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Abstract: In this paper, we study the partial regularity of fractional Navier—Stokes
equations in R3 x (0, 0o) with 3/4 < s < 1. We show that the suitable weak solution is
regular away from a relatively closed singular set whose (5 —4s)-dimentional Hausdorff
measure is zero. The result is a generalization of the partial regularity for the classical
Navier—Stokes system in Caffarelli et al. (Commun Pure Appl Math 35:771-831, 1982).

1. Introduction

The main purpose of this work is to develop a regularity theory for the incompressible
fractional Navier—Stokes equation defined as follows:

[8tu+(—A)Su+u-Vu:—Vp+f, xeR3 >0, 0

divu =0, xeR3 >0,

where u is an unkown velocity vector field, p is pressure and f is a given force with
V - f = 0. Throughout this article, we assume that 3/4 < s < 1 and definea = 1 —2s.
As a convention in this work, V and V are the gradients on Ri and R3, respectively.
Their associated divergence operators are denoted by Div and div, respectively.

If0 < s < 1, the fractional Navier—Stokes system (1.1) is an important mathematical
model arising from the physical world. In [9], this equation is used to describe a fluid
motion with internal friction interaction. In the viewpoint of the stochastic process,
Zhang [19] showed that (1.1) can also be deduced via the stochastic Lagrangian particle
approach.

For the classical Navier—Stokes equation (s = 1), it is well known that the global
regularity of its solution is still an open problem and there are only some partial regularity
results. In a series of work [11-13], Scheffer studied some class of weak solutions which
satisfy the so-called local energy inequality. He proved that when f = 0, such weak
solutions might have a singular set with finite 5/3-dimensional Hausdorff measure. Later
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in 1982, a prestigious improvement of Scheffer’s results was made by Caffarelli et al. [1],
where they showed that for any so-called suitable weak solution (u, p), the associated
singular set has one-dimensional Hausdorff measure zero (also see Lin [7] for a simplified
proof). As for the high-order fractional Navier—Stokes equations where s > 1, some
important results on the regularity of solutions have been given since the 1960s. Firstly,
Lions [8] showed that if s > 5/4, (1.1) has a unique global smooth solution for any
prescribed smooth initial data (also see [6,16,18]). And for the case 1 < s < 5/4, Katz
and Pavlovi¢ showed in [6] that the Hausdorff dimension of the singular set at the time
of first blow-up is at most 5 — 4s. When 0 < s < 1, (1.1) is completely different from
the cases mentioned above. In our previous work [15], we firstly studied steady suitable
weak solutions to (1.1). We showed that the solutions are regular away from a compact
set whose (5 — 6s)-Hausdoff measure is zero if 1/2 < s < 5/6. They are regular if
s > 5/6. For more related works, we refer readers to [3,4].

Before proceeding, we give some definitions and notions which will be used in this
article. Let H;, be the closure of the set {uec (R3; R3) :divu =0in IR3} under

the norm defined by

lu(x) — u(y)|? )”2
s = dd .
Il (/ /]R —ypr

According to [2], for any u € Hf;iv, there is an extension, denoted by u*, of u on Ri,
such that

Div (y“Vu*) =0, (x,y)e€ Ri
w*(x,0) = u(x), xeR3 (1.2)
—Cy limy_ g+ y*dyu* = (=A)*u(x), x eR’,

where C; is a constant depending only on s.With this extension, we define suitable weak
solutions to (1.1) in the following:

Definition 1.1. Suppose that on an arbitary interval I C (0, 00), the force f : R? x
I — R3 is divergent free spatially in the sense of distribution. Moreover f belongs to
L4(R3 x I) for some g > (9 + 65)/(4s + 1). A pair (u, p) is called a suitable weak
solution of (1.1) on R3 x I if the following conditions are satisfied:

(1) The functions u : R x I > R¥and p :R¥* x I - R satisfy
we L LXR¥)) N LA(I; HY), pe LR x ).
(2) u, p and f satisfy the Eq. (1.1) in the distribution sense.

(3) For each nonnegative smooth function ¥ (x, y, f) with compact support in R3 x /
and t,t € I with ] < ¢, it holds

/ |u|2w+2cs/t/ ¥y Vur P
R3x{r} 4
<C// 2 Div (y*Vy) // (u - VI//)(2p+|u|)
+/ / lu)?{¢, + C, lim (y“ayw)}+2/ / Vi -u. (1.3)
1 JR3 y—0* 1 JR3
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In fact, if u is regular enough (smooth), then the equality in (1.3) holds from integration
by parts.
Our main results are as follows. In Sect. 2, by an inductive argument, we prove

Theorem 1.2. Suppose that3/4 < s < land f € L? () LY for some g > (9+6s)/(4s+
D). If (u, p) is a suitable weak solution of (1.1), then there exists a positive small constant
€ so that for any (xg, ty) € R3 x I with

lim sup r*5+4s/ v [Vu*? < e, (1.4)
Qjf (x0.70)

r—0%

uis regular in a neighborhood of (xo, ty), where Qf (xo, to) = B, (x0) x (0,r) x (fo —
%rzs, fo+ 5 rzy) €0 depends on the parameter s.

We call (xp, 1) e R3x I a regular point of u if there is a neighborhood of (xg, 79) where
u is essentially bounded. The complement set of all regular points is called the singular
set and denoted by Sing(u). In fact, for the singular set of u, using Theorem 1.2, we have

Theorem 1.3. With the assumptions in Theorem 1.2, the singular set Sing(u) is a rela-
tively closed set in R> x I with H>~* (Sing(u)) = 0.

Remark. Itis obvious that Theorems 1.2 and 1.3 have generalized the well-known results
for the classical Navier—Stokes system in Caffarelli-Kohn—Nirenberg [ 1] to the fractional
case. It is worth pointing out that the condition 3/4 < s < 1 is crucial and the method
used here does not work for the case 0 < s < 3/4.

The remaining sections of this paper are organized as follows. Section 2 is devoted to
the complete proof of Theorem 1.2. In Sect. 3 we prove Theorem 1.3 using the standard
covering argument. Finally the proof of the existence of suitable weak solution is given
in Sect. 4.

The following notations are also used in this article. Given two quantities a and b, we
write a < b if there is a universal positive constant C such thata < Cb. a <; b means
that there is a positive constant Cg, depending only on s, such that a < Cq b For any
measurable set A C R" and some function f € L'(A), f, f = TAT A‘ Ja f is the average

of f over A. For any xo € R3 and 7y > 0, we define
1 1
Qr(-an [O) == Br()CO) X ([0 — Erzs’ to + 5’,.25);
; ! 2s 1 2s
Q7 (xo. 10) = Br(x0) x (0. r) x (1o = 1™, io + 5r™).

For simplicity, we denote Q, (0, 0), Q¥ (0, 0) and Q, 4 (0) by Q,, Q and Q. , respectively.
If ¢ > 0 is a constant, we define

Qr.+(x0) = Br(x0) x (0, r);

1 25 2s 1 23
cB,(x0) = Ber(x0);  ¢Qp(x0, o) = cB,(x0) x (to — R fo + 20 );
cQy+(x0) = cB;(x0) x (0, cr);
2s .28

1 1
cQ; (x0, t0) = cQy+(x0) X (to — FCTrT o+ 20
Meanwhile, for any n € N, we let r, = 27" and define B"(xg) = B, (xo) C R3,

Q" (x0, t0) = Qp, (x0, f0), Bi(x0) = Qp, +(x0), Q(x0, %) = QF (x0, 7). We simply
denote B"(0), Q*(0, 0), B”?(0) and Q’ (0, 0) by B", Q", B” and Q!, respectively.

