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Abstract: We study the critical behavior of the ferromagnetic Ising model on random
trees as well as so-called locally tree-like random graphs. We pay special attention to
trees and graphs with a power-law offspring or degree distribution whose tail behavior
is characterized by its power-law exponent t > 2. We show that the critical inverse
temperature of the Ising model equals the hyperbolic arctangent of the reciprocal of the
mean offspring or mean forward degree distribution. In particular, the critical inverse
temperature equals zero when 7 € (2, 3] where this mean equals infinity.

We further study the critical exponents §, 8 and y, describing how the (root) magne-
tization behaves close to criticality. We rigorously identify these critical exponents and
show that they take the values as predicted by Dorogovstev et al. (Phys Rev E 66:016104,
2002) and Leone et al. (Eur Phys J B 28:191-197, 2002). These values depend on the
power-law exponent 7, taking the same values as the mean-field Curie-Weiss model
(Exactly solved models in statistical mechanics, Academic Press, London, 1982) for
T > 5, but different values for t € (3, 5).

1. Introduction

In the past decades complex networks and their behavior have attracted much attention.
In the real world many of such networks can be found, for instance as social, information,
technological and biological networks. An interesting property that many of them share
is that they are scale free [31]. This means that their degree sequences obey a power law,
i.e., the fraction of nodes that have k neighbors is proportional to k~* for some 7 > 1.
We therefore use power-law random graphs as a simple model for real-world networks.
Examples of how to generate such random graphs can, e.g., be found in [8].

Not only the structure of these networks is interesting, also the behavior of processes
living on these networks is a fascinating subject. Processes one can think of are opinion
formation, the spread of information and the spread of viruses. An extensive overview
of complex networks and processes on them is given by Newman in [31]. It is especially
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interesting if these processes undergo a so-called phase transition, i.e., a minor change
in the circumstances suddenly results in completely different behavior (see [10] for a
mathematical survey on Gibbs measures and phase transitions on sparse random graphs).

Physicists have studied the behavior near phase transitions, the critical behavior,
on complex networks for many different models, see [17] for an overview. Many of
these results have not been rigorously proved. One of the few models for which rigorous
results have been obtained is the contact process [9], where the predictions of physicists,
in fact, turned out not to be correct. A mathematical treatment of other models is therefore
necessary.

We focus on the Ising model, a classical model for the study of phase transitions [32—
34]. In this model a spin value that can be either +1 or —1 is assigned to every vertex.
These spins influence each other with ferromagnetic interactions, i.e., neighboring spins
prefer to be aligned. The strength of these interactions depends on the temperature.
The first rigorous study of the Ising model on a random graph was performed by De
Sanctis and Guerra in [35], where the high and zero temperature regime of the Ising
model on the Erd6s-Rényi random graph were analyzed. Later, in [11], Dembo and
Montanari analyzed the Ising model for any temperature on random graphs with a finite-
variance degree distribution that converge locally to a Galton-Watson tree. In [15], we
generalized these results to the case where the degree distribution has strongly finite
mean, but possibly infinite variance, i.e., the degree distribution obeys a power-law with
exponent T > 2. In [13], Dembo, Montanari and Sun generalize this further to more
general locally tree-like graphs. An analysis of the critical behavior, however, was still
lacking.

In this article, we rigorously study the critical behavior of the Ising model on power-
law random graphs by computing the critical temperature of the model and the critical
exponents describing the scaling of two thermodynamic quantities (the magnetization
and the susceptibility) around the critical point. More precisely, we compute the exponent
& that describes the behavior of the magnetization at the critical temperature as the
external field vanishes, the exponent B that describes the behavior of the spontaneous
magnetization as the temperature increases to the critical temperature and the exponent y
that describes the behavior of the susceptibility as the temperature decreases to the critical
temperature. We also provide a heuristic lower bound for the exponent y/ describing the
divergence of the susceptibility as the critical temperature is approached from below.
Predictions for the values of these exponents were given by Dorogovtsev et al. in [16]
and independently by Leone et al. in [26] and we prove that these values are indeed
correct. These exponents depend on the power-law exponent t. We prove that the critical
exponents 8§, B and y take the same values as the mean-field Curie-Weiss model for
T > 5, and hence also for the Erd6s-Rényi random graph, but are different for v € (3, 5).
In [16,26] also the case T € (2, 3) is studied for which the critical temperature is
infinite. Hence, the critical behavior should be interpreted as the temperature going to
infinity, which is a different problem from approaching a finite critical temperature and
is therefore beyond the scope of this article.

Our proofs always start by relating the magnetization of the Ising model on the random
graph and various of its derivatives to the root magnetization of a rooted random tree,
the so-called unimodular Galton-Watson tree, see [5] for a detailed discussion of local
convergence of random graphs to unimodular trees. After this, we identify the critical
exponents related to the root magnetization on the rooted random tree. As a result, all our
results also apply to this setting, where only in the case of the regular tree, the mean-field
critical exponents have been identified [2], and which we extend to general offspring
distributions.
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2. Model Definitions and Results

2.1. Ising model on finite graphs. We start by defining Ising models on finite graphs.
Consider a random graph sequence (G,),>1. Here G, = (V,, E,), with vertex set
V, = [n] = {1, ..., n} and with a random edge set E,,. To each vertex i € [r] an Ising
spin o; = =1 is assigned. A configuration of spins is denoted by o = (07);e[n]. The
Ising model on G,, is then defined by the Boltzmann-Gibbs measure

1
Un(o) = m expq8 Z 00 + Z Bio; ¢ . 2.1

(i.J))€En i€[n]

Here, B > 0 is the inverse temperature and B the vector of external magnetic fields
B = (Bi)ic[n) € R". For a uniform external field we write B instead of B, i.e., B; = B
for all i € [n]. The partition function Z, (8, B) is the normalization constant in (2.1),
i.e.,

Z,B.B)= D, expiB D oigj+ > Bioit. (2.2)

oe{—1,+1}" (i,j)eE, ie[n]

Note that the inverse temperature 8 does not multiply the external field. This turns out to
be technically convenient and does not change the results, because we are only looking
at systems at equilibrium, and hence this would just be a reparametrization.

We let ( . )M denote the expectation with respect to the Ising measure wp, i.e., for

every bounded nfunction f{=1,+1}* > R, we write

(f@), = > [@u), 2.3)

oe{—1,+1}"

2.2. Thermodynamics. We study the critical behavior of this Ising model by analyzing
the following two thermodynamic quantities:

Definition 2.1 (Thermodynamic quantities). For a graph sequence (Gp)n>1,

(a) let M,,(B, B) = % Zie[n] (0i) u, be the magnetization per vertex. Then, the thermo-
dynamic limit of the magnetization per vertex equals

M(B, B) = lim M, (B, B). (2.4)

(b) let x,(B, B) = % Zi,je[n] ((a,-crj)un — {00 ) 1, <Uj)un) denote the susceptibility. Then,
the thermodynamic limit of the susceptibility equals

X(B. B)= lim_xu(B, B). 25)

The existence of the above limits for » — oo has been proved in [15, Theorem 1.5],
using the existence of the pressure per particle proved in [11] and [15, Theorem 1.4] and
using monotonicity properties. We now define the critical temperature. We write f(0%)

for lim,\ o f(x).
Definition 2.2 (Critical inverse temperature). The critical inverse temperature equals

Be = inf{B : M(B,0") > 0}. (2.6)
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By the GKS inequalities [24], M (8, B) is non-negative and non-decreasing in B
for B > 0 so that the limit M (B, 0%) indeed exists. Note that 8. can only exist in
the thermodynamic limit, but not for the magnetization of a finite graph, since always
M, (B,0%) = 0. The critical behavior can now be expressed in terms of the following
critical exponents. We write f(x) < g(x) if the ratio f(x)/g(x) is bounded away from
0 and infinity for the specified limit.

Definition 2.3 (Critical exponents). The critical exponents B, 8, y, y’ are defined by:

M(B,0%) = (B — Bo)P, for B\, fe; 2.7)
M(B., B) < B'/3, for B \_ 0; (2.8)
X(B.0D) = (B — B, for B /' fe; (2.9)
X(B.0%) =< (B~ B, for B\ Be. (2.10)

Remark. The definitions above are meaningful since for 8 > B, one has M (B, 07) #
M(B,0) = 0, i.e., the magnetization of the low-temperature phase is discontinuous in
B =0.

We emphasize that there is a difference between the symbol 8 for the inverse tem-
perature and the bold symbol B for the critical exponent in (2.7). Both notations are
standard in the literature, so we decided to follow both of them and distinguish them by
the font style.

Also note that these are stronger definitions than usual. E.g., normally the critical
exponent f is defined as that value such that

M(B,0%) = (B — Bo)P+D, (2.11)

where o(1) is a function tending to zero for 8 \{ f..

2.3. Locally tree-like random graphs. We study the critical behavior of the Ising model
on graph sequences (G,),>1 that are assumed to be locally like a homogeneous random
tree [3,10], to have a power-law degree distribution and to be uniformly sparse. We give
the formal definitions of these assumptions below, but we first introduce some notation.

Let the random variable D have distribution P = (pg)r>o0, i.e., P[D = k] = py, for
k=0,1,2,.... We define its forward degree distribution by

_ (k+ Dprw
PE= TTRID]

where we assume that E[D] < oo. Let K be a random variable with P[K = k] = px
and write v = E[K]. The random rooted tree 7 (D, K, £) is a branching process with
£ generations, where the root offspring is distributed as D and the vertices in each next
generation have offsprings that are independent of the root offspring and are independent
and identically distributed (i.i.d.) copies of the random variable K. We write 7 (K, £)
when the offspring at the root has the same distribution as K.

We write that an event A holds almost surely (a.s.) if P[A] = 1.If v < 1 the branching
processes 7 (D, K, £) and 7 (K, £) die out a.s. and the random graph sequence (G, )n>1
does not have a giant component a.s. [23]. Therefore, there are no phase transitions when
v < 1 and thus we assume that v > 1 throughout the rest of the paper.

The ball of radius r around vertex i, B;(r), is defined as the graph induced by the
vertices at graph distance at most r from vertex i. For two rooted trees 71 and 75, we

, 2.12)
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write that 77 >~ 7, when there exists a bijective map from the vertices of 77 to those of
7, that preserves the adjacency relations.

Definition 2.4 (Local convergence to homogeneous random trees). Let P, denote the
law induced on the ball B;(t) in G, centered at a uniformly chosen vertex i € [n].
We say that the graph sequence (G)n>1 is locally tree-like with asymptotic degree
distribution P when, for any rooted tree T with t generations

lim P,[B;(r) = T]=P[T(D, K1) ~T]. (2.13)

Note that this implies in particular that the degree of a uniformly chosen vertex of
the graph has an asymptotic degree distributed as D.

Definition 2.5 (Uniform sparsity). We say that the graph sequence (Gp,),>1 is uniformly
sparse when, a.s.,

m ms 1 ; =0, .
F; . Y 'EE[ : i{D;>¢}
i1€ln

where D is the degree of vertex i and 1 4 denotes the indicator of the event A.

