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Abstract: We study Hermitian random matrix models with an external source matrix
which has equispaced eigenvalues, and with an external field such that the limiting mean
density of eigenvalues is supported on a single interval as the dimension tends to infinity.
We obtain strong asymptotics for the multiple orthogonal polynomials associated to these
models, and as a consequence for the average characteristic polynomials. One feature
of the multiple orthogonal polynomials analyzed in this paper is that the number of
orthogonality weights of the polynomials grows with the degree. Nevertheless we are
able to characterize them in terms of a pair of 2 x 1 vector-valued Riemann—Hilbert
problems, and to perform an asymptotic analysis of the Riemann—Hilbert problems.

1. Introduction

We consider random matrix ensembles under the influence of an external source matrix
with equidistant eigenvalues. The ensembles consist of the space of n x n Hermitian
matrices with a probability distribution of the form

1
Z—exp(—nTr[V(M)—AM])dM, (1.1)
n
where
n
dM =[] anmydsmy; []dmy;. (1.2)
i<j j=1

The external field V (x) is a real analytic function which has sufficiently fast growth at
infinity,
Vi(x)
im =+
x—+oo x|+ 1

00, (1.3)
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and the external source matrix A is a deterministic Hermitian matrix. Due to the unitary
invariance of the model, we assume, without loss of generality,

A = diag(ay, a2, ..., ap). (1.4)

In our paper, we further assume the eigenvalues of A are equispaced on a certain interval,
such that a; = a(j — 1)/n + b where a and b are constants. By arguments of shifting
and scaling, it suffices to consider the case

j—1

aj="——, where j =1,2,...,n, (1.5)

and we work with the external source matrix A given by (1.4) and (1.5) throughout
this paper. The normalization constant Z,, in (1.1) depends on n and V. In the simplest

example we have V(x) = %, which gives the Gaussian Unitary Ensemble (GUE) in
external source A. If we allow singularities of V, and let V(x) = (x — 7 Z1ogx)xx>0, WE
have the complex Wishart ensemble that has wide applications in statistics and wireless
communication, see e.g. [8].

Random matrix ensembles with external source were introduced in [18,33], and are
intimately connected to multiple orthogonal polynomials [15]. If the external field is the

classical one V(x) = % or V(ix) = (x — % log x) xx=0, i.€., the ensemble becomes
the GUE with external source or the complex Wishart ensemble, more techniques are
available for asymptotic analysis, and for a large class of external source matrices,
including the equispaced one defined by (1.4) and (1.5), the asymptotics can be obtained.
See [22] for the complex Wishart ensemble. However, when the external field V (x) is
general, the asymptotic analysis of the random matrix ensembles with external source
has only had success for particular choices of external source matrices. Asymptotics for
large n have been studied in [4-06,13,14,16,17] in the case where the external source
matrix A has two different eigenvalues a and —a with equal multiplicity, and in [9-12]
when A has a bounded, or slowly growing with n, number of non-zero eigenvalues. Large
n asymptotics for general external source matrices have been considered in the physics
literature, see e.g. [23], but rigorous asymptotic results have not been obtained to the best
of our knowledge except for the two above-mentioned cases. We remark that the GUE
with external source and the complex Wishart ensemble have other generalizations, the
complex Wigner matrix model with external source and the complex sample covariance
matrix model respectively. They have also been studied extensively, see e.g. [7].

Let us first recall some general properties about random matrix ensembles with exter-
nal source. An ensemble of the form (1.1) with eigenvalues of the external source matrix
being ay, ..., a, induces a probability distribution on the eigenvalues A1, ..., A, of the
matrices given by [18,26,27]

—det(e”“’k’)"- LAQ) He*"m) dej, (1.6)

Jj=1 Jj=1

where Z, = const-Z, - A(a), and A(A) =[], j(hj — ;) and A(a) = HKj(a] a;)
are Vandermonde determinants. A remarkable fact is that the average characteristic
polynomial of such an ensemble (1.1) satisfies orthogonality conditions: indeed, let

Py (2) = Ey(det(z] — M)) = E, (H(z =), (1.7)
j=1
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where [E, is the average with respect to (1.1), and E/, is the average with respect to (1.6),

then it was proved in [15] that p(”) is characterized as the unique monic polynomial of
degree n satisfying the orthogonality conditions

/ P (x)e" eV Wdx =0, forj=1,...,n. (1.8)

These are the orthogonality conditions for the so-called type I multiple orthogonal poly-
nomials with respect to n different orthogonality weights e"%i*e V™ j =1, ... n.

Specialized to our situationa; = % for j =1, ..., n, the joint probability distribution
of the eigenvalues takes the form

H(x — ) H(e i — M) H V) Hd}\,, (1.9)

”l<j i<j

and the monic type II multiple orthogonal polynomials pﬁ.") (x), where j =0, 1,... 1s
the degree, are characterized by

/RpEn)(x)ekxe_”V(x)dx =0, fork=0,...,j—1. (1.10)

It is well-known that the point process (1.6) is determinantal [33], and its two- point
correlatlon kernel can be written in terms of multiple orthogonal polynomials. If a; =

4— the kernel takes the form [15]

n—1

Ku(x,y)=e” 2(V<">+V<”>Zh(n) Py (00" ), (1.11)
j=0

where pﬁ.")(x) are the type II monic multiple orthogonal polynomials characterized by
(1.10), and Q;”)(y) = qj.”)(eY) are linear combinations of ek with k = 0, 1,2, ..., j,
subjected to the orthogonality conditions

/ x"q]‘.”)(e)‘)e*”m)dx =0, fork=0,...,j—1, (1.12)
R

(n)

where ¢ ; is a monic polynomial of degree j. Finally the constants h;") are given by

R = / P (g (e ™V Ddx. (1.13)
J R J
The orthogonality conditions (1.10) and (1.12) for pﬁ.") and q](.") can also be written at
once as
/ PP g @)e ™V Wdx =0, forj#keN={(12..}. (L4
R
Note that the multiple weights ¢¥*e=V (™) constitute an AT system [30, Section 4.4],
and hence pﬁ.") and qE") are uniquely defined, and hﬁ.n) #£0[31].
Remark 1. As the counterpart of p;”) (x), QE.")(x) is the jth multiple orthogonal poly-
h(ﬁ)

nomial of type I, up to the constant factor e Generally the type I multiple orthogonal
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polynomials are not polynomials, but in the present setting, Q;")(x) is a polynomial
ine*.

Remark 2. If the external field V is a quadratic polynomial, distributions of the form
(1.6) can also be realized in models consisting of n non-intersecting Brownian motions.
In particular, (1.9) is the joint probability distribution at an intermediate time of n non-
intersecting Brownian motions starting at one point and ending at n equidistant points.
Such a model has been studied in [29]. Different endpoint configurations have been
studied e.g. in [2,3].

In analogy to (1.7), q,(,n) can also be interpreted as an average over the determinantal
point process (1.9). We will prove the following result in Appendix A.1.

Proposition 1. Let V be real analytic satisfying (1.3). We have the identities

g\ (e%) = Ey(det(e”’ — ™)) =B, ([ ] (e* — M), (1.15)
j=1

where [E,, denotes the expectation associated to (1.1) with A given by (1.4)—(1.5), and
E/, is the expectation associated to (1.9).

The main goal of this paper is to obtain asymptotics for the average characteristic

polynomials p,(ln) of the random matrix ensemble as n — oo. In addition we will also

obtain asymptotics for the dual polynomials ¢ A key observation is that p\") and ¢ "),
can be characterized in terms of 1 x 2 vector-valued Riemann—Hilbert (RH) problems.

These RH problems are different from the known (n +k + 1) x (n +k + 1) RH problems

characterizing the multiple orthogonal polynomials p,(l'i)k and qr(lﬁ'r)k [32] and from the
classical RH problem for orthogonal polynomials [24]. Since r is a large parameter in
our settings, the 1 x 2 RH problem will be much more convenient for asymptotic analysis
than a RH problem of large size. As a drawback, our RH problem is non-standard in the
sense that the entries of the solution live in different domains. This requires a modification
of the Deift/Zhou steepest descent method to analyze the RH problem asymptotically.
The transformation J will play a crucial role here: it allows us to transform the 1 x 2
RH problem to a scalar shifted RH problem, and to obtain small norm estimates for the
solution to this RH problem.

A crucial role in the description of the asymptotic behavior of the polynomials will
be played by an equilibrium measure. By (1.9), the joint probability density function of

eigenvalues is maximal for the n-tuples (A1, ..., A,) for which
n
D loglri = aj17 D loglet — M T+ n D VL) (1.16)
i<j i<j j=1

isminimal. Asin [21, Section 6.1], one can then expect that the limiting mean distribution
of the eigenvalues of the random matrices is given by the equilibrium measure py which
minimizes the energy functional

1
G0 =5 / / loglt — 5|~ dp(t)du(s)

+%//10g|et —es|71du(t)du(s)+/V(s)du(s), (1.17)



Random Matrices with Equispaced External Source 1027

among all Borel probability measures p supported on R. This is in analogy to the
equilibrium measure corresponding to a matrix model of the form (1.1) without external
source, which is given as the unique minimizer of the energy

//10g|t—s|_1du(t)d,u(s)+/V(s)d/L(s). (1.18)

Following the proof in [21] of existence and uniqueness of the minimizer of (1.18), we
will show existence and uniqueness of the equilibrium measure minimizing (1.17).

Theorem 1. Let V be real analytic, satisfying the growth condition (1.3). Then there
exists a unique measure (L = |y with compact support which minimizes the functional
(1.17) among all probability measures on R.

Remark 3. 1t should be noted that the growth condition (1.3) is stronger than the usual
logarithmic growth needed to have a unique minimizer of the one-matrix logarithmic
energy (1.18). This is a consequence of the second term in (1.17).

The proof of this result will be given in Sect. 2 but it does not give any information
about the measure 1y itself. For that reason, in what follows, we will restrict ourselves
to a class of external fields V for which the equilibrium measure behaves nicely and is
supported on a single interval.

We say that a real analytic external field V satisfying (1.3) is one-cut regular if there
exists an absolutely continuous measure duy (x) = Yy (x)dx satisfying the properties

(i) supp uy =[a,blfora <b e R,and [duy(x) =1,
(i) Yy (x) > O forx € (a, b),

(ii1) limy—q, % and lim, '\1’/‘1’% exist and are different from zero,

(iv) for x € [a, D], there exists a constant £ depending on V' such that

/10g|t — x| Yy () +/1og|e‘ — e duy @+ V) +£=0, (1.19)
(v) for x € R\[a, b], we have

/log|t — x| Yy (1) +/1og|ef — & duy )+ V) +£>0. (1.20)

Properties (iv) and (v) are variational conditions for py, and it follows from standard

arguments that a measure satisfying (i), (ii), (iv) and (v) minimizes the energy functional

(1.17). Under the condition that V' is one-cut regular, we obtain large n asymptotics for
(n

DPn )(z) and q,(,") (e?) defined by (1.14), and state it in the following theorem. For the
purpose of a subsequent paper, we give slightly more general asymptotics for pr(l'l)k (2)

and q,(lf’r)k (e?), where k is a constant integer.

Suppose the equilibrium measure py associated to V' is supported on a single interval
[a, b] and the density function is ¥y (x). In order to be able to formulate our results, let
us define ¢p € R and ¢; € R* such that

o= —0, (1.21)

1 1 1
1 1 itga72 b-a
cr.l-+——1o = ) (1.22)
g
4 + L1 2
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Note that c; is well defined since as ¢ runs from O to +o0, the left-hand side of (1.22)
increases monotonically from O to +0o. Then we define the transformation

1
2 (1.23)
2

J(s) = Je.c0(s) == c15 +co — log

fors € C\[— %, %], where the logarithm corresponds to arguments between —m and 7.
Fors < —%, Jei.¢0(s) has a maximum at s,, and for s > %, J¢i,¢0(s) has a minimum at

sp, Where
1+1 1+1 (1.24)
Sg=—.|-+—, Ssp=.—+—. .
“ 4 b 4

The extrema s, and s;, are also characterized by identities a = J¢; ¢ (sq) and b =
J c1,¢0 (sp).

In Sect. 3.2, aregion D C C is defined by Proposition 2, and it is shown there that
J maps C\ D biholomorphically into C\[a, b], and maps D\[—%, %] biholomorphically
into S\[a, b], where

Si={zeC|—-m<3Jz<m}. (1.25)

Let the functions I; and I, be inverse functions of J for these two branches respectively:
I is the inverse map of J., ¢, from C\[a, b] to C\ D, and I is the inverse map of J., ¢,
from S\[a, b] to D\[—3, }1:

IiJ(s)) =s, forseC\D, (1.26)
11
LJ(s)) =, fors € D\[—i, 5]. (1.27)
Writing, for x € (a, b),

L(x):= lim I;(x +ie) = lim I(x —ie), (1.28)

e—04 e—04
I_(x):= ling Ii(x —ie) = lim Ip(x +ie), (1.29)

e—04 e—>04

we have that I, (x) lies in the upper half plane, I_(x) in the lower half plane, and their
loci are the upper and lower boundaries of D (denoted as y; and y» in Proposition 2)
respectively. The mapping J outside and inside D is illustrated in Figs. 1 and 2. The
proof of Proposition 2 is given in Appendix A.2. In Fig. 3 we give two examples of y;
and y» by numerical simulation.

Fig. 1. Mapping J outside D
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Fig. 3. The shapes of y| and y» when ¢; = 1 (left) and c; = 10 (right), where y; is the upper boundary of
the region and y; the lower boundary

Let the functions G (s) and ék(s) be defined as

+P6—pb kFre) (s — )k
Gi(s) := ci‘%, Gi(s) =i 7= 21 =, (1.30)
s2_£_1_a 1 /52—7;—5

where the square root . /s% — }‘ — % has its branch cut along the upper edge of D (y;
defined in Proposition 2) in G(s), along the lower edge of D (y> defined in Proposition

2) in ék(s), and ,/s2 — i - é ~ s as s — oo in both cases. Further we define

() = 2lGr ()], O (x) == arg(Gy +(L(x))), (1.31)
Pr(x) == 2|Gr (- ()],  Op(x) := arg(Gr +(1-(x))), (1.32)

for x in (a, b). Here the argument of G 4 (I (x)) corresponds to its value as I.(x) € y;

is approached from above, i.e. from the outside of D, and the argument of Gk,+(l_ (x))
corresponds to the limit as I_(x) € y» is approached from above, i.e. from the inside
of D.

We also need to define the functions

b b
g(2) :=/ log(z — x)Yy (x)dx, &(z) :=/ log(e* — e¥ )Yy (x)dx, (1.33)

a
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e ) D 5 )

a b

Fig. 4. The four regions in the complex upper half plane where asymptotics for the multiple orthogonal
(n)

n+k

polynomials p n +k (z) and ¢, (€*) will be given in different formulas

with the branch cut of the logarithms for z € (—o0, x) and ¢* € (0, ¢*), and Yy is the
equilibrium density. Let

¢(2) :i=g(k)+8() — V() — ¢ (1.34)

for z € S\(—o0, b), where ¢ is a constant to make ¢(a) = ¢(b) = 0 (see (1.19) and
(3.8)). Then we will see later on, see Sect. 4.4, that

2
3 3
f@) = (—Zmz))’ (135)

is a well defined analytic function in a certain neighborhood of b, with f,(b) = O,
f;(b) > 0. Similarly,

2
3 3 3
Ja(2) := (_Z¢(Z) + Eni) (1.36)

(where the sign is + in C* and — in C™,) is a well defined analytic function in a certain
neighborhood of a, with f,(a) =0, f,(a) < 0.

