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Abstract: The analysis of the Z% Laplace-Dunkl equation on the 2-sphere is cast in
the framework of the Racah problem for the Hopf algebra s/_;(2). The related Dunkl-
Laplace operator is shown to correspond to a quadratic expression in the total Casimir
operator of the tensor product of three irreducible s/_; (2)-modules. The operators com-
muting with the Dunkl Laplacian are seen to coincide with the intermediate Casimir
operators and to realize a central extension of the Bannai—Ito (BI) algebra. Functions on
§? spanning irreducible modules of the BI algebra are constructed and given explicitly
in terms of Jacobi polynomials. The BI polynomials occur as expansion coefficients be-
tween two such bases composed of functions separated in different coordinate systems.

1. Introduction

The purpose of this paper is to establish a relation between Dunkl harmonic analysis on
the 2-sphere and the representation theory of s/_1(2), an algebra obtained asag — —1
limit of the quantum algebra /4, (sl;). The Dunkl-Laplace operator on §? associated to the
Abelian reflection group Z3 = 7, x Z x Z, will be expressed as a quadratic polynomial
in the total Casimir operator of the tensor product of three irreducible s/_ (2)-modules.
The operators commuting with the Dunkl Laplacian will be identified with the inter-
mediate Casimir operators arising in the three-fold tensor product. On eigensubspaces
of the Dunkl Laplacian, these intermediate Casimir operators will be shown to gener-
ate the Bannai-Ito algebra, which is the algebraic structure behind the Racah problem
of sI_1(2). Functions on the 2-sphere providing bases for irreducible modules of the
Bannai-Ito algebra will be constructed. It will be shown that the Bannai—Ito polynomi-
als arise here as expansion coefficients between elements of such bases associated to the
separation of variables in different spherical coordinate systems.

We first provide background on the entities involved here: the Z% Dunkl Laplacian
and its restriction to the 2-sphere, the s/_;(2) algebra and its Hopf algebra structure and
the Bannai—Ito algebra and the associated Bannai—Ito polynomials.
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1.1. The Z% Dunkl-Laplacian on S*. The Dunkl operators and Laplacian were intro-
duced by Dunkl in [4,5], where a framework for multivariate analysis based on finite
reflection groups was developed. These operators have since found a vast number of ap-
plications in diverse fields including harmonic analysis and integral transforms [3, 13, 15],
orthogonal polynomials and special functions [6], stochastic processes [11] and quantum
integrable/superintegrable systems [7,19]. In the case of the Abelian reflection group
Z;, the Dunkl operators D;, i = 1, 2, 3, associated to each copy of the reflection group
7, are defined by

D =0, + 2 (1 - Ry, (L.1)
X

with p; > —1/2 areal parameter, 9y, the partial derivative with respect to the variable
x; and R; the reflection operator in the x; = O plane, i.e., R; f (x;) = f(—x;). The Dunkl
Laplacian associated to the Zg group is defined by

A =D?+D5+D3, (1.2)
and has the following expression:

3
2 i
A=>D92+"08, — (1 —R).
Zl: Xi xi Xi xiz ( l)
Since the reflections R;,i = 1, 2, 3, are special rotations in O(3), the Dunkl Laplacian
(1.2), like the standard Laplace operator in three variables, separates in the usual spherical
coordinates

Xy =rsinfcos¢p, xp =rsinfsing, x3=rcosb, (1.3)

with) < 6 < mand 0 < ¢ < 2m. The operator A can thus be restricted to functions
defined on the unit sphere. Let A > denote the angular part of the Dunkl Laplacian (1.2);
one has

ASZ :L9+TM¢, (1.4)
sin“ 6
where
1 +
Ly = —— (sin989)+2(u — tan@) 9 — 2 (1= Ry),
sin 6 tan 6 cos2 6

and

n2 M1 H2
My=032+2 - — ¢ B — 1—Ry) — 1 —Ry),
¢ =0 (tan¢ I8 an¢) » c0s2¢( 1) sin2¢( 2)

as can be directly checked by expanding (1.2) in spherical coordinates.

1.2. The Hopf algebra sl_1(2). The sl/_;(2) algebra was introduced in [16] as the g —
—1 limit of the quantum algebra U, (sl>) [20]. It is defined as the associative algebra
(over C) with generators A1, Ag and P satisfying the relations

[Ag, A+l = £Ax, [Ag, P1=0, {A;, A_} =2A¢, {AL,P} =0, P2 =1, (1.5
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where [x, y] = xy — yx stands for the commutator. This algebra admits the following
Casimir operator, which commutes with all generators:

C=A,A_P— AyP + P)2. (1.6)

The s/_1(2) algebra can be endowed with the structure of a Hopf algebra. One introduces
the comultiplication A : sI_1(2) — si_1(2) ® sI_1(2), the counite : s/_;(2) — C and
the coinverse (antipode) o : s/_1(2) — sl_1(2) defined by the formulas

A(A)) =Ag®1+1®A), A(AL)=AL®P+1®A:r, A(P)=PQP,
e(l)=e(P)=1, €(Ax) =€(Ag) =0, (1.7)
o)=1, o(P)=P, o(Ag) =—Ao, 0(As)=PAs+.