Note that uniform sparsity follows if }l 2 iein) Di — E[D] as., by the weak conver-
gence of the degree of a uniform vertex.

We pay special attention to cases where the degree distribution satisfies a power law,
as defined below. For power-law degree distributions, not all moments of the degrees
are finite, which has severe consequences for the critical behavior of the Ising model.

Definition 2.6 (Power laws). We say that the distribution P = (py)i=0 obeys a power
law with exponent t when there exist constants C p > ¢p > 0 such that, for all k =
1,2,...,

cpk™ D <> pp < Cpkm Y. (2.15)
>k

2.4. The random Bethe tree. We next extend our definitions to the random tree
T (D, K, 00), which is an infinite random tree. One has to be very careful in defin-
ing a Gibbs measure on this tree, since trees suffer from the fact that the boundaries
of intrinsic (i.e., graph distance) balls in them have a size that is comparable to their

volume. We can adapt the construction of the Ising model on the regular tree in [2] to
this setting, as we now explain. For 8 > 0, B € R, let u:{gf g be the Ising model on

T (D, K, t) with + respectively free boundary conditions. For a function f that only
depends on 7 (D, K, m) withm < t, we let
(f) Lim (f) +/r . (2.16)

+f =
Mﬂ(j; —00 M,,ﬁB

These limits indeed exist and are equal for B > 0 [11,15]. This defines a unique infinite
volume Gibbs measure M,;/ {9 on the random Bethe tree. Denoting by ¢ the root of the
unimodular Galton-Watson random tree, the quantity M (8, B) is defined as the expected

root magnetization for the infinite volume Gibbs measure on the random Bethe tree:

M(8,B)=E |:(U¢>u,§/£] . (2.17)
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Analogously, the susceptibility of the random Bethe tree is defined as the sum of the
expected edge correlations, i.e.,

XB.B=E| > (<a¢aj>uz_§—<a¢,>ﬂg,/£<aj)ug{£) . (@18)
je€T (D,K,00)

Our results also apply to this setting under the assumption that the degree of the root
obeys a power law in (2.15) or that E[K 3] < oco. The critical value B for the root
magnetization is again defined by (2.6).

2.5. Main results. We now present our main results which describe the critical behavior
of the Ising model on power-law random graphs and random trees with power-law
offspring distribution. We first give an expression for the critical temperature:

Theorem 2.7 (Critical temperature). Assume that the random graph sequence (G,)n>1
is locally tree-like with asymptotic degree distribution P and is uniformly sparse. Then,
a.s., the critical temperature B. of (G,)n>1 and of the random Bethe tree T (D, K, 00)
equals

Be = atanh(1/v). (2.19)

Note thatif v N\ 1then 8, — oo whichis to be expected as there is no phase transition
for v < 1 at any positive temperature. The other extreme is when v = oo, which is the
case, e.g., if the degree distribution obeys a power law with exponent T € (2, 3]. In
that case S = 0 and hence the spontaneous magnetization is positive for any finite
temperature.

Near the critical temperature the behavior of the Ising model can be described by
critical exponents. The values of these critical exponents for different values of 7 are
stated in the following theorem:

Theorem 2.8 (Critical exponents). Assume one of the following condition is satisfied:

(a) a random graph sequence (Gp)n>1 is given. The sequence is locally tree-like with
asymptotic degree distribution P that obeys E[K3] < oo or a power law with
exponent T € (3, 5], and it is uniformly sparse. Let M (B, B) and x (B, B) be as
defined in (2.4) and (2.5);

(b) a random Bethe tree that obeys E[ K 3 <o0ora power law with exponent T € (3, 5]
is given. Let M (B, B) and x (B, B) be as defined in (2.17) and (2.18).

Then, the critical exponents B, 8 and y defined in Definition 2.3 for the case (a) and the
analogous exponents for the case (b) exist and satisfy

| 1€3,5 E[K’]<o0
B 1/(x=3) 1/2
) T—2 3
Y 1 1

The exponent y' defined in Definition 2.3 for the case (a), as well as the analogous
exponent for the case (b), satisfies y’ > 1.
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For the boundary case T = 5 there are logarithmic corrections for B = 1/2 and
8 = 3, but not for y = 1 and for the lower bound y’ > 1. Indeed, (2.9) holds with
y = 1 and the lower bound in (2.10) holds with y' = 1, while

B — Be )1/2
log1/(B — Be)

B 1/3 ;
—log(l/B)) or B\, 0.

M(B,0%) = ( for B\, Be,

(2.20)
Mo, B) = (

Our results show that x (B8, 07) > c(B — ﬂc)’l for some constant ¢ > 0, which,
if the critical exponent p’ exists, then it must satisfy »/ > 1. See Proposition 6.2.
Unfortunately, we cannot prove that the critical exponent p’ exists, see the discussion
in the next section for more details on this issue.

From the previous theorem we can also derive the joint scaling of the magnetization

as (B, B) \ (B¢, 0):

Corollary 2.9 (Joint scaling in B and (8 — B;)). Under the conditions of Theorem 2.8
with T # 5,

M (B, B) = O((B — B)? + B'/9), 2.21)

where (B, B) = ®(g(B, B)) means that there exist constants c1, C1 > 0 such that
c18(B,B) < f(B,B) <C1g(B, B) forall B € (0,¢) and B € (B¢, Bc +¢€) with & small
enough.

Fort =5,

M@, B) = @((%)1/2 + (ﬁ)m). (2.22)

2.6. Discussion and open problems. In this section, we discuss relations to the literature,
possible extensions and open problems.

The Ising model on random trees and random graphs. A key idea to analyze the
Ising model on random graphs is to use the fact that expectations of local quantities
coincide with the corresponding values for the Ising model on suitable random trees
[11]. Statistical mechanics models on deterministic trees have been studied extensively
in the literature (see for instance [2,27] and its relation to “broadcasting on trees” in
[19,30]). The analysis on random trees is more recent and has been triggered by the
study of models on random graphs. Extensions beyond the Ising model, e.g., the Potts
model, pose new challenges [12].

Relation to the physics literature. Theorem 2.8 confirms the predictions in [16,26]. For
T < 3, one has v = oo and hence B, = 0 by Theorem 2.7, so that the critical behavior
coincides with the infinite temperature limit. Since in this case there is no phase transition
at finite temperature, we do not study the critical behavior here. For t = 5, in [16], also
the logarithmic correction for 8 = 1/2 in (2.20) is computed, but not that of § = 3.

The critical exponents y’ and other critical exponents. Theorem 2.8 only gives a
lower bound on the critical exponent p’. It is predicted that y’ = 1 for all T > 3, while
there are also predictions for other critical exponents. For instance the critical exponent
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o’ for the specific heat in the low-temperature phase satisfies / = 0 when E[K3] < oo
and &’ = (t —5)/(z — 3) in the power-law case with T € (3, 5) (see [16,26]). We prove
the lower bound y’ > 1 in Sect. 6.2 below, and we also present a heuristic argument
that y/ < 1 holds. The critical exponent a’ for the specific heat is beyond our current
methods, partly since we are not able to relate the specific heat on a random graph to
that on the random Bethe tree.

Points of non-analyticity of the free energy. In Definition 2.2 we have defined the
critical temperature as the highest temperature where the spontaneous magnetization is
non-zero. This immediately implies that the free energy [proportional to the logarithm of
the partition function defined in (2.2)] is non-analytic for B = 0 in the low-temperature
phase. Indeed for B > B., M(B,0%) > M(B,07) = —M(B,0%), so that the first
derivative of free energy with respect to the external field B has a jump crossing the line
B = 0. The question arises if the phase diagram has more points of non-analyticity. The
Lee-Yang Theorem [25] tells us that the free energy is an analytic function of B # 0.
For the analyticity of the free energy as a function of the temperature we are not aware
of general results that allow us to locate the zeros of the partition function (so-called
“Fisher zeros” in the complex temperature plane). Although there are many studies on
ferromagnets (see e.g., [6,7]), the problem is largely open and model-dependent. For
Ising and Potts models, a non-rigorous result [14] suggests that Fisher zeros on random
trees and graphs should coincide.

Light tails. The case E[K?] < oo includes all power-law degree distributions with
T > 5, but also cases where P does not obey a power law. This means, e.g., that
Theorem 2.8 also identifies the critical exponents for the Erd6s-Rényi random graph
where the degrees have an asymptotic Poisson distribution.

Inclusion of slowly varying functions. In Definition 2.6, we have assumed that the as-
ymptotic degree distribution obeys a perfect power law. Alternatively, one could assume
that D", pe < L(k)k— =V for some function k — L(k) that is slowly varying at
k = oo. For T > 5 and any slowly varying function, we still have E[K>®] < oo, so the
results do not change and Theorem 2.8 remains to hold. For 7 € (3, 5], we expect slowly
varying corrections to the critical behavior in Theorem 2.8. For example, E[K3] < oo
for T = 5 and L(k) = (logk)~2, so that the logarithmic corrections present for 7 = 5
disappear.

Beyond the root magnetization for the random Bethe tree. We have identified the
critical value and some critical exponents for the root magnetization on the random Bethe
tree. The random Bethe tree is a so-called unimodular graph, which is a rooted graph
that often arises as the local weak limit of a sequence of graphs (in this case, the random
graphs (G,)u>1). See [1,4] for more background on unimodular graphs and trees, in
particular, 7 (D, K, 00) is the so-called unimodular Galton-Watson tree as proved by
Lyons, Pemantle and Peres in [29]. One would expect that the magnetization of the
graph, which can be defined by

1
Mr (B, B) = lim ——— oy, (2.23)
t—00 |B¢(l)| ue%:(t) v

where By (¢) is the graph induced by vertices at graph distance at most ¢ from the root ¢
and | By (¢)| is the number of elements in it, also converges a.s. to a limit. However, we
expect that M7 (B8, B) # M(B, B) due to the special role of the root ¢, which vanishes
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in the above limit. Thus one would expect to believe that M7 (8, B) equals the root
magnetization of the tree where each vertex has degree distribution K + 1. Our results
show that also M7 (8, B) has the same critical temperature and critical exponents as
M(B, B).

Relation to the Curie-Weiss model. Our results show that locally tree-like random
graphs with finite fourth moment of the degree distribution are in the same universality
class as the mean-field model on the complete graph, which is the Curie-Weiss model.
We further believe that the Curie-Weiss model should enter as the limit of » — oo for
the r-regular random graph, in the sense that these have the same critical exponents (as
we already know), as well as that all constants arising in asymptotics match up nicely
(cf. the discussion at the end of Sect. 6.2). Further, our results show that for t € (3, 5],
the Ising model has different critical exponents than the ones for the Curie-Weiss model,
so these constitute a set of different universality classes.

Organization of the article. The remainder of this article is organized as follows.
We start with some preliminary computations in Sect. 3. In Sect. 4 we prove that the
critical temperature is as stated in Theorem 2.7. The proof that the exponents stated in
Theorem 2.8 are indeed the correct values of 8 and § is given in Sect. 5.3. The value of
y is identified in Sect. 6, where also the lower bound on y’ is proved and a heuristic is
presented for the matching upper bound.