2?)
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2. L°°-Estimate

In this section, our main goal is to prove Theorem 1.2. The proof consists of three parts.
In Sect. 2.1 the preliminary energy estimate is given. In Sect. 2.2 we give the proof of
Proposition 2.3, which is the key to the proof of Theorem 1.2. We conclude the proof of
Theorem 1.2 in Sect. 2.3.

2.1. Preliminary energy estimate. In this section, we show the following estimate, a
straightforward result of the energy inequality (1.3):

Lemma 2.1. For any given (xo, 1y) € R3 x R, and ko € N, we have, for all k > ko, that

sup ][ |u|2+rk_5/ y“|u*|2+rk—3/ v [Vu*|?
—r¥<t<0 /B (x0) Q¥ (x0.10) Q¥ (x0.10)

k
<~r*5/ y“|u*|2+][ ul + rh][ 1 lul
~S Tk l
0 Qio(x(),[()) QK0 (xq,10) Z Q' (x0,10)

I=ko
k
+Zr;“[][ |u|3+|u|-|p—ﬁl|]
I=kg Q! (x0.10)
where p; is the averge of p over the ball B! (xo) in R3.
Proof. Let x1 be a cut-off function satisfying:

xi=1 on QY(xg,10); x1=0 off 3/2Q"* ! (xy,1);
2

0<xi=hi D rlVixilis +r2 10l < C.
i=1

X2 is another smooth function such that the following conditions hold:

x2=1on[0,rnli 2 =0,Yy>3r /2 0<x2<1;
2 .
> e < C.
i=1

Here xz(i) denotes the ith order derivative of x». Using xj and x», we define x (x, y, t) =
x1(x, 1) x2(y). For k > ko, we let

3(Ix — xo® +y¥ +rf ]
452C,(to +1¥ —1) )

Now we insert ¥ = Y = x¢i into (1.3). The left-hand side of (1.3) can be bounded
from below by

dr(x,y, 1) = (to+rF — 1)/ exp [ -

o0
2C; Xy | Vu*> = Cyr? v | Vu* |2, Vi > ko. (2.1)
—oo JRY Q¥ (x0,10)

In order to bound the left-hand side of (2.1) from above, we need to estimate the four
terms on the right-hand side of (1.3) with ¥ = v = x ¢. For convenience we denote
these terms by A, B, C, D, respectively. Without loss of generality, in the following we
assume that (xq, 79) = (0, 0).
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(1) Estimate for the term A
Firstly we split the term A into four parts: A = A.1 + A.2 + A3+ A.4, where

o0
A.1=acx/ /y“ W2y~ X1 () i+ x20y0),
—oo JRY
OO — —
A.2=2cs/ /y“|u*|2vX-V¢k,
—oo JR

o0 o0
A3 = CS/ / ylu*|* e Div (Vy), Ad= Cs/ / |u*|* x Div (y* V) .
—oo JRY —oo JRY

The estimates for A.1-A.3 are similar. By the choices of the cut-off functions x; and x>,
all the derivatives of x| and x» are supported on Qk‘) \Q""Jrl and [rky+1, 7'k, 1> T€Spectively.
Noticing that

rko
Al =aCs/ / v Py O or + x20y¢k)
Qko Tko+1

and ¢ g r,;f, Iy Ss r,;)‘l, yl < 2r,:0] if y > 7,41, therefore it holds

rko
Al ,SS r]:()S/ / ya |M*|2 SS r];)S/k ya |l/l*|2
Q0 Jrygu Qs

Similarly, we can show that
-5 a |, *2
A2+A3 < "o /Qi(’y ™|

For the term A .4, the integral is on Qko \Q"0+1 X [Fry+1, Ty |- Hence by direct computation,
we have

-5 2 -5 2
A4 < =T /Qk v | + ko /Q’;o vy |u*|.

%

Therefore we have, by applying the above estimates for A.1-A.4 to (1.3) and (2.1), that
vV k > ko,

r,;3/ y* |Vu*|2+r,;5/ v ) < r,;f/k y* [u*)? + B+ C+D).
Q& & Q!
(2.2)

(2) Estimate for the term B
We decompose B into two parts: B = B.1 + B.2 where

B.l:/ lul®> +u - Vi and B.2=2/ pu - V.
0o oo

By the definition of x1, B.1 can be estimated by

k—1
B.1 < Z/ |u|3|wfk|+/ lul® [V (2.3)
QI\QI+1 Qk

I=ko
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Recalling that ¥ = x ¢x and [V < 1 fon Q\Q™!, Y1 =ko, ...,k — 1, we can
bound the right-hand side of (2.3) and show that

k
B.1=<C Y ! ]él ul?. (2.4)

I=ko

On the other hand, we define a sequence of cut-off functions ); (/ = 1, 2, ...) such that
%, =1 on7/8Q %, =0 off Q'; |VX,llLx < C/r;. Then it holds

k—1
Jyare 0= 3 [ pe ¥ @) v+ [ pue ).

Obviously, X; — ¥4 is compactly supported on B/ and ¥ is compactly supported on
B¥. Utilizing the incompressibility of u, we know that

/Qko pus V= kil/Q, (P =) u-V (%1 = Xra) Vi)

I=ko
+ /Q P =P u-V (i) (2.5)
Applying the facts that

vk ||L°0(Ql\7/16Ql) Ss 71_37 Vi ||L00(Ql\7/16Q1) Ss 1’1_4,
to the right-hand side of (2.5), we get

k
— —a __
B.Z—Z‘/Qkopu~vlﬁk§s E T ]{21|u||17 Pi

=k

’

which, together with (2.4) yield the following estimate of the term B:

k

B D [][llu|3+|u|~lp—ﬁzl], V> ko. 2.6)
— Q
I=ko

(3) Estimate for the term C

From our definition, the term C is given by

C= / u|® Tim [x;¢x + xrr + Cs (Y Pr Dy x +Y* X dypi)].
Qko y—0+

In light that x> = 1in [0, rgye1] and x 9;¢x + Csy® x 0y < 0, the following estimate
holds for C:

CS/ up? lim{xtm}gs][ . @7)
Qo Qko

y—0*

(4) Estimate for the term D
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The term D, according to our definition, is given by
k—1
D:ZZ/ lpkf-u+2/ Vi f-u.
I=ko QI\Q[+1 Qk
Noticing the support of ¥, we simply bound D by
k
DS Y Il 2.8)

— Q
I=ko

Finally, we complete the proof of Lemma 2.1 by applying (2.6)—(2.8) to the right-hand
side of (2.2). 0O

Now we finish this section with an inequality, which plays a rather important role in
the following sections:

Proposition 2.2. Let u and u* satisfy the condition (1.2). Then for any 0 < y < %,
there exists some constant depending only on s and y such that the following holds:

