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Abstract: In a recent article (Fefferman and Weinstein, in J] Am Math Soc 25:1169—
1220, 2012), the authors proved that the non-relativistic Schrédinger operator with a
generic honeycomb lattice potential has conical (Dirac) points in its dispersion surfaces.
These conical points occur for quasi-momenta, which are located at the vertices of the
Brillouin zone, a regular hexagon. In this paper, we study the time-evolution of wave-
packets, which are spectrally concentrated near such conical points. We prove that the
large, but finite, time dynamics is governed by the two-dimensional Dirac equations.

1. Introduction and Outline

There is great interest within the fundamental and applied physics communities in
the properties of waves in periodic structures with honeycomb lattice symmetry. The
(Floquet—Bloch) dispersion relation of such structures is known to have conical singular-
ities which occur at the intersections of certain bands at high-symmetry quasi-momenta.
These conical singularities, also called Dirac points or diabolical points, are central to
the remarkable electronic properties of graphene [19,27] and wave-propagation proper-
ties in dielectrics (linear and nonlinear) with honeycomb structure dielectric parameters
[7,19,20,27-29]. Conical points have long been known to arise in the dispersion relation
of plane waves of the homogeneous and anisotropic Maxwell equations [8].

In [16] it was proved that for generic honeycomb lattice potentials, V (x), that the
non-relativistic time-independent Schrédinger equation:

ne = (=A+V(x) ¢ (1.1)

has conical singularities in its dispersion surfaces. These occur at quasi-momenta located
at the vertices of the Brillouin zone, 13, a regular hexagon. In this paper we prove that
the dynamics of solutions of the time-dependent Schrédinger equation:

1y = (=A+VX) Y, (1.2)
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for initial data which are spectrally concentrated near the vertices of B, are for very
large, but finite, times effectively governed by a two-dimensional system of relativistic
Dirac equations. We next explain our main result, Theorem 5.1.

It is natural to decompose solutions of (1.2) in terms of its Floquet—Bloch states:
Oy (x; K)e M1 where b>1, k € B and up(K), b>1 are the eigenvalues of the
pseudo-periodic eigenvalue problem with quasi-momentum, k; see (2.9)-(2.10). At a
conical singularity (Dirac point) of a honeycomb structure we have two dispersion sur-
faces, graphs of consecutive maps k — 5, (k) = pn—(K) and k = pp,41(k) = pe (k)
intersecting conically: u, = p4(Ky) = n—(K,). The b’lh and (by + 1) spectral bands
intersect at the energy ., and this energy is attained by p— (k) and p4(K) at each of
the vertices of B. The corresponding two-dimensional quasi-periodic eigenspace asso-
ciated with the quasi-momenta K,, Nullspace (—A + V — wu,), is spanned by the pair:
d(x; K,) and O, (x; K, ), which satisfy the relation: ®,(x) = ®1(—x); see the notion
of Dirac point, Definition 3.1.

Theorem 5.1 asserts the following for a generic honeycomb lattice potential, V (x):
Consider initial conditions of the form:

2
v(x,0) = ZSajo(Sx)QDJ-(X), (1.3)

j=1

with fixed, smooth, rapidly decreasing o jo(X), j = 1,2 and § small. We call this a
wave-packet spectrally localized at K, € B. For such initial conditions the solution
evolves, approximately, as a slowly modulated superposition of Floquet—Bloch states:

2
Yx. 1)~ e D" (0%, 1) (), (1.4)
j=1

where the modulating amplitudes, o ; (X, T'), satisfy the effective Dirac system

arai(X, T) = —hz (3x, +idx,) 02(X, T), (1.5)
drar(X, T) = —hy (3x, — idx,) a1 (X, T), (1.6)

where 0 # Ay € C. In Theorem 5.1 we establish the validity of (1.4) where oy, o
satisfy (1.5)—(1.6), on time scales of order O(§~2*¢), for any & > 0.

To prove Theorem 5.1, we seek a solution of the initial value problem with wave-
packet initial condition (1.3) with leading order term given by the right-hand side of
(1.4) plus a correction term, 775 (x, 1), which is represented via the DuHamel formula;
see (6.5)—(6.7). The Dirac equations (1.5)—(1.6) arise as a non-resonance condition,
which ensures that n‘s(x, t) is small on a time interval: 0 < ¢t < (’)(8’2“5), for any
& > 0. Estimation of n° requires a careful decomposition of the propagator, e~ (—2+V)!
and analysis of its action on functions with quasi-momentum components supported near
K., a vertex of 3, and those with quasi-momentum components supported away from
K.,. The resonant terms which are removed by imposing equations (1.5)—(1.6), arise from
quasi-momenta near K,. A detailed expansion of the normalized Floquet—-Bloch modes
for such quasi-momenta is required. Such modes are discontinuous at K,. Components
corresponding to quasi-momenta away from K, are controlled, via Poisson summation
and integration by parts with respect to time, by making use of rapid phase oscillations
1n time.
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Formal derivations of Dirac-type dynamics for honeycomb lattice structures are dis-
cussed in the physics [27] and applied mathematics [2,3] literature. A rigorous discus-
sion of the tight-binding limit is presented in [1]. Conical singularities have long been
known to occur in Maxwell equations with constant anisotropic dielectric tensor; see,
for example, [8,21] and references cited therein.

