fllus and CEf llwsos

Proof. We successively distribute the operator D; through the kernel of HE — H as de-
rived in Lemma 3.3. In the resulting singular integrals we will have to estimate quantities
of the form D[f and thf, where f = 83<j), ar) for j =1,2,3,4and 0 = 9y, dg.
By rewriting D, f = f; + (b - D) f and

D2f =32f+2(b-D)d, f+ (D) -D)f+(b-(b-D)D)f

we can estimate these terms using the coarse bound b and D, b through Proposition 2.6 by
bl fs, |1 Db gs < Ce2. As aconsequence, the constant C depends on || Ao || 7s+131 3 (0+)-
The details are left to the reader. O

4. The Remainder Quantities and Their Estimates
In this section we construct equations for quantities related to the remainder

r=Xx—A 4.1)

and its derivative from the Eq. (2.7) and (3.30)—(3.34). In order to derive equations with
nonlinearities of cubic and higher orders, we first work with the related quantities

1 -
p= U =M (U =M= (1 —Hp)i) k (42)
as a proxy for the quantity » and
! D i)k
o = 3 =1 (Dt = H)3 = Dl = 1y)3) (4.3)

as a proxy for the quantity D,r. Indeed, in parallel with the derivation of (2.7) we can
write

1
Pp =3[P H) (I = H)sk — (1 = Hp)3k)

1 ~
+5U =P (1 = H)sk — (1 = Hp)ik)
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1 .
= =3[P H) (U = M3k — (1 = Hp)3k)

- %(1 —H)(P - P)UI — Hp)ik

L —#) (6 — P - )ik
+5( =H) (6 =PU - Hpik)
=G, (4.4)

and

| 3 3
Po = =[P, H] (D;(I — M)zl — Dy (I — HE”’E‘)

1 -
— 5 =1 ((P=P)Dy(1 = Hp)ik)

1 -~
+ 5 =) ([P DU = Hysk — [P, DI = Hp)3k)

1 - - .
35U =H) (DPU = M)k — DPU - H;)3k)
= G, 4.5)

We spend the first part of this section controlling the above nonlinearities in terms of the
quantity

— 3012 212

E@ = IDEAE g+ 1Dirl ey + 1D7r s (4.6)
While the energy constructed directly from (4.4), (4.5) controls E, it does not provide
a priori bounds for long enough times to provide a justification for HNLS. This is due to
third-order terms appearing in the energy inequality arising from the quadratic null-form
nonlinearities. Rather than state the full energy that we use immediately, we will derive
it as a small perturbation of the energy derived directly from (4.4), (4.5) in the course of
eliminating the null-form nonlinearities using a combination of the method of normal

forms and third-order corrections to the energy itself.
So that we are certain of the conditions under which the above quantities and operators
are well-defined, we explicitly state and, in this section explicitly assume the following

A Priori Assumption 4.1. Let s > 6. For some Ag € H**'3 N H3(0%), let A, B,  be
as in Proposition 3.3. Then we suppose that there is an interval [0, Tp] on which there
exists a solution ¢ to the equations (2.7) satisfying

1
sup E(1)2 < Ce?
0<t<Ty

As a consequence this implies that

1
sup [[1DI2(¢ = P)llyys-t.0o + | D¢ llys—1.00 + | D} [[yys-200 < Ce
0<t<Ty

and in particular that the chord-arc condition

L e p) =@ ) »
C @ p @ py = @D F @D

holds forall 0 <t < Tp.
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4.1. Relations and estimates between remainders of quantities. This section is devoted
to deriving relations between remainder quantities. In particular we will show that auxil-

iary remainder quantities such as b — l;, A— ./4{, etc., are suitably bounded in terms of E.

Lemma 4.1. Let f be an 1, j-valued function, and let g be a k-valued function. Then
for sufficiently small g > 0 we have

I fllzs < CIU —H) fllas
and
lgllas < ClII —H)gllas

Proof. The proof of the estimates are similar, and so we will only show the first. Since
fis 1, j-valued, /T = f and so we have

N PP B [N
f—z(H H)f+2(1 H)f+(2(1 H)f)

from which || f]|;2 < (I = H) fll 2+ |(H —HT) £l ;2. Now since H = H,+, we can
use Proposition 2.11 to find that

I flles = C(e+DIG = DNas L f s + 1 —H) fllas
= Cellfllas + I =H) fllas

and the bound now follows for €y > 0 chosen sufficiently small. O

We record the operator differences:

D,—D;=0b-b)-D 4.7
D} — D} = Di(D; — D;) + (D; — D)) Dy
=D,(b—Db)-D+(b—b) - (D,/D+DDy) (4.8)

AN x V) = AN x V) = (A — A)(py — Ladp) + A(rgdy — rqdp) (4.9)
P—P=Db—b) -D+(b—b) (D;D+DD,)
— (A = A)(¢pde — Ladp) — A(rpda — radp)  (4.10)
as well as the commutator
[Dy, P = —(Di AN x V)

— A(¢p(ba - D) — Lalbp - D))
— A(D:8p0a — Di8a9p) (4.11)

Proposition 4.1. Let s > 6. Then for sufficiently small g > 0 we have
@ b =Bl 1 < C(E+eE? +€)

) 1D (b —B)|s < C(E+€E? +¢6%)
© I~ Allps < C(E+€E? +€)
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Proof. In this proof, let O(€") represent a term with Sobolev norm of size O (). To
prove (a), recall the formula for b given in Proposition 2.6 as well as the approximate
Eq. (3.32):

(I — H)b = —[D;, HI(I + H)3k + (I — H)D,;K3k + O(e?)

We subtract these and express the difference in such a way as to show the explicit
dependence on approximate and remainder quantities and operators:
(I = H)(b — b) = —[Dy, H — HI(I + H)3k

— [Dy. HI(H ~ H)3k

=[O HIU +H)G — )k

—[(b —b)- D, HI(I +H)3k

+(H — H)D,;K3k

+(I —H)((b — b) - D)K3k

+(I —H)D,(K — K)3k

+( —H)DKG -k

+0(€)

=L+hL+--+1I3+0() (4.12)

First, using Proposition 2.11 along with Proposition 2.2 with the multiplication map-
ping T(g) = gh, we have that

Vol ooy <16 = Bll oy IR llwssae < Cellb =Bl

1
sty

Using Proposition 2.11, we see that I is bounded by C(E'/? + €)||b — EHH”%' Next,
by Lemmas 2.11 and 3.4 we have

L 3 L 3
I g 2y ISy < C(E? +€)e < CeE2 +€)

Similarly, since IC = 9(H), the same estimates imply that ”17”11”% < C(EE% +e3).
The remaining terms satisfy

150y Wsl oy < C(E? +)E?
Applying Lemma 4.1 gives
~ 1 ~ 1 3
b — b”H”% <C(EZ+e)|b— b”H”% +C(E+€E2+¢€),
from which (a) follows provided we choose €y > 0 to be sufficiently small by the a

priori bound on E.
To show (b), we write

(I —H)D;(b — b) = —[ Dy, H1(b — b) + D,(I — H)(b — b)
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By Proposition 2.11 and (a), the first of these terms is bounded by C(E + € E 5 +€ed)in
H?. Applying D; to (4.12) and commuting D; past the various operators in (4.12) yields
a sum of terms that can be estimated using (a), Proposition 2.11 and Lemma 3.4. This
yields bounds of the form

ID(1 = H)(b — D)l s < C(EZ +€)[[Dy(b — B) |+ + C(E +€EZ +€%) + O(e)

Then by Lemma 4.1 we have | D;(b — b)||gs < C(E? + €)|Dy(b — b)|| s + C(E +

eE > +¢€3), from which (b) follows after possibly choosing smaller €y > O.
For the proof of (c), we begin with the formula (3.14):

(I —K)A = {1 +[Ds, HID: ¢ + LA x V), HI(I + H)3k

+ (I —H) (—ALg x (9K3k) + ALy x (05K5K) + Ahy X Aﬂ))}3
we subtract its approximate version (3.33) and arrive at the following sum of terms,

where we have isolated the occurrence of A — A:

(I —K)(A—A)
- ((I—IC)(A— )= (I —K)(A— 1))+(/C—/€)(A—1)
=K -K)A-1

+hDhHuh;—UiﬂhD£

+[(A = DHWN x V), HIU + H)3k
+[AW x V), HI(I + H)3k — [AWN x V), HI(I+H)3k
+(I—H) (—(A—A)g; X (3u/C3) + (A — A) ¢y x (9K30) +(A—A) (hg X x,g))

+ ((1 —H) (—A;ﬂ X (8aKC3k) + ALy x (0pK3k) + A(hg x ,\,3))

—(—-H) (—Azﬂ X (3 K3k) + ALy x (35K3k) + A(hy x iﬂ)))} +0(e)
3
=J1+J2+---+J6+O(63) (4.13)

As in (a) we have
l ~
130l ass 1sllas < C(E? +€)|lA— Allgs

and by expanding the other terms into a sum of terms involving only approximate and
remainder quantities using the method of (4.12), we estimate the other terms as

11z, I2lliss 1alls, Wollss < C(E +€E? +€%)
Thus we have
1A = Al < IKA = Dllgs +CIlA = Allgs (E7 +€) + C(E +€E? +€)
< CIA = Allps (E> +€)+ C(E +€E? + €%,

from which (c) follows by choosing €y > 0 sufficiently small. O
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The energy we construct in the next section is in terms of quantities such as D; 3/ p, D;8/ o

in L. We must show that we can bound these quantities in L2 by E > plus an acceptable
error depending on €. We will be aided by the commutator identities

J1#0

[0/, D= > (3/'b)-Do” (4.14)
Jitp=]j

[0/, D] = [3/, D/1D; + D37, D;] (4.15)

Proposition 4.2. We have the following estimates:
@ I1D12(p =Dy = Ce(E? +€?)
(0) 1K) g + IR@)] oy < Ce(E? +€2)
7 742
(©) llo — DmlIHH% +|lo + Dyr IIHH% < Ce(EX +16 )
(d) |Dyo — D?pllgs +ID?p — D?ri || ps < Ce(E? +€?)
(e) For |j] <,
1D,/ p—07 Dypll 1+ D207 p—di D2pl|2+|Dd7 0 — 3/ Dyor || 12 < Ce(E 2 +€2)
H2 t t L L

Proof. We first establish some identities between r, p, o, and their time derivatives.
From (4.2) we have

1 ~
p = —Hyk— (I = H)(I = Hp)ik
= -Hpk—-U- HE)ZH{+ %(1 +H)U — Hg)j]k
1
= -Hpk—-U - Hg)glk+ E(H —HyU — Hg)glk (4.16)

