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Abstract: We prove finite time extinction for stochastic sign fast diffusion equations
driven by linear multiplicative space-time noise, corresponding to the Bak—Tang—Wiesen-
feld model for self-organized criticality. This solves a problem posed and left open in
several works: (Barbu, Methods Appl Sci 36:1726—-1733, 2013; Rockner and Wang,
J Lond Math Soc (2) 87:545-560, 2013; Barbu et al. ] Math Anal Appl 389:147-164,
2012; Barbu and Rockner, Comm Math Phys 311:539-555, 2012; Barbu et al., Comm
Math Phys 285:901-923, 2009, C R Math Acad Sci Paris 347(1-2):81-84, 2009). The
highly singular-degenerate nature of the drift in interplay with the stochastic perturba-
tion causes the need for new methods in the analysis of mass diffusion, and several new
estimates and techniques are introduced.

1. Introduction

Self-organized criticality (SOC) is a model of complex behavior that has attracted much
attention in physics (cf. [BTW88,Zha89,BI192,Jen98, Tur99,CCGS90,DGY%4,GCI8]
among many others). We recall from [BI92]: The term “criticality” refers to the power-
law behavior of the spatial and temporal distributions, characteristic of critical phe-
nomena. “Self-organized” refers to the fact that these systems naturally evolve into a
critical state without any tuning of the external parameters, i.e. the critical state is an
attractor of the dynamics. 1t is this robust tendency to evolve into a critical state that
distinguishes SOC from more classical models of criticality as for example observed in
phase-transitions.

Based on a cellular automaton algorithm, in [BI92] a continuum limit related to the
original sand pile model introduced by Bak—Tang—Wiesenfeld (BTW) in [BTW88] was
derived, leading to a highly singular-degenerate PDE of the type

3tZ, € AH(Zt — ZC), on [0, T] x O

1.1
0e H(Z; — z.), ondQ, (1.1)
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where H is the Heaviside function, z. is the critical state and O C R4 is a bounded,
smooth domain. Rewriting (1.1) as an equation for X; = Z; — z. leads to

atXt (S] AH(X;), on [0, T] x O 12

0e H(X;), onaO. (1-2)

The effect of robust evolution/relaxation in finite time into a subcritical state can now

be recast as finite time extinction of (X;)*, i.e. X; < 0 after some finite time 7. If we

restrict to the relaxation of purely supercritical states (i.e. Zg > z¢ resp. Xo > 0) then

the relaxation into the critical state corresponds to the extinction of X, in finite time, i.e.
X; = 0 after some finite time 1.

As it has been pointed out in [DG94,GDG98,DG92] it is more realistic to include
stochastic perturbations in (1.1) modeling the energy randomly added to the system,
accounting for the removed microscopic degrees of freedom in the continuum limit and
reflecting model uncertainty. As pointed out above, the robustness of self-organization
in SOC is crucial. Based on this, the question arises whether this robustness with respect
to perturbations is actually satisfied by (1.1), again leading to the study of stochastically
perturbed versions of (1.1). Generally speaking, the resulting equations are stochastic
partial differential equations (SPDE) of the following type

dXt € AH(X[)dt + B(X,)th, on [0, T] x O
0e H(X;), onadO,

where B are suitable diffusion coefficients. Particular attention (cf. e.g. [RW13,BDPR12,
BR12,BDPR09b] among others) has been paid to the case of linear multiplicative space-
time noise, i.e. to

N

dX, € AH(X,)dt +kax,dﬁ,’<, on[0,T] x O
k=1
0e H(X;), ondO,

(1.3)

where Xo > 0, N € N, f = (fidk=1...x € C*(O;RY) and B = (B k=1, is
a standard Brownian motion in RV . Again, the key property of robust relaxation of
supercritical states (Xo > 0) into subcritical ones can be (re-)stated as the problem of
finite time extinction: Let

190 = inf{t > 0] X,(¢§) =0 fora.e. & € O}.

Finite time extinction can then be stated as P[typ < oo] = 1 for all nonnegative initial
values Xg = x > 0.

Despite its fundamental nature, the question of finite time extinction for the stochastic
BTW model with linear multiplicative space-time noise (1.3) has remained an open
problem for several years. The mathematical difficulty of an analysis of the diffusion
of mass and finite time extinction for (1.3) stems from the highly singular-degenerate
nature of the drift A H and its interplay with the stochastic perturbation. For example,
the problem of finite time extinction for (1.3) has been posed and left as an open problem
in the works [Bar13,RW13,BDPR12,BR12,BDPR09b, BDPR(09a]. The main purpose
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of the present paper is to resolve this issue by proving finite time extinction for (1.3),
without any restriction on the dimension d of the underlying domain @ C R¢.

In order to develop a finer analysis of the diffusion of mass for (1.3) it turns out to
be crucial to work in a pathwise setting, i.e. we base our analysis on a transformation
of (1.3) into a random PDE which in turn may be analyzed for each fixed Brownian
path t — B;(w). In the above mentioned works, weaker results proving finite time
extinction only with positive probability could be obtained. That is, it could be shown
that the measure of Brownian paths for which finite time extinction occurs is non-zero
(cf. Sect. 1.1 below). The pathwise approach pursued in this paper allows a detailed
understanding of the relation between the behavior of Brownian paths and finite time
extinction. This leads to a better understanding why so far only finite time extinction with
positive probability could be shown and finally leads to a proof of finite time extinction
P-almost surely.

1.1. Overview of known results. While finite time extinction for the stochastic BTW
model could not be proven so far, important progress concerning the (stochastic) Zhang
model, i.e. for

dX, € A(H(X;)(1+68X,))dt + B(X))dW;, on[0,T]x O
O S H(Xt), on 809
with § > 0 and partial results for the BTW case have been obtained in recent years.
Before giving a short overview of these results we will point out a key mathematical

difference between the Zhang and the BTW model.
We (informally) compute

Ap(X) =div (¢'(X)VX) = ¢ (X)AX + ¢ (X)|VX|?,

where
1+6r, ifr>20
¢(r)y=11[0,1], ifr=0 (1.4)
0, ifr <0

with § = 0 in the BTW, § > 0 in the Zhang model. Since we are dealing with nonlin-
earities being singular at zero (cf. (1.4)) the coercivity coefficient ¢’(X) is singular at
zero thus causing fast diffusion of mass for small values of X. As we will see below,
this singularity is responsible for the effect of finite time extinction. On the other hand
¢’ (X) may degenerate for large values of X making it difficult to control the diffusion
of mass when X is large. While for fast diffusion equations (FDE)

¢(r) =r"sgn(r), m €0, 1),

and the Zhang model the diffusion coefficient ¢’(r) is non-degenerate at least locally
in r, the BTW model (¢'(r) = 8p) is highly degenerate making the analysis of mass
diffusion and thus the proof of finite time extinction much harder. On the other hand,
we note that the arguments presented in this paper depend on the simple structure of
the nonlinearity in the BTW model (¢ = H) and the methods do not seem to directly
extend to fast diffusion equations.
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We will now give a brief overview of the known results concerning finite time extinc-
tion for the stochastic BTW and Zhang model. Existence and uniqueness of solutions to
multivalued SPDE of the type'

N

dX; € A¢(X))dt + ) fiXidpf, on[0,T]x O
k=1
0e¢(X;), onadO,

(1.5)

with f; € Hol (O) being sufficiently smooth and ¢ : R — oR being a maximal
monotone, multivalued function satisfying a polynomial growth condition, has been
first shown in [BDPRO9b] in dimension d < 3. This includes FDE, the Zhang model
and the BTW model. As a further result, positivity preservation (i.e. X; > 0if xo > 0)
has been proved in [BDPRO9b].

We define

70(w) := inf{r>0|X;(w) = 0, a.e.in O}.

By a supermartingale argument it has been proved in [BDPR12] that X, = 0, d&-a.e.
for all t > 70, P-almost surely. This also follows from the results given in Sect. 5 below.
As concerning finite time extinction we distinguish the following concepts:

(F1): Extinction with positive probability for small initial conditions: P[tg < oo] > 0,
for small Xy = xp.

(F2): Extinction with positive probability: P[ty < oo] > 0, for all Xg = xo.

(F3): Finite time extinction: P[7g < oo] = 1, for all Xg = xo.

While from a mathematical viewpoint also the (weaker) properties (F1), (F2) are inter-
esting, the robustness of the relaxation into subcritical states in SOC is fundamental in
physics and thus mainly (F3) is relevant from the SOC point of view.

Inorder to prove (F1),in [BDPR0O9b] some coercivity/non-degeneracy of the diffusion
had to be assumed, i.e. ¢’ > § > 0. As applied to SOC this corresponds to restricting
to the Zhang model. Under this assumption and restricting to O = [0,7], (F1) has been
shown in [BDPRO9b]. In the subsequent work [BDPR09a], for FDE the restriction to
one space dimension was relaxed to d € N as long as m € [%, 1).

More recently, the BTW model was considered in [BR12] ford < 3 where asymptotic
extinction was shown, i.e.

o0
/ |0\ Ofldt < o0, P-as.,
0

where | - | is the Lebesgue measure and O = {§ € O|X;(§) = 0}. Note that (F3)
implies asymptotic extinction. Moreover, assuming a non-degeneracy condition for the
noise (i.e. 21]:/:1 sz > 0) an exponential decay property of X; was shown (cf. also
Sect. 5 below, where this result is improved).

The survey article [BDPR12] revisits the results obtained in [BDPR09b, BDPR09a,
BR12] and some technical assumptions are relaxed. In particular, the non-degeneracy
condition on ¢ required in [BDPR09b] is dropped, thus proving (F1) for the BTW model
ford = 1.

