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Abstract: In a wide range of quantum theoretical settings—from quantum mechanics
to quantum field theory, from gauge theory to string theory—singularities in the complex
Borel plane, usually associated to instantons or renormalons, render perturbation theory
ill-defined as they give rise to nonperturbative ambiguities. These ambiguities are associ-
ated to choices of an integration contour in the resummation of perturbation theory, along
(singular) Stokes directions in the complex Borel plane (rendering perturbative expan-
sions non-Borel summable along any Stokes line). More recently, it has been shown that
the proper framework to address these issues is that of resurgent analysis and transseries.
In this context, the cancelation of all nonperturbative ambiguities is shown to be a con-
sequence of choosing the transseries median resummation as the appropriate family of
unambiguous real solutions along the coupling-constant real axis. While the median
resummation is easily implemented for one-parameter transseries, once one considers
more general multi-parameter transseries the procedure becomes highly dependent upon
properly understanding Stokes transitions in the complex Borel plane. In particular, all
Stokes coefficients must now be known in order to explicitly implement multi-parameter
median resummations. In the cases where quantum-theoretical physical observables are
described by resurgent functions and transseries, the methods described herein show
how one may cancel nonperturbative ambiguities, and define these observables non-
perturbatively starting out from perturbation theory. Along the way, structural results
concerning resurgent transseries are also obtained.
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1. Introduction

Perturbation theory is a fundamental tool of analysis when addressing non-trivial prob-
lems in quantum theories. One may find its very successful applications almost every-
where, e.g., from the computation of ground-state energies of anharmonic oscillators in
quantum mechanics, to the computation of beta functions in quantum field theory; from
the genus expansion of the bosonic string in flat spacetime, to the large N expansion
of nonabelian gauge theories. Unfortunately, except for particular cases, these perturba-
tive series expansions are often asymptotic: they have zero radius of convergence. As is
rather well known, this occurs due to the existence of singularities in the complex Borel
plane, usually associated to instantons [1] and renormalons [2].

In this context, how does one make sense out of perturbation theory? Let us denote
by F' the quantity we wish to compute and by z the perturbative parameter. Without loss
of generality we consider that the perturbative expansion in z takes place around z ~ co
and will denote the perturbative coefficients of F by Fj. It does not matter if this is a
ground-state energy, a beta function, the string free energy, or some large N correlation
function: our discussion is completely general within perturbation theory and we shall
not have in mind any specific example. That an asymptotic series has zero radius of
convergence simply means that its coefficients grow as F, ~ g!. One may then use the
Borel transform B[ F] to “remove” this factorial growth and, upon analytic continuation
of the Borel transform to the full complex plane, define the resummation S F of a pertur-
bative expansion by its inverse Borel transform. Here is where a more serious problem
arises: the inverse Borel transform is essentially a Laplace transform, which requires an
integration contour in order to be properly defined. Now, if the required contour of inte-
gration meets a singularity in the complex Borel plane, this whole construction seems
to break down. Indeed, such singularity will create an ambiguity, the nonperturbative
ambiguity, as one needs to decide how the integration contour will avoid it. Singularities
in the complex Borel plane occur along Stokes lines, and perturbative expansions are
thus said to be non-Borel summable along these lines. Let us assume that the singularity
occurs on the positive real axis and that the physical set-up one is addressing concerns
small positive real coupling-constant. Avoiding the singularity either from above or from
below will thus necessarily induce an imaginary contribution, which is different depend-
ing on how we chose to avoid it. This is the nature of the ambiguity. The reason why it
is nonperturbative is simply due to the functional form of the inverse Borel transform;
the ambiguity goes as ~ e~ * (as the expansion is around z ~ oo this contribution is
non-analytic). Of course the same situation will take place along any other Stokes line.
As such, the lack of Borel summability seems to be a fatal problem as it renders per-
turbative expansions meaningless. In this way, if some nonperturbative definition is to
be obtained starting out with perturbation theory, one must find a way to go beyond the
usual perturbative expansion.
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In this larger context one asks again, how does one make sense out of perturbation
theory? As it turns out, instantons (or renormalons) are not only an apparent disease but
they also carry along their own cure. One of the first examples which helped clarify the
solution to the problem raised in the paragraph above was that of the quartic anharmonic
oscillator in quantum mechanics, in particular the study of the large-order growth of
the perturbative expansion associated to its ground-state energy [3,4]. One finds that
the coefficients of this ground-state energy grow as F, ~ g! A™8, where A is the (real)
instanton action locating the instanton singularity in the complex Borel plane, i.e., there is
aBorel singularity on the positive real axis. As mentioned above, resumming perturbation
theory along the real axis, and avoiding the singularity either through the left or through
the right, leads to a nonperturbative ambiguity. The solution arises once one realizes that
it is not only the perturbative sector which has an ambiguity. In fact, if one considers
some fixed multi-instanton sector, say the n-instantons sector, then it is also the case

that the perturbative expansion around this sector, with coefficients Fg("), will also be

asymptotic with non-trivial large-order growth F;") ~ gln A8, In other words, also
any multi-instanton series will suffer from nonperturbative ambiguities. While this could
seem to make the problem with perturbation theory even worse, especially recalling that
in most cases there is an infinite number of instanton sectors, it was shown in [5-7]
that, instead, these ambiguities in the instanton sectors are in fact the solution to our
problem.! These references showed that, in the calculation of the ground-state energy of
the double-well potential, the ambiguity in the two-instantons sector precisely cancels
the ambiguity in the perturbative expansion; the ambiguity in the three-instantons sector
cancels the ambiguity in the one-instanton sector; and so on. In light of this result, if one
considers that the expansion of the ground-state energy is not only given by the usual
perturbative expansion, but rather it is to be considered as a sum over all multi-instanton
sectors—including all asymptotic expansions around these nonperturbative sectors—,
then it is possible that the final answer is in fact real® and free of any nonperturbative
ambiguity, as long as nonperturbative ambiguities arising in different sectors all conspire
to cancel each other out. This cancelation of ambiguities in anharmonic oscillators has
been checked to a very high numerical precision in a large number of references; see,
e.g., [9-12] and references therein.

The cancelation of nonperturbative ambiguities we just reviewed is actually just
scratching the surface of a larger structure behind perturbation theory: that of resurgent
analysis and transseries (we refer the reader to, e.g., the reviews [13—15] on resur-
gent analysis and [16] on transseries, and to [17-19] for introductions to resurgence

I In order to be fully rigorous, a small clarification is needed. In the context of quantum mechanics or
quantum field theories with degenerate potentials, one needs to include both instantons and anti-instantons.
In these cases, a topological charge will specify different topological sectors: with instanton number +1
(—1) for each (anti-)instanton, these sectors are then characterized by their total instanton number. Assuming
independent expansions for each of these topological sectors, the perturbative series (a vanishing number of
instantons or anti-instantons) will appear as the “level zero” of the topological sector with topological charge
0. Other contributions to this sector are the n-instanton/anti-instanton levels, denoted by [I”I"] in [8]. Of
course other topological sectors will also have a corresponding “level zero” in their expansions, but one which
will already have the appropriate number of instantons (and anti-instantons) corresponding to the required
topological charge. The results presented in this paper are directly applicable to this class of problems, one
just needs to be aware that by “perturbative series” we mean the level-zero of each topological sector, while
the n-instanton sectors are the higher levels with the same topological charge (but see also the “resurgence
triangle” in [8]).

2 Of course in some problems, depending on the physics, one is actually looking for (unambiguous!)
imaginary results, in order to describe instabilities, decay and so on. But this is not what we are discussing
here.
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and transseries within physical contexts). In fact, within the aforementioned set-up of
anharmonic potentials in quantum mechanics, it was further noted that computing (real,
unambiguous, well-defined) ground-state energies does not simply amount to a specific
summation over all multi-instanton sectors, but there are also contributions involving log-
arithms of the (anharmonic) coupling-constant. Essentially, this means that the ground-
state energy, as a function over the complex plane of the anharmonic coupling-constant,
will generically have a complicated multi-sheeted analytical structure, with singulari-
ties, poles and branch-cuts, and cannot possibly be described by a simple power series.
Instead, this power series needs to be augmented with different non-analytical terms in
order to fully describe the complete solution to the considered problem, and this is what
the transseries accomplishes. Furthermore, the transseries will precisely encode Stokes
phenomena in order to properly construct our final solution. But there is still more to
this structure: the many components giving rise to the transseries are not arbitrary; the
transseries are also resurgent. This means that once we fix a particular perturbative or
multi-instanton sector, and study the large-order behavior of perturbation theory around
this sector, it will be the case that this large-order behavior will be precisely dictated by
information from all other sectors. Reversely, encoded deep in the large-order data of
some fixed semiclassical sector, lie all others (hence the name resurgence). Within the
quantum mechanical context, WKB and Bohr—Sommerfeld methods were used in order
to derive exact quantization conditions, directly for the energy eigenvalues, which may
then be solved with the use of resurgent transseries ansatze, see, e.g., [10,11,20-26] and
references therein. These works have laid solid ground to the use of resurgent transseries
within quantum mechanical settings.

While the solution to the nonperturbative ambiguity problem, described above, works
nicely within quantum mechanics by making use of the transseries multi-instantons
expansion, the question remains if it may be generalized to quantum field theory. In this
context, instantons are not the worse singularities in the complex Borel plane. Renor-
malons pose much more problematic singularities as they are not only dominant as
compared to instantons, but they also seem to lack a general description in terms of
semiclassical data [27]. In fact, the quantum mechanical solution will work generically,
from quantum field theory through string theory, as long as all singularities in the com-
plex Borel plane have a semiclassical description and, as such, may be incorporated
into a resurgent transseries where all nonperturbative ambiguities may be canceled.
Recently, in [8,28-30], it was shown that akin to instantons renormalons also may be
described in terms of semiclassical data and that they may be used in order to cancel
ambiguities of the perturbative expansion within gauge theories. This opens the door to
defining quantum field theory and asymptotically free gauge theories nonperturbatively,
starting out with their perturbative data and augmenting them into transseries involving
both multi-instanton and multi-renormalon nonperturbative sectors. Note that the use
of resurgent methods within quantum field theory had already been pointed out in [31],
but it was not until the work in the aforementioned references that it became clear that
also in quantum field theory one may generically cancel nonperturbative ambiguities in
a fashion completely identical to the quantum mechanical one.

These ideas have also been extended into string theoretic settings, and towards the
nonperturbative study of the large N expansion. This was first pointed out within the study
of large-order behavior in string theory and large N random matrix models, see, e.g.,
[32-36], where it also became clear that the framework of resurgence and transseries is
in fact the appropriate framework to address nonperturbative issues within these models
[17,18,37,38]. In this set-up, [1 7] considered a specific example addressing superstrings
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in two dimensions, as described by the Painlevé Il equation. In this case, the computation
of the string free energy displays a nonperturbative ambiguity which again may be
canceled by higher-order multi-instanton effects, in a fashion completely identical to the
one which already worked in both quantum mechanics and quantum field theory. It was
in fact already suggested in [17] that this procedure is nothing but the implementation of
the transseries median resummation and that this is the correct procedure which cancels
nonperturbative ambiguities and allows for a construction of real solutions to the string
theoretic free energy, along the string-coupling real axis.

All things considered, quite a few results seem to be transversal and applicable
over a wide range of quantum theoretical settings. Most perturbative expansions have
nonperturbative ambiguities which may be canceled by higher multi-instanton effects
(or multi-renormalon effects, generalized multi-instantons effects [18,37-39], or more
exotic saddles [40]). This further indicates that physical observables are not only given
by a resummation of their perturbative expansions, but by adequate resummations of
transseries, encoding the full (nonperturbative) semiclassical data concerning the prob-
lem at hand. That the same procedure works in so many different contexts is simply
saying that what one is considering is a rather general solution within the resurgent
transseries framework. In fact, as we shall make clear in this paper, cancelation of all
nonperturbative ambiguities is achieved by considering the transseries median resumma-
tion as the correct resummation prescription. Intuitively, one may think of the median
resummation as follows. Let us suppose there was a single pole along the real axis.
Integrating either above or below the pole yields either a +i or —i contribution, and
the median of these integrations precisely cancels the ambiguous imaginary part. Of
course in more complicated settings the singularity structure is much more involved,
with an infinite tower of multi-instanton contributions, but the main idea behind the
median resummation is precisely to ensure that the ambiguous imaginary contributions
cancel among all multi-instanton sectors. As we shall see, while this procedure is sim-
ple when considering a one-parameter transseries, it becomes much more intricate for
multi-parameter transseries. In spite of this, we shall show how solutions can always be
constructed, and how they are highly dependent upon the Stokes data of the problem (in
fact, median resummations may be defined along any Stokes line—and we shall address
them all).

Given that Borel resummation alone cannot properly define perturbation theory
because of the nonperturbative ambiguities it faces along Stokes lines, the overall picture
which we try to convey is that it is the median resummation of the resurgent transseries
which is always the general, unambiguous nonperturbative answer one should consider.
Of course, while this prescription is mathematically rather universal, extra work still has
to be done to implement it in different physical settings. In fact, the transseries can only
be made fully explicit once we have managed to identify the complete nonperturbative
content of the theory in terms of semiclassical configurations.* This is the physical prob-
lem which remains to be worked out in each concrete case. Nonetheless, it seems natural
to assume that whatever quantity one aims at computing within quantum theoretical
settings, it will always be described by resurgent functions and transseries. In this case,

3 In [8] it was also noticed that the cancelation mechanism becomes highly non-trivial when different type
of ambiguities need to cancel, and this was denoted as a set of “confluence equations” in that reference. We
believe that all these cancelations are particular cases of general (multi-parameter) median resummations.

4 Note that by the use of resurgence and large-order analysis it might still be possible to identify the full
nonperturbative content of some given theory, explicitly written in terms of semiclassical configurations, even
though these semiclassical configurations may still lack a proper physical interpretation [18,37,38].
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as described, perturbation theory may always be made meaningful and used to yield
nonperturbative solutions to whatever initial question we had in mind.

2. Nonperturbative Ambiguities and Real Transseries

This paper is somewhat self-contained in the sense that we only require the reader to
be familiar with sections 2 and 4 of [18]; most of our results will follow from there.
Still, we shall begin by recalling precisely a few of the contents in those sections of [18]
in order to set the stage, as the definition of median resummation may be immediately
explained with just a few formulae.

Consider a perturbative series around z ~ 00,

+00 F
~ 8
F(2) ~ E e (2.1)
g=0"

This series is asymptotic with zero radius of convergence when its coefficients grow as
Fg ~ g!. In order to extract information out of such asymptotic series, it is common to
use Borel analysis. The Borel transform

1 s¢
B [W} (S) = m (22)

constructs the Borel transformed series, B[ F](s), with non-vanishing convergence radius
and which may be analytically continued throughout s € C. In order to associate a value
to the divergent sum (2.1), and given a direction 6 in the complex s-plane where B[ F](s)
has no singularities, one may invert the Borel transform into the Borel resummation
Sy F(z) as

Cio o

SoF(2) = / ds B[F](s)e . (2.3)
0

In principle, this would be the nonperturbative answer arising from the perturbative
expansion. But if B[F](s) has singularities along the direction 6, this singular direction
becomes known as a Stokes line and the resummation is no longer possible as its integra-
tion contour just became ambiguous. We then need to define lateral Borel resummations,
Sp+ F(z), avoiding the singularities via the left or via the right, and leading to distinct
(sectorial) resummations of our original asymptotic series (see Fig. 1). In this language,
the nonperturbative ambiguity is associated to having Sp+ — Sy- # 0. However, the key
point to stress is that these lateral Borel resummations are still related via the Stokes
automorphism &, as follows:

Sp+ = Sp- 0 G,. 2.4)

In order to determine the Stokes automorphism one uses alien calculus, and we refer
the reader to [18] for more details. In short, &, may be computed in terms of the alien
derivative, A, a differential operator which essentially encodes the singular behavior
of the Borel transform (i.e., it vanishes if evaluated at a regular point of B[ F](s)). If the
singular points along the 6-direction are denoted by {wy}, one finds

S, =exp z e Ayt - (2.5)

wefwy}

5 As discussed in [18], we are only considering poles or logarithmic branch-cuts as singularities.
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The proper use of alien calculus is made within the setting of transseries and resurgent
functions. As we have explained in the introduction, transseries augment power series
by the incorporation of non-analytic terms. For example, a one-parameter transseries is
of the form

F(z.0) =Y o"F" (), (2.6)
n=0

where F©(z) is the (asymptotic) perturbative expansion one started out with, (2.1),
F™ (z) are (again asymptotic) multi-instanton sectors, and where o is a formal parameter
counting the instanton number and selecting distinct nonperturbative completions to
whatever problem one is addressing. Transseries may depend on multiple parameters;
e.g., in the solution to the Painlevé I equation and the quartic matrix model in [18,37], or
the solution to the Painlevé Il equation in [38], a two-parameters transseries was needed.
With parameters o1 and o>, this was given by

+00 +00

Fz.o1,00) = > > ofoy F"" (), 2.7)

n=0m=0

where again F©9(z) is the formal asymptotic power series (2.1), and where the
F M) (7) are now generalized instanton contributions with generalized instanton actions
+A € R, of the form

FOM (2) = e D) (2), (2.8)

with ®,;,)(z) perturbative expansions around each instanton sector,

+00 F(nlm)
~ ~ Pnm 8
D umy (2) = 2P ZO e (2.9)
g:

To be fully precise, the two-parameter transseries used in the aforementioned refer-
ences also include logarithmic sectors due to resonance, in the sense that the asymptotic
expansion (2.9) also includes a (finite) sum over powers of logarithms. In order not to
clutter the discussion with unnecessary technicalities, and because these sectors are only
relevant when the explicit asymptotic expansion (2.9) needs to be taken into account,
we will not consider these sectors in the main text. Nevertheless, we do discuss them
in Appendix A. Note that a one-parameter transseries is recovered from (2.7) by setting
o5 = 0. In this case we also define F™ (z) = F"9 (z) and the same for ®,(z). In our
cases of study we shall consider B, = (n +m)  where B is a rational number. For a
general 8, one would have to address the problem case by case.