2/y
][ lu(x) — (u), |7 dx <Cr pZH/ y¢ [Vu*?dxdy, Vp > 0.
3/4 B, (x0) Qp.+

Proof. By translation and scaling, we may assume that xp = 0 and p = 1. Let &*
be a smooth function on Ri such that 0 < &* < 1, &* = 1 on3/4 Qi 4, £ =
0 outside Q; 4+ and |VE*| < 1 on Ri. Then &*u™* € Hl(Ri; y%). Moreover, by [2], Eu €
H*(R?) with £(-) = £*(-, 0). Since (§u)*|y—0 = &*u*|y—0 = &u, Jrs yVED*? <
fRi y¢|V(&*u™)|? in that (£u)* minimizes the weighted Dirichlet energy in H! Ry ¥y
with the prescribed data £u on y = 0. By fractional Gagliardo—Nirenberg inequality in
[10] and Holder’s inequality, we have

Nl Ty 30y Sovr 1€ o620 3y Ssv 16Ul sy = /]R YV Ew*P?
Sop [ FEOR S | [y P ey 9P| 29
Ri Q1,+
By the weighted Poincaré inequality in [5], it holds
/ ylut = @)o, . 1* S / y VUt P, (2.10)
Q1+ Q1+

where (u™)q, , = @ le . y* u*(x, y)dx dy. Thus by (2.9) and (2.10), we have

12
lu — () Ly 3481y Ss.y (/Q \a |§u*|2) : (2.11)
1,+
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Since u*(x,y) = u(x) + foy d,u™* dz, one can show that

y
U, — ]{3 u :CS/Q y“/0 a,u* dz.
1 1.+

Using Holder’s inequality and the facta = 1 —2s < 0, the left-hand side of the equality

above can be estimated by
1/2
Ss / y VR ) (2.12)
Q1.+

W~ u
B
Therefore, the estimates (2.11) and (2.12) indicate that
v\ /v
(Fanl=£1)
3/4 By B,
Ly
< (o= 00) " (f
3/4B ' 3/4B

1/2
Sy / v | Vu*|? .
Ql,+

2.2. Main assumptions for the inductive arguments. In this part, we deduce the necessary
assumptions for the proof of L°°-boundedness of u which are the starting points of the
inductive arguments in next section. For any r > 0, we define :

V)l/)/

oy, — ][ u
B

O

A(r) = r*Ssup / lu)?, G(r)=r*"° / ul®, H(r) =" / Y,
B, x{t} Qr Qr

tel,

5(’.) — r4575 / ya|vu*|2, F(r) — r4579/2/ |f|3/21
Qf Q-

r

Pw(")ZV%"”/(/ |P|) ,
I, \/B,

where oy, , = (4s — 5)w — 2s. The main result in this section is

Proposition 2.3. If the assumption (1.4) holds and (xo, ty) = (0, 0), then

tim sup [AG) +G0)? + P20 Sy €0

r—0*

Here € is the constant in (1.4). wg is a constant in the interval (4s/(6s — 3), 2).
The proof of this proposition consists of several lemmas.

Lemma 2.4. If u € H® is a suitable weak solution of (1.1), then for any p > 3r and
rel, = [—%rz", 17251, we have that
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3
3s <« T A (p)3/29)
A'. |I/t| ~S p3(2s_1)/s A(IO)

3(3-25)

3(5—4s)(4s—3) 3(4s—3) o 452

+p w7 Ap) / y [Vt ?
Qp,+

3

(=s+3) % s
p 27 2s 3 —

+ s Alp) / yvurr ) .
ro 2 Q/),+

Proof. Let n be a cut-off function supported on Qo 4+, which satisfies : n = 1 on Q 4,
0 <n < 1onQy4 and ||Vy|re < 1/r. By the fractional Gagliardo—Nirenberg

~

inequality in [10] and the extension lemma of the fractional Laplacian in [2], we have

12
Imoull Lo/a-298,) Ss lInoullys = (/R4 y“|V(n0u)*|2) :
+

Here no(:) = n(-,0). (nou)* is the extension of nu to Ri. Since nu™ has the same
boundary condition as (nou)* on'y = 0, it holds

B 12 B 12
Imoull Lo/c-208,) Ss (/ y“|V(n0u)*|2) S (/ yalv(nu*)lz)
R4 R

1/2 1/2
< r ! (/ ya|u*|2) + (/ y“ﬁu*ﬁ) . (2.13)
Q2r.+ Q2r.+

By (2.10) and (2.12), the first term on the right-hand side of (2.13) can by estimated by

/ v ut? S rt / lul? +r? / v Vu*|?, (2.14)
Q2r,+ B, Q2r,+

In light of the support of ng, (2.13)—(2.14) show that

12 1/2
el po/c-208,) Ss7° (/ |u|2) + / v | Vu*|? . (2.15)
B2r Q2r,+

By Holder’s inequality, it is easy to show that

3(4s—3) (3-25)2
2

&) S2
/ |u|3/ss(/ |u|2) ) (/ |u|362s) !
B, B, B,

Applying (2.15) to the right-hand side of the inequality above, we have

3(45—3) 3G=2s)

452 _ 452 3(3-25) 3/@2s)
/|u|3/sss (/ |u|2) (/ y“|W*|2) +r7 s (/ |u|2) :
Br Br Q2r.+ BZV

Therefore, for any p > 2r, we know that

3(3-2s)

3/8‘ 3(5—4s)£4s—3) 3(43‘;3) ) 452
ul* Ssp w7 A(p) 4 yIVu©
Qp,+

B,



1464 L. Tang, Y. Yu

iy 3/(2s)
+r_3(32s2) (/ |u|2) . (2.16)
By

We now turn to L2-estimate of # on By,. At almost every time, we have

3
2 2 2 2 r 2
/ ) :/ P = Ju| +/ 4| 5/ |u+up||u—up|+(—) / .
Bar Bor Bar Bor o B,

By Holder’s and Minkowski’s inequalities, we get, for p > 3r, that

1/2 (3-25)/6 3
. . r\"
/ ul* < p* / Ju|? / |t — u,|8/ =29 +(—) / lu)?.
Ba, B, B3p/4 P By

Applying Proposition 2.2 to the right-hand side above, it shows

1/2 1/2 3
— r -
/ ul® <5 p° / |u|? / y* | Vu*|? +(—) / lul?.
By B,n Qﬂ,+ P BP

Therefore, for almost every ¢ € I, we show that

1/2 3
_ — r

/ |u|25sp”5/2A(p>“2(/ y“|w*|2) + 3 Ap).
Bar Qp.+ P

The proof can be fnished by applying the estimate above to (2.16). O

Lemma 2.5. If u is the same as in Lemma 2.4, then for all p > 3r, it holds

2s—1
_ r
o 6/ ul [l = s 2| s A(r)l/z[(—) A(p)'25(r)'7?
3/4Q, p

p 5—4s 453 3
+(5) A@ T s
10-7s

+(2) 7 Ao
;

| S|

Proof. At almost every time ¢, by Holder’s inequality, we have

[

3/4B,

s/3 12 (3-25)/6

([ wee) () wen?) ([ wewee)
3/4B, 3/4B, 3/4B,

Applying Minkowski’s inequality and Proposition 2.2 to the right-hand side above, we
get