1 In fact, in [BDPRO9b] the diffusion coefficients fr were supposed to be of the special form per with
i € Rand eg being eigenvalues of —A. However, this does not seem to be crucial for the methods developed
in [BDPRO9b].
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In [RW13] a general class of processes X; is analyzed, merely satisfying a certain
energy inequality and extinction properties for such X, are shown. Applied to equations
of type (1.5) this allows for several generalizations, e.g. replacing the Laplacian A by its
fractional powers —(—A)* with @ € (0, 1) as also studied in [dPQRV12]. Concerning
SOC, one of the main results obtained in [RW13] is (F3) for the Zhang model, while for
the BTW model still only (F1) for d = 1 could be shown.

Finite time extinction for the BTW model without noise has been proven for the first
time in [DD79]. In fact, more general equations of the type

0 X; € Ap(Xy)

are treated in [DD79] and a sufficient (assuming ¢ to be maximal monotone) and neces-
sary (if ¢ is continuous) condition on ¢ for finite time extinction is proven. Very recently,
an alternative proof of finite time extinction for (1.2) has been given in [Bar13]. In one
spatial dimension a detailed analysis of the dynamics of the total variation flow and thus
the sign fast diffusion has been developed in [BF12]. As regarding finite time extinc-
tion for the (deterministic) fast diffusion equation a thorough analysis may be found
in [Vaz06] and the references therein. Starting from this, several generalizations have
been obtained. For example, recently finite time extinction for fractional fast diffusion
equations of the type

X = —(=A)2(X, "1 X)),

with o € (0, 2), m € (0, 1) has been shown in [dPQRV12]. In the case of (fractional)
fast diffusion equations energy inequalities for L”-norms, choosing p large enough,
may be used to prove finite time extinction. As we will point out in detail in Sect. 1.2.1
below, in the case of (1.2) this ceases to be true and one has to work with the L!-norm
instead, thus causing the situation of (1.2) to be quite different from [Vaz06,dPQRV12].

If we do not insist on nonnegativity of solutions it makes sense to consider random
perturbations of additive type, i.e.

dX[ € A¢(Xt)dt +dW[, on [O, T] X O

0e€¢(X;), ondO, (1.6)

where W; is an appropriate Wiener process. In fact, this additive type of noise has
been suggested in the physics literature (cf. e.g. [DG94,GDG98]). SPDE of the form
(1.6) (actually also allowing more general, multiplicative noise B(X;)d W;) have been
considered in [GT13] where the existence and uniqueness of solutions (for all d € N) as
well as ergodicity (for d = 1 and additive noise) has been shown. Based on the results
developed in [Ges13a] one may expect that this implies the existence of a random
attractor consisting of a single random point, which we expect to prove in subsequent
work.

At last we should mention the very recent work [BR13] on the related stochastic total
variation flow, where (F1) has been shown in dimensions d < 3.

In conclusion, despite the large amount of works addressing finite time extinction
for the stochastic BTW model, it has remained an open question up to now whether this
happens with probability one. In this paper we solve this problem by proving (F3) for
the stochastic BTW model with underlying bounded domain © € R¥ forall d > 1.
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1.2. Main result and outline of the proof. We will now state our main result in more
detail and give a brief, informal overview of our approach. In the following let O C R4
be an open domain with smooth boundary 00, f = (fi)k=1...N € C2(O; RY) and
B = (,Bk)kzl ,,,,, ~ be a standard Brownian motion in RY. As above, we restrict to
nonnegative initial conditions (and thus to nonnegative solutions) so that the stochastic
BTW model may equivalently be written as

N

dX; € Asgn(X,)dt + > fiXidpf, on[0,T]x O
k=1
0 € sgn(X;), ond0O,

(1.7)

with X¢ = x¢, where sgn denotes the maximal monotone extension of the sign function.

N ~ N .
Weset o, :=—f - B = — > 1y fiB5 = %|f|2 = %Zk:l £ and we consider
the transformation Y; := e¢** X,. An informal calculation shows

atY[ (S e“’Asgn(Y,) — [LYI (18)

The analysis of (1.7) presented in this paper will be essentially based on an analysis of
(1.8). A rigorous justification of this transformation will be given in Sect. 3 below.

As we will see in Sect. 4, a mild condition on the decay of the mass of the level sets
of fi (e.g. |{€ € 0|0 < 1(&) < €} < &° forall ¢ > 0 small enough and some § > 0)
implies

(H) : Forall p > 1 there is a tg = to(p, w) such that
/ eP(—Mz—fH)d%— :/ ePZ/ivzl fk(S)ﬂf—%ff(S)ld%— < C(p,w) < oo,
@ @

for P-a.aw € Q and all ¢ > 1.

Note that, in particular, the cases of vanishing noise (ft = 0) and full noise (it > 0) are
trivially covered by the above condition.
Roughly speaking, our main result is

Main Result (cf. Theorem 4.5 below). Assume that (H) is satisfied. Let xy € L*°(O),
X be the corresponding solution to (1.7) and set

19(w) = inf{t > 0| X;(w) =0, fora.e. & € O}.
Then finite time extinction holds, i.e.
Pltg < o0] = 1.
Remark 1.1. In the statement of the main result we restrict to essentially bounded initial
conditions for simplicity. In fact, as we will see in Sect. 4 the extinction time 7y can be
bounded in terms of appropriate L” (O) norms of xq (with p depending on the dimension

d). Due to continuity of X; in the initial condition this is easily seen to imply finite time
extinction for xo € L?(0) as well.



Finite Time Extinction for Stochastic Sign Fast Diffusion 315

Remark 1.2 (Spatially homogeneous noise). Assume that the functions fi are constant.
Then define F(t) = fot et dr G(t) = F~(t). An informal computation suggests
that u, := Y solves

o:u € Asgn(u),

i.e. the case of spatially homogeneous noise may entirely be reduced to the deterministic
situation, for which finite time extinction has been first proven in [DD79] (cf. also [Bar13]
for a more recent approach). The informal computation introduced above may be made
rigorous by first considering non-degenerate, non-singular, smooth approximations (as
we will do below, cf. Sect. 2.2 below) for which the transformation follows from the
classical chain-rule.

The same remark applies to (1.7) if the stochastic part is given in Stratonovich form

by choosing F (1) = [y etrdr.
1.2.1. Outline of the proof. As laid out above, our analysis is based on the transformed

Eq. (1.8). The proof consists of two main ingredients:

(1) A uniform control on || X,||, for all p > 1.
(ii) An energy inequality for a weighted L' norm of ¥;.

While on an intuitive level the arguments used in this paper to prove finite time extinction
become quite clear by considering an approximation of the sgn function by r["! :=
|r|"~'r (m | 0) it is necessary to choose a more complicated, non-singular, non-
degenerate approximation in the rigorous proof. Therefore, we start by giving an informal
outline of the proof based on rI"! — sgn.

Step 1: A uniform control on || X, ||, forall p > 1
Let Y; be the solution to

Y, € e AY™ — iy,
for some m > (. Then we may informally compute

81/ €pﬁt|Yt|pd§ :p/ epﬁtY;[p_l]eM’AYt[m]d%‘
o o

=—p /O ety yle=Uyylmge —p /O v P Hvenetpit gy ™ g

—(p — Dmp / AV A L N ALY 5
O

—pm / Ytlﬂfl+mfllveltr+liﬂlvytd§
o

-1\ 2
— 4([} - 1)mp / e;,ct+p[l.t (V|Yt|p > l) ds
o

C(pAm—1)?
. +Pm l/ V|Yt|p+m—lvep.,+p/1td%-
p+m— @]
4 —1 . p+m—1 2
i o o
- O

+ pm / |Yl|p+m71Ae“’+pmd‘§, (1.9)
p+m—1Jo
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for all p > 1. Taking p > 1 and then m — 0 we may “deduce” from this

o [ ey <o,
@
Note that for fix m > 0 this does not follow, since the second term in (1.9) does not
vanish. This is the reason why our analysis applies to the BTW model only and not to
general fast diffusion equations with m > 0. In order to turn the above bound on Y into a
bound on X we need to control the amount of energy added to the system by the random

perturbation. Assuming a mild decay condition on the level sets of & (cf. Remark 4.2
below) we obtain that condition (H) is satisfied. This implies

/OIXtI”dE=/(er(‘““’1’)e”ﬂ’|Yt|”d§
P

<C (/ e(P+T)ﬂl|Yt|(P+T)dé§)W
O
P
prT
e ( / |xo|<”+”ds) , (1.10)
(@)

| X ”p <Ci ||x0||p+ry

ie.

forall p > 1,7 > 0,1 >ty = tro(p, 7, w), with C; = C1(p, 7, w).

Remark 1.3. (i) While we obtain a uniform bound on each L?-norm of X, for large
times ¢t > t, we do not obtain such a uniform bound on the L®°-norm of X; since
the geometric Brownian motions ¢ > e ~# & ~AE)1 are not necessarily pathwise
uniformly bounded in § € O. As compared to the deterministic case, this leads to
additional difficulties in the proof of finite time extinction.

(ii) Inthederivationofthe L” bound of X, presented above, we use that the noise is given
in It6 form. It is due to the Itd correction term /& in (1.8) that we may uniformly
control fO eP|Y,|PdE (and not only f(’) |Y;|Pd&), which in turn is essential in
(1.10).

In fact, the estimate relies purely on the noise part, since by taking p > 1 and then

m — 0 the parts in (1.9) that are due to the diffusive term vanish.

Step 2: An energy inequality for a weighted L' norm of ¥;.
We now develop the crucial energy estimate to prove finite time extinction. Let ¢ be
the classical solution to

Ap=—-1, onO
=1, onadO.