Note first that by Proposition 2.5 this gives
1 -
Np) =N (E(H —HpU — Hg:)g}k) (4.17)

and so for |j| < s+ 1, ||3/'§R(,0)||Lz < CG(E% + €2). Similarly, applying D; to (4.17)
and using Propositions 2.3, 2.8, and 4.1 similarly along with Proposition 2.2 gives
||9'i(0)||HS+% < CeE% for all |j| < s, which is (b). We can also use (4.16) along with

(3.12)—(3.31) to make rigorous the heuristic that p ~ —rt:
- 1 -
0 +ri=0—- Hyzk — (I — HE);,Ik+ E(H — Hf)(l — HE);,Ik

~ N\t
+ ((1 +H)k — (1 + H)g,]k)
+ K3k — K3k
. RN
+ ((1 +H)ik — K3k — x)

: ] -
= (M — Mgk — (ML — Hp)jk + 5 (M~ H) (I~ Hp)ik
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— (H — Hp)ik + K3k — K3k
+ ((I +H)3k — K3k — X)T
— AT ) 3
= (=1t = - 1p) 3k
1 3 - s
+ E(H — HE)(I — Hg)glk — (H — Hg)g]k
+KG = Pk+ (K — K3k + (K; — K3k
+ ((1 + )3k — K3k — X)T (4.18)
We first use (4.18) to show that, for 1 < |j| <s+1

187 (o +r1))|,2 < C(¢E? +¢%) (4.19)

To do so, we estimate 3/ (H — HE )3k by writing it via Proposition 2.3 and distributing
derivatives in this integral expression as in Proposition 2.8 to get

187 (H — Hz)3kl 2 < CIVrll s [3llwse < CeE?
By Proposition 3.3 we have ||8j(H4: — H)3k| g1 < Ce*. Since K — ICE = N(H -
HE) and I — }CE = NH — HE)’ the estimates of terms involving C — KZ and
K- ICE reduce to those already given. Notice that by Lemma 2.8 and the a priori
bound of ¢ we have [|8/K(; — 5kl ,2 < C(E? +€)E? < CeE*. Finally, the residual
((1 + )3k — K3k — X)T is by (3.26) bounded in L2 by Ce3. Estimate (a) follows in

.1
the same way by estimating in H 2 using Proposition 2.11. We omit the details.
Next, we make rigorous the heuristic ¢ ~ D;p by writing o as

0 = 31D HIU ~ Hygle+ Dy 3 (1 — 5
1 - B ~ 1 -
— SUBL I~ Hp)ik+ Dy (=ML — H )ik
1 1 - -
= Dy HIU — Mgk — 515y, HI — )3k

.
— (D — DI)E(I — M) —Hp)sk
+Dip (4.20)

Again by using Propositions 2.8, 2.11, and 4.1, we have the estimate

lo = Dipll . < C(E +€EY +3)(E? +€) +C2(E2 +€)+ C(E +€E? +6%)

2
< Ce(E? +€2)

which is (b). Similarly, by applying D; to the right hand side of (4.18) and using Propo-
sition 3.4 and (a) on the result implies the bound

o+ Dirfll .y < llo =Dyl oy + 1o+ D)1y

< Ce(E? +€2)
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which gives (c). In the same way, to show (d) we apply another D; to the right hand side
of (4.18) as well as a D, to (4.20) and use the same estimates to show that

n . 1
IDio — DX \ls, 1D — DI |lps < Ce(E? +€%)

Finally we prove (e). We first show the bounds on Dtaj,o, thaj,o, and D;3/¢ in L?
for 0 < |j| < s. By (4.14) and Proposition 4.1 we have for f = p, o that

19/ Dy f = Did’ fll2 < D Cill@'b) - D7 12

lil=j

< CellV fll gt

Then by part (a) this implies that |3/ D, f — D3/ f||;2 < Ce(E? +¢2) when f=p,0.
In the same way, if we consider only f = r, p and use Proposition 2.2 on the product
mapping T (f, g) = fg, we have in the same way the estimate

N#0
J — i iy . Dy’
17D, f =D fl, < 30 W@ D) -DOEf
JN+p=j
< Cell VS, y

which follows from Proposition 2.11 and Proposition 4.1. This in turn gives the bound

|8/ D, f — D,;d7 f||H1 < Ce(E7 +€2). Similarly, if we also use (4.14), we can write

2

J1#0
o/D}f — D7) f = [0/, DD, f +Di D (3/'b) - DL f
Jitp=j
J1#0
=2[0/, DAD f+ D (D, 7'1b) - Do f
Jiti2=]j
J#0 71£0
+ > (@'Dib)-Dd”f+ > (/Db - [D;, DO”)f
Ji+j2=]j Ji+j2=]j

From this expression and part (a) we obtain the following estimate for f = p, o
. . 1
187 D7 f = D70’ fll,2 < CelV fllys1 + 1D fllae) < Ce(E2 + %)
Summing these estimates gives (e). O

Next, we show that we are able to control the change of variables « in terms of the
quantity ¢ and its derivatives alone.

Proposition 4.3. Let k = k11 + k3] be defined as in (2.6), and let Ty be the a priori
existence time of ¢. Then

sup IVie = Ilys—2.00 < Ce,
0<t<min(Ty, T e 2)

In particular, k : R? — R2 is a global diffeomorphism on [0, min(Ty, 7€ ~2)] provided
€o > 0 is chosen to be sufficiently small.
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Proof. The proof rests on the fact that we can write «; (o, 8,t) = b(x(c, B,1),t) and
that we have the formula of Proposition 2.6(a) for b in terms of ¢ and its derivatives.
Recall that « («, B8, 0) = a1 + B]. By integrating with respect to ¢, we have

k(o B, 1) —(ai+Bi) = [y bk (e, B, s),s)ds+ [y (b—b)(k (e, B, 5),s)ds (4.21)

Recall the definition of b as given by (3.27), which shows that b = Se2 + Fe3, where
S is a function of the slow variables alone. Thus Vb is of physical size O(e>), and so
Proposition 4.1 gives us the estimate

t
IVic — I|lys—2.0 < / (Vboxk) - Vi|ws—20+[[(V(D—=Db)ok) - Vik|ys—2.0ds
0

< Te2C(1+ | Vk — I =)
< Ce(1+ Vi — I |lyps—2.0).

from which the proposition follows upon choosing €g > 0 sufficiently small. O

Remark 4.1. Note that if we were to expect E ? = O (¢), then the above proof allows
us to conclude only that V(x — P) = O (1), which is insufficient to justify inverting «

with the Inverse Function Theorem. Alternatively, if E > = O(€?) as we intend, then
the b — b component of (4.21) contributes an error of size O(¢). This is the fact that
prevents us from justifying asymptotics for the horizontal component of E in Lagrangian

1
coordinates. Observe that if we could show that E2 = o(e?), we could in fact justify
asymptotics for the horizontal component of E directly.

4.2. Preliminary energy identities. We will build our energy using the following basic
energy identity, following [22]:

Proposition 4.4. Suppose 6 € . (H) satisfies 6 = —HO. Introduce the energy

6(9)2//%|D19|2_9.(A{XV)edadﬂ
Then

d&(0) 2
di Z// ZD’G'(DtZ‘A@ﬂaa —faaﬂ))edadﬂ

1 a
+// ~ Vet (5) 126 =6 (0D1)6 — (0uDit)65) dot df

Moreover,

//—0-(/\/'><V)9dad520

Proof. The energy & is that of Lemma 3.2 of [22]. The proof is the same except that,
using integration by parts and Proposition 2.1, we rewrite

—//9~(NxV)Dt9doedﬁ=—/ N x V)0 - D0 da d
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Our starting point is to consider the energy
E= &M+l (4.22)
lil<s

where we use the modified quantities
. 1 .
ol = S = H)d’o (4.23)

to ensure that the energy is nonnegative. However, using this energy contributes terms
in the energy identity that are of third order, instead of the fourth and higher orders
necessary for a suitable energy estimate. Therefore we cannot use this energy directly.
Since the third order terms contributed by this energy motivate our choice of normal
form transformation, we spend the rest of the section identifying these terms. We will
need the commutator identity

<j

[0, AN x W =A > (072807 — (afl,\o,)aﬂah)
J1t+p2=]
2<]j
+ Z (071 (A —1)3”2 | (N x V) (4.24)
Jitjp=J

Denote P60 = Gy; applying Proposition 4.4, we have

=>// ADZp (D7 ~ Atcpt — tuip)) V) de dp

ljl=s

o [[ =30 () 1000P = o1 (@216l = uDiY") v
+// Sl (D7 = Ao, - ;o,aﬁ)) ol der dp
+ [[ 50 (%) DR = U1 (@ Di60ld! — 3uDico}") dadp
The first terms which are of third order are
// —gll. ((aﬂDt;)oo[,ﬂ - (aaDt;)o;”) da dp (4.25)
[ =1 (@016~ @uDi16}") daa (4.26)

The other terms of third order must be extracted from the nonlinearities in the first and
third lines above. For 6 = p, o we first have

. 1 .
(D? = Apta — catp)) 01" = —5 D7 — A — Lad). 1100
1 .
U = H)[D} — A(Lpda — Ladp), 3710

+%(1 —H)3! Gy
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The first line on the right hand side appears to contribute a term of third order, but we will
show later that we can gain an extra order of smallness using an almost-orthogonality
argument. Using (4.24), we see that the second line contributes third order terms of the
form

D;Q[ il J2<j ] ] )
// ——(I -H) A Z ( aflxﬁ)(aﬂea) — (8“%)(8”9,3)) dadp
Ji+ja=j
4.27)
We must treat the analysis of Gy separately for & = p, o. Expanding the term G, using
(4.4) further yields

1 : 1 :
FU =M G,y =~ (1 =)/ [P H] (7 =103k — (1 = Hp)3K)
—i(l — M)/ (I — H)(P — P)(I — Hp)3k
1 ; ~ -
+7U0 =1 I = H) (G —PU - Hg)alk)

Using (4.10), we see that the second of these terms contributes another term of third
order:

//2D’jm : %(1 — M) (I —H) (fl(r,gaa — radp) (I — Hg)glk) dadp (4.28)
To find the other third order terms, we expand using (4.5):
%(1 —H) Gy = —%(1 — [P, H) (D = M3k — Di(I = H;)3k)
—i(z — )37 = H) (P = PYDi (I — Hp)3k)
+%(1 — )37 (1 = H) ([P, DU — Mgk — [P, DI - H;)3k)

+i(1 = )37 (1 = H) (DPU — Hysk — DU~ Hp)3k)

From the second line of the last expression above we have the third order term

225 p Dol U= H)DI =) (G — i) Dy~ H)jK) dardp (429)

and the remaining terms of third order are contained in the term

// Diol =209 =40 (1P, DI~ Hogke — [P, DU —H)k) decdp
(4.30)
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4.3. The normal form calculation. To account for the terms of third order isolated in the
last section, we use the method of normal forms. This method, due to Poincaré in the
context of ODEs, was first pioneered for use in PDEs by Shatah [18] and has since been
used widely in the study of long-time existence questions for evolution equations. In
particular, this method has been used to great effect in justification of model equations
for water waves by Schneider and Wayne in [16,17]. Rather than using the quantities
6 = plil olil in (4.23), we use equivalent quantities formed by perturbing 6 by a
quantity Qg intended to be quadratically small:

O=0+09 4.31)

Each Qy will be a sum of bilinear expressions involving 6 corresponding to the quadratic
nonlinearities which must be eliminated. In order show systematically how to account
for these quadratic contributions, we treat the simplest case first in detail and show its
equivalence to p and o. Then we will estimate in detail the many higher order terms
neglected in deriving the formula for this normal form. Finally, we perform the same
process for the normal form corrections for the other quadratic terms, detailing only the
steps that are significantly different from what has been seen at that point.