To put our results in context, we discuss the effective dynamics of two other classes
of initial conditions; see, for example, [4]

1. Ballistic propagation: Take data given by a wave-packet which is localized at a
frequency, © = uj;(K), where uj(k) is regular in a neighborhood of K, & is a
simple eigenvalue of H (K) with corresponding Floquet-Bloch eigenstate ®7(x; K)
and Vi (K) # 0:

Yo(x, 0) = 8 ag(8x) Dj(x; K).
Then, the large time approximate evolution is given by:

Y (x, 1) ~ e s (8x, 81)Dp(x; K),
dra(X, T) + Viup(K) - Vxa(X, T) =0, X =0x, T = 5t.

Thus,
V(X 1) ~ e § (5 (x = Vipz(K) 1) )CDg(X; K) (1.7)

for times, ¢, of order § 2. _ _

2. Effective mass (homogenized) Schrodinger evolution: Let K be such that uj;(K)
occurs at a spectral band (gap) edge. Take wave-packet data which is spectrally
localized near the frequency uj(K):

Yo(x,0) = § ap(8x) d5(x; K), 0 <8 < 1.

Since ul;(f() is at a band edge, we have Vkug(f() = 0. Furthermore, assume the

Hessian matrix Dl% 7% (K) is non-degenerate. Then, the large time approximate evo-
lution is given by

Y(x, 1) ~ e s a(sx, 8%1) dp(x; K),
where o (X, 1) is governed by the constant coefficient Schrodinger equation:
idra(X, 1) = —Vx - At Vxa (X, 7), X =0x, T =81,
. (1.8)
Aeff = 5 Di uj;(K)

for times, 7, of the order § 2. A is referred to as the inverse effective mass tensor.

1.1. Outline of the paper. In Sect. 2 we review basic Floquet—Bloch theory for general
periodic potentials and introduce the class of honeycomb lattice potentials. In Sect. 3
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we discuss the main results of the authors’ recent paper [16] as well as some direct
consequences required in the current work. In Sect. 4 we discuss properties of solutions
to the two-dimensional Dirac system (1.5)—(1.6). In Sect. 5 we state our main result,
Theorem 5.1 on the large, but finite, time Dirac effective dynamics for appropriate
wave-packet initial data for the time-dependent Schrodinger equation with a generic
honeycomb lattice potential. The proof of Theorem 5.1 is contained in Sects. 6 and 7.
Appendix A gives an elementary proof of the Lipschitz continuity of eigenvalues of
self-adjoint operators. We thank B. Simon for a sketch of a shorter proof using standard
perturbation theory; see Chap. XII of [30].

In a forthcoming article, we present an analytic perturbation theory of deformed
honeycomb lattice Hamiltonians, for perturbations which commute with inversion com-
posed with complex conjugation. Conical (Dirac) points persist for small perturbations
of this type, although the conical singularities typically perturb away from the vertices
of B. These results extend those of [16] and, in particular, include the case of a uniformly
strained honeycomb structure. We also consider the analogous question of the dynamics
of solutions for wave-packet initial data, spectrally concentrated at a Dirac point of the
deformed honeycomb structure. In this case, the methods of the present article apply to
establish the large, but finite, time dynamics as being given by ftilted- Dirac equations.
The latter can be mapped to the standard 2D Dirac equations by a Galilean change of
variables.

1.2. Notation.

7€ C = 7z denotes the complex conjugate of z.

. A,ad x d matrix = A’ is its transpose and A* is its conjugate-transpose.

K™ = K" = K+mk = K+m K| +msk>. K, k| and k, are defined in Sect. 2.2.
. B denotes the standard Brillouin zone of Fig. 2. 3, denotes an equivalent choice,
introduced for convenience in the proofs, centered at K.

Vi = e KXVyel®X = Vy +ik, A = Vi - V.

X,y el (Xy) =Xy, X-y=X1y1 + -+ XpYn.

. Forq = (ql_,qz) S Zz, gk = g1k + g2ko.

(fe=Jrg

. x < yif and only if there exists C > 0 such that x < Cy.

. We write f = Ox(p) if there exists a constant, C, such that || f||x < Cp.