It is verified that the Definitions (1.7) comply with the conditions required for a Hopf

algebra [18]. It is worth pointing out that the operators A4, A also satisfy the defining
relations of the parabosonic algebra for a single paraboson (see [2]).

1.3. The Bannai—Ito algebra and polynomials. The Bannai—Ito algebra was introduced
in [17] as the algebraic structure encoding the bispectrality property of the Bannai-—Ito
polynomials. It is defined as the associative algebra (over C) generated by K, K, and
K3 satisfying the relations

(K1, K72} = Kz+a3, {Kz, K3} =Kj+ai, {K3 K} =K+, (1.8)

where {x, y} = xy + yx stands for the anticommutator and where «;,i = 1, 2, 3, are
real structure constants. In [17], the algebra was introduced with the structure constants
expressed as follows in terms of four real parameters p1, o2, 1, 12:

a1 =4(prpy+r1r2), ar=2(p7 +p> =17 —r3), a3 =4(p1p2 — rira),
and the generators had the form
Ki=2L+(g+1/2), Ky=y,

with g = p1 + po — r1 — rp and L the difference operator

_ y—=pD0Q —p2) O—rn+1/2)(y —rn+1/2)

L 1-Ry)+
2y ( ») 2y + 1

(T} Ry — 1),

where R, f(y) = f(-y), T;’f(y) = f(y + 1). The operator L is the most general
self-adjoint first order difference operator with reflections that stabilizes the space of
polynomials of a given degree. As shown in [17], the operator £ admits as eigenfunctions
the Bannai—Ito polynomials B, (y), which were introduced in a combinatorial context
by Bannai and Ito in [1]. Their three-term recurrence relation was derived in [17] using
the BI algebra (1.8) and reads

xB,(y) = By1(y) + (01 — Ay — C) By (y) + Ay 1Cy By 1(y), (1.9)

where the initial conditions B_j(x) = 0, Bo(x) = 1 hold and where the recurrence
coefficients A,, C, are given by
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(n+2p1—=2r1+1)(n+2p1—2r2+1) .
A(n+p1+pr—ri—ra+1) s n1s even,
An = (1.10a)
(n+2p1+2p2—2r1 —2r2+1) (n+2p1+2p2+1) nis odd
4(n+p1+p2—ri—ra+1) ’ ’

___n(n=2r1—2r) .
4(n+p1+p2—ri—r2)° n1s even,
C, = s S (1.10b)
_ (n+2p2—2rp) (n+2p2—2r1) n is odd.

4(n+p1+pa—ri—r2) ’

The polynomials B, (y) defined by (1.9) are ¢ — —1 limits of either the Askey-Wilson
[17] or the g-Racah polynomials [1]. They obey a discrete and finite orthogonality
relation of the form

N

Z Wy By, (¥5) Bin (¥s) = hnpm,
s=0

where the expressions for the grid points ys, the measure wy and the normalization
constant &, depend on a set of relations between the parameters. For the complete
picture, one may consult the references [8,17].

1.4. Outline. Here is an outline of the paper.

e Section II: Irreducible s/_j(2)-modules (positive-discrete series), Realization with
Dunkl operators, Racah problem, Intermediate Casimir operators, Relation between
the total Casimir and A g2, Spectra of the total and intermediate Casimir operators

e Section III: Commutant of A, Bannai—Ito algebra, Finite-dimensional irreducible
representations of the BI algebra

e Section IV: Dunkl spherical harmonics for 73, §? basis functions for irreducible mod-
ules of the BI algebra, BI polynomials as expansion coefficients between basis func-
tions

2. Racah Problem of s/__;(2) and A ¢»

In this section, irreducible s/_1(2)-modules of the positive-discrete series and their
realizations in terms of the Dunkl operators (1.1) are given. The Racah problem is
presented and the intermediate and total Casimir operators are defined. The main result
on the relation between the total Casimir operator and the Dunkl Laplacian on S? is
presented. Moreover, the spectrum of the Dunkl Laplacian is recovered algebraically
using this relation.

2.1. Representations of the positive-discrete series and their realization in terms of
Dunkl operators. Let € and v be real parameters such that €2 = 1 and v > —1/2
and denote by V(©*) the infinite-dimensional vector space spanned by the orthonormal
basis vectors e,(f’v) with n a non-negative integer. An irreducible s/_(2)-module of the

positive-discrete series is obtained by endowing V (¢*) with the actions [16]:

Agel”) = m+v+1/2)els", Pels") =e(=1)" eV, (2.1a)
A = JIn+11,¢5), Aele = nl, e, (2.1b)
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where [n], is defined by
[n]y =n+v(1 - (=1)").