/3 172 - 172
[ ([ wre) (] ) (/ y“|w*|2) .
3/4B, 3/4B, B, Qr+

2 2
ul? = fu |
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Integrating the above inequality with respect to time t over I3, 4, it holds

1/2 5/3
[l = e . sup(/ |u|2) /(/ Wf)
3/4Q, rel, \JB, 1, \/B,
1/2
(/ y”|§u*|2) dr

B s/3
|u|2—|ur|2\5xr4‘z7A(r)”2/(/ Wf)
I, \UB,
12
(/ y"ﬁu*ﬂ) dr. (2.17)

By Lemma 2.4, we know that for p > 3r and ¢ € I,

1/2

s/3 o S _ 1/2
(/ |u|3“) / VIV P ) S A / y [Vu|?
Br Qr.+ '0 r+
4;
+p (574?1.(;%73) A(p) (42;3) / ya |§u* |2
Qp,+
3
pD: a2 )
+——G 5 Alp)? yiIvVu'| .
r 2 Qp.+

Integrating the above estimate with respect to the time t over I, we get, by Holder
inequality, that

o3 B 12 2 B 1/2
/(/ |u|3/f) | oymer) s a2 [ e
1 \/B, Qs p= Q
3
4s—3  (5—ds)(ds—3) 453 = i
w5 T A ([ v
Q

5-2s

3/4
p 1/4 ars x2 !
+ 3 A(p) vy V™| s
rz Q%

P

which shows that

r4S—6 / |u |
3/4Qr

which, together with the estimate (2.17), concludes the proof of Lemma 2.5. O
With Lemma 2.5, we can estimate the L3-norm of u as follows:

Lemma 2.6. For any p > 3r, we have

=3 6—4s
G(3/4r) < (5) 6 +(5)" 80 (aG) +5(p)].
0 r
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Proof. By Lemma 2.5 and Young’s inequality, for p > 3r, we have

p*0 / |u|
3/4Q,

which shows that,

/ |u|3=/ |u|(|u|2—|up|2)+/ ol
3/4Qr 3/4Qr 3/4Qr

53p““ﬁ«S(/))‘/z[A(p)+8(p)]+/I |up|2(/B |u|dx)dt. (2.18)
3r/4 3r/4

ul> = lup 2| S5 8(0) 2 [AG) +3(0)]

Using Holder’s and Young’s inequalities, the second term on the right-hand term of
(2.18) is bounded by

2 2/3 1/3
p
/ |up|2/ juldx drs(—)/ /|u|3 / )
I3/ B3y /4 p I3,/4 B, B3y /4
r 3
<2/3 (—) / |u|3+1/3/ lul?.
) Jq, 3/4Q,

When the estimate above is applied to (2.18), we get

ds=3 6—4s
G(3r/4) < (%) )+ (2) 8 1AG) +5(0)1.

O
The next lemma is devoted to estimating the pressure term P, (r).
Lemma 2.7. Suppose that w and qq are constants satisfying
w>s/2s—1) and 1 <qo < (2.19)
3—-2s

and vy, vy, v{, v3 are positive constants such that

vi+vy =1, vi+mw=1 oy <1, own<l, and 3—3gy+2sqov2 > 0.
(2.20)

Then we have, for any p > 4r, that

1 ’ (4s—2)—2s/w ' p 45 —2-25v3 ) .
PY2(r) go (;) P/ (p) + (;) A(p)"T8(p)"

2—4s+25v2+3/qq
+(2) T A)8(0)

r
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Proof. Let ¢ be a cut-off function compactly supported in B3, with the property: ¢ = 1
onBy,,0<¢ <1,|Ve| < 1/pand V2| < 1/p*. Forall x € B,, we can decompose
p as follows: p = p1 + p» where

3 P(y) p(y)
i) = 4ﬂ/| A0 + Zn/l =) Vi),

=1 [ % (¢(y) - iy|) (= i) (=)

For the term p;, we know that |pj(x)| < 3C4B,, Ipl, Vx € B,. Therefore for any

r < p,we get
3 r\’
/|p1|5r ||p1||Loo<B,>5(—)/ pl
B, p) Jis,

which indicates that

w r (4s—2)w—2s
* ”’/ (/ | p1 I) So (—) Py (4p). (2.22)
I, \/B, 1Y

As for the second term p», we have

1’72—1721+1?722—i LV"(/)(M"—MI' )(uj—uj)
4 Jps lx —y| Y 4 ap

vov (! Vo (u"—ug )(uf—ui )
x—yl) - ’ r

3 1 i i j J
+E R3vl‘j (m)(p(u —M4p) (M —M4p).

By the choice of cut-off function ¢, p> 1 can be estimated by

2.21)

P S w-uyl  vieB,

3B,

Thenforallr < pandx € B,, we have, by applying Holder’s inequality and Proposition
2.2 to the right-hand side above, that

3-2s

v 205
< 25133 o) o)
P21 ()] S p™" 2 |ul lu — ugp|32
By Bs,
vi v
S p2Sl);—3 / |M|2 / ya|vu*|2 .
Byp Qup.+

This shows, by integrating over B; and I;, that

¢ v
J ([ 101) 5o g sniio agpent [ yegier
I, B, L Qs

< r3w+2s(17wu§‘) p(2su§‘+274s)a) A(4p)wvf 8(4p)a)v§"

~w

N
S
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Multiplying both sides above by r%« it holds

w r (4s—2-2sv3) @ . .
r()ts,w/( |p2,1|) So (;) Adp)T 8(4p)2. (2.23)
I B,

Finally, we give the estimate on p» ». By Holder’s inequality and Calderon—Zygmund
estimate (see [14]), we have, for all g¢ satisfying the hypothesis in the lemma, that

31-1) 30-1) 2
/ P22l Sr 0 [Ipaallpao Sqgo v 90 ||@lu— ugpl
B,

Ld0

By the assumptions on gg, v and vy, we know that 2ggv; < 2 and 2ggvy < 6/(3 —2s).
Therefore using Holder’s and Minkowski’s inequalities, we have

V|
3(1-L
/lpz,zlSor( )(/ |u|2) (/
B, Bu, B

Applying Proposition 2.2 to the right-hand side above, the following inequality holds :

Vi V2
_L —
/ |p2,2| Sqo }’3(1 ‘70) / |M|2 / yalvu*|2 IO2SV2—3+3/‘IO
B, B4p Q4p,+

which leads to the estimate

@ (2—4s+25v2+3/q)
rﬂly,w/ (/ |p2,2|) S/qo,w (é)w 2 A(4p)®V1 8 (4p)°"2 (2.24)
1, \UB,

From the above estimates (2.22)—(2.24), we get that

’ (4s—2)—2s/w p 45 —2-2s5v3 . .
PY(r) <o (;) P/ (4p) + (;) A(4p)'18(4p)"

0 2—4s5+25v2+3/q0
+(7)
r

6/(3—2s 2svp—3+3
U — gy /( )) p2$v2a=3+3/490

3p

A(4p)"15(4p)™.

The following lemma gives the estimate for A(r).

Lemma 2.8. Let u be the same as before and py > 0 be a constant suitably small such
that

3(p) <€, Y p<po.