3. Preliminaries

An important role in our analysis is played by the distributional recursion

K,
pe+h 4 B+> &), (3.1)
i=1
where

£(h) = atanh(@ tanh(h)), (3.2)

with # = tanh(B), and where h© = B, (K,);>1, are i.i.d. with distribution p and
(hft)),-zl are i.i.d. copies of h® independent of K. In [15, Proposition 1.7], we have
proved that this recursion has a unique distributional fixed point 4 that is supported on
[0, c0) for all B > 0 and B > 0. Whenever we write /& or k; this is a random variable
distributed as the fixed point of (3.1). Since % is a fixed point, we can interchange

h 4 B+ Z,K= 1 £(h;) in expectations and we often do this. We also often use the facts
that 7 > 0 for B > 0 (with equality iff B =0)and 0 < &(h) < g for h > 0.

This fixed point / yields the random field acting on the root of the random Bethe tree
T (D, K, 00) due to its offsprings. In particular we can use the fixed point 4 to give an
explicit expression for the magnetization:

Proposition 3.1 (Magnetization). Assume that the random graph sequence (G,),>1 is
locally tree-like with asymptotic degree distribution P that obeys E[K] < oo or a power
law with exponent T > 2 and is uniformly sparse. Then, a.s., forall § > 0 and B > 0,
the thermodynamic limit of the magnetization per vertex exists and is given by

M(B, B) :E[tanh (B+ZD:g(h,»))], (3.3)
i=l1
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where

(1) D has distribution P;
(ii) (h;)i>1 are i.i.d. copies of the fixed point of the distributional recursion (3.1);
(iii) D and (h;);>1 are independent.

The same holds on the random Bethe tree T (D, K, 00).
This proposition was proved in [ 15, Corollary 1.6(a)] by differentiating the expression

for the thermodynamic limit of the pressure per particle that was first obtained. Here we
present a more intuitive proof:

Proof of Proposition 3.1. Let ¢ be a vertex picked uniformly at random from [n] and
E,, be the corresponding expectation. Then,

n

1
My (B, B) = — > (00, = Enl(0g), ] (3.4)
i=1
Denote by (-)f;:/ / the expectations with respect to the Ising measure with +/free bound-

ary conditions on vertices at graph distance £ from ¢. Note that (a¢)f;’: /1 only depends
on the spins of vertices in By (£). By the GKS inequality [24],

(08)5] < (0p)uy < (0p)5T (3.5)

Taking the limit n — oo, the ball By (£) has the same distribution as the random tree

T(D, K, ), because of the locally tree-like nature of the graph sequence. With (-)¢+/f

denoting the expectations with respect to the Ising measure with +/free boundary con-
ditions on 7 (D, K, £), this means that

lim (o) 5+ =

n—o00 Hn

(op) o7 (3.6)

Conditioned on the tree 7, we can prune the tree, see [11, Lemma 4.1], to obtain that

D
(09)¢F = tanh (B + Zg(hge‘”)). 3.7)
i=1
Similarly,
D !’
(04)¢* = tanh (B > g(hi“*”)), (3.8)

i=1

where h;(m) also satisfies (3.1), but has initial value 7' © = co. Since this recursion has
a unique fixed point [15, Proposition 1.7], we prove the proposition by taking the limit
¢ — oo and taking the expectation over the tree 7 (D, K, 00). O

To study the critical behavior we investigate the function & (x) = atanh(6 tanh x) and
prove two important bounds that play a crucial role throughout this paper:

Lemma 3.2 (Properties of x — &(x)). Forall x, 8 > 0,

— ﬁf < £(x) < Ox. (3.9)

The upper bound holds with strict inequality if x, B > 0.
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Proof. By Taylor’s theorem,

2
E(x) =&(0) +£'(0)x +3§”(§)%, (3.10)
for some ¢ € (0, x). It is easily verified that £(0) = 0,
, 6(1 — tanh® x)
0)= —F—F— =0, 3.11
£0) 1 —62tanh’x |, G-10)

and

260(1 — 62)(tanh 7)(1 — tanh? ¢) -0

sO=- (I — 62 tanh? ¢)? =

(3.12)

thus proving the upper bound. If x, § > 0 then also ¢ > 0 and hence the above holds
with strict inequality.
For the lower bound, note that £”(0) = 0 and

o 20(1 — 6%)(1 — tanh? ¢) ) 5 -
=— 1-31— h?¢ — h
£ () TR T (1-301— 6% anh® ¢ — 6 anh* ¢ )
20(1 — 6%)(1 — tanh? ¢) 260
- =— . 3.13
= (1 —62)2(1 — tanh? ¢) 1-62 (3.13)
Thus, for some ¢ € (0, x),

_ 0 / 0 1 0 x2 " x3 - 9 29 )C3 3 14
E0) =8O +&O)x +E(0)— +§ ({)5_ TR (3.14)
O

We next study tail probabilites of (pox)r>0. Here, for a probability distribution (g )x>0
on the integers, we write g>x = >y~ qe-

Lemma 3.3 (Tail probabilities of (px)i>0). Assume that (2.15) holds for some v > 2.
Then, for the size-biased distribution defined in (2.12), there exist 0 < ¢, < C, such
that, forall k > 1,

cpk™ D < pog < Cpk™T72), (3.15)

Proof. The lower bound follows directly from the fact that p>; > (k + 1) p>k+1/E[D],
and (2.15). For the upper bound, we note that for any probability distribution (gx)x>0
on the non-negative integers, we have the partial summation identity

> acf k)= FO)+ D gzl f(0) = F(£ 1), (3.16)

k>0 =1

provided that either [ f (£) — f (£ — 1)]g>, is absolutely summable, or k — f (k) is either
non-decreasing or non-increasing. Indeed,

oo oo k
D af k)= fO)+ D @l f k) — fO] = fO)+D gx D [fE®) — f(£—1)],
k>0 k=0 k=0 (=1

(3.17)
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and the claim follows by interchanging the summation order, which is allowed by
Fubini’s Theorem for non-negative functions (see [21, Section 3.6, Theorem B]) when
k — f (k) is non-decreasing, and by Fubini’s Theorem [21, Section 3.6, Theorem C]
when [ f(£) — f(£ — 1)]1o<e<k)gxk 1s absolutely summable, which, by non-negativity
of gx, is equivalent to the absolutely summability of [ f(£) — (£ — 1)]g=,.

We start by proving bounds on p>. We rewrite

_ L+ Dper1
pok = g}; “EDl g(; f@pesr. (3.18)

where f(£) = (£+1)1g=1)/E[D]. By (3.16) with g¢ = pys1,fork > 1sothat £(0) = 0,

(k + 1) p>p+1
= 0 — fL—1 = = + 3.19
pek = D LF(O) = f(€=D]psrs1 E[D] ]E[D] > peen. (3.19)
>1 0>k+1
From (2.15), it follows that
—(1=2) [7 (t— 1)
sk < + e+1)" (3.20)
= iy 2 Fib)
so that there exists a constant C, such that
p=i < Cok= 72, (3.21)

O

When computing the critical exponents for T € (3, 5], we often split the analysis into
two cases: one where K is small and one where K is large. For this we need bounds on
truncated moments of K which are the content of the next lemma.

Lemma 3.4 (Truncated moments of K). Assume that (2.15) holds for some t > 2. Then
there exist constants Cq r = Cq :(Cp) > 0 such that, as £ — 00,

; C(HZ“_(’_Z) whena >t — 2,
E[K 1{[(5(}] < (3.22)
Cr_o.logl whena =1 -2,
and, whena <t — 2,
E[K Lik=g] < Ca 2. (3.23)
Finally, when © =5, there exists a constant ¢35 = ¢3 5(c,) > 0 such that, as £ — oo,

E[K(K — D)(K —2)1{k<g] = c35logt. (3.24)

Proof. We start by bounding the truncated moments of K. We rewrite, using (3.16) and
with f(k) = k“L<ey,

L4]
E[K“Lik<q)] = Zf(k)pk Z F&) = [l = Dlpsp < DK — (k= D) pst.
k=1

k=1
(3.25)
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Using k% — (k — 1)* = a [;_, x* 'dx < ak®"!, we arrive at

L) Le+1
E[K“ULik<] <aCp D k" k= <ac, > k=D, (3.26)
k=1 k=1

Note that k — k%~ (~1 s either increasing or decreasing. Hence,

LeI+1 42
Z k- < / k4~ (3.27)
k=1 1
Fora >t — 2,
042 2
/ k= Dgp < — = g2, (3.28)
1 a+2—rt
whereas fora = 7 — 2,
+2
/ k4~ =Ddk < 21log £. (3.29)
1

Similarly, fora < 7 — 2,

E[K“Uk=ny] = [€1%pze + D_[K* — (k — 1)1 p=x
k>0

o0
< Gl T 4aCy DT k4 1) < €t
[+l

(3.30)
Finally, we prove (3.24), for which we compute with f (k) = k(k — 1)(k — 2),
o0 14
E[K(K = )(K = 2)Lik<p] = D [f k) — flk—DID p
k=1 I=k
00 4
=>3k-Dk=2D p. (3.31)
k=3 I=k
We bound this from below by
N
E[K(K — (K —2)Lik<p] = 23(k = Dk =2)[pzk — p=¢].  (3.32)
k=0
By Lemma 3.3, for T = 5, the contribution due to p>¢ is at most
3poy < C 3% = 0(1), (3.33)

while the contribution due to p>; and using 3(k — 1)(k —2) > k? for every k > 4, is at
least

s 1 Ve gy
cp D kT =¢, — =c¢yllog (Ve +1) —log4], (3.34)
k=4 4 .

which proves the claim by chosing the constant c3 5 correctly. O
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4. Critical Temperature
In this section we compute the critical temperature.
Proof of Theorem 2.7. Let B* = atanh(1/v). We first show that if 8 < 8%, then

llgi% M(B, B) =0, 4.1)
which implies that 8. > g*. Later, we show that if limp\ o M (8, B) = 0 then § < B*,
implying that 8, < B*.

Proof of B, > B*. Suppose that 8 < *. Then, by the fact that tanh x < x and Wald’s
identity,

D
M@, B)=E |:tanh (B + Zé‘(hi))i| < B + E[D]E[& (h)]. 4.2)

i=1
We use the upper bound in Lemma 3.2 to get
E[&(h)] = E[atanh(0 tanh h)] < 0E[h] = 6 (B + vE[§(h)]) . (4.3)
Further, note that
E[&(h)] = E[atanh(@ tanh h)] < B, 4.4)

because tanh i < 1. Applying inequality (4.3) £ times to (4.2) and subsequently using
inequality (4.4) once gives

1 — (Ov)* '
M(B,B) < B+ B@E[D]m + BE[D](0v)". 4.5)
Hence,
_ 4
M(B, B) < lim sup (B + B@E[D]ll% + ﬂE[D](Gv)E)
{— 00 -
1
:B(1+9E[D]1_9v), (4.6)

because 6 < 6* = 1/v. Therefore,

1
lim M(8, B) < lim B{1+0E[D =0. 4.7
S B )_BI{n‘O <+ []1_9‘}) 4.7
This proves the lower bound on .