We begin with a heuristic construction of normal forms in Sect. 4.3.1; there we will
see that the cost of constructing a normal form is roughly speaking one space derivative
of smoothness. Therefore, in order for the corrected quantities and the original quantities
to have the same regularity, we must manipulate the quadratic terms to be accounted for
to gain a space derivative.

The third order terms (4.27) clearly involve quantities which have a full derivative
less than the total number of spatial derivatives controlled by the total energy, and so
their normal forms are easily constructed in Sect. 4.3.2. In Sect. 4.3.3 we rewrite the third
order terms (4.28), (4.29) and (4.30) using commutators so that the same is true of their
resulting normal forms constructed in Sect. 4.3.3. Finally, in Sect. 4.3.4 we combine
the terms (4.25) and (4.26) along with contributions arising from carefully chosen third
order energy corrections, yielding terms that can be eliminated using normal forms.

4.3.1. Heuristic calculation of the simplest normal form; equivalence of original and
transformed unknowns. To derive the equations that the correction Qp must satisty, we
repeat the energy estimates of the previous section except using ® and omitting terms
which can be suitably estimated. We have using Proposition 4.4 that the energy identity
will read in part:

d&(®)

= J12PP 4~ )P+ Q) dodp + - (4.32)

For the moment, we will examine what is involved in accounting for a typical quadratic
term:

(I —H)(hpbo — 2abp)

Since we wish to use the Fourier transform to construct Qy, it will be more convenient for
it to satisfy an equation involving only the ordinary time derivative 9, instead of the more
complicated convective derivative D,. To accomplish this without losing derivatives, we
change variables by « in the above integral. Introduce the quantity 2y = Qp o «; then
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changing variables by « and using the identity jo, — 1dg = kD = Hp|D|, we derive to
leading order the integral

//ZDf (I - H)(PQ@ - (I\,gaa(e ok) — Aodp(® ox))) da dp

://2M - _HO)((8t2+ |D|) 2y
a

- (B_kiﬁaa (0 ok) — B_thgdpg® o K))) da dB +h.ot. (4.33)

where we have applied the mode filter B_; of Lemma 3.1.” Hence it suffices to construct
Dy so as to satisfy

(a} + |D|) Dy = B_ihpda(® 0 k) — Bihgdp(0 o k) (4.34)

Observe that if we take the left-hand j-Fourier transform .7-iU-L [-] of the right hand side
we can rewrite it in the form

FE [B_kiﬁaa(e oK) — Biigds(6 o K)]
= FE [a,g (€B_iAe %), (10 o k) — 3y (eB_xAe™3)d5(16 o K)] +ho.t.
L A1
(27_[)2 / .7: [EB kAe ](s{)

x (€1 —8D& — (& — €8] ) FL1i6 o k) dE " +ho.t

(2 )2/ fL[EB kAe Jmﬁ](,g g)( k.‘;~'2) [119 OK](g)dé +h.o.t. (4.35)

This suggests the following ansatz for 2y in Fourier space:

Dy = DG 0) = / FLleB_y Ae ™) e Qo&, £ —&', ) FLIH6 o Kl er dE”

(271)2

/ FLBAe ) 016, & — &, ENFLED, 0 ke dE’
(4.36)

Tny

Note that our unknown loses a half space derivative in constructing a normal form, since
we are adding to 6 a correction with the regularity of D;6.

If one substitutes (4.36) into (4.34), and makes the substitutions 812 (Bok) ~ —|D|(Ho
k) and |§ — &’ + ki| ~ 0 which contributes negligible higher order terms, one finds that
the kernels Qg, Q1 satisfy a system of the form:

(I&" — ki| — €] — [ki]) Qo + 2jwl§'| Q1 = Fo (4.37)
(" — ki| — [&"] — [ki) Q1 — 2jwQo = Fi (4.38)

7 See the next section for a more precise accounting of the higher order terms that have been neglected
here.
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with Fy = kéé and F; = 0. The solution to this system for general Fy, Fi is

(&" — ki| — |&'| — [ki]) Fo — 2jw|&’| Fy
(& — ki — |&'] — [ki[)? — 4k|&'|
2jwFo + ((1§" — ki — &' — [ki) Fy

= 4.40
o (& — ki — |8 — [ki[)? — 4k|&'| (440

Qo = (4.39)

and in the present case is

(& —ki| — |&'] — |ki])(—k§))
(€ — kil = [§] — |ki])? — 4k(&’|
B 2j(—kE})

(& — kil = [&] — |ki])? — 4k|E']
Taking for granted this formal expression for the change of variables for the moment, we
now turn to studying its regularity. This amounts to studying the asymptotic behavior of

the above kernels as &, £ — oo, regarding & — &’ as remaining bounded. More precisely
we have the

Qo (4.41)

01 (4.42)

Lemmad4.2. Let0 < g < 12, let p : RY — R* be in Llloc, let S be a function of slow
variables alone, and let 2 be defined by

FU2I = [ [ FHeBSe 1) 06§ — €.6)FH O e

and suppose that |Q(5,§ — &', &) < 1§ — & — kil?p(|§']). Then | 2|2 < Ce?*!
IS1 a2l PADDO]| L2
Proof. By Parseval’s Identity and Young’s Inequality we have
12112 < 1€ — kil?| FE[eBiSe 1) « (pUEDIFF 01D 2
< ClIFf [eBiSe 1 I p(EDIFF 101112

The lemma now follows since, as in Lemma 3.1, we can write

116 — kil?|FE(eB_Se )1 = H@ — kit L FLS) (é ;kﬁ)

L!
— Eq+1

| FEIDIS) HL
< CeT™)|S ]| g3
O

In order to use this lemma, we must further analyze the singularities of Q¢ and Q1,
which in this context are called resonances. In order to understand these resonances, we
record the

Lemma 4.3. (a) There exists a universal constant Cq so that

gLl 8 1
Co IEIETE—&1 ~(El—JE—€l—[EN? 4| —¢|
E+1E]+ 15 — &
C
= e e — e
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(b)
[El = 1&"l — |5 — &'| | < min (2] — &'}, 1&"))
(©)

£1&) — bE] <C |E1&) — £2£1]
(El— € —E—&D2—4g|E—£1|~ ° [€]I&]
€152 — &) — &2(&1 — &)

C
o El1E — €]
v, i —8) —EE — )
118 — &

Proof. Parts (a) and (b) are given in Appendix C of [22]. Part (c) is a simple consequence
of (a) and the triangle inequality. O

Applying Lemma 4.3 to the kernels of the Qp = Zg o k! as defined in (4.36)—(4.41)—
(4.42) implies that Q¢ and Q; are uniformly bounded in & and &’. Then Lemma 4.2
immediately gives

Proposition 4.5. For Qg defined as above we have the estimates

1 1
I1DIEQall s +1D:Qsll 1 +D}Qall,> < Ce(lDI6]] y + D8]y +1D}6l2)

4.3.2. Construction of the normal form and estimates of the higher order corrections
corresponding to (4.27). Here we construct the normal forms corresponding to (4.27),
and also carefully control the higher order terms neglected in the heuristic calculation
of the previous section.

First we write

A@ 13723, — 371072 3p)0
= (A — 187258720y — 3/ 1e0205)

+ (Bj‘rﬁajzaa -/ raajzo,g)

+ (3 (I — B_i)hgd oy — 37 (I — B_p)hed"20p)

+ (3 B_hpd oy — 31 B_hgd0p)
Since j» < j, all of the above terms except for the last are controlled by C(E 24 €2)?
by Propositions 2.8 and 4.1. Hence it suffices to eliminate the term

j2<] . ~ . . ~ .
U= D (07Bip)(0700) — (07 Biia) (970p))
Ji+j2=]j

To do so, we construct bilinear terms Qg'lz’%) defined by (4.36) with 6 = 3/2¢ and A
replaced by 37! 1. The derivation (4.33) is more precisely given by
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Uc(I—H) ((D,2 —(£pda—Ladp)) Q1 A, 8720) — (af1 B_ihpd o, —d)t B_kiaafzoﬁ))

g 2 8p o, Ba Iy
=3 f))((at J(K)ao, + J(K)a,g) ('), 3720)

1
(aﬁ(ahB Kk 0 1) (3720 0 k) — 30 (39 B_id 0 k)95 (320 o K)))

ST
- (1—55)<(al2+|7)|) 2017, 870) — (B,kiﬁaa(afza 0 k)~ B_hadp (320 o K)))

_ . E,B . Ea . J15 aj
v fn( (m) J)aa+(m) n)aﬂ)g(a 1, 920)

+ (9 — Ho) (kD + | D) 231X, 8720)

J (k)
- (aﬁ(ale_ki ok — 31 B_17)3 (8720 o )

(L - 1) (a,g(af'lzs‘_ki 0 k)0 (0720 0 k) — 3 (31 B_ih 0 K)p(8 20 o K))

— 0, (M1 Bt ok — 391 B_i3)dp (920 o K)) (4.43)

Using Propositions 4.3, 4.5, and the Mean Value Theorem, the higher-order terms given

by the last four lines above are bounded by Ce?E 2 in L2. It is here that we need a full
derivative of smoothness in order to justify constructing a normal form. As j, < j, the
Eq. (4.5) also yields the estimate

102 + DD (820 0 k)2 < C(E? +€)E?

Finally, recall that in the process of applying 812 and |D| to Zy we introduced error
by replacing & — &’ by ki. This is justified by Lemma 4.2, since |£] — | — ki| <
|€ — &’ + ki|. The estimates of the error terms resulting from replacing |§ — &’| with

k and 9;Ae=3% (€ — &') by —jwAe—I¢(& — £) is justified similarly. Notice that since
the quantities o'/2] have one fewer derivative than the total energy controls, the terms

resulting from making such replacements on derivatives of Ae—i¢ (& — &’) always yield
error terms controlled by

. . . 1
Ce?(lo 2 2 + | DoY) 1o + | DR 12) < C2E2

Hence with this choice of Q((A{_lz’%) added to o22] the term (4.27) is eliminated from the

. . . . 1 .
energy identity at the expense of finitely many terms of size at most C(E2 +€2)? in L?