W=

2. Periodic Potentials and Honeycomb Lattice Potentials

We begin with a review of Floquet—-Bloch theory of periodic potentials [15,23,30,32].
2.1. Floguet—Bloch theory. Let {v{, v2} be a linearly independent set in R?. Consider
the lattice

A ={mvi+myvy:my,my € Z} = Zv| @ Zv>. 2.1)
The fundamental period cell is denoted

Q={0vi+6v,:0<6; <1, j=1,2}. (2.2)
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Denote by Lger, A= L%(R?/A), the space of L]2Oc functions which are periodic with the

respect to the lattice A, or equivalently functions in L2 on the torus R?/A = T?:
f e Lger’A ifandonly if f(x+v) = f(x), forx € R?, veA.
More generally, we consider functions satisfying a pseudo-periodic boundary condition:
felLi,ifandonlyif f(x+v)=f(x)e’*, forx e R*, veA.  (23)

We shall suppress the dependence on the period-lattice, A, and write Li, if the choice

of lattice is clear from context. For f and g in Li A fg is locally integrable and
A- periodic and we define their inner product by:

(i) = /Q T g(x) dx. 2.4)

In a standard way, one can introduce the Sobolev spaces H} , .
The dual lattice, A*, is defined to be

A* = {miky +mpky i my, my € Z} = 7k, ® Zk», (2.5)
where k; and k; are dual lattice vectors, satisfying the relations:
ki "V = 27T3ij.

If fe le)er A then f can be expanded in a Fourier series with Fourier coefficients

f = {fm}meZZ:
f(X) — Z fm eimk~x — Z fml,m2 ei(m]k1+m2k2)~x’ (26)

meZ? (m1,mo)eZ?
1 - 1 :
fm=— / MY fy)dy = — / el mkil)Y f(y)dy.  (2.7)
1€2] Jo 2] Jo
Let V(x) denote a real-valued potential which is periodic with respect to A, i.e.
Vix+v)=V(x), forxe R?, veA.
Throughout this paper we shall also assume that
V e C®([R?/A). (2.8)

We expect that this smoothness assumption can be relaxed considerably without much
extra work.
For each k € R? we consider the Floguet—Bloch eigenvalue problem,

Hy o(x; k) = nu(k) ¢(x; k), xe Rz, 2.9)
O(x+v; k) = XY d(x: k), veA, (2.10)

where

Hy = —A+V(x). 2.11)
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An Li- solution of (2.9)—(2.10) is called a Floquet—Bloch state. A function which satisfies
the boundary condition (2.10) is said to be k-pseudo-periodic.

Since the eigenvalue problems (2.9)—(2.10) are invariant under the change k +— k+l~(,
wherek € A*, the dual period lattice, the eigenvalues and eigenfunctions of (2.9)—(2.10)
can be regarded as A*-periodic functions of k, or functions on R?/A*.

Therefore, it suffices to restrict our attention to k varying over any primitive cell. It is
standard to work with the first Brillouin zone, 13, the closure of the set of points k € R2,
which are closer to the origin than to any other lattice point.

An alternative formulation is obtained as follows. For every k € I3 we express the
Floquet-Bloch mode, @ (x; k), in the form

o (x; k) = ¢*¥p(x; k). (2.12)

Then p(x; k) satisfies the periodic elliptic boundary value problem:

Hy (&) p(x; k) = (k) p(x; k), xe€R?, (2.13)
px+v;k) = p(x;k), veA, (2.14)

where
Hy (k) = — (V +ik)? + V(x). (2.15)

The eigenvalue problem (2.9)—(2.10), or equivalently (2.13)—(2.14), has a discrete
spectrum:

p1(k) < pa(k) < p3k) <--- (2.16)

with eigenpairs pp(x; K), up(k) : b=1,2,3,.... The set { py(x; K)}; > | can be taken
to be a complete orthonormal set in L2, (R?/A).

The functions puj(K) are called band dispersion functions. Some general results on
their regularity appear in [6,32].

Since V is assumed to be smooth, elliptic regularity theory implies for each b > 1
and k € B, that

X = pp(x; k) is CP(R?/A).

Furthermore, there exists a constant Cj g v, depending only on b, B and V, such that
max 110 py (K@) < Chp.v- (2.17)
keB

We shall also require the regularity of the mapping k — (k).
Proposition 2.1. The eigenvalue maps k — up(K), b > 1, are Lipschitz continuous.

Proposition 2.1 (see also Proposition A.2) is a consequence of the general result
on Lipschitz continuity of eigenvalues of self-adjoint second order elliptic operators
(Theorem A.1), stated and proved in Appendix A.