Proof of B, < B*. We adapt Lyons’ proof in [27] for the critical temperature of determin-
istic trees to the random tree to show that 8. < B*. Assume that limp\ o M (8, B) = 0.
Note that Proposition 3.1 shows that the magnetization M (8, B) is equal to the expec-
tation over the random tree 7 (D, K, oo) of the root magnetization. Hence, if we denote
the root of the tree 7 (D, K, oo) by ¢, then M (B, B) = E[(og)]. It follows from our
assumption on M (B, B) that, a.s., limp\ o{oy) = 0, since the latter limit exists by the
GKS inequalities.
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We therefore condition on the tree T = 7 (D, K, o0). Define forv € T
h() = (o) and  h“*(v) = (oy)", (4.8)

and let |v| denote the graph distance from ¢ to v. Furthermore, we say that w <« v if
{w,v}isanedgein T and |w| = |v| + 1. By [11, Lemma 4.1], for |v| < ¢,

W () = B+ > E(h"H(w)). (4.9)

w<—v

Since this recursion has a unique solution by [15, Proposition 1.7] we have h(¢) =
limy_s o0 h€’+(¢>). Therefore, if we suppose that limp\o{oy) = 0, then also
limp\ 0 A(¢p) = 0 and then it thus also holds that limp\ o limg_ oo he"f(d)) = 0. Be-
cause of (4.9), we must then have, forallv € T,

lim lim A% (v) = 0. (4.10)
B\0 {—o00

Now, fix 0 < Bop < B and choose ¢ large enough and B small enough such that, for
some ¢ = €(fp, B) > 0 that we choose later,

he* () <e, 4.11)

for all v € T with |v| = 1. Note that h-*(v) = 0o > ¢ for v € T with |v| = £.

As in [27], we say that IT is a cutset if I1 is a finite subset of T \ {¢} and every path
from ¢ to infinity intersects [T at exactly one vertex v € I1. We write v < IT if every
infinite path from v intersects IT and write 0 < IT if 0 < IT and o ¢ II. Then, since
h*(v) < eforv e T with [v] = 1 and h¢*(v) = co > ¢ forv € T with |v| = ¢, there
is a unique cutset I1, such that he*(v) < g forall v < Iy, and for all v € I, there is
at least one w < v such that h*(w) > &.

It follows from the lower bound in Lemma 3.2 that, for v < Iy,

ho* (W) =B+ D &R (w) = D 0h " (w) — Oh ()
- = 3(1 — 62)
w<—v w<—v
2
0+ _ €
> > on (w)(l T _92)), (4.12)
w<—v
while, for v € Iy,
R () = B+ Y £(h"* (w)) > £(e). (4.13)
w<—v
If we now choose ¢ > 0 such that
2
£
(1 — ————) = 6, 4.14
( 3(1—92)2) 0 .14)

which is possible because By < B, then, iterating (4.12) in each direction until IT; and
then using (4.13),

W @) = D 0 lg ). (4.15)

velly
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Since &(¢) > 0 and limp~ o limy—oo 15 () = 0,

: wl _
inf >0y =o0. (4.16)
vell

From [28, Proposition 6.4] it follows that 6y < 1/v. This holds for all 8y < g, so
B < atanh(1/v) = B*. 4.17)
This proves the upper bound on f., thus concluding the proof. 0O
‘We next show that the phase transition at this critical temperature is continuous:

Lemma 4.1 (Continuous phase transition). Let (8, B,))n>1 be a sequence with p,, and
B, non-increasing, B, > B. and B, > 0, and B, \( Bc and B, \ 0 as n — oo. Then,

Jim E[§(Ba, Bu)] = 0. (4.18)
In particular,
éiI\HOE[S(h(ﬂc, B)1=0, and ﬂli\n}f}cE[E(h(ﬂ, 0"))1=0. (4.19)

Proof. For all sequences ((B,, Bn))n>1 satistfying the assumptions stated in the lemma,
E[&(B., By)]is non-increasing in n and it is also non-negative so that the limitasn — oo
exists. By the concavity of & — &(h) and Jensen’s inequality,

0 <c= lim E[&(B,, By)] < lim &(By + VE[E(h(Ba, Ba))]) = E(ve). (4.20)
n—oo n—oo
Since £(x) < 6.x for x > 0 by Lemma 3.2 and using 6, = 1/v, we obtain
&E(ve) < B.vc =c, “4.21)

leading to a contradiction when ¢ > 0. O

5. Critical Exponents: Magnetization

In this section we prove that the critical exponents related to the magnetization, i.e., 8
and 4§, take the values stated in Theorem 2.8. The analysis involves Taylor expansions
performed up to the right order. By these Taylor expansions, higher moments of &(h)
appear, where we remind the reader that £(h) = atanh(6@ tanh #) and 4 is the unique
non-negative distributional fixed point of (3.1). Therefore, we first bound these higher
moments of £(%) in terms of its first moment in Sect. 5.1.

In Sect. 5.2 we use these bounds to give appropriate bounds on E[£ (%)] which finally
allow us to compute the critical exponents 8 and § in Sect. 5.3.

Throughout Sect. 5 we assume that B is sufficiently close to zero and 8, < B <
B + ¢ for ¢ sufficiently small, so that we can apply Lemma 4.1 to make sure E[£ (/)] is
sufficiently small.

In the following, we write c;, C;, i > 1 for constants that have the properties: i) they
only depend on 8 and moments of K (they do not depend on B); ii) they satisfy

0 < liminf ¢; (B) < limsupc¢;(B) < oo, (5.1)
B\A B

< c
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and the same holds for the C;. The index i is just a label for the constants. For reader
convenience we try to use the i’ label to denote a constant appearing in a bound involving
the ith moment of & (/). However this is not always possible and therefore in general
nothing should be sought from the labeling of the constants. What we consistently do
is to use C; for constants appearing in upper bounds, while ¢; appears in lower bounds.
Furthermore, we write ¢;, i > 1 (again the labeling is arbitrary) for error functions that
only depend on 8, B, E[£(h)] and moments of K, and satisfy for all 8 € (8., B¢ + €)

limsupe; (B, B) <oo and lim e; (B¢, B) = 0. (5.2)
B\0 B\0
The expressions of c;, C;, e; are given in the proofs of the results of this section and

conditions (5.1) and (5.2) are verified explicitly . Finally, we write vy = E[K(K —
1)--- (K — k + 1)] for the kth factorial moment of K, so that v; = v.

5.1. Bounds on higher moments of &(h). We start with bounding the second moment
of £(h).
Lemma 5.1 (Bounds on second moment of £(h)). Let 8 > B. and B > 0. Then,

C>E[£(h)]? + Bes when E[K?] < oo,
E[£(h)*] < { CoE[£(h)]*log (1/E[E(h)]) + Be; when T = 4, (5.3)
CE[E(W)]* 2 + Bey when t € (3, 4).

Proof. We first treat the case E[K 2] < co. We use Lemma 3.2 and the recursion in (3.1)
to obtain

El(h)?) < 6°E[h?) = 0%E[ (B + ié (hf))z]
i=1

=62 (32 +2BVE[E(h)] + mE[E(W)] + vIE[S(h)Z]) . (5.4)

Since 1 — 0%v > 0, because B is sufficiently close to B, and 6. = 1/v < 1, the lemma
holds with
6%, B2 +20%VE[£(h)]
= — and e = .
1 —062%y 1 —6%

It is not hard to see that (5.1) holds. For e; the first property of (5.2) can also easily be
seen. The second property in (5.2) follows from Lemma 4.1.

If T < 4, then E[K 2] = oo and the above does not work. To analyze this case, we
apply the recursion (3.1) and split the expectation over K in small and large degrees:

&)

(5.5)

Ele(n)*] = E[¢(B + fjsw,-))zn{m] +E[g(B+ fjsm,-))zﬂmu]. (5.6)
i=1 i=1
We use Lemma 3.2 to bound the first term as follows:
E|e(B+ iah»)znmsa] <0%E[(B+ is(ho)znmg}]
i=1 i=1

< 07 (B2+2BVEIE ()] + E[K L x <0 JEE (W) +VEEMY) . (57)
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where in the second inequality we used the independence of the £ (k;) and Wald’s identity,
and bounded E[K 1{x<¢j] < v. For T € (3,4),

E[K*Lik<q)] < Co.cl*F, (5.8)
by Lemma 3.4, while for t = 4,
E[K*T1(x<p] < Caglogt. (5.9)
To bound the second sum in (5.6), note that £(h) < 8. Hence,

K
Ele(B+ ;aho)zﬂ{m}] < BE[1(k-¢)] < Cor 2027 (5.10)

The optimal bound (up to a constant) can be achieved by choosing ¢ such that
4 TE[£(h)]? and £27 7 are of the same order of magnitude. Hence, we choose ¢ =
1/EE[£(h)]. This choice of the truncation value ¢ turns out to be the relevant choice when
making the distinction between small and large values of K also in further computations
and hence will also be used (up to a constant) there.

Combining the two upper bounds gives the desired result with

€2 = 5= (C2:67 + CocB?) | (5.11)
where, for T = 4, we have also used that E[£ (h)]?> < E[£(h)]* log(1/E[£(h)]), and
= B2 +12f29‘}21i[§(h)]~ (5.12)
O
We next derive upper bounds on the third moment of & (h):
Lemma 5.2 (Bounds on third moment of £(h)). Let B > B, and B > 0. Then,
C3E[£(h)]® + Bes when E[K3] < oo,
E[£(h)°] < { C3EI£(h))* log (1/E[£(h)]) + Be; when T =5, (5.13)
CE[§(W)]" 2 + Bes when 7 € (3,5).

Proof. For E[K3] < oo we bound, in a similar way as in Lemma 5.1,

E[£(h)’] < 63 (33 +3B2VE[E()] + 3BwE[E(h)]* + 3BVE[E(h)?]

+E[E(M)] + 3Rl (W IE[E(h)*] + vE[s<h>3]). (5.14)

Using (5.3), we indeed get the bound
E[£(h)*] < C3E[E(W)]® + Bes, (5.15)

where
3

Cr =
ST 1 6%

(v3 +312C2), (5.16)
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and
0 3

-7 {32 +3Buey +3 (B + mer) E[E()] +3 (v2 + vCa) E[é(h)]z} .
1—63

(5.17)

€3

To see that Cj satisfies (5.1), note that v, v3 < 00 since E[K 3] < oo. Furthermore,
vy > 0 since P[K > 2] > 0 because v > 1 and v3 > 0 because K can only take non-
negative integer values. That e3 satisfies (5.2) follows from the bound E[§ (h)] < 8 < o0
and Lemma 4.1.