4.3.3. The normal Forms for (4.28), (4.29), and (4.30). The quadratic term (4.27) was
successfully eliminated since its regularity was one derivative less than that of the total
energy. While the quadratic terms (4.28), (4.29), and (4.30) seem to be rougher than this,
one can increase their regularity by exploiting the commutator structure of these terms.
Since (4.30) contains terms having the worst regularity, we will derive the normal form
for this term only in detail and only mention the necessary changes needed to treat the
others. We will see that the case | j| < s follows by the same argument used to treat the
top order derivatives, and so for the remainder of the section we assume |j| = s.
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First we prepare (4.30) to motivate our choice of bilinear form as we did in (4.35).

Let ~ indicate that we have omitted terms of size at most C(E 5 +€2)3. Then we expand
(4.30):

DZG ‘/] 1 . ~ o~ -
// SU=H)0/ (1 =H) (1P, DU = Hysk—[P, DI ~Hp)3k) dadp

Ll , o
- // D,jl (1 =100/ (IP. DA = H)3k = [P, DI — Hp)3k) dadp

We expand using (4.11) and break the estimates into cases, depending on whether all
of the derivatives 9/ above fall on the factor (1 — HE)ZH{:

Dol .
~ [ PG = =10 (DA Gt~ cadppl (1~ sk

~DiAGpdu — Gadp)d! (I = Hp)ik) dardp

[J] '
+// Dtjl -—{ —"H) (A(Dté‘ﬂaa_thaaﬁ)aj(l—’]—{)élk

—A(DiGpu — Di&adp)d’ (I = Hp)ik) dardp
J170

D,olJ] ) .
£ > // O (I -H) (Aafl U (%’) (o0 — Cadp) D2 (I — H)3k
J1+j2=]j
~ Ay (%) (Fpe — Eadp)d2(1 — HE)ZE{) da dp
J1#0 D 0[ _ _ '
£ > O (I -H) (A(afl 05Dy ¢ 3 — 3719 D, 5)72 (I — H)3k
Ji+j2=j

— AD7195D,Z0y — 8719, D, L) (1 — Hg)jlk) do dB
= f1+f2+ﬂ3+f4
We further manipulate these terms in steps.

Estimates of .#|.

Taking a derivative with respect to D; of the formula (4.13) and estimating
as in Proposition 4.1(c) yields the estimates ||D; Al g2 < C(E + eE% + €2) and
|D;(A— A) g2 < C(E +€E% +¢3). Now decomposing all of the quantities in .# into

sums of approximation and remainder quantities shows that it suffices to account for the
integral

Do/l N ) _
// 1 —(I —H)(D;A— D;A)(jo, —10p)d’ (I — Hg)ng) dadp
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But now writing
DiA— DA =D(A—A)+((b—b)-D)(A-1)
shows that this last integral is bounded by C (E% +e2)3.

Estimates of .73.

Recall the formula from Proposition (2.6), which we rewrite slightly using Proposition
2.4 as

(I — H)U (@ (Bq x Ep)) = 2D,1Dy. HIDs¢
- // DK (&' — £)(Dyt — DLt ) Epdar — L) DL dat df

—/ K@ =) (((Dre=Dig') x 0 D}E )0 Die = (Dyg = Dig") x o0 D}y DI ) dot dp
(4.44)

By taking the third component of (4.44) and using the identity A o x = aJ (k), we
can write U, ~!(a,) as an expression whose leading order terms are just the right hand
side of (4. 44) By Proposmon 4.3, the only terms of the right hand side of (4.44) that are

not controlled by C(E + €E 2) are purely approximate contributions. The only O (€2)
contributions from (4.44) are through the commutator 29,[9;,, HEI)]B,O)»U) = 0, and
U,z_l (ﬁ, / ﬁ) consists of terms of size at most O (¢3) by (3.36). Hence it suffices to account
for the purely approximate contributions of the term U_ Ya,/a) — UI;I (at / EL) of size
0 (€); denote these terms by Z|i|:3 F;€'3% . Since these contributions are scalar-valued,

we can choose the F; to be 1, j-valued. Since 3! Fy = O(e*) when j; # 0, extracting
the leading order of .#3 shows that we need only bound

J170
Z //DS[’] (I —Ho)e* [ a4 Z Fie'1? | 972(Aei?1) | da dB

J1+ja=j i=—1,1,2,3

Note that the right hand factor of the above inner product contains no factor of the
form Se?. For the term corresponding to F_; above, note that if we add the following
higher order contribution to the energy:

J1#0
1 . . . .
>k / / 5 - Ho)e4(aJ' (F_le*ﬂﬁﬁ)aJZ(AeW)ﬁ) dadf  (445)
Jr+ja=j
then changing variables and taking a time derivative as usual shows that we can eliminate

the term corresponding to i = —1 at the expense of a term which is to leading order of
the form

J170
Z —k// Sul. —(1 —Ho)e48t(8“(F 1e—ﬂ¢)312(Aeﬂ¢)n) do dp

J1+jp=]j
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which is at most of size CE %64 since we have taken a time derivative of a function of
slow variables alone.

The remaining terms are non resonant; if we denote these terms by * 37, ;¢'i?,
then by adding to SU! the term

4 .
Speiit
4 i
> 4.46
C LG (4.46)

the rest of the non resonant terms are eliminated as in (4.32) up to terms of size
1
C(E? +€%)3.

Estimates of .% and .%4.

The term .#, will be treated in the same way as %4, except that it is a term with a small
number of derivatives. Thus we will only provide estimates for .#; in detail. Consider
anew the term

J1#0 D,a[j] _ _ )
Sy = Z // 1 = = H)(.A(a“ 0D 0y — 97! 80,D,§8/3)812(1 — H)zk
Ji+j2=]

— AB79pD,Z0y — 37194 D, CB5) 072 (I — Hg)glk) dadB  (447)

As it stands, the term 9/ 0D ¢ for 0 = 9y, dp cannot be directly controlled by the
energy; hence we rewrite the integrand so as to gain enough regularity to be able to
construct a normal form transformation. The idea is to introduce a commutator with the
Hilbert transform in order to use Proposition 2.8 to remove one derivative. Specifically,
using D;¢ = HD;¢ and omitting directly controlled terms, we write this term as

— (I —H) (A(afl 95D, 0 — 0710 Dy 35)072 (1 — H)g,lk)
=~ (AG7 9gHD;cdy — 078, DL IR (I = H)3K)
+H(A(af1 3 D¢ dy — 3 9 H D, )02 (1 — H)g,]k)
~ —(ahH(aﬂDt;)aa — 3 H (3 D1 £)pd 2 (1 — H)glk)
+ H((af'l dp Dy dy — 3719y DL Bp) 02 (I — H)gﬂk) (4.48)

Similarly, we can rewrite the approximate version of this term from .#; using a com-
mutator in the exact same way with the exception of the fact that it is only true that

(I —H) 13,4: is O(e?). This contributes the following extra term:

—A(@7 (1 = T @ DiDda = 07 (1 = H) (0 DiD)0)0 (1 — H3)

It is easy to check that this term will be of physical size O(e”) if 8/ contains any o
derivatives; the integral contributed by these terms is therefore bounded by C E >e* Thus
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it suffices to assume for this term that 8/ = Bé, and in this case we calculate that
—A(@f (1 =)@ DDy — 0 (1 = T8 D)) (1 — F3)
=" %1+ 0() (4.49)

with F> being some 1, j-valued function of slow variables alone. Since this term is non-
resonant, we eliminate it with a higher order correction to Sli1 as we did with the term .#5.

If we now subtract from (4.48) its approximate version and expand into expressions
involving only approximate and remainder quantities as usual, all terms can be controlled

by C(E L €2)? except for the following:
- (aJ'ng (9pDir)0a — 87 M (3 Dyr) g (1 — ﬁ)glk)
+ My (0705 Dyrdy — 070 Dirdp)d2 (1 = FO3K)
— (97 7@ D) — 0 FL8 DDy )0 (1 = H03k — (1 — Tk
+ H(((a-/‘ 95 DyZ 0y — 01 aabtzfa,g))a-/z ((1 — M5k — (I — 7%);;11{))

Since j» < j, the latter pair of terms can be accounted for using the method of normal
forms exactly as in the previous sections. In anticipation of changing variables in the
former pair of terms with respect to «, we rewrite them as

~ 3 (H-1871 D)8, (07227 0 k"D (J (k) 0 k1)
M (aﬁ(afl Dyr) 8, (30257 0 k=) (J (k) o K_l))
— 8a(He 18 D) dg (322 o k™1 (T (k) 0 k™)
+H, (aa(afl Dir) 950737 o k) (J (k) o K*‘))
with a difference controlled in L2 by C(E 3 + 62)2, by virtue of Propositions 2.8, 4.1,
and 4.3, along with the Mean Value Theorem to control A" o k! — AT and identity

(4.14). Thankfully, when we change variables by « in the integral (4.47), this expression
simplifies by Proposition 4.2(b) to

~ 8y Ho(d7 Dy 0 1)0, 075" = Ho (95 (97 Dy 0 1) 8,037
— 8, Ho (871 Dyr 0 1)8507237 + Ho (aa(afl Dyr oK) aﬁahﬁ)

Since A g=0 (€2), it suffices to retain only the firstline. Then, writing Hy = —JR1+1R>
and 17 = eiAe™I? + O(€?), we expand the expression to read

> (aﬁR,(ﬂé—’aﬁ Dyri o k)d, 072 Ae™3®
1=1,2

R (aﬁ (K991 D, ri o k) aaafzeZe—W))
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Unlike in our past uses of the normal form transformation, the approximate wave packet
term occurs as the right factor as opposed to the left factor. Therefore it will more
convenient to use the right-hand j-Fourier transform. Since the Riesz transforms R;
have scalar-valued kernels, one can regard them as acting on the right. Therefore taking
the right j-Fourier transform of this expression and using (3.8) gives us

Z (zn)Z//(]:R[ Ikz laj]D[rllOK)](s )‘Bkgz('zl' éll)ij[Eajer‘Mb](fE/))dg/

1=1,2
(4.50)

To avoid dealing with singularities near zero in frequency, we also make another sim-
plification: We decompose this integral into the domains |§’| > 4k and |£'| < 4k; since
|&€ — &’| is bounded away from 0 and oo, we can trade derivatives in the low frequency
|&’| < 4k for constants. Normal form transformations can be constructed for these
low-frequency contributions just as for terms with |j| < s without needing to use the
commutator structure as we have done above.