It is directly seen that for v > —1/2, V(€1 ig an irreducible module. Furthermore, it
is observed that on this module the spectrum of Ay is strictly positive and the operators
A are adjoint one of the other. As expected from Schur’s lemma, the Casimir operator
(1.6) of s/_1(2) acts a multiple of the identity on V(€"):

Cels” = —cvels, (2.2)

The s/_;(2)-module V(") can be realized using Dunkl operators. Indeed, for each
variable x;,i = 1, 2, 3, one can check that the operators

i 1 1 i 1 )
(@) 2 2 @)
Ay =—3D;+ 557, AL = 75 ¥ D). PO = R;, (2.3)
where D; and R; are as in (1.1), satisfy the defining relations (1.5) of s/_(2). The
Casimir operator C¥) becomes

CD = APADPO AL PO 4 P2 =y, @4

and hence the operators (2.3) for i = 1, 2, 3 realize the irreducible module V(€v) with
€ = ¢ = 1 and v = p;. The orthonormal basis vectors e,(fi ’v")(xl-) in this realization
are expressed in terms of the generalized Hermite polynomials (see for example [7, 14])
and the space V) with ¢; = 1 and v; = p; is the L? space of square integrable
functions of argument x; with respect to the orthogonality measure of the generalized
Hermite polynomials [14]; we shall denote it by L%w'

2.2. The Racah problem, Casimir operators and A . The Racah problem for s/_1(2)-
modules of the positive-discrete series arises when the decomposition in irreducible
components of the module V = V(€1:D) @ V(€2:v2) @ V(€3:%3) j5 considered. The action
of the s/_1(2) generators on V is prescribed by the coproduct structure (1.7) and one
hasforv e V

Aov = (1 ® A)A(Ag)y, Pv=(1® A)A(P)y, Arv= (18 A)A(AL)v.(2.5)

Note that (1 ® A)A = (A ® 1)A since A is coassociative. In the realization (2.3),
the module V (with ¢; = 1 and v; = p;) involves functions of the three independent
variables x1, x2, x3. The operators satisfying the s/_1 (2) relations and acting on functions
f(x1, x2,x3) in L/le ® Liz ® Li3 are obtained from (2.3) and (2.5):

Ap=AD+AP+ AP P=php2pd,

Ae=APPOPO L AP p® 4 4D 20
In combining the modules V) i =12, 3, three types of Casimir operators can be
distinguished. The three initial Casimir operators are those attached to each components
V(€ 1) of V and act as multiplication by —e;v; as per (2.2). In the realization (2.3),
these are the C® given in (2.4). The two intermediate Casimir operators are associated
to the two equivalent factorizations
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V= (V(Gl,w) ® V(ez-,vz)) ® V) — ) g (V(éz,vz) ® V(€3’V3)), (2.7)
and correspond to the operators
AC)®1 and 1®A(C), (2.8)

where A(C) is obtained from (1.6) and (1.7). In the realization (2.3), these shall be
enote with (i7) = , and are given by
denoted C/) with (ij) = (12), (23) and iven b
cih — (A_(:)P(i) + A_(,_j)P(j))(A(_i)P(i) + A(_j)P(j))
— (A(()i) + A(()j))P(i)P(/) + PO pU), (2.9)

The fotal Casimir operator is connected to the whole module V' and is of the form
(I ® A)A(C). In the realization (2.3), the total Casimir is denoted C and reads

C=A,A_P— AP +P)2. (2.10)
with Zo, Zi and P given by (2.6). Note that C does not act as a multiple of the identity
on V since in general V is not irreducible.

Remark 1. By construction, the total Casimir operator C commutes with both the initial
and intermediate Casimir operators. Moreover, it is obvious that the two intermediate
Casimir operators commute with the initial Casimir operators, but do not commute
amongst themselves.

We now relate the total Casimir operator C to the Dunkl Laplacian operator A g2 on the
2-sphere.

Proposition 1. Let Q2 be the following element:
Q=CP, (2.11)

where C and P are respectively given by (2.6) and (2.10) in the realization (2.3). One
has

—Agp = QP+ Q— (1 + o+ 13) (11 + [0 + 13 + 1), (2.12)

Proof. The relation is obtained by expanding the total Casimir operator (2.10) using
(2.3) and by writing the resulting operator in the coordinates (1.3). O

The fact that €2 is a purely angular operator can be understood algebraically as follows.
Consider the element X defined by

=L (Ad,+4)
=5 + ).
Itis directly checked that X anticommutes with Q, that is {22, X } = 0. It thus follows that

X2 commutes with €. Using the expressions (2.6) for the operators A in the realization
(2.3), it is easily seen that

T2 _ 2,2 2
X° =x{+x5+x35.

Hence ©2 commutes with the “radius” operator, which means that it can only be an
angular operator.
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2.3. Spectrum of A from the Racah problem. The relation (2.12) can be exploited
to algebraically derive the spectrum of A from that of 2 using the eigenvalues of
the intermediate Casimir operators. In view of (2.8), these eigenvalues can be found
from those of A(C) on V&) @ V(€i-vi) (see also [9,10,16] where this problem was
considered). Upon examining the action of A(Ap) on the direct product basis, one
obtains using (2.1) the following direct sum decomposition of V€V @ V(€j-V) as a
vector space:

00
y (€ vi) ® Vv — @ U,,
n=0

where U, are the (n+1)-dimensional eigenspaces of A(Ag) with eigenvalue n+v;+v;+1.
Since A(C) commutes with A(Ay), the action of A(C) stabilizes U,,.