For t € (3, 5], we use the recursion (3.1), make the expectation over K explicit and
split in small and large values of K to obtain

E[&(h)*] =E[§ <B+iE(hi))3]1{K<1/E[s(h)]}]+E[§ (lﬂi é(hi))3]1{K>1/E[g(h)]}]~
i=1 i=1
(5.18)

We bound the first expectation from above by

93JE[(B + i f(hi))S]l{Kfl/E[S(h)]}]
i=1

= 67 (B +3B7EIK 1 (x <1 gz JELE () 1+3 BELK (K = D1k 1 /(e JELE ()
+3BE[K 1k <1 /Eiz o JEIE ()] + EIK (K — D(K — 2)L(x <1/ TELE ()T
+3B[K (K — DLk =1 sgeann VELE (D TELE ()] + ELK 1 e <1 gz JBLE ).

(5.19)
By Lemma 3.4, for 7 € (3,5),
E[K* 1k <1/Emn] < C3.-BIER)]T, (5.20)
while, for T = 5,
E[K*Lk <1/Bgan] < C3,510g (1/E[EM)]) - (5.21)
Similarly, by Lemma 3.4, for 7 € (3,4),
E[K Lk <i/Eigon] < Co.EBIEM]T, (5.22)
while, for T = 4,
E[K*L(x<1/Eea] < Caalog (1/E[E(R)]) . (5.23)

For the other terms we can replace the indicator function by 1 and use the upper
bound on E[& (h)?] of Lemma 5.1. For the second expectation in (5.18) we bound
E(x) < B, so that this expectation is bounded from above by ,33COJE[§(h)]f_2.
Combining these bounds and using ElE(h)]? < log (1/E[£(R)]) E[£(h))? for T = 5,
E[£ ()] < B[E(W)]" 2 forT € (4,5), E[£(n)]* log (1/E[E(W)])* < E[&(h)]* forT = 4
and E[£(h)]?* 7 < E[(h)]"% for T € (3, 4) gives the desired result. O
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5.2. Bounds on first moment of & (h).

Proposition 5.3 (Upper bound on first moment of £(h)). Let B > B. and B > 0. Then,
there exists a C| > 0 such that

E[£(h)] < 6B +0vE[£(h)] — C1E[£(h)]?, (5.24)
where § takes the values as stated in Theorem 2.8. For T = 5,
E[£(h)] < 0B +0vE[E(h)] — C1E[£(h)]’ log (1/E[E(h)]) . (5.25)

Proof. We first use recursion (3.1) and rewrite it as

K
Ele(n] =E[¢(B+> 6h)) | =0B+0vEEMI+Ti+ T2, (526)
i=1

where
T, = E[g (B + KE[g(h)]) — 0 (B +KE[E(h)]) ] (5.27)
and
1, =E[¢(B+ Zklwm) — & (B+KEEM) |. (5.28)
i=l1

Here, 77 can be seen as the error of a first order Taylor series approximation of
& (B + KE[£(h)]) around O, whereas T5 is the error made by replacing £(h;) by its
expected value in the sum. By Lemma 3.2, 77 < 0 and by concavity of x — &(x) and
Jensen’s inequality 7, < 0. We bound 77 separately for the cases where E[K 3] < 00,
T € (3,5) and t = 5. Since these bounds on 77 are already of the correct order to prove
the proposition it suffices to use 7> < 0 and we do not bound 75 more sharply.

Bound on 7} when E[K3] < co. To bound T for E[K3] < oo we use that £”(0) = 0,
so that it follows from Taylor’s theorem that, a.s.,

§" ()

§(B+KE[E(m]) -0 (B+KE[E(W]) = —— (B+ KE[E(MD,  (5.29)

for some ¢ € (0, B + KIE[£(h)]). Note that

2001 - 62)(1 — tanh? ¢)
(1 — 62 tanh? ¢)3

£7(L) = (1 —3(1 — %) tanh? ¢ — 62 tanh* ;) . (5.30)

which we would like to bound from above by a negative constant. By Lemma 3.2, a.s.,
§(B+KE[E(W]) — 6 (B+KE[§(h)]) =0, (5.31)

so that we are allowed to assume that B + KIE[£ (/)] is sufficiently small. Indeed, from
the above equation it follows that, for any constant a,

T <E[( (B +KE[E(W]) — 6 (B+KEIE(MWD) LipskEiemi<a)] - (532)



Ising Critical Exponents on Random Trees and Graphs 375

If, for convenience, we choose a = atanh%, then

£"() = —%9(1 - 6%, (5.33)
and hence,
fi= _%9(1 ~ OB [(B+ KEEWD® 1, kiseipaamny
= _%69(1 = ODEIK L iy <atann ) EIE DT, (5.34)

Note that B + KE[£(h)] converges to zero for both limits of interest. Thus
E[K3]1{KE[S(h)]Satanh%fB}] goes to infinity in the case E[K3] = oo and hence this

bound is not useful. We provide better bounds in the next paragraph for this case.

Bound on 77 when t € (3, 5]. For t € (3, 5], we make the expectation over K explicit:

T = Zpk (& (B+KE[E(R)]) — 60 (B +KkE[E(R)]), (5.35)

k=0

where it should be noted that all terms in this sum are negative because of Lemma 3.2. De-
fine f (k) = & (B +kE[£(h)]) — 0 (B + kIE[£(h)]) and note that f (k) is non-increasing.
We use (3.16) and Lemma 3.3 to rewrite

T =Y flpe = fO)+ D [f(k) = fk— Dlp=s
k=0

k>1

< FO) +cp D LFUh) = flk— D2

k>1
= fO) +cp D [f) = flk—DID T2 —(@+1)"T). (536)
k>1 =k

Then, we can again interchange the summation order as we did to obtain (3.16) to rewrite
this as

4
T < fO) +cp > D Ufk) = flk— DI T2 — (£ +1)"2)

(>1 k=1

= fO)A=cp)+c, > fOETD —(@+1)~ ), (5.37)

=1
Using the convexity of £~("=2) this can be bounded as
Ti < fO)1 = cp)+ (T —=2)c, D fOE+1) D, (5.38)
=1

Since we can assume that ¢, < 1, f(0)(1 — c,) < 0. Hence,

T < (x = 2)c, BEMDT' D ((k+ DEEMmH
k=0
x (& (B +KE[£(h)]) — 6 (B + kE[£(h)]))
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b/E[&(h)]
< (=2, BEMD™" D kEEWDH TP
k=a/E[&(h)]
x (€ (B +KkE[£(h)]) — 6 (B +kE[E(h)])), (5.39)

where we choose a and b such that 0 < a < b < co. We use dominated convergence
on the above sum. The summands are uniformly bounded, and E[£(h)] — O for both
limits of interest. Further, when kE[£(h)] = y, the summand converges pointwise to
y_(f_l) (8 (B+y)—06(B+Yy)). Hence, we can write the sum above as

b

ElE(m)]™! ( / YV EB+y) — 6 (B+y)dy+ o(l)) : (5.40)
a

where o(1) is a function tending to zero for both limits of interest [22, 216 A]. The

integrand is uniformly bounded for y € [a, b] and hence we can bound the integral from

above by a (negative) constant —/ for B sufficiently small and g sufficiently close to

Bc. Hence,

E[E(h)] < 6B +0vE[E(h)] — (r — l)cpIIE[S(h)]T_2. (5.41)
Logarithmic corrections in the bound for t = 5. We complete the proof by identifying

the logarithmic correction for T = 5. Since the random variable in the expectation in T}
is non-positive, we can bound

Ti <E[& (B+KE[E(W]) — 60 (B+KE[E(W]) Lik<e/mizm] - (5.42)

Taylor expansion / +> & (h) to third order, using that &£(0) = £”(0) = 0, while the linear
term cancels, leads to

£"(0)
6

T <E [ (B + KE[E(W)])? ]1{K<8/E[E(h)]}i| , (5.43)

for some ¢ € (0, KE[£(h)]). On the event that K < ¢/E[&(h)], we thus have that
¢ €(0,e),and £"(§) < —ce = Sup,c(e & (x) < 0 when ¢ is sufficiently small.

Thus,

T,

IA

Ce 3
—<E [(B + KE[(h)]) ﬂ{m/ﬂz[s(hm]

—%E[E(h)]31E[K(K — D(K = 2N (g <e/Brean) - (5.44)

IA

When 7 = 5, by Lemma 3.4, E [K(K — (K — 2)]1{1(54}] > c¢3,5log ¢, which com-
pletes the proof. 0O

Proposition 5.4 (Lower bound on first moment of & (h)). Let B > B. and B > 0. Then,
there exists a constant Cy > 0 such that

E[£(h)] = 0B +OvE[£(h)] — i E[£(h)]° — Be. (5.45)

where

3 hen E[K3
8:[ when E[K°] < o0, (5.46)

T —2 whent € (3,5).
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Fort =35,
E[£(h)] = 6B + 0vE[E(h)] — c1E[& ()] log(1/E[£(h)]) — Bey. (5.47)
Proof. We again use the split in (5.26) and we bound 77 and T5.

The lower bound on 7;. For E[K3] < 0o, we use the lower bound of Lemma 3.2 to get

T) > ——E|(B+KE[Eh)])?|. 5.48
|2 3o BB+ KEEMD] (5:48)
By expanding, this can be rewritten as
Ty > ————E[K3|E[£(h)]? — Be. 5.49
12 —3 g BIKIEEDP - Bey (5.49)
For t € (3, 5], we first split 77 in a small K and a large K part. For this, write
n(k) =& (B +kE[E(h)]) — 0 (B +kE[5(h)]). (5.50)

Then,
Ti = E[ti(K)] = E [t (K) Lk <emienn ] + E [ (K Lk =e/mieay] - (55D
To bound the first term, we again use (5.48):

0
E 1 (K) Lk <c/mzam] = TR [(B + KE[S(h)])3]1{1<sa/E[S(h>1}] . (5:52)

Itis easy to see that the terms B3E []I{K>£/E[S(h)]}] and 3BZE[.’;~' (h)]E [K]I{Kfs/]E[S(h)]}]
that we get by expanding the above are of the form Be. To bound the other two terms,
we use Lemma 3.4 to obtain, for ¢ < 1,

3BELE (N IE [ KWk <e/pieon |

3BE[£(W)PE [K?] when T € (4,5],
< { 3BCy4E[£(h)]* log(1/E[£(h)]) when T = 4, (5.53)
3BCy E[£(h)]" 2 when 7 € (3, 4),

which are all of the form Be, and
C3sE[E(h)P log(1/E[£(h)]) when T =5,

C; . E[E(W)]" 2 when t € (3, 3).
(5.54)

E [Kg]l{KSS/E[S(h)]}:I E[5 ()] < {

To bound 77 for large K, we observe that

E [t (K) Lk =e/Bieann] = —O0BEIL (g = e/Egmn] — OEIE WIEIK Lk~ e /miemn -
(5.55)

Applying Lemma 3.4 now gives, for t € (3, 5]