Hence without loss of generality we consider only frequencies |&’| > 4k. On this
region, we have since |§ — &'| < %k that

& _&|_

& 16—l & k| lE-g1 _ C
&7 ]

&1 1€l &1 17 518+ 5k 1€

IA

which gives the promised gain of one derivative. With this, we adopt the ansatz
(J1,j2)
F 12351

=2

=12

+ Z (271)2 // ‘>4k(_7-—R[n]k2 1311 DZrHOK)](E)Ql(S ki, g)}—R[Gajer_”W](g Z;‘))ds

(2n)2 //s| 4k(_7-'jR[i11k2_’aj‘ D,rﬁofc)](s/)Qg(g’—kﬁ,5/).7-"jR[eajZZe_j‘f’](g,E/))dé'

Substituting this ansatz into (4.34) using (4.50) as the forcing term yields the same formal
system (4.39)—(4.40) as in the last section, and so are given by

o — ((1&" — kil — I&"] — [ki]) (k&) (E_/ B i)
O (& — kil — €] — [ki])? — 4k|&'| \|E']  IE]

I (—2wk&y) ( § 2) 450
ot (&' — ki| — [&] — [ki)? — 4k|&'| \IE'|  I£] (352

4.51)

Hence, denoting Q((;{_lééﬁ) 32((‘{13{)? o k1 as before, Lemma 4.2 gives us the estimate

1
DI QUSE I + 1D QS ) +IDFQUSE 112 < CE? +€%)  (4.53)
Moreover, because of the above gain in regularity, the higher order error terms are

controlled just as in the previous section as well; in particular by Proposition 4.2 we
have the estimate

(32 + | D(Dyr 0 i)l grs—1 < CI(D + DD (0 0 k)|l prs—1 + CeE? < CeE?
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and
182 + [ DD(D2r 0 i)l -1 < CII(O2 + [DN(Dyot 0 k)| ot + CeE? < CeE?

The rest of the details are left to the reader.
Estimates of (4.28) and (4.29).

Finally, we mention the modifications to this construction that need to be made in
order to account for the term (4.29); this term is easier to estimate because it has more
regularity than (4.30). The treatment of (4.28) is almost identical, and so we omit it.
First note that by Proposition 4.2 we have r ~ —p' and p* ~ HpT and hence it suffices
to estimate

Dol 1 o _— o ~
Z // 1 ~—§(I—'H) A(aﬂH(B”p')aa — 0,H @ p )8/3)D,8/2(I—HE)3]1<
Ji+j2=]

— AH( (@7 p})0w = @7 p)0p) Do (1 — Hp;;k)) da dp

The normal form to account for this term can now be constructed exactly as for the term
J4. If we denote this normal form by Q4.29), we again arrive at the estimates

1 1
11D]2 Q(4.29)||H% + 1Dy Q(4.29)||H% + D7 Quao)ll 2 < C(€E2 +€%) (4.54)
The higher order terms can be estimated in a less careful fashion than the higher order
terms corresponding to .%;. We omit the details.

4.3.4. The normal forms for (4.25) and (4.26). Unlike the other quadratic terms, (4.25)
and (4.26) arise in the energy inequality in such a way as to need significant preparation
to be accounted for by a normal form transformation. In order to do so we must introduce
higher order corrections to the original energy.

As in previous sections it suffices to account for terms of the form

//(9 0 k) - hardp(8 o k) dadp = //(9 ok)  —retRa|D|(0 ok)dadB  (4.55)

where 6 = plil oLl

We first rewrite the term corresponding to 8 = pl/l with 0 < |j| < s so that we can
use a normal form transformation to account for it.lAs usual we write ~ to indicate that
we have omitted terms that are controlled by C(E2 + €2)3. Since we have the estimate

||(3t2 + |D|)p[j]||L2 < CEE%, we have
/ / (P 0) - R Ra DI 0 k) dar dp

~ / (P o k) - Ay Ro (oW 0 )1y dr dP

Suppose we add the correction

/ (P 0 k) - —FarRa(pl) 0 1), derdB (4.56)

to our energy. Then taking a time derivative of this correction (4.56), adding the result
to the above term, and using Proposition 2.1 and R} = —R; yields the terms
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/ / (P 0 1), -~ Ra (oY) o ), dar df+ / (P 0 16); R Gant (P 0 1)) der dB

These terms are not yet removable by the method of normal forms, since the crucial
cancellation in Fourier space is not present. However, we can alter these terms in a
straightforward way so that the null structure is apparent at the expense of suitably small
error terms. First, add terms identical to the above except that the sign is reversed and
the substitutions 9, <> dg and R <> R, are made:

J[ @ e ipRio o dadg+ [ [ @10, RiGian o 0 0) dad

Since the B derivatives fall on A in these terms, they are controlled by C(E L €2)3.

Now associate these terms so that the null structure is present. Using Lemmas 4.2 and
4.3, we see that the terms

/ (oY o) - (iﬁﬂzl (oY 0 1) = Rt Ra(p! o K») da dp
have the null structure needed to complete the normal form construction. The remaining

pair of terms must be altered further. Since | j| > 0, there exists a multi-index j; of length
1 so that we can write j = jj + j’. Then using Propositions 2.8(b) and 4.3, we can extract

a derivative from the term (pl/1 o k), with the estimate || (o1 o k), — 37! (p[j/] ok )tllp2 <

CeE7. This allows us to rewrite the remaining terms as
/ (o), - (R1 (pus (01 0 1)) = Ra (e (pM1 K))) da dp
~ / (0o, - —(aflnl(i,enw“] 016)) = 3/ R (harr (] ox») da dp

= / / (0o k) =R, (iﬁn(p“] 0 1)e — harr (P10 x>ﬂ) da dp

which is now in the proper form to be accounted for using the method of normal forms
using Lemmas 4.2 and 4.3. The terms in the sequel that will be accounted for by normal
forms can all be treated in the same way.

The case & = p must be handled slightly differently since we do not have control of
p in L2. We add the correction

/ (pok)-—ry(poK)sdadB (4.57)

to the energy; taking a time derivative and combining with the third order term corre-
sponding to & = p contributes the following terms in the energy inequality:

[ @orn-~Guts + 35300 o) da

~ [[wo0n-~2iutponsdads

which are again accounted for using normal forms.
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We now turn to the terms corresponding to & = ol/1. Observe that when |j| < s
we can proceed as above at the expense of adding analogous corrections to the energy.
This method fails when |j| = s because we can no longer control (8,2 + D))ol with
our energy; we therefore proceed more carefully. Consider the following candidate for
correction to the energy:

1 1 . ~ . .
5 // —a(o[ﬂ oK) - raRa(eW o k) + (ol o k)
1 - ~ )
5 ((N X VYiaRa + e Ra(N x V)) (Y o k) da dp (4.58)
If we take a derivative with respect to ¢ of this correction, we have of the first term by
Proposition 4.1 that
d Ly z L1
i ——(Y oK) - AgRo(cY oK), da dB
a
1 , - )
~ // —a(a[” 0k)i - raRo(@W o k), dadp
1 , - .
+// —a(am 0k)r - AgRa(o o i)y da dp
Lo z Ll
+ —a(o 0K - AgrRa(cY ok)dadp 4.59)
If we add the correction
1 . - ;
// E(a[ﬂ ok) - riRa(al o k), dadp

to the energy and combine its derivative with respect to ¢ with the last of the terms above,
we have after an application of Proposition 2.1 that only the following terms remain:

/ / é(a“] 0 1); - RaCrart (01 0 1)) dar df

1 . - .
+// —(@W oK) At Ra(@ Y o k) da dB
a

The first of these terms is accountable with a normal form transformat}on. The second
we rewrite using the estimate [[(37 — a(N x V))(aU! o k)|[;2 < C€E? as

1 . - .
// a(o[ﬂ 0k) - At Ra(@ W o)y dadp

~ / / (é(o[ﬂ ox)) - (urRa(aNV x V)@ o k) dardp

~//— (1(011" OK)) : (7\0,,732|D|(a'f' oK)) da dp
a
~/ —(06Y o k) - At R2|DI(0 W 0 k) da dB

In particular, note that the error terms neglected from the second to the third line above
containing

(a(N x V) +|D|) (e o k)
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are controlled using Proposition 2.10 and complex interpolation after decomposing sim-

ilar to (4.43). This is possible because (o171 o k) /a is controlled in H 2 by the energy.
Next, taking a derivative with respect to ¢ of the second term of (4.58) yields the
expression

%//(am oK) % ((N X V)AgR2 + AgRa(N x v)) (0 o) da dB

~ [f@en
+/ CALEYIR
+/ (CALEYIR
+//(a[j]o/c)-

The fourth term above is directly controlled by C(E 2 +¢€2)3 thanks to Proposition 2.10.
The third term must be rewritten further; indeed, using Proposition 2.1 we have

(N X V)igRa + iaRa(N X V)) o o k) da dp

(N X V)igRa + iaRa(N X V)) 1 o k), da dB

N = N = N = | =

(
((N X V)i Ra + har Ra(N x V)) (0 o k) da dp
(

[8;, (N x V)AaR2 + haR2[d;, (N x V)]) (e o k) da dB
(4.60)

2)3

, 1 /- . , 1. .
ok - 5 (Aa,Rz(N x V)) (o) = (N x V) (oW o) - 5szm(a[ﬂ oK)
from which we have
//(a[ﬂ oK) - % (Xo,,Rz(N x V)) (0 o k) da dp
= //(o[ﬂ oK) - %(N X VYRora (0 0 ) da dB
~//1(p'” oK) - %(N x V)[R2, hatl(0V) o k) do df
a
+//(am oK) - %(N X V)XQ,RZ(GU] ok)dadp

and so because [R», Xa,] gains one derivative, we can eliminate the first term of the
last expression with a normal form transformation. What remains of the third term from
(4.60) can then be further rewritten as

//(a[ﬂ oK) - (iatRz(N x V)) (oY o k) da dB

~ / —(0Y o k) - ke R2IDI(cY o k) da dB

Similarly, the first and second terms from (4.60) can be rewritten as
= //(a[ﬂ 0 k) - rgRa(N x V) (oW o k) dadp

+//(N X V)(U[j] oK) ~)~»aR2(O'[j] ok)dadp
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at the expense of terms containing commutators [R, ia] which are therefore susceptible
to elimination by normal form. These terms then combine with the outstanding terms
contributed from (4.59) to yield the quantities

// l(aU] 0 k) - AgRa(Pall o k) da dB
a

+// l(pa[j] ok) - rqgRo(oV o k) dadp
a

which is controlled by C (E L €2)3. In summary, we have shown that the time derivative
of (4.58) is

/ —(0Y o k) ket R2|DI (0 0 k) dar dB

1
up to terms that are either directly controlled by C(E2 +¢2)3 or which can be accounted
for using a normal form transformation. Therefore adding the negative of (4.58) to the
energy eliminates the remaining third order terms corresponding to § = o'l/1,

Remark 4.2. The quadratic corrections Ol/! of the normal form transformations con-
structed in this section no longer control the quantities

. l . .
ID7 QYN 2, 11D DQYN 2, [11DIQYVT] 2

This is because we allowed ourselves to construct normal forms from unknowns of the
same regularity of o in the above section, which is a half-derivative less regular than
those constructed in previous sections. However, in the sequel we will see that we only
need control over the quantities

1D, QUY 2, |11D12 QY12

5. Justification of HNLS in Transformed and Eulerian Coordinates

We have now constructed all of the quantities needed to begin the proof of Theorem
1.1. We proceed in three steps. The first is to use the quantities constructed in Sect. 4
to construct the energy in earnest and show that it implies an appropriate a priori bound
on the remainder. Next, we must take the approximate solution ¢ at time r = 0 and
construct from it initial data for the water wave system (1.2)—(1.3) that satisfies the
compatibility conditions of this system and is sufficiently close to the approximate
solution at + = 0. Since the system (1.2)—(1.3) has a local well-posedness theory in
H*, the next step is to establish O (¢ ~?) existence times for the full problem with this
initial data followed by bootstrapping to the approximate solution using our a priori
bound. Finally we demonstrate Theorem 1.2 by showing that the initial data given in the
hypothesis can be used to construct suitable initial data in the sense of Theorem 1.1.