Since both p( )(z) and q( )(ez) are analytic functions that are real for z € R, it
suffices to give thelr asymptotlcs in the upper half plane and the real line. For the ease of
the statement of the theorem, we divide the upper half plane into regions Ag, Bs, Cs and
Ds where § is a small enough positive parameter, such that Cs and Dj are semicircles
with radius § and centered at a and b respectively, Bs consists of complex numbers not

in Cs or Dg, with real part between a and b and imaginary part between 0 and %, and
As = C*\(Bs U Cs U Ds). See Fig. 4 for the shapes of the four regions.

Theorem 2. Let V be one-cut regular. As n — 00, we have the following asymptotics
ofpn+k (z) and qr(l’fr)k (e%), k € Z, uniform for z in regions As, Bs, Cs and Ds, if § is small

enough.

(a) In region As and on its boundary,

P (@) = (1+ O™ ))Gi (L1 ())e"8 @, (1.37)
g™ () = 1+ 06 (L (2))e"8, (1.38)

where (1.38) is valid for Iz < 7.
(b) In region Bs,
P () = (1+ 0™ )G (2)e™ + (1 + O(n™) Gy (I (z))e"V O -8OH)
(1.39)
g (@) = 1+ 0™ ")GL ()@ + (1 + O~ )Gy (2))e" V@ —8+0,
(1.40)
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If x € (a, b) is on the boundary of region Bs, then

P (x) = ry(x)e S logle=yldiy () [cos (nrr /b dpy (1) + Ok(x)) + O(n_l)i| ,
' (1.41)
qﬁ)k(ex) = fk(x)e"flog‘ex_e“\"d“V(y) |:cos (nn /b duy (t) +ék(x)) + O(n_l)i| .
' (1.42)
(c) In region Cs, let Ai denote the Airy function [1]. Then

@ =T [(<1+0<n—1)>Gk<Il<z>)—<1+0<n‘1>>in<Iz(z>>) 0o £ (2) Ain? fu(2)
— (140G NG @)+(1+0(™)iGr2(2))) @ Ai/(n%fa(z»]
e b BO-EOHV @)+ (1.43)

4 (€)= VT [((1+O<n‘1)>ék<lz<z>)—<1+O<n“>>iék<h(z>>) n £ (@) Al £,(2)

~ ~ 1
— (1+0@™ NG LE@)+(1+OM™ NG W )) n78 2 2) Ai/(n%fa(z))]

Xe%(g(z)*g(z)JrV(z)%), (1.44)

1 1
where f;' (z) has branch cut on (a, b), and f;' (x) > 0 for x < a. In particular, if
z=a+ fi(a)"'n23t with t bounded, then

e2 @(2)—g@)— V(z)—f)p’(ﬁr)k )

. k-1
_ x 1 1\ 8 1 1 1 k=1 , L1, -1
— (=D)2x (TZ) (\/Z+2) &I fl@)ns (Al(t)+0(n ;)),

(1.45)
e%(g(z)—é(z)—V(z)—t’)q;’ik(EZ)
YA
— (—DF 1.1y e o2t k(Ltco) 47 11/, _1
= (1) 2n(4+61) ( 4+C1+2) K Fe) fa(a))4n6(A1(t)+O(n 3)).
(1.46)

(d) In region Ds,
P @ =7 [(<1+O(n“>)Gk<11(z))—(1+0<n“))ick(lz(z))) nt £ @ AR )
— (1+O0™ ) GLE )+ +O0 NiGLa)) n6 £, ) Ai’(n%fb(z»]
e d BO—BO+V@H0) (1.47)
G (@) =T |:((1+O(”71))ék(12(2))*(1+O(n71))iék(ll (@)) nb £, @) Al fy )

N ~ -1
— (A+00™) GL@m @) +(1+OM™NiIGL M) ) 178 £, * @) Ai’(n%fm»]

we3 BD—gR+V(@)+0) (1.48)



1032 T. Claeys, D. Wang

Ifz = b+ f(b)"'n=23t with t bounded, then
e%(g(z)—g(z)—V(z)—Z)p'(lri)k ()

_1 =1
:JE(%%) 8(/411+c11_;) ¢ 2Bt (A0+0m™),  (1.49)

e (g(z)*g(z)*V(z)*f)qr(l'i)k (%)

_1 —k

= V2n (%+%) ' ( 411+c11_;) kG0 1) dn (Ai(z)+0(n—%)) . (1.50)

(e) The inner product " o p(n) (z) and q<n) (%) defined in (1.13) has the asymptotics
n+k n+k n+k

h(") =2 k"’% k(%l+co) nt -1

=2mc, ‘e 1 +0m)). (1.51)

The above result is only valid if the equilibrium measure py is supported on a single
interval. In the case of a multi-interval support, several non-trivial modifications are
needed to make the asymptotic analysis of the polynomials work. For instance, the
mapping J would have to be modified. In general it is not easy to determine whether an
external field V is one-cut regular or not, or to find the support [a, b] of the equilibrium
measure and the density function vy . However, if the external field is strongly convex,
i.e. V”(x) is bounded from below by a positive constant for x € R, then V is one-cut
regular, and we can compute the support and density function of the equilibrium measure
explicitly in terms of the functions I+ defined before.

Theorem 3. If V is a real analytic strongly convex function, then V is one-cut regular.
Moreover, the quantities co and ¢ that are related to the endpoints a, b of the support of
the equilibrium measure by (1.21) and (1.22) are obtained by solving a pair of equations
(3.2) and (3.3) expressed in V, and a, b are determined by c1 and co by (3.4), (1.21) and
(1.22). The density function Yy is given by

Li(u) —1-(x)
L(u) —Li(x)
Remark 4. The conditions of Theorem 3 are sufficient but far from necessary to have

one-cut regularity. See Example 2 in Appendix B for non-convex one-cut regular external
fields.

(1.52)

b
Yy (x) = V" (u)log

272 J,

For the random matrix model without external source, it is well known that

(1) the empirical distribution of the eigenvalues of the random matrix,

(2) the normalized counting measure of the n-Fekete set,

(3) the normalized counting measure of the zeros of the orthogonal polynomial (which
is the average characteristic polynomial of the random matrix),

all converge to the equilibrium measure as the dimension n — oc. The counterpart of
(3) in our equispaced external source model, in case that the external field V is one-cut
regular, is a direct consequence of Theorem 2(b).

Corollary 1. Let V be one-cut regular, and p,(,n) and q,(,n) be defined by (1.10) and
(1.12) respectively. Suppose real numbers zj and Z; are zeros of p,(f’)(z) and q,(,n)(ez)
respectively, and i, = }l Z';:l 8z; and i, = % 27:1 83, respectively. Thenasn — oo,
Wy and L, converge weakly to iy .
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Counterparts of (1), (2) and (3) can also be proved by mimicking the arguments in [21,
Sections 6.3 and 6.4]. Although we are not going to pursue this approach, we remark that
all the counterparts of (1)—(3) should not rely on the assumption of one-cut regularity.

Outline. In Sect. 2, we prove the uniqueness and existence of the equilibrium measure,
as stated in Theorem 1. In Sect. 3, we explain in detail how one can construct the
equilibrium measure @y and its density in the case of a strongly convex external field
V, by solving a scalar RH problem and by using the transformation J. This also leads

to the proof of Theorem 3. In Sect. 4, we characterize the polynomials p,(z'fr)k in terms
of a 1 x 2 RH problem, and we analyse this RH problem asymptotically for large
n. In Sect. 5, we formulate a similar RH problem and perform a similar asymptotic
analysis for the polynomials qlﬁ’fr)k In Sect. 6, we use the results obtained from the RH
analysis to prove Theorem 2 and Corollary 1. In Appendix A, we prove Proposition 1
and several technical lemmas used in this paper. In Appendix B we give explicit formulas
for the equilibrium measure for quadratic and quartic V as examples. In Appendix C
we derive the asymptotics for the polynomials p,(,") for quadratic V using an integral
representation and the classical steepest descent method. In this derivation we show that
the transformation J also arises in a more direct way in the equispaced external source
model.

The main novel feature of this paper is the successful asymptotic analysis of the
non-standard RH problem which characterizes the multiple orthogonal polynomials.
Although the resulting large n asymptotics for the polynomials resemble those for usual
orthogonal polynomials relevant in the one-matrix model without external source, the RH
method used to obtain those asymptotics had to be modified in a nontrivial way. We feel
that the modification of the RH method, with in particular the use of the transformation
J, is the main contribution of the present paper. We believe it is the first time that a RH
analysis has been carried through for multiple orthogonal polynomials with a growing
number of orthogonality weights.

2. Proof of Theorem 1

Following [21, Section 6.2] (see also [28]), one can prove the existence of a unique
Borel probability measure minimizing the energy Iy (u) given in (1.17), which can
conveniently be written as

Iy () = / / KV (1, $)dp()dp(s), @.1)
with
KV, s) = l1og lr—s|~ '+ 1 logle' —e*|7' + lV(t) + lV(s) (2.2)
’ 2 2 2 2 ' '
From the inequality |v — u| < V1 +v2+/1 + u? for v, u € R, we obtain

1 1
5 log|t —s|7 '+ E1og le — ¢!

1 1 1 1 ,
> — log(l +12) — Zlog(l +52) — Zlog(l +e2h) — Zlog(l +e).  (23)

If V satisfies the growth condition (1.3), it easily follows that there exists a constant
cy such that kY (s, s) > cy for all s,¢ € R. Thus Iy(u) > cy for any probability
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measure @, which implies that Ey = inf{ly(u)} > cy, where the infimum is taken
over all probability measures on R. This is the crucial estimate for proving the existence
of a unique equilibrium measure. The existence follows, exactly as in [21, Section 6.2],
from the construction of a vaguely convergent tight sequence u,, of measures with limit
wu such that Iy (u) = Ey, as well as the fact that any minimizer must have compact
support.

The uniqueness is slightly more complicated, and we need the following lemma
for it:

Lemma 1. Let u be a finite signed measure on R such that | dj = 0 and with compact
support. Then

/ / log |x — y|~'du)du(y) = 0, (2.4)

/ / logle® — e\ dux)du(y) = 0. 2.5)
The first inequality was showed in [21, Lemma 6.41], and the second part can be
proved by replacing x +— ¢ and y > ¢” in the proof.

Now assume that we have two measures py and & such that Iy (uy) = Iy (it) = Evy.
Then, for u; = wy +t(t — pny) and ¢ € [0, 1], we have

1 1~
Iy () = EI(MV»MV)"' EI(MV’MV)"'/ V(x)duy (x)

+1 (va, f—pv)+ ey, i — py) +/ V(x)d(ji — Mv)(X)))

+1? (%I(ft—ﬂvaﬁ—ﬂv)+%i(ﬁ—ﬂv,ﬂ—uv)), (2.6)

where
I(u,v) = / / log|x — |~ du(x)dv(y), 2.7)
I(u.v) = / / logle* — e¥| " dp(x)dv(y). (2.8)

The above lemma ensures that Iy (u;) is a convex function of ¢. But since u, is a
probability measure, we have Iy (u;) > Iy (o) = Iy (1) = Evy, and hence Iy (u;) =
Ey for all t € [0, 1]. In particular this implies

1 B 1~ .
EI(M—MV,M—MVHEI(M—Mv,u—uv) =0, (2.9)

and using a similar argument as in [21], this implies that uy = [, which yields the
uniqueness of the equilibrium measure.

3. Construction of the Equilibrium Measure

In this section we assume the external field V is a convex real analytic function and
V”(x) is bounded below by a positive constant for all x € R. We are going to show
that V is one-cut regular, by an explicit construction of its equilibrium measure. The
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strategy of our construction is as follows. First in Sect. 3.1 we give the support of the
equilibrium measure [a, b] without proof. Then in Sect. 3.2 we compute the density of
the equilibrium measure, based on the information of the support. The density function
is expressed in terms of the so-called g-functions g(z), g(z) and their derivatives, which
are characterized by a RH problem. At last in Sect. 3.3 we verify that the measure with
the support and the density obtained in the first two steps satisfy the criteria of one-
cut regularity, and conclude that it is the unique equilibrium measure that we want to
construct.

Remark 5. In what follows, it may seem that the values of the endpoints a and b appear
out of the blue, but if the external field V (x) is quadratic, the endpoints (as well as g(x)
and g(x)) can be computed by a classical steepest-descent method. This computation is
shown in Appendix C as our inspiration.

Remark 6. If an external field is non-convex but we know a priori that it is one-cut regular
with support [a, b], then the method in Sect. 3.2 can still be applied and allows us to
obtain the expression of the density function of the equilibrium measure.

3.1. The support of the equilibrium measure. Let J, y, be defined as before by
1

= (3.1)
3

Jx1,x0(8) = x15 +x9 — log

andlety = J;ﬁxo ([a, b]), depending on x1, xq, be the boundary of the region D defined
in the Introduction, consisting of the curves y; and y», encircling the interval [—%, %]
in the counterclockwise direction, see also Proposition 2 below. Since J, x,(s) € [a, b]
fors € y, V'(Je,.co(s)) is well defined for s in a neighborhood of the curve y, if V is

real analytic.

Lemma 2. Given any strongly convex real analytic function V, i.e. such that V' (x) >
¢ > 0 forall x € R, the system of equations with unknowns xo and x|
_ 1
= _f V' ()20 (8))ds, (3.2)
27i J,

L V/(Jx1 ,X0 (5)) ds

- , (3.3)
27i J,, 5 — %

has a solution xo = cg € R and x; = c¢1 € R*.

We will prove Lemma 2 in Appendix A. Based on this lemma, we construct the
support, and furthermore the density function, of the equilibrium measure. We do not
prove the uniqueness of the solution of equations (3.2) and (3.3), for this uniqueness
is a consequence of the uniqueness of the equilibrium measure by Theorem 1, as from
different solutions we construct different equilibrium measures.

Here and later we take the value of the parameters co and ¢ as the pair of solutions
of (3.2) and (3.3). Then we claim that a and b, the two edges of the support of the
equilibrium measure, are given by

a = Jcl,co (5q), b= JC],C()(SI’))v (3.4)

where s, = —, /Alf + &, Sp = }‘ + % Then it is easy to verify that Eqgs. (1.21)-(1.22)
are satisfied.
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3.2. The g-functions and the density function of the equilibrium measure. Under the
assumption that the external field V is one-cut regular, with equilibrium measure
duy(x) = Yy (x)dx supported on [a, b] as we claimed in (3.4), we construct two
functions g(z) = [log(z — x)duy (x) and §(z) = [log(e* — e*)dpy (x) as in (1.33).
To describe the domain of the function eg(Z), we introduce the notation of the cylinder
S¢ which is formed by identifying the two edges of the strip S. If a function f(z) is
defined for z € S, the limits f(x &+ 7i) = lim,_, x4 ;es f(2) exist point-wise, and
furthermore f(x + i) = f(x — i), we say f is defined on S°. The properties (1)—(5)
in the Introduction satisfied by py are then translated into properties satisfied by g and
g as follows.