Lemma 1. The eigenvalues A; of A(C) on U, are given by
Al(k)z(—1)k+1e,~ej(k+v,-+vj+1/2), k=0,...n.

Proof. By induction on n. The n = 0 case is verified by acting with A(C) on the single
basis vector e((f" ) & e((fj i of Up. Suppose that the result holds at level n — 1. Using
the fact that A(C) and A(A4) commute and the induction hypothesis, one obtains from
the action of A(A4) on U,_1 eigenvectors of A(C) in U,, with eigenvalues A;(k) for
k=0,...,n—1.Letv € U, be such that A(A_)v = 0. Such a vector can explicitly be
constructed in the direct product basis by solving the corresponding two-term recurrence
relation. It is verified that v is an eigenvector of A(P) with eigenvalue (—1)"¢;€; and
of A(C) with eigenvalue A;(n). 0O

As a direct corollary one has the following decomposition of the tensor product
module in irreducible components:

y (€ vi) ® Vi) — @ V(Gij(k)»l)ij(k))’ (2.13)
k
with
(k) = (—=Dreie;, vij(k) =k+vi+v;+1/2, kel (2.14)

The eigenvalues of the total Casimir operator (1 ® A)A(C) on V are obtained by using
twice the decomposition (2.13) and Lemma 1 on (2.7). It is readily seen performing
these decompositions on the LHS of (2.7) that the eigenvalues A7 of the total Casimir
operator are given by

Ar = (=D epn@estk +vip(0) + 13+ 1/2), k£ € N. (2.15)

A similar formula involving €3 and v»3 is obtained by considering instead the RHS of
(2.7). Upon using (2.14), the eigenvalues A7 can be cast in the form

Ar(N) = —e(N)v(N), (2.16)
with N a non-negative integer and

e(N) = (=D)Vejeres,  v(N) = (N +vi +v2 + 3+ 1). (2.17)
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The formula (2.16) and (2.17) indicate which irreducible modules appear in the decom-
position of V. The multiplicity of V€ V):*(V)) in this decomposition is N + 1 since for
a given value of N there are N + 1 possible eigenvalues of the intermediate Casimir
operators; the decomposition formula for V is thus

o
V=@ myvemrm, (2.18)
N=0

where my = N + 1 and where €(N), v(N) are given by (2.17).

Returning to the realization (2.6) of the module V with ¢, = 1 and v; = w;, the
eigenvalues of Q2 = CP are readily obtained. Recalling (2.2), it follows from (2.16) and
(2.17) that the eigenvalues wy of €2 are

oy =—(N+pup+ u2+ uz+1), (2.19)
where N is a non-negative integer. The relation (2.12) then leads to the following.

Proposition 2. The eigenvalues § of the Dunkl Laplacian Ag> on the 2-sphere are in-
dexed by the non-negative integer N and have the expression

Sy = —N(N +2u1 +2u +2u3 + 1). (2.20)
Proof. By proposition 1 and the above considerations. O

The eigenvalues of proposition 2 are in accordance with those obtained in [6]. It is
seen that upon specializing (2.20) to 1 = 2 = p3 = 0, one recovers the spectrum of
the standard Laplacian on the 2-sphere. It is worth mentioning that the formula (2.20)
does not provide information on the degeneracy of the eigenvalues. This question will
be discussed in the following.

3. Commutant of A s> and the Bannai-Ito Algebra

In this section, the operators commuting with the Dunkl Laplacian on the 2-sphere are
exhibited and are shown to generate a central extension of the Bannai—Ito algebra. The
eigensubspaces corresponding to the simultaneous diagonalization of Ag> and €2 are
seen to support finite-dimensional irreducible representations of the BI algebra and the
matrix elements of these representations are constructed.

3.1. Commutant of Ag>» and symmetry algebra. The operators that commute with the
Dunkl Laplacian Ag» on the 2-sphere, referred to as the symmetries of Ag2, can be
obtained from the relation (2.12) and the framework provided by the Racah problem of
sl_1(2). By construction, the intermediate Casimir operators (2.9) commute with the
total Casimir (2.10) and with the involution P.Asa consequence of (2.12), one thus has

[Agp, C1P]=[Agp, C®] =0.
Let K1, K3 be the following operators:

Ki=-C?®, Kk3=—-c"?, (3.1)
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which obviously commute with the Dunkl Laplacian on S 2, Upon using (2.3) and (2.9),
the symmetries K1, K3 are seen to have the expressions

K1 = (x2D3 — x3D2)Ro + 2R3 + 3 Ro + (1/2) Ry R3, (3.2a)
K3 = (x1D2 — xoD)Ry + w1 Ry + o Ry + (1/2) Ry Ra, (3.2b)

where D; and R; are given by (1.1). Consider the operator K, defined by
Ky = (xiD3 —x3D1)R1Ry + 1 R3 + 3Ry + (1/2) Ry R3. (3.2¢)

Itis verified by an explicit calculation that K> is also a symmetry of the Dunkl-Laplacian
Ag,ie [Ag, K2] =0.

Remark 2. Note that K, does not correspond to an intermediate Casimir operator since
it has a non-trivial action on all three variables x1, x», x3.