E [t (K)Lig=e/miey] = —0BCoEIEW)] % — 0C E[£(h)]" 2
= —C4E[(h)]" 2 — Bey. (5.56)
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The lower bound on 7>. To bound 7>, we split in a small and a large K contribution:

T = Elto(K) Lk <¢/Ereanny] + Elo (K) Lk =e/meayl = T5 + 15, (5.57)

where
k
n(k) = E(B + ZS(hi)) —&(B+KE[E()]) . (5.58)
i=1
To bound 75, we note that
k) = —B, (5.59)
so that
Ty > —BE[L (ke /Elemy] = —CsELE ()], (5.60)

where we have used Lemma 3.4 in the last inequality and the Markov inequality when
E[K3] < c0.
To bound T, we start from

2
Tzi E |:E () (Zg(h ) — KE[E(h)]) ]1{K<S/]E[g(h)]}i| s (5.61)

i=1

for some ¢ in between B + ZIK=1 &(h;) and B + KIE[£(h)]. We use that

K
0z~ (B > G+ KEL(h)]). (5.62)
to obtain
0 K K s
15 = g (e 600K BiE 1) (36000~ KBIEW) iwcsmeon ]
> — 1_902 (BUE [(E(h)—E[é(h)])2]+yIE [(.f;(h)+E[g(h)]) (E(h)—IE[g(h)])Z]

+2BIK W <o mizan IELE D IE | ) — ELe)? )

= _092 (BVELE )1+ CEIK X (k <c iz 1+v) ELE (L) 1+VELE ()11,
(5.63)
Using the bounds of Lemmas 3.4, 5.1 and 5.2 we get,
-7 ((2E[K?] +v) C2 + C3v) E[(W)]® — Bes when E[K?] < oo,
Tf> —1% ((2E[K?1+v) C2+C3v) E[€(h)]* log(1/E[£(h)])— Bes whent =5,
- 1_992 (Cﬁ,f + C3V) E[£(h)]"~2 — Bes when 7 € (3, 3),

(5.64)
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where C; | = (2E[K?] +v) Cs for T € (4,5) and Cy, = QCo+v)Cafort € (3,4].
Here, we have also used that (a) E[£(h)]® < E[£(h)]’ log(1/E[£(h)]) for T = 5; (b)
E[£()]® < E[E(h)]" 2 for T € (4,5]; (c) E[E(W)]* log (1/E[E()])* < E[£(h)]* and
E[£(h)]* log (1/E[£(1)]) < EI£(h)]? for T = 4; and (d) E[€(h)]"~" < E[£(h)]" 2 and
E[£(h))>* < E[£(h)]*2 for T € (3,4). Combining the bounds on T} and 7> gives
the desired lower bound on E[£(h)]. O

5.3. Critical exponents 8 and §. It remains to show that the bounds on E[& (/)] give us
the desired result:

Theorem 5.5 (Values of B and §). The critical exponents  and § equal the values as
stated in Theorem 2.8 when E[K3] < co and T € (3, 5). Furthermore, for t = 5, (2.20)
holds.

Proof. We prove the upper and the lower bounds separately, starting with the upper
bound.

The upper bounds on the magnetization. We start by bounding the magnetization
from above:

D
M(@B,B)=E |:tanh (B + ZS(h[)):| < B +E[DIE[£(h)]. (5.65)

i=1
We first perform the analysis for 8. Taking the limit B N\ 0 in (5.24) in Proposition 5.3
yields
E[£(ho)] < OVE[&(ho)] — C1E[&(ho)1’, (5.66)

where hg = h(B, 0%). For B > B, by definition, E[£(h¢)] > 0 and thus we can divide
through by E[£ (h¢)] to obtain

Elg(ho)P ! < 221, (5.67)
Cy
By Taylor’s theorem,
6v —1 < vl —62)(B — Be). (5.68)
Hence,
2y /6D
Btz < (“C00) g, (5.69
Using that § = 1/(8 — 1),
1— 92 B
M(B,0%) < E[D] (U(c—l)) (B — PP, (5.70)
from which it easily follows that
M(B,0")

lim sup ——— < oo.
ppe (B —BoP
We complete the analysis for 8 by analyzing r = 5. Since (5.24) also applies to t = 5,
(5.71) holds as well. We now improve upon this using (5.25) in Proposition 5.3, which
yields in a similar way as above that

(5.71)



380 S. Dommers, C. Giardina, R. van der Hofstad

v —1
Cilog(1/E[§(ho)])

Since x +— 1/log(1/x) is increasing on (0, 1) and E[£(ho)] < C(B — B.)'/? for some
C > 0, we immediately obtain that

Ov —1 - ov —1
Cilog(1/E[&(ho)]) ~ Cilog(1/[C(B — B)'/?])

Taking the limit of 8 N\ B, as above then completes the proof.
We continue with the analysis for §. Setting 8 = S, in (5.24) and rewriting gives

E[&(ho)]* <

(5.72)

E[&(ho)]* < (5.73)

0.\ /8
C
E[£(ho)] < (—) B3, (5.74)
Cy
with h. = h(B., B). Hence,
o\ 1/8
M(Be, B) < B +E[D] (c_l) B/, (5.75)
so that, using 1/§ < 1,
M(B., B
lim sup L‘S) (5.76)
B0 BY

The analysis for § for t = 5 can be performed in an identical way as for 8.
The lower bounds on the magnetization. For the lower bound on the magnetization
we use that
d2
o7 tanhx = —2tanhx(1 - tanh? x) > -2, (5.77)
X

so that
tanhx > x — x°. (5.78)

Hence,

M(B, B) > B +E[D]E[§(h)] — IE[(B + ié(hi))z]
i=1

> B +E[DIE[£(h)] — Bes — E[D(D — DIE[E(h)]* — E[D]C2E[E (h)]* 2
= B+ (E[D] — e7)E[£(h)] — Bes, (5.79)

with a A b denoting the minimum of a and b, where e; satisfies (5.2) both also
liminf g\ g, e7(B, 0%) = 0, because E[£(h)] converges to zero for both limits of in-
terest.

We again first perform the analysis for f and T # 5. We get from (5.45) in Proposi-
tion 5.4 that

ov — 1)@= 1—0%)\*
]E[é(ho)]z( "CI ) > (“(c—l)) (B — )P, (5.80)
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where the last inequality holds because, by Taylor’s theorem,

Ov—1>v(l — 92)(ﬁ — Be). (5.81)

Hence,
1-62)\°

M(B,0%) > (E[D] — e7) (U(C—l)) B — B8P, (5.82)

so that
+ _ g2\ B
limint 2P0 pp) (M) -0, (5.83)
BNBe (B — Bo)P c1

For t = 5, we note that (5.47) as well as the fact thatlog 1/x < A,x~¢ forallx € (0, 1)
and some A, > 0, yields that

gy — 1\ /@y —62)
E[&(ho)] > ( 1 ) > (?

1/(2+¢)
) (B — B, (5.84)

eCl
Then again using (5.47) yields, for some constant ¢ > 0,
ov — 1 12 B — Be 12
E[&(h T — , 5.85
(ot = (cl loga/E[s(ho)])) > (gt 7 =) -89

once more since x — 1/(log(1/x)) is increasing.
We continue with the analysis for §. Again, setting 8 = . in (5.45), we get

6. — 1/8
E[£(h)] > (—“) B, (5.86)
Cl
from which it follows that
6 — e\ 1/8
M(Bc, B) > (E[D] —e7n) | —— B'/° — Beg, (5.87)
cl
and hence,
. M. B) 6.\
llgl\l‘f)lf g5 > E[D] (a) > 0, (5.88)

as required. The extension to T = 5 can be dealt with in an identical way as in (5.84)
and (5.85). This proves the theorem. O

We can now also derive the joint scaling of the magnetization as (8, B) \{ (B¢, 0):

Proof of Corollary 2.9. We start with the lower bound for 7 # 5. From the GKS in-
equality it follows that, for 8 > 8. and B > 0, M(B, B) > % (M(,BC, B)+ M (B, 0+)).
Combined with the lower bounds in (5.82) and (5.87) this gives

M(B, B) > c6(B — Bc)P +¢7B?, (5.89)

which gives the desired lower bound.
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For the upper bound for v # 5 we rewrite (5.24) as
CiE[E(W)1° < B+ (®v — DE[E(h)]. (5.90)

Dividing both sides by E[£ ()], which is allowed for 8 > B, and B > 0, and using (5.68)
gives

CiEE(m*! < 5, V(1 =62 (B — Bo). (5.91)
~ E[g(h)] ¢
Since, by the GKS inequality and (5.86),
E[£(h)] = E[£(ho)] > cs B'/?, (5.92)

we thus have that

1/(6—1)
E[£(h)] < (#B“—W“ + (1 - 03B - ﬂc)) <CeB'"3 +C1(8 — B)P,
CgCl C1
(5.93)

where we used (x +y)/0=D < (2(x v y)) /@D < 21/@=D) x 1/@G=1) 4 51/@=1)1/G-1)
with x Vv y denoting the maximimum of x and y, in the second inequality. The result for
T # 5 now follows from (5.65). The proof for t = 5is similar. O

6. Critical Exponents: Susceptibility

In this section, we study the susceptibility. In Sect. 6.1 we identify y, in Sect. 6.2 we
prove a lower bound on p/ and add a heuristic why this is the correct value.

6.1. The critical exponent y. For the susceptibility in the subcritical phase, i.e., in the
high-temperature region § < f., we can not only identify the critical exponent y, but
we can also identify the constant:

Theorem 6.1 (Critical exponent y). For E[K] < oo and B < B,

x(B, 0 =1+ IIE[_Diz (6.1)
In particular,
ﬁli/I%C x(B, 0N (Be — B) = %, (6.2)
and hence
y=1 (6.3)

Proof. The proof is divided into three steps. We first reduce the suceptibility on the
random graph to the one on the random Bethe tree. Secondly, we rewrite the susceptibility
on the tree using transfer matrix techniques. Finally, we use this rewrite (which applies
toall B and B > 0) to prove that y = 1.
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Reduction to the random tree. Let ¢ denote a vertex selected uniformly at random
from [n] and let E4 denote its expectation. Then we can write the susceptibility as

1 n n
Xn = " Z (<‘7i‘7j>un —{0i)u, <Gj)/tn) =Ey Z (<U¢‘7j>/4n —(0p)u, <Gj)/tn)
i,j=1 j=1
(6.4)
Note that
a<0i>,u,,
(0i0) uy — (0 1 (O )y = ; (6.5)
jlu wn\Oj I 9B,

which is, by the GHS inequality [20], decreasing in external fields at all other vertices
k € [n]. Denote by (-)"*// the Ising model with +/free boundary conditions, respectively,
at all vertices at graph distance ¢ from ¢. Then, for all # > 1,

n
tn = By | 3 ({000t = to)fis o)yl |- (6.6)
j=1
By introducing boundary conditions, only vertices in the ball By () contribute to the
sum. Hence, by taking the limit n — oo and using that the graph is locally tree-like,

X ZE | 3 ((0p0))* = (09)" (o)) | ©.7)