(i) Forx € (—o0, a),
g+(x) =g (x) +2mi, gi(x) =g (x)+2mi, (3.5)

and then €2 is analytic in C\[a, b] and €2 is analytic on the cylinder with slit
S\[a, b]; 8@ ~ zasz — 00, eB@ ~ % as Nz — +00 and €B@ = O(1) as
Nz — —o0,

(i1) for x € (a, b), we have

1 1
Yy (x) = e (g, () — gl (0) = —=—(&,(x) —g_(x)) > 0, (3.6)
Tl 2mi

(iii) as z — a or z — b, the limits of g(z), 8(z), g'(z) and g'(z) exist, and as x — a,
orx — b_ forx € (a, b),

. gh(x) —glx) . g —-g )
lim R —— lim ————
X—ay /X —a X—>ay X —a

/ / &/ &/ (3.7)
lim g+(-x) - g—(x) lim g+(x) - g—(x)
x—b_ b — x T ox—sb Vb — x
all exist and are all different from zero,
(iv) for x € [a, b], there exists a constant ¢ such that
g+(x) +8x(x) = V(x) —£=0, (3.8)
(v) for x € R\[a, b], we have
g+(x)+8+(x) —V(x) =L <0. (3.9
Let us consider the derivatives
G(x):=g(x) and G(x):=g (x). (3.10)

The properties (i), (iii) and (iv) for g(x) and g(x) then imply that G and G need to satisfy
the following RH problem:
RH problem for G and G

(a) G is analytic in C\[a, b], Gis analytic in S°\[a, b],
(b) for x € [a, b], we have

G+ (x)+Gx(x) — V'(x) =0, (3.11)
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(c) we have the asymptotic conditions that G4 (x) and Gi(x) are bounded for all
x € [a, b], and

G(z) = L O™, asz— oo, (3.12)
Z

G()=1+0(e7%), ashz— +oo, (3.13)

G(z) = O(1), as Nz — —oo0. (3.14)

The main technical difficulty in solving the RH problem for G and G lies in the fact
that the two functions live on different domains: G is defined in the complex plane with
slit [a, b], and G is defined in the cylinder S¢ with slit [a, b]. In order to resolve this
problem, we will use the transformation (1.23) J(s) that maps C\[— %, %] to both C and
S. Recall that s, and s;, are the two critical points of J(s) given by (1.24) and that they
satisfy the identity (3.4). The following property will be used in the construction of G
and G.

Proposition 2. There are an arc y1 from s, to sp in the upper half plane, and an arc y>
from s to sp in the lower half plane, such that

(a) J(y1) = J(y2) = la, b], and the mapping is homeomorphic on these two curves.

(b) Denote the region enclosed by y| and y; by D. Then J(C\D) = C\[a, b], and the
mapping is univalent.

(c) J(D\[—%, %]) = S\la, b], the mapping is univalent, and the upper and lower sides

of(—%, %) are mapped to R — i and R + mwi respectively.

Let us now define the function M (s) by

G(J(s)) fors e C\D,

. O (3.15)
GJ(s)) fors e D\[-1, 1],

M (s) ::[

so that M is analytic in C\ (y; Uy, U[— %, %]). Note that the domain of G can be extended

from S to S¢, so that M(s) can be analytically continued to —%, %) accordingly. The

RH conditions for G, G are now transformed to the following conditions for M.

RH problem for M

(a) M is analytic in C\(y; Uy, U {—4, I},
(b) M satisfies the jump condition

Mo(s)+ M_(s) = V' (J(s)), forsey Uy, (3.16)

(c) M(s) is bounded on y; and y», and M has the asymptotics

1
M(s) = — +O(s ™), ass — o0, (3.17)
c1S
1 1
M(s) = 1+(’)(s—z), ass — 5 (3.18)

M(s) = O(), ass — —%. (3.19)



1038 T. Claeys, D. Wang

It is straightforward to solve this scalar RH problem. We write
Us) = V'), (3.20)

and note that U is analytic in a neighborhood of y; U y», since V is real analytic. Then
it is readily verified that the unique solution M to the above RH problem for M is given
by

—L% @dé, fors € C\D,
2wi J, § —s
M(s) = (3.21)

L &dé, fors € D,

2ri J, & —s

where y is the closed curve which is the union of y; and y, and has counterclockwise
orientation. In particular, (3.17) and (3.18) follow from the system of equations (3.2)
and (3.3) in Lemma 2 satisfied by ¢y, c1.

Now we can give an expression for g(z), g(z) and the density function ¥y (x) of the
equilibrium measure, under the assumption that the support of the equilibrium measure
is known. Recall that I; is the inverse map of J from C\[a, b] to (C\B, I, is the inverse
map of J from S\[a, b] to D\[—%, %], and their boundary values define Lt (x), see
(1.26)—(1.29). We have L, (x) € y1,I_(x) € y», and I_(x) = L.(x). To obtain a formula
for the density ¥y (x) of the equilibrium measure, note that it follows from (3.6) and the
identities G = g’, G = g’ that

1 1 - -
Yy (x) = _T(G+(x) -G _(x)) =——(G+(x) = G_(x)), forx € la,b].
i 2mi

(3.22)
From (3.22) and (3.15), we obtain
1
Yv(x) = _T(M+(I+(x)) - M_(I1-(x)))
i
= —%(M;r(l, (x)) — M_(I+(x))), forx € [a,b], (3.23)
i

where the boundary values of M correspond to the orientations of y; and y», from left
to right. Applying the first identity in (3.23) and the formula (3.21) for M (s), we let
7 =x +1€, € > 0, approach x from above and have

_1 1 1
lim — ¢ U -——=d
6%4712}’{ (‘5)(5—11@ s—h(z)) :

Lw LW
Lw-L@ Luw-1k

I () I (u) )

_ + — ) du
Lw-L@ I-w -1

Lw — Lw ) du
Lw-L@ Luw-1c

Yy (x)

1 b
lim — V(1) (

e—0 472 a

1 b
lim — [ V@R
e—02m2 a
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-1 [t d L —Ii(z
— lim —/ Vin-Log( B 1@
e—02m2 J, du L.(u) — 11 (2)
1 L(u) -1
=1 _/ V" (u)R log M du
e—02m2 J, L(w) —Ii(2)

RS Li(uw) —1_(x)
272 J, L () — L (x)

|
3

b
V" (u) log

(3.24)

3.3. Proof of Theorem 3. We showed so far that the equilibrium measure associated to
the external field V has the density function ¥y as we have constructed in Sect. 3.2,
as long as it is supported on the single interval [a, b] that is given by (3.4). However,
we have not proved that [a, b] is the correct support yet. We will show that the measure
with support [a, b] and density function Yy (x) satisfies the properties (i)—(v) stated
in the Introduction for one-cut regular equilibrium measures, which implies that the
constructed measure is indeed the true equilibrium measure. Note that these properties
are equivalent to properties (i)—(v) in Sect. 3.2.

From the construction of ¥y (x), itis normalized, i.e., fab Yy (x)dx = 1. This follows
from the asymptotics of G and G, given in (3.12) and (3.13), and the definitions of g
and g, the antiderivatives of G and G.

For x € (a, b), it is geometrically obvious that |L;(#) — I_(x)| > |Lt(u) — Li(x)],
and then 9 log((L+(u) — I-(x))/+(u) — Li(x))) > O for all u € (a, b). Substituting
this inequality into (3.24) and noting that V" is positive, we have that ¥y (x) > 0 for all
x € (a, b). Similarly we have Yy (x) — O forx — a; andx — b_.

The identity (1.19) that gives condition (iv) in the Introduction, or equivalently the
identity (3.8) that gives condition (iv) in Sect. 3.2, is obvious from the construction
of Yy. Thus we only need to prove the remaining two properties for the equilibrium
measure hold, i.e., ¥y (x) vanishes like a square root as x — a4 or x — b_, and
G+(x)+G_(x)—V(x) < forx <aorx>b.

Let the function H be defined by

~ 2
H@ = (60 +6@ - V() . (3.25)
It is well defined where G, G, V are defined, and it can only be discontinuous on [a, b].
However, by (3.6) and (3.8),

Hi(x) = (G+ — G_)* = —4n?yYy (x)* = (G- — G4)* = H_(x).  (3.26)

Hence H(z) can be defined on (a, b) so that a, b become isolated singularities. If we
express G(z) and G (2) in terms of M(s) and then by the contour integral as in (3.15)
and (3.21), we find that G(z) and G(z) grows at most logarithmically at ¢ and b. Thus
a and b are removable singularities of H(z), and H (z) can be defined analytically in S
where V is defined, i.e., an open region containing the real line. Furthermore, by (3.26)
and the fact that ¥y (x) — 0 as x — a4 orx — b_, we have that H(a) = H(b) = 0.

To show that ¥ry (x) vanishes like a square root at a and b, by (3.26) it suffices to
show that a, b are simple zeros of H(z). We consider b first. From (3.26) and (3.25),
we see that H (x) changes sign as the real variable x increases around b, so if b is not a
simple zero, it has multiplicity at least 3, and then dd—x«/H (x), which is well defined for
x € (b, 00), would tend to 0 as x — b,. But we have forall x > b
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d ~
(60 +6m - V®) =g 0 +& ) - V'(x)
X

b 1 exes " "
= —/a Yy (s) ((x 3 + o es)z) ds —V'(x) < =V"(x). 3.27)
Since V”(x) is bounded below by a positive constant, %«/H (x) cannot approach 0.
Thus b is a simple zero of H(z). Similarly a is a simple zero.

To show that G4(x) + G_(x) — V(x) < £ for x > b, we need only that G, (x) +
G_(x) — V(x)is decreasing, since at x = b the identity G4 (x) + G_(x)—Vx)=¢
holds. The decreasing property is given by the negative derivative shown in (3.27).
Similarly we can show that G4 (x) + G_(x) — V&) <dlforx <a.

Now we have proved that the measure 1y (x) on [a, b] satisfies all the properties for
one-cut regular equilibrium measures, so it is the unique equilibrium measure associated
to V. Combining the results we have obtained in this section, we prove Theorem 3.

4. Asymptotic Analysis for the Type II Multiple Orthogonal Polynomials

In this section, we write pﬁ")(x), the monic multiple orthogonal polynomials of type II
satisfying orthogonality relations (1.10), as p;(x) if there is no confusion.

4.1. RH problem characterizing the polynomials. Recall that the jth degree monic poly-
nomial p;(x) = pﬁ.n)(x) is characterized by the orthogonality (1.10).
Consider the following modified Cauchy transform of p;:

= 1 pjx) _
Cpi(z) = 3 A ng_ eze ”V(X)dx, (4.1)

which is well-defined for z € S\R. Since e~V is real analytic and vanishes rapidly
as x — oo, for any polynomial p(x), we have the following asymptotic expansion for

Cp(z) as z € S and Rz — +oo:

~ —1
Cp(x) = =— / PY)_ onv(o g,
2riet Jr 1 —e* /et
¥
== (/ p(x)ekxe_”v(x)dx) e~ kDL O~ M7y (4.2)
k=0 VR
for any M € N, uniformly in Jz. Thus due to the orthogonality,
—n" .
Cpjx) = _27;1' e~ Uz L O(e= D7, (4.3)

where hg,") is given by (1.13). For x € R, a residue argument shows that

(Cpp)+(x) — (Cp—(x) = pj(x)e V@, (4.4)

Hence we conclude that if we consider p;(x) and C pj(x) together and write them in
vector form

Y(2) =YY" () = (p;(@). Cp;(2)), (4.5)
they satisfy the conditions
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RH problem for Y

(a) Y = (Y1, Y»), where Y] is an analytic function defined on C, and Y, is an analytic
function on S°\R,

(b) Y has continuous boundary values Y1+ when approaching the real line from above
and below, and we have

1 e—xg—nV(x)
Ye@) = Y- (, | , forx e R, (4.6)

(cl) as z — oo, Y1 behaves as Y1(z) = z/ + O(z/ 1), '
(c2) as e — oo (i.e., Nz — +00), Y2 behaves as Y2 (z) = O(e~U*+D2): as e — 0 (ie.,
Nz — —00), Y>(z) remains bounded.

Conversely, the RH problem for Y has a unique solution given by (4.5). We give a
proof of the uniqueness of the RH problem for Y based on the uniqueness of the multiple
orthogonal polynomials p;.

Theorem 4. The solution to the RH problem for Y above has a unique solution, given
by Y1(z) = pj(z) and Y2(z) = Cp;(z), where p;(z) is the monic multiple orthogonal
polynomial of type Il defined by (1.10), and épj (z) is given in (4.1).

Proof. First, (4.6) in the jump condition (b) implies that Y; is an entire function, and
condition (c1) implies that ¥ grows like z/ as z — 00.So Y] =: p is a monic polynomial
of degree j.

Now we show that if Y = (Y], Y>) satisfies all the conditions (a)-(c2) of the RH
problem, then Y> is given in terms of Y| = p by

1
Vo) = —— [ P& _mveg, (4.7)
2wi Jp e’ — €t

By condition (b), Y5 satisfies

Y24(x) = Y2 (x) = p(x)e "V, (4.8)
Consider the function
1 Y
Uu) = Y>(logu) — —/ NG v g 4.9)
2wi JrpeS —u

where we take the principal branch of the logarithm with branch cut on R™. Obviously
U (u) is analytic for u € C\R. By the jump condition Y> on the real line given by (4.6)
and the property that Y>(x + wi) = Yo(x — mi), we verify that Ur(u) = U_(u) for
u € (0,00) oru € (—00,0), so that U is an analytic function for u € C\{0}. Note that
since p is a polynomial and e=""(®) vanishes rapidly as s — 00, we have

L[ PO e — o) asu — 0, (4.10)
2wi JrpeS —u
L p(s) e V) g — (f)(bfl) asu — oo. (4.11)

2wi JrpeS —u

From (4.10) we find that 0 is a removable singularity of U (1) and then U (u) is an entire
function. Then from (4.11) we have U () = 0 by Liouville’s theorem. Therefore (4.7)
is proved.
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At last we apply the expansion (4.2) for M = j — 1to ¥, given in (4.7). We see that
the asymptotic condition Y» = O(e~U*D?) implies that

/ p(x) e Pgx =0, k=0,...,j—1. (4.12)
R

Comparing this with (1.10), we see that p = Y] is indeed the monic multiple orthogonal
polynomial p;. O

Below we take j = n + k where k a constant integer, and our goal is to obtain the
asymptotics for ¥ = Y"1 ag n — oo,

4.2. FirsttransformationY — T. Recall g(z) and g(z) defined in (1.33) on C\ (—o0, b]
and S\ (—o0, b]. Denote Y = Y @+k.n) and define T as follows:

at o182 0 e
T():=e¢ 2Y(z>( 0 engm)”‘”v (4.13)

(1) _01 ).Then T satisfies

a RH problem with the same domain of analyticity as Y, but with a different asymptotic
behavior and a different jump relation.

where £ is the constant appearing in (1.19) and (3.8), and 03 = (

RH problem for T

(a) T = (T1, Tz), where T is analytic in C\R, and 7> is analytic in S°\R,
(b) T satisfies the jump relation

T.(x) = T_(x)Jr(x), forx € R, (4.14)
with
(8- ()84 () (g ()+E 1)~V () —0)—x
Jr(x) = ( 0 (& () —E- () ) @.15)

(cl) as z — oo, T} behaves as Ti(z) = zX + O(ZF1),

(c2) as e — oo, T» behaves as Tr(z) = O(e~**D2) and as e — 0, T» behaves as
T, = O(1).