More general multi-parameter transseries may be considered, e.g., with k parameters
and k distinct instanton actions (real or not). In this case, (generalized) multi-instanton
sectors are labeled by a set of integers n = (ny,...,nx) € Nk as F™ and the whole
structure is more involved. For our purposes, however, the aforementioned one and two
parameter cases will suffice as they already illustrate the median resummation construc-
tion in great generality, both including multi-parameter transseries and the inclusion of
generalized instanton sectors.

One reason why transseries are introduced is that their alien derivatives may be
related to their common derivatives by a set of equations known as the bridge equations
(implementing a “bridge” between alien and usual calculus; see, e.g., [18] for further
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details). This allows us to explicitly evaluate the Stokes automorphism (2.5) in terms
of a set of constants which encode the nonperturbative information of the system one
is trying to solve—these are the Stokes constants. For our example of a two-parameter
transseries (2.7), and as we are dealing with instanton actions +A € R, 8 = 0,  are
singular directions of the Borel transform, i.e., they are Stokes lines. In fact, the Borel
transform has poles at s = £ A, for £ € Z \ {0} (in the one-parameter case, with o» = 0,
we find £ < 1). In this case, the bridge equations then take the form®

. oF ~ oF
AgaF(z,01,02) = S¢ (01,02) — + S¢ (01,02) —, (2.10)
do 0o

where Ae A = e Y4 Ayy is denoted as the pointed alien derivative. As to Sy (o1, 02)
and Sy (o1, 02), they have natural power series expansions and one mostly works with
the respective coefficients instead; in this case with Sék) and §ék) (but see [18] for these
explicit expansions). It should be clear that, when inserting the transseries expansion
(2.7) into the above bridge equations (2.10), one will find that the alien derivative of any
given sector Ayga @ ,m) only depends on other sectors @,/ |,), and this is in essence
why the transseries are “resurgent”.

A simple and probably familiar example occurs when restricting to the one-parameter
case. Applying the Stokes automorphism (2.5) for the & = 0 direction, and making use
of the bridge equations, one finds

So+F (z,0) = Sp-F (z,0 + S1), (2.11)

where S is a Stokes constant. This expression precisely describes Stokes phenomena
of classical asymptotics within the resurgence framework—crossing the Stokes line at
6 = 0 corresponds to a “jump” in the parameter o, as governed by the Stokes constant S;.
In later sections we will discuss the role that each Stokes constant plays when crossing
different Stokes lines.

Nonperturbative ambiguities in the resummation of asymptotic series (and transseries)
precisely arise along singular directions, i.e., directions along which the Stokes auto-
morphism is non-trivial and where Stokes phenomena takes place. Their cancelation via
the transseries median resummation must thus relate to the Stokes automorphism. For
the moment, let us point out that there is a very simple argument to understand how
this occurs. In most cases, when one writes the perturbative expansion (2.1) it has real
coefficients and addresses positive real coupling. But positive real coupling also corre-
sponds to the & = 0 Stokes line, where Stokes phenomena takes place as in (2.11). At
the same time, in this set-up the ambiguities are purely imaginary. So, the cancelation
of all ambiguities naturally translates to the construction of a real transseries along the
0 = 0 Stokes line. In the one-parameter transseries this is just setting Im F(z,0) = 0.
As first discussed in [17], this condition is satisfied if and only if Imo = % S1 (where
S1 € iR), with real instanton action, and where the real solution is then

1 1
Fr(z,0) =So+ F (z,a—ESl) =S()F(Z,O’+§Sl). (2.12)

In this expression 0 € R and one uses (2.11) in the second equality. But this real solution
is precisely the median resummation. More generally, the median resummation of some
given transseries along 8 = 0 is defined as (see, e.g, [14])

Sped = Spr 0 &, 1* = Sy 0 &7, (2.13)

6 For the one-parameter case, one would obtain the same equation with §[ =0.
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where the last equality comes directly from (2.4). The reverse statement is also true: the
median resummation of a transseries along the & = 0 Stokes line yields a real transseries
at positive real coupling. In this way, Fr(z, o) = Sg‘edF (z,0).

This result may be understood as follows. Assume for the moment that all we had
was the original perturbative expansion F(?). Because # = 0 is a singular direction,
So+ —Sp- # 0 gives rise to a nonperturbative ambiguity and we may use these (distinct)
lateral Borel resummations to naturally define the imaginary ambiguity as

1
Im FO = - (Sor = So-) FO. 2.14)
i
Further defining the associated real contribution as

1
Re FO = 5 (Sor +80-) FO, (2.15)

we may rewrite the resummation of our original series as’

So-FO =Re FO —iIm F©, (2.16)
In order to construct an (unambiguous) real solution, we need to cancel the (ambiguous)
imaginary part. In order to do that, let us better understand which exact contributions

give rise to this second term. As shown in Appendix B, the imaginary contribution to
any F may be determined by simply using the fact that

(Sor — So-) F™(2) = =Sy~ o (1 = &) F™(2). (2.17)

This expression also makes it clear that the full content of the ambiguity is encoded in
the Stokes automorphism. Then, using formulae from Appendix B, Im F© is given by

+00
28Im FO =" 5{ 8- F©
=1
+00
=> 8 (Re F© —ilm F<‘>)
(=1
=S Re FV — %SfReF(3)+SfReF(5>+~-~. (2.18)

Here we have rewritten the Im F© terms as real contributions, via (B.26), to recursively
write the ambiguity in F© as a multi-instanton expansion of real contributions. Now
plugging this expansion back into (2.16), one immediately finds that in order to cancel
the above ambiguous imaginary term we need to add to the perturbative expansion at
least contributions arising from the one-instanton sector,

| 1 i
3518y F® = 251 Re F - %Sl Im FO. (2.19)

7 Here we made a choice of lateral resummation Sy~ . Analogous results would be achieved with Sy+
instead.
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This, in turn, will still contribute to an imaginary ambiguity but only at the next order
in instanton number. In this case, an “improved” version of (2.16) becomes

So- (F(O) + 151 F“))
2
1(1 i
=ReFO 4+ 3 (Esf Re F® — 5 Re F® +. ) — %Sl Im FO
1 1 1
=Re FO — Esf Re F® + Zs? Re F©® + Esi‘ Re FP +....  (220)

To obtain the third line above, we have again used (B.26) to expand Im F1. Continuing
the iteration of this process, we quickly find that what one is constructing is a real
transseries solution starting out from the perturbative expansion, and this is precisely the
aforementioned median resummation of the transseries when o = 0, i.e., this process

constructs
+00 n 1
FRr(z,0) = Sp- (Z 2_; F(n)) =So-F (Z, 551) . (2.21)

n=0

What this simple exercise has done is to mathematically formalize the procedure to
cancel the nonperturbative ambiguities to all orders, in both quantum mechanics and
quantum field theory, which we have outlined in the introduction.

If one expands the median resummation F(z, o) in powers of o, and further rewrites
all terms as explicitly real contributions (e.g., following the guidelines we describe at
the end of Appendix B), it is simple to find

1
Fr(z,0) =Re FO(z) + o Re FV () + (02 — ZS‘Z) Re FO(z)+---. (2.22)

This expansion shows that real solutions, where all ambiguities have been canceled, will
always display multi-instanton corrections even if one sets o = 0. A similar construction
can also be carried through for the two-parameter transseries, and we shall discuss it in
detail in Sect. 6. For the moment, we just want to make clear that the explicit determi-
nation of the transseries median resummation gives us a very direct way to determine
real solutions, without having to follow the more intricate recursive construction we out-
lined above. In particular, this is the simplest approach to canceling all nonperturbative
ambiguities, in all multi-instanton sectors.

This procedure will work along any Stokes line. Given some arbitrary singular direc-
tion 0 it is natural to ask if it is always possible to find a median resummation prescription
such that nonperturbative ambiguities cancel. Intuitively it is quite simple to realize this
is true. Trivially writing

1 1
89:& = 5 (S@+ + S@—) + E (89+ — Sg—) s (223)

then if 0 is a singular direction where G4 # 1, one finds a nonperturbative ambiguity as
Sp+ # Spy-. Canceling the ambiguity entails setting Sp+ — Sy— ~ 0 at the level of the
transseries (to stress this point we have used ~ instead of an equal sign in the previous
formula). This means that one also needs to define projections parallel and orthogonal
to the direction 6 for the transseries parameters o;, implemented as the operations Reg
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A

Fig. 1. Schematic representation of the median resummation as an “average” of lateral resummations. This
“average” acts on full transseries and thus necessarily constraints the choice of transseries parameters

and Imy. But this is simple to do, in which case the median resummation follows as (see
Fig. 1)

1
Sped 5 (Sg+ +Sp-) . (2.24)

More precisely, note that along 0 the Stokes automorphism is non-trivial and, making
use of its definition in (2.4), one may always write

SPd = Spr 06, =Sp- 06,7 (2.25)

for some yet undefined value of v; but where an appropriate value for v will be equivalent
to requiring that the transseries lateral Borel resummations coincide, i.e., Sg+ — Sp— ~
0. Now, as discussed in Appendix A, one may always rotate the singular direction
0 in the complex Borel plane to the positive real axis, where, in the new variable, the
median resummation and cancelation of nonperturbative ambiguities translate to a reality
requirement: HFr(z, o) = Fg (z, o), with HF = F the complex conjugation operator
and Fr(z,0) = SS‘edF (z,0). As we shall see, this will constrain ¢ and naturally set

V= %; in which case translating back to the original Stokes direction one has

Spd =8y 06,7 =8, 08)7. (2.26)

In the next two sections we shall analyze in detail both Stokes phenomena—at the
origin of the ambiguity—and the implementation of the median resummation in the one-
parameter transseries framework, on what concerns its two possible singular directions
0 = 0, . In particular, we shall discuss what are the consequences of requiring reality
conditions and cancelation of nonperturbative ambiguities along these Stokes lines. Once
this is understood, we then move to the two-parameters case (with generalized instanton
sectors) where things get much more involved. Nonetheless, it is still possible to present



194 I. Aniceto, R. Schiappa

all details and a final solution to the ambiguity problem: we again explain in detail
the intricacies of Stokes phenomena, and how it is used to cancel ambiguities. Before
concluding, we also have a section discussing how Stokes and anti-Stokes lines interplay
with reality conditions and the monodromy of the transseries solution. Because there are
many technical details, in order to keep a consistent and light line of thought throughout
the paper we have packaged most technicalities into three (somewhat long) appendices.
In the first of these appendices we have obtained many structural results concerning
real resurgent transseries and their Stokes data, including cases with resonance and
logarithms.

3. Stokes Phenomena in One-Parameter Transseries

Stokes lines create nonperturbative ambiguities for the resummation of perturbation
theory, which means the first step in order to understand how to cancel these ambiguities
is to understand exactly what occurs at those Stokes lines. We shall first focus upon
one-parameter transseries, as in (2.6) or by setting oo = 0 in (2.7) and just keeping
F®0 (z) = F™ (7). As shown in [18], there are two singular directions in the Borel
plane, & = 0 and & = m, with distinct features. In the singular direction 6 = 0 the
Stokes automorphism, acting on the perturbative series ®,(z) defined in (2.9), is given
by
+00

14
GLAEDY (”: ) (W81 ™ @y (3.1)

=0

The derivation of this result (along with a few others in the following) may be found in
Appendix B. This expression defines an arbitrary power, v, of the Stokes automorphism
&), with the usual Stokes automorphism obtained when setting v = 1. On what concerns
the transseries itself, this automorphism translates to a Stokes transition as

Sy F(z.0)=F (z,0 +vS)). (3.2)

For v = 1 itis easy to see that this leads to the Stokes phenomenon (2.11), by using the
original definition of the Stokes automorphism (2.4). This Stokes phenomenon associ-
ated to the & = 0 Stokes line, Sp+ F (z,0) = So- F (z, 0 + S1), is essentially realized
by a “jump” of the transseries parameter, 0 — o + Sy, which is governed by the Stokes
constant Sj.

As we choose the other Stokes line, & = 7, things will get a bit more intricate. The
Stokes automorphism (or a general power v thereof), acting on the perturbative series
®,,(z), is now given by

n
Sh®, =D %, (n, 0D,y (3.3)
£=0

where X (n, £) is defined in Appendix B, equation (B.13). These coefficients now have
a dependence on all the Stokes coefficients S_g, for £ > 1, thus becoming much more
involved than the case of & = 0, where only the one Stokes parameter S| came into play.
On what concerns the transseries, the automorphism translates to a Stokes transition as

&L F (z.0) = F (.80 (©@)). (3.4)
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As before, we may say that Stokes phenomenon is realized by having the transseries
parameter “jump”, only now this is no longer a simple shift; instead one finds

+00
SW(o) = Za"+1§v(n +1,n)
n=0

=0+ azvS,] +o° (vS,z + szzl)
5
+ ot (vS_3+§v2S_1S_2+v3S31)+~-- . 3.5)

As just mentioned, supporting evidence and derivation of these results may be found in
Appendix B. Consequently, Stokes phenomena associated to the & = m singular Stokes
line is naturally given by®

Sp+F (z,0) =8,-F (2,57 (0)). (3.6)

As we compare (3.2) and (3.4), it would seem that Stokes phenomenon across the
Stokes lines at & = 0 and 6 = 7 is completely different; one leads to a simple shift of o,
the other to a very intricate change in o. This difference is essentially associated to the
number of Stokes constants along each singular line—were we to compare the effect of
single Stokes constants, then the jump would always become apparent. To understand
the effect of each Stokes constant in the jump, set to zero all Stokes constants except S
and one S_¢, for some fixed £ > 1. As we shall show, in this case the Stokes constant S_;
is responsible for a jump very similar to the jump o — o + S7 in the 6 = O transition,
but in this case it will be o ¢ which jumps.

Going back to the bridge equations; for one-parameter transseries they may be simply
obtained from (2.10) by setting Sy = 0, as

. oF
AwaF(z,0) = Si(o) 2. (3.7

The coefficients in the power series expansion of Sk (o), i.e., the Stokes constants, may
be found for instance in section 2 of [18]; they are:

Se(o)=Seo' K, Vk<1, k#0. (3.8)

In this case, the Stokes automorphism (2.5) along the & = & direction follows as

. d
SV F(z,0) =exp UZA,M F(z,0) = exp UZS,/((TH]‘% F(z,0).

k=1 k=1

(3.9

If we restrict ourselves to a scenario where all Stokes constants vanish, S_; = 0 for

k # £, except for S7 and S_¢, and further defining a new variable 7(y) = —U_K/E, it
immediately follows

G F (z, 7:(4)) = exp [u S_y¢ - ] F (z, t(g)) =F (z, T + v S,g) . (3.10)

8 We set v = 1 and defined S;,l)(a) = Sz (0). To recover the full dependence in v one simply multiplies
each and every Stokes constant by v, in the series expansion.
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One finds that, in this particular case, the Stokes transition along & = 7 may also be
described by a simple “jump” of an adequate transseries parameter’ and governed by
the associated Stokes constant, as in

ot o t—1S.,. (3.11)
This has exactly the same form as the case for & = 0 which we described above, and for
which one would have £ = —1. The role of each Stokes constant, Sy, by itself, is very
similar; it is just associated to a “jump” of the corresponding power of the transseries
parameter, ot,into ot + £ S;. The full set of Stokes constants will naturally lead to more
intricate transitions, as described by the function S, (o), but the building blocks of these
transitions are simple to understand.

4. Nonperturbative Ambiguities and One-Parameter Transseries

Having understood Stokes phenomena/transitions, one may now proceed to address the
nonperturbative ambiguity along either the 6 = 0 or & = m Stokes lines. Along the
0 = 0 singular direction the nonperturbative ambiguity may be canceled by selecting
transseries solutions obeying particular reality conditions. This ambiguity is

(So+ — So-) F(z,0) #0. 4.1)

A real transseries solution will automatically have the ambiguity canceled. But there
are physical examples, and even examples within the realm of ordinary differential
equations, where one is interested in finding real solutions across the full real line in z,
both positive and negative. In this case there is also an ambiguity at & =  which needs
to be canceled, i.e., one further needs

(Sp+ —S;-) F(z,0) =0. 4.2)

In this section we shall study the restrictions which arise from each of these conditions
separately, # = 0 and 6 = m, as well as from their eventual combination.