JeT;

where the expectation now is over the random tree 7; ~ 7 (D, K, t) with root ¢.
For an upper bound on yx, we use a trick similar to one used in the proof of [11,
Corollary 4.5]: Let B} = B if j € B;(¢) and B} = B+ Hif j ¢ B;(¢) for some

H > —B. Denote by (-) g the associated Ising expectation. Then, because of (6.5),

i| . (6.8)
H=0

By the GHS inequality, (o) is a concave function of H and hence,

a
Ep| D ((%0]') - (%)(0]')) =Ey [ﬁ(‘%)H
J¢B:i ()

0
Eg |: (0p)H

2
TH ] <E4 |:§ ((0p) H=0 — (%)H:B/z)} . (6.9)

H=0

Using the GKS inequality this can be bounded from above by

2 + 2 t+ t,f
Ey [E ((0¢>'111=o - <0¢>3f:3/2)} =Ey [E (<0¢>> Y f)} . (6.10)

where the equality holds because the terms depend only on the system in the ball B;(¢)
and hence not on H. By letting n — 00, by the locally tree-likeness, this is equal to

%]E [(<a¢)’»+ — <o¢)f’f)], 6.11)
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where the expectation and the Ising model now is over the random tree 7; ~ 7 (D, K, t)
with root ¢. From [15, Lemma 3.1] we know that this expectation can be bounded from
above by M/t for some constant M = M (S, B) < oo. Hence, if t — o0,

JeTy

<x<lmE|Y (<a¢aj>”f _ (0¢)t'f(aj)”f) . (6.12)

t—00 ‘
JeTy

Rewrite of the susceptibility on trees. It remains to study the susceptibility on trees.
For this, condition on the tree T,. Then, for some vertex j at height £ < ¢ in the tree,
denote the vertices on the unique path from ¢ to j by ¢ = vg, v1, ..., v¢ = j and let,
for0 <i < ¢, S<; = (oy, - - ., 0v;). We first compute the expected value of a spin o,
on this path, conditioned on the spin values S<;_;. Note that under this conditioning
the expected spin value only depends on the spin value o,, , and the effective field

hy, = h';{r/ ! obtained by pruning the tree at vertex v;, i.e., by removing all edges at
vertex v; going away from the root and replacing the external magnetic field at vertex
v; by h,, which can be exactly computed using [11, Lemma 4.1]. Hence,

(o |S<i—1)" T = f 7 — e o i
v [9<i— =

. 6.13
Povii 1t o —Bov_ —hy ( )

‘We can write the indicators ]1{(,,_1 —+1) = %(1 =+ 0y,_,), so that the above equals

e'3+h”i — eiﬂih”i 1 e*ﬁ‘*hvi — elg*hvi

5(1 +O'Ui—l)m + 5(1 — Uvi_l)w

1 eﬂ"'hvl- _ e_ﬂ_hvi e_'B+h”i _ eﬁ_l’lui

TGN B 4o Pty o Bty 4 Py
1 eﬁ"'hv,- _ e_lg_hvi e—/g"'hv,- _ eﬁ—hv,- 6.14
+§ P g e=F=y * e P g efu ) (19

By pairwise combining the terms over a common denominator the above equals

1 (eﬂ+hvi — e*ﬂ*hvi )(e*ﬁ‘*hvi + eﬁ*hvi) — (C*B"‘hvi — eﬁ*hvi )(eﬁ*‘hvi + e*/s*hvi)
Ovi_1 5
2

(eﬂ+hv,~ +e_'8_h”i)(e_ﬁ+h”i +e,5—hv,»)

. 1 (elg*‘hvi _ e_lg_hvl— )(e_}3+hv,- + e'B_h”i) + (e_'B+h”i _ eﬂ_h”i )(elg*‘hvi + e_lg_hvi)

2 (Pt 4 e =PIy (e =Pt 4 P =iy
(6.15)
By expanding all products, this equals, after cancellations,
2B 4 2B o2y 4 o—2hy,
-1 e2B + =28 4 2 4 e 2hy; i e2B 4 e=28 4 e2Mi 4 e 2hy;
sinh(28) N sinh(2h,,) 6.16)

= TV Cosh(2B) + cosh(2hy;) ~ cosh(2B) + cosh(2hy;)”
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Using this, we have that

(01) )t‘ / - ((ov |S<Z—l)t‘ / )l’ /
4 {4 =
s1nh(2ﬂ) Sillh(z}lv[)

>t,+/f + .
cosh(2p) + cosh(2h,,)  cosh(2B) + cosh(2hy,)

(6.17)

= (oy,_,

Applying this recursively, we get

o t +f sinh(28)
(o) Tuo H | cosh(2p) + cosh(2hy;)

¢ . ‘ .
sinh(2h,,) sinh(28)
+ E:(cosh(Zﬁ)+cosh(2hvt) H COSh(Zﬂ)+cosh(2hvk))' (6.18)

Similarly,

sinh(2f)
(o090u)" <0U0 (UU0 H cosh(2B) + cosh(2h,,)

i=1

‘ sinh(2hy,) ﬁ sinh(2) i
" le cosh(2p) + cosh(2hvl) cosh(2,8) + cosh(2hy,)

¢ sinh(2)
H cosh(28) + cosh(2hy,)

i=1
)4

t4/f sinh(2hy,) sinh(28)
+{ow,) ; (cosh(2,3) + cosh(2hy,) kgl cosh(2B) + cosh(2hy,) |

(6.19)

Combining the above yields

inh(2
(G0~ (010) 1 ()T = (1—(< ow)" ) )Hcosh@;;;l +(cfs)h(2h )

i=1

(6.20)
By taking the limit + — oo, we obtain
Ljl :
sinh(2)
=E 1 — (0y)? : 6.21
Z ( (o) ) H cosh(28) + cosh(2hy,) 6.2y
Jj€Tx i=1 !
Finally, we can rewrite
sinh(28) B 2 sinh(B) cosh(B) . 0 6.22)

cosh(2p) +cosh(2hy,) ~ 2cosh(B)? — 1 +cosh(2hy,) 1 cosh@hy)—17
2 cosh(p)?
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so that

x(B, B) =E (1 (G20 )ZQMH( %)_1 . (6.23)

Jj€To

The rewrite in (6.23) is valid for all 8 and B > 0, and provides the starting point for all
our results on the susceptibility.

Identification of the susceptibility for 8 < .. We take the limit B \ 0, for 8 < S,
and apply dominated convergence. First of all, all fields %; converge to zero by the
cosh(2hvi)—1
“2cosh(B)
that the random variable in the expectation is bounded from above by > ;7. ¢ 71, which
has finite expectation as we show below. Thus, by dominated convergence, the above
converges to

definition of ., so we have pointwise convergence. Secondly, 1 + > 1, so

Ilgi%x(,s, B)=E Z ol | . (6.24)

J€To

Denote by Z, the number of vertices at distance ¢ from the root. Then,

E z il | = E [Z zgef} = ZE[zg]e)‘f, (6.25)
£=0 £=0

J€T

because Z; > 0, a.s. Note that Z,/ (E[Dv* Y isa martingale, because the offspring of
the root has expectation E[ D] and all other vertices have expected offspring v. Hence,

. - — _ E[D]0
llgu\x})x(ﬁ, B) = ZE[Zg]GZ =1+ ZE[D]\/Z 19t =1+ g, (620

£=0 =1
This proves (6.1). We continue to prove (6.2), which follows by using (5.68) and (5.81):
E[D]6 E[D]6 E[D]6

+ <

-1
1+( 92)(’36 pro=t+i g = V- 62)

Be— B~ (6.27)

O

6.2. Partial results for the critical exponent y’. For the supercritical susceptibility, we
prove the following lower bound on y’:

Proposition 6.2 (Critical exponent y’). For t € (3, 5] or E[K 3 < oo, there exists a
¢ > 0 such that

X(B, B) = c(B— )", (6.28)
In particular, if y' exists, then
y =1 (6.29)

Proof. We start by rewriting the susceptibility in a form that is convenient in the low-
temperature phase.
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A rewrite of the susceptibility in terms of i.i.d. random variables. For 8 > S, we
start from (6.23). We further rewrite

0 ¢ cosh(2h,,) — 1
x(B, B) = Z(;GZE (1 — (01)0)2)1)(;90 GXP{ - ;10% (1 + W)}

(6.30)

Here, and in the sequel, we use the convention that empty products, arising when £ = 0,
equal 1, while empty sums equal 0. Thus, the contribution due to £ = 0 in the above
sum equals 1. We write vg = ¢ andv; = agp---a;j_1 € N fori > 1, so that v; the a;_;st
child of v;_;. Then,

X(B.B)=> 0" > E|:(1—<0v0)2)11{v(eno}
£=0

ag,...,dp—1
£ h(2h,,)—1
X exp [—;log (1+Cozscosh(ﬂ)2 )}:| . (6.31)

Let K, be the number of children of v;, and conditionon K, = k; foreveryi € [0, £—1],
where we abuse notation to write [0, m] = {0, ..., m}. As a result, we obtain that

X(B, B) = Zaf Z > P(u € Too. Ky = ki Vi € [0, £ — 1])

ag,....ag—1 ko,....kg—1

sh(2h, )—1 .
XE|:(1_GU() )eXp{ Zl ( CO;C(()Sb(’/;)Z)}|v4eToo,Kv[=k,-vze[0,12—1]]

(6.32)

Note that
1
P(Ky, = ki Vi € [0, € — 1], v € Too) = P(D = ko) L{ag<ko) HP(K = ki) Lyq; <k;)-
i=1
(6.33)

Let T; ; be the tree that describes all descendants of the jth child of v;, with the g;th
child removed, and 7} the offspring of ve. When vy € T, all information of the tree
T can be encoded in the collection of trees (7; ;) je(o, Ky —11.i€[0,6~1] and Ty, together

with the sequence (a,-)f;é. Denote 7 = ((Ti’j)je[o,KU[__1],,'6[0,4_1], Tg). Then, for any
collection of trees ; = ((ti,j)je[O,k,'—l],ie[O,E—1]» l‘g),

P(T =7 | Ky, =k Vi €[0,£—1], v € Too)

=P(T = ty) I P(T = 1)), (6.34)
(i,7)€l0,k; —1]x[0,£—1]

where the law of T is that of a Galton-Watson tree with offspring distribution K. We
conclude that



388 S. Dommers, C. Giardina, R. van der Hofstad

X(B, B) = Zee > > P(D—ko>n{ao<ko}HP(K—k)n{a,<k}

aog,...,ag—1 ko,....k¢g—1

xn[a—(% )exp{ ZIOg( %)}} (6.35)

where (h;’(l;))fzo satisfy the recursion relations 2} = hy 1

ki—1

i (k) = B +E(hf, () + D &(hi j), (6.36)

J=1

and where (h; j)ic0,¢],j>1 are i.i.d. copies of the random variable i (8, B). We note
that the law of (h;‘(k))f:() does not depend on (a;);c[0,¢—1], SO that the summation over
(@i)ieo,e—17 yields

x(B,B) = Ze’f Z kOIP’(D—ko)HkIP’(K_k)