Let w > 4s/(6s — 3) be a positive constant. Then for all p > 6r and p < pg, we have
that

(s,0) 6—65
AC) S (%) (AP +G@ +R () + (2) " A 5(0)'"2

Y e 2

Here € is the constant in (1.4). T (s, w) and B(s, ®) are some positive constants depend-
ing on s and w.
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Proof. Firstly, we introduce the three cut-off functions & (i = 1,2,3) : (1) & €
CgO(R3), &1 = O outside B3jz,, §1 =1onB,, 0 <& <1 and r||V& |~ +
r2 V2 | S 10 (D& € CPRY), &(y) =0if y>3/2r, & =10n(0, 1), 0<

& < 1and r ||&],+ & HLOO <1 (3)& € CP(R), £ = 0 outside Ly, & =

lonl,, 0 <& < landr® [&, . < 1.Lettingy(x, y, 1) in(1.3)be & (x) &2(y) & (1),
we know that

/ |M|2 SS r—Z/ ya|u*|2+r—25// |M|2
B, x{t} Q3, Qor
Sl TRl ) M P o v
Q32 Qzrp2 Qzr

which, by (2.14), implies that

/ |u|2§s/ Y Vu*?
B x{t} Q;

2r

+r_25/ lul® + r_l/ |p||u|+r—1/ |u|
Qar Q3r/2 Q3r/2

We now denote by 1.1 to 1.4 the last four terms on the right-hand side of (2.25), respec-
tively.

P =P+ [ 1l
Qar
(2.25)

1. Estimate of I.1. By Holder’s inequality, it holds

2s/3
Il — r—Qs/ |u|2 S_, r3—4s/ (/ |u|3/v) .
Q2r I, 2Br

From Lemma 2.4, we have, for all p > 6r, that

3 5-3s
r _ 453 32 P
L1 S5 WA(pnpS SA(P) T S(p) T+

A(P)I8(p)I.  (226)

rS

2. Estimate of 1.2. By the decomposition (2.21), we have

1-25r‘1/ |p1||u|+r—1/ |P2,1|Iu|+r_1/ Ip2allul.  (2.27)
Q32 Qzr/2 Qsr/2

We denote the three terms on the right-hand side above by 1.2.1-1.2.3, respectively.
Utilizing (2.21) and Holder inequality, it holds:

-1 -1 -3
121 5 r / ||p1('7t)||L°°(B3r/2)/ |I/t| S rop / / |P| |l/l|
132 B3 2 1342 /By B3y 2

s/3
s [ ([ wee)
I3/2 /By B3s2
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Applying Lemma 2.4 to the inequality above, we get

12.1 <,

I3;2 /B
—2s

//Ipl(/ yIVMI)
13,2 /By Qo+
1/4
MA(p)”“/ /|p|(/ ¥ [Fu* |2) .
13,2

Since w > 4s/(6s —3), by Holder’s inequality, the right-hand side above can be bounded
by

o (54953 4r)(4s
+r7 %

2425 —2s/w

121 S50 A(p)'* P (p)

p6s—3—2s/w

+r2s+1/2—2s/wp—6s+9/2+2s/w A(,O)41;3 Pi)/w(p) (S(,O)%

r(3s+l)/2—25/w

+p1 15/2-9/2—2s /o A4 PY“(p) 8(p)"/*. (2.28)

Now wo go to the term 1.2.2. Let v = 0, v; = 1 in (2.20). By Holder’s inequality,

we know that
122 < r_l/ ||P2,1||L°O(B3r/2)/ |u|
I3p2 B3r/2

ssr—lpZH/ / y“ﬁuﬂz/ Jul
I32 Qp.+ B3,2

For 1.2.3, by Holder’s inequality, it holds that

12 12
123, / / P2l / ul?
132 B3 2 B3 2
L 5
< rlpS A(p)l/z/ P22l
I3)2

By Calderon—Zygmund estimate (see [14]), the L?norm of p2,2 0onB3, > canbe estimated
for almost every t € I3, /2. Therefore from the estimate above, we see that

172
123 <, r !l p " A(p)l/z/ / w—u,*) .
I3)2 B3/

Since s > 3/4, then 6/(3 — 2s) > 4. Therefore applying Proposition 2.2 to the estimate
above, we can show

0 P~
123 5 (£) A2 / / VIV s 12 5(p).  (230)
r B3r2 JQp .+
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Using (2.28)—(2.30), 1.2 can be bounded by

22525 /w

1/2 pl
12 Soo p6s—3——2s/wA(p) 2P (p)

+r2s+1/272s/wp76x+9/2+2x/w A(p)% Pclu/w(p) 8([))%
r(3s+1)/272s/w

1/4 pl/ 1/4
+ plls/2—9/2—2s/wA(’0) P () 8(p)

6—4s
- P
+r12 782 A ()12 5(p) + — A(p)'? 8(p). (2.31)
3. Estimate of [.3. By Lemma 2.5, it is clear that
_ 0 6—6s 0\ 3(5—45)/2 65-3 3
L35, 7% [(;) A8+ (2) Ap) 8 (p)
15—11s

+ (é) ’ A(p)i(s(p)i} . (2.32)

4. Estimate of 1.4. By Holder inequality, we have

2/3 1/2
1-45(/ |f|3/2) (/ |u|3) < PITHF(0)3G(p) 3. (2.33)
Qp Qp

Applying (2.26) and (2.31)—(2.33) to (2.25), we have

4s—2 5_4s
AC) Soo (5) A +(2) 80
0 r

5—4s 453 32 P53 1 1
AT 0T +(5) T A8

+
—~
S|
S~

6s—3—2s/w
A()' 2P/ (p)

—6549/2+2s /w 453 1o 3-2s
A(p) 5 P,Y(p)8(p) %

+

+

R YR

\/\-/

(115s-9)/2-2s/w r 45-9/2
A 4 PY(p) 8(0)/* + (;) A2 5(p)

+
~—
>
N

6—6s
A(p) 2 8(p) + (§) A(p) 8(p)'/

3(5—4s5)/2 15—11s

N—" N—"
?\
N
BA

AT s+ (2) T Amisp

r

+

+
—~

S YD

H(8) 7 F 6.
;

Finally, the proof can be finished by Young’s inequality. O
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In the end we go to the proof of Proposition 2.3:

Proof of Proposition 2.3. By Lemma 2.5 and Young’s inequality, for all p > 4r, it holds
that

2(4s=3) 4(3=25)

G () 5, (1) LGP (B) T [ 0a 0 4]
Jo r

2(4s—3)

r 3 ™ r 4s—2 ) 3
< (—) G*3(p) + (—) A +(2) 800, (2.34)
o o r
We set the constants in Lemma 2.7 as follows:
3
w=wy, qgo=-—"—", V=V =1—-1/wy, v2 =v5=1/wy,
3 —2s/wp
woy € (4s/(6s — 3),2). (2.35)

Therefore by Lemma 2.7, we have that

4(2s—1)—4s/wo 2(5—4s)
r 1% —
) P+ (2) A s (oplen,

P20 (r) <o (;
Yp=4r

Since we assume in (2.35) that wg < 2, it holds 2 — 2/wy < 1. Therefore by Young’s
inequality, for any p > 4r, the above estimate can be reduced to