There is a crucial observation to be made at this point. The perturbative expansions
of the type (2.1) or (2.9), with instanton factor as in (2.8), are in some sense “spe-
cial”: they have the most adequate form to simplify the calculations we address in this
paper. However, experience from examples tells us that the variable z appearing in the
aforementioned expressions is usually not the variable one starts off with. Rather, given
either a quantum theoretical problem with perturbative coupling «, or some differential
equation in the variable x, one commonly has to do some (mild) rescaling z = «* in
order to write a transseries with the precise structure as in (2.7). In this case, one has
to be careful with what it means to require reality of the transseries solution in the full
real line—physically this would be the full real line in the original coupling «, but it
may differ from the reality requirements with respect to our “working” variable z. We
will discuss this issue in detail later on, but let us point out for the moment that for
real positive coupling, cancelation of ambiguities along the & = 0 singular direction is
somewhat insensitive to this issue. For negative real « things are slightly trickier as this
may be a Stokes line, an anti-Stokes line, or none at all. In the following we shall assume
that the relation z = « holds, where reality across the whole real line forces cancelation
of ambiguities in both & = 0, 7 directions. How to disentangle these results in the case
z = k' will then be addressed in Sect. 7.

—1/¢
9 In terms of the original variable, o, this transition is givenby &, F(z,0) = F (z, (a —t_y S,g) )
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Cancelation of the nonperturbative ambiguity along 6 = 0. In Appendix A we showed
that the one Stokes constant associated to the & = 0 Stokes line, in the one-parameter
transseries setting, is purely imaginary, S; € iR. Using this information, let us next try to
explicitly determine the median resummation along this Stokes line, as defined in (2.25).
Further using properties we gave in Appendix A concerning complex conjugation and
Stokes transitions, one first finds

HFr(z,0) =H oSy 08, "F(z,0) =Sy- o HoS,"F(z,0). (4.3)

But if the imaginary ambiguity canceled and we are left with a real solution, one must
demand the transseries satisfies HFr(z, o) = Fr(z, o). In this case via (2.25) one must
have

So- oMo &y "F(z,0) = Sp- 0 &) " F(z,0), (4.4)
implying that
HoGy " F(z,0) =6y "F(z,0). (4.5)
Using the Stokes transition in (3.2), we can rewrite this last equation as
F(z,d—vS)=F(z,o+(1—v)S)). (4.6)
Finally recalling S| = —Sj, the reality condition requires
—2ilmo = (1 —2v) §;. 4.7)

Note that v is not fixed by reality. What this result shows is that one can, in principle,
choose different prescriptions for the median resummation while still canceling the
imaginary nonperturbative ambiguity and obtaining a real transseries solution along the
6 = 0 direction. As shown above, different prescriptions simply translate to different
imaginary parts of the transseries parameter o. This will not change the final result and
one is free to choose the “natural” prescription where o € R, corresponding tov = 1/2.
In fact, this particular prescription is the most common one in resurgent analysis, see,
e.g., [14], and is the one which was already mentioned in Sect. 2. Furthermore, this is
the only prescription which verifies

HoSPed = smed o . (4.8)

To summarize, using the median resummation as defined in (2.13) for the direction
6 = 0, the real transseries is given by

1 1
Fr (z,0) = Sp+ F (z, o — ESI) =8)-F (z, o+ ESI) . 4.9)

This transseries obeys HFr(z, 0) = Fr(z, o) if and only if
oeR, § €iR. (4.10)

In Sect. 2 we motivated the median resummation with an exercise of canceling ambi-
guities order by order in instanton number. Now that it should be clear this is the correct
prescription, we may use its complete final expression to understand, iteratively to all
orders, how the cancelation of the ambiguities occurs within the transseries (see [17]
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Table 1. Cancelations of the first few terms contributing to the ambiguity of a one-parameter transseries

Im F
Im F© o1 Re F or Im FM 20Rro1 Re F® (Ul% - alz) (301%01 - 013) (Ul% - 3UR<712)
xImF® xReF® xIm F®
ReF ¢} o1 0 - 0 - 0
Re F@ 0 - c? 20R0] 0 - 0
ReF® 3 - 0 - cl (30201 -f) 0
Re F® 0 - cf - 0 - cf
Re F® (3 - 0 - 3 - 0
Re F©® 0 - cb - - - cs$

Each column corresponds to each term contributing to the full Im F (z, o) in (4.11). The ambiguities associated
to each perturbative or multi-instanton sector are evaluated via (B.26) where we show these first contributions
to the expansion Im FO ~ > Cg Re F@ up to a = 6. In this rewriting, Im F (z, o) is expanded in real
contributions from multi-instanton sectors. To cancel the ambiguity at the transseries level, the coefficients
proportional to each Re F (@ need to cancel separately, i.e., each row in the table needs to add up to zero
independently. The coefficients sz can be found in the text

as well). In Appendix B we have discussed how to compute Im F (z, o), (B.21), whose
first few terms are given by (here we set 0 = oR + ioy)

Im F (z,0) = Im FO +o;Re FD + og Im FO + 20p01 Re F<2>+(a§ - 012) Im F®
+ (301301 — 013) Re F® + (aﬁ — 30R012) ImF® +.... (4.11)

This expression explicitly shows ambiguities arising in different perturbative and multi-
instanton sectors, but because it includes both real and imaginary contributions it is
still not very useful. Now recall that the ambiguities may be evaluated by the Stokes
automorphism and, in particular, one may rewrite all these imaginary terms as expansions
of real, higher-order nonperturbative sectors as in (B.26). Once this is done, one may
explicitly relate the real and imaginary terms in (4.11) above. This is done in Table 1,
where we have separately displayed the terms which contribute to each of the real and
imaginary contributions appearing in Im F (z, o) above, and explain how they all cancel
each other. The coefficients that appear in this table are the contributions associated to
the expansion of the corresponding term as Im F©) ~ 3" C4Re F@. Using (B.26),
the first few are given by

1 1 1
cl=_—s, C=——(5)3, C)=—(S)),
0 i 1 0 4i( 1) 0 Zi( 1)
(4.12)
2 1 4 1 3 6 3 5
Ci = TS] OR; Ci = —T(Sl) OR, C) = T(Sl) OR,
(4.13)
3 3 2 2 5 5 3 2 2
szisl(oR—aI), 5= -3 () (aR—aI), (4.14)

2 5
ci=<s (ag - 36R012) L= ()] (a,% - 3UR012) R )

As we are rewriting Im F (z, o) solely in terms of real multi-instanton contributions,
then in order to cancel the ambiguity each of the rows in Table 1 needs to add up to zero
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(a complete closed-form expression may be found in (B.28)—cancelation of the rows in
Table 1 translates to cancelation of all coefficients in (B.28)). Noting that for each fixed
¢ the first non-zero coefficient in the Im F© columnis C f“ , it follows that a fixed a row
Re F@ only receives contributions from terms Im F© with ¢ < a (alongside with the
natural term proportional to Re F(4)). This truncation allows us to obtain a constraint for
o1. For example, look at the first data-row of the table: adding the terms in Im F (z, o)
proportional to Re F(1 yields

Clio=0 o 01=%S1. (4.16)

Without surprise this is the expected constraint in o for finding a real transseries solution
(4.9), along the direction & = 0. Also as discussed in Appendix B, but interesting to
observe explicitly, is that given this sole constraint all other rows in our table automati-
cally add up to zero; e.g., the rows corresponding to Re F® and Re F® can be easily
seen to vanish, while the following rows would cancel with other terms which were not
included in the table, and so on.

Real transseries in the real line? Moving on, one might be interested in constructing
real solutions not only along & = 0 but along the full real line. In order to achieve
this, the first step is to verify the reality constraints specifically associated to 6 = x.
As always, we are considering a transseries with real asymptotic coefficients and real
instanton action, and we have H o S+ = S;;- o ‘H. Using the median resummation with
the Stokes transition across & = 7 (3.4), one determines a real transseries as'”

Fin (2.0) = S F (2,85 2(@) = S5 F (2. 80P@) . @17)

as long as
o eR. (4.18)

Indeed, it is simple to check that the reality condition HFR ,(z,0) = Fr (2, 0) is

satisfied in this case, given the definition of S,(,v) (o) in (3.5), the coefficients X, (n, m)
defined in (B.13), and that we showed in Appendix A that considering a transseries with
real asymptotic coefficients, and taking 8 = 0, the Stokes coefficients along & = 7 are
all purely imaginary,

S eiR, Ve 1. (4.19)

We can now ask what are the conditions to be met—if any—in order to have a real
transseries solution for z € R, i.e., along both 6 = 0, & singular directions (this question
often arises in contexts dealing with differential equations). In principle the answer is
simple, one just needs to satisfy simultaneously the reality constraints we have already
discussed, and connect them both together. Starting at & = 0*, the transseries parameter
is fixed to have the structure in (4.9) with real . Rotating counterclockwise, between
0 = 0" and & = 7~ there are no Stokes lines where o could have jumped. On the other

10 Note that, unlike the 6 = 0 case, setting c = 0 now yields Sg,ilﬂ)(O) = 0 and there would thus be

no instanton corrections in (4.17). This is of course perfectly consistent as the perturbative expansion is not
ambiguous along 6 = 7 in fact, it is only the asymptotic series around fixed multi-instanton sectors, starting
at n = 2 instantons, which will have singularities along 6 = 7 (see also [18]).
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hand, at & = 7™, the transseries parameter is fixed to have the structure (4.17) which
must thus match (4.9). In this way, both reality constraints hold if one finds

1 +00 .
or = 551 =Za§+ i pm+1,n). (4.20)

n=0

However, this expression gives us a highly non-trivial relation between og, S1, and all
the S_x. Verifying if it allows for solutions is probably only possible within specific
examples; as it might be verified with a finite number of Stokes constants, an infinite
number of Stokes constants, or not verified at all. We tried to solve this constraint
generically with a small finite number of (arbitrary) non-vanishing Stokes constants,
and thus obtain general conditions for real solutions. Unfortunately we were not able to
find any positive result along this line.

Inclusion of the B exponent. Finally, one may be interested in dealing with more general
asymptotic expansions within the transseries, namely with a non-trivial characteristic
exponent . In this case, let us consider a one-parameter transseries of the form

+00 +00 F(n)
Fzo) =2 0" e (), ®n(0) =23~ (4.21)
n=0 g=0

where f is a rational number. As in our previous analysis, we should be able to find a
non-ambiguous result for the transseries out of median resummation. First notice that
even with the extra factor of §, the same Stokes automorphisms and Stokes transitions
hold. As expected, the expression for the median resummation is thus unchanged, and
should be valid at both & = 0, . Now, for & = 0, z is real positive and the factor 7P
induces no changes on our previous arguments. For 6 = 7, on the other hand, we now
have z = |z|e™ and the requirement of reality requires some more thought. If the
asymptotic expansions in the transseries have real coefficients, as usual, it is not difficult
to obtain

HoSz+08-\/2F (z,0) = HoSy+ F (z, sC1/2 (a)) — S, F (z, e~ 2B 12 ()]

(4.22)
Thus, enforcing reality H o ST4F = SM4F requires
SI? (o) = e ST (o). (4.23)
Making use of the constraints for the Stokes constants found in Appendix A,
SUFO = g0 e =2mith, (4.24)

and using the explicit form of SSTU) (o) computed in Appendix B, we find the following
constraint for the transseries parameter o,

o=ce b (4.25)

This is just a generalization of the reality condition found for o when 8 = 0. This
argument is generalizable for resonant transseries including logarithmic sectors, as in
Appendix A.
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5. Stokes Phenomena in Two-Parameter Transseries

As we said before, Stokes lines create nonperturbative ambiguities for the resumma-
tion of perturbation theory, which means the first step to understand how to cancel
these ambiguities is to understand exactly what occurs along those directions. We shall
now address the two-parameters case, in the form (2.7) and (2.8). Recall that the two-
parameters transseries is a two-fold generalization of the one-parameter case discussed
in the previous sections, in the sense that it involves more transseries parameters and, at
the same time, it involves a generalized instanton sector. Due to the structure of instanton
actions as £ A, in this case the Stokes automorphism along the singular directions & = 0
and 6 = 7 is very symmetric; this can be seen in the formulae found in Appendix C.
From Egs. (C.23) and (C.33), we have

SHF (201,00 = F (2.5 (01,02), 8} (01, 02)) (5.1)
& F (z.01,02) = F (2.8 (01,02, 80 (01, o)), (5.2)

with ng? defined in Appendix C. These expressions are much more intricate than in the
one-parameter case. In order to better understand the nature of the Stokes transitions and
what is the role of the two types of Stokes constants at play in this situation, Sy and S,
we shall now specify particular cases where we set all Stokes constants to zero, except
for a small set.

We shall use the definition of the Stokes automorphism (2.5) via alien derivatives,

SyF (z,01,02) = exp {V D Aw F(z01,0), (5.3)
>1

&, F (z,01,02) = exp {V D A yap Fz01,00), (5.4)
=1

and further use the expressions for the pointed alien derivatives (acting on the full
transseries) given by the bridge equations (2.10), to obtain differential operators directly
acting on the transseries parameters, o1, 02, which may be easier to handle—at least
in special cases. All we need are the expansions of the Stokes factors appearing in the
bridge equations (2.10), S, and Sg, written in terms of Stokes constants. They are [18]

+00
k+1—¢ —
Se(oro) = >, SO GL (5.5)
k=max(0,—1)
+00
= S(k+1+2
Seoron = > 5Fsfekre (5.6)

k=max(0,—£—1)

We now have all the required information to analyze Stokes phenomena for the following
cases:
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Case §g(k) = 0, V¢, k. This case is expected to be very similar to the one-parameter case
studied in a previous section. In this situation, the Stokes automorphisms become

+00
d
S F(z,01,00) =exp{v sPGkhtt=1 2 U B2 51 09), 5.7
Gy F (z,01,02) p ;Zlkzzo ¢ 0107 do; (z,01,02) (5.7

+00
d
G F(z,01,02) =exp v E E Si"gofaf_g_lﬁ F(z,01,02). (5.8)
=1 k=t+1

We shall further restrict ourselves to a specific case where all Stokes constants are zero,
Sé") = 0, except for two, Sgil and Sék) for some fixed £,m > 0(k >0,a >m+1).To
follow the strategy used in the one-parameter case, we want to find appropriate changes

of variables, 7()(01), T(a)(01), such that

or 9T _

1. 5.9
301 (5.9)
In terms of these new variables we find
ﬁ(‘;F (z, (k) 02) =F (Z, Tk) +V Sék)G§+[7l, 02) , (5.10)
Sy F (2,7, 02) = F (Z, Ty +V S(,anlaf_m_l, 02) . (5.11)

It immediately follows that the action of the Stokes constants 582)1 and Sék) translates
to shifts of the variables (), and that the Stokes transitions only affect the transseries
parameter o71; the sector governed by the parameter o, remains untouched. It is possible
to be even more explicit in various different cases (setting v = 1):

o k=0
One has 7(9) = o1, and the “jumps” in the original transseries variables o, o2, are
trivially given by

o] — o] + Séo)aze_l, o) — 0. (5.12)
Specifically for £ = 1 we find that the two sectors, o1 and o3, are completely
decoupled.
o k=1

One finds 7(1) = log o1, and the transitions in the variables o, 07 become

oW
o] = 013 2, oy — 0. (5.13)

e k>1l,a>m+1
Choosing r = k or r = a, we have 7;) = 011_’/(1 — r). The corresponding
transitions are, for = 0,

Gll_k - Gll_k +(1—k) Sék)aéﬁz_l’ 02 = 02, (5-14)
and, for 6 =,
oll_a — 011_“ +(1—a) S(_“,laé"’”‘l, 02 — 03. (.15

Note that for a = m + 1, we again find a decoupling of the two sectors, o1, 3.
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e

Case = 0, V¢, k. We are now interested in analyzing the role of the “symmetric”

Stokes constants §ék) within the Stokes transitions. In this case, the Stokes automor-
phisms become

+00
~ 0
Gy F (z,01,02) =exp{v E E SWgh—t=1k 7 F(z,01,00), (5.16
GyF ( 1,02) P e o ¢ O 2302 ( 1,02), ( )

9
SV F (z.01,07) = exp vg;%S(k) fert=1 3—02 F(z,01,00). (5.17)

Similarly to the previous case, we will address the situation where all Stokes constants

are zero, S(") = 0, except for two, S(”) and S<k) for some fixed ¢,m > 0 (k > €+ 1,
a > 0). As before, we want to find approprlate changes of variables y)(02), Y()(02),
such that

V()
P =1. 5.18
0y 90, (5.18)
In terms of these new variables we find
v _ k) _k—e—1
SyF (z. 01, yw) = F (Z oL Yk VS, 0 ) (5.19)
84 F (201 vw) = F (2,01 v +v S0 ). (5.20)

Again, the action of the Stokes constants §(f,31 s %k) translates to shifts of the variables y,,
and the Stokes transitions only affect the transseries parameter o3; the sector governed
by the parameter o1 remains untouched. The explicit changes of variables y(,) have the
exact same form as the previous case.