The three operators K;,i = 1, 2, 3, and the operator €2 given by (2.11) are not indepen-
dent from one another. As a matter of fact, one has

Q=—-K{RyR3 — KhR{R3; — K3R|Ry + 1 R1 + o Ro + u3R3 + 1/2.

We now give the symmetry algebra generated by the operators commuting with the
Dunkl-Laplace operator A ¢> on the 2-sphere.

Proposition 3. Let A be the Dunkl Laplacian (1.4) on the 2-sphere and let C and
Ki,i =1,2,3 be given by (2.10) and (3.2), respectively. One has

[Ag, Ki]=[Ag, C]=0.

and the symmetry algebra of A is

{K1, K2} = K3 —213C + 211 142, (3.32)
{K2, K3} = K1 = 2111C +2p0p3, (3.3b)
{K3, K1} = Ko —2u0C + 21 3. (3.3¢)

Proof. By an explicit calculation using (1.4) and (3.2). O

The algebra (3.3) corresponds to a central extension of the Bannai-Ito algebra (1.8)
by the total Casimir operator C. Since C (and €2) commutes with A, there is a basis
in which they are both diagonal. From (2.17) and (2.19), it follows that the eigenvalues
of C are of the form —e u with

e=DN,  p=N+p+p+pz+l). (3.4)

For a given N, the A g>-eigenspaces arising under the joint diagonalization of Ay and
C (or 2) are (N + 1)-dimensional as per the decomposition (2.18) of the tensor product
module V in irreducible components. Hence the eigenvalues §x of A2 given by (2.20)
are at least (N + 1)-fold degenerate. It can be seen that this degeneracy is in fact higher.
Indeed, A ;> commutes with every reflection operator R;, but C (and €2) only commute
with their product RqR»R3. Consequently one can obtain eigenfunctions of Ag> with
eigenvalue 8 that are not eigenfunctions of C by applying any reflection R; on a given
eigenfunction of C. It is known [6] that the eigenspaces corresponding to the eigenvalue
Sy are in fact (2N + 1)-fold degenerate, as shall be seen in Section 4.



252 V. X. Genest, L. Vinet, A. Zhedanov

Notwithstanding the degeneracy question, it follows from Proposition 3 and (3.4) that
the eigensubspaces of the Laplace-Dunkl operator corresponding to the simultaneous
diagonalization of A g2 and C support an (N + 1)-dimensional module of the Bannai—Ito
algebra (1.8) with structure constants taking the values

ay =2(uip + popus), o =2(uip3 +uzp), a3 =2(uipuz +uzp), (3.5)

where 1 = (= 1)V (N + i1 + pa + u3 + 1). The Casimir operator K> = K12 + Kz2 + K32
of the Bannai-Ito algebra can be expressed in terms of C as follows:

K2 =C>+ 3 +u3+u3—1/4,
and hence using (3.4) one has
K> =M%+M%+M%+M2— 1/4. (3.6)

The realization (3.5), (3.6) of the Bannai—Ito algebra corresponds to the one arising in
the Racah problem for s/_1 (2) studied in [10]. We shall now obtain the matrix elements
of the generators in this realization.

3.2. Irreducible modules of the Bannai—Ito algebra. We begin by examining the repre-
sentations of (1.8) with structure constants (3.5) in the eigenbasis {wk},i\’:o of K3. Using
the result of Lemma 1 and (3.1), it follows that

K3y = ok, ox = (=D (k + p1 + pa +1/2), (3.7)
We define the action of K by

Kive = D Zs iy (3.8)

From the second relation of (1.8) one finds
> Zok @i+ 0 = 1]y = o + 20121 .
N

When s = k, one immediately obtains

o1 + 2wron

Zik =V =
“ 402 — 1

(3.9)

When s # k, one of the following conditions must hold
(o +wg)> —1=0, or Zg; =0.

In view of the formula (3.7) for the eigenvalues wy, itis directly seen thatonly Zx+1 &, Zk k
and Zi_1 x can be non-vanishing. Thus one can take

K1Y = Ukt Yie1 + Vit + Uk rie—1, (3.10)

where V} is given by (3.9) and where U remains to be determined. It follows from (1.8)
and (3.10) that K> has the action

Koy = (=D Upyr + Wi + (=D Urpri 1, (3.11)
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where W = 2wy Vi — a2. Upon using the actions (3.10), (3.11) in the first relation of
(1.8) and comparing the terms in V¥, one obtains the recurrence relation for U kz

2 {(—1)"“(},3+1 + WiV + (—1)’<U,3} — oy +03. (3.12)
Acting on V. with (3.6) and using the actions (3.10), (3.11), one finds
{w,f + W2+ V24207 + 2U,§+1} =l — 14 (313)

The equations (3.12), (3.13) can be used to solve for Uk2 by eliminating Usz. Straight-
forward calculations then lead to the following result.