4(2s—1)—4s/wg 2(5—4s)
/Y _

P2 () <o (

4(2s—1)—4s/wo 452

r r B(s.w0)

Seo P2/“0(p) + ( — A(p) + “ 3(p),
0 P

p r
(2.36)

D

where B (s, wp) is chosen suitably large so that (2.36) and Lemma 2.8 hold for the same
B(s, wp). Moreover we can choose a suitably small 7 (s, wp) such that the following
holds:

T(s,wp)
0\ Bls.w0)
P2/() S (;) (P +a@) + (2) 80, Vo= 4n
(2.37)

We can also choose t(s, wp) suitably small so that (2.37) and Lemma 2.8 hold with
the same exponent (s, wp). Using (2.34), (2.37) and Lemma 2.8, we have, for suitably
small t(s, wp) and suitably large B(s, wp), that

r\ e p\BG.00)
M(r) < C (;) M(o) +Ci (2) 7 800)

P 6—06s P T—4s
+Clu (2) 7A@ +Cl, (5) @ 239
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where M(r) = A(r)+G(r)*3+P¢)” (). We choose a yy < 1/6 50 that C* onor(S 0 <
1/4, then by (2.36), it holds:
1 2
M(p) < —M(p) +C5 o Yo P Y o woyo ~6¢ 1/ A(p)
+C:‘<,a)0y() 7F(,0)4/3, Y p < po,

where pg and € satisfy the hypothesis in Lemma 2.8. Now we fix the yy and choose €,
small enough such that CY Vo 663/ 2 < 1/4, then the above estimate implies that

1 _
M(y0p) = 5 M(p) +C5 1y "™ 0+ €y 1" B, Vo < po. (239)

In light of the integrability condition of f, we have that lim,_,o+ F(p) = 0. Therefore

we can find a constant C{7,, such that

1
M(np) = 5 M(p) +C{€ Y p < po.

s a)()
Standard iteration argument shows that
lim M(p) < C}%, €0
p—0 0

O

Now we set up the assumptions for our inductive arguments in Sect. 2.3. For any
r > 0, we rescale (u, p) by defining,

ur(x) = Pl u(rx, rzs[)’ pr(x) = A2 p(rx, rzs[).
(ur, pr) solve (1.1) with the force f,(x) = r*~!f(rx,r*t). The Caffarelli-
Silvestre extension in [2] of u, is given by wu¥(x,y,t) = r>"lu*(rx,

2s
ry, r=°t). B
By the small energy condition (1.4), we get that limsup,_, + fQT y¢ |Vu;*|2 < €.
Since g > (9+6s5)/(4s + 1) and s > 3/4, it holds
lim / | fr(x, )]7 = lim r<4S*‘>4*<3+25>/ |f(x, 0|7 =0.
r—0/q, r—>0 Q,

Therefore by Proposition 2.3, we have, for r > 0 small enough, that

2/3
/y"|Vu;“|2+||fr||Lq(Ql>+(/ |u,(x,t)|3)
Q7 Qi
wo 2/wo
+sup/ lup® + [/( |p,|dx) dt] <ie0.  (2.40)
tel; JBy x{t} I By

Fixing a small r > 0 such that (2.40) holds, we study (u,, p,, f,) in what follows.
Without ambiguity, we still use (u, p, f) to denote (u,, p,, fr). By (2.14) and (2.40),

we have
2/3
/ Y P+ e +(/ |u<x,t)|3)
Qt Qi
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wo 1/wo
+ sup/ lu)® + [/ ( |p|dx) dt]
tel; JByx{t} I B

< (60 + 63/2). (2.41)

Choosing €, depending on s, small enough, we get, by (2.41), that

2/3
/y“ |u*|2+||f||m<Q.>+(/ |u(x,r>|3)
Qr Qi

1

wo 1/wg 3
+ sup/ |u|2 + [/ ( |p|dx) dt:| < eé/* =€, (242
tel; JByx{t} Iy B

This is the assumption for the inductive argument in Sect. 2.3.

2.3. Inductive arguments and L™ - estimate of u. In this section, we show that

Proposition 2.9. There exists some small constant €] = €1(s) such that if the condition
(2.42) holds, then

— 2/3
b Wl =Bl 56 YEzZ3 0w e
(x0,10)

where py, denotes the average of p on the ball B¥(xg) = By« (xp) and ap = max{% —
1, 2 —1}.

* o

Remark. By Lebesgue differentiation Theorem (see [14]), Proposition 2.9 indicates the
desired L™ - boundedness of u in Q3.

Proof of Proposition 2.9. Using the same decomposition of p as in Lemma 3.2 of [1]
(taking r = 1/8 and p = 1/2 there), we have, by (2.42), that

1/3 2/3
/ ul-1p — sl < /|u|3 /|u|3
Q3(x0,t0) Q2 Q!
1/3
+(/ |u|3) (sup |u|2)
Q2 tel; JBy
1/3 2/3
(L) (L)
Q2 Q1
1/2 1o
+(sup/ |u|2) (/( |p|)w°)
rer2 JB? I; /By

< r

Here we used the facts that Q3 (xo, 10) C 02, Q*(xo,%0) € Q' and Q' (x0, 10) C Q.
Utilizing this estimate and (2.42), we know that

— 3/2 2/3
Fo wl e -pis Cavd?) = 45w
X010
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provided that €; is small enough.
Inductively we assume

][ Wl + 12 |- |p -7y <, V3<i<k (2.44)
Q! (x0,10)

By Lemma 2.1 and (2.42), we have, for all 3 <i <k, that

sup ][ lul® + rlf3/_ v [Vu*)?
teli (t9) ¥ B (xo0) Qi (x0.10)

scjel+c*z ][ |f||u|+r,“[][ |u|3+|u|.|p_ﬁl|]_
_ Q! (x0.1) Q! (x0.1)

(2.45)

For simplicity we define

i
i = f , P = R “lp=pil],
G ris | £ lul H re u)* +ul - | p — By
=3 Q' (x0,10) Q' (x0,10)

V3<i<k.