Remark 2.1. Although the eigenvalue maps, k — up(K), are Lipschitz functions the
Floquet-Bloch mode maps, k +— p,(x; k), are in general not even continuous [32].
Indeed, we shall see this behavior explicitly in a neighborhood of degenerate eigenvalues;
see Theorem 3.2.
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As Kk varies over B, up (k) sweeps out a closed real interval. The spectrum of —A +
V(x) in LZ(RZ) is the union of these closed intervals:

spec(Hy) = | J spec (Hy (k). (2.18)
keB
Moreover, the set
U Utesxk}  @px:k) = e py(x: k), (2.19)
b>1 keB

suitably normalized, is complete in L2 (R?):

fo=3 /B (@5 K), ) 2z Pu(x;K) dk = > /B 7o) @p(x: k) dk,

b1 b1
(2.20)

where the sum converges in the L? norm.
Moreover we have, with respect to the Floquet—Bloch basis, the Plancherel Theorem:

e, = 3 [ 10 dk @21
b>1

Remark 2.2. The A} -periodicity of the Floquet-Bloch modes implies that we can express
(2.20) equivalently in terms of a dk-integral over any fundamental period cell. A conve-
nient choice, to be used below, is one where the integral over B is replaced by an integral
over

By=K+B. (2.22)

That K is an interior point to this fundamental domain, rather than a vertex, will simplify
certain computations below.

Thus it is natural to introduce Sobelev spaces, defined in terms of the Floquet-Bloch
coefficients as follows:

1 Vs gy = N+ THPYE f 7oy = Z/B<1+|ub<k)|2)% | fo ()1 dk

b>1

~ > (L+b)? /B | fo(K)|? dk. (2.23)

b>1
The latter approximation is a consequence of:
lup ()| ~ |b], b> 1. (2.24)

The Weyl law (2.24) holds uniformly in 5.
Note the simple consequence of (2.23), to be used in Sect. 7:

f» =0, for b outside a fixed finite set —> 1 s w2y S I fllL2@ey, s =0.
(2.25)
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Fig. 1. Part of the honeycomb structure, H. H is the union of two sub-lattices Ay = A + Ay, (blue) and
Ap = B+ Ay, (green). The lattice vectors {vq, vo} generate Ay, (color figure online)

2.2. The period lattice, Ap, and its dual, AZ. Consider A, = Zv; @ Zv,, the lattice
generated by the basis vectors:

V3 3
Vlza(%), sza( 21), a> 0. (2.26)
2 -2

Note: Ay, (“h” for honeycomb) is a triangular lattice, that arises naturally in connection
with honeycomb structures; see Fig. 1.
The dual lattice A}, = Zk; @ Zk; is spanned by the dual basis vectors:

klzq(é), kzzq( 5&) g=-" 2.27)
7 -7 av/3

where
Ke - vy = 27800, (2.28)
)
vi|=Iv2l =a, vi-v2= ER (2.29)
1
k1| = k2| = ¢, ki -ky = —zqz. (2.30)

The Brillouin zone, B, is a hexagon in R?; see Fig. 2. Denote by K and K’ the vertices
of B given by:

1
K=-(k —k), K/E—Kzg(kz—kl). 2.31)

W | =
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Fig. 2. Brillouin zone, B, and dual basis {ki, k>}. K and K’ are labeled. Other vertices of Bj, obtained via
application of R, rotation by 27r/3; see Eq. (2.33)

All six vertices of I3 can be generated by application of the rotation matrix, R, which
rotates a vector in R? clockwise by 277/3. R is given by

1 3

2

R— 2 (2.32)
_3
2

1
2
and the vertices of B fall into two groups, generated by action of R on K and K':

K type-points: K, RK =K +k,, R’K =K — k|,
(2.33)
K’ type-points: K', RK' =K' —ky, R’K' = K’ +Kk;.

Remark 2.3 (Symmetry Reduction). Let ( ®(x; K), (k) ) denote a Floquet—Bloch eigen-
pair for the eigenvalue problem (2.9)—(2.10) with quasi-momentum k. Since V is real,
(P(x;k) = D(x; k), w(k) ) is a Floquet—Bloch eigenpair for the eigenvalue prob-
lem with quasi-momentum —Kk. Recall the relations (2.33) and the Aj-periodicity of:
k — w(k) and k — @ (x; k). It follows that the local character of the dispersion sur-
faces in a neighborhood of any vertex of 15 is determined by its character about any other
vertex of B.

We remind the reader that below, it will be convenient to work with B, = K + BB as
our Brillouin zone, explained in Remark 2.2.
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2.3. Honeycomb lattice potentials. For any function f, defined on R?, introduce
RIf1x) = f(R*X), (2.34)
where R is the 2 x 2 rotation matrix displayed in (2.32).