4.3. Second transformation T — S. For x € R\[a, b], it follows from the analyticity
of e and (3.9) that the jump matrix J7 (x) tends to the identity matrix exponentially fast
in the limit n — oo. For x € (a, b), we decompose the jump matrix into

1 0 0 (8 ()8 () =V (0)—0)—x
Jr(x) = (e—n¢(x)+x 1) (84 (1)~ (O)+V (1) +0)+x 0

1 0
X (e_n¢+(x)+x l) . (416)

where the function ¢ (z) = g(z) + g(z) — V(z) — £ is defined as in (1.34). The function
¢ (x) has discontinuity on (—o0, b]), and by (3.5) and (3.8) it satisfies

¢+(x) =¢dp_(x)+4nwi  forx < a, “4.17)
Gr(x) = —p_(x) for x € (a, b). (4.18)
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Fig. 5. The lens Xg

Then we “open the lens”, where the lens X is a contour consisting of the real axis
and two arcs from a to b. We assume that one of the two arcs lies in the upper half plane
and denote it by X1, the other lies in the lower half plane and denote it by X, see Fig. 5.
We do not fix the shape of Xg at this stage, but only require that ¥ is in S and V is
analytic in a simply-connected region containing Xs.

Define
T(2) outside of the lens,
T(2) ! 0 in the lower part of the lens
Si) =1 N\ e P © o (4.19)
T ! 9 ; h f the 1
(2) b in the upper part of the lens.

From the definition of S, we see that S is discontinuous on the upper and lower arcs
with jump matrix (,;() ‘f). On (a, b), it follows from (3.8) and (4.16) that the jump

matrix for S takes the form ( 7(2))( ¢ Bx ) . Summarizing, we have the following RH problem
for S.
RH problem for S

(@) S = (81, 52), where S is analytic in C\Xg, and $; is analytic in S°\Xg, and
¥s =R U X U X, is the contour depicted in Fig. 5,
(b) we have

S+(z) = S—(2)Js(2), for z € Xg, (4.20)

where (note that ¢?@ is well defined for z € (—o0, a) by (4.17))

1 0
(e_"¢(Z)+z 1)’ forz € ¥ U 3,
0 e*
Js(z) = o 0 ) for z € (a, b), 4.21)
1 enqﬁ(z)fz
0 | , forz e R\[a,b].

(cl) as z — o0, S1(z) = 2K + O(ZF 1),
(c2) as e — 00, S behaves as S»(z) = O(e~**D?) and as e — 0, S, behaves as
$2(z) = O(1).
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Fig. 6. The contour I and the jump matrices for A

By (3.8), we have, for x € (a, b),
PL(x) =gl () +8L(x) = V'(x) =gl (x) —gh(x) = P2miyy(x). (4.22)

Since Yy (x) > O for all x € (a, b), it follows from the Cauchy-Riemann conditions
that

Np(2) =R(gx)+8g(x)—Vx)—£) >0 (4.23)

on both the upper arc and the lower arc, if these arcs are chosen sufficiently close to
(a, b). As a consequence, the jump matrices for S on the lenses tend to the identity
matrix as n — 00. Uniform convergence breaks down when x approaches the endpoints
a and b. We need to construct local parametrices near those points.

4.4. Construction of local parametrices near a and b. Define
yj = y;(¢) =@ Ai(w’t), forj=0,1,2, (4.24)

2mi .. . .
where w = e 3 and Ai is the Airy function.
Let

_2mi 2mi
Ni=e 3 R"Ue3 RTUR (4.25)

be the contour consisting of four rays oriented each from the left to the right shown in
Fig. 6, and define the 2 x 2 matrix-valued function A in C\I" as

«/Zne*%i (yo —yz)’ for0 < arg¢ < ZT”,

Yo —Va

«/Zn'e_%i (—y} —y?)’ for ZT” <arg¢ <m,
Y1 0N

A(C) == (4.26)

\/ZNE_HTi (—yz yl), for —7 < arg¢ < —2?”,

-y Vi

Yo Vi

«/Zne_nTi (y(/) yl), for —ZT” <arg¢ < 0.

Using the identity yo + y1 + y2 = 0, the fact that the Airy function is an entire function,
and the asymptotics as { — oo of the Airy function, one verifies that A satisfies the
following model RH problem. This RH problem (and equivalent forms of it) appeared
many times in the literature and is often referred to as “the Airy RH problem”, see for
example [20,21].
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RH problem for A

(a) Aisa?2 x 2 matrix-valued function analytic in C\T".
(b) A satisfies the following jump relations on IT',

AL(§) = A—(0) ((1) }) , forarg¢ =0, 4.27)
10 2 -2

A(C) = A_(0) (1 1) , forarg¢ = KR orarg{ = — (4.28)

Av®) = A_(©) (_01 (1)) . forargs = . (4.29)

(c) A has the following behavior at infinity,

A = %4_163 (—11 i) e HR(I+ 0@ ) 3B as ¢ — oo,

(4.30)

uniformly for ¢ € C\T".

Using the regularity condition which says that lim,_,,_ % exists and is positive,

and the formulas of g(z) and g(z), and noting in addition that ¢ (b) = 0, we obtain the
following local behavior for ¢ near b,

$(z) = —c(z —b)*'* +O(z — b|>?), asz — b, where ¢ > 0. (4.31)

Then in a neighborhood U}, of b, there is a unique analytic function f;, satisfying f,(b) =
0, f,(b) > 0 and

2 1
gfb(Z)3/2 =—59(). (4.32)

Now we choose the lens X in such a way that f;,(z) maps the jump contour U, N X5 for
S on the jump contour I' for A, and we define the 2 x 2 matrix-valued function P (z)
on Up\ Xy as

PO () := A fy(2))e 1 =2)3 (4.33)

Using the jump relations (4.27)—(4.29) for A and (4.17) and (4.18) for ¢ (z), one verifies
that

PP z) = PP (2)J5(z), forz e UyN s, (4.34)

where Jg is given in (4.21). Since the determinant of A is identically equal to 1, A is
invertible, and so is P*)(z) for z € U, N 5. By (4.34) and (4.20), we have

Sc@PP @) ' =5_@)PP )", forz e Uyn Xs. (4.35)
Similarly, near a,

$(z) =—¢a—20"7+0(a -z £ 27i, asz—a,¢>0, (4.36)
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where the sign of £2mi depends on whether z is in the upper or lower half plane. In
a neighborhood U, of a, there is a unique analytic function f, satisfying f,(a) = O,
fi(a) <0, and

%fa (2)¥? = —%q)(z) + 7i. (4.37)

Again we can choose the lens X in such a way that f, (z) maps the jump contour U, NXg
for S on the jump contour I for A. Then define the 2 x 2 matrix-valued function P¥(z)
on U, \ X5 as

PO() 1= a3 A fy(2)e 10Oy, (4.38)
Similarly to (4.34) and (4.35), we have
Si@PP(2) " =5 ()P ()7", forzeU,NSs. (4.39)

Remark 7. Usually, a local parametrix serves as a local approximation to the solution of
the RH problem. Since S is vector-valued and our local parametrices P and P are
2 x 2-valued, this is not quite true in our situation, but it will turn out later that large
n asymptotics for S near ¢ and b can be expressed in terms of P®) and P@, and thus
in terms of the Airy function. Later in Sect. 4.6, we will build a vector-valued “global
parametrix” P (), which approximates S away from the endpoints a and b. Before
introducing P(®®), we perform one more transformation of the RH problem for S in the
next subsection.

4.5. Third transformation S +— P. The following transformation will modify the jumps
in the vicinity of a and b: the jumps on X; and ¥, will be removed in U, and Uj. As a
drawback, a discontinuity will appear on U, and dUp, but the jump matrices on these
boundaries will be close to the identity matrix for large n.

Define

S(2) for z € C\(U, U U, U X),
S(Z)P(“)(Z)_l%(n2/3fa(2))_%”3 b e~ T =5 for ze U, \ Zs,

P@2):= -1 (4.40)

1 1 iz

S@ PP @) 2 fp(2) 73 (_1 l)euzm forz € Up\Ss.

Then P is constructed in such a way that it has jumps on a contour

Yp = (Zs\ (U, UUp)UIU, VU U [a, b] (4.41)

as shown in Fig. 7. We define (n?/3 f;,(z))_%"3 and (n*3 £, (z))_%”3 in such a way that
they have branch cuts on [a, b] and they are positive on (b, 00) and (—00, a) respectively.
The jumps inside the disks on R\ [@, b] and the lips X1, X are equal to the identity matrix
since S(z) P (z)~! and S(z) P9 (z)~! are analytic there, but there is a jump on (a, b)
due to the branch cuts of (723 f;, (z))_%"3 and (%3 f, (z))_%‘m. Also note that, unlike
Y, T, S whose entries are all bounded in any bounded region of their domains, P (z) has
inverse fourth root singularities at a and b.



Random Matrices with Equispaced External Source 1047

Fig. 7. The contour X p. On the boldface part of the contour, Jp = (_O o ("702 ) and on the other parts, Jp — [

uniformly. Note that ¥ p divides the complex plane into six regions: the two “edge regions” U, and Uy, the
two “bulk regions” in the upper and lower parts of the lens and not in U, or Uy, and the two “outside regions”.
The dashed lines that belong to X g but not to X p, together with the interval (a, b), divide each edge region
into four subregions, two inside the lens and two out of the lens

RH problem for P

(a) P = (Py, P»), where Pj is analytic in C\ X p, and P, is analytic in S°\ X p,
(b) we have

P.(z) = P_(z)Jp(z), forz € Xp, (4.42)
where

[ Js(2) for z € T\ (U, U Up),

1, (=503
L_elT 72)03
V2

(
1

e i roq for < v,

(4.43)

Noh (n2/3fh(z))%a3p(b)(z) forz € AU,

—Z
( OZ eo) forz € (a, b),
4

(cl) asz — oo, Pi(z) = 2 + O,
(c2) as e — +00, P, behaves as Py(z) = O(e~**D2) and as ¢* — 0, P, behaves as

|
)

Py(z) = O(1).
(c3)
P() = O(z—al™V,0(z=a|™*) asz > a, (4.44)
P(2) = (O(z— b7, 00z —bI""*)  asz — b. (4.45)

4.6. Construction of the outer parametrix. For z € aU, U dUy, the definition of the
local parametrices (4.33) and (4.38) together with the asymptotics (4.30) for A imply
that Jp(z) = I + O(n™') as n — oo. For z € Xg\[a, b] and not included in U, or
Uy, by the asymptotics of ¢(z) given in (4.23) and (3.9), we have that Jp(z) decays
exponentially as n — oo. Thus, in some sense, it is expected that

P(z) > P (2), (4.46)
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where P(®)(z) has the same analyticity, asymptotic, and periodicity properties, and has
the jump condition

0 e

P_'(—oo)(x) = PEOO)(X) (_ex 0

) , forx e (a,b). (4.47)
We would like to construct a solution to the following RH problem:

RH problem for P

(@) P = (Pl(oo), Pz(oo)), where Pl(oo) is an analytic function in C\[a, b], and Pz(oo)
is an analytic function in S°\[a, b],
(b) P satisfies the jump relation (4.47),

(cl) as z — oo, P{™(z) = ¥ + O ),
(c2) as e — +o0, Pz(oo) behaves as Pz(oo) (z) = O(e~**D2) and as ¢¢ — 0, Pz(oo)

behaves as Pz(oo) (z) = O(),
(c3)

P () = (O(z —al™*,0(z —al™"*) asz—a,  (448)
P () = (O(z — b|~Y*),0(z = b|"Y*)  asz— b. (4.49)

After the construction of P® we will prove the convergence (4.46).

We use the transformation J., ., defined before in (1.23), where the parameters c;
and co depend on a and b, the endpoints of the support of the equilibrium measure.
Recall s, and s, defined in (1.24) and the relation (3.4) between s,, s and a, b. Below
we write J., ¢, as J if there is no confusion.

By Proposition 2, J maps C\ D conformally to C\[J (s4), J(s)], and maps D\[— %, %]
conlforlmally to S\[J(s4), J(sp)], so that we can define the function F (s) on C\(y; Uy, U
[—5. 5] by

P J(s)) fors e C\D,
F) =1 . (4.50)
P J(s)) fors e D\[-1, 1.

Since P2(°°) is defined on S¢, that is, it satisfies a periodic boundary condition on S, we
have that the definition of F'(s) can be extended to (— % , %). In this way the transformation
from P(® to F is invertible: we can recover the outside parametrix P(® by the formula

P™® () = Fi(z)), forz e C\la,bl, 4.51)
P{™®(z) = F(lo(z)), forz € S\[a, b], (4.52)

where I and I, are, as defined in (1.26) and (1.27), the inverses of J mapping C\[a, b] to
C\D and to D\[—%, %] respectively. All information about the vector-valued function
P is now carried by the single complex-valued function F, which is discontinuous
on y1 U y» by definition.

From condition (c2) of the RH problem for P and the definition of J, it follows
that F has a removable singularity at —%, and that F' has a zero of multiplicity k + 1 at

% if k > 0, a removable singularity if kK = —1, and a pole of order —k — 1 if k < —1.
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The inverse fourth root singularities of P at aq, b are transformed into inverse square
root singularities of F at s, sp, because J'(s) has simple zeros at s, and s,. In order to
compute the jump relation satisfied by F', note that

eJ(s) — C15+C0 s+3

1
2, (4.53)
S—2
and
Fi(s) = P (J(s)). F_(s)=PPU(s).  forsey.  (4.54)
Fo(s) = P(°°> (), F_(s) = PP J(5)), for s € y». (4.55)

It is now straightforward to verify the following RH conditions for F.