Case Sék) and 52‘/) non-zero. Let us finally consider the case of having two non-

vanishing Stokes constants of different “type”, S, ék) and EZ‘ ). The only non-trivial case

is when either £ and ¢’ are both positive, or both negative. If one is positive and the other
negative, then the results are given by the expressions already found in the previous
cases: for the transition at & = 0 and 8 = 7, respectively,

11658, 5) £ 0 (6, m > 0) we have

@BF (Z, ‘L’(k),az) =F (Z T(k) +vSék) fert— 1,02) s 5.21)
S

F(z,01,Y@)=F (z, o1, Ya) +V 3:81,7)101‘”’"—1) . (5.22)
2. 165 S0 £0 (€, m > 0) we have

SHF (2,01, ) = F (2,01, v +v 5Vt =1), (5.23)
S

SY'F (Z, T(a)> 0‘2) =F (Z, Ta) +V S(a) a m= 1, 0'2) . (5.24)
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The first non-trivial case is then if S, S%) £ 0(¢, ¢/ > 0,k > 0,k > ¢/+1). In this
case, the transition at 6 = s will be trivial, & F (z, 01, 02) = F (z, 01, 02). At =0,
on the other hand, the Stokes transition is non-trivial. Here, the Stokes automorphism
will be given by

8 ~ ! ’ ! ’ a
Gy F (z,01,02) =exp [v Sék)oé‘Jrg_lafa— +v Sg( )alk —t _lof —  F(z,01,072).
o1

lep
(5.25)
The general strategy to solve this problem has the same flavor as in the previous cases.
We want to find two new independent variables, x (o1, 02) and y(oq, 02), that are two
independent solutions of the following differential equation for f (o, 02),

8 ~(l' / ’ / 8
v Sék)af”z_lolka—f +v S(gf{ )af —lgk B_f = constant. (5.26)
o1 02

If this can be done, then the Stokes automorphism becomes again a simple shift of the
appropriate variables,

9 9
SyF (z,x,y) =eXp[a—+8—} F(z,x,y)=F(z,x+1,y+1). (5.27)
x dy

Let us be more explicit in various different cases:
0 <+
o« k=0,=1,K=0+1>25"5/" =20

In this case the sectors corresponding to the two transseries parameters o7 and o>
decouple, and the Stokes automorphism simply becomes

8 ~(y' ’ 8
S F (z, 01, 02) = exp Iv S;O)a—] exp Iv Sé,“l)of”—] F (z,01,00).
o1

802
(5.28)

If one implements the change of variables 5, = o, Z/, it follows
SYF (z.01,52) = F (z, o +vS0. 5 — v 523'“)) . (5.29)

In the original variables, crossing the & = 0 Stokes line thus corresponds to yet
another shift of their adequate combination. One has

o1 — o1 +V Sfo), a{(, — U{e/ —vt §é/€ D, (5.30)

o k=00=1K="0+a,a>25" 5 20
In this case the decoupling of the two sectors, o1 and o7, will no longer occur.
Following the strategy outlined above, let us find the new variables, x and y, which
obey the differential equation (5.26). They are

o1

X =—-, (5.31)
vSfO)

—(l+a—1) o
-9 % _ g T (5.32)
vS{O) Uta—1 ¢ aS{O)

y
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In these variables the Stokes automorphism has the simple form (5.27). In the original
variables we find

oy — o1 +V S(O),
S+a)

U—(Z’+a—1) N 02—(£’+a—1) . (5/ o — 1) 5
as,

> (GEX Sfo))a —of). (533

e General
In the general case we want to solve

0 ~ d
Sy F (z,01,02) = exp Calalazaz—+C01bl(72bz— F (z,01,02), (5.34)
do dop

where we defined C = v S*, a; = k,a» = k+£—1,and € = v 5, by = k' =€/~ 1,

by = k’. Let us first find a change of variables to p; and p; such that
dp1 —ay 002 —by
— = 0. .

- , = 5.35
80‘1 01 302 2 ( )
The solution to these equations is simply
1
op=(1—a)p)™, ar#1, oy=e", a =1, (5.36)
1
or=((1=b)p)™, by#1, ox=e” b=1 (5.37)

We shall continue this example under the assumption that aj, b, # 1. The other
possibilities may be solved in the same way, with similar results. Thus, if aj, by # 1,
we now try to find yet another set of independent variables, x(p1, p2) and y(p1, p2),
such that they solve

@ 9 ~ b9
C((1=Db)p)' i +C (1 —ap)pp)' Cl =1, (5.38)
ap1 02
for f = x and f = y. Using the definitions
Cr=CU-b)M, ky=—2_, (5.39)
1—>5by
- b
C=Cl-a)®, k=——, (5.40)
1—a
the solution to this equation is finally given by
x(p1.p2) =y (p1.p2) — C2(1+k) p{™ +Cy (1 +kp) py ™, (541)
Y (o1, pa) = (1+k2) p1p2
Ci (1+kp) pb™ = €y (14 ky) pi2"!
1 1 1 Cy (1+kp) pith
X 2 F |:1, + 1+ 1+k 1 1+ky |°
T+ki 1+k l+ky Co (1+ky) p, 2—C1(1+](2),02 !

(5.42)

Here, 2 F [a, b, c| 7] is the hypergeometric function. These expressions define our
original variables o1 and o>, implicitly as functions of x and y. As mentioned above,
in terms of these new variables the Stokes automorphism has again the very simple
action (5.27).
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If we had considered ¢ and £’ both negative instead, completely analogue results would
follow.

As compared to the one-parameter case, the structure of Stokes transitions is now
much more involved. Even finding “good” variables where the Stokes transition can be
seen as a “jump” of an appropriate transseries parameter is not an easy task. Altogether,
the full set of Stokes constants lead to highly non-trivial Stokes phenomena, as described

by the functions Sé”f (o1, 02).

6. Nonperturbative Ambiguities and Two-Parameter Transseries

We are finally ready to understand how nonperturbative ambiguities cancel in a two-
parameters transseries, also with generalized instantons. This should set the ground-
work to understand, within specific examples, how nonperturbative ambiguities will
always cancel when dealing with multi-parameter transseries, with or without gener-
alized instantons, as long as one considers the appropriate resummation prescription
along the associated Stokes lines. Having understood Stokes phenomena/transitions, we
may turn to the cancelation of the ambiguities. The overall strategy parallels what we
worked out in the one-parameter case, although now formulae (as well as the cancelation
mechanism itself) are much more involved.

The median resummation at & = 0 obeys the same properties as in the one-parameter
case. Once again we have

Fr=8"F =8y 08, "F =Sy 0 G, "F. (6.1)

As usual, canceling the ambiguity along this Stokes line translates to setting up a real
function, F, which has to obey ‘H Fr = Fr. This means the allowed values for v must
be such that

HoG,"F =8, "F. 6.2)

Recalling the expression for this Stokes transition, given in (5.1), one immediately sees
that one needs to determine the complex conjugate of S(()”; (01, 02). But as a consequence

of the constraints found for the Stokes constants in Appendix A, i.e., Sék), §é€+k) e iR
for any ¢, k > 0, and the definition of S(()‘j? in Appendix C, it is straightforward to write

HSy) (01, 02) =Sy, (51, 52). (6.3)
The reality condition given above thus becomes
F (2.80)@1,52,50@1,52) = F (2,501 V(01,02 805" @1,02) . 64
This is obeyed for every sector (n|m) if v = 1/2 and
01,02 € ]R, (6.5)

as in the one-parameter case. In this way, we can finally write the unambiguous real
solution given by the median resummation as

+00
Fr(z.o1.00) = > oo B (01, 02) Sor F™ (2) (6.6)

n,m=0
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+00

= > ol Py )y (01, 02) So- FM (2), 6.7)

n,m=0

with ]P’("Lm) defined in (C.17). Given the constraints on the Stokes constants S (k+£) , S8 S ,
with £ > 1, k > 0, found in Appendix A, one can write the very same equatlons for the
direction @ = m, and in this way obtain the median resummation along this other Stokes
line.

The main question we want to explicitly address in this section is whether the median
resummation prescription just presented is canceling all possible nonperturbative ambi-
guities which appear in this larger, two-parameter transseries setting; and how exactly
is it doing so. An expansion for the ambiguity was implicitly given in Appendix C,
Eq. (C.34), which we write here at first few orders,

Im F (z,01,02) = Im FO9 4+ Tm o Re F19 4 Re oy Tm FU? 4 Tm 6 Re FEIO
+Re 012 Im F@O 4 1m o2 Re FOD 4 Re oo Im FOID

+Im (0107) Re FUID 4 Re (0102) Im FAD 4o (6.8)

As usual, each sector has a (perturbative) ambiguity, and we will now analyze how
the cancelation of these terms occurs so that the final transseries is ambiguity-free. In
Eq. (C.38) we see how to write the imaginary contributions Im F """ or ambiguities,
of a given sector in terms of higher sectors. In particular for F©l? we have

2
2ilm FO = 51 Re FU 4 (57) Re FOO

2
—i8{”1m FNO i (5{) m FOO 4.

= SO Re FUI0 _ % (S§0>)3 Re FOO + O(5-inst),  (6.9)

where we used that
2ilm FU1O = 25 Re FCO — 2i5© m FCO 4. (6.10)
2iIm FPO = 3Re FOO 4 ... (6.11)

This expansion should be familiar to us. Indeed, the contributions to the above imaginary
ambiguity, arising from the multi-instanton series "9 are completely equivalent to
what we have already seen in the one-parameter case. In particular, if we had no other
terms dependent upon o3, the very same!! solution we had before, ilmo| = :t%S ;0)’
would cancel the ambiguity. However, as we take the full two-parameters transseries
into consideration this is no longer true: for example, one finds that in order to cancel the
term S{O) Re F119 appearing in Im F©l% above, we need not only contributions from
Im F 9 (equivalently to the one-parameter case) but also several other terms need to
contribute from mixed sectors in the transseries.

A schematic view of the cancelations occurring in the two-parameters situation,
needed in order to remove the nonperturbative ambiguity and give rise to a median
resummed real transseries, can be found in Table 2 (as one compares this to Table 1
do note that for reasons of space we have organized Table 2 as the “transpose” of

1T The choice of signs & depends on the choice of lateral Borel resummation one is looking at; either Sy
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Table 1; other than that it is in fact useful to compare them both). The results in this
table were obtained from the properties and expressions found in Appendix C. The rows
correspond to the terms appearing in the expansion of Im F' (z, o1, 02) given in (6.8)
above. For these, each separate ambiguity contributing to this expansion, of the form
Im F ™ is then expanded in higher (real) multi-instanton contributions as Im F®") ~

> apb C ((Z‘lf;)) Re F@I?) "and we present the first contributions along the row. In particular,

the listed coefficients C((Z“Z)), associated to each real term shown on the top row, are

functions of the Stokes constants and can be found in expressions (C.45-C.93).

To cancel the nonperturbative ambiguity of the two-parameters transseries, we need
that all coefficients associated to each real term Re F (@19 add up to zero. In other words,
each column in the table needs to be canceled separately. Unfortunately, unlike in the
one-parameter case, the contributions to each column no longer truncate. This implies
that we cannot in general solve the constraints for o1 and o> in terms of closed-form
expressions (except in simple cases, e.g., setting oo = 0 gives back the one-parameter
case previously studied).

Nonetheless, these constraints should be compatible with finding a real transseries,
as given by the median resummation (6.6) or (6.7). How may we explicitly check this?
Recall that in this case the median resummation is given by

—1/2 —1/2
FR (z,01,02) =So+F(z,Sf),ll/ )(01,02),8((),21/ )(01,02)), (6.12)

where, along 6 = 0%, we find the new transseries parameters o] and o5, defined in terms
of the two “old” real parameters o1, 02 € R by the Stokes transitions

5 =5y, (o100, i=12 (6.13)

The main point now is that the constraints given by the cancelation of the ambiguity
should be automatically satisfied by the parameters o; just introduced, i.e., if we were to
take each column of Table 2, with its infinite set of contributions, and evaluate it at the
values o;, we would find that all the contribution would add up to zero as expected. Con-
sider a very concrete example and look at the cancelations that must occur in the column
corresponding to Re F 19 In this case, the constraint from ambiguity cancelation will
read

~ (110) (110) (110) (110) (110) (110) _
Imo; + C(0|0) + C(0|1) + C(lll) + C(0|2) + C(1|2) + C(2\2) +...=0, (6.14)

with the coefficients!? C((gll;; evaluated at the values &1, 6. Now using our results in

Appendix C, we can explicitly expand these “new” parameters as power series in the
“old” real parameters o1, 07 € R. In terms of their real and imaginary parts, o; =
ai,R + i&i,l, we ﬁnd13

12 In the constraint we have also included the contribution C((éllg)) coming from Re (012022) Im FI2 =

(alb)

R may be found in (C.87-C.93), with a < 4,

Za,b C((g“g)) Re F@P) whose first non-zero coefficients C
b<2.
13 Note that in these expansions we have presented all orders of o1 for each order of 0. Also, to determine

the real and imaginary parts of the parameters, recall that o1, 0o € R and Sflh), §,(lb) ciR.
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~ 1 -
Gir = 50258 + 203 2 (658 (s +57) +6517s8")

1 _
+0 (1 + 203 (S(O)S(z) +s0 (S{“ + S{z)))) +0(3), (6.15)
1 1 1 1
. ©) ©) M M 2 2@
101»12_551 —EUZSZ —50102 (S1 +02 8, )—50102 S,
1 2 _
0\2 @ 0, < (D) (), HT@ 3
oo (2 (57) s +2450 + 505" (s +25 )) +03),
(6.16)
_ 1 o\ 2 -
Gk = 02+ 503 (2 (57) + S§°)S§3>) + O, 6.17)
.~ 1 5~ 1 —~ 1 5~
iG21 =5 o} 5 — 501023 s~ Ea; S+ 0. (6.18)

Plugging these expansions back into the constraint in (6.14), we find that it is indeed sat-
isfied up to order 012022, precisely as expected. To explicitly see the cancelation working

at higher orders, one would have to include the next contributions to Re F' (119 Note that

expanding the ambiguity of each distinct sector as Im F ™ ~ Za »C ((al‘b)) Re F@lb),

it is not difficult to see that the coefficients C (( ‘l )) are non-zero only if » < m and

a>{¢+1+4+b—m(and a, b > 0). Consequently, we find that all terms Im FOlm) with
n < m will contribute to Re F(110),

As far as the other columns in Table 2 are concerned, the coefficients written in
the table are enough to see the precise same type of cancelations occur for Re F©ID,
Re FAID Re FCID Re FO2) and Re F112), The other cases only cancel as one consid-
ers extra contributions which were not explicitly written down in this table. In conclusion,
we see that the nonperturbative ambiguity is canceled also in the present two-parameters
setting, albeit in a much more intricate way than what happened in the one-parameter
case we addressed earlier.

Having explicitly shown the cancelation of nonperturbative ambiguities within the
context of a two-parameters transseries, the one thing left to do is to give an idea of
the resulting expansion of the answer (of the median resummation). All one has to do
is to use the result in (6.6) or (6.7), expand it in powers of the transseries parameters
o1, 02 € R, and write the result in terms of real higher-instanton contributions. By using
the expansions presented in Table 2, this expansion will now have contributions arising
from all sectors, in the form

o
Fr (z,01,02) = Re FOIO 4 (01 — §2S§O)Sll +-~-)ReF(”O)+(<72+~-~)]ReF(0|1)

2
o2 ~
+(0102 - _82 s\ (Sfl) +23f2)) +o -)Re Fan

1 2
(o7 =5 (50) - 20 (260 4301 57) 4 ) Re FO

+(022+~-~)R6F(0|2)+(%2 (4 P - (S(O)) )+~-~)ReF(2‘)
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1 2
+(01022+~--)R6F(”2) +022 (012 -2 (Sfo)) +---)]ReF(2|2)
T (6.19)

Let us make a few remarks. First, using a symbolic computation program it is auto-
matic to include further terms in this expansion, with a whole lot more Stokes constants
appearing. We have just included a few terms in order to give a general idea of the final
expression; including more terms would make the expression too cumbersome. Second,
this discussion shows how generalized instanton sectors are not only crucial in order to
cancel the ambiguities of our two-parameters transseries, but they also play a definite role
in the final (real) solution. However, it is already clear from the terms displayed above
that if we take oo = 0 we recover the one-parameter case. This is also to be expected
when constructing a real solution along & = 0 as we expect to have a natural mechanism
to remove any exponential enhanced contributions along this direction. Where these
terms should always be non-trivial is when addressing the median resummation along
0 = m. In this case, the analogue of (6.19) is obtained from this equation by changing
m < nin F'" o < oy, and Sy, S; with S_g, S_¢. Now, by setting o7 = 0 one
constructs a real solution along 6 = 7 without exponential large contributions along this
direction. Note that this discussion followed without including logarithmic sectors due
to resonance in the asymptotic expansions of the (mixed) nonperturbative sectors (but
see Appendix A). While along & = 0 not much will change, it would be very interesting
to analyze these expressions along & = m when one further includes these sectors; but
we leave this for future work.