Proposition 4. Let W be the (N + 1)-dimensional vector space spanned by the basis
vectors Yy, k =0, ..., N, and let

pw=(=DY(N+1+pu1 + 2+ p13). (3.14)

An irreducible module for the Bannai—Ito algebra (1.8) with structure constants (3.5) is
obtained by endowing VW with the actions

K3y = ox ik, (3.152)
Koy = (=DM U1 + Qo Vi — )y + (=D U1, (3.15b)
K1y = U1 Vi1 + Vit + U Ye—1, (3.15¢)

where wp = (=D (k + o1 + o + 1/2), Vi = ua + u3 + 1/2 — By — Dy and where

U = «/Bj_1 Dy with

(k4+2p0+1) (k+pey +pup+13 —p+1)

. &t e ) , k is even,
k =
(k+2p1+2p0+1) (k+pu g+ +p3+p+1) -
P(ZITETEEE)) , kisodd,
—k(k+pi+pp—p3—p) :
St ) , k is even,
D, =

—(k+2p01) kg +po — 3 +in) :
St +10) , kisodd.

Proof. One verifies directly that with (3.15) the defining relations (1.8), (3.5) are satis-
fied. The irreducibility follows from the fact that Uy # O for u; > —1/2. O

In view of Proposition 4, it is natural to wonder what the representation matrix
elements look like in other bases, say the eigenbases of either K| or K>. These elements
are easily obtained from the Z3; symmetry of the realization (3.5), (3.6). Indeed, it is
verified that the algebra (1.8) with (3.5), (3.6) is left invariant by any cyclic transformation
of both {Ky, K>, K3} and {11, 2, u3}. As a consequence, the representation matrix
elements in the K; or K, eigenbasis can be obtained directly from Proposition 4 by
applying the permutation 7 = (123) or # = (123)? on the generators K; and the
parameters ;.

4. S? Basis Functions for Irreducible Bannai-Ito Modules

In this section, a family of orthonormal functions on S? that realize bases for the Bannai—
Ito modules of Proposition 4 are constructed. It is shown that the Bannai—Ito polynomials
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arise as the overlap coefficients between two such bases separated in different spherical
coordinates.

4.1. Harmonics for A 2. Itisuseful to give here the Dunkl spherical harmonics Yy (6, ¢)
which are the regular solutions to the eigenvalue equation

ApYN@,¢) =58YN (O, @), oy = —NN+2u1 +2u2+2u3+1), (4.1)

where A2 is given by (1.4). The solutions to (4.1) are well known and are given explicitly
in [6] in terms of the generalized Gegenbauer polynomials. We give their expressions
here in terms of Jacobi polynomials. In spherical coordinates (1.3), the solutions to (4.1)
read

er?}\;ez’e3)(0, ¢) = n,(le.lj\’,ez‘e3) cos® 0 sin" @ cos®! ¢ sin® ¢
(n+py+pa,u3+e3—1/2) (n2+ea—1/2,u1+e1—1/2)
XPN—n—en))2 (cos20) Py, 02 (cos2¢),
“4.2)
where ¢; € {0, 1}, n is a non-negative integer, n%lr’fz’m is a normalization factor and

Pn(a’ﬂ ) (x) are the standard Jacobi polynomials [12]. The harmonics (4.2) satisfy
RV, N0, ¢) = (1 = 2e)Y, 56, ).

In (4.2), itis understood that half-integer (or negative) indices in Pn(o"'3 ) (x) donot provide
admissible solutions. Recording the admissible values of n and e; for a given N, one
finds that there are 2N + 1 solutions and

RIRyRY, NV (0, ¢) = (=DVY, 0, 9).

The normalization factor n,(:jlj\’,ez’m is given by

o — 1/2
)’](61’62’63) _ (%)'(” + M1 + M2)F(% + M1 + MZ)
mN 2T 4+ py + 1/2)0 (9= 4 py + 1/2)

_n— 1/2
| s 4 1IN &+ 4 i3 +1/2)
D= 4+ pp + DTS 4 3+ 1/2) ’

where I (x) stands for the Gamma function and ensures that

2 T ror
(e1,e2,€3) v, (€],€3,€3) .
/0 /0 YRRy S (O, §) sind dOdg = 8w Sy NS, Beret esel

where the Zg-invariant weight function A (6, ¢) is [6]

h(, ) = | cos 0123 sin 0> | sin 62| cos ¢|**! | sin ¢|>*2. (4.3)
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4.2. 82 basis functions for BI representations. Let y,QV @,¢), K = 0,...,N be the
functions on S? satisfying

QYRO,¢9) = —(N + 1 +pa+uz+ 1) V¥, ), (4.42)
RIR:R3 VR (0, ¢) = (DN V¥ (6, ¢), (4.4b)
K3V 0,0) = (—DX(K + 1 + 2 +1/2) YR (0, ¢). (4.4c)

where 2 is given by (2.11) and where K3 is given by (3.1). In spherical coordinates
(1.3), the operator K3 has the expression

2 1
K3 = 0y Ry +ptanp(l — Ry) + m(Rl —RiR2) + w1 Ry + ua Ry + §R1R2-

Since K3 acts only on ¢, the functions y};’ (6, ¢) can be separated.