RH problem for F

(a) Fisanalyticin C\(y;Uy,)ifk > —1, and analytic in C\(y; Uy, U {%}) ifk < —1,
(b) fors € y1 U yn, we have

Fo(s) = —eciste0 ST %1 F_(s), fors ey, (4.56)

1
Fi(s) = e €157¢0 12F (s), fors €y, (4.57)

2

(c) we have the asymptotic conditions

F(s) = c sE+ 06, ass > oo, (4.58)
F(s) = O((s — 5)"“), as s — % (4.59)
F(s) = O(s —sa|"2)  ass — 54 (4.60)
F(s) = O(s —sp|"2)  ass — sp. (4.61)

One can explicitly construct a solution F' to the above RH problem:

ok P e—Hk ; ~
c} ors € C\D,
Foy=1 ° ¢ ‘:)(ks 1”’ . 4.62)
Ayl e - 0
cis —3) TR I, fors € D.

where /(s — s,)(s — sp) is taken to be continuous in C\y; and /(s — s4)(s — sp) ~ &

as s — o0.
Note that F'(s) and the function G (z) defined in (1.30) are related by (upon express-
ing s, and s, by (1.24))

F if D
Gi(s) = [ ) s € CAD, (4.63)

IO F(s) ifs e D.
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.- )

"

Fig. 8. The contour J —1(=p). The boldface part consists of y; and y», the solid part is ¥’ and the dashed
partis X"

4.7. The convergence of P — P, We will now apply the same idea as in the con-
struction of the outer parametrix to P, and want to transform the RH problem to the
s-plane using the transformation z = J(s), in such a way that P = (Py, P») is trans-
formed to a single complex-valued function F. Therefore we define F on C\J~'(Zp)
analogous to (4.50):

P if s € C\D and Tp,
Fs) = 1(J(s)) 1 s € C\ aln 1J(s) ¢ Xp 4.64)
Py(J(s)) ifs € D\[—7, 5] and J(s) ¢ Zp.
The inverse of this transformation is given by
Pi(z) = F1(z)), forz e C\Zp, (4.65)
Py(z) = F(I2(z)), forz e S\Zp. (4.66)

The jump contour of F will consist of the inverse image of X p under J. We can decom-
pose this jump contour J ~1(Zp) into three different parts: y; U y», the part in D and the
part in C\ D as follows, see Fig. 8:

I ' Ep)=2'uT"U(nUy), where ' =I(Zp\[a,b]), T'=L(Zp\[a,b)).
(4.67)

Similar to F(s), the definition of F(s) can be extended to [—%, %) because of the
periodicity of P, and its behavior as iz — —o0o. The RH problem for P, however, no
longer transforms to a scalar RH problem for F(s). For s € y1 U y», we still have the
scalar jump conditions

Fi(s) = VO F_(s), fors ey, (4.68)

Fi(s) = e IOF_(s), fors €, (4.69)

but on the other parts of the jump contour, the jump conditions become non-local. Since

Fi(s) = P +(J(s)) for s € ¥ and Fi(s) = Pr+(J(s)) for s € X", where the

orientation for ¥’ and X" is that inherited from the orientation on X p through I; and
I, the jump conditions (4.42) for P transform into

Fir(s) = Jp 11 (JO)F-(s) + Jp 21 J(NF-(LJ(5))),  fors e ', (4.70)

Fr(s) = Jp 2T F-LI))) + Jp o) F-(s), forse X", (471)

where Jp is the 2 x 2 jump matrix defined in (4.43). In other words, the boundary value
F+(I1(z)) depends not only on F_(I;(z)), but also on F_(I(z)), and vice versa for
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F+(I2(2)). For this reason, we will call the jump relations (4.70)—(4.71) “shifted” jump
relations, and the RH problem for F a shifted RH problem, following the terminology
of [25]. The asymptotic conditions for F are the same as the ones for F. By conditions
4.64.6 of the RH problem for P, we have analogous to (4.58)—(4.61) that

F(s) =cksh+ 06+, ass — oo, (4.72)
1 1

F(s) = O((s — 5)"“), ass — . (4.73)

F(s) = O(s —sal~V?),  ass — sa, (4.74)

F(s) = O(s —sp|7'7?),  ass — sp. (4.75)

Since F(s) # O foralls € C\(y; Uy, U {%}), while at % the order of the pole of F(s)
is at most equal to that of F (s), we can define the analytic function

R(s) := % fors e C\J~(Zp). (4.76)

By (4.68), (4.69) and (4.56), (4.57), it follows that R is analytic across (y; Uy»). Further-
more, the RH problem for F (s) and the shifted RH problem for F () yield the following
shifted RH conditions satisfied by R.

Shifted RH problem for R

(a) R isanalyticin C\(Z'UX"),

(b) R has the jump conditions
Ri(s) = JR11($)R-(s) + JR21 ()R- (. (J(5))),  fors € ', (4.77)
Ri(s) = Jr12()R-(L(J () + Jr22()R-(5),  fors € B", (4.78)

where
FI
Jr11(s) = Jp11J(s)), Jr21(s) = JP,21(J(S))W,
4.79)
FA
JR12(s) = JP,12(J(S))M, Jr22(s) = Jp22(J(s)), (4.80)

F(s)
(c) Risbounded, and R(s) =1+ O(s~ 1) ass — oo.

Substituting the asymptotic properties of Jp stated in the beginning of Sect. 4.6 and
the formula (4.62) of F(s) into (4.79) and (4.80), as n — 00, we have the uniform
asymptotic estimates

JR11(s) =1+0m™h), Jr21(s) = O™, fors e ¥/, (4.81)
Jr12(s) = O(m™h, Jrn(s) =1+0n™), fors e . (4.82)

Moreover, for s on the real parts of ¥’ and £, Jg 2| vanishes identically: by (4.43) and
(4.21), we have

Jr21(s) =0, fors e (Z'UT")NR. (4.83)
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To obtain asymptotics for R(s), we introduce an operator A g that acts on functions
defined on £z = ¥’ U X”. Let f be a complex-valued function defined on Xg. Then
we define g = Ag f by

g(s) = [Jr () =111 () + Jr21() f(2J(s))),  fors € X, (4.84)
g(s) = Jr12() fFAA())) +[Jr22(s) = 11f(s),  fors e B".  (4.85)

For bounded function f(s), g(s) is also bounded and decays rapidly as |s| — oo. If we
regard Ay as a linear operator from L2(Xg) to itself, we will see that it is bounded and
that its operator norm is Om~Y) as n — oo. For that purpose, note first that, by (4.84)
and (4.85),

AR fl2sgy < MR — 1S llz2eny + 1R 21 f T2l 2¢5ry
+ ||]R,12f(II(J))||L2(2”) +[JR22 — l]f”LZ(EH)- (4.86)

Using the fact that Jg 1} — 1 and Jg.2 — 1 are uniformly O(n~') on ¥’ and ¥” as
n — oo, see (4.81)—(4.82), we obtain that there exists a constant ¢ > 0 such that
C
IARfllL2(zg) < ;||f||L2(2R) + TR 21 f M2l 22z + IR 12 f i) 257
(4.87)

For the second term on the right-hand side, we have
Mo f O, = [ 1/ @) PR ©)Pds
= /2 PR 21 I @)1 Ar (D) () du
< sup (1R 21 WA@Y PIG@Y @) - 1f gy @88)

uex”

For u € X" bounded away from +1/2, it is straightforward to verify by (4.81) and prop-
erties of the transformation J that |JR,21(Il(J(u)))|2|(Il(J))’(u)| isO(n2)asn — oo,
uniformly inu. Foru € £” closeto+1/2, we observe by (4.83) that Jg 21 (I (J(1))) = 0,
which implies the existence of a constant ¢’ such that

/

21 f L2z = %Ilflly(zR)- (4.89)

Regarding the last term in (4.87),
Mz f Oy = [ @GO r210)Pds
= /E NF@P R 2RI TW) ()ldu

< sup (7R 2LA@)PIGAY @) - 1f 1225, @90)

uey’

and it follows from (4.82) that

/"

1R 12 f QA2 < %nfuLz(zR). 4.91)
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From the above estimates, it follows that there exists a constant M > 0 such that
M M
IARflL2(sg) < 7||f||L2(>:R), [ARIL2(sg) = o (4.92)

Next, we define another bounded linear operator Cx , from LZ(E r) toitself, by

1
Can(f) == C(AR(f)). where C_g(s)= 7~ /lim/): %dé, (4.93)
S —>5_ R -

and the limit s" — s_ is taken when approaching the contour from the minus side. The
operator norm of Ca, is also uniformly O(n~"') as n — oo since the Cauchy operator
C_ is bounded. Thus (1 — Ca}) can be inverted by a Neumann series for n sufficiently
large. We claim now that R satisfies the integral equation

R(s) = 1+ C(ARR_)(s), where Cg(s):ﬁ/z gg(—é)sds‘ (4.94)

To prove this claim, note that the solution to the RH problem for R is unique because it
is equivalent to the uniquely solvable RH problem for Y. This means that it is sufficient
to prove that the right-hand side of (4.94), which we will denote by R for simplicity,
satisfies the RH conditions for R. Obviously R(z) is bounded and tends to 1 as z — 00,

and it suffices to prove that the solution R satisfies the jump relations (4.77) and (4.78).
Using the Cauchy operator identity Cy — C_ = 1, it follows that

Ri — R_ = (1+C+(ARR-)) — (1 + C_(ARR-)) = (C4+ — C_)(ARR_) = AgrR_,
4.95)

which implies indeed that R satisfies the jump relations (4.77) and (4.78) for R. Hence
we conclude that R = R, and (4.94) is proved. Since R satisfies (4.94), we have, taking
the limit where s approaches the minus side of g,

R_—1=C_(ARR-) = Car(R- — 1)+ C_(Ag(1)). (4.96)
By the invertibility of (1 — Ca,), (4.96) implies
R_= 1+(1—CAR)71C_(AR(1)). (4.97)
This further implies that
IR- =1l 25, = Om™"), asn— oo. (4.98)
Substituting (4.97) into (4.94), we obtain an expression for R:
R = 1+C(AR(1+(1—CAR)_IC_(AR(I)))). (4.99)
For s at a small distance 6 > 0 away from the contour X, (4.94) reads

R(s)—l:L AR(R——l)(S)d€+ 1 / AR(l)(é)d
2R E_S

— . (4.100
27 Jx, E—=s 2mi 5 ( )
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The second term at the right-hand side of the above equation can be estimated by
O(8~'n~1), using the definition of the operator Ag and asymptotic properties of Jg.
Using in addition the Cauchy-Schwarz inequality applied on the first term on the right-
hand side of the above equation, by (4.98) we obtain

l22¢zp) +06 'n™h

1 1
R(s) — 1] < —||Ar(R_ — 1 .
IR(s) = 1] = 7~ Ar( Mr2esg ”E —

1 1 1 -
E“AR“L?(ZR) MR- = U2z “5 _ L2z, + O '

IA

=06 'nH+06 Inh. (4.101)

Although the estimate (4.101) does not work well for s in a §-neighborhood of X, we
note that for such s, given that § is small enough, the jump contour X can always be
deformed in such a way that s lies at a distance § away from it. After this deformation,
the above argument can be applied to obtain the uniform estimate

R(s)—1=0m"", asn— oo, s € C\Zg. (4.102)
Through (4.76), (4.51), and (4.65), the uniform estimate (4.102) yields

Pi(2) = (1+0n~")P (), asn— oo, forz e C\Tp, (4.103)
Py(z) = (1+ O~ "))P™(2), asn— oo, forz € S\Tp.  (4.104)

The asymptotics for R can be used to obtain asymptotics for the polynomials p,(f') by
inverting the transformations

YT+ S+— P~ R. (4.105)

We will do this in Sect. 6.

5. Asymptotic Analysis for the Type I Multiple Orthogonal Polynomials

In a similar way as for the type Il multiple orthogonal polynomials p;") (2), in this section

we construct a RH problem for qj(.") (e?), and we analyze this RH problem asymptotically
when j = n+k. Both the RH problem and the asymptotic analysis show many similarities
with the ones for the type II polynomials, and once again the use of the transformation
J will turn out to be crucial.

In this section, we write qj(.”) (x), the monic polynomials that define the multiple
orthogonal polynomials of type I and satisfy the orthogonality relations (1.12), as g (x)
if there is no confusion.

5.1. RH problem characterizing the polynomials. Consider the Cauchy transform of
qj(e®),

1 (e*
Cqj(z) := %/RQS](Tez)e_”V(”ds. (5.1)
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Due to the orthogonality (1.12), as z — oo,

-1 / q./(es) e—nV(x)ds
2riz Jr 1 —s/z

-1 2
= — / (L q;(e)e VO ds
2rwiz JR z z2 ’

— 0, (5.2)

Cqi(2)

For x € R, Cauchy’s theorem implies
(Cgj)+(x) = (Cgqj)-(x)

1 (oS ,—1V(5) 1 (o5 ,—V(5)
= —/ aiede " gy —/ i) T g =qjee V™. (5.3)
27i JR S — X4 2wi Jr s —X_

Similar to (4.5), let
X (@) = XU (2) = (g;(€%). Cq;(2). (5.4)
One verifies that X satisfies the following RH problem.

RH problem for X

(a) X = (X1, X»), where X5 is an analytic function defined on C\R and X is an
analytic function on S,

(b) X has continuous boundary values X+ when approaching the real line from above
and below, and we have

—nV(x)

1

e

1
Xi(x)=X_(x) (O ) , for x € R, (5.5)
(c1) as z — oo, X, behaves as X2(z) = Oz~ 1), ' '
(c2) ase? — oo (i.e., Rz — +00), X| behaves as X1(z) = e/2+ (V1) ase? — 0
(i.e., Nz - —o00), X| remains bounded.

In an analogous way as for the RH problem for Y in Sect. 4.1, it can be shown that
X = XU given by (5.4) is the unique solution to this RH problem.

We will now perform an asymptotic analysis of the RH problem for X = X +57) a5
n — 00, with k a constant integer. This method will be to a large extent analogous to the
nonlinear steepest descent method done in the previous section. Again we will construct
a series of transformations of X and end up with a shifted small-norm RH problem.
In order to emphasize the analogies with the previous section, we will use notations
f", 3’, 13, I§, ... for the counterparts of the functions 7', S, P, R, ... used before.

5.2. First transformation X +— 7. Recall the functions g(z) and g(z) defined in (1.33),

and define
A~ ot e—ng(z) 0 Mo-f;
T(z):=e 2X(2) 0 e e2%, (5.6)

Analogously to T in Sect. 4.2, T satisfies the RH problem
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RH problem for T

(a) T = (T1, T»), where T is analytic on C\R and 7, is defined and analytic in S\,
(b) T satisfies the jump relation

Tye(x) = T-(x)J;(x), forx € R. (5.7)
with
NE- D —E ) (@ ()4 ()= V(@) —0)
770 =( 0 (84 () g () ) (5-8)

(cl) asz — oo, T2 behaves as Tz(z) Oz~ kD),
(c2) as e* — o0, T1 behaves as T1 (z) = ek + O(e*=D2) and as ¢ — 0, T1 behaves
as T1(z) = O(1).

5.3. Second transformation T+ S By (3.8), we have, like (4.16), the following fac-
torization on [a, b]:

I 0\ /0 1 10
1=\ -0 )\ 1 o) Lo 1) (5-9)

where ¢ is defined in (1.34), Recall the lens X defined in Sect. 4.3 and shown in Fig. 5.
Similarly as in (4.19) for S, let us define S by

| f(z) outside of the lens,

. 1 0
T(2) (e_w(z) 1) in the lower part of the lens,

S(z) = (5.10)

N 1 0
T(z) (_en¢(z) 1) in the upper part of the lens,

where ¢ (z) is defined in (1.34). Then similar to the RH conditions satisfied by S in
Sect. 4.3, we have the RH problem for S as follows.