7. Monodromy of the Solution and Reality Conditions

Earlier we mentioned that if ambiguities arise along different directions in the complex
plane one might be interested in canceling all such ambiguities; for instance if looking
for globally well-defined solutions in the complex plane. Canceling ambiguities along
both & = 0 and & = 7 entails finding real transseries solutions along the real line.
However, we also mentioned that in many specific cases there is a difference between
the “physical” perturbative coupling, «, and the “working” variable we use, z, in the form
of arescaling z = «®. This means that what one means by the “real line” is different in
k and z coordinates. We have previously discussed what this means for z; in this section
we want to understand what it means to find real solutions for real coupling «. For real
positive coupling, canceling the nonperturbative imaginary ambiguity along the & = 0
singular direction is enough, but reality along negative real ¥ will in general differ from
canceling the ambiguity along the singular & = 7 direction in the z-plane.

To be fully precise, the singular directions & = 0, r arise not in the z-plane, but in
the Borel s-plane; these are the directions where the Borel transform has singularities.
As discussed in Sect. 2, the return from the Borel to the z-plane is implemented by a
Laplace transform

eigoo

SoF(2) =/ ds B[F](s)e . (7.1)
0

In the z-plane we find Stokes and anti-Stokes lines, but in this coordinate the structure
one finds is essentially equivalent to the one in the complex Borel plane: the Stokes lines
at 6 = 0, 7w remain in the same place; the anti-Stokes lines will be along some ray in the
z-plane such that (previously) exponentially suppressed contributions to the transseries
become of order one.
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But what happens in the “physical” variable k = z!/*? When « is a rational number
the Stokes lines & = 0, w will spread in the complex plane: the positive real line will
still be at & = 0, but & = 7 will be at an angle, dictated by «. This will also dictate
whether the negative real line is a Stokes line, an anti-Stokes line, or neither. If it is a
Stokes line it is an open problem to construct a real solution in the full real axis: two
conditions must be met simultaneously and one needs to check if this is possible or not.
If the negative real axis is an anti-Stokes line then real solutions are possible; one such
example is the Airy function which we will address below.

Let us understand better where the Stokes transitions occur in the “physical” variable
k. For that define

i=«% a=2cq (1.2)
m
where we assumed that « is written in irreducible form. Moreover, define the two vari-
ables as
z=lzle%, Kk =|c|el. (7.3)

As one rotates the argument of z in the complex plane 0 < 6, < 27 one crosses two
Stokes lines, at 8; = 0, , which correspond to the exact same singular directions in
the complex Borel plane. Then, in the “physical” variable « one finds the following
unfolding,

Stokes line at9, =0 = Stokes lines at 6, = m O+2mp), p=0,...,n—1,
n
(7.4)
Stokes line at9, = = Stokes lines at 6, = m (m+2mp), p=0,....,n—1.
n

(7.5)

In general we find 2n Stokes lines in the x -plane, with the “type” of transition alternating
between &, and G,,. The denominator m of « defines the number of full rotations the
argument of « has to undergo when 6, gives one full rotation in the complex plane.
When m is even, the Stokes lines corresponding to different transition “types” will
fall on top of each other, and we will have 2n Stokes transitions but only » different
directions.

We can also see where the anti-Stokes lines lie. These lines are defined as the lines
in the complex z or « plane where the contributions of both positive and negative expo-
nentials in the transseries (2.7) contribute at the same order,

e A7 ~ 42, (7.6)

As A is real this will happen if and only if Re (z) = 0, which implies 6, = 7, 37”;
exactly in-between each two Stokes lines. In the «-plane, one has Re (x*) = 0, which

corresponds to having cos (« 6c) = 0. These lines then fall on

m (7
0K=—(—+7rp), p=0,....2n—1. 1.7)
n \2

Again, there are 2n anti-Stokes lines, which fall exactly in-between each two Stokes
lines.

In Fig. 2 we illustrate this unfolding in the k-plane, for three different values of
o representative of the properties described above (see also Fig. 3). The anti-Stokes
lines are not represented simply to make the figure easier to read, but they will always
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Fig. 2. Stokes transitions for different relations between the “working” variable z and the “physical” coupling
«: from left to right we have z = KS, 7= «3/3 and = S/ 2, respectively. For each case, we show the different
successive transitions taking place as we rotate the argument 6 of the “physical” coupling k = |«| el The
colored spiral represents all the transitions: the color changes whenever a transition occurs. The light blue
lines correspond to transitions of the “type” & while the dark blue lines correspond to &, . In the last image
they are on top of each other

Fig. 3. Different successive transitions for the Airy function transseries, as one rotates the argument of the
original “physical” variable «. The Stokes lines are represented in thick blue, while in dashed blue is the
negative real axis corresponding to an anti-Stokes line. Different colors are shown when there is a crossing of
a Stokes line

fall exactly in-between the Stokes lines. Concerning the cases illustrated in the fig-
ure, the two first cases have Stokes lines in the whole real axis, and only in the case
z = k2 will we find the negative real axis being an anti-Stokes line. In general, the
positive real axis will always be a Stokes line, while the negative real axis can be a
Stokes or an anti-Stokes line, or neither. If m is odd, the negative real axis will be a
Stokes line, while if m is even two cases may happen: if m = 4€ + 2, £ € N the
negative real axis is an anti-Stokes line, while if m = 4¢, £ € N the directions of
anti-Stokes lines fall on top of the Stokes lines (but as one rotates around the complex
k-plane they alternate), and the negative real axis is neither a Stokes nor anti-Stokes
line.



214 I. Aniceto, R. Schiappa

Computing the monodromy. In the usual “working” variable z we can ask how many
Stokes lines we cross, at & = 0 and § = s, until we reach back our starting point. This
is essentially a statement concerning the evaluation of the monodromy, defined by

M:=6, 06, (7.8)
where we want to compute the value of n such that
IMM"F (z,01,02) = F (z,01,02), (7.9)

i.e., find the order of the (finite) cyclic group describing the monodromy group in each
case. Note that because Borel resummation occurs sectorially, along angular regions in
the complex plane glued together by the Stokes automorphism, it is important to know
the monodromy group if one is to fully construct the Riemann surface corresponding to
the solution to the problem at hand. One might think that this problem is also intimately
related to the fact that one has two variables at play, the “physical” variable x and the
“working” variable z, and this certainly plays a role as we disentangle one coordinate
into the other. Nonetheless, it is the Stokes constants which play a prominent role in the
evaluation of the monodromy operator.

For the one-parameter transseries, and using expressions from Appendix B, the mon-
odromy operator is given by

MF(z,0)=6,F(z,0+81)=F(,Sz(0+51)=F(2,Sr 0S¢ (o)), (7.10)

where we used

+00
So(o) =0 + 81, Sn(0)=Zo"+1§(n+l,n), (7.11)
n=0

and where X (n + 1, n) is defined in Appendix B.

For the two-parameters transseries, the explicit monodromy operator because more
cumbersome. Using the Stokes transitions listed in Appendix C, in particular expressions
(C.23) and (C.33), we can write

M F (z,01,02) = 6, F (z.50,1(01, 02), So.2(01, 02))

= F (z,Sx,1 (So.1(01,02),S0,2(01,62)), Sr.2 (So,1(01,02), S0,2(01, 02))),

(7.12)
_ gqv=1
where Sy ; = Se,i and
_ (110)
Sp,1(01,02) = 01 Py 1" (01, 02), (7.13)
Se2(01.02) = 02 Py (01, 02), (7.14)

and the functions IP’gfllm) (01, 0n) are also given in Appendix C.
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Example: the Airy function. In order to understand exactly how to build a real solution
along the “physical” « real line, and what exactly is the role that the monodromy plays,
let us illustrate the above set-up within a specific example; that of the well-known Airy
function. Let us begin by quickly recalling the resurgent analysis of the Airy function,
which has been thoroughly studied in the literature, see, e.g., [19,41]. The solutions to
the Airy differential equation

3'(k) =k 3() =0 (7.15)
are given in integral form by
3 (K)=L/duev(“) V(u)=/<u—£ (7.16)
v 27i J, ’ 3’ '

where the contour y is chosen such that the integral converges. There are two homo-
logically independent choices of y, giving the two independent solutions to the above
differential equation usually denoted by Za; and Zg;. The transseries solution to the
Airy equation can then be written with two parameters as

Z (k,01,02) = 01 Zai(K) + 02 ZBi(k), (7.17)

with the two solutions defined asymptotically for x > 1 as

1 _Llan

Zailk) = WG 2 D_12(k), (7.18)
1 21430

Zgi(k) = We 24K <D+1/2(K). (7.19)

In the above expressions the instanton action is A = 4/3 and the asymptotic perturbative

series are given by
+00

3
Dryo(i) = E (FD"an k2", (7.20)
n=0

The coefficients a, can be easily found via the original differential equation, and are
such that the Borel transforms of the perturbative expansions are precisely given by the
hypergeometric functions

B[o ](s)—j:iF 222’:&1 (7.21)
HRP =8 e 67174 ) '

This means one will find singularities at s = =A in the Borel plane, for /2, respec-
tively. Consequently, there are two singular directions & = 0, 7. We can determine
the Stokes automorphisms along these singular directions by first noting that the alien
derivatives are

AppPrip = +511 Px12, A1aPx12 =0, (7.22)

where the Stokes constants'# are given by Si| = —i. The Stokes automorphisms in the
relevant directions will follow by first performing a simple change of variables, z = «>/2.
In this new “working” variable, one has a one-to-one correspondence between singular

14 In the notation used in Appendix C, these Stokes constants correspond to S| = S}O) and S_| = §(_01)
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directions in the Borel s-plane and Stokes lines in the z-plane. Then we can easily find
the Stokes automorphisms straight from definition (2.5). In the & = 0 direction one has

SpZai (2) = Z2ai (1), Gy ZBi (2) = ZBi (2) + S1 Z4i (2), (7.23)

while in the & = 7 direction one finds

G, 2Zgi(2) = ZBi(2), G,24i(z) = Zai(z) +S5_1 ZBi (2). (7.24)

The Stokes transitions at the level of the transseries Z (z, o1, 02), occurring in the direc-
tions 0 = 0, 7, are finally

@BZ(Z,O’[,UQ)ZZ(Z,0’1+1)31 02,02), (7.25)
@;Z(Z,Ul,dz)=Z(Z,O’1,02+US_1(71). (7.26)

This very simple example now illustrates many features we discussed earlier. In the
z-plane there are the usual two singular directions where Stokes phenomena takes place.
But in the original variable these Stokes lines will unfold into extra Stokes lines. As

discussed at the beginning of this section, in the original variable ¥ = z>/3 one has the
following unfolding,
. . 4 2w
Stokes line at argz =0 = Stokes lines at argx = 0, 33 (7.27)
. . 2 4
Stokes line at argz =7 = Stokes lines at argk = R 0, Y (7.28)

There are three Stokes directions in the x-plane, occurring at argx = 6, = 0, 27”, %’T;

but in fact we will need to cross each of these lines at least twice in order to account for
all possible Stokes phenomena in this problem, and the “type” of transition will alternate
from &, to &, . In Fig. 3 we have displayed the succession of different Stokes transitions
taking place in the original variable «, as we change the argument arg« € (0, 47).
Next, we would like to construct a real solution to the Airy equation, across the whole
real line and in the original variable k. At 6, = 0 there is a Stokes line, and an associ-
ated nonperturbative ambiguity which needs to be canceled to obtain a real transseries
solution. As stated before, this cancelation is given by the median resummation, as

2R (z,01,0) = S Z (2,01, 02) = Sp+ 0@51/25(& o1, 072)

1
=S+Z (z, o1 — 55102, 02) , (7.29)

where o1, 05 € R. The particular case of oo = 0 and o1 = 1 will then correspond to a
real solution for 6, = 0, in particular to a very well-known real solution given by (where
_ 32
7z =«>7)
Zr(z,1,0) =S+ Z (2, 1,0) = Sp+ Zai (2) - (7.30)

Let us start with this (real) solution along the positive real line and ask if one can also
find a real solution along the negative real line argx = m. Note that the negative real
line in the original variable k¥ does not correspond to a Stokes line and, thus, there will
be no ambiguity along this direction. In Fig. 3 we show how rotating 6, from O to 7,
the Stokes line at 6, = 27/3 is crossed with the “type” of Stokes transition &, (which
takes place at arg z = 7). The transition in this singular direction is given by
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Spo=n/3*Z (2, 1,0) i = Spo=r/3-6:Z (2, 1,0)

K3/ Z:K3/2

= Spo=r/3-2 (Z =, S—1)
= 80,(:(271/3)7ZAi (K) — iS@,(:(Zﬂ/3)7ZBi (K) . (731)

Having crossed the Stokes line, the solution for 6, = 7 is

So—nZ (|K|ei”, 1, S_l) = Sg—x2ni (|K|ei”) — 1 Sp, —x Zpi (|;<|ei”). (7.32)

The reality of the solution along arg«x = 7 now follows. We analyze it in the asymp-
totic regime using the perturbative expansions (7.18) and (7.19), with k = |k| e and
choosing a particular branch for the square roots'> we have

+00

z (|K| el 1, —i) ~ > ay € (=P cos (@ +(=1)" %) , (1.33)
n=0

where [e] is the integer part, the a, are the coefficients from the asymptotics, and

|K|—3n/2 1
C, = NP 0=—3A k|32 . (7.34)
AT |K

As expected in this familiar and very simple example, one indeed finds a real solution
also along the negative real axis and, consequently, the transseries for the Airy function,
(7.17), with o1 = 1 and 0» = 0 defines a real transseries along the whole real line in the

k-plane.
Finally, we can compute the monodromy of the full Airy transseries. Given all the
results above (and noting that S1S_; = —1) it is very straightforward to check that the

monodromy action translates to
MZ (z,01,02) = Z(z,01+ 8102, 5-101). (7.35)

Applying the monodromy repeatedly we find that 0 Z (z, o1, 02) = Z (z, —01, —02),
and that

me = 1. (7.36)

It is important to note that this result is dictated by the structure of Stokes constants in
the problem. Indeed, if one were just to think about the relation between z and «, Fig. 3
would show how rotating twice in k seems to bring us back to the starting point. But this
would incorrectly imply that 90t = 1. The Stokes constants computing the monodromy
tell us that one rather has to rotate four times in the “physical” variable « to return to the
starting point.

. \3/2 \1/4
15 The possible choices are (em) = +iand (em ) = \% (1 F 1). One choice will yield a real solution
while the other will yield a purely imaginary one (and proportional to each other).
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8. Outlook

We have seen that while perturbation theory may lead to the appearance of nonper-
turbative ambiguities, it also contains, in itself, the proper prescription to cancel these
ambiguities and become well-defined in a wide range of (quantum theoretical) problems.
The greater the number of semiclassical saddles, instantons, renormalons or other more
exotic saddles, the more complicated it is to write down the cancelation, but in principle
it always occurs in precisely the same way: via the median resummation. It would be
interesting to apply this general prescription across many different settings where pertur-
bation theory plays prominent roles, from quantum mechanics to quantum field theory,
from string theory to large N gauge theories. Physical observables in these theories will
generically be described by resurgent functions and transseries and, according to what
we have explained in this work, these observables may be defined nonperturbatively
starting out with perturbation theory and applying median resummation. The difficulty
of explicitly implementing the actual calculation will naturally differ from problem to
problem, in the form of properly identifying all relevant saddles and interpreting them
physically, thus the obvious interest in seeing these methods applied over a wide range
of concrete examples.

In this work we have addressed both one and two-parameter transseries, where the
two-parameters transseries also included generalized instanton sectors. In particular, the
transseries with two parameters involved instanton actions £ A, which is a familiar setting
we have addressed in other, related, cases [18,38]. However, this selection was solely
due to practical purposes (it makes the discussion proceed along familiar ground, where
many formulae are already available). We have not completely discussed the logarithmic
sectors and resonance which also appear in this set-up, and it would be interesting to fully
address these sectors in future work. In spite of this, we believe the general lesson should
be clear and, in more complicated problems, one should follow along the same lines
now applied to transseries with many parameters and many distinct instanton actions (or
renormalons, generalized instantons, maybe even generalized renormalons and more).
More specifically, when considering general actions, the Stokes automorphism S, will
be non-trivial across other directions than 0 or 77, and this will entail iterating our analysis
along these new directions. In fact, ambiguities should be canceled along all possible
Stokes lines if the function we are looking for is to be well-defined everywhere in the
complex plane (see Fig. 4).

It is interesting to note that some “part” of the transseries parameters was used in the
cancelation of nonperturbative ambiguities (as they took specified values under median
resummation; e.g., in the one-parameter example the imaginary part of o was fixed).
Whatever freedom is left can be seen to play the role of a theta-like QCD angle, or, in the
differential equation context, of a parameterization of possible boundary conditions. In
this case, globally defined solutions to the differential equation at stake will be obtained
by canceling all possible ambiguities in the complex plane. It is not to exclude that
transseries parameters may be further constrained in this way: requirements of global
definition may fix the remaining freedom by imposing extra constraints (much like in
our discussions of constructing real transseries along the full real line).