Note 1 < ¢ < [[@llooc =: Cyp. Asin (1.9) we informally compute

4 _1 +m—1 2
at/ e_“S(p|Y[|pd§ — _(p—)mpz/ eltt—us¢ (V|Yl|p " ) dé
o (p+m—1°Jo

2 /IYrI’”m‘]Ae“f"‘f(pds. (1.11)
p+m—1Jop
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In order to prove finite time extinction the first term on the right hand side will be crucial

andweaimtoletmm — 0, p — 1 simultaneously in such a way that the constant 4(”_—1)'”’2’
(p+m—1)
does not vanish (in contrast to step one). For example, we may choose p = m + 1 and

obtain
o [l ias =~ 1) [ ey (Vi) de
o @
+1
G / 1Y, 27 et~ .
2 Jo
In the limit m — 0 we may then expect

o [ I = = o et (Vi de + ) o Acepds. (L1
(@]

where 7 is a selection from sgn(Y), i.e. n,(§) € sgn(Y¥;(§)) fora.e. (t,&) € [0, T] x O.
The crucial point is that if we choose m — 0, p — 1 such that the first term in (1.11)
does not vanish, then also the second one is preserved in the limit. This makes the
proof of finite time extinction more intriguing than in the deterministic case where the
perturbative second term is not present.

Step 3: Deducing finite time extinction
The principal idea is that

Ael ™M = eI (=1 42V - V(s — 1) + 91V (s = 1) P+ Algas = 1))

is non-positive if ||, — ps || -2 ) is sufficiently small and hence we may drop the last term
in (1.12) on such intervals [s, 7]. For the sake of simplicity of this introductory overview
let us restrict to d = 1. In higher dimensions d > 2 the control given by the dissipative
term fO ett=Hsg (Vn)? dg in (1.12) is much weaker and the argument leading to finite

time extinction is more subtle. For d = 1 we have HO1 <> L° . Restricting to intervals
[s, ¢] such that

sup Ae g <0 (1.13)

rels,t]

we obtain from (1.12):

t
/ e olY:|dé 5/ e““wleldE—/ (inf e“"’“‘) I lloodr.
o o s \£€O

By step one we observe

/ eTglYy| = / e T g Y, |d§
o @)
< C1Cyllxoll 1+,

forallt > 0,s > 1y = to(t, w) and with C; = Cy(t, w). Moreover, since ||7;]lcoc = 0
implies ¥; = 0 we may deduce

t
[ e oimide < iyt = [ (g e Yarvo, i
o s \§eO
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for all intervals [s, ¢] such that (1.13) is satisfied and s > 1. Since

N
e = sl o) < (Z ||fk||cz(@)) B — Bl
k=1

for (1.13) to be satisfied we have to restrict to intervals [s, t] where |8; — B;| remains
small. Due to properties of Brownian motion (cf. Lemma B.2 below) we may find such
intervals [s, ¢] of arbitrary length and hence (1.14) implies finite time extinction (with
extinction time 7y depending on xo only via its L'**-norm).

Remark 1.4. We note that the methods leading to finite time extinction introduced above
do not rely on the presence of noise. In fact, if u = 0, then (1.14) reduces to the
corresponding estimate from the deterministic case. In particular, no non-degeneracy
condition (as e.g. assuming ft > § > 0 on O as for the result on exponential decay
proven in [BR12]) has to be supposed.

1.3. Notation. In the following let © C R? be a bounded, open set with smooth bound-
ary 00.Fors <t,s,t € Rwelet O 1 1= [s,t] x O and Or := Oyo,17. For p > 1 we
let L (O) be the usual Lebesgue spaces with norm || - ||, := || - [|L»(®). For ¢ € L*°(O)
we define the weighted Lebesgue space L(’,f((’)) to be the space of equivalence classes
of measurable functions f such that

120 = ( /O |f<s)|P<p(s>ds)” < o0,

For notational convenience we set || - [, := || fll 1Oy The spaces C"™" (Or) are defined

to be spaces of functions on O with m continuous derivatives in time and n continuous
derivatives in space. We let HOl (O) be the first order Sobolev space with zero Dirichlet
boundary conditions endowed with the norm

1l = /@ MGG

and let H~! be its dual. We let sgn denote the maximal monotone extension of the sign
function. We write @ < b if there is a constant C such that a < Cb. The constants
C, C1, Cy will denote generic constants that may change value from line to line. For
every p € [1,00] we let p* € [1, co] denote the dual exponent, i.e. % + # =1

,,,,,

standard Brownian motion, without loss of generality given by its canonical realization on
Co(Ry; RN). We let (F;) teR, be the canonical filtration generated by 8 with completion

(Fo)ieR, -

1.4. Overview of the contents. In Sect. 2 we will prove the existence of solutions to (1.8)
and some key energy estimates. In the following Sect. 3 the transformation of (1.7) into
(1.8) will be justified by proving that for the solution Y to (1.8) constructed in Sect. 2
setting X, := e~ " Y; yields a solution to (1.7). The proof of finite time extinction will
then be given in Sect. 4. In the final Sect. 5 we prove a pointwise estimate on X; implying
exponential convergence to zero on sets K € O for which infgeg f£(§) > 0.
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2. Existence of Solutions

In this section we will construct solutions to the transformed Eq. (1.8). In this construc-
tion we will work with a fixed realization of the Brownian motion, i.e. we consider
Wi = Z,ivzl fkﬂtk (w) for an arbitrary, fixed w € Q. In fact, the precise structure of
w does not matter for the construction and we consider (1.8) for an arbitrary functions
w € CO2(Or)and i € C2(O) nonnegative. In particular, we may replace 8 by any con-
tinuous stochastic process, e.g. fractional Brownian motion. We note, however, that we
will use special properties of the Brownian motion in the proof of finite time extinction
in Sect. 4 below.
Let us define what we mean by a solution to

0 Y, € e Ap(Yy) — iY;, onOr

0€¢(Y,), ond0, 2.1)

with Yy = yg and ¢ being a possibly multi-valued map satisfying 0 € ¢(0).
Definition 2.1. Let yo € L>®(0). A tuple (Y, ) withY € L2 (O7) W20, T]; H™Y)
and n € L%([0, TT; HO1 (0)) is said to be a solution to (2.1) if
d - . -1
EYI =eMAn, — Yy, in H ' forae.r €[0,T]
Yo =yo
and 1;(§) € ¢(Y;(§)) forae. (1,§) € Or.

Remark 2.2. Let yg € L®(0), Y € L>(O7) N Wh2([0, T1; H~ ") and n € L%([0, TT;
HO1 (O)). Then (Y, n) is a solution to (2.1) in the sense of Definition 2.1 iff

t t
/ Ygdt = / Yowds — / / Vi, - Vet pdidr — / / AY,gdedr,
O (@) 0o JO 0o JO

forae.t >0,

for all ¢ € H&(O) and 7, (&) € ¢p(Y;(&)) forae. (1, &) € Or.

Proposition 2.3. Suppose ¢ is a monotone, Lipschitz continuous function. Let y(()i) €
L*®(0) and Yo, n(i)) be solutions to (2.1) in the sense of Definition 2.1, i = 1, 2.
Then there is a C > 0 such that

1 2 1 2
1" — Y212, < ey =y 13, Yeelo T

— 0
In particular, solutions to (2.1) are unique.

Proof. By the chain-rule

d _a 2 1 2 1 2

T =Y = 2 Al =) v v )
Y 2 1 2

GV — v @),y _y®)
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Since e Af = Aett f —2Vett -V f — fAel forall f € Hy(O) we obtain
@ A =) v =¥
=—(" (" =) vV — ¥,
—2(vVe' v(n" — ), vV — ¥ o
—((n" = nPyaer vV — vy 2.2)
Since ¢ is Lipschitz and monotone:

1 2 1 2
—e" i =i, ¥ — v,

__ / (") — p(r PNV — v2)as
(@)

1 2
[ e~ o Pae.
@

S J—
léllLip
Moreover,
1 2 1 2
—2(Ve! V=), ¥ =¥ )
1 2 1 2
< eIV a3 +Cy =y P2,
1 2 1 2
<eln = P13+ oy — v P13

and the third term in (2.2) may be estimated similarly. Choosing ¢ > 0 small enough
yields

1 2 1 2 1 2
(e am® =y —v®) <y —rPu

which implies the claim. 0O
We aim to construct solutions to
8,Yt € e'ut ASgn(Y[) - /:‘LY; (2.3)

via a smooth, non-degenerate, non-singular approximation of the right-hand side. In
order to prove convergence of the approximating solutions it is convenient to employ a
three step argument. First, we will consider a Lipschitz (non-singular) approximation of
the nonlinearity, i.e.

3,Y") € e Ap® (Y — iy, £ >0,
where ¢® is the Yosida approximation of sgn, then a vanishing viscosity (non-degenerate)
approximation, i.e.
3,75V = et Ap® (vV) 4 8t AYD — 1YV, 6,50 2.4)

and in the last step we consider smooth approximations ¢™¢), (¥, 7 :

(1) (t)
8th(r,8,§) — o A¢(r,s)(yt(r,s,8)) 1 el AYI(T,S,S) _ ﬁ(T)Yl(T’E’a), (2.5)

with 7, &, 8 > 0. The advantage of keeping § > 0 in the first step lies in the resulting
continuity of 7 — Yt(g"s) in L2(0), which will be needed to obtain the key energy bound
proving finite time extinction (cf. Lemma 4.3 below).