RH problem for S

(a) S = (31, 3‘2), where 32 is analytic in C\ Xg, and 3‘1 is analytic in S°\ Xg,
(b) we have

$:(2) = 8_()J3(2),  forz e s, (5.11)
where
([ 1 o
(e—n¢(z) l)’ forz € X1 U %),
Jo(2) = 01 for z € (a, b) (5.12)
S Z - _] O 9 Z 9 9 .
1 0@
0 ] , forz € R\[a, b],
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(cl) as z — oo, §2A behaves as .§'2A(z) = Oz~ "Dy, .
(c2) as e — o0, S1 behaves as S| (z) = eke O(e(k’l)z), and as e* — 0, S; behaves
as S1(z) = O().

5.4. Construction of local parametrices near a and b. In a similar way as for the con-
struction of P@ and P® in Sect. 4.4, we can construct local parametrices P@ and
P® in sufficiently small neighborhoods U, and U, of the endpoints a and b in such a
way that they satisfy exactly the jump conditions

P = P J5(2).  z€EsNU. (5.13)
PP = PP ) J5().  z€TsN U 5.14)

Similar to the P@(z) and P®)(z) defined in (4.38) and (4.33) respectively, the local
parametrices P@(z) and P (z) are expressed by

P (2) := a3 A>3 f,(2))e 29O % 3, (5.15)
PO (2) := AP fi(2))e 29D, (5.16)

where the functions f, and f} are as in (4.32) and (4.37), A is as in (4.26), and the
neighborhoods U, and U}, as well as the contour X g can be taken the same as in (4.38)
and (4.33). We omit the details of the verification of (5.13) and (5.14) here, since almost
identical arguments were used in Sect. 4.4.

5.5. Third transformation S+ P. Define analogously to P(z) in (4.40),

S‘(z) forz € C\(U, U U, U Xg),
1 1
-1 1

P(z) =

e P@n—1_1 2/3 —403
S(z) P9 (z) ﬁ(n fa(R)7 2 ( (5.17)

)e‘T‘73 forz € U,\Xs,

A ~ 1 1 i
$@ PP @7 502 fy @)1 (_] 1)34@ for z € Up\Zs.

Then like the RH conditions satisfied by P, P satisfies the following RH conditions.

RH problem for P

(a) P = (ﬁ] s ﬁz), where }32 is analytic in C\ X p, and ﬁl is analytic in S°\ X p,
(b) we have

Pi(z) = P_(2)Jp(2), forze Tp, (5.18)
where X p is the same as in (4.41), and
J5(@) for z € =5\ (U, U Up),

%e% (1 _11)<n2/3fa(z>)5“3P<a>(z> for z € U,

J5(2) = (5.19)

i I -1
%e( i )(n2/3fb(2))‘l‘o3p(b)(1) for < € 0Us,

(O (1) forz € (a, b),
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(cl) asz — 00, Py(z) = O(z~**D), A
(c2) as e* — o0, P; behaves as Pj(z) = ek + O(e%*—1?) and as ¢? — 0, P behaves
as Pi(z) = O(1).
(c3)
PG = Oz —al ™, 0(z—al ) asz—>a, (520
P2) = (O(z— b, 0z —b"*)  asz—b. (521

5.6. Construction of the outer parametrix. The RH problem for P has, as P, the property
that its jump matrix tends to the identity matrix uniformly as n — oo, except on [a, b].
We will first construct a solution to the following RH problem for P(° which is the
limiting RH problem (formally, ignoring small neighborhoods of a and b) for P as
n — oo.

RH problem for p

(a) po) — (131(00), 132(00)), where 132(00) is an analytic function in C\[a, b], and }31(00)
is an analytic function in S\[a, b],
(b) P satisfies the jump relation

P x) = P x) (_01 (1)) . forx e (a,b), (5.22)

(cl) asz — oo, Py (2) = Oz~ D),
(c2) as ¥ — 400, 131(00) behaves as f’l(oo) (z) = e+ O(e*—D2) and as e? — 0, 131(00)
behaves as }31(00) (2) = O(1).
(c3)
P @) =(O(z—al™), 00z —al™") asz—a,  (523)
P () = (O(z — b7, 00z —b|71*)  asz—b.  (524)
Inspired by the construction of P in Sect. 4.6, we search for P in the form
P (z) = (F(Ix(2)), F(1;(2))), where I, and I are, as before, the two inverses of the
map J defined in (1.26) and (1.27). Hence
. P\ (J(s)) fors e C\D,
F(s):=

p (00) 11 (5.25)
P] (J(S)) fOI‘S S D\[_§7 E]’

and like F'(s) in Sect. 4.6, F can be analytically continued to [—%, %). At l, F has a
pole of order k if k > 0, a removable singularity if k¥ = 0 and a zero of multiplicity

—k if k < 0. From the RH conditions for P®, we deduce the following RH problem
for F.

RH problem for F

(a) Fis analytic in C\(y; U y») if kK < 0, and analytic in C\(y; U y» U {%}) if k > 0,
(b) fors € y1 U y», we have

Fu(s) = F_(s), fors ey, (5.26)
Fo(s) = —F_(s), fors €y, (5.27)
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(c) we have the asymptotic conditions

F(s) = O(s~*D), as s — 0o, (5.28)
F(s) = ekGeren) g _ %)*" +O((s — %)*k“), as s — % (5.29)
F(s) = O(s = sa 7). as s = sa, (530)
F(s) = O(s — s 2), as s = sp. (5.31)

It is verified directly that

/el _ 1 _
(7 sa)(2 Sb) ek(%mﬂ‘o)(s _ l)*k’
(s —54)(s — sp) 2

solves the above RH problem. Here we choose the branch of the square root
V(2 — s4)(z — sp) that is analytic except on y, and close to z as z — 00,

F(s) =

for s € C\y», (5.32)

5.7. The convergence of P — P Define analogous to F(s) in (4.64)

. P if s € C\D and Tp,
F(s) = Az(J(S)) 1 s € C\ aln 1J(S)¢ P (533)
Pi(J(s)) ifs € D\[—3, ;] and J(s) ¢ Zp.
We have the scalar jump conditions
Fo(s)=F_(s), forsey, (5.34)
Fu(s) = —F_(s), fors ey, (5.35)

and the shifted jump conditions

Fils) = Tp  JENF(8) + T 5 JENF-(LJ(5)), forseT",  (5.36)
Fils) = T, (FENF(LIGN) + T p 5 J)F-(s),fors € ' (5.37)

The asymptotic conditions are the same as those for F(s)

F(s) = O(s~*D)y, as s — 00, (5.38)
Fls) = FGerra (s — %rk +O((s — %)—"“), ass — % (5.39)
F(s) = O(ls — sal /), ass — Sq, (5.40)
F(s)=0(s —sp| 7', as s — sp. (5.41)

Next we define, analogous to R(s) in (4.76),

_F)
B ﬁ(s)

R(s) : , fors e C\J ' (Zp). (5.42)

Then like R, Ris analytic at % and across (y; U y2), and satisfies the following shifted
RH problem.
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Shifted RH problem for R

(a) Ris analytic in C\(X’ U "), where &’ and X" are defined in (4.67),
(b) R has the jump conditions

Ri(s) = T3 (OR_() + Tz o OR-(LJ(s))), forse X", (543)
Ri(s) = J ,(OR-MI)) + T ()R _(s5), fors e T/, (5.44)

where
FI
Jp 1) =Jp 1, J)), Jp1(8) = Jp 5 (s ))W,
(5.45)
F(I
T =I5 A ))%, Te ) = T3 (5D, (5.46)

(¢) Risbounded, and R(s) = 1 +O(s™ ) as s — oo.

As n — oo, we have the uniform asymptotic estimates analogous to (4.81) and (4.82)
Tp () = 1+0m™h, T () =0(™h, fors € ¥, (5.47)
Tg1p(8) = Omn™h, Tg () =1 +0m™, forseyx, (5.48)

These estimates imply, in a similar way as (4.81) and (4.82) do in Sect. 4.7, the uniform
convergence of R to 1:

R(s) =1+0(n™"), asn— oo, fors e C\ (Z'UT"). (5.49)

Hence, by (5.42), (5.25), and (5.33), we have, like (4.103) and (4.104),
Pi) = (1+0n )P (), asn— oo, forz € S°\Tp, (5.50)
Prz) = 1+0n )P (2), asn — oo, forz € C\Tp. (5.51)

6. Proof of Main Results

In this section we collect the asymptotics of p,(l'i)k (z) and q,(l'fr)k (%), from the analysis in

Sects. 4 and 5. The goal is to prove Theorem 2.

()

n+k
for pn +k consists of the inversion of the transformations ¥ +— T +— § +— P. By
4.5), (4.13), (4. 19) (4.40) and the asymptotics obtained in Sect. 4.6, we will find the

asymptotics of pn +k In Fig. 7 it is shown that the complex plane is divided into the
outside region, upper and lower bulk regions and two edge regions by X p. We restrict
ourselves to the upper half plane because of symmetry, and do the computation in each
of the four regions.

6.1. The asymptotics of p, ., (z). The main task in the computation of the asymptotics

Outside region. For z in the outside region, we have

P (2) = Y () = T (2)e"8@ = 51(2)e"89 = Py ()", (6.1)
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By (4.103) and (4.51),
(@) = (1+ O™ )N FX1(2)e"8, asn — oo, (6.2)
where F is defined in (4.50). Substituting the identity (4.63) for F into (6.2), we have
D@ = (1+ 0™ NG (2)e"8?), asn — oo, (6.3)
This proves (1.37) for z in the outside region.
Bulk region. Similar to (6.1)—(6.3), for z in the upper part of the lens but not in U, and

Up, we obtain

P (@) = Y (2) = Ty (2)e"8@

= (S1(2) + Sz(z)e_"¢(Z)+Z)e"g(Z)
= Pi(2)e"8@ 4 Pz(z)ezen(v(z)—g(z)ﬂf)
= (1+ 00~ ") FIi(2)e"?
+(1+ 00 ")) F(Iy(z))ete" VO8O0
= (1+ 0 )G (2)e"8
+(1+ 00 )G (2))e"V O EOH, (6.4)
as n — oo. In the last identity of (6.4) we use (4.63) and the identity z = J(I2(z)). We
obtain the formula (1.39) for z in the upper bulk region.

Inparticular, if x € (a, b) and z — x from above, we have by (3.8) that V (x) —g, (x)+
¢ = g_(x), and further from the definition (1.33) of g(z), we have g+ (x) = f log|x —

ylduy (y) £mi fxb dpy. On the other hand, as z — x from above, by (1.28) and (1.29),

I;(z) and I5(z) converge to I, (x) and I_ (x) respectively. Noting that I_(x) = I, (x),
we have from (6.4) and (1.39)

. b
P @) = r(xye gk =yidny ) [cos (mr / dpy (1) + ek(x>) ¥ 0<n—1)] ,
(6.5)

where ri(x) and 6 (x), as defined in (1.31), are the modulus and argument of

ok @)D )=k
26eL() =21 Fr @ o
Edge region. For brevity we only consider the case z € Up, the case z € U, can be
treated similarly. As shown in Fig. 7, the part of U, in the upper half plane is divided
by the lens X into two parts, one in the lens and one out of the lens. If z € U, N C* is
outside the lens, we obtain

P @) = Y () = Ty ()8 = §)(2)e"8@, (6.6)
and by (4.40),

-1
(81, 8) = \/E(Pl, Pz)e(%7%)03 (_11 i) (n2/3fb(z))%<73 P(b)(Z)

iz 1 1 iz 1 1
1 eT_anfb(Z)Z —gT_fn_th(Z)_Z
= (PI’PZ) i,z 1 1 i,z 1 1 P(h)(z) (67)
V2 e AIns fi()F T IS fy(2)H
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By (4.33), (4.51) and (4.103)—(4.104), we further obtain
PR @) = VT [(PI2) = i P2(2)e?) n6 fy()F Ailn £y(2))
— (PI@+iP2a@e ) ™4 fy() "1 AT fi ()| 3 OB @40
= Va [(FI@) = iF @)D ) 0t fy2)F Aitn fi(2)
— (FO@) +iFM@)e @) n76 f0) 75 AT fi () | 3 EOEOV @D
= V7 [G0i@) ~ iGLE) ¢ f()F At f(2)

— G @) +iG T 1™ fy()7F AT fy() | 3 ROV @0,

(6.8)
where Gy, is defined, analogous to the formula (4.63) for G, as
F(s if s € C\D and J(s Yp,
Gi(s) = LJES))}'(S) ifs D\\[—%, ;(al)j,](s;) ¢ p. (©6.9)
From (4.76) and (4.102), we have that
Gi(s) = Gr(s)(1+Om™ ),  asn — oco. (6.10)

Hence we obtain (1.47) for z in the edge region Uj, upper half plane, and outside of the
lens.

Let us now focus on the asymptotics of p,(l'i)k(z) forz = b+ f(b)"'n=?/3t which is

in the upper half plane and outside of the lens, where ¢ is bounded. Then
A2 £, (2)) = Ai(t) + O~ %), asn — oo, (6.11)
Direct computation yields, as n — oo, by (1.23)—(1.24) and (1.26)—(1.27),

(sp+ 3o — 5)

I(z) = sp+ NG H®)VPn B+ 0m™ Py, (6.12)
Ly(s, — 1
L(z) = sp — %ﬁ(l))_l/zn_lﬂﬁ(l +Om™ P, (6.13)

and that as s — sp, by (6.10) and (1.30),

1 1 1 1 1 1
gk<s)=<1+0<n1>>(25<z+a)ic?‘l(,/f;—z)k1+0(s—sb>)m,

where all square roots take the principal value. Hence when ¢ is bounded

. k-1
1 /1 1Y) 8 1 1 1 _1
Gk (11(2)) —iGr(2(2)) = E(zﬁa) 8(,/z+a—§) 011( 2+O(n—%) ner,

(6.15)
G (11 (2)) + G (L (2)) = O(n~8)17. 6.16)
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Substituting (6.15) and (6.16) into (6.8) and noting that f;,(b) = 0 and fé b) > 0, we
obtain (1.49) for z outside of the lens.
If z € U, N C* and inside the lens, then like (6.4),

P (2) = (S1(2) + Sa(g)e P8, (6.17)
and like (6.7),

(81 + Spe ¥ 55
—1
iz 1 1 1 1 0
- \/z(Pl’ Pels v (—1 1) (”2/3fb(2))403p(b)(Z) (€—n¢(z)+z 1) - (6.18)

Hence by (4.33), (4.51) and (4.103)—(4.104), and using the identity Ai(x) + w Ai(wx) +
? Ai(w?x) = 0, we find that the result in (6.8) still holds, and so do the subsequent
asymptotic formulas (6.9)—(6.16). Thus we can still prove (1.47) and (1.49).

,(l'i)k (e?). The derivation of the asymptotics for q,ﬁ)k (e®) is

similar, and we need to invert the transformations X + 7 +> S > P using (5.4), (5.6),
(5.10), and (5.17). For brevity, we only consider the outside region and the bulk region.