5.1. Construction of the corrected quantities, and the a priori energy bound. With all
of our normal forms and third order energy corrections constructed, we at last have the
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Definition 5.1. Fix some s > 6, and let QE)j], ([,] I denote the sum of all of the normal
forms constructed in Sects. 4.3.1-4.3.4 for pl/l and ol/], respectively, along with the
corrections to SU/1 given by (4.46) and (4.49). Then define RU! = p+ QE)j] and SV! = o +
QY. With the & defined as in Proposition 4.4, set €(1) := 3" ; -, & RU)+£ (S +¢3,
where &3 consists of (4.45) as well as the sum of the third-order corrections derived in
Sect. 4.3.4.

Then our work in Sect. 4 demonstrates that using Proposition 4.5 along with the fact
1 . .
that | &3] < Ce(E2 +€2)?, we have the conclusive estimates

Corollary 5.1. For s > 6 and €y > 0 chosen sufficiently small, for all 0 < € < €y we
have the estimates

D DN+ ID a2+ DI, <€ DT DRV T+ D SUY, +CE

[jl<s [jl<s
DD+ 1D1Ze VN, < € D7 DRV, +| D]V |2, +C€
[jlss [j1<s
E<CE&+Ce

We now present the following energy inequality.

Proposition 5.1. Let s > 6 be given, and let Ty > 0 be the existence time given in the a
priori assumption on ¢. Suppose that €(0) < Moe®*. Then for every 1 > 0 we have the
a priori bound

1 2—t
sup E()2 < Ce

0<t<min(Fe~2,Tp)
where C depends on k, s, My, ||A0||Hs+13ﬁH3(0+) and t.

Proof. We would like to demonstrate first that the inequality

de
_<( Ez 3
dt (EZ +&%)

holds. Begin by expandmg through Definition 5.1 and Proposition 4.4 as follows:

—=> // ADt D? — A(¢pdy — gaaﬁ)) RV da dp

j1=s
1 .
// ) IRV — U (%)|Dtsm|2dad,3
+//—Dts[ﬂ : (D,2 — A(Lpd — ;aaﬂ)) Sl do dp
+ & + / / D,cﬂR“] D,caR[ﬂ”)

— s ((D@)SL” — (Di)Sy") dadp
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By Proposition 4.1 and Corollary 5.1, the second line is bounded by C(E L €2)3. By

our work in Sect. 4.3.4 we know that the fourth line is of size at most C(E% +€2)3. The
remaining terms are analyzed by decomposing them as in Sect. 4.2, except that in some
of these terms occurrences of D, p U1 and D,ol/1 in Sect. 4.2 are here replaced by D,RU/I
and D,SU1 where appropriate. This replacement does not change the estimates thanks to
Corollary 5.1. Generally we decompose all of the factors of the nonlinearities into sums
of remainders and approximations. Most of these terms are straightforwardly estimated
using the estimates of Sect. 4.1. We list only the terms requiring further treatment:

1. Ostensibly quadratic terms involving operators of the form [T, H]0 with 6 = —H#.
2. Terms involving the residual of the equation P8 = Gy.

1. There are several quadratic terms that can be quickly written as cubic using almost-
orthogonality methods. For example, for & = p, o0 and ® = R, S respectively,

// —}40,@[/'1 [P, H1076 da dB

As it stands, the commutator [P, H]976 is only quadratic. To treat this term, we use the
identity (I — H)[T, H] = [T, H](I + 'H) to exploit almost-orthogonality. Write

1 _— 1 1 L1 AR .
ZD,®[J] = 7D+ - H)ZD,Q[” 5710 H1oU! + 3 [71’ H] D6l

Then, letting ~ denote that we have omitted terms of size C(E 3 + 62)3, this yields

// —%D,@“L[P, 11070 da dp ~//—1(1 —H)%Dzel”-[P, H1070 da dp
= [[ 5o ot =P e ducap
+//——D,9U1 [P, HIUI +H)d’0 da dp
//__D, —(H HH[P, H1076 da dB

i // _ZD’QU] [P, HIH, 310 da dp

All of these integrals are controlled by C(E% + €2)3 by Propositions 2.8, 4.1, and 4.2.
The other terms arising from the energy containing the commutator [P, H] are treated
in the same way.

Similarly, the term

DRUI 1 ~ ~
// : 5(1 = 10)(G = PU — Hp)3k) da df

contributes the following difference of commutators:

D,RUI 1 N
] 2530 =10 (1D HiD 15, FADET) dad
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As above, we can decompose this difference as a sum of differences involving approx-
imate and remainder quantities and use an almost orthogonality argument to gain an

C . . I
extra factor of smallness. This implies the above is bounded by C(E?2 +€2)3. The other
terms arising from this quadratic commutator are treated similarly.

2. As mentioned in Sect. 3, the residual is only of appropriate size provided it is estimated
in the context of the energy estimate. Recall from Lemma 3.2 that the residual yields an
integral of the form

1 o1 .
- Ul Z¢7 _ J(r — 4
// AD,R 2(I H)d/ (I — H)e

-1
1 o .
x (I =Ho) Fo+ 5 (I +Ho)F + > SpePie D" 8,em? ) dadp

n=-3 0<|m|<3

As in (1) we know that A~!D,RU1 is almost-holomorphic, and so it suffices to treat

—1
1 . . 1 - .
//ZD,RU]-e“aJ (I—HO)F0+§(1+H0)F+E_3Sne"ﬂ¢n+0<§|m<3$;1emﬂ¢ da dp

First, by Lemma 3.2 we know that Fj is scalar-valued. Therefore we can write
L RUT. ¢4gi
ZD,R~ -€707 (I — Ho) Fo) da dp
L RUT. ¢4y
= e —HO)ZD,R/ -€"d' Foda dp
L RUT. ¢4gi 1 U1y . 4
~ (H — HO)ZDIR T e Foda dB + ZDtSR(R Ny €9/ Fyda dp

and all of these integrals are of size at most C((’E% +e2)3

argument treats the term

. A similar almost-orthogonality

1 : 1
// ZD,RU] : 64315(1 +Ho)F da dB
1 . 1
~// ZD,RU] -648/§(H0—H)*Fdozd,3

which is now seen to be of size at most C(G% +¢€2)3. Since the terms 2;21_3 S, +

,;1:73 S/ e™3® are all almost-antiholomorphic, they are disposed of similarly. Finally,
taking only the term m = 1 above for simplicity, we know by Lemma 3.1 that Eae’jq’ =
%(1 + Ho)g/le_w up to a term of size at most O (€%) in L2. Therefore we can use almost

orthogonality to write

// S DRVt (S;ew) do dp

1 . . . _ .
- // DR o) (S;eM’ +S’1e<ﬂ¢) do dp
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U
_ _ L1, 4qJ —i¢
//ADZR 2y (Sle )dad,B
1 . o
~ // S DRI - o) (S;e-ﬂ¢+sle M’) do dp

1 Gl .
_ — L1, Z — YA 4
// DR 2 (Ho = 1€t (Sle )dadﬂ

all of which are bounded by C (QE% + €2)3. The estimates for the residual of the time
derivative is essentially the same, so we do not estimate it explicitly. Summing all of
these estimates gives us (a).

Applying Corollary 5.1 gives us the inequality

de i
— <C(E2 +€%)?
dt — ( <)
We begin a continuity argument. By hypothesis we know that €(0) = Mye®. Let T*
be the first time at which &(T*) = 4Mye*. If T* > T €2, then choose .7’ = 7. If

not, then on the interval [0, 7*] we have ‘2—?5 < Coe6 from which we have immediately

that €(¢) < €(0) + Core®. But then if we choose .7 so that Cy.7’ < 2Mj and assume
further that 7* < 9’¢ ™2, we find that at t = T*,

4Moe* = &(T*) < €(0) + Co.7'€* < 3Mye*
which is a contradiction.
Finally, following the idea given in [13,14], we remove the restriction on the time
' < 7 in the above estimate by extending the validity of the a priori estimate by a

logarithmic factor of € at the expense of enlarging the error bound slightly. We have just
established that there exists a time .7’ < .7 so that

€N <Cie?, 0<t< Tl
Introduce an n € N to be fixed later. Applying the above estimate n times yields

1) <Cre?, 0<t<nT'e?
Suppose that ¢ > 0 is chosen so that C! < €™*. Then n < (|log(e)|/log(Cy). For €
chosen small enough the set of all positive n satisfying this inequality is nonempty; fix
n to be the largest such satisfying this inequality. Then we have

€@ <€, 01 < [iloge)l/log(C)] T'e™?