As we briefly commented in the introduction, in quantum mechanical problems with
degenerate vacua [5-7], and also in gauge field theories [8], one needs to consider topo-
logical charge and introduce a theta-angle ®. The effect of this theta-angle will be that
exponential suppressed terms will acquire a phase: schematically, one will now find
exponential corrections of the type e 42 ¢!("=2© 'where k = 0, . .., n. Each topolog-
ical sector, defined by a specific phase, will have contributions from m7 instantons and
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Fig. 4. The general global picture in the complex Borel plane, with many different Stokes lines characterized
by distinct singularity structures. All these singularities will contribute to large-order resurgent asymptotics,
and global definitions will require canceling all associated nonperturbative ambiguities

mz anti-instantons, such that mz —mz = n — 2k and the total number of instantons and
anti-instantons will give the instanton level n = mz +mz.

Perturbative expansions are independent of ®, so that sectors with different phases
will not mix. As such, for each of these sectors we shall assume to have an independent
transseries. Let us first analyze the topological sector with no theta-angle dependence.
This topological sector occurs when n — 2k = mg — mz = 0. As k needs to be an
integer, only multi-instantons with n = 2¢ even will contribute. These contributions will
thus arise from levels with the same number of instantons and anti-instantons [Z¢Z*].
The lowest level (the least suppressed contribution) of this topological sector occurs
at n = 0 where we find the usual perturbative series; the next level contributing to the
transseries will be the instanton/anti-instanton sector [II ], which will have n = 2; other
exponentially suppressed contributions will appear at n = 4, 6, . ... This is in contrast
with other topological sectors, having explicit ® dependence, where now the lowest level
will already be exponentially suppressed. For example, for n — 2k = 1, the lowest value
of n which contributes is n = 1, which corresponds to having only one instanton. This
is the least suppressed contribution, and will play the analogous part of our perturbative
series for this sector. The next contributions will occur atn = 3,5,--- = 2¢ + 1, and
correspond to instanton sectors of the type [I 1”1@]. This discussion can be generalized
for every topological sector, and is nicely summarized in the “graded resurgence triangle”
found in [8].

The natural question one now needs to address is how to write the full transseries
ansatz for a problem with graded theta-angle. Assuming full independence between the
different phases, and considering for simplicity of the argument that each sector will be
described by an one-parameter transseries, this can be achieved by considering:

F(z{0i)) = D " Fu (z,0m), 8.1)

meZ
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where F,, (z, oy,) is the transseries for the topological m-sector. The lowest level of each
transseries (equivalent to the “usual” perturbative series) will be proportional to e =142
and the poles in the Borel plane for each sector are separated by the instanton/anti-
instanton action S77 = 2A (which corresponds to inserting an instanton/anti-instanton
pair). Then

+00
F (2, 0m) = 71142 3 g e=nS172 o) (2), (8.2)
n=0

where CDg::} (z) has the familiar perturbative series expansion in the coupling z. The alien
derivatives Aggﬁ, with S77 = 2A, will be non-zero when acting on Fy, (z, o), and
the bridge equations over topological sectors may be written as

: m aF
AusgzF =2 5" doih 5 — (83)

meZ

Is is easy to see that the proportionality coefficients Sém} ({o7}) must now be of the form

{m} (Um) _ ZS m}(k) k (84)

k=0

i.e., for each topological sector {m} the coefficients can only depend on o, with Stokes
constants given by S}m}(k). Furthermore, the only surviving Stokes constant will be

Sém}(l_g), for each sector {m}. We thus obtain, for each topological sector, the usual
form of the bridge equations

1—¢
Ars, @50 () = S0l (o). 8.5)

With the bridge equations in hand, one may proceed to develop resurgent asymptotics
and median resummations, even for multi-parameter transseries, following the lines in
[18] and in the present paper. It would be very interesting to put all these arguments on
firmer ground, and develop the required technology as it applies to quantum theoretical
problems with topological sectors.

Finally, let us mention that recently there has been some interest in applying strong—
weak coupling duality to improve the resummation of perturbation theory within string
theoretic contexts [42—44]. In this set-up, it would be very interesting to further investi-
gate the existence of explicitly S-dual invariant median resummations.
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A. Structural Aspects of Resurgent Transseries

This appendix addresses several structural aspects which may be deduced concerning
arbitrary transseries, in particular many constraints on the associated set of Stokes con-
stants. Let us begin by recalling the definition of lateral Borel resummation along some
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(singular) direction #, which may be found either in the main body of the text or in [18].
Given an asymptotic expansion of the form (2.1) or (2.9),

+00 F
~ 7/3nm _g
JOEERED I3 (A1)
g=0
one has _
el (cotie)
SpxP(2) = / ds B[®](s) e . (A.2)
0
With a simple change of variables one obtains
. +oo+ie ) »
Sy ®(z) = el / ds B[®](se?)e ¥ = 5p= D@ (x), (A.3)
0

where x = ze'?, and where we introduced the “rotated” asymptotic series ®© (x) which
is obtained from the original expansion (A.1) by changing coefficients as

F) = 20(+hum) F, (A.4)

The above relations interchange asymptotic series with singularities along 6 to “rotated”
asymptotic series with singularities along the positive real axis. In particular they show
how generic cases may be reduced to our analysis, mostly along 6 = 0, . As such, we
shall focus upon these directions in the following, setting & = 0, 7, and drop “rotated”
superscripts.

Along the Borel real axis the usual complex conjugation operator, HF (z) = F(z),
relates very naturally with the lateral Borel resummations. One finds, for real z,

+00Fi€
HoSpx®(z) = / ds B[®](s) e, (A.S5)
0

and, as long as z is real, it is also the case that B[®] = B[®]. In this case,
H o Sozt = SO¥ o H (A6)

Further assuming that B, is an integer (we will soon lift this restriction), the same
arguments allow one to find'®

Ho S@:t = qu: o H, with 6 = O, TT. (A7)

Having understood how complex conjugation interplays with the lateral Borel resum-
mations, one may now try to do the same on what concerns the Stokes automorphism
(2.4). Using H? = 1, it is straightforward to check that for § = 0, 7 the commutation
relation of complex conjugation and the Stokes automorphism is given by

Ho8y =6, oH, (A.8)

16 Going back to our discussion in the first paragraph one may wonder if this relation can be generalized
to any singular direction 6. In order to do so one needs to find a conjugation operator along the direction 6,
‘Hp, essentially reflecting the complex plane along that line which would naturally satisty Hg = 1 and which

would further have to satisfy Hy o Sy+ = Sy+ o Hy. Then, a similar line of arguments goes through.
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and obeys
2 -1 2
(Ho&,)’ =1=(&;"oH) . (A.9)

Next, as the Stokes automorphism relates to the alien derivative following (2.5), we are
still interested in exploring (A.8) within the alien calculus setting. Generically, and as
follows from (2.5), one may write powers of the Stokes automorphism along a singular
direction 6 of the Borel plane as

= exp Z e A, =exp {v Ag} , (A.10)
we{wy}

where we used the pointed alien derivative Ag. If we plug this expansion back in (A.8),
this condition may be written as

1 n =D"
> —Ho(Ay)" = (Ag)" oM, (A.11)
n! n!
n=1 n=1
which is obeyed if ) )
AgoH =—Ho Ag. (A.12)
In this case, condition (A.8) may be generalized to
HoGy=6,"0H. (A.13)

It is noteworthy to mention that one may lift the integer requirement on f,,,,, or further
consider asymptotic expansions with logarithmic sectors (as will be studied shortly).
In these cases, one has to isolate the “pure” asymptotic series part, which induces the
singularities in the complex Borel plane, from the extra factors which remain as they
were. Then, the Stokes automorphism only acts on the asymptotic part. The conjugation
operator, on the other hand, will act on all factors. Acting with these operators in the
full transseries can become even more convoluted, as the transseries parameters o; are
in general complex. In any case, the procedure to analyze these properties at the level of
the transseries is exemplified in the cases studied below.

We shall now make use of these relations to obtain structural properties of two-
parameter transseries, starting off with their bridge equations (2.10). Let us determine
the implications of (A.12) for the two-parameters transseries (2.7-2.9), further assuming
that the coefficients in all asymptotic expansions in F(z, o1, 02) are real—which we do
throughout this appendix. For the direction & = 0 (¢ > 0) it follows

. - _ _ _9dF = _ _ _dF
HoApaF(z,01,02) =8¢(01,02) =— + 8¢ (01,02) —, (A.14)

00| do2

and - -

; _ _ _9F -~ _  _ _9F
AgpoHF(z,01,02) =8¢(61,02) — +5¢(01,02) —. (A.15)

00| d02

In this direction, using (A.12) and the two above expressions, we find

= _ _ | OF -~ = _ _ N\ aF
(Sz(61,62)+5z(61,62))ﬁ=—(Sz(01,02)+5z(01702))E~ (A.16)



Nonperturbative Ambiguities and the Reality of Resurgent Transseries 223

Using the expansions of S, and §g in terms of Stokes constants, as given by (5.5) and
(5.6), this implies

Re Sék) = Re Eéhg) = Re Séo) =0, Vk,£>1. (A.17)

In words, all Stokes constants associated with the & = 0 direction are purely imaginary.

As we turn to the = 7 direction, one sets'” z = e~17 |z| and we thus find that
H®(my(2) # Puym)(z). As such, in this direction only (A.14) remains valid. To be
able to use (A.12) notice that

+00
HF (z.01,00) = D Gloy e A e b @) (2). (A.18)

n,m=0

Assuming as usual that 8, = (n +m) B, then
HF (z,01,00) = F (2,517, Gpe7271F) (A.19)

It follows
, (A.20)

G;=0;e2nip

oF . OF - -
H| — (z,01,00) | =e 7P — (2,51, 5)
do doq

and one may thus rewrite (A.14) as

Ho AaF(z,01,02)
dF (z,51,02)

8 |= = 0F (z,01, 0

=e 2P [SZ(EI,EZ) = +Sz(31,32)w} ,

ao] 00 5, =5 e-2rif
(A.21)

and the equivalent of (A.15) as
Agp o HF(z, 01, 02)
. . 0F(z,61,02) = . . 0F(z,61,02)
= [52(01,02)f+55(01,02)f} (A.22)
901 907 =0 2mif

Using once again the expansions for the Stokes coefficients (5.5) and (5.6) into the
commutation relation (A.12), one now finds that, for any £ > 0 and k > 0,

§H) + 5% e2miCk=2+08 — (A.23)
SUHD 4 g0 e2miC=2+08 — . (A24)

In summary, we found the constraints that (A.12) imposes at the level of the bridge
equations for a two-parameter transseries and, in particular, the constraints on the Stokes
constants encoded in these bridge equations. In this process, we made a set of (very
reasonable) assumptions:

e Assumed (A.12) as the only solution of (A.8);
e Started from a two-parameters transseries ansatz, of the type (2.7-2.9);

17 This allows us to consistently choose the usual branches of square-roots and logarithms, in direct com-
parison with results in [18,38]. If we chose z = €' |z|, we would have to use different branches to reach the
same results.
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e Both the asymptotic coefficients in the transseries and the instanton action are real;
e The exponent S takes the (usual) form B, = (n + m) B, with B a rational number.

The constraints we thus found for the Stokes constants, for Vk > 0, £ > 1 and where

we defined Eéz) = S(_Zz =0, are:
Re 5" = Re S =0, (A.25)
S®) + 519 e2miCk=2+08 — (A.26)
SEkZ—E) + S(j(;e) e27‘[i(2k—2+£)ﬂ =0. (A27)

The one-parameter transseries example. The previous analysis was done within the
context of the two-parameters solutions, but the one-parameter transseries is just a par-
ticular case of these solutions, obtained by setting S=0andoy; =0.In particular, the
expansion (5.5) for the Stokes coefficients becomes

S_e(o)=S"0 a0l Vo= 1, (A.28)

and the final constraints in the Stokes constants simply read, for £ > 1,

Re " =0, (A.29)
SUF0 4§30 2mith _ (A.30)

In the case where 8 = 0, this becomes
Re S\” = Re s = 0. (A31)

Generalization with logarithmic sectors. The structure of the two-parameters transseries
we are addressing, (2.7-2.9), has instanton actions £ A. Of course more general struc-
tures are possible; in here we are illustrating our ideas with a setting inspired by the
results in [18,38]. One aspect of this setting, which is in fact generic for many other
problems arising when considering non-linear differential equations, is resonance, i.e.,
the possibility that some instanton sectors will in fact not have the usual exponential
pre-factor because the combination of instanton actions canceled (see, e.g., [18,37] for
more detailed accounts of this phenomenon). To solve resonant problems, one needs to
further introduce logarithmic sectors in the transseries structure, as was done for instance
in the cases of the Painlevé I equation in [18,37] and the Painlevé II equation in [38].
For such cases we need a transseries ansatz of the type (2.7) and (2.8), but where now

kmax (n,m) PR L (n\m)[k]
Q@) = D logh (@) -z P ol @), ol (@)~ Z Fe . (A32)
k=0
where the asymptotic coefficients F;n‘m)[k] are taken to be real, and kpyax(n, m) =

min(n, m) — m &,,. To obtain more concrete results we shall still need a couple of
assumptions which, in particular, are valid within the contexts of the Painlevé I and II
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equations. In general, the analysis will be model dependent but it will follow the very
same strategy as below. We shall then further assume that

B = B e BN = (n+m) B, (A.33)

= (@)f ———— (m ) ol . (A.34)

(nlm) (n—k|m—k)

The case of Painlevé I has —2ap; = 4/ ﬁ [18] and that of Painlevé II has!® —2ap = 8
[38]. Both cases have the same value of 8, which we will be assuming from now on to
be fixed as

B=-. (A.35)

Using the fact that q>( alb) = = 0 if either a or b are negative, we can rewrite @ ;) (z) as

< (m =)k o 0
Py () = Do 2 i log (@) - 0Ly, @), (A.36)
k=0
Plugging these back into the transseries solution (2.7), it may be rewritten as'®
+00 +00
F(z,01,00) = Z Z O-l O' z ﬁnm e —(n—m)Az oz(m n)ojoy logz @Eglm)(z) (A.37)
n=0m=0

With these results in hand, we may now proceed and address constraints on Stokes
coefficients when in the presence of resonance. Along the positive real axis complex
conjugation may be addressed very similarly to before, in which case (A.12) simply
translates to the constraints

Re S =ReS ™ =0, Vk>0,¢>1. (A.38)

As we turn to the analysis of constraints arising from the negative real axis, things
get a bit more intricate. Let us first determine the complex conjugate for F(z, o1, 02),

as depicted above, when z = e~ |z (recall that ﬂ,[,(z,], = (n+m) B). One finds

+00 +00

. L _ ~ RN
HF(Z: e 7 |Z| , o1, 0_2) — Z Z (El e—2711a01c72 e~ UT102 logze—anﬂ)
n=0m=0
« (5, 2712152 (@515 log? ,—2if 10} o~ (1—m)AZ q>[0] @)
2 N (nlm)

= F(z,01,02), (A.39)
where

a’l — El e—ZJTiOlElEz G_ZNiﬁ, (A40)

18 Comparing with [38] there would be a (—2)_k factor missing in (A.32), which is compensated with the
[k]

removal of a similar (—2)k from <I>(n‘m)

above. The results herein can then be directly compared to the ones
of that paper.

19 The resonant transseries written in this form can also be used to write the Stokes transitions for resonant
problems such as Painlevé I and II. Along the singular direction & = 0 we can apply the Stokes automorphism
to this transseries, and make use of (C.12) to easily find a generalization of (C.14), thus determining the Stokes
transition for the resonant cases. The same can be done for the direction § = 7.