Definition 2.2 (Honeycomb lattice potentials). Let V be real-valued and V € C ©(R?).
V is a honeycomb lattice potential if there exists xo € R? such that V(x) =V(xX—Xp)
has the following properties:

1. Vis Ap-periodic, i.e. V(X+V) = V(X)for allx € RZ and v € Ay,

2.V is even or inversion-symmetric, i.e. V(—X) = V(X).

3. VisR- invariant, i.e.

RIVI(X) = V(R*X) = V(x),

where, R* is the counter-clockwise rotation matrix by 27 /3, i.e. R* = R~ where

R is given by (2.32).

Thus, a honeycomb lattice potential is smooth, Ap- periodic and, with respect to
some origin of coordinates, both inversion symmetric and R- invariant.

Remark 2.4. As the spectral properties are independent of translation of the potential we
shall assume in the proofs, without any loss of generality, that xo = 0.

Remark 2.5. A consequence of a honeycomb lattice potential being real-valued and even
is that if (®(x; k), 1) is an eigenpair with quasimomentum k of the Floquet-Bloch

eigenvalue problem, then { ®(—x; k), 1t ) is also an eigenpair with quasimomentum k.

A key property of honeycomb lattice potentials, V},, used in our spectral analysis of
—A + Vj, [16], is that if K, denotes any vertex of B, then we have the commutation
relation:

[R. Hy, (K] =0. (2.35)

It is therefore natural to the split L% , the space of K,- pseudo-periodic functions, into
the direct sum:

Lk, = L1 © Lk, ® Lk, = (236)
where L%(”U are invariant eigen-subspaces of R, i.e. for 0 = 1,7,7, where T =
exp(2ri/3), and

L2 _ 2 . —

K.o = |8 €Lk, - Rg=o0g|. (2.37)

3. Dirac Points
We begin with a precise definition of a Dirac point.

Definition 3.1. Let V (x) be a smooth, real-valued, even (inversion symmetric) and peri-
odic potential on R?. Denote by B the Brillouin zone given in Remark 2.2. We callK € B
a Dirac point if the following holds: There exist an integer by > 1, a real number (i,
and strictly positive numbers, A and §, such that:
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1. py is a degenerate eigenvalue of H with K-pseudo-periodic boundary conditions.
2. dim Nullspace (H — ,u,,l) =2
3. Nullspace(H - pL*I) = span{cbl(x), d>2(x)], where ®; € L%(’r and ®r(x) =
®(—x) € L 5
4. There exist Lipschitz functions +(K),
b (K) = u—(K)  pp+1(K) = pa(k), pn+(K) = p,

and E 4 (K), defined for |k — K| < 8, and k-pseudo-periodic eigenfunctions of H:
4 (x; K), with corresponding eigenvalues 4 (K) such that

p+(K) — po = +1 [k — K| (I +E4(k)) and
u—(k) —p = -2 [k=K| (1+E_(K)), (3.1)
where |[E+ (k)| < Clk — K] for some C > 0.
Remark 3.1. In [16] we prove the following

Proposition 3.2. Suppose Conditions 1,2 and 3 of Definition 3.1 hold and denote by
{c(m)}mes the sequence ofL%( . Fourier-coefficients of ®(x). Define the sum

A= D c(m)? (11) CK™, (3.2)

meS

with S C Z?; see [16]. If Ay # O, then property 4 of Definition 3.1 holds (see (3.1) )
with L = [A4].

We next recall the statement of Theorem 5.1 of [16] concerning the existence of Dirac
points for the Schrodinger operator with a generic honeycomb lattice potentials.

Theorem 3.1. Let V), (x) be a honeycomb lattice potential. Assume further that the
Fourier coefficient of Vi, V1.1, is non-vanishing, i.e.

Vi = / IRHDY , (y) dy £0. (3.3)
Q
Consider the one-parameter family of honeycomb Schrodinger operators defined by:
H® =—A+e Vy(x). (3.4)

There exists a countable and closed set C C R such that forall € ¢ C~, the vertices, K,,
of By, are Dirac points in the sense of Definition 3.1.

More specifically, the following holds for € ¢ C: There exists by > 1 such that p, =
,uZI Ky = M21+1 (K.,) is a K,-pseudo-periodic eigenvalue of multiplicity two where

1. uSisan L%( —eigenvalue of H © of multiplicity one, and corresponding eigenfunc-
tion, ®7(x),
us is an L%( ;—eigenvalue of H ©) of multiplicity one, with corresponding eigen-
function, ®5(x) = ®{(—x),
WS is not an L%(’ \—eigenvalue of H®©,
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2. There exist 6 > 0, Ce > 0 and Floquet-Bloch eigenpairs: (9§ (x; k), us (k) and
(@€ (x; k), u€ (K)), and Lipschitz continuous functions, Ex(K), defined for |k —
K,| < 8¢, such that

usk) — u (K, = +|A§| k — K,| (1 + Efr(k)) and
nsk) — pn(Ky) = =[5 [k — K| (1+E<(K),
where

A = Zc(m,uf,e)z (:)Km £ 0 (3.5)

meS

is given in terms of {c(m, u¢, €)}, the L%(’T- Fourier coefficients of ®€(x; K,).