6.2. The asymptotics of q

Outside region. If z is in the upper half plane and not in the lens or U,, U, we have
(&) = X\ () = 7128 = §1(2)e"D) = P2, (6.19)
By (5.33) and (5.42), we find similar to (6.1)
gu (%) = FIh(2))e"8D = R(Iy(2)) F(I(2))e"8). (6.20)
By the formula (5.32) for F and the asymptotic formula (5.49) for R, this yields
(3 = 5a)(5 = $b)
V@2 (2) = 54)T2(2) — sp)

‘ 1 poug
xeH GO (Iy(2) - 1) FeED, asn — oo ©.21)

g (€)= (1+0m™y)

In (6.21) and later in (6.23), /(z — s,)(z — sp) is chosen to be close to z as z — oo and
has branch cut along y». Substituting s, and s, by (1.24), we prove (1.38) for z in the
outside region.

Bulk region. Similar to (6.4),
gun(€) = Ti()e"B = § ()" 4 §y(g)e (VO
= P1(2)e"8D 4 Py(7)e" V@80 (6.22)
By (5.33), (5.42), (5.32) and (5.49), we find that as n — o0,

g (€)= FIp(2)e"B + F(ly (2))e VO8O0
= R(L(2)) F(12(2))e"89 + R(L; (2)) F (I} (z))e" Y ) 78@+0
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(3 = 5a) (3 — 5)
VT2 (@) — sa)T2(2) — sp)

1oyl
(3—=5a)(3=5p) ek(%cﬁco)(ll(Z)_%)—ken(V(z%g(Z)M).

) VI (@) —sa) X1 (2) —sp)

e 1 5
= (1+0@m™h) HETO Iy (2) — 2y B

+(1+0n™!

(6.23)
Substituting s, and s, by (1.24), we prove (1.40) for z in the upper bulk region.
As z — x € R from above, noting that V(x) — g_(x) + £ = g.(x) by (3.8),
I,(z) —» I_(x),andI;(z) — I;(x), and using the identities I_ (x) = I, (x) and g4 (x) =
[logle* —e¥|duy (y) £ i fxb duy, we have like (6.5),

" ) b A~
qu(e") = i (x)e™ [ Toglet =iy () [cos (nn / dpy (1) +0k(x>) +0<n—1>]
(6.24)

where 7 (x) and ék(x), as defined in (1.32), are the modulus and argument of

A G=5)G=%)  k(Lep+e 1~k
2611 (x) = 2\/<L(x2)—sa>(127(x)—sb)e BRI - )7

6.3. Proof of Theorem 2. The asymptotic results obtained in the last two subsections
nearly prove items (a), (b) and part of (c) and (d) of Theorem 2. However, in the statement
of the theorem, the regions where asymptotic formulas are given, are As, Bs, Cs, and
Ds, which are similar but not exactly equal to the outside, upper bulk, left edge and right
edge regions that depend on X p. We observe that if § is a fixed small enough number,
we can take the radius of U, and U, large enough so that they cover Cs and Ds. On the
other hand, we can also take the radius of U, and U;, small enough and the shape of the
lens thick enough to let the upper bulk region cover Bs, and we can take the radius of U,
and Uj, small enough and the shape of the lens thin enough to let the outside region cover
As. In this way, by using different contours X p, the asymptotic results in the outside,
upper bulk, left edge and right edge regions are translated into results in regions As, Bs,
Cs, and Djs respectively.

Although we have not proved all the asymptotic formulas in items (c) and (d) of
Theorem 2, the remainders can be proved using the method presented in the previous
two subsections, and we omit the details.

To compute h,(ﬁ)k and prove item (e) of Theorem 2, we note that it appears in the

leading coefficient of C‘p,ﬁk(z), see (4.3). Using (4.5), (4.13), (4.19) and (4.40), we
have, for z in S, outside of the lens and away from a and b,

Conn(2) = )"0 () = e EOTy (1) = e RO 5 (2) = e D Py(2).
(6.25)
Since g(z) = z+ O(e™%) as z — +o00 in S, (6.25) yields
(n)

—h
P(z) = #;rke_"ee_(kﬂ)Z + 0> ®DY a5z —> +o0. (6.26)
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By (5.51), (4.65), and (4.62), we have as n — oo,

lim Py(2)e®? = lim P @)e® V(1 +Om™"))

z—>+00 z—>+00
= _lim F(I)e™ (1 +0m™")
= lim (Iz(z) - 1)k+1 e b
o0 2 VI2(2) = s)T2(2) — sp)
x e D31+ Om™). (6.27)

From the formula (1.23) of J(s) which is the inverse function of I,(z), we have
1 ¢
L) =5+ eV 4 O(e™), asz — +00, (6.28)

and we obtain that

1\ 4! e—c1l2(2)—co
lim cll‘ (Iz(z) — —) ektD)z
Z—>+00 2 VI2(2) = sa)2(2) — 55)
= c’fek(%”"’) ! = ic]1(+%ek(%+”°), (6.29)

(3 —sa)(sp— )

where s, and sp, are expressed in c¢; by (1.24). Formulas (6.29), (6.27) and (6.26) yield
Theorem 2(e).
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A. Proofs of Several Technical Results

A.1. Proof of Proposition 1. Our proof is similar to that of [15, Proposition 2.1]. By the
formula of the probability density function (1.9), the average of ]_[';:1 (% — i) can be
expressed as ‘

E, ([ [ )

j=1

=Zi/ [T =0 =2 [ =) []e™*an;. (A1
n JR" =1 |

i<j i<j j=

From this formula, it is clear that E;(H?zl (e* — €*i)) is a linear combination of ¢k?
with k = 0, 1, ..., n, and that the coefficient of ¢’¢ is equal to 1 since the probability
measure is normalized. To show that it is equal to q,ﬁ") (e*), we only need to verify that

it satisfies the orthogonality conditions (1.12), which characterize q,(l") (%) uniquely.
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Expanding the Vandermonde determinant over the symmetric group S, gives
n
1 H—1
[T =2 =detd Dijmrm = D =07 2597 (A2)
i<j o€eS, =1
Substituting (A.2) into (A.1), we obtain

qui[(eZ—eM)): /Z( 1)“H<e el i (G f)ﬁxj@—le—nwwdx,-

j=1 oes, i<j Jj=1

= / H(e —e’\f)H(e’Xf —e)“)HAj ! 7"V(’\)d)»~. (A.3)

i<j

Substituting the identity

1 M e
1 e ... 2
H(e —e /)H(e i—eMy=det|: : (A.4)
i< 1 et eMn
1 eZ enZ
into (A.3), we obtain after integrating with respect to A; that
m()() m01 “ e mon
nio nmii . mMin
E’(H(e —e/))_—det : : S
1
/= Mp—1,0 Mp—1,1 --. Mp—1n
1 et ... et
where m j; = / A eV g (A.5)
R
Then it is straightforward to verify that fork =0, 1,...,n — 1,
. nio nmii e mip
) _ n!
/ E;(H(ez —eriKe ™V Da; = — det : : : =0.
Z/ . . .
R L n
mp—1,0 Mp—1,1 --- Mu—1n
no g1 R Mgpn

(A.6)

Thus we prove that E/ (H;’ 1(ef — e’1)) satisfies the orthogonality condition (1.12) that
determines g, )(eZ) and then it follows that [/ (H L (eF—eM)) = q(")(ez)



Random Matrices with Equispaced External Source 1067

A.2. Proof of Proposition 2. In this proof we fix c; € R*and ¢p € R, and J stands for

Jei.co such that J(s) = c15 +co — log —£. Recall that s, = /4 + o8 = /4 + a

asin (1.24),and a = J(s,), b = J(sp) as m (3 4).
To prove part (a), we show that the equation J(s) = x:

(1) has a unique solution s in the upper half plane C* = {s = u + iv with v > 0} if
x € (a,b),
(2) has no solution in C* if x € R\(a, b).

Moreover, as x runs from a to b, the solutions s = s(x) form an arc in C* from s, to sp,.
Then this arc is the desired y; in Proposition 2, and the complex conjugate of y; is the
arc ys.

Fors = u +iv withv > 0, J(s) € R if and only if the identity for its imaginary part

2,.2_ 1
U +v° — g

civ —arccot —— =0 (A7)
v

is satisﬁed where the range of arccot is (0, 7). It is a direct consequence of (A.7) that

v < C— Under the condition 0 < v < Cl, (A.7) is equivalent to

1 2
u- = 7 +vcot(civ) — v-. (A.8)

By direct calculation we find that the right-hand side of (A.8) is a decreasing function
imvfor0<v < f—l Moreover, as v — 0, it tends to ‘l‘ + % and as v — f—l, it tends to
—00.

Thus for J(s) to be real where s = u +iv with v > 0, u has to be in (s4, sp), and for
any u in this interval there is a unique v > 0 to make (A.8) hold. The locus of all such
s = u+ivisanarcin C* connecting s, and sp. As a consequence of (A.8), v increases

as u runs from s, to 0, and then decreases as u runs from O to s,. At any s in this arc,

i) _
ds - 52 —

T #0, (A.9)
)

and it follows that J is a homeomorphism from this arc to the interval [a, b], which
proves part (a) of Proposition 2.

Next we prove part (b). It is easy to check that J maps the ray (s, 00) to (b, 00) and
the ray (—o0, s4) to (—00, @) homeomorphically. Then it suffices to show that J is a
univalent map from C*\ D onto C*, and the univalent property of J on C~\ D follows
by complex conjugation. To this end, we use the following elementary lemma:

Lemma 3 (Exercise 10 in Section 14.5 of [19]). Suppose that G and Q2 are simply
connected Jordan regions and f is a continuous function on the closure of G such that
f is analytic on G and f(G) € Q. If f maps 0G homeomorphically onto 0%2, then f
is univalent on G and f(G) =

But this lemma is not directly applicable, since both C*\ D and C* are unbounded.

Let g(s) := —i iT be the conformal map from the unit disk to the upper half plane, we

find that g~! o J o g is a map from the simply connected region g~ (C*\ D) into the unit
disk, and the map is homeomorphic on the boundary. A direct application of Lemma
3 shows that g_l_o J o g is univalent in g~ (C*\ D) and onto the unit disk, hence J is
univalent in C*\ D and onto the upper half plane, and part (b) is proved.
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To prove part (c), we find by direct calculation that J maps homeomorphically

(1) the interval (s, —%) to the ray (—oo, a),

(2) the interval (%, sp) to the ray (b, 00),

(3) the upper side of the interval (—%, %) to the horizontal line R — 7, and
(4) the lower side of the interval (—%, %) to the horizontal line R + 7i.

Then it suffices to show that J maps D N C* onto S N C~ univalently. We use Lemma
3 again. Similar to the conformal map g, we use the conformal map A (s) := log g(s) =
log _s”_ :1 that transforms the unit disk to SNC*. We omit the details since the arguments
are very similar to those in the proof of part (b).

A.3. Proof of Lemma 2. First, we show that for any x| € R*, (3.3) has a unique solution
as an equation in xp. Note that

= s = — §
de 27‘[1 ’ X1,X0 5 _ % 27Tl ) X1,X0 5§ — %
-1 ds
= —‘\NS/ %44 (Jx],x()(s)) 1
T 71 S—3

pd _ 1
l/ v (JM,XO(S(@))) gwd&
0 do

T

(A.10)

where we parametrize s € y; by its argumenté that runs from O to 7. This parametrization
is well defined since as s moves along yi, its imaginary part increases as its real part
increases from s, to 0, and then decreases as its real part continues to increase from 0
to sp, as shown in the proof of Proposition 2.

Below we show that the right-hand side of (A.10) is bounded below by a positive
constant forall xo € R. Since V" (Jy, x,(s(6))) is bounded below by a positive number by
the strong convexity of V, we need only to prove for all 6 € (0, ), Jlog(s(@) — %) =
arg(s(@) — %) is an increasing function. We show the increasing for 6 € (%, 7) and
6 € (0, %) separately. For geometric reasons, when 6 € (%, ), arg(s(9) — %) is
increasing with @ since both %s(0) < 0 and Js(0) > 0 are decreasing. For 6 € (0, %),
we use the identity

1 1
Slog(s(®) — 5) =3 (xls(O) +x0 +log(s(0) + E)) — 3Ty (5(0)).  (A.11)

Here 3y, x, (s(0)), by the construction of yy, vanishes, Js(6) increases as 6 runs from
0 to 5 and for geometric reasons I log(s + %) also increases as 6 runs from 0 to 5. Thus
we have that for 6 € (0, %), Jlog(s(6) — %) =x135(0) + I log(s (@) + %) is increasing.

Now we have that as a function in xg, 2—71” fy V' Ty x0(8))/ (s — %)ds is a bijection
from R to R, since its derivative is bounded below by a positive constant. Hence by
continuity, there must be a unique x¢ to make this function equal to 1. Given x; € R*,
we denote the unique xg that solves (3.3) by co(x1). Similarly we can show that co(x1)
is a continuous function in x.
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Although we do not have a simple formula for c(x1), we show below that
1

i V' Jx.coten ($))ds < x1 , for x1 sufficiently small, (A.12)
i
¥
1
o V' Jxy.coten) (8))ds > x1 ,  for x; sufficiently large. (A.13)
i
¥

Hence, by continuity, it follows that there exists ¢; € R* that, together with co = co(cy),
solves (3.2)—(3.3).

As x; — 0%, from (A.8), it follows that the shape of y is close to the circle with
—-1/2

radius x, and center 0. Hence if we parametrize s € y as before by its argument 6,
we have for 6 € [0, 27),
’(9)
s(0) =é' x 2 41o0(l), lim =i, lim V' Jx1.20(5(0)) = V' (x0).
x1—>0* 5(0) — 5 x1—0
(A.14)
By the dominated convergence theorem, we have
li : V (Txy.x0 ( )) : li - V' Uy 20 (50) ——— 0 —db
im — — lim
e 2 #1308 % 2miamor Jo T ) ]
1 2
= — V/(x0)idd = V'(x). (A.15)
2mi 0

We find lim,, .o+ co(x1) = Xo, Where X is the unique value such that V' (%p) = 1. From
the results obtained above, we have that

1

V' Jx1,coon) ($))ds = o(x] b asx; — 0%, (A.16)
2mi y

since the shape of contour y approaches to the circle with radius x Y 2, and the integrand
tends uniformly to V' (%) = 1.