The solutions for the azimuthal part are readily obtained from (4.4c) by considering
separately the eigenvalue sectors of Rj Ry, which commutes with K3. For the positive
eigenvalue sector, one finds for K = 2k + p

k+1 p/2 —1/2.11—1/2
fl(;r)(¢):§1(<+)[|:k+m+u2+1:| PRI (o5 0g)

(1P [M

r/2
: (H2+1/2,11+1/2)
T 1 :| cos ¢ sin ¢ Pker_l (cos2¢)],

(4.5a)

where p = 0, 1. For the negative eigenvalue sector, the result for K = 2k + p is

k+ur+1/2
k+ur+1/2
k+puy+1/2
k+p+1/2

p/2
FOp) = ;I(()[ |: ] sing P27 (o5 0¢5)

p/2
+(—1)P[ } cos ¢ P,fm‘”z"“”/z)(cos2¢)]. (4.5b)

The normalization factors are

(0 = (k+p!T(k+py+uz+1+p)
K N 2T tk+ 1 +1/2+ p) Tk + o+ 1/2+ p)’

C(,) _ KIT(k+pu+pua+1)
K 2T (k+ 1 + /2T (k +po +1/2)°

Using (4.5) the remaining equations (4.4a), (4.4b) can be solved. When N = 2n and
K =2k + p, one finds

N m—k—pIT'n+k+pny+p2+pu3z+3/2)
Vi (0, ¢) =
Fn+k+ur+pu+DIrn—k+uz+1/2—p)



256 V. X. Genest, L. Vinet, A. Zhedanov

n—k+us—1/2 "7 242p g pCk+2ptu i, 3 —1/2) (+)
X sin P ’ cos20) F
[[n+k+m+uz+1 ' n—k=p ( )Tk (@)

+|:n+k+,u]+m+1

p/2
P —Y ] cos 6 sin**1 g Pn(z_k;_lf“”m’““/z) (cos 260) .7:;()((1))].

(4.7a)

When N =2n + 1 and K = 2k + p, the result is

N k[ =BT n+k+p+pur+pu3+3/2+p)
Vg ©.9) = (=D \/F(n—k+u3+1/2)F(n+k+u1+p,2+1+p)

k4 +po+170P/2
XH:n 1+ 12 ] [7+,LL1+,LL2,;,L3+1/2)(COS29)f1(<+)(¢)

cos 6 sin**?P g p (2_kk+_2
n—k+puz+1/2 n—k—p

—k+pz+ 172 (U2 _ _
(4.7b)

The solutions to (4.4) can be expressed as linear combinations of the Dunkl spherical
harmonics (4.2). For N = 2n, straightforward calculations lead to the expressions

n+k+pup+pur+uz+1/2 k+umy+ o
VO, ¢) = Yaon . ¢)
2n+pur+pa+u3z+1/2 2k + gy + pp

k (1,1,0) n—k
- Y2k;N (9a¢) +
2k + g + o 2n+puy + U+ pu3+1/2
k+ua+1/2 01,1 k+pi+1/2 1,01
— Y, O, )+ | — Y, (O, ,
XI\/ 2k+py+po+1 218 0 9) 2k+p1+po+1 28 0 9)

N n—k+u3—l/2 k+1 (0,0,0)
0,¢) = Y, 550,
Vake1 0- 9) \/2n iAo+ u3+ 12|V 2k + g + o +2 22N 0 9)

k+ur+u2+1 011 n+k+pup+p+1
+ —Yz(k;z’;lzl(e,cb) +
2k + pyp+ o +2 2n+pur+pr+pu3z+1/2
k+wi+1/2 01,1 k+u2+1/2 10,1
—Y o 9, - o Y ; ’- 9; )
XH\/ 2k+py+po+1 w1y (0 @) k41 +po+1 iy (0 @)

For N = 2n + 1, one finds

k+n+pur+ux+1 k+m+uo

N 0,0, 1)

0, = Y, 0,
Y26, ) \/2n+/L1+/L2+M3+3/2 2k + iy +pp BN ©.9)

_ k Y(l'l'l)(e ¢) _ I”l—k+,lL3+]/2
2k + py +pp BN 2n 4+ py 4+ pp 4+ pu3+3/2
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ktpa+1/2 01,0 ki +1/2 a0
\/ 0, 0,
k4 +po+1 2k+1 N( P)+ 2k+u o+l 2k+1 N( ¢)

n+k+pup+pur+puz+3/2 k+u+1/2 0.1.0
Va1 6. 9) = Vw6 9)
2n+ w1 + (U + 3 +3/2 2k + oy + o + 1

_ k+,u2+1/2 (]00)(9 ¢) n—k
2k +puy +pr+ 1 Vot 2n 4 g+ o + 13 +3/2
/ k+1 y©.0.1) Ktpatpatl Sa
0, 0,
bty +ua+2 Vopraiy @ P)+ Dkt +pa+2 Vaciain ¢)

It follows from the orthogonality relation for the Jacobi polynomials [12] that

b4 2
/o A VRO, 0V 0, ) h(©0, ¢) sind dp dd = Sx xSy n, (4.8)

where h (60, ¢) is given by (4.3).

Proposition 5. The functions y}}f (0, @) defined by (4.5), (4.7) realize the Bannai—Ito

modules of Proposition 4. That is, if one takes Vg = y,’{v 0, @), the generators (3.1)
expressed in spherical coordinates have the actions (3.15).