Furthermore, |ES (K)| < Celk — K, |. Thus, in a neighborhood of the point (k, ) =

(K., 1) € R3, the dispersion surface is closely approximated by a circular cone.
3. There exists €® > 0, such that for all € € (—€°, €°) \ {0}

(i) Vi1 >0 == conical intersection of 1*" and 2" dispersion surfaces
(ii) eV11 <0 = conical intersection of 2" and 3" dispersion surfaces.

Our point of departure in this paper will be a periodic Schrédinger operator, —A +
V(x), where V is a honeycomb lattice potential. We fix a Dirac point, ensured to exist
by Theorem 3.1, and study the large time dynamics of wave-packets which are initially
(for t = 0) spectrally localized near these points. Thus we have two band dispersion
surfaces, k € B +— up (k) = pu—_(k) and k — pp,+1(k) = p4(k) which touch
conically at k = K, with puy (K,) = ty.

Let
O (%) =ger P+(®) € L, ;.
P(x) = 1 (—X) =ger P_(X) €LE_ ; G0
span the two-dimensional subspace of the degenerate eigenvalue i, for H:
HO;(x) = (—A+V)®; = pu,d;, (3.7)
D(x+V) =K D (x), x € R%, ve Ay (3.8)
We also define the periodic vectors:
pIx) = e K01 (%), pa(x) = e XDy (x). (3.9)

We choose these states to be orthonormal
(qDI’ qu)LZ(Q) = 811/)17 lam = 152'

To study the time evolution (1.2) we expand the solution of the initial value problem
with data vy using the complete set of Floquet—-Bloch modes:

e TH o — Z / e M (@ (1K), Yo(-) Pp(x; K) dk. (3.10)
b>1 By

Suppose H has a Dirac point, K. We remark that in (3.10) we choose the Brillouin
zone, B, = B+K, which is centered at K; see Remark 2.2. For initial conditions which
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are spectrally supported near K, the time evolution depends on the precise behavior
of the Floquet-Bloch modes &4 (x; k) for k near K. While Theorem 3.1 shows that
the eigenvalues w4 (k) are Lipschitz functions in a small neighborhood of k = K, the
eigenfunctions @4 (x; k) are not continuous functions of k in a neighborhood of K.

Theorem 3.2. Let K denote a Dirac point in the sense of Definition 3.1. In particular, let
(D1 (x; k), ut(K)) denote the k-pseudo-periodic eigenpairs as in part 4 of Definition
3.1. Introduce the Ay-periodic functions pi(X; K) by

Du(x; k) = ¥ prx k), (pa(5K), po(5K) = dap, @b € (+, =) (.11
Letk = K +«. Then, for 0 < |k| < 6 and p; given by (3.9) we have:
_ 2, 24 2,2
e (K+k) = e £1As] (k7 +63)2 + O k7] + 175 ), 3.12)
and p+(X; K), a priori defined up to an arbitrary (complex) multiplicative constant of
absolute value 1, can be chosen so that:

(x: K + &) 1 k1 +iks (x) + 1 *)
P K+K) = — ———— pi(0) = — p
V2 (K12+K22)% V2
1
+ Oz (W7 +1D)7). (3.13)

Proof of Theorem 3.2. The proof builds on the proof of Theorem 4.1 of [16], in which
the k-pseudo-periodic eigenvalues, p4(k), are constructed. These were shown to be
Lipschitz continuous functions for k varying in a neighborhood of K. We now consider
the associated Floquet—Bloch modes.

Let k-pseudo-periodic Floquet-Bloch modes be expressed in the form
o(xi k) = M p(xi k).

where p(x; k) is Ap, periodic. Since we are interested in the character of p(x; k) for k
near K we set: k = K+ «. Then, p(x; K + «) satisfies the periodic eigenvalue problem:

HK+«x) px; K+x) = u(K+«k) px; K+«), (3.14)
px+v;K+rx)=px;K+x), foralve Ay, (3.15)

where
HK) = — (Vx +iKk)? + V().