226 I. Aniceto, R. Schiappa

Gy = 0> eZﬂiaﬁlﬁz e—ZJTiﬁ' (A.41)

The above identification between o; and &; was possible due to the fact that with 8 = 1/2
the following property holds

0102 = 0102 e 4B — 0102. (A42)
The inverse transformation is then given by

| = &, XTiad1% 2Tip (A.43)
, = 5y e 2TiadIT 27 (A.44)

Ql 9

The constraints on the Stokes constants in the negative real axis are again obtained from
enforcing the commutation relation (A.12). To do so, we need to determine A_z4 o
HF(Z,01,07) as well as H o A_gaF(Z, o1, 02). The former is now easily obtained.
Using the complex conjugate for F'(z, o1, 02), together with the bridge equations (2.10),
we may write

. _ _ _0F - ~ _ . _ 0F - -
A_ya OHF(Z,Ul,Gz)=Sfe(01,0'2)£(5,01,02)+Sfe(01,02)3—&,2(5701,02)-
1

(A.45)
The other term contributing to the commutation relation (A.12), Ho A_¢s F (2, 01, 02),
is also easily determined. In fact, we can write it as

. _ oF = oF
HoA_¢aF(Z,01,00) =8S_¢(@1,00) H [—} +S_¢(@1,020)H [—} . (A406)
0071 d07

In order to compare this to the previous term in the commutation relation, we need to
use the following property

0F(Z,01,02) _ 27 2ria 5 gy [S_FG o1, 02)}
a1

001
+00 +00 o
PRy =n-= (m—n)o162logZ ,—(n—m)A == Bnm (0]
—2ria o ZZ(m—n)afoé"eam mo10210g2 g=n=m)Az 7 Q(n‘m)(zf), (A.47)
n=0m=0

alongside with the equivalent expression where one takes the derivative with respect to
o7 instead. Finally, using the expansions for the Stokes coefficients (5.5) and (5.6), the
commutation relation (A.12) applied to our transseries ansatz yields

A+ B =C, (A.48)
where

+00
A= Z O,{1+K—10_2m—1 (n+a o102 (m —n) logz)ea(mfn)m(rz logz F(nlm)

n,m=0

+00
x > (100" RV (102, (A49)
k=1
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B = Z Un+€ 1 m 1 (m +a o109 (m — n) 10g~)ea(m n)ojoy logzZ F(nlm)

n,m=0
o0
o (k+€—1
x > (@0)* RV (010). (A.50)
k=0
= Iria Z an+l 15 (m n) e (m=n)o10; logZ ,—21il(f—0t0102) p(n|m)
n,m=0
x Z(om) (0102 sEHO §<_"Z1>). (A.51)

Above, we have used the notation
R(k)( ) S(_k'*'l‘*‘e) + S(_k"'l"'l) eZﬂie(ﬂﬂ){x)’ (A52)

(k)(x) (k+1+€) +S(k+l+() —27il(B— le) (A53)

One may now apply the usual reasoning, i.e., compare equal powers of logZ, of
X = 0107, and take into account the many different sectors (n|m). The constraints one
finally obtains on the Stokes constants are:

S(le) +e2mith S(le) = 2miqe it E(&) (A.54)
L I 2mib) " =5
Sgcz.g) +o—27itB ( 1 Ol) S(k r+0) — i e2Tith ﬂ 592
k —1)!
r=0
22 Qrita)”
k—r+l—1) | atk—r—1
b3 G (ST ))} , (A55)
r=0 ’
E(_Oz) 4 o2itB 3:(_0() =0, (A.56)
SO 2B 5N — _ori(e+1)a e 5O, (A.57)

k=2 . R
omileY = . 2il)
5W) 4 2mith ZM (k=r) _ 2maez”lw[z( n;!a) S

r=0 r=0
! Qrita)” =g=—D
> s‘_"/“] : (A.58)

r!
r=0

where £ > 1,k >2and 8 = 1/2.

One interesting aspect of all these structural constraints is that, much like all the
previous ones, they may be fested in examples. Given how intricate the above relations
are, these tests are actually rather non-trivial, in particular supporting the generality of
(A.12). In the cases of the Painlevé I and II equations addressed in [18,38] many relations
between Stokes constants were written down; some arising from the study of the string
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genus expansion, others found “experimentally” via numerical work. In particular, the
following relations were obtained in the aforementioned references:

S§0> +(=1)"12 §§)1> =0, (A.59)
SO 350 _ g, (A.60)

SV + (=128 —27ia s =0, (A6D)
S+ (D12 5% +ira s =o0. (A.62)

One can derive one further relation, arising within the ® ) sector, by the requirement
that this sector has a genus expansion in the string coupling, similarly to what was done
in [18]. This extra relation is

~ ~ 3
is?P+5% —ina [i §P 1215 4 e sO1 —o. (A.63)

Recalling that Sék), §§k+é> € iR, one can easily check that the above relations obey
(A.54) with £ = 1, (A.56) and (A.57) with £ = 1, and (A.58) with k = 2, £ = 1. In this
way, it is very interesting to finally realize that all the somewhat empirical relations in
[18,38] are in fact part of rather general structural constraints on resurgent transseries.

B. Formulae for One-Parameter Transseries

In this appendix we focus on the case of a one-parameter transseries

F(z.o)=> o"e ", (). (B.1)
n=0

where there are two Stokes lines, at 0 = 0 and 6 = 7 [18]. We will study the Stokes
automorphism and Stokes transitions in this setting, alongside with a discussion of
how these results interplay with the cancelation of the nonperturbative ambiguity. In
particular, we shall present rather general formulae and address the technicalities/results
used in the main body of the text. To find the Stokes transitions one needs information on
how each asymptotic series ®,, crosses the Stokes line, i.e., how the Stokes automorphism
acts on each ®,,. Some results along these lines were already obtained in [18]; in here we
recall some of these relevant results as well as their respective generalizations, needed
in the main text.

Stokes automorphism at & = 0. The Stokes automorphism acting on each sector &,
may be completely determined up to the Stokes constants. A general one-parameter
transseries has an infinite number of non-vanishing Stokes constants, S1, S_; withk > 1.
At the Stokes line 6 = 0 the Stokes automorphism acts as [18]

+00

n+¢ _
So®n = Z( . ) Sie 4 Dy, (B.2)
=0

We shall be interested in determining a general power of the Stokes automorphism,
@b’d)n. To do so, recall the definition of the Stokes automorphism in terms of alien
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derivatives (2.5). Now, in the & = 0 direction of the complex Borel plane we have
only one singularity, ® = A, with A being the instanton action. In this case, the Stokes
automorphism becomes

Sy =exp {v efAZAA}, (B.3)
and the bridge equations are
Ag®y =81 (n+1)Dpyg. (B.4)

Multiple derivatives are immediate to obtain,

k
A, =S{ ]+ ) @k, (B.5)
j=1
from where we can easily find S, ®,, as
+00 ve +00 n+ 4
Sy, = % a e AL, = % ( . ) wSHte 4 d,,. (B.6)

Taking a general power v of the Stokes automorphism exactly corresponds to multiplying
the Stokes constant by this same number. This result is used in the main text.

Stokes transition at @ = 0. The Stokes transition of the one-parameter transseries (B.1),
at 0 = 0, is now very simple to compute

+00 +00 +00 n +e
SiF(zo) =D o"e S, = > > ( . )a" WS e™ "I @y
n=0 n=0 £=0
+00
= Z (c+vS)le ™™ @y =F(z,0 +vS8)). (B.7)
=0

This transition describes Stokes phenomenon across the singular line 6 = 0, via a jump
in the transseries parameter precisely given by the Stokes constant Sy. In the result above,
we have already considered a general power of the Stokes automorphism; in the usual
case one sets v = 1.

Stokes automorphism at 6 = w. As we turn to & = m, the procedure will not be as
straightforward. First, along 0 = m, the bridge equations take the form

A_ga®y = S_¢(n—€) Dy_y, £>1. (B.8)

Recall that we always define ®,, = 0 for m < 0. These equations lead to the following
expression for the Stokes automorphism

n
S, 0n =D (e, (B.9)
£=0
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where

¢ k
1
=Zﬁ Z H n—y;)S-ay; | +8c0- (B.10)
" yel(k.0)

k=1 j=1

A proof of this result may be found in [18]. In the expression above, the sum over
y € I'(k, £) is a sum over partitions 0 = yp < y; < --- < y = £, and we have further
defined dy; = y; — y;j—1. In order to have a correct expression, one further needs to set
So = 0.

Once again, we are interested in generalizing the above result to a general power of
the Stokes automorphism. Along this Stokes line one finds singularities at o = —fA,
for £ > 1, and so the expression to consider is

+00
Sy =exp{v > A 44t (B.11)

Expanding the exponential and making use of the bridge equations, is is easy to see that
also in this case the power v translates into a multiplicative factor of v for each and every
Stokes constant.’ One finally obtains

n
Srdu=D B, e o, (B.12)
=0

where
k

ok
Ev(n,£)=2% ST AL (=) S-ay,; | +5co. (B.13)

k=1 " yel(k,0) \j=1

Stokes transition at @ = . As compared to the case of @ = 0, it is already much harder
to find an expression for the Stokes transition at & = . Following the same reasoning
as before, we find

+00 n
S, F(z, a)_za ) Cbn_Zo ZE(n n—0)e 4,
n=0 n=0 =0
+00
_Z Zo"”z(mﬁ n) Je 4 @,. (B.14)

In parallel with what we did for the case of 6 = 0, we would now like to find a function
S (o) such that

+00
Sz(@) =D "™ T m+t.n). (B.15)
n=0
20 1n order to see this, it is enough to realize that in the expansion of &} we will find a factor of v for each

alien derivative. On the other hand, from the bridge equations (B.8), each alien derivative essentially yields
some Stokes constant. Thus, each Stokes constant appearing in the expansion of &), has a factor of v.
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A candidate for this function is

Sx(o) = Za”+1§(n+ 1,n). (B.16)
n=0

We have checked this thoroughly from expanding (B.14) as follows:

5 .
S, F=d+ (1 +0S_|+02 (S,2 + sil) +0° (S,g +35182+ sil) +- ..)ge*AL @
3 7
+ (1 +20S_1 +202 (S,z + ESEI) +2073 (5,3 + 55—15—2 +2531) +. ) oZe 24 g,

7 10
+ (1 +308_ +302 (S_z +2531) +30°3 (S_3 + 55_15_2 + ?Sil) +.. .)0'3 g3z [OF
L EER B.17)

It is very simple to see that identifying the function S, (o) with the appropriate terms on
the first line above, then the second line follows by determining (S, (o))<, the third line
by determining (S, (¢))°, and so on. We have verified this structure computationally
to higher orders; however a more exhaustive proof of this result is still under way.
Nonetheless, based on strong symbolic computation evidence, the Stokes transition at
0 = m can be written as

S, F (z,0)=F(z2,5¢(0)). (B.13)

One can also generalize this result for an arbitrary power of the Stokes automorphism,

6" F(z,0) = Z(Z o™ E (n+ L, n))e—“Z Dy =F (z, Sj,”(a)) . (B.19)

=0 \n=0
where now
+00
SW (o) = Zo—"“ 2, (n+1,n). (B.20)
n=0

For v = 1, this describes the Stokes transition at & = m as a “jump” in the transseries
parameter 0 — S; (o). All of the Stokes constants S_j, k > 1 contribute to this
transition.

Cancelation of the nonperturbative ambiguity. Having understood the structure of tran-
sitions at the Stokes lines, & = 0 and 6 = , at the root of the ambiguity, we may now
try to understand how is the ambiguity canceled. We discuss this point in the main text,
but in here we still need to present the complete expressions associated to the nonper-
turbative ambiguity of the one-parameter transseries (B.1). In particular, along 6 = 0,
it is convenient to first write all formulae in terms of the real and imaginary parts of the
multi-instanton sectors F(z). In fact, along # = 0 what we want to cancel is simply

1 +00
ImF=—(Sp—S ) F=3 (]Ima” Re F™ + Reo” Im F<">) ., (B21)
2i =

where we used

1 1
Im F®™ = oF (So+ — Sg-) F™, Re F™ := 5 (So+ +Sp-) F™. (B.22)
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Now one may very naturally relate Im F with Re F ) by making use of the Stokes
automorphism in its most fundamental form (2.4). One simply has?!

(So+ — So-) F™(2) = =S~ o (1 = &) F™(2), (B.23)

where &, F ) (z) = e~ Az S,P,(z) was already computed in (B.6). Explicitly, then,

+00

k
(Sor = So) F™(2) =D (” ’ ) St So- F"™M(2). (B.24)
k=1 "
Using the relation
1
S()f = Re — z (S + — So—) (B25)

in a recursive fashion, inside the previous expression, we can finally write the ambiguity
of F™ as an expansion of higher multi-instanton (real) contributions:

1 +00 k
Im F ) = = (n: ) Q(k) S Re F"*, (B.26)
k=1

with
k " r Sk
Qly=>>" (g)(—l)”‘ ST (B.27)
r=1s=1 %

In particular note that 2(2k) = 0, giving rise to an odd/even pattern in the structure
above. Having this result in hand one may finally find a general expression for the
imaginary part of any one-parameter transseries F(z, o) as

1
ImF(z,0) = (Z S1 + (71) Re FV

1 +00 [(n—1)/2] n
n . r_n—Q2r+l) _2r+1
+ZZ Q(n) S§ +2i Z (2r+1) (—1) og o;
n=2 r=0
n—1 n [k/2] k
+ (k) Qn—k) syt Z (zr)(—l)’a{{%f’ Re F™,
k=1 r=0

(B.28)

In this expression we use the following definitions: o = oR + io7 with og, o1 € R, and
the usual notation of [e] for the integer part. The cancelation of the ambiguity, which in
this case is the cancelation of this imaginary part, follows by solving Im F(z,0) = 0. It
can be checked that the condition already arising at first order, % S1 + o1 = 0, actually
solves this equation to all orders, and we have done this using symbolic computation to
very high order.

21 Notice that this expression makes clear how ambiguities are associated to a non-trivial Stokes automor-
phism.
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Similarly, one may obtain the real part of any one-parameter transseries F(z, o).
Using the definition

+00
ReF = - (30+ FSOF= (]Reo Re F™ — Im o Im F(”)) (B.29)
n=0

it follows the general result

+00 [n/2]
Re F(z,0) =Re F¥ +orRe FV + " Z( )( 'on o
n=2 r=0

1 n—1 " [(k—1)/2 X
~% (k)Q(n—k) spE > (er) (=D og > o™ | Re F™.
1

k= r=0
(B.30)

In particular, one may now impose the constraint arising from the cancelation of the
ambiguity, namely oy = 5 Sj. In this case, one may show that even further setting
or = 0 one will always find multi-instanton contributions to all even orders in the final
answer:

+00 1 n—1 wm 1
_ (0) E 2
ReF(Z, U) =ReF + (ZTVL — (2k+1) 22(k+l) Q(Z(n—k) - 1))
k=0

n=1

x S7" Re F, (B.31)

This is exactly the multi-instanton expansion for the median resummation. The discus-
sion of these expressions is done in the main body of the paper.

C. Formulae for Two-Parameter Transseries

This appendix generalizes results in the previous one to the case of a two-parameters
transseries, of the form

F(z,01,07) = Z ollof e mmAL L (2), (C.1)

n,m=0

including one “physical” and one “generalized” instanton sector. Note that from the
point-of-view of the Stokes automorphism the actual asymptotic expansion of @ |, (z)
is not important; with or without logarithmic sectors the results that follow are
unchanged. We have two Stokes lines, at 6 = 0 and & = 7, which will be rather sim-
ilar due to the nature of the instanton actions being +=A. On what concerns the Stokes
automorphism, some preliminary results can already be found in [18] for the simplest
cases. However, in order to determine the Stokes transitions for the full two-parameters
transseries, one needs to know how the Stokes automorphism acts on a general sector
@ (4;m). Happily, it turns out this can be done in much the same way as for the cases
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m = 0, 1 worked out in [18]. Before presenting the results, recall that the bridge equa-
tions for this case are given by

min(m,n+€—1)
k—0+1
AeaAPpm) = Z (n—k+1) Sé +) D (1—k+t)m—k)
k=max(0,£—1)
min(m—~£,n)
Ske+1
> m—k=0S" o gmk—p.  (C2)
k=max(—£—1,0)

valid for all £ # 0O (both singular directions § = 0 and 6 = 7 are contemplated). We
now have two sets of Stokes constants, S and S.