On the other hand, for large values of x1, we use the expression

1 / -1 ~ /
%ﬁ 1% (Jxl,xo(s))ds - 7‘5/)/1 Vv (Jxl,xo(s))ds

—1 [%
7/ V' Jxy o (s () (w)du, (A.17)

where s € y is expressed as a function in its real part u = Ns, and v(u) > O is defined
by the condition that s(u) = u +iv(u) € yi, and s, sp are the two endpoints of yj,
as denoted in the beginning of Appendix A.2, with the parameters cy, co substituted by
X1, Xo. Let us decompose the integral at the right of (A.17) as I1 + I + I3, where

_1 -1
n== / Y Uy (s @)V (W)dt, (A.18)
1
_1 7
h=" / VU (@) ), (A.19)
-2

_1 Sb
h=" / V(T o (s ) SV (@)t (A.20)
2
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From (A.8), it is not difficult to find that as x; — oo,
1 1 T 1
”(_E) = U(E) =% +o(x; ). (A21)
We know that V' is an increasing function in u and that v(u) is an even function.
From Appendix A.2 we have that v(u) is increasing for u € (s,, 0) and decreasing

for u € (0, sp). Hence the integral I is positive. Using the monotonicity of V’ and
integration by parts for /; and I3, we similarly obtain

1 1 1 1 1 1
hi+13 > ;V/(Jxl,xo(s(z)))(v(z)_v(sb))_;V/(Jxl,xo(s(_5)))(”(_5)_7)(&1))
1
T

1 1 1
(V/(Jxl,xo s — V/(Jxl,xo(s(_z)))) v(3), (A.22)

where in the last line we used the identities v(s;) = v(sp) = 0 and v(—%) = v(%).
Hence (A.17) and the estimates of /> and /] + /3 above imply that

1 , 1 , 1 , 1 1
%j{, ViJxy,x0(5))ds > p (V (Jx1,xo(s(§)) -V (Jx1,xo(s(_§))) v(z)- (A.23)
As x; — 00,

1 X1 1 X1
Jxl,xo(s(_z)) =X - +o(x1), Jxl,xo(s(i)) =X+ S+ o(x1), (A.24)

where the two o(x|) terms are independent to xg. By (A.24) and the assumption V" (x) >
¢ > 0 for all x, we have that if x; is large enough, then uniformly for all xo € R

1 1
V/(Jxl,xo(s(z))) - V/(Jxl,xo(s(_z)) > cxy. (A.25)
Substituting (A.25) and (A.21) into (A.23), we have that as x; — 0o and xo = co(x1),
1 _
i g V' Gy oy (8))ds > xy (A.26)

We note that ﬁ fy V' (Jx1.co(xp) (8))ds is continuous in x1, since % fy V' (T30 (5))ds
is continuous in x1, xg and co(x) is continuous. Then we find that the estimates (A.16)
and (A.26) imply that there is a pair (c1, co = co(c1)) such that both (3.3) and (3.2) are
satisfied.

B. Explicit Construction of the Equilibrium Measure for Quadratic and Quartic V

In this appendix we use the method developed in Sect. 3 to find the endpoints of the
support of the equilibrium measure explicitly for quadratic and quartic external fields

V. In the quadratic case, we consider a monomial external field V(x) = "t—z, but the
same method can be applied to all quadratic V. We also construct the density function
of the equilibrium measure. In the quartic case, we confine our attention to V such that
V (x)— 7 is an even function. Under this condition the equilibrium measure is symmetric
around the origin. In contrast to the quadratic V that is automatically convex, we also
consider quartic V that is one-cut but not convex.
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2

External field V (x) = 5. In this case, V'(x) = 7, and a simple calculation of residue

yields
1 s—1 1
—_]{V/ 15 +co — log 12 ds = —,
2mi % S+ 3 t
_1 (B.1)
v’ (cls +co — log Y—,z)
1 St3 co C1
— ds = —+ —.
27i J, 5 — % r2t

Thus by Lemma 2, we have
t

c1=t, cy= 7 (B.2)

The support of the equilibrium measure, as expressed by (3.4), is

[aa b] = [Jt’i(sa)v JLL(SLI)]
/2 147 _ V2147
[ (t—\/t2+4t)—10gt+2+ i l(t+\/t2+4t)—log w]

(B.3)
In particular, for r = 1, we have
—v5+1 3+45 V541 3—-4/5
[a,b] = V5 — log \/_, V5 — log V5 . (B.4)
2 2 2 2
To find the equilibrium density, we have as a particular case of (3.21) that
1 _
_Tllog 2. fors e C\D,
M(s) = s+ (B.5)
s+ % fors € D.

Then by (3.23), after a straightforward calculation, we obtain the following expression

1
Yy (x) = =L (x), (B.6)
b4

where L, is as before the boundary value of the inverse of J = J 0t which parametrizes
the curve y;.

External field V (x) = x* /4 + ux2/2 +x/2

In this case, V/(x) = x3 + ux + 5 and the calculation of residues yields

1 2
1 et 2 a 2

- V' c1s +co log 1 ds = +3cy + 3¢y +u, (B.7)
27[1 Y S+i 4

_1
! v/ (cls +co — log ;—f)
—?{ ds
Y

2mi s _%
3 2
ci  3co 2 3¢ u 3 1
= §+(— E)Cl +(7+6C0+§)C1+C0+MC0+§. (BS)
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As a consequence of the relation V(x) = V(—x) + x, the equilibrium measure py
is symmetric around the origin. Indeed, changing variables s — —s and ¢t — —f in
the energy functional (1.17), it is straightforward to verify that Iy (uy) = Iy (iy),
where [ty is defined by the fact that iy (A) = wy(—A) for any Borel set A. From
the uniqueness of the equilibrium measure, it follows that uy = fy. In particular this
implies that the support of the equilibrium measure is of the form [—b, b]. By (1.21),
we have cg = 0. Substituting this and (B.7) into (3.2), we obtain the equation

¢} +12¢3 +duc) —4 = 0. (B.9)

Remark 8. Although the equilibrium measure, which is the limiting mean eigenvalue
distribution of the random matrix ensemble as n — 00, is symmetric around the origin,
this is not true for the finite n joint probability distribution of eigenvalues (1.6). The
latter would only be invariant under the change of variables A; — —A; if the term x /2
in V(x) were replaced by (% — ﬁ)x.

For any value of u, the Eq. (B.9) has a unique positive solution by Descartes’ rule
of signs. We have an explicit formula for ¢; € R* in u by the formula for the roots of
a cubic equation, but we will not write down the long formula. Together with ¢g = 0,
c1 > 0 gives us a solution to the pair of Egs. (3.2) and (3.3). Under the condition that
the equilibrium measure is one-cut supported, this pair cg, ¢ yields expressions for the
support and the density function of the equilibrium measure, but we omit the formulas.

We note that the external field V is convex if u > 0. If u is negative, it is not but the
construction of the equilibrium measure given above can still be carried out formally.
When u is negative but sufficiently close to 0, we can check that the equilibrium measure
constructed in this way is still a probability measure. When u is a large negative number,
the constructed density function vy (x) is negative on an interval centered at 0, and
therefore not a probability density. This means that the external field is not one-cut
regular, and our construction fails. Based on the analogy with matrix models without
external source, the symmetry of the equilibrium measure and numerical simulations,
we conjecture that V is one-cut regular for values of u such that ¥y (0) > 0.

From (B.9), we derive that u = % —3c; — %c%, where ¢ is the positive solution to
(B.9). This makes u a strictly decreasing function of c;. Since cp = 0, it is easy to see
that L, (0) is on the imaginary axis, and we denote it as I, (0) =i p (p > 0). From the
relation

1
L -1
Jerco @ (0)) = e1L(0) —log ———2 =0, (B.10)
L.0) + 5
we derive that ¢; = %arctan ﬁ and ¢ is a strictly decreasing function in p, which

means that u is a strictly increasing function in p.
Like (B.5), with our quartic V (using the fact that co = 0), we have by (3.21)

1 N\ 2 \3

—(3¢%s? 573 Rl s=3 ) 22 _

M(s) = (3cts*+u) log e +3c1s (log s+§) (log — ) 3c2s s € C\D,
353 +ucis +3c3s + 4 seD.

(B.11)

Similarly to the quadratic case, we can recover the equilibrium density using (3.23). In
particular at zero we have
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T T
-1 0 1

4 2
Fig. 9. The density function ¥y of the equilibrium measure for the external field V (x) = % — % +5

1 1 ( 3 3 2 1)
Yy (0) = =IM_(I1:(0)) = = | ] L (0)” + (ucy +3¢))L(0) + =
T T 2

P (1 — 2+ l)) ya (1 - (§ + %)(arctan L)3) . (B.12)
b4 4 b4 p p 2p

Here we used (B.9) to pass from the first to the second line. Thus ¥y (0) > 0 if and only
if (% + %)(aretan ﬁ)3 < 1, which is equivalent to p > p. for some value p. > 0.
Since u is an increasing function in p, this is equivalent to u > u., where u, can be
approximated numerically as u, ~ —1.9250. Although we have not rigorously proved
that for u > u. the external field is one-cut regular, numerical results are convincing.
When u = —1.925, the constructed equilibrium measure is shown in Fig. 9. It suggests
that around u = u, ~ —1.925 the transition between one-cut and two-cut equilibrium
measures occurs.

C. Asymptotics of p,(,")(x) When V (x) = xTZ

In this appendix, we give an alternative derivation of the asymptotic results in Theorem

2 when the external field is V (x) = % The derivation is based on the contour integral
formula of multiple Hermite polynomials in [16, Theorems 2.1 and 2.3]. This method
can essentially reproduce all results in Theorem 2 for quadratic external field, but for

brevity we only give the derivation for p,(f') (x) where x € R and is away from the edges
of the equilibrium measure. Although this contour integral method cannot be applied
when the external field is not quadratic, it shows that the transformation J, ., arises
naturally in the uniform external source model.

The result [16, Theorem 2.1] states that the monic polynomial P, (x) of degree n that
satisfies

%) 2
/ P,(x)e" e Tdx =0, forj=1,2,...,n, (C.1)

—00
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is expressed by an integral over the imaginary axis:

\/_ /l (l x)
P, —a;)d Cc2
(x) = N ,l |1(t a;)dt. (C.2)

Whena; = u as in (1.5), we have, in our notations, P, = p\" where V (x) = x2/2.
Setting t = s + é, we have

(n) (x) = \/’Tl /100 enF"(s;x)dS, (C.3)
27wl J—ico
where
11 R 1 i—11
Fa(s; %) = 5(s + 5 = %) +;10g(s+§— —)-. (C.4)

For s away from the interval [—%, %], we have the following uniform (in s and x)
asymptotic expansion as n — 00,

1
2% +0O( 2) (C.5)

s+ 5

1
Fo(s;x) = F(s; x) + —log
n

where
1 1 ’ 1 1 1 1
F(s;x) = 2(s+2 X) +(s+2)10g(s+2) (s 2)log(s 2) 1, (C.6)

and we take the principal branch of the logarithm and square root. Hence

dF( ) +1 { s —
_ ; — — —1lo
PR S5 X s 3 gs+

1

Z—x=J 1(s) —x. (C.7)
= 2

2

Below we consider the zeros s of the derivative % F(s; x) and express them as functions
in x. We use the functions I (x), I>(x) and their boundary values I (x) as defined in

(1.26)~(1.29) with ¢; = 1 and ¢y = 4. Note that s, = —¥2 and s, = ¥ as given in
(1.24); we denote

—/5+1 V5-1 V541 V5+1
2 2

a:Jl,%(sa)z +210gT, bZJl,%(Sb)ZT'i'ZIOg

(C.8)
asin (3.4), which agree with (B.4). We can say the following about the zeros of j—s F(s; x):

(1) if x > b, then there are two zeros of - d F(s x):I1(x) € (sp,00)and Ir(x) € (é, Sb),

(2) if x < a, then there are two zeros of L FGs;x): L1 (x) € (—00,5,) and Ip(x) €
(Saa 2)’

(3) if x € (a, b), then there are two zeros of j—SF(s; x): Li(x) € yrand I_(x) € ys.

By explicit computation, we find that for x € (—o0, a) U (b, +00), then along the vertical
line {z = I1(x) + it | t € R}, NF(z) attains its maximum at z = I;(x). If we deform
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the contour iR of integration in (C.3) to the vertical line through I; (x), the standard
application of the saddle point method yields

1
I (x)+n 3i
(")(x) ﬁ/ D g1+ o(n™)
V2 Il(x)—n*%i
1
Iy (x)+n 3i +1
_ ﬁ_/ e 1212 gg 0w
N2l J1(x)—n"3i -2
_1
ﬁenFn(Il(X);X) /Il(x)+n 3i
S AL exp( S — L (x))? —F(s x)
N2mi Il(x)—n_.%i s=I (x)
+1
2 ds(1+ O(n~2
X Tds(1+0(n"2))
—2
1
— enF(h(x):x)&(] +(9(n—%))_ (C.9)

L(x)2 -3

If x € (a, b), by explicit computation, we find that along the vertical line that passes
through I, (x) and I_(x), MF(z) attains its maximum at two points z = L. (x) and
z = I_(x). (Note that although F'(z) is discontinuous on the interval [—— 2] NF(z)i1s
continuous everywhere.) Then we take the contour in (C.3) as this Vertlcal line. When the
contour crosses the interval [— % %], F(z) is no longer a good approximation of F},(z),
but we can estimate the magnitude of F, (z) by other methods, (say, some rough and
direct estimate of (C.4)) and still find the vertical line suitable for saddle point analysis.
The standard application of saddle point method yields, like (C.9),

1
I -3 1
N / () lenFn(s;X)ds — " F () L) +3
|

(1+0@n™?)), (C.10)

K 1
V2 @) —n” 3 L(x)?—3
and
1 1
L(x)+n 3i I_(x)+n 3i
PP (x) = 7\% / . e”F”(S;x)ds+/ oV 1 (1+o(n™h))
2mi L.(x)-n" 3i I_(x)—n 3i
) o Lo+ L (x)+4
:26rz.‘1\F(I+(Jr),)c)L)52|I cos | nIF (L, (x); x)+arg ﬂ +O(n_%) ,
L) =312 JL@?2=3

(C.11)

where the square roots take the principal value. It is not obvious that the asymptotic
formulas (C.9) and (C.11) agree with the formulas (1.37) and (1.41). To convince the
reader, we show that (C.9) is equivalent to (1.37) (with k = 0 and x € R) in the leading
term.

It is easy to check that

L(x)+3

JI? =%

= Go(I1(2) (C.12)
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where G is the function defined in (1.30) with ¢; = 1. We need also to show that
F;(x); x) = g(x) where g(x) is defined in (1.33). Since it is not hard to verify by
direct computation that g(x) = log(x) +o(1) and F(I;(x); x) = log(x) +o(1), we need
only to show that the function g'(x) = G(x), defined in (3.10), satisfies

d
G(x) = —FIi(x); x), (C.13)
dx
Note that by the relation x = J 1l (I1(x)), we have

FI(x); x) = F(I(x))

_1, L(x)+ % ’ . L loa(l 1
=5 Ogm +(1(X)+§) og(l(x)+§)
1 1
- (x) - z)log(ll(x) - E) -1, (C.14)

where we consider F as a function of u = I;(x), and

iF(Il(x) x) = iF( )(dJ(”)) = lo g—ll(’C)Jr 2 (C.15)
Li(x) — 5
On the other hand, by the identities (3.15) and (3.21), we have
B J()
¢ == 2m?{s—11<x> “
£+ 1 1 lOg(s T )
- 2mﬁ[$—11(x) - L E—T(x )dé' (C.16)

By the calculation of residue, it is obvious that the first contour integral in the second
line of (C.16) Vanishes and after some effort, we find the second contour integral has

II 1<( )) . Thus (C.13) is proved, and together with (C.12) the equivalence

between (C.9) and (1. 37) is obtained.

value —27i log
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