The eigenvalue problem (3.14)—(3.15) has eigenvalues, computed via degenerate per-
turbation theory of the double eigenvalue u, of H(K), given by:

s (K+x) =y +ph, (3.16)
uD = £y | + O(lk|?). (3.17)

Denote by QO the projection onto the orthogonal complement of span{p1, p2}. Then,

Rk(uy) = (HK) — e D71 QUL*(R?/Ap) — Q1 L*(R?/Ap)
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is bounded. Furthermore, via Lyapunov—Schmidt reduction of the eigenvalue problem
(3.14)—(3.15) we obtain, corresponding to the eigenvalues -+ (K+«) the Floquet—Bloch
modes:
PO K+6) = (1+Ri(a) Q1 Qik - (V +iK)) ) (@1 (x) + Bp2(x))
1
+O a2y (11l + 1817 (3.18)

The «-dependent coefficients o and S satisfy the homogeneous equation

M, ) (Z) =0, (3.19)
where M (u", k) is a 2 x 2 matrix of the form:
D+ 0 («)? —z (k1 +iK2) + O (K |?
M) = u (Ixl?) t(K1 +iK2) (I1?) . (320)
—hs(kr — ik2) + O (I |?) pnM+0 (Ic|?)

see [16] for the derivation of (3.18)—(3.19).
The Floquet—Bloch modes, p+(x; k), are finally determined by the solutions o =

a+(k), B = B+(k) of the homogeneous algebraic system (3.19) for the choices M(l) (x)
in (3.17). We select (normalized) solutions of (3.19) as follows:

ul = £rsl k| + O(k ],
Ay _Kkitiky 2\ 4
(o[i _ f Trl (rd +O((K1 +'<z)2) (3.21)
IBﬂ: - 2 PN '
iTi +0O ((/cl +/<2)2)
Here, we take advantage of the observation that for a rank-1 matrix,

A= (é g) the vector (B — A)

lies in the nullspace of A.
Thus, with ¥k = k — K, we have upon substitution of (3.21) into (3.18) the expansions
of u+ (k) and p4(x; k) in (3.12) and (3.13).

4. 2D Dirac Equation

In this section we collect results on well-posedness and estimates on solutions of the
two-dimensional Dirac system (1.5)—(1.6). Taking the Fourier transform of (1.5)—(1.6)
we obtain for «(E, T') = a (&, &, T) the equation

ior (Z;) — Q(B) (Z;) where

- 0 (€1 +i8) -
QE) = = Q((8)". 4.1
@=Ly 0" =0 D
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Remark 4.1. Tt follows from (4.1) that the dispersion relation for (1.5)—(1.6) is:

W61, = Pl (87 +83):

the effective dynamics are non-dispersive.

Remark 4.2. The system (1.5)—(1.6) has the structure of the Dirac system:
id (3;)= [af%aixl—azﬁ ;8872] (Z;) 4.2)
The 2 x 2 matrices crl11 and azn satisfy the relations
(aﬁ)2 |)‘tt|2 Id, and 01 02 + azjaf =0.
Here, 0;, Jj =1, 2 are given by the Hermitian matrices:

of = Ayo1, of = Aso, (4.3)

in terms of Ay and the standard Pauli matrices o and o7:

0 0 1 0 —i
e (5 ) () e (05) e

Finally, note that j, j = 1, 2 satisfy the two-dimensional wave equation, with wave-

speed |Az]:
3’a AP a2 . 32
_ = —_ [ o
oz ~ "\ ax? T ax?

Proposition 4.1. Assume a (X, 0) = ao(X) € (H*(R%))’. Then,

ko e L ([0, 50): (Hé k(R ) ) for0 <k <
In particular,
1. The Fourier transform of the solution, a (X, T) is given explicitly by
&(E,T) = O §0(B), QE)" = Q).

2. Forall B &(8, T)| = |ao(E
3. for any a € 72 with |a| < s

, and therefore

| X, T) | g, = | X, 0) [ 2z @)
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5. Effective Dirac Dynamics; Statement of Main Result, Theorem 5.1

A general solution of the time-dependent Schrodinger equation, constrained to the degen-
erate 2-dimensional eigenspace associated with eigenvalue, u, = w(K,), associated
with the Dirac point, K,, is of the form

Yx, 1) = e (o) @1(x) +ar Pr(X)), (5.1

where o and o are arbitrary constants.
Consider now a wave packet initial condition, which is spectrally concentrated
near K, :

Yo%, 0) = Y5 (x) = 8 (@10(8%) D1 (X) + a20(8%) P2 (X))
= 8 (10(8%) p1(X) +a20(8%) pa(x)) e+, (5.2)

Here, § is a small parameter. We assume o/10(X) and o (X) are Schwartz functions of
X. We expect that this assumption can be weakened considerably without difficulty. The
overall factor of § in (5.2) is not essential (the problem is linear), but is inserted so that
wg has L%(R2)-norm of order of magnitude one.