.....

xn[(l—(% Yexp | - Zlo( %)]} (6.37)

For a random variable X on the non-negative integers with E[X] > 0, we let X* be the
size-biased distribution of X given by

* k _
PX* = k) = g P(X = D). (6.38)
Then
EID 00 —1
X (B, B) = =21 S 0 > ror =k [[Fk =)
—0 kowo kot i=1

h(2h*(k)) — 1
[(1—«% )exp{ 210( %)}} (6.39)

Define (hlf)fzo = (hl.*(D*, Ky, ..., K}, Kg)) where the random variables

09
(D*, K7, ..., K} |, Ky) are independent Then Welﬁnally arrive at
oo £
cosh(2h?) — 1
, B Eee 11— {—El(1+—’}.
x (B, B) = < ) |:( Uvo) ) exp - og 2 cosh(B)2 )

(6.40)

Reduction to second moments. We now proceed towards the lower bound on y’. Note
that, a.s.,

(0yy) = tanh(hy), (6.41)
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where
D*—1 D*—1
hy =B+&MR)+ > Elho) <B+p+ D &ho ). (6.42)
j=1 j=1
Therefore,
D*—1
(0yy) < tanh(B + B + Z &(ho,j)). (6.43)
j=1

The right hand side is independent of (h;.*)f:1 , so that the expectation factorizes. Further,

D*—1

E[tanh(B +B+ Zl g(ho,j))] = tanh(8) = 6 < 1, (6.44)
j=

as B N\ 0, B \{ Bc. Further, we restrict the sum over all £ to £ < m, where we take
m = (B — B.)~". This leads to

(1-6»)E[D] z’” . ¢ cosh(2h?) — 1
X(ﬂv B)Z f@zo(e\}) E[exp{—lél 10g(1+W)}}
(6.45)

We condition on all coordinates of (D*, K7, ..., Kj_,, Ky) being at most b = (8 —
B.)~ V=3 which has probability

P(D* <b,Ky <b,...,K; | <b,K; <D) > (1 —o()HP(K* <D)"

= (1= o()(1 = Cx=b~ )",
(6.46)

which is uniformly bounded from below by a constant for the choices m = (8 — ﬂc)_l
and b = (8 — B.)~ /=3 Also, we use that Ov > 1, since f > B,. This leads us to

mo_ ¢ cosh(2h*) — 1
x (B, B) chZ]Eb |:exp{ —Zlog (1+W)}:| ) (6.47)
=0 i=1

where E, denotes the conditional expectation given that D* < b, K} < b, ..., Kzfl <
b, K¢ < b. Using that E[eX] > e]E[X], this leads us to

" ‘o cosh(2h?) — 1
x(B. B) > ¢y gexp { - EE,, |:10g (1 + W)] } (6.48)

Define, for a > 0 and x > 0, the function ¢(x) = log (1 + a(cosh(x) — 1)). Differen-
tiating leads to

a sinh(x)
1 +a(cosh(x) — 1)’

q'(x) = (6.49)
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so that ¢’(x) < C4x/2 for some constant C, and all x > 0. As aresult, g(x) < qu2/4,
so that

m

XB. Bz e Y en| - ¢, ZK:E, (2]} (6.50)
i=1

£=0

Second moment analysis of h;’ As a result, it suffices to investigate second moments
of hl.*, which we proceed with now. We note that

Kr—1
hy =&y, ) +B+ Z E(h; ;). (6.51)
j=1
Taking expectations and using that £(h) < 6h leads to
Ep [n}] < 0Ey [h},,] + B+E[K* — 1| K* < BIE[E(h)]. (6.52)

Iterating this inequality until £ — i and using that E, [h}] < B + vE[£(h)] (since
Eu[K] < E[K]) leads to
. ) l—i—1
Ey [h}] < 6°71(B + vE[E(W)]) + Z 0*(B+E[K* — 1 | K* < bIE[£(h)])
s=0
B+E[K* — 1| K* < b|E[E(h)]
1—-6 '

<01 (B +vE[E()]) + (6.53)

Similarly,

, [(h;)2] < 0°E, [(h;+1)2] + 208 [1f,,] (B +EIK* — 1| K* < bIE[E(R)])

+B?+2BE[K* — 1 | K* < b]E[£(h)]
+E[(K* — )(K* —2) | K* < BIE[E(W)T?
+E[K* — 1| K* < bIE[E(h)?). (6.54)

Taking the limit B \ 0 we thus obtain
Ey [(2] < 607Bp [ (7] + 26, [0, | BIK* = 1] K* < bIELE ()]

+E[(K*—1)(K*—2) | K* < bIE[E(W)*+E[K*—1 | K* < bIE[£(h)].
(6.55)

We start analysing the case where E[K?] < oo. By Theorem 2.8, for E[K3] < oo,

E[£(h)] < Co(B — B)'/2, (6.56)

for some constant Cy. Substituting (6.53), and iterating in a similar fashion as in the
proof of (6.53), we obtain that, for IE[K3] < 00,

B [00?] = c(6 - po). (6.57)
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We next extend this analysis to T € (3, 5). Note that, for every a > 0,

E[K“*'1 g <p)]

E[(K*)* | K* <b] = EIK 1 5] (6.58)

so that, for T € (3, 5),
E[(K*)* | K* <b] < ]E[K(I?m St (6.59)

Further, for t € (3, 5),
E[&(h)] < Co(B — B)"/C7, (6.60)

and thus
E[(K*)* | K* < bIE[E()]*C < > "E[£(h))?

< C(B— Be) CTCTIROTD = C(B - B,). (6.61)

It can readily be seen that all other contributions to Ep, [(hl.*)z] are of the same or smaller
order. For example, when E[K?] < coand using that 1/(t —3) > 1/2forall T € (3,9),

E[K* — 1 | K* < bIE[E(h)*] < CE[£(h)]* = O(B — Bo), (6.62)
while, when 7 € (3, 4),
E[K* — 1| K* < bIE[E(h)*] < CL* E[&(h)]" >

= C(p = po)”T/CTIHEIETD = (B — po)”. (6.63)
We conclude that
E, |12 = €6 — o). (6.64)
Therefore,
XB.B) = ¢, D exp| —CUB— ol =0B-BT). (665
£=0

as required.
The proof for T = 5 is similar when noting that the logarithmic corrections present
in E[£(h)]? and in E[(K*)? | K* < b] precisely cancel. O

We close this section by performing a heuristic argument to determine the upper
bound on y’. Unfortunately, as we will discuss in more detail following the heuristics,
we are currently not able to turn this analysis into a rigorous proof.

The upper bound on yp’: heuristics for E[K>] < co. We can bound from above

E[D] & ‘ cosh(2h?) — 1
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Now, the problem is that v > 1 when B > S, so that we need to extract extra decay
from the exponential term, which is technically demanding, and requires us to know
various constants rather precisely. Let us show this heuristically. It suffices to study
large values of ¢, since small values can be bounded in a simple way.

We blindly put the expectation in the exponential, and Taylor expand to obtain that

< EIDT S ot ep [ - S ELOD?]
X(B, B) ~ = g;(eu) exp{ ; wosh(B)? } (6.67)
We compute that
h(p = — (6.68)
Cos = 1= 92 . .
Since
Kr—1
hy ~ Okt + D &), (6.69)
j=1
we have
E[K* -1
B[]~ ElE) (6.70)
and
w2l 20E[K* — 11 +E[(K* — I)(K* —2)](1 — 6) 5
E[)?] ~ i Bl ()]
E[K* — 1] )
+——r BlEM’] (6.71)
Ignoring all error terms in the proof of Lemma 5.1 shows that
2 16 2 2
E[5(h)7] ~ T QE[E(h)] = GE[EM)], (6.72)
so in total we arrive at (also using that 6 =~ 1/v)
en] . va(l —0)/v+3v3 /03 5
Elon )~ =g, BEGT. (6.73)
As aresult,
E[(h)?] _ vs(1 —0)/v+3v3 /03 5
T 5 E[£(h)1>. (6.74)
Ignoring error terms in the computation in Lemma 5.2 shows that
E[E(M)’] ~ CE[E(WT, (6.75)
where
3 3
C3 =13, W3 +3020) ~ 7 (13+310y)
03 )
= AT (V3(1 —6)+3(n/v) ) , (6.76)
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since 6§ &~ 1/v. Further, again ignoring error terms in (5.24) and Taylor expanding to
third order shows that

E[&(h)] ~ OvE[£(h)] — CIE[E()]’, (6.77)
where
C] = —éj 6(0) (UC3 + 31)2C2 + V3), (6.78)

and £”(0) = —26(1 — 62). Substituting the definitions for C; and C3 yields

_ 92
C = W(VCB +31n(Cr + 1)3)
=30-9 (v02v3(1 — 0) + 3003 (12/v)? + 30367 (1 — 6%) +v3(1 — O)(1 — 6%))
= —3(19_9) (v3(1 — ) +3v367). (6.79)

Thus, we arrive at

Ov —1
c,

E[&(h)]* ~ (6.80)

so that substitution into (6.74) leads to

B[]
cosh(B)?2

3(v3(1 = 0)/v +3v3 V)
0(v3(1 —0) +3v362)

~ @v—1) =30v—-1). (6.81)

We conclude that

*\2
Ov)exp{ — —ICEOE(:(I'};);} < (1+@v —1)e =D < e20v=D, (6.82)
This suggests that
x(B. B) < E[TD] e 2D = o(v — D7, (6.83)

£=0
as required. Also, using (6.67), this suggests that
ﬂli\r% (Ov — Dx(B,0%) = E[D]/(2v), (6.84)

where the constant is precisely half the one for the subcritical susceptibility [see (6.1)].
It can be seen by an explicit computation that the same factor 1/2 is also present in the
same form for the Curie-Weiss model.

Indeed for the Boltzmann-Gibbs measure with Hamiltonian H,, (6) = — ﬁ Zi’ j0i0;
one has B, = 1 and a susceptibility x(8,0%) = 1/(1 — B) for B < B¢, x(B,0") =
(1 —m?)/(1 — B(1 —m?)) with m the non-zero solution of m = tanh(Bm) for > ..
Expanding this gives m? = 3(B — (1 + o(1)) for B \{ 1 and hence x(B,0%) =
(1+0(1)/(1 = (1 =38 — 1)) = (1 +0(1)/ (B — 1)).
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It is a non-trivial task to turn the heuristic of this Section into a proof because of
several reasons: (a) We need to be able to justify the step where we put expectations in
the exponential. While we are dealing with random variables with small means, they are
not independent, so this is demanding; (b) We need to know the constants very precisely,
as we are using the fact that a positive and negative term cancel in (6.82). The analysis
performed in the previous sections does not give optimal control over these constants,
so this step also requires substantial work.

The above heuristic does not apply to T € (3, 5]. However, the constant in (6.81)
is always equal to 3, irrespective of the degree distribution. This suggests that also for
7 € (3, 5], we should have y’ < 1.
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