In order to justify the limiting procedures 7, &, § — 0 we require uniform a-priori
estimates on Y (™¢9) that will be obtained in the following section.
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2.1. Approximate equation, a-priori bounds. In this section, we consider PDE of the
type

alY[ = e”" Ad)(Y[) + SeMtAYl - [‘LYZ’ on OT

2.
Y, =0, ondO, (2.6)

with Yo = yo, 8 > 0, i, @i, yo and ¢ being smooth functions, ;& > 0, ¢ monotone,
#(0) = 0 and yo being compactly supported in O. Let ¢ : R — R be such that J/ = ¢
and ¥ (0) = 0. Existence of classical solutions Y € C%(O7)NC2(O7) to (2.6) follows
from [LSU67].

Lemma 2.4. Forall p > 1l and allt > s >0

~ ~ l ~
/ ePH Y, |PdE < / PP\ Y|P dE + / / C(Y) AP g gy
O O s JO

t ~
+5/ / |Yr|pA€M’+purd§dr, 2.7
s JO

where (1) 1= fot r[l’_l]d)(r)dr. Moreover, forallt > s > 0

~ t ~
/ MY, PdE +28 / / et |7y, 2dEdr
O s JO

- t ~
< / |y, Pk + / / £(¥)) A2 g dr
(@) s JO

t ~
+6 / / Y, |2 At 20 dedr, (2.8)
s JO

where (1) = fot ré(rdr.

Proof. Fornowlety®© (1) := (12+&)% —e7,$© = 4© and note 1 © (0) = ¢ (0) =0.
We compute

5 / Py O (v,)dE
O
:/Od,(b")(yt)eﬂﬁpﬂtAd,(Yl)d%-+5/O¢(8)(Yt)eur+PﬂIAytds
- / e 1) (Y)Y, dE + p / P ) (v,)dE
(@) O
=- / ¢ (Y)e! TP §(Y,) VY, |PdE — / @ (Y (Y,) Vel PRIV Y, dE
O O
_5/ q'ﬁ(g)(Y,)e““pm|VY,|2d“§ _5/ ¢(8)(Yt)Ve“'+P’1’-VY,d§
(@) (@)

_/ ep;ltll(p(s)(yt)ytdé_'_p/ epllllaw(s)(yt)d%:. 2.9)
o) @
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Setting ¢ ) (1) = fot #© (r)¢(r)dr we obtain (note £ ® (0) = 0)
o / ey ©) (v,)dg
O
= —/ clg(s)(Yz)e“’+p‘1tq5(Yt)|VY,|2d$+/ @ () Aet P gg
© o
_5/ O (V)P VY, P + 8 / O (1) Ak g
© o
- / "M i (V) Y,dE + p / ePM iy (v dé.
o o
In particular,
31/ epllll,ﬁ(s)(Yt)dS 5/ f(s)(Y,)A€“‘+P’1td§+8/ ¢(6)(Y1)Ae“’+pmd$
O o) o
- /Oe”ﬂ "9 (Y)Y,dE + p /O M ) (¥,)dk.

Letting ¢ — 0 then yields (2.7). Arguing as in (2.9) but with ¥ ®) () replaced by r> and
p = 2yields (2.8). O

Lemma 2.5. For all t > s > 0 and all nonnegative o € CZ(@)
1
o [ weroods =~ [ e ivowds + 5 [ ot agetds
16 16 2 Jo
+5/ (Y Aoet dg.
O
Proof. We compute
81/ ¥ (Y)odé
(@)
Z/O¢(Yz)96”’A¢(Yt)dr§+5/O¢(Yt)Qe“’AYtd§ —/Ofﬁ(Yt)QﬂYtdE

IA

- /O 06t |V (¥)2dE — /O $(Y)Voeh Vo (Y,)dE — 5 /O $(Y,)Voeh VY dé
=— / Qe“ww(mﬁds—% / Voe' Ve (Y)*dE — § / Vi (Y,)Voel dé
O O O

. / 06 [V (V)| 2dE + = / 6 (¥ Aget di + 5 / (V) Aget de.
o 2 Jo 10)

2.2. Construction of a solution and energy bounds. We need to specify the chosen
approximation ¢, ¢ : R — R of the sign function in (2.4), (2.5). Let ¥ (r) := |r|
and note ¢ := sgn = 9. We let J.(r) := (1 +esgn)~! be the resolvent of sgn and v )
its Moreau-Yosida approximation, i.e.
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1 Lt <
v (r) = inf—lr—s|2+|s|=[2€’ Il <e
seR 2¢g

Then ¥ € W2(R) with

90 =) = [_

r|’

We note that ¢‘® is the Yosida-approximation of ¢, i.e.

) = é(r —Jr)edp(Jer), VreR (2.10)
and we have
1
) _ @ _ e Irl=e
9=y (r)_[o, |r| > e.
Moreover, we note
() =@ =) — @) <2 2.11)

and ¢©® (r) < 1. We further let £ and 1™ > 0 be smooth approximations of 1, fi
such that || (™) — 1l o2y IA® — il 2oy < T y(gt) a smooth approximation of y

with [[y$7 = yoll1 < 7 and [|y{”lloo < 1y0/lo0»

Ip(t,g)(') — lﬁ(g) % (p(r)(.) _ 1ﬁ(&) * (p(r)(()) € CP°(R)
¢(1:,£) = l/'f(fsé?)

where ¢(7) is a standard Dirac sequence. Note (%) (0) = ¢™%(0) = 0. We then
consider the three-step approximation

3,Y e et Ap@ ¥y — iy, onOr

Y =yp, onO (2.12)
then
YD = et Ap@ (¥ EDy 4 8¢t AYSED — Y ED | on OF
Y5 = yo, onO, (2.13)
and

(1) (7)
8y, 7Y = et A (v, 70V 4 et AYFHY — gy S0 on OF
YED =30 on 0, (2.14)

with zero Dirichlet boundary conditions. By [LSU67] there is a unique, classical solution
Y @€ 10 (2.14). We aim to first let T — 0 then § — 0 and then ¢ — 0. As outlined
above, the advantage of first keeping the approximate viscosity lies in the fact that
t Y,(S"s) is continuous in L?(©) which will be needed to establish the key energy
estimate.
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Remark 2.6. In the following we will prove that for all sequences (z, &5, §,) — 0 we
may find subsequences (7, &,, 8n,,) — 0 such that

k—o00 m— 00

Y(Tnkﬁn[aanm) N Y(Sn[’anm) Y(S”l) [—o9 Y

in a weak sense, where Y is a solution to (2.3). Since we have uniqueness for (2.13)
and (2.14) in fact the whole corresponding sequences converge. In order to prove F;-
adaptedness of Y in Sect. 3 we will choose a particular sequence &, — 0 along which
the solution Y will be constructed.

Lemma 2.7. Let yg € L®(0), £,8 > 0. Then there exists a unique solution Y% to
(2.13) in the sense of Definition 2.1 satisfying Y &% e C ([0, T1; L*(©)) and

t
/epﬂ’|Yt(S’6)|pd§§/ eplls|ys(€,5)|17d§+8p*1/ / |Ae”’+pﬂr|d$dr
O (@) s JO
t ~
+5 / / Y &P Al tPRT g, (2.15)
s JO

forall[s,t] CR,, p > 1. Moreover, for all [s, t] C Ry and all nonnegative o € CZ(@)
we have

t
/ POEEN)ode + / / 06" |V (¥ &) Pdedr
O s JO
l t

< / YO ENed + / / ¢© (VD)2 Agetr dEdr

O s JO

t
+6 / / ¥ O (¥ ) Agelr d&dr. (2.16)
s JO

Proof. Uniqueness follows from Proposition 2.3. The construction of solutions to (2.13)
starts from (2.14). Since ¢, § > 0 are fixed, for simplicity we will suppress them in the
notation of Y (%9 y (€9 ip the following.

Step 1: A-priori bounds
From Lemma 2.4 we have

e ! (),
/ 2 )’|Y,(”|2d§+25/ / et R\ gy O 24k gy
O s JO
~(t ! T ~(T
< / A7y O Pk + / / £ @O (YO Aets AT g gy
o s JO
! (1), H~ (1)
+5 / / 1Y O 2 Aetr 2T e dr,
s JO
with ¢ @9 (1) = [3 ™ (r)dr and
t
/ ep/:L(T)t|Yt(r)|Pdé 5/ epﬂ(T)S|YS(T)|I7dE +/ / {(T,S)(Y;T))Aeu(rr)+pﬂ(f)rd$dr
O O s JO

t D e
+6 / / Y12 ae+ PR ge gy, 2.17)
s JO
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@8 (1) = [ lp—14(r.8)
forall p > 1, where {9 (r) = [y r ¢\ %8 (r)dr. For p > 1 we note

t
g(m)(t):/ AP0 (1) gy

0
<81”1 t e+t1l|?
- p | £
e~ e+Tp
< — ‘ - ‘ Vi € R. (2.18)

Hence,
™ < € < oo,
uniformly in 7 > 0 (small enough). Using Gronwall’s inequality this yields
sup / ep[‘(r)[|Y,(T)|pd§ <C < o0,
t€[0,71JO

for all p > 1 and

T
() ~(T
5/ / et I gy O 2gEdr < € < oo,
0 O

uniformly in 7 (and in &, §).

Step 2: Extraction and identification of a limit
From step one we conclude that Y i uniformly bounded in L*°([0, T']; L?(O))
for all p > 1 and in L*([0, T]; H}(O)). Hence, ¢*)(Y")) is uniformly bounded
in L2([0, T1; H}(0)) and 4£Y® is uniformly bounded in L2([0, T1; H~"). Since
HO1 (O) = LX0O) is compact, we may use Aubin-Lions compactness (cf. e.g. [Sho97,

Proposition II1.1.3]) to extract subsequences satisfying
Y ~*y, in L°°([0, T1; LP(O)) and in L*([0, T1; H} (0)), ¥p >

11

) 5 (2.19)
Y® >y, inL%*([0,T]; L*(©)) and dt®dé-a.e., fort — 0.