But now forany ¢ > 0 and .7 > 0 we please, we may choose €; > 0 so small depending

ont, 7', Aol gs+13nm3(s) S0 that [t|log(e)|/log(C1)].7" > T, as desired. O

5.2. Construction of appropriate initial data. Now that we have a suitable a priori
estimate we can show that there is a solution to the water wave problem (1.2)—(1.3)
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which remains closer than O(e2) in Sobolev space to the approximate solution for
0 (e7?) times. To start, we need the following local well-posedness result with blow-up
alternative of [21]:

Theorem 5.1 (c.f. also Theorem 4.3 of [22]). Let s > 5 be given, and suppose that we
are given initial data

E0)—P=¢y— P e H>NHY

2,(0) = ug € H'*?
En(0) =wo € H*
a(0) =ap € H*®

for the system (1.2)—(1.3) which satisfies the compatibility conditions
Ro) =0 (I —Hguo=0 wo+k=ao(dx%0 x dpo)

with ag given by the formula in Proposition 2.6(b), and suppose further that there are
numbers vy, No > 0 so that ¢y satisfies the chord-arc condition

Iéo(a,ﬁ)—io(a/,ﬁ’)|<
@p) <@ py |, B)— (' ) ~

vy < No
as well as that 0,0 x g ;‘0|_1 < Ny. Then there exists a time Ty > 0 and constants
v, N depending on || |D|%(§0 - P)||H 1, “uOHH“%’ and ||wo|| gs for which there is a

S+2
solution B satisfying (1.2)—(1.3) with the following properties for all 0 <t < Ty:

o 38 e (0, Tol, H*' i)
[ ]
=) = ! !
L B@p Bl

=< <N
@p£e.py 1 p)— (", Bl

o |EaxEpl7' <N

Moreover, if T is the supremum of all such times Ty on which the above solution & with
the above properties exists, then either Tj = oo or

| E¢llwissziesco + (1Bt |l is/2143.00
E(a,B) — 2@, p 1
+ sup & P) (/ /ﬁ )l + — — ¢ L*[0, T(;k)
@p£.py 1, B)— (', Bl |8q x Epl

Ideally we would like to take the approximate solution ¢ of Sect. 3 and use (¢, &,
Ezz, fl) as initial data. However, this candidate for the initial data need not satisfy the
compatibility conditions in Theorem 5.1. To rectify this, the a priori bound of the last
section guarantees that if we can find data sufficiently close to the approximate solution,
the resulting solution will remain close for the appropriate time scales. Hence it suffices
to construct initial data so that the energy of the remainder is sufficiently small initially.
This is done in the following
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Proposition 5.2. Let €y > 0 be chosen sufficiently small. Then there exists initial data
(¢o, vo, wo, ag) satisfying the compatibility conditions for the water wave problem.
Moreover, with this initial data the initial energy €(0) constructed through p(0) and

o (0) has the property that QE(O)% < Cé.

Proof. The reader is reminded that we have chosen the initial parametrization so that
k(a, B,0) = P; therefore all of the formulas derived in the new variables continue to
hold in the original Lagrangian variables when ¢ = 0.

In order to construct the initial parametrization, we use Banach’s Fixed Point Theo-
rem. Define the functional

F(f)=U+Hpp — Krep)3(0)k

By the coarse estimate [|[F(f)|| gs«1 < C(1 + || fllgs+1) we see that F : Hs* — s+l
Moreover, by Proposition 2.9, we have for f, g € H® the estimate

IF(f) —F@lgset < NHpep — Herr)3 Ok + (Krip — Kgip)3(0) K]l pss
< CIf — gllgs+1 1300) [l yoc.se
< Cellf —glgsn

and so for ¢g > 0 chosen sufficiently small F is a contraction mapping. Hence there
exists a unique A9 € H**! such that

ho = (I +Hg — Kg)3(O)k,

where we have denoted {y = Ag + P. Taking the k-component of this equation implies
30 = 3(0) and so Proposition 2.5 implies that the scalar part of X is zero. Denote by

H|o and K| the operators 7{ and K evaluated at # = 0, respectively. Using Proposition
2.8 we have the estimate

Mo — A= (Mg — Kgp) = (Mg ) = K )3k

+ (Hz ) — Kz o)) — (Hlo — Klo)3k

+(I+Hlo = Klo)3(0)k — 4(0) (5.1)
Now we can choose ) < 0 sufficiently small so that

| Ao — A(0)|| ys+1 < Ce* +Ce® < Ce? (5.2)

Using (5.2) we similarly have the estimate

| 1DIGo = 2O+ < Ce (5.3)
Let Ny = 0480 X 9o and ng = No/|No| be the outward unit normal to X (¢); choose

vo = (I +He) (no (7 + (g — K + (Heono}3) ™'5:(0))

We clearly have (I —H,)vo = 0, we have {vo}3 = 3,(0) by construction, and R (vp) =0

by the definition of the Hilbert transform. (The operator (1 + {ng — k}3 + {H, nol3) " !is
a small perturbation from the identity and can be constructed as usual using a Neumann
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series provided €y > 0 is chosen to be sufficiently small. We leave the routine details to
the reader.) Finally, to satisfy the compatibility conditions, we set

wo = ap(dx&o X 9pd0) — k

which clearly satisfies it(wg) = 0, and where we are again forced by compatibility to
define ag so that it satisfies the relation

ap = (I — K¢ ™! {]k+ [0r, Holvo + [a0(388000 — 00$00p), Heyl( + Hey)z0k
+ (I —H) (—a00820 x (9Key30k) + aodelo X (0pKg30k) + ao(dgro X 3/5/\0))}3
5.4

That such an ag exists follows by a fixed point argument in H* applied to the map

G(f) = (I = K™ {180, Moy Tuo 4101 + £)3ptoda — duodp), Hey 1 +Hay ol
+(I—-H) (—(1 + )30 X (3:K¢030k) + (1 + f)dx &0 x (9K¢30k)
+(1+ ) (@eho X a,gxo))]3

We now give another relation between the quantities vy and )2, (0). Since | VAL~ < Ce

and the data is constructed to lie in H**! x H** x H ¥, we can apply Theorem 5.1 to
construct a solution E having all of the properties listed in the theorem on some time
interval [0, Tp]. In particular we have ¢;(0) = vo and ¢+ (0) = wq. Taking a derivative
of (2.10) with respect to ¢ and using gives

A= =10 H—KIG—Dk+UT +H—K)G — 3k
+ [a,, ((H )= (H— K))]gm ((H —K) = (H— /%)) 5k
+9, ((1+ﬂ—/€);;1k—i)

By our construction of vy, the term (I + H — K)(3; — 3;)k vanishes for t = 0. The other
terms evaluated at ¢+ = O give us the estimate

Ivo =4O 11y < Cellvo =4Ol .y +Ce+Ce®

2
5 3
= Cellvo = 2O .1 +Ce
and by choosing €y > 0 we obtain the estimate

lvo =4Ol .,y = C€’ (5.5)

D=

We first use this to give a bound on the remainder of ag. Note that no second derivatives
in time appear in the formula (5.4). Therefore, since A(0) satisfies the approximate

version (3.33) of (5.4), we can decompose ap — fl(O) asin (4.13) and use (5.3) and (5.5)
to arrive at the estimate

lap — AO)|| s < Cé? (5.6)
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Next, we use these estimates to show that (0) < Ce3. The decompositions here are
similar to those in the proof of Proposition 4.2. First consider

1 -
p(O) = 51 = Hyy) (1 = Hep)sok — (1 = Hz)3O)K)
Decomposing ¢y = E(O) + (o — E(O)) and using (5.2) and (5.3) yields the estimates
1DEAO) .y =€ and  [[(DIDO)] 4+ = CE

By Proposition 4.2 and Corollary 5.1, we know that |jo(0) — (D; ,0)(0)||H 1 <

sty —
Ce(€(0)2 +€2) and [|(D;0)(0) — (D?p)(0)|| s < Ce(E(0)2 + €2). Hence it suffices
to show [l (O)]] .1 < Ce’ and ||(D,2,0)(0)||HS+% < Cé3. Write o as

1 ~ ~
o = 31 =) (1D, Hlsk — [Dr. Hz k)

1 ) _
451 =H) (4 = H)(Dy3k = Dijlo + (H — Hp) Dijk)

and decompose into approximate plus remainder quantities. Then evaluating at t = 0
and using (5.3) and (5.5) yields the estimate ||o (0) ”H”% < Cé3. Since we do not have

adequate control over A (0) — X,,(O), we cannot estimate Dl2 p(0) as we did for o (0).
Instead, we use (4.4) to write

D} p = AGppa — Cupp) +G)p

We note that no second derivatives in time appear in either the null-form term or the cubic
term G ,; similarly the formulas for ag also do not depend on second time derivatives of
&. We can then obtain the estimate by decomposing into approximate plus remainder
quantities, evaluating at t = 0, and applying (5.3), (5.5) and (5.6); we omit the details.
O

5.3. Long-time existence of wave packet-like solutions. It is now only a matter of com-
bining Theorem 5.1, Proposition 5.2 and Proposition 5.1 in a bootstrapping argument to
give the

Proof of Theorem 1.1. We begin by choosing initial data Ay € H**'3 N H3(8) of the
HNLS equation (3.18) for some § > 0, and moreover choose B(0) = 0. By Proposition
3.3, there is a time .7 > 0, a solution A to (3.18) in C([0, 7], H**'3 N H3(8)), and a
solution B to the Eq. (3.24) in C ([0, 7], H*10N 1.2(8)) with B(0) = 0. This guarantees
the existence of the formal approximation  constructed in Sect. 3.

This approximation is used to construct the initial data given in Proposition 5.2.
We have by the estimates of that proposition that |V({o — P)||z~ < Ce, and so for
sufficiently small €y the chord arc condition and |9,y % 9 §0|_l < Np hold for some
Vo, No. Thus we are guaranteed the existence of a solution E to the water wave problem
having all of the properties listed in Theorem 5.1 on some interval of time 7Ty > 0.

We first turn to constructing the change of variables «. We can construct « through
(2.6); we know that this x can be written as

t
k(a, B, t) — P =/ b(k(a, B, 1), T)dT
0
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where by changing variables in (3.13) we know that
(I =) (bok) =—[0, HIU +Hzk — (I — H[9;, Rlzk — (I — H) Rz k

Hence, we canbound ||V (k — P) || Lo by C|z; || 1, » and so we can choose Tp sufficiently
small so that « is a diffeomorphism. Then, we can therefore construct { = E ok~ on
[0, To], and all of the formulas and equations in Sect. 2 are now valid there.

We begin a continuity argument. Let 7" be the largest time for which & exists as in
Theorem 5.1, and for which « is a diffeomorphism. As in Proposition 5.1, let 7" denote
either .7 in the case where ¢ = 0 or .7 in the case where ¢ > 0. If 7" > .7" €72 then
we are done. If not, then by the estimates on the initial data given in Proposition 5.2,
the a priori bound of Proposition 5.1 holds, and so the estimates of Sect. 4 are valid. In
particular, Proposition 4.3 now guarantees the control ||V(k — P)||p~ < Ce, where C
is independent of T . Therefore & = ¢ ok, 8; = (D;¢) ok and E;y = (ng) o k must
agree with the original Lagrangian quantities by uniqueness, and moreover must satisfy
the estimates

- - 2
8¢ llwisrzis.00 + 1 Ere llwisr2i43.00 < CUIDE yisrzies.o0 + 1D E Nl yis2i43.00)

~ o~ ~ o~ 1
< CUID: Il 213,00 I DFE Nl ypisasnaoe ) +C (E 2 +€%)

§Ce+C62
< Ce
as well as
1 1 1
— 1< = —l= 1 —1=Ce
[8q x Epl I = C|V(E — P)|lL> I =C|IV(& — &7 DllLe
and

|8, B) — B, B

1<C|V(E = P~ < CIV(& =k Do < Ce
@p £ py I, B)— (', B

with C independent of 7;; throughout. But then by the blow-up alternative of Theorem
5.1, we can continue the solution E to a larger interval [0, T}"] with T < T}". By
choosing 77" smaller but still strictly greater than 7;j" we can also guarantee that « is
a diffeomorphism on [0, 7}"]. But this contradicts the maximality of 7;;'. Therefore &
exists on the time interval [0, .7”¢~2] and ¢ also exists on [0, .7”¢~2] and satisfies the
bounds of Proposition 5.1 there. O

Finally we give the

Proof of Theorem 1.2. The conclusion follows immediately from the conclusion of The-
orem 1.1 and Corollary 1.1 along with the definitions of &, T, h, 7. Equally straight-
forward is showing that the initial data constructed in Proposition 5.2 also generates
appropriate initial data for Theorem 1.2. We need only show that the initial data g, vg
given by the hypothesis can be used to generate initial data in the sense of Proposition
5.2.