For the term G;, we have, by Young’s inequality, that

i
G < Zrlzs][ ( 1/2|f|3/2+|u|3 ) Z 2v+1/2][ 132
=3

1=3 Ql(x0.10) ! (x0.10)
+ r
“h
Z Q! (xo, to)

The last term above can be absorbed by H;. As for the term with the force f, we apply
the integrability condition on f and show, by Holder’s inequality, that

i 3/(2q)
2s+1/2][ 2 <, ZrlZs+1/2f(9+6s)/(2q) (/ |f|‘1) /(2q <. 63/2-
Q' (xo, to) ~ Q

=3 1=3

Here we used the condition that g > (9 + 6s)/(4s + 1), by which the summation in the
first inequality above is uniformly bounded by a finite number independent of k. The
last two estimates above show that G; < Cy, s€1/ +H;, forall 3 <i < k. In light of

(2.44), H; can be bounded from above by Cse1 3. Thus if €; is small enough, then we

have
Gi+H <6, V3<ic<k

Applying the last estimate above to (2.45), we have

sup ][ lu + r;3/, Y VU P <, e, v3<i<k
teli(tp) 7Bl (x0) Qi (x0.10)

(2.46)
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In the following, we show that (2.44) for [ = k + 1. By Holder’s inequality and
Proposition 2.2, we have

3-2s 6

—3a/(4s) P
= ()™ ()
Bk+l(xo) Bk+l(x0) Bk"'l(xo)

3a/(4s) 1/2

|u|) r(/ |u|2)
( B (x0) ¢ B (x0)

( | ' u | )
Q+(XO)

which shows that

—3a/(4s)
][ ul> <o | sup ][ |u|*
QK1 (x,19) tely (to) /B (xo)
3/(s) 3/(4s)
sup ][ |u|? +(rk_3/ y“|§u*|2) .
reli(to) JB¥(x0) Q¥ (x0.10)

Applying (2.46) to the right-hand side above, we get, for sufficiently small €1, that
][ ul <ger <1726, (2.47)
Q**1(x,t0)

On the other hand, we decompose p by setting p = p1 + p2 + p3 + p4, same as the
decomposition used in Lemma 3.2 of [1] (taking » = rz4+1 and p = 1 there). Then by
(2.42), (2.45)—(2.46) and similar arguments for the proof of Lemma 3.2 in [1], we have
the following estimates:

1/3 2/3
][ lul - |p1 — (PO | S (7[ |u|3) (][ |u|3)
QF+1(x0,t0) QF+1(x0,t0) Q¥ (x0,t0)

< P

~s €1

1/3 k
-1
][ A pa—(p2prt| S rret (7[ |u|3) >t sup ][ Jul?
QK1 (xp, to) Q&1 (x,10) 1=0 tell (19)/ B! (x0)

4/3
61 ,

~S

1/3 2/3
1—4s/3 3 / 3 /
“Ip3 = (p3)pest] < 1y |ul |ue]
QM1 (xo, to) QM1 (xq,10) Qi

1-4s/3
Ss Tl €1,

1/2
1-2
][ pa— (gl S 2™ | sup ][ lul?
QL (xo, to) ek (1) B (xp)
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1/wo
X (/( |P|)w">
I} /By

1-2s/wn 3/2
,Ss Tl

Adding the four estimates above together, we get that

« _ 79 . 4/3 32
rkfl][ lul - |p — Prarl Ss (el +e, +er+€7).
Q1 (x0,10)

Therefore when €] small enough, it holds

r,?il][ ul - 1p — ot < 1/26
Q¥+ (x,t0)

From (2.47) and (2.48), we see that (2.44) is true for [/ = k + 1. |

213, (2.48)

3. Estimate of the Singular Set

By Theorem 1.2, Sing(u) is a relatively closed set. In the following we prove
H~* (Sing(u)) = 0. (3.1)

Here H>~* is the (5 — 4s)-dimensional Hausdorff measure. Fixing a § > 0, then for
any (x, t) € Sing(u), we can find a ry ; < § such that

rey 5/ ! [Vu*? = €o/2. (3.2)

Q. (1)
Here QF  (x,1) = By, (x) x (0,rx) x (t — 3r¥, 1 + 5r%). Using Q. (x,1) =
By, (x) ><(t—l %St, t+2rx %), we define the family F = {er_t (x, 1) : (x,t) € Sing(u)},

which forms a covering of Sing(u). By Lemma 6.1 in [1], there exists a sequence of
cylinders {ermi (xi, t;)} C F so that these cylinders are mutually disjoint and satisfy

Sing(u) C UiQ5,xm (xi, t;). For simplicity we denote er,-,:i (xi, 1), Q;"x._t_ (xi, t;) by
Q,,, and Qy, . . respectively. Using (3.2), we get

Z:(Sri)s_‘l‘Y =5"% Zrl.s"” Z/ ¥4 V2
i i

rt X

rx!

=< / y* Vit (3.3)
UiQ;kl-,xi

Still by (3.2), the following estimate holds
S <! Zr?s—l/Q VTR < 6! 86s—1/ . v Va2,
i i T X ST

This estimate shows that the Lebesgue measure of | J; QF . can be estimated by

'U or | Zr;t;rtzls <50 1/ 3 |§u*|z.
; il - U'Q;‘X [
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Since y*|Vu*|? is integrable, we can always choose § > 0 small enough so that U;
(0 . has small Lebesgue measure. This fact, together with the integrability of y* [Vu*|?,

implliles that the most right-hand side of (3.3) can be bounded from above by an arbitarily
small constant € > 0, provided that § is small enough. With this §, we can show that

H>H (Sing(u)) < Hy ¥ (Sing) $ D (Gry) ™ <€

i

Therefore (3.1) holds by taking ¢ — 0 in the above estimate.

4. Appendix: Existence of Suitable Weak Solution
In this part, we use the following function spaces:
V={veCPRRY: divv =0}

= the closure of V in L2(R3);
V= Hdw, the closure of V under the norm

lu(x) — u(y)|?
|u||H§ / [ axay.
R3S |x =yl
= the dual space of V.
Our main result is as follows:

Theorem 4.1. Suupose that ug € Hand f € L2(O T; V). Then there exists a weak so-
lution (u, p) of (1.1) satisfying the following conditions: u € L°°(0, T} H)ﬂL 0,T;V)
and u(t) — ug weakly in H and for each nonnegative smooth function vy (x,y,t)
with compact support and t € (0, T),

/ |u|2w+2c‘y/l/ ¥y Va2
R3 x {1} 4
<C// lu* | Div (y* V) // (u - V¢)(2p+|u|2)
+/ / lul* (W +Cy lim (y*dyyr)} + 2/ / Uf - u. 4.1)
0 JR3 y—>0* 0 JR3

where u™ is the extension of u satisfying (1.2).

We split the proof of Theorem 4.1 into several parts. We consider the following
hypervisicosity perturbation of the Navier—Stokes equations:

Ltte + (=AY ue — €Auc +ue - Vuc +Vpe = f, Ve > 0.
€ L>®(0, T; H)N L0, T; VN Vy), (4.2)
ue(0) = up.

where V| = the closure of V under the norm [|ully1 = (fR3 |Vu(x)|? dx)]/z.
In order to study (4.2), we need the following lemma:
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Lemma 4.2. Let ug and f satisfy the conditions in Theorem 4.1 and w € C O (R3, R3)
with V -w = 0. Then there exists (u, p) suchthatu € L*° 0, T; H)N LZ(O, T;VNVy),
u(0) = ug and it solves

ur+w -Vu+ (=A)'u —eAu+Vp=f (4.3)

in the weak sense. And also for each nonnegative smooth function y (x, y, t) with compact
support, the following equality holds:

t t
/ |u|2w+2cs// wy“|%*|2+2e// Vulty
R3 x{r} 0 JR? 0 JR3
t t t
:e// |u|2A1ﬂ+CS// lu*|? Div(y“$¢)+// (2pu+|u|2w).v¢
0 JR3 0 JRE 0 JR3

+/t/ |u|2{1p,+CS lim (y“ayw)}+2/t/ Vf-u. 4.4)
0 JR3 y—0* 0 JR3

Proof. The existence of weak solution to (4.3) may be proved by using the Faedo-
Galerkin method, and the argument is similar to the proof of Theorem 1.1 in Chapter III
of Temam [17] (also see Lemma A3 and A7 in [1]). We omit the details.