As a consequence (using ¢™%) — ¢ uniformly), we also have

Y® >y, inLP(Or)forall p > 1,
Y” > ¥,, forae.te[0,T]in LP(O) forall p > I,
oYy ~ ¢©(Y), inL*([0, T]; HL(O)), for T — 0.

Since Y™ is a classical solution to (2.13) we have, in particular,

T T
(7) ()
- / OO, ¢ O)ord = O, 9O 1 + / e AgTO ) + 56 AV
0 0

—2DY o) yd,

2 More precisely, for each sequence t" — 0 we may extract a subsequence 7,, such that the claimed
convergences hold [cf. Remark (2.6)].
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forall ¢ € cl(0, T1; H™Y) with ¢(T) = 0. Taking the limit T — 0 implies

T T
— /0 Yy, @' @) g—1dt = (yo, 9(0)) -1 + /O (' A (Y1)
+5€lL[AYl - /lylv (p([))H—ldt, (2.20)

for all ¢ € C1([0, T]; H~') with ¢(T) = 0. In particular, f — Y, is weakly differen-
tiable in H~! with weak derivative given by

Y] = e AP©(Y)) + et AY, — Y.
Since also Y € L%([0, T1; H} (0)) we have Y € W, ([0, T1; H} (0), L2(0)) (where
we follow the notation of [Zei90]). From [Sho97, Proposition III.1.2] we obtain ¥ €
C([0, T1; L*(©)). Boundedness in L>([0, T']; L?(O)) for each p > 1 then implies

Y € C([0, T]; LP(O)) for all p > 1. With (2.20) this implies weak absolute continuity
of t — Y; and using [Sho97, Proposition III.1.1] we conclude Y € Wl’z([O, Tl; H_l).

Step 3: Proof of (2.15), (2.16)

The inequality (2.15) follows from (2.17) and (2.18) by taking t — 0 and using
Y € C([0, T]; LP(O)) for all p > 1. Similarly, (2.16) follows from Lemma 2.5 and the
locally uniform convergence ¥ (%) — ¢ o

Proposition 2.8. Let yg € L®°(0), ¢ > 0. Then there exists a unique solution Y'® to
(2.12) in the sense of Definition 2.1 satisfying Y©) € C([0, T]; H™1),

~ t ~
/ P Y|P < / lyol?d&+CeP™! / / AetrPRTgedr. Wt e [0, T], (2.21)
O (@) 0o JO

forall p > 1. Moreover,

t
/ 1Y," |dg + / / et 1Vp® (¥ ©) | 2dedr
O 0o JO

1 t
5/ |y()|dé’§+—/ / |Aetr|dE + Ce. (2.22)
o 2Jo Jo

In addition, t — Yt(g) is weakly continuous in LP (O) for all p > 1.

Proof. Uniqueness follows from Proposition 2.3. The construction of solutions to (2.12)
starts from (2.13) and Lemma 2.7.

Step 1: A-priori bounds
From (2.16) (with o = 1) we have

13
[voaaes [ [ enia© o) Pasar
@] s JO

1 1
< / O EN)dE + - / / |Aer |dedr
o 2J)s Jo

t
+6 / / v Oy ) Aetr dedr. (2.23)
s JO
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Step 2: Extraction and identification of a limit
Due to (2.15) and (2.23) we may argue as in Lemma 2.7 to extract subsequences
satisfying

Y& o y® in 1[0, T1; LP(0)), ¥p = 1,
Y& — y®©  inL2([0, T, HY,
d© ¥y ~ p©  in L2([0, T1; Hi(0)), for§ — 0.

Note that due to the lack of a uniform L2([0, T; Hj (O)) bound on Y for § — 0

we may only deduce strong convergence in L2([0, T']; H~") as compared to strong
convergence in L2([0, TT; L*(©)) in Lemma 2.7. Since ¥ ¢-9) is a solution to (2.13) we
have

T T
- /0 ¥ @' (0) gordt = (y0, (0)) -1 + /0 (" AP (YY), p(1)) y-1dt
r 8 r )
+8 / (" AYSD  9(1) yrdi— / @YY o) yd,
0 0

forall 9 € C'([0, T]; H™') with ¢(T) = 0. Taking the limit § — 0 yields
T © T
- /0 (Y, ¢' (1) g-1dt = (y0, p(0) -1 + /0 (" AN, o(1)) y-1dt
L ®
- /0 @Y p(t) yrd,

for all ¢ € C1([0, T]; H~1) N C°([0, T]; C%(O)) with ¢(T) = 0. As in the proof of
Lemma 2.7 we conclude

d
EY}&) = An® — ay®, in H ' forae.r €0, T]

andY® € Wl-2([0, T]; H~') € €°([0, T]; H~'). Continuity of t — ¥* in H~! and
uniform boundedness in L” () then imply weak continuity of ¢ > Y,(S) in L?(O) for
all p > 1.

It remains to identify n(g). For this we consider the convex, lower semicontinuous
functional

T
W@ (x) :=/0 /Olp(g)(xt(f))d“g‘dt, x € L*([0,T] x O).

Then W ® : L2([0, T] x ©) — L%([0, T] x O) with
0w () = {n® = ¢ ()}

being a maximal monotone operator. By monotonicity of ¢’ we have

T
/ / (@) — D@D — z)dédr > 0,
0 JO
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forall z € L%([0, T] x O). Taking the limit § — 0 we obtain

T
/ / 0® — @ (2))(Y'® — z)dedr > 0,
0 O

forall z € L?([0, T] x O). By maximal monotonicity this gives n® € W (Y®)) and
thus n® = ¢© (Y®). In conclusion, ¥ ® is a solution to (2.12).

Step 3: Proof of (2.21), (2.22)
Equation (2.21) follows from (2.15). From (2.23) and (2.11) we have

t
[waae [ eniwa© o) pasar
@ 0 JO

1 t
5/ l/f(yo)d€+C8+—/ / |Aer |dEdr
o 2Jo Jo
t
+38 / / YO D) Aetr dgdr.
0 JO

Integration against a nonnegative testfunction n € L°°([0, T']) with ||n||; = 1 and taking
the limit 6 — 0 yields

T T t
/ " / P (¥ ydedi + / " / / 7|V (¥ Pdidrdi
0 (@) 0 0 (@)

1 T t
5/ I/f(yo)d$+Cs+—/ m/ / |Aetr|dEdrdt.
o 2 Jo 0 Jo

Since t Y,(E) is weakly continuous in L”(Q) for each p > 1 this implies (2.22). 0O

Theorem 2.9. Let yg € L*°(O). Then there exists a solution (Y, n) to (2.1) in the sense
of Definition 2.1 satisfying

/ ePHY, PdE < / IyolPdE. (2.24)
(@) O

In addition, t — Y, is weakly continuous in L (O) for all p > 1.

The solution (Y, n) can be obtained as a strong-weak limit in L2(0,T]; H Y x
L%([0, TY; HO1 (0)) of solutions (Y©,n® = ¢© (Y®)) constructed in Proposition
2.8.

Proof. Let(Y OR 17(5)) be solutions to (2.12) as constructed in Proposition 2.8. By (2.21),
(2.22) and Aubin-Lions compactness we may extract subsequences such that

Y® —~*y,  in L®([0, T]; LP(O)), Vp > 1,
Y® >y, inL*([0,T]; H Y,
p© (Y ®) — n, inL*([0, T]; H} (0)), fors — 0.

We may then argue as in Proposition 2.8 to obtain

d - . -1
EY[ZEIMAT]I—/J/YI, in H
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for ae. t € [0,T]and ¥ € W'2([0, T]; H™"). In particular, Y € C([0,T]; H™!)
which implies weak continuity of # +— Y; in L?(QO) due to the L*°([0, T]; L?(O))
boundedness.

In order to characterize the limit 7 we may argue similar to Proposition 2.8. For this
we consider the convex, lower semicontinuous functionals

T
W) = / / V(&) dEdr,
0 O
T
WO (x) = / / v (x,€)dedr, x € LX([0,T] x O).
0 @)

Then aW, 0W® : L2([0, T] x O) — L2([0, T] x ©) with

W (x) = {n € L2([0, T1 x O)n/(§) € p(x:(£)), ae. (t,§) € [0, T] x O}
8‘-11(5)()6) — {n(s) — ¢(£)(x)}

being maximal monotone operators. Due to (2.11) we have
W (x) — W(x)| < /O 19 (e (§)) — ¥ (% (§))|dE ® dr < |Orle, ¥x € L*(Or).
T

Hence, ¥®) — W in Mosco sense, and thus d¥®) — W in strong graph sense (cf.
[Att84, Theorem 3.66]),i.e. forall (Z, 7j) € dW thereare (&), 7 = ¢ (z))) € gW®
such that 2® — Z, 7® — 7 in L2([0, T] x ©). By monotonicity of ¢ we have

T
/ / @@y —p©®EO) (Y ® —z)aedr > 0.
0 O

Taking the limit ¢ — 0 we obtain

T
/ / (n—mY —2)dédt > 0,
0o Jo

for all (z,7) € 0W¥. By maximal monotonicity this gives n € dW(Y) which implies
n: (&) € (Y, (§)) forace. (t, &) € Or. In conclusion, (Y, n) is a solution to (2.3).
As in the proof of (2.22), taking ¢ — 0 in (2.21) yields (2.24) for almost all # > 0.