Following the proof of that proposition, we use a contraction mapping argument to
construct Ao € H**! satisfying

A= +Hg — Kgy)(ho o T)k

Taking the k-component of this relation implies that 30 = /¢ o 7, and so by Proposition
2.5 we have M (19) = 0. Since 3 = h o 7, we have that
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o — 1(0) = ((H;O — Kg) — (H — /6)) (ho 0 %)+ (I + H — K)Usz (ho — h)

which by hypothesis yields || | D] 5 (Ao — A(0)) ”H‘H% < Ce*tn,

Similarly, let Ny = 8480 x 98¢0 and mg = Np/| Nyl be the outward unit normal to
2(t); choose

vo = (1 +Hey) (no (7 +{ng — s + (Heyno}3) ™ (v 0 7))

We again have (I — Hy)vo = 0, {vo}3 = v o 7, and N (vp) = 0 by the definition of
the Hilbert transform. One defines the initial data wg, ag by compatibility through ¢

and vg as in Proposition 5.2. This allows us to assume local well-posedness of E and
hence derive the bound |jvg — A || orh 8 in Proposition 5.2; the term that was designed

to vanish in that estimate is instead bounded by Ce?*" by hypothesis. One follows the
proof of this proposition to similarly bound the initial energy by 6(0)% <Ce™. o

Appendix A: Formal Expansion of the Hilbert Transform

We give a detailed derivation of expressions for the expansion of the Hilbert transform
‘H in terms of only the flat Hilbert transform and its commutators with approximate
quantities as defined in Sect. 3. Our starting point is the power series expansions (3.6)—
(3.7) allowing us to expand 7 into a series of operators homogeneous in A:

oo
H=> M,
n=0

A.l. Contributions from H. We read off that

-
= kf'dP’
=gy 2//|P P/|3 !
2712//|P P|3()L XJ+nxA5)fdP

P—P (P=P)-G—=2)_ .
F//_3|P—P/|3 popp AP

=hLh+Dbh+13

At this point we can write both /1 and /; in terms of Riesz potentials and Riesz transforms:

= [Ak, —|DI1f
= Ho(—k(re x j+1 x Ag) f) = Ho {(xa +1p) [ + KD3) [}

We write I3 in the same form by writing it a commutator of ¢ with k f and of y with k f
by the convolution operators

P P/ U / / / ! /
I = 27,2//( T P/|5)((a—a)(x—x)+(/3—ﬁ)(n—n))ﬂ<fdP
=[x, TEIKf + [y, TP 1K,

where we can rewrite these operators 73* and T3’3 by a computation on the Fourier side,
giving
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Pa .
Pﬁ
= 3 = j|D| — Hoka
= p-v.(—= )2 Ve IID| — Hokdg

and so using the formula |D| = HokD we simplify to find that
Hif =~ DNk f

+[r, 1[D] — Hokdo ]k f
+[0,J1D| — Hokoglk f
+Ho{(a +1p) f + (&D3) f}

= —[A, DIk S + [x1, DIk f1+ [v], D]k f
+Ho {(kD3) f}
+[x, Hodo 1 f + [0, Hodpl £ +Ho { (e +0p) £}

=[5, IDI1f + Ho {(kD3) f'}
+[r, Holda f + [9, Holdp f

and so

Hi = [z, Holda + [0, Holdp + [3, HolkD
= [(x +]3), Holda +23kR204
+[(p — 13), Holog — 23kR108
= [(x+13), Holds + [(n — 13), Holdp

Introducing the quantities p; = ¢+j3 and p = 1y — i3 along with 9, = 91 and dg = 95,
we can express this formula compactly as follows:

2
Hif = [pi, Holdi f (A.D)

i=1

A.2. Contributions from H>. We again read off the expansion in terms of Riesz poten-

tials:
A=A (P=P)-(A=1)
-3 kf'dP’
=3 //|P P/3( ) P — P2 !
P—P 3\ [x— 22
— —= k f'd P’
+2n2// |P—P’|3( 2) p_ppS
1 P—P [(15\ (P —=P)-(n—1))?
+_// 15 (« ) ( ) kf'dP'
272 [P—PP3\2 |P — P/|*
pY
2712 = P’|3()\ xy+nxkﬂ)fdP

PP PP O
2712 P_pp )T popp e xdiTixApS
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A, X M) f'd P’
2n2//|P P|3( )
=h+DhL+I3+14+ 15 —Ho(k(Ay x Ag))

Many of the same operators appearing in our calculation of /| appear here. We have
immediately that

Iy = =[x, DN {Ge +vp)kf — (D3) f}
As in the calculation of |, we have
Is = ([z. 31DI = HoXkde] + 9, iID| — Hokdpl) {(ta + )k — (D3) )

We cast I; as the sum of two double commutators by the convolution operators

l «
TF = p.v.(=3 — 0y |D
1 pV( )2 2 |P|5 | |
B _ L B, _

and so
I = =[5 3Dl + [0, 95 DI} [k

Next, writing [A —1'|> = (t —1)%+ () — )2+ (3 —3)? leads to the following expression
of I as a sum of double commutators:

I = =3 [v. &, IDID] |k f

,_.[\)|,_.

3| 0. DD 11
~3[o- . PDIis
Finally, using the following expression for the convolution operator in the term /3:
T{% = i|D| 9y + %D|D| - %Holkag
TP = (195 + §0a) D] — Hokde 0
)P = §1Dlag + %Dﬂ)l —~ %Holkag

in which we have taken pains to write these operators as differential operators with a
Hilbert transform, we have the following expression for /3:

. 1 1
I3 = [, [5, i1D13, + 5 DID| = S HokaZ] K f
+[ 1. Ls, (19 + 30)1D] = Hokdad1 [k f

. 1 ! 2
+[0. 1o, §1D1as + 5 DIDI = SHokaF1 |k
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‘We now collect like terms from /7 + - - - + I5 as follows:

[+ e+ g, (e, D131 + [, 1DI9g1) i s
+[=h+ i+ 0, D]} {(xa + vk f — (D3 f)

1
- 5[3, [3, IDIDlk f

1 1
= 5[ v, HokdZ Ik f — [, [y, Hoko Ik f

— (Ir. Hoka1 + [, Hokdg]) {(xa +9p)KS — (D3 f)

— [n, [x. Hokdu g1k f
= [=sk. (1. 1D1a1 + v, 1DIg1) Jicr

1
+[=3k. (D] {(ra + yp)kef = (D3) f} = 33 5. DDk
1 1

- E[Xa [;’ Ho]kaot]]kfa - E[Uv [Uﬂ Hokaﬂ]]kfﬂ
— [r, Hokdal {npk f — (D) f}
— [n. Holkd] (rakef = (D3) )
- [U’ [Fv Holkaaaﬂ]]]kf

In simplifying so as to reduce the degree of the operators in the above commutators, the
components of the quantity A, X Ag occur naturally. Denote the ith component of this
quantity by (Ay x Ag);. Then we continue to simplify:

=[5, [t, IDI fo — [&, ID1Ga f) + v, Hokde 1((D3) f)
+[3, [0, DI fp — [, 1D Gp f) + [v, Hokdgl((D3) f)
+[x, [0, Holl fap — [9, Hol(p fo) — [x. Hol(Wa fp) — Ho{(ha X Xp)3 f}

1 1 1
— 3l Ix Hokdglk fo — S Iy, Hokdpgllk fp — 713 5. IDIDk f

= [3, [r, HokIID fo — [3, Hokl(Dy) fo — [, HoklGa (D f)) — Holi(he x Ag)2 f}
+[3, [0, HoklID fp — [3, Hokl(Dy) fp — [v, Hokl(Gp(D f)) + Ho{i(he x Ap)1f}
+ [z, [, Holl fap — [v, Hol(xp fo) — [&, Hol(e f8) — Ho{(ha X Ap)3 1}

1 1 1
+ E[Pv [;s Hoaa]]f(x + E[U’ [Us Hoaﬂ]]fﬂ - 5[37 [39 |D|]]D}kf

By further rewriting the above so that all commutators contain only the Hilbert transform
‘Hp, we can collect the above terms into a compact formula after introducing some
notation. Denoting A = A1+ Az] +Azk as well as 9y = 9y, 02 = g, 03 = kD, we have
the formula

3 3
1
Hof == [x,»,Ho](<a,~x,~><a,~f>) +5 2 b g Holldids f o (A2)

i,j=1 i,j=1
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As we did with the operator H, we rewrite this large sum into a smaller sum involving
the quantities p; = ¢ + j3 and pa = 1y — 13 as follows:

2 2
Hof = (Z —[pi» Hol@ipj)(3; £) + D (=)' 23kR3; ((3; p,;)(&;f)))
i,j=1 i,j=1
2

1
+ (,-,Z_l Spi [pj, Hollaid; f
2 . 2 .
+ D (=123 KRy 90, f + D (—1)’2511<R3i(p,~a,-ajf))
ij=1 i,j=1
2 1
= Z (—[Pi, Hol(@;i pj)(0; f) + E[Ph [pj, HO]]aiajf)
ij=1
2 . .
+ Z ((—1)]+123)»,/11<R3—i3i3jf+(—1)’231k733—13i(1713/f))
ij=1

The second sum above vanishes because of the identity Ziz:l (—l)iR3_[8i =TRi10g —

R20, = 0. Therefore we have the formula

2

1
Haof = Z (_[PiaHO](ain)(ajf)"'E[Pi,[PijO]]aiajf) (A.3)

ij=1

A.3. Contributions from H3. We record the kernel of H3 here. For brevity, we have
further abbreviated Af := f — f:

2 |AP|° i) |AP|7 2 |AP]|7 2 |AP)
(_3AA(AP AN 5AP|AA|2 15AP(AP - AN)?
|AP|3 2 |APP 2 IAP|
+( A ; AP AP.M)(A X )
|APP T [APP |aPPR )T

( 35 AP(AP - AX)3 15 AP(AP-AVN|AM? 15 AAM(AP-AL)? 3 AMAMZ)

)(x;xjnxxg)

It suffices for our purposes to recognize that, as was the case for H; and H> above,
"H3 can be written as above involving commutators of the surface coordinates A ;, spatial
derivatives 9; and the flat Riesz transforms Ry.
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