Stokes automorphism at 6 = 0. As compared to the previous appendix addressing
one-parameter transseries, one now needs to consider all singularities @ = ¢A with
£ > 1 already for the Stokes automorphism associated to the & = 0 Stokes line. Directly
computing an arbitrary power of this automorphism one has

+00 +00
So@nim) = exp [V ZC_MZAM] Qmjny) = Z (Ze ZAZAZA) D (1))

(=1 k= 0

k
SO 3l (H) o, (C3)

k=1 Li+-+l=r

where the last sum is over ¢;, i = 1,...,k, positive integers. The difficulty, as
always, rests in computing multiple alien derivatives; in particular we need to com-
pute HINZ 1 Ag; AP (uym)- For N = 1 this is just given by the bridge equations which may
now be conveniently rewritten as

n+l

Ay APum) = Z (k SZL “D o m—n—t+k) SZL k+€1+1)) D (klm—n+k—ey)-
k=0
(C4)
Comparing both expressions above, one quickly realizes that once again the power v of
the Stokes automorphism gets simply translated into a multiplicative factor associated
to each and every Stokes constant. The next step is to write a general expression for

HlN:l Ag; AP (nm) and prove it by induction. The general expression will be

N+n

(n|m)
HA€<N+1 AP im) = Z Z HZ ) P —nse-3 ) (C)

£=0 8, (N, N+n+1—¢) s=1
with

S
501 (s) = Km S el 55) SO | (s ne 1~ ) sng}

i=1
O +n+1-23). (C.6)
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The notation used above is the same as in [18] and as follows: the sum §; € I'(a, b)
is over the partitions 1 = 69 < §; < --- < §, = b; as in the one-parameter case
ds; = §; — 851 and one sets S(Z) (()Z) = S(_gg = §2£) = 0 for any £ > 0. Finally,
the function ®(x) is the famlhar Heaviside function, ®(x) = 1 for x > 0 and zero
otherwise. It is straightforward to check that taking N = 1 in our general expression
(C.5) gives us the expected result (C.4). Let us next consider (C.5) for general N, and
check what follows once we act with one more alien derivative. One has:
N

Atyua [ | Aegary 4P aaim)
i=1

N+n
_ Z Z HE(n|M)(S) AZNHA(D(Hm n+l— Z, 1 4i)
=
N+n
=2
=0

8s€l(N,N+n+1—¢) s=1
£+1

> Sl

8s€l'(N,N+n+1—¢) k=0 s=1

N+1
(C—ktl) (l—k+Ey1+1)
{k S@N 1 (m —n- Zgi +k) S/ZN 1 " } qD(k\m*”*Z?]:Jrl] Li+k)*

i=1
(C.7
Now make a change of variables £ = £+ 1, and notice that taking £ = 0 gives a vanishing
contribution (then we would also have k = 0, and S (é) = 0). Making use of the identity

N+n+l £ N+14n N+1+n
Z = Z Z (C3)
=0 k=0
one obtains
N+1 N+n+1 N+n+1 N
_ (n|m)
H A13(N+27i)ACI:'(nIrn) = Z ZO (s)
i=1 k=0 f 1

=k (sjer(N N4n+2— 13)3

N+1 B
(l—k) SU—k+ly41)
[k SZN 1 (m —n- Z ti + k) S£N+1 ! ] cID(lclm—n—z,{v;f Li+k)* (€9

i=1
Finally we define 6y+1 = N +n + 2 — k, and perform the change of variables ¢ =
N +n +2 — £ which takes values as ¢ = 1,..., N+n+2 —k = Jdy41. [tis then simple
to get
N+1

H A13(1\1+2—i)ACD(nlm)
i=1

N+n+18n+1

Sna1—C
= D D SyaNmak D HE("W)(?)X [(N+n+2—8N+1)S/§NN1] )
k=0 =1 5,€T(N.0) s=1

N+1

ON+1—L+EN+1)

(m +N+2 =8y — D 4 )SEN”ill vl }q>(km_n_ziN=+]. P (C.10)
i=1
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Now if we evaluate (C.6) for s = N + 1, and noticing that ® (N +n +2 — §ny+1) =
O (k) = 1, and that §y = £, we finally obtain

N+1
H Abiyir—iy AP nim)
i=1
N+n+18y+1 N+1
(n|m)
Z 285N+1’N+"+2—k Z HZO (S)q>(k|m—n—z{V;1‘z,-+k)
k=0 =1 ;€D (N, 0) s=1
N+n+1 N+1

(n]m)
= > > T1=0""®) @541 ot (C.11)

k=0 8, (N+1,N+n+2—k) s=1

This ends our proof of Eq. (C.5).
Having this result in hand, one can finally write the Stokes automorphism as

So@wim) = cI><n|m>

k+n
+ Z Z Z Z Z H E(nlm)(s) q)(Zlmfn+€7r),
r=1 k=1 ! =0 y; el (k,r) és€l (k,k+n+1—£) s=1

(C.12)

where we redefined the sum over the ¢; into a sum over partitions y; = €1 +--- + ¢; €
['(k, r), such that y9 = 0 and y; > 0. The coefficients (C.6) can also be now rewritten
as (with v = 1 being the usual case)
20 (5) = v [(m — Yo+ 1= 8) 5P 4 (s b n+ 1 - 5,) S ’]
OG+n+1-—34). (C.13)

Clearly, the result is now more complicated than in the one-parameter case.
Stokes transition at 0 = 0. We now have the complete required information in order to

construct the Stokes transition at 6 = 0. Acting with the Stokes automorphism on the
transseries itself, and using the results we just computed, one obtains

+00

%F(Z’ULOQ) = z 01;10,2m e—(n—m)Az q>(n|m)
n,m=0
r k+n
i Z o] o_m Zef(nw —m)Az Z Z z Z l—[ Z(n\m) () DEimn—ri)-
n,m=0 k=1¢=0 'ylel"(k r) 8s el (k,k+n+1—£) s=1

(C.14)

The first line of this expression may be included in the second one by simply introducing
a factor 8¢08,03¢,. Further making two changes of variables, m = m + £ — n — r and
n = n+k, recalling that @4y = Oif either a or b is negative, and reshuffling the sums,
it follows
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+00 +o0 7
Vo —(t—m)Az n—{— k n L—k+r
GyF = E O' e D g1 E E E oy
£,m=0 n=0 k=0 r=k

K+ —k—
X 1 8ko 8rk 87, z+k+ = Z > Hz(n G ()

y,er(k r) 8;el (k,ii+1—0) s=1
(C.15)

To get to our final expression, we still need to perform another change of variables, as
n=n—{£and 7 = r — k. Dropping all tildes and hats (for ease of notation) we finally
find

¢ (-
SUF = }: ol Py (01, 02) e A @y, (C.16)
m, =0
where the function implementing the transition on the parameters of the transseries is
given by
+00  n+l

(um)((fl,ffz) z 2(0102)" o *oy

n,r=0k=0

1 —k
X 1 8k0 870 Snk + i z Z H E(n+ I (5,

" yiel(k,r+k) 8sel (k,n+1) s=1
(C.17)

Now, the Stokes transition (C.16) yields back a two-parameters transseries (as in (C.1)),
in such a way that one may write

+00
F (2,01,0.02,0) = §)F (z,01,02) = z olay ng,l)m)(dl,ﬂz)e_("_mmz D (1]m)-
n,m=0
(C.18)
This means that the {o;} have to satisfy
&, = ol o Py (01, 02) (C.19)

for every sector nonperturbative (n|m). In particular, for the sectors (1]/0) and (0]1) one
has

10 =S¢ (01.02) = 01 P (01, 02, (C.20)
G20 = S (01.02) = 0 Pg,'v (o1, 02). (c21

Although we do not present an analytical proof, we have confirmed the validity of
these relations with detailed symbolic computation evidence, further supporting that the
following relation holds:

IP’(()”le)(O'l, 0) = (]P’( ‘0)(0'1, (72)) (]P’( 11 )(0'1, (72)) . (C.22)

Then the Stokes transition in the direction 6 = 0 can be finally written as

S4F (01,00 = F (2,5} (01,02, 88)(01,2)) . (€23)
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Notice that the structure is essentially the same as in the one-parameter case, it is only the
functions implementing the transition which are now much harder to evaluate explicitly.

Stokes automorphism at & = mw. Unlike the one-parameter case, where the directions
60 = 0 and € = 7 had distinct features, in this case, and due to the nature of the instanton
actions as A, the two directions are actually very similar. In particular, determining
the Stokes automorphism in the & = m singular direction follows an identical path to
the 6 = 0 case described above. One can notice a symmetry in every such expression,
by changing m < n, S < S (and where S, S@ now become S_;, S_¢), the exponential
of negative powers to positive ones, and finally changing ® ) <> ®p|q). As such, we
will refrain from showing every step of the proof, and just state the end result.

The Stokes automorphism in the & = 7 direction will be given by

r rAZ k+m

S Puim = d><n|m>+ZZ > 2 >

r=1 k=1 ' 0=0 y; el (k,r) 85T (k,k+m+1—£)

k

X H Ef(f,'l;m)(s) D—mre—rie)s (C.24)
s=1

with

T (5) = v[(n—ys+s+1—8 ) S (s 4+ 1 - 5y )S““”]
O(+m+1—35). (C.25)

Stokes transition at 6 = ;. As for the automorphism, also the Stokes transition along
0 = m now follows in complete parallel with what was done for the direction § = 0—
one just has to use the results in the paragraphs above. Start with the action of the Stokes
automorphism upon the transseries,

+00
@;F(Z, o1,02) = Z (7{165" g~ (rmmAz D (11m) (2)
n,m=0
+00 r k+m
I D H
n,m=0 k=1 {= ()

x > > ]‘[zﬁ,'ftm)(s)dnn_mz_rw). (C.26)

yi €l (k,r) 85l (k,k+m+1—£) s=1

Now, akin to before, we perform consecutive changes of variables @ =n —m —r + ¢,
m=m+k,m=m—{and 7 = r — k) and reshuffle the sums. Then dropping tildes
and hats for simplicity, we find the final result as

+00
SLF = D ooy PU0 (01, 00) e A Dy ). (C.27)
n, =0



Nonperturbative Ambiguities and the Reality of Resurgent Transseries 239

where the function implementing transition is now

+oo m+l
14 —k
PUO (o, 02) = E E (0102)" 00,
m,r=0 k=0

k
l —
X {8080 8me+ 7 D S [ lmerimet=hs)

" yiel (k,r+k) 8sel (k,m+1) s=1

(C.28)
As for & = 0, one may introduce more compact notation for this result. Defining
F (2,510, 520) = 8L F (z,01,02) (C.29)
we may write
51,55, = of'o) PUI (01, 02) (C.30)

for every nonperturbative sector (n|m). In particular, for the sectors (1]/0) and (0]1) one
has

o1y = Sj(:,)l(al, o) =0 P{0 (01, 00), (C.31)

20 =SV (01, 02) = 02 PV (01, o). (C32)

Again, we have found strong computational evidence supporting this structure. The
Stokes transition in the direction § = m is then given by

&L F (z.01,02) = F (2,50 (01, 02). 81} (01, 02)) . (C.33)

Cancelation of the nonperturbative ambiguity. Having understood the structure of
Stokes transitions at both Stokes lines, &6 = 0 and # = m, also in the present two-
parameters setting, we may now understand how is the ambiguity canceled. Again,
this point is discussed at length in the main text; in here we wish to present the many
exact/explicit formulae. Furthermore, the line of analysis will be similar to the one in the
previous appendix, now having in mind the two-parameters transseries (2.7) or (C.1).
The ambiguity is essentially encoded in

1 +00
ImF = - (So =Sy ) F = ), (Im (of'03") Re F™ + Re (of'o3") Im FOI™),
1
n,m=0

(C.34)

with the usual
1 1
Im F®m = 5 (Sor = So) Flm | Re poim = 5 (Sor +80-) Fm - (C.35)
1

One may similarly write the real contribution to the transseries as
1 +00
ReF =2 (So+8) F = Y (Re(ofof’) Re F" —Im (ofof") Im F"I"))

n,m=0

(C.36)
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The first thing to do is to use the Stokes automorphism to explicitly write the ambiguity
of each sector, Im F "™ in terms of the real contributions which will later appear in
the median resummation, Re F'Im"). Very similarly to what we did in the previous
appendix,

(So+ — So-) FU™ (2) = =Sy~ o (1 — &) F"'™(2), (C.37)

where & F "1™ (z) = e=(""™42 & ® ;) (z) was already computed. Explicitly,

+00 n+r

(Sor — So-) FU™(2) = D" D" 20 (r, 5) So- Fisim—nts—n) (2), (C.38)
r=1s=0

where we introduced

r

k
LI T %Z > [1="w. (€39

k=max(s—n,1)  y;el(k,r) §pel (k,k+n+1—s) p=1

Using the relation

1
Sof = Re — E (S()+ — Sof) , (C40)

we can in principle solve for the expression above recursively, much like it was done in
the one-parameter case. However, we shall be more interested in specific examples as
in here they are more illuminating than a closed form expression. Let us determine the
contributions to the nonperturbative ambiguity for the perturbative series F(©19. Starting
from (C.38), we find

+00
1
2iIm FO0 = > (57 (Re Frio _ 5 (Sor = S0-) F<"°>) , (C.41)

r=1

where we made use of the fact that ©0 (-, r) = (Sl(()))’. It is clear that Im F©19 will

have contributions arising from the imaginary part of the instanton series, Im F 9
which may then be determined in much the same way

+00
1
2i Im F®0 — 2 :(Sgo))r (n -: r) (ReF(mrIO) _ z (So+ — Sp-) F(n+r|0)> . (C.42)
r=1

It is very easy to see that this is completely analogous to what happened in the one-
parameter case studied before: the contributions to Im F©l% are only of the type
Re F "9 Proceeding with the analogy, the tendency at this point would be to assume
that the same cancelation would then occur within these terms. However, the mecha-
nism canceling the nonperturbative ambiguity of the two-parameters transseries is not as
straightforward as within the one-parameter case. Write the expansion of the transseries
ambiguity Im F in real terms, Re F ™) and focus on all the contributions to one such
term, as these will need to cancel between each other. For example, let us determine all
factors contributing to Re F !9, From (C.38) we see that such terms will arise from
Im F ™) whenever

2Im FU ~ @00 —pt o, 0) Sp-FO, m>1+4n—a. (C.43)
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But it is not only the original contributions in (C.34) which will contribute at this level.
Analyzing (C.38) and noting that

So- F = Re FU@P) —jm p@lb), (C.44)

there will be terms within each Sy- F“/?), coming from the Im F“®) which will again
contribute to the original term Re F (@9 A detailed analysis of these results is presented
in the main text.

Contributions to the ambiguity in Table 2. Finally, we list the non-zero coefficients in the
(alb)

(n|m)
b = 2. The non-zero coefficients from the term Im F©l0 are:

expansions Im F®m) ~ Za,b C Re F@®) which appear in Table 2, up to a = 4,

ao _ 1 o0
Com = 5 51 (C.45)
1 3
310) _ ©0)
oo =—7 (s1 ) . (C.46)

From the term Re o; Im F119 we find:
1
cily = . SO Reoy, (C.47)
1 3
c) = — (S{O)) Reoy. (C.48)

The next term appearing in the table is Re oo Im F©I1) | whose non-zero coefficients are:

Cloln) = %Séo) Re 03, (C.49)
ci =5 (5) s Rean (€50)
Com = —% (Sfo))2 53" Re o, (€51
ci =1 (s)' s reon, 5
Coln = %51@ Re oy, (C53)
Com = —% (Sfo))3Rerfz. (C.54)

From Re 012 Im F 9 we have the following non-zero coefficient:

30 _ 3 .0 P
Cop) = 5 51 Reof. (C.55)

The term Re (o02) Im F1D contributes with:

110 1
C((1\|1)> =5 SEI)RC (0102), (C.56)
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cil = % SV Re (0102) (C.57)
C((il?)) = _% (550))2 S\VRe (01072, (C.58)
Cain = —§ (5) 5 Be (10 (C59)
cil = % S Re (0102) (C.60)
C((f\lll)) = —% (550))3 Re (0102) . (C.61)
For Re 022 Im FO12) we find:

Cop = —ﬁ (2 (Sf‘”)2 s+ 505V (257 + s{) - 1zs§°)) Reo?,
(C.62)
Clo) = —% s (25}”S§°’ + 505D 4 510 EP) Re oy, (C.63)

Cop) = % s\ (4 (Sf‘”)3 s —6 (S§°>)2 — 655

+ (Sfo))2 s (45{2) + 55;1))) Re o3, (C.64)
col) = % (51(0))3 (45158 + 5050+ S§°>§§2)) Re o2, (C.65)
Clop) = % §P Re o7, (C.66)
cly = 5 5V Rea?, (C67)
Cop = —% (Sfo))2 (58 +37) Rea?, (C.68)
Clop) = —% (Sfo))z Sy Reos, (C.69)
Cop = % (Sfo))4 (25" + 57 ) Re o3, (C.70)
Clofa) = % 5O Reo?, (C.71)
Cop) = —% ( fo))3 Reoy. (C.72)

The next term of interest is Re (01202) Im F@D | which contributes with the non-zero
coefficients:

1

i = = sV Re (of0). (C.73)
300 _ 3

ol = 5 S Re (of02). (C.74)
@o _ _ 9 () o) 2

ol = =5 (51”) sV ke (o70). (C.75)
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3
o = 5 S Re (o). (C.76)

The last term appearing in Table 2 is Re (01 022) Im F112 for which we have:

el = % sV Re (0102) , (C.77)
cll) = % (—8 (S§°>)2 s+ 1250 — s{0s{" (55 + 751(“)) Re (o107
(C.78)
el = —% s© (451(”S§°) +28@ (D 4 g 3"{2)) Re (61 022) , (C.79)
iy =557 (3(57) 57 -6 (s87) -5
= (S§°>)2 5" (657 + 135}”)) Re (107). (C.80)
el = L (5004 50) Be (or03). s
clh) = % st Re (2107 (C.82)
cGh) = —% (S}O))2 (251" +57) Re (2103) . (C83)
Clip) = —% (51(0))2 53" Re (o103) (C.84)
el = % s{” Re (2107 (C.85)
c = 1 (51) Re (03) ©36)

Finally, the last term we analyzed was Re (o703) Im F?/?, for which we have:

col) = % S Re (of03) (C.87)
ol =2 (_5 () s+ 350 — L5V (19517 + 859)) Re (o703).
(C.88)
chl = —% s© (3S§°) sV 4 5O (§§2> + 6S§1))) Re (012022) , (C.89)
Comy = % (57 +25") Be (o703). (C.90)
chh) = % s Re (01202) , (C.91)
Cop) = —% ( 50))2 (§fz) + 3551)) Re (012 02) : (C.92)

G _ 3 .o 2 2
Coly = 5 51" Re (o703). (C.93)
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