Then using weak lower-semicontinuity of x > fO eP|x|Pdg on LP(O) and weak
continuity of # — Y; in LP(O) we obtain (2.24) forallt > 0. O

3. Transformation

In this section we will give a rigorous justification of the transformation Y; := e* X,
leading to the transformed Eq. (1.8), i.e. to

0:Y; € et Asgn(Yy) — 1Yy, on Or

3.1
0 € sgn(¥;), onadO. G-1)
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Since we aim to eventually deduce statements for X from Y we only require the “back-
transformation”, i.e. we aim to show that if Y is a solution to (3.1) constructed in Sect. 2
along an appropriate sequence &, — 0 then X; := e~ Y; is a solution to (1.7), i.e. to

N

dX; € Asgn(X,)dt + > fiX,dBf. onOr
k=1
0 € sgn(X;), ondO.

3.2)

In the following, let f = (fi)i=1..n € C*(O;RN) and B = (BX)i=1...n be a
standard R" -valued Brownian motion. As before we set j1; = — zllcv:] fiBK and i =
% Z,i\’: 1 sz. Let S = L%(O) and consider the Gelfand triple

Sc H ' cs*

Multivalued stochastic evolution inclusions of the type (3.2) have been studied in [GT13].
In order to also cover approximations to (3.2) we will recall the setting introduced in
[GT13, Section 7.1] for the more general SPDE of the type

N

dX, € Ap(e" X)dt + D fiX,dpf. onOr
k=1
0e€g™X,), ondO,

(3.3)

where ¢ =0y : R — 2R is the subgradient of an even, convex, continuous function
with ¢ (0) = 0, and for all n € ¢ (r):

i< Clrl+1)., VreR. (3.4)

We then define ¢ (¢, u) := fO (et u)dé foru € S,t € [0, T]andlet A(r) := de(t, -) :
S — 25" We note

A(t,u) = {Av € S*|v(§) € p(e™u(§)), ae. & € O}
and the growth condition (3.4) implies
Imellss < CA+lle™ ™ llocllulls), Vn: € At u), t €0, T]. 3.5)

For Av € A(t, u) we have
yMwwm=—Lﬂ@m@M£

Definition 3.1. A continuous ]:",-adapted process X : [0, T] x Q@ — H~!is a solution
to (3.3) if X € L%([0, T] x €2; S) and there is an € L2([0, T] x ; S) such that X
solves the following integral equation (in S*)

t N o
X,=x0+/0 Anrdr+Z/O fiX,dpk, (3.6)
k=1

P-a.s. foreach ¢t € [0, T] and An; € A(¢, X;), dt ® P-almost everywhere.
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Note that since (3.6) is satisfied in §*, implicitly the Riesz map t = (—A)"!: H~! —
HO1 (O) is applied to X. Hence, (3.6) reads

t Nt
(27X, = (—A)_1X0+/ Anrdr+<—A)—IZ/ feXrdBy,
0 k=1 0

again as an equation in S*. As applied to —Ap € S this yields

t N t
/ X,0d€ = / xoodE€ + / / n,Agdr+§ / / fi X, odedpk,
o o 0 Jo i /o Jo

forall o € H2(O) N Hé (O) and a.e. t € [0, T]. Hence, we obtain
Remark 3.2. Let X, n as in Definition 3.1. Then X is a solution to (3.3) iff

' N o
(X1, )2 = (x0, Q)2 + /O - B0adr + Y [ (X, 0ndpf. forac.r €[0.7]
k=1 0

P-a.s., forall o € H2(O) N H(} (0).

Using It6’s formula for Gelfand triples (cf. [PR0O7, Theorem 4.2.5]) and monotonicity
of the operator A¢ : § — 25" yields

Lemma 3.3. Solutions to (3.3) are unique.
From [GT13, Example 7.3] we have

Proposition 3.4. Let xo € L*(O). Then there is a unique solution X to (3.2) in the sense
of Definition 3.1.

We now proceed to the justification of the transformation X; := e #Y;. In different
contexts analogous transformations have been used e.g. in [BDPR09b,BR13,Ges13b].
In the present situation the proof is more involved, since no uniqueness result for (3.1)
is known.

Theorem 3.5. Let xg € L%°(O). Then there is an F;-adapted solution Y to (3.1) con-
structed as in Sect. 2. Moreover, X; := e~ ™Y, is the unique solution to (3.2) in the sense
of Definition 3.1.

The proof of Theorem 3.5 proceeds in several steps. The main difficulty is the proof
of F;-adaptedness of ¥, which does not simply follow from the approximation via ¥ ()
due to the lack of a uniqueness result for (3.1). Note that the subsequence & along
which Y ®m) converges to ¥ may depend on w €  and thus adaptedness of ¥ does not
(yet) follow from the adaptedness of ¥ ®m»). The main idea in this section is to prove
convergence (not only along some subsequence) of Y =) by proving convergence on the
level of the “back-transformation” X &) := ¢=#y (&),

Proposition 3.6. Let xg € L°°(O) and for all w € Q let (Y (w), n(w)) be a solution to
%Y, € I AY(Y,) — iY;, onOr
0e¢(Y;), ondO,

with Yo = xq in the sense of Definition 2.1. Assume that Y € L0, T] x  x O) for
some T > 0 and that t — Y, is F-adapted in H™"'. Then (X := e ™Y, ) is a solution
to (3.3).
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Proof The proof follows from arguments similar to those of [BDPRO9b, claim p. 916].
]

In order to apply Proposition 3.6 we need to prove that Y constructed in Theorem
2.9 may be chosen to be F;-adapted in H~". As outlined above, for this we will prove
convergence on the level of the “back-transformations” X (&) := ¢=#y(®),

Lemma 3.7. Let x € L*>(O). Forall ¢ > 0 let (X®, n®)) be a solution to (3.3) with
¢ = ¢ and ¢© as in Sect. 2.2. Assume SUp.>g [ X 220,715 2:5) < C- Then

X® 5 X fore —> 0in L*(2:; C([0,T1; H YY),
where X is a solution to (3.3) with ¢ = dsgn.

Proof. The key point leading to the strong convergence X ®) — X is the choice of ¢,
Due to (2.10) one has

@V (a) — ¢ (b)) - (a—b) > —2(e1 +&2) Va,beR.

Using It6’s formula and the Burkholder—Davis—Gundy inequality this yields the required
strong convergence

X® 5 X inL*(Q;C(0,T]; HY).

For details we refer to [BDPROO9b, proof of Theorem 2.2] where similar arguments have
been employed. It then remains to identify X as a solution to (3.3). This can be shown
by the same methods as used in the proof of Theorem 2.9. 0O

Proof of Theorem 3.5. In order to prove F;-adaptedness of ¥ (’9_’5) we note that in the
construction we may choose the approximation (¥ of y in an F;-adapted way (e.g. by
first shifting the time variable by 7, then mollifying with a standard Dirac sequence).
Continuity of the solution to (2.14) with respect to (¥ is classical. This implies F;-
adaptedness of ¥ (*%%_ From Lemma 2.7 and by uniqueness of ¥ %) we have weak
convergence along the full sequence, i.e.

y@ed) ~ y@D in L2([0, T]; H ).

Hence, Y ©9) is F;-adapted. Analogous reasoning yields ;-adaptedness of ¥ ).
From (2.21) we have

T ~
sup E / Y ©1Pag < / lyo|Pd& + CeP™'E / / | AeHr*PRT | g dr
O O 0 O

tel0,T]

and the right hand side is finite due to Fernique’s Theorem. Hence, ¥ ®) is uniformly
bounded in L?([0, T] x  x ©) for all p > 1. Proposition 3.6 implies that X©) :=
e Y ® is a solution to (3.3) with ¢ = ¢®). Again employing Fernique’s Theorem we
note that X© is uniformly bounded in L2([O, T] x ;8). Since w(g) is the Moreau-
Yosida approximation of ¥, Lemma 3.7 implies X® — Xin L2([0, T] x ; H’l).
Thus, there is a sequence &, — 0 such that

X®) 5 X P-as.in L>([0, T]; H™Y).
Since also Y ) — Y in L2([0, T, H™YH along some subsequence n;, we obtain
e"X =Y, P-as.,

which implies that Y is F;-adapted, if constructed along this specific sequence &,.
Proposition 3.6 then finishes the proof. 0O
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4. Finite Time Extinction

In this section we will prove finite time extinction via energy methods as outlined in the
introduction. We will first prove an energy inequality for the approximating solutions
Y©% constructed in Lemma 2.7. By a limiting argument this will imply finite time
extinction for Y.

In order to control the amount of energy added to the system by the random pertur-
bation we need to require

Hypothesis 4.1. Assume that f = (fi)k=1,...N € C2(@; R¥) is such that for all p=>1
and a.a. w € Q there is a ) = tp(p, w) such that

/ e P ZiL @Bt @3 2@ g :/ e PRED PR g5 < C(p. o) < oo,
@ @

forall t > 1y.

Based on the law of iterated logarithm, it is not difficult to see that as long as ft is
strictly positive Hypothesis 4.1 is satisfied. Trivially, Hypothesis 4.1 is satisfied when
no noise is present (i.e. i, it = 0). More generally, a mild decay condition on the size
of the level sets of [ is sufficient to guarantee Hypothesis 4.1:

Remark 4.2. Assume that for each p > 1 there are &g, ¢ > 0 such that

N
Hs (B WACE e]

k=1

=|{0 < i <e}| <cllog(e)|"", Ve <eo.

Then Hypothesis 4.1 is satisfied. In particular, Hypothesis 4.1 is satisfied whenever the
mass of the sublevel sets of ji decays polynomially, i.e. if |{0 < i < &}| < &° for all
& < gg and some § > 0.