Proof. Theresult follows from the fact that the yﬁ (6, @) are solutions to (4.4). One needs
only to check for possible phase factors. A check on the highest order term occurring in
Klyf(v (6, ¢) confirms the phase factors in (4.7). O

4.3. Bannai-Ito polynomials as overlap coefficients. As is seen from (4.4), the simulta-
neous diagonalization of 2, R| R, R3 and K3 is associated to the separation of variables
of the basis functions y;;’ (6, ¢) in the usual spherical coordinates

X1 =sinfcos¢p, xp =sinfsing, x3 =cosh. 4.9)

Consider the basis functions Zév D, ¢9),S =0,..., N, associated to the simultaneous
diagonalization of 2, R R» R3 and K. The relations (4.4a), (4.4b) hold and one has

KiZ§ @, 9) = (=D°(S + pa+ p3 + 1/2) 2§ 9, ). (4.10)
The functions Z év (¢, @) separate in the alternative spherical coordinates
X] =cos¥, xp =sinvcose, x3=sinv sing, “4.11)

as can be seen from the expression of K obtained using (4.11). Writing €2 in the coordi-
nates (4.11) and comparing the expression with the one obtained using the coordinates
(4.9), it is seen that the basis functions Zév (v, @) have the expression

nyév(n — v, ¢), N iseven,

ZJ (. 9) =
V¥ (@, ¢), N is odd,
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where m = (123) is the permutation applied to the parameters (w1, 12, 13). Since
{y,]}’ o, ¢)}1,¥:0 and {Zg] (9, cp)}gvzo form orthonormal bases for the same space, they
are related (at a given point) by a unitary transformation. One hence writes

N

Z{ @, 9) = D RGN VRO, ). 4.12)
K=0

Since the coefficients R/ % are real, their unitarity implies

N N
Z HIH2R3 p1 P23 z HIM2I3 pt 2R3

Rs kv Rs kv = 0Kk Rs kv Ry k.n = 9ss's (4.13)
S=0 K=0

These transition coefficients can be expressed in terms of the Bannai—Ito polynomials
(1.9) as follows. Acting with K on both sides of (4.12), using (4.10) and Proposition
5 and furthermore defining Rg‘)ll’(’f]zv’m = 2K [wgs.n1'/? Bk (x5) such that By(xs) = 1,
it seen that Bk (xg) satisfy the three-term recurrence relation (1.9) of the Bannai-Ito

polynomials Bk (xs; p1, p2, 1, r2) wWith parameters

M2+ U3 Mt p r_M3—M2 w— K1

= 4.14
p1 L 5 N T 2 (4.14)
with o given by (3.14) and where the variable xg is given by
1
xS=5[(—1)S(S+M2+u3+1/2)—1/2]. (4.15)

The coefficients Rgl}; ,2]’\,“ coincide with the Racah coefficients of s/_;(2) [10]. Combin-
ing (4.13) with the orthogonality relation of the BI polynomial [17], one finds

RIIH2KS _ Ws; N

o = Bk (xs; p1, 02, 71,72). 4.16
SK:N P k(xs; p1, p2,71,12) (4.16)

with (4.14), (4.15), where u, = A,_1C, with A,, C, as in (1.10), and where wg. y is
of the form

L ED%p1 =i +1/2p1 =2+ 1/ (p1+ p2 +1: 201 + 1)

WSs;N = s
hn (p1+r1+1/2; pr+1r2+1/2)040 (15 p1 — p2 + 1)y
with S =2¢+v,v = {0, 1} and
(ar;az;...;a)n = (@)n(@2)n - - (ar)n, (4.17)

where (a), = a(a+1)---(a+n — 1). The normalization factor & is given by

2pi1+L;ri—p2+1/2) N2
(p1—p2+L;p1471+1/2) N2 °

N even,
hy = @pi+liri+r)
P1+1Lr1+r2) (N+1) /2
(p1471+1/2; p1+ra+1/2) (N+1)/2° N odd.

Using the orthogonality relation (4.8) satisfied by the basis functions yg (6, ¢) on the
decomposition formula (4.12), one finds that

T 2
R = /0 i V3 6. 9) Z§ (0, 9) h(6, ¢) sin6 dep db,

which in light of (4.16) gives an integral formula for the Bannai—Ito polynomials.
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5. Conclusion

We have established in this paper the algebraic basis for the harmonic analysis on S2
associated to a Z3 Dunkl Laplacian A%. The commutant of A g was determined in the
framework of the Racah problem for s/_1(2) and identified with a central extension
of the Bannai-Ito algebra. Two bases for the unitary irreducible representations of this
algebra on L?(5?) were explicitly constructed in terms of the Dunkl spherical harmonics
with the Bannai—Ito orthogonal polynomials arising in their overlaps.

Since the Dunkl operators and Laplacian can be defined for an arbitrary number of
variables, it would be natural to look for the extension of the results presented here to
spheres in higher dimensions. It would also be of interest to examine the situation on
hyperboloids. We plan to pursue the study of these questions in the future.
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