In the following, we will prove the equality (4.4). Writing F = f — w - Vu, then

ur +(—A)’'u —eAu+Vp=F. (4.5)

Mollifying (in R x R) each term of (4.5), we get sequences of smooth functions
{u™}, {p™} and {F™} such that the following holds:

duy, s .
F+(—A)‘ Uy — €AUy +Vpyu = Fy, divu, =0. 4.6)

and as m — 00, we know that
U — uin LPSBM@R3 % (0,T)); uf, — u* in LB @RS x (0, T), y*);
Vu! — Vu* in L>(R} x (0, T),y"); 4.7)
pm — p inLY5B@R3 x(0,T)); F,— F inL*R3 x (0, 7)).

Multiplying both sides of (4.6) with u,, and integrating by parts, we have

t t
/ |um|2w+2cs// wyaﬁum%ze// (Vi Py
R3 % {t} 0 JR 0 JR3
t t _ t
=E// |u|2A1/f+Cs// |u:1|2 Div(y“VW)+// 2pmity - VU
0 JR3 0 JR: 0 JR3

t t
+/ / 211 + C; lim (y“ayw)}+2/ / ¥ F -t (48)
0 JR3 y—0* 0 JR3
which, by (4.7), shows (4.4). O

Let {Ws}5~0 be the retarded mollifier defined in [1]. Then by direct computation, we
have the following lemma (here the details of its proof is omitted):
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Lemma 4.3. Foranyu € L*°(0, T; H)N L2(0, T: V), we have that V - Ws(u) = 0, and

sup/ |Ws(u)|>dx < Cy sup/ lu|?dx,
R3 ]R3

0=<t<T 0<t<T

T
/O W5 ) I, < Cs N1l 20,72y

where C; is a positive constant depending only on s.
For the problem (4.2), we have:

Lemma 4.4. Suupose that ug € Hand f € L>(R3 x (0, T)). Then there is a weak solu-
tion (ue, pe) to (4.2) such the following energy inequality holds: for each nonnegative
smooth function ¥ (x,y, t) with compact support and for anyt € (0,T), € > 0

/ |u€|2w+2cs// wy“|%:|2+2e// Y | Vu
R3x{r} 4 0 JR3
<€// v |uel +Cs// D1vyV1ﬁ)
e'v 2 € 62
+/0/R3(u V) (2pe -+ lucP?)
t t
+// lue|?{; +Cs lim (y“ayw)}+2// U - e (4.9)
0 JR3 y—0* 0 JR3

Proof. For any large N, let § = T /N and we solve the following system:

Luy +(=A)uy — eAuy +Vs(uy) - Vuy +Vpy = f.

uy € L0, T;H)N LZ(O, T;V) and uy(0) = ugp.

Such uy and py exist by applying Lemma 4.2 inductively on each time interval
(md, (m +1)8),0 <m < N — 1. Obviously, forany 0 < ¢ < T, it holds

t
/ |uN|2+C/||uN||HJ+e/ ||uN||H1—/ |M0|2+2// fruy
R3x{t} R3 0 JR3

which indicates that for any fixede > 0 {uy} is bounded in L*°(0, T; H)DLZ(O, T;VN
V1). Let V; be the closure of V in H*(R3) and V), be its dual space. Obviously,

%u ~ is bounded in L%(0, T; V/ 5). By Theorem 2.1 in Chapter III of Temam [17], we
have that

{un} stays in a compact subset of LZ(R3 x (0, 7)). (4.10)

Since {uy} is bounded in L°°(0, T; H)N LZ(O, T; V), by the interpolation inequal-
ity, we get

{un} is bounded in LZ**/3(R3 x (0, T)),

4.11)

{pn} is bounded in L'*/3(R3 x (0, T)).
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Therefore there are subsequences of (uy, py), for simplicity, still denoted by {uy}
converging to (ue, pe) as N — oo:

uy — ue weakly in L2(O, T:VNVy) and uy — ue weak-starin L*(0, T; H);

uy — ue strongly in L"‘(R3 x (0,T)), where2 <« < 2+4s/3; “12)
Ws(uny) — ue strongly in L*(R3 x (0, T)), where2 < o < 2+4s/3; .

pN — pe weakly in L'*2/3(R3 x (0, T)).

It is easy to check that (u., pc) is a weak solution of (4.2). We only need to verify
the energy inequality for (u¢, pe). By Lemma 4.2, we have

t t
/ |uN|2w+2cs// wy“|W1‘v|2+e// ¥ [Vunl
R3x {1} 0 JR? 0 JR3
t t
=e// w|uN|2+// (2pwaw + luy PWs ) - Vs
0 JR3 0 JR3
t _ t
+cs// u, | DiV(y“Vlﬂ)+// lun [*{ +Cy lim_ (y*0y%))
0 JR} 0 JR3 y—0*

t
+2// Ufuy 4.13)
0 JR3

For uY,, by potential theory, it satisfies the following properties:

uy — uf stronglyin LY(y*, R} x (0, 7)), 2 <o < 2+4s/3;
. . (4.14)
Vuk, — Vu? weakly in L?(y*, R} x (0, T))
Applying (4.12) and (4.14) to (4.13), we get the energy inequality (4.9). O
Finally we go back to the proof of Theorem 4.1

Proof of Theorem 4.1. Firstly from (4.2), we have

t t 13
2 2 2 2
/ lote ] +Cs/ IIMeIIHS+€/ lluellzp =/ |uol +2/ / fue
R3 x {1} 0 0 R3 0 JR3

By fractional Nirenberg-Gargliardo inequality in [10] and Hdolder inequality, we get

3-2s
t == t
[, wlec | (/ |ue|6/(3—2”) <[ wePsc [} c
R3 x{t} 0 R3 R3 % {t} 0

(4.15)

where C is a positive universal constant not depending on €.
Using the similar arguments as in Lemma 4.4, we conclude the existence of subse-
quences, still denoted by (u., pc) converging to (u, p) as € — 0;
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[ ue — u weakly in L?>(0, T; V) and u. — u weak-star in L*°(0, T; H);
ue — u strongly in L¥(R? x (0, 7)) and uf — u* strongly in L*(y?, Ri x(0,T)),
V2 <a<2+4s/3;
pe— p weakly in L*29/3(R3 % (0, T)); Vu! — Vu*
weakly in L2(y“, ]Ri x(0,T)).

(4.16)

For any test function ¢ with compact support in time and space, we have, by (4.16),
we have that lime g € [§ [p3 Aued = lime_ge fz; Jg3 ueA¢p = 0. Applying this and
(4.16) to (4.2), we show that (u, p) solves (1.1) in the weak sense.

Finally, we check the energy inequality for (u, p). By (4.16), we have lim,_,¢ € fé Jrs
lue|*¥ =0. Whene — 0, fot fRi ¥y*|Vu?|? is lower semicontinuous and fot Jps ¥ Vuel?
is nonnegative. Meanwhile, by (4.16), each other term in (4.9) converges to the corre-
sponding term involving u, p, u*. This proves the energy inequality (4.1). O
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