Proof. For each t > 1, by the law of iterated logarithm we have

|B:(w)] < T4/2tlogy(t), forallt > fy(t, w),

for P-a.a. w € Q. For p > 1, we estimate

/e—pu,@)—p;l@)zdg </ oPF 1B = pit g
o -~ Jo

5/ (P08 =40 g
@]

=/ emfm(u/zlogz(t 'f‘f) d
O

_ eplflﬁ(r«/ﬂogz(l)f%”ﬁ)dg
- .21 /2Togy (1)
{\.fliiﬁ }

+/ eplfm(fm,%wﬁ)dg
(fl> @}

S/{f 27 /2log2(t)}ep|f|ﬁt 21032(’)d§+|(’)|
| fls——F—
Jt

[|f|52”—V21°gZ“)”+|0|,

< e4pr2 log, (1)

NG
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21,/2log, (1)

for all t > r9(t, w). Since — 0 for t — oo we can use the assumption to
conclude

[ e O de < og 7 tog 4 +10)
@]
< log(®)*r™=4rD 4 10,
forall t > to(z, p, ). Choosing t > 0 small enough implies the claim. O

We will now proceed to prove the key energy estimate in an approximate form for
Y ®9) In the following let ¢ € C2(O) be the classical solution to

Ap =—1, onO
=1, ondO.

By the maximum principle we have 1 < ¢ < [|¢[lo0 =: Cy.

Lemma 4.3. Assume that Hypothesis 4.1 is satisfied. Let yy € L®(0), £,8 > 0, Y(&9
be the associated solution to (2.13), t > O and p > % V 1. Further, let [s, t] C R, such
that

sup Agetr™Hs <0

rels,t]

and s > ty = ty(p, T, w), with ty as in Hypothesis 4.1 (applied with p replaced by
—p(pﬂ)) Then
T : ’

v e ag

1 (1-a) "oes =
< ((hz(s,l,r,a,s, ||xo||1:§)—1<8) —<1—a>/ g® )<r>drv0) +K°,
s

where

hz(r, D, T, 8, g, x) = C1C£ (65 f(;h](S,P+T)de
- . P
+C8p+r_1/ egj;hl(u%f’"'f)dwh](s’ p+ r)ds) "
0
h] (r’ p) = sup |Aeﬂr+l7ﬂr|
£€O

&
K = Cylle™ lloo 5

and C1 = Ci(p, T, w), o = zqi* <1,

(infeeo e ) |6© (V) oo, ford =1
g(s,(s) (r)= infeee et 1

Tl ford =2,
p+T

ha(r.p.t.8.e, 0| 530) PT
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and
q=o00ifd =1,
q € (2,00) arbitrary ifd =2,
q=-—5id= 4.1)

Proof From (2.16) with o = gpe™"s we have

v
/O v pe i de + / /O gl TV (v D) Pdgdr
u
< [ Oz,
@)

for all [u, v] C [s,t] (where [s, t] is as in the statement). We now use the Sobolev
embedding HOl (O) — L1(0O) with ¢ > 2 as in (4.1). The simpler case d = 1 has
already been outlined in the introduction. Hence, we shall restrict to the case d > 2 in
the following. We obtain

2
v 2
/ w(s)(yv(e,ﬁ))(pe—mds_,_/ inf etr—Ms (/ |¢(8)(yr(8»3))|qu)q dr
O u £€0 O
< / YO (Y ED) e tsd.
(@]

We have

/o 10 (VMg = /W)| |6 (VM) 1dE + /M ¢ (o)1 dE
r‘ = r"

|>e

> [{Y50] > e},
This implies
/OW(E)(YU(E’S))fﬂe_“SdS +/uvgg(fgeﬂ,—usmyr(s,s)| - s}|5dr
5/01,0(8)(Yu(8’6))<p€_“5d$~ 4.2)
We note

v

=/(£5) I'//(8)(Ylg'sya))we_ujdg+/ (&,8)
1Y,""|<e 1Y, |>¢

v

— & _
=0y "Moo x ) v '
< Colle ™ loos + [ . 1V lpe o dk
17D |>e

YO ED)ge e dg

2

L
£

_ & _
< Colle™ oo + lle WY EDLHIYED | > e} 77, Vp > 1. (4.3)
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From (2.15) we obtain

4 .
/ PP dg < & Syl / [vol?d§ +CeP™! / A B MEDIT Y (1, pydr,
@ @ 0

with iy (r, p) 1= supzco | Aetr*PT| Thus, by Hypothesis 4.1:
/O le M@y ED P = /O ep(—us—ﬁ-v)e—pﬁ(r—‘v)(ppepﬁr|Yr(6,8) |PdE
e
~ pHT
Cl C(f: (‘/(9 e(p+f)[,LV|Yr(8,5)|p+'L'd$)

C Cg (88 for hi(s, p+1)ds /O |x0|p+rd$

IA

IA

P

r . P
+C5”+r_l/ e‘sj:[hl(w’p”)dwhl(s,P+t)ds)pH

0
= ho(r, p. 7,8, &, X0l hin), (4.4)

forall p > landr > sVity, where C; = C1(p, T, w),t9 = to(p, T, w) is asin Hypothesis
4.1. From (4.3) and (4.4) we conclude

1Y D] > &)
> ; I//(E)(Y(E’(S)) e_’“'dé' —-C ”e_,us I E r
S ey Uo U T

1 _ _ e\’
> (/O w(s)(yv(s,é))(pe lLsdé—C¢||e Mx”ooz) .

- N
ho(v, p, 7.8, ¢ llxollhip) 7

*

Using this in (4.2) yields
2p*

, 3
/ ¢<s>(yl§s,a>)¢e—usd§+/ 2ED (1) (/ VO Y ED) pe s g _K(a)) " dr
o o

u

< ‘/(9 1p(s) (Y,fg"”)goe”“dg,

for all [u, v] C [s, t] with

inféeo eMr —Hs

g0 = -
ha(r, p, 7.8, &, |Ix0ll5ie) 79

&
K = Cylle™ oo

*
We will require o := 2% < 1 which is equivalent to choosing p > quz' Note that
q

7= = % ford > 3 and quz can be chosen arbitrarily close to 1 for d = 2. Hence, let

p > ‘7’ arbitrary, fixed.
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: e (e) (y (€:0) —ps Jg —. ||y (&:0) :
With f(u) = [ @ ¥, )pe Hsdé =:||Y,”" || ye-ns We obtain
v
@+ [ g0 (70~ KO)dr = g, forall . v) € Is.11
u

Note that f is continuous since ¥ ©® e C([0, T1; L?>(©)). Hence, from Lemma A.1
we obtain

—o

(I—a) d
175 e < ((||Y;5>||¢em —K) = - / gD rydr v 0) +K".
N
From (4.4) (with p = 1 we conclude)

£,8
1Y, s
==

I+ AN L e e
= (a6 tmbe otz - k) = (- [(eOmarvo) ek
N

O

We may now derive the key energy estimate for ¥ from Lemma 4.3 by taking the
limits 6 — O then ¢ — 0. We obtain

Lemma 4.4. Assume that Hypothesis 4.1 is satisfied. Let yo € L°(O) and Y be a
solution to (2.3) constructed in Theorem 2.9. Let t > 0, p > % VvV 1andl[s, t] C Ry
such that

sup Agetr™Hs <0

rels,t]

and s > to = to(p, T, ) with ty as in Hypothesis 4.1 (applied with p replaced by
22 ) Then
T : ’

t ==
/(9 w(Yz)goe‘“sdés((Clc¢||xo||1+f)“‘°‘>—(1—a) / g(r)drvO) :

where C1 = C1(p, T, w), o = qu* <1,

(infgeo e 7H) Inrllos, ford =1

r) = inf Kr—Is
8(r) R ford >2,
(C1Cyllxollpse) T

and

qg=o0ifd =1,
q € (2,00) arbitrary ifd = 2,

= ifd > 3.
q=-—5ifd=
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Proof We first recall that the weak convergences Y ¢® — Y and ¥®) — ¥ hold as
weak limits in L?(Or) for all p > 1. Integrating the main estimate from Lemma 4.3
against a nonnegative testfunction n € C L([s, 1]) with ||n]| L'(is.0)) = | and using weak

lower semicontinuity of v — f; M foo W (v)pe *sdédr on LP(Or) we obtain by
taking § — O:

t t (1
/ r /O YO ge dtdr < / r ((hz<s,1,r, e Ixoll 55 — K°)
N s

—(1—a) / ¢®@()ydr v o)'_

—a)

dr + K°®.

Since t — YI(E) is weakly continuous on L”(QO) this implies

(I-a)
/O v O pede < ((hz<s, Lre ol - £°)

1
r T—a
-1 - a)/ ¢®()dr v 0) +K°,
N
for all » € [s, t]. Due to (2.11) this implies
(&) — s 1+t & (-
v geteds < (G, 16 ol D) - K°)

1

r T—a
-1 —a)/ g(s)(r)drVO) +K® +Ce,
S

for all € [s, t]. Using the same reasoning as for § — 0 allows to take the limit & — 0,
which yields

1
(1—a) t T
/O (Y pe Msde < ((hz(l, T, Ixoll{iE ) —(1 —Ol)/ g(r)dr VO) ,
N
where
ha(p, v, x) = lim lim /a(s, p, 7,8, 8,%) = C\Chxe

and

(infeco e ) n,llog, ford =1

g(r) = lim lim g®9(r) = infeeo eltr s
e—>086—0

S ford > 2.
€165 (Jo lxolPtTdg) aP+o)

O

Theorem 4.5. Assume that Hypothesis 4.1 is satisfied>. Let xo € L®(O), X be the
unique solution to (1.7) and let

To(w) := inf{t > 0| X;(w) =0, fora.e. & € O}.

3 In fact, we only need Hypothesis 4.1 to hold for certain p € Ry depending on the integrability of the
initial condition x( and the dimension d.
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Then finite time extinction holds, i.e.
Pltg < o0] = 1.

The extinction time to(w) may be chosen uniformly for xy bounded in L? (O), for any

1, ifd=1
P>14 .
5, ifd=2.
Proof Let Y be a solution to (3.1) as constructed in Theorem 3.5. Let p > % (p>1lin
d
cased = 1)andset p := "HTZ, T := p — p. From Lemma 4.4 we recall: For all intervals

[s,t] with s > t9 = to(p, T, w) = to(p, d, w) such that SUD,¢[5.1] Agetr=Hs < 0 we
have

1
I—a

t
/@ [Yilpe " dE < ((C1C<p||x0||l+t)l_a -- a)/ g(rydr v 0)

1
t T
< ((Clellxollp)l_a -(1-= Ot)/ g(rydr v 0) 4.5)

with

(infeeo e ) Inyllo,  ford =1
§(r) = 1 _infeco et ford > 2

25% 0

(C1Cyllxollp) 7

e
and the same constants as in Lemma 4.4. Note that p > % and thus o = 22 < 1. We

will now restrict to the more difficult case d > 2, while d = 1 follows similarly.

By Lemma B.2 there is aset Q¢ C €2 of full P-measure, such thatforalle > 0, w € Q
we may find arbitrarily large intervals [s, 7] with s > #o such that sup, ¢, 1 18- (@) —
Bs(w)| < e for all w € Q. Also note

Agelr™Hs = gltr™ls (—1 +2V(ur — pts) - Vo + oIV (1 — 1) > + Ay — us)))
- —1,

for || . — MS”CO*z([S Hx®) — 0. Thus, for £ small enough we have

sup Agetr™Hs <0,

rels,t]

whenever sup,.c[; 1 |8 (@) — Bs(@)| < . In conclusion, we may choose arbitrarily large
intervals [s, ¢] such that sup, ¢, ,; Ape’r™#s < 0 and

25*
q

1
8¢y = (2(1 v clcwnxonp))
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On such intervals we have from (4.5):

/ |Yilpe " d&
o
1
2p* I—a

_ 1 Ta
< [ €icylxolp)! “—II—SI(I—G)(Z(vaIC ol )) v 0
¢ p

Since we may choose |t — s| arbitrary large this implies that for all w € Q( there is a
7o (w) such that

Y, =0, ae.in O.

The claim now follows from Theorem 3.5. O

5. Decay Due to (Ito-)Noise

Using similar ideas as in the proof of Theorem 4.5 we may (partially) sharpen a result

obtained in [BR12, Theorem 2.3]. More precisely, assuming ji = % Z,/(VZI sz > (Qithas
been shown in [BR12] that

) 1
1 osupg 22 (X0 892)? i,
/ X,dE < ||x0||2|K|7esuPKM (ZA_|(ﬂz)) e~ 2infrr it
K

for every compact set K € O and every compact neighborhood K’ O K. In contrast, for
the result presented here we do not assume any non-degeneracy condition on the noise.
Moreover, the exponential rate of decay is more explicit and its relation to the decay of
geometric Brownian motion becomes evident.

Proposition 5.1. Let xg € L°°(O) and let X be the corresponding unique solution to
(1.7). Then, P-a.s. and for allt > 0

X, <e M M xglloe, forae & €O. (5.1)

Proof In the following we will restrict to the case xo # 0. For xgp = 0 we may proceed
similarly. We consider the approximants ¥ (%-4-%) solving (2.14). Let M := ||xo|| oo and

KO, &) 1= e A7 4y,
with v > 0 arbitrary, fixed. Then
aK® = —[L(T)efﬁ(r)tM +v>—aOKO 4y
and

() T . .
et Ad)(f,s)(Kt(T)) — euf ) (¢(t,e)(Kt(f))|VKt(T)|2 + ¢(r,s)(Kt(T))AKt(T)) .

Since () is uniformly bounded we have K ¥ > ¢ > 0 for some ¢ > 0. We note that
qﬁ(*’)(r) = sgn(r) for |r| > ¢. Hence, also q&(”)(r) = sgn(r) for |r| > ¢ + t and for
e, T > 0 sufficiently small we get

d;(t,E)(K(t)), (i)“’g)(l((t)) =0.
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Thus,
eltfz)Aqg(f,é‘)(Kt(f)) =0

for all ¢, T small enough. Moreover, we note

s’ AK = o1 (euﬁ”—ﬂ(”’ml(” + tel‘?”"i(”’|vﬁ(”|2) <v,

for all 8 small enough. Hence,
e AGTO (KD 45t AT — fOKD < v — gOKD < 8K

and K is a supersolution to (2.14) for each (z, €, §) small enough on a time-interval
[0, To(8)], where Typ(8) 1 oo for § — 0. Consequently,

y0@) < KD(E), Y, €) €10, To(8)] x O.
In other words, K™ — ¥"** is a nonnegative distribution in H~! forall 7 € [0, Ty(8)].
Since all the limits 7, ¢, § — 0 in the construction of Y hold for all ¢ € [0, T] weakly
in H~! and the convex cone of nonnegative distributions in ! is weakly closed this
implies
K, —Y, >0 inH 'forallt >0,

(using Tp(8) 1 oo for § — 0), where

K@, &) :=e MO M 4 vt
Since also K; — ¥; € L2(O) for all ¢ € [0, T] this implies

Y; < K;, forallr €[0,T], ae.& € O.

Now letting v — 0 implies the claim. O
Remark 5.2. On an informal level the proof of Proposition 5.1 relies on choosing

K(t,8) = e " xollo
as a supersolution to (2.3). Since K > ¢ > 0 for some ¢ > 0 we have (informally)

Asgn(K) = 0.

Hence, the observed decay neglects the diffusive effect and is purely due to the noise
and its 1t6 form. This explains the geometric Brownian motion type of decay in (5.1)

and is in sharp contrast to our main result Theorem 4.5 which is stable under vanishing
noise (i.e. if i | 0).

Acknowledgements. The author would like to thank Michael Rockner for valuable discussion and comments.
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Appendix A. Finite Time Extinction for ODE

Lema A.l. Let f, g : Ry — Ry, f lower semicontinuous and g € L}OC(RJ,) such that
there is a K > 0 so that

t
f@) < fs) —/ gr)(f(r)—K)¥dr, Y0 <s <1, (A.1)

for some a € (0, 1). Then

1
t T
f(l‘)i((f(O)—K)l_“—(l—oc)/ g(r)dr\/O)1 +K, ViteR,.
0

Proof. We first note that by subtracting K from (A.l) and replacing f by f — K we
may suppose K = 0.

If £(0) =0then f(¢) = 0forall r € [0, T] and nothing needs to be shown. Hence,
assume f(0) = ¢ > 0 and let

1
t T
h(t) .= (ql_o‘ — (1 - oz)/ g(r)ydr \/O)1 , fort e R,.
0

Let

71 = inf{r > 0] f(¢) = 0}
7y = inf{r > 0|h(z) = 0}.

Since f is lower semicontinuous and # is continuous we have 71, 7o > 0 and f, h are
strictly positive on [0, 71 — €] ([0, T2 — €] resp.) for all ¢ > 0. Thus, 4 is the unique
solution to

h = —gh®

A2
h(0) =gq, (A2

on [0, o — €], while f is a subsolution to the same equation. Since f, h are strictly
positive on [0, (11 A 72) — €] comparison holds for (A.2) and thus

f@®) <h(), Vtel0,(tr1 A1) —c¢l

By lower semicontinuity of f we conclude f < h on [0, 71 A 12]. In particular, 71 < 7
and

f@® <h@), Vtel0, 1],

which proves the claim. O
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Appendix B. Some Properties of Brownian Motion

Lemma B.1. Let B be an R -valued Brownian motion, ¢ > 0. Then
P[ sup |8y <e] > 0.
rel0,¢]
Proof Let B!, 2 be independent RY -valued Brownian motions over the interval [0, 7],
1 2
then 8 := % is also an R"-valued Brownian motion. There exists at least one
ball B.(x) € C([0, t]) such that £L(B")(Bs(x)) = P[B! € B:(x)] = ¢ > 0. By
independence,
,BEB(x)ﬂ,B € B:(x)] = ,BEB(X)]]P’,B eB(x)]—q > 0.
Hence,

P[B € B:(0)] = P[B! € B:(x) N B% € B:(x)] = ¢° > 0.
O

Lemma B.2. Let 8 be an RY -valued Brownian motion. Then, there is a set Qo C
of full P-measure such that for all m,n € N, ¢ > 0, o € Qq there is an interval
[s, t] C [m, o0) of length |t — s| = n such that

sup |Br(w) — Bs(w)| < e.

rels,t]

Proof Letm,n € N, ¢ > 0. We first note that by replacing 8 by B/ := Brym — Bm We
may assume m = (. For each k € N we consider the interval [kn, (k + 1)n] and note that
,3tk (w) := Brsin (@) — Bin (@) = B (Ornw) are independent Brownian motions on [0, n].
Hence,

P[ sup |ﬂf| <el=:1q >0,
rel0,n]

for all k. We conclude

Pl sup |B — Bl > ¢ Ykl =P[ sup |BX| > e, VK]
relkn,k(n+1)] rel0,n]

_HIP’[ sup |,B | > €]

rel0,n]

=H(1—q)=o.
k

Since it is sufficient to consider ¢ € QQ, the claim follows. 0O
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