We seek solutions of (1.2), (5.2) in the form:

2
Yi(x, 1) = e it Z 8 aj(8x,80)®;(x) +n’(x, 1) |, (5.3)
j=1

where 1°(x,0) = 0, «;(X,0) = a;o(X), j=1,2 (5.4)

to ensure the initial condition (5.2).
The goal is to show that the Schrodinger equation (1.2) has a solution of the form
(5.3) with an error term, n‘S (x, t), which satisfies

sup 0G0 s ey = OB™), 8 — 0 (5.5)
0<t<p8—2+£1

for some 7, > 0, provided the slowly varying amplitudes « (8x, 6¢), j = 1, 2 evolve
according to the system of Dirac-type equations (1.5)—(1.6). Here, p > O and &1 > 0
are arbitrary.

We shall prove the following

Theorem 5.1. Assume

_ [ @10X) Nk
@o(X) = (QZO(X)) e[s@®y],

and let (X, T) denote the global-in-time solution of the Dirac system (1.5)—(1.6) with
initial data (X, 0) = ao(X). Consider the time-dependent Schrodinger equation, (1.2),
where V (X) denotes a potential for which the conclusions of Theorem 3.1 hold, e.g.
V(x) = €Vy(x), where Vy, is a honeycomb lattice potential satisfying V11 # 0 and € is
not in the countable closed set C. Assume initial conditions, Yo, of the form (5.2). Fix
any p > 0 and e1 > 0. Also choose non-negative N = (n1,ny) € Z2 with ny, na > 0.
Then, (1.2) has a unique solution of the form (5.3), where for any |a| < N,

sup | o0’ . 0) || o2y = 0(8™). 8= 0 (5.6)
0<r<p §—2+e X

for some T, > 0.
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6. Proof of Theorem 5.1

We begin with a summary of consequences of Theorems 3.1 and 3.2 which we use in
the proof.

Recall that the spectral bands w4 (B) and u—(By) touch conically at the vertices of
By, Specifically, ui(k) = u—(k) = u, for k = K, equal to any of the three K-type
vertices, {K, RK, R’K} and any of the three K'-type vertices, {K’, RK’, R’K’}, where
K’ = —K. Here, R denotes the 7 /3-counterclockwise rotation.

For a Dirac point K,, equal to any vertex of Bj:

(P1) There exist le(-eigenvalues of H, denoted w4 (Kk), such that
for all k € B, satisfying |k — K, | < «o,
put(k) — n(Ky) = 2] [k — K| (1 + Ex(k — Ky)), (6.1)

where E4 (k) are Lipschitz continuous in « and E4 (k) < C+ |k|. Here, A4 is a
constant given by (3.5).
(P2) There are constants 1, C1 such that
for all k € By, satisfying |k — K,| < x; and all b ¢ {+, —},
lp(K) — w(Ky)| = Cp > 0. (6.2)

(P3) For 0 < |k| < § sufficiently small,

1
par(x; Ky +16) = %(a(m P £ p2(0) + Opaeayn, (D), (63)

Ay K1+ ik
where o (k) = e A 2
|A4]

[5 . o
K1+K2

(P2) is a consequence of (P1) and the continuity of the eigenvalues k +— u;(Kk); see
Proposition 2.1.

(6.4)

Without loss of generality and for simplicity:
1. We take

K, =K.

2. We recall that the Brillouin zone, By, is centered at K; see Remark 2.2. Since we
assume wave-packet initial data which are spectrally localized near K in R? /A%, this
equivalent choice, which puts K on the interior of the Brillouin zone, simplifies the
analysis.

To prove Theorem 5.1, we study the evolution equation for n°(x, ) obtained by
substitution of (5.3) into (1.2):

i’ = (H—p)n’

2
= [iBTa.,' (X, T) ®;(x) +2Vxa; (X, T) - vxcbj(x)] ‘

‘ (X, T)=(5x,81)
Jj=1

2
=87 D" Axaj(X, T)®;(x)
j=1

nx,t=0)=0. (6.6)

: (6.5)
(X, T)=(5x,81)
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6.1. Estimation of the error, n°(x, t). Using the DuHamel principle we may rewrite
(6.5) as the equivalent integral equation:

2
e =is2> / eI g0 (5, 85) () +2Vx0 (5, 85) - Vb () |ds
; 0
Jj=1

2 t
+i83 Z/O eTHHZIIE=) Axari (8-, 85)D () ds. (6.7)
j=1

The second integral in (6.7) (call it /nt>) can be bounded as follows. Let s denote an
even positive integer. Recall from elliptic theory that

IF 15 SUFIB+I=A+V +)2 FI3 S U1 (6.8)

where ¢ > supy g2 |V (x)]. Using (6.8), we can bound |[Inf; || gs in terms of || Int]| ;2

and |[(—A+V + c)% Inty| ;2. Taking the L? norm of Int» and using that e~/ #' is unitary
in L2, we obtain
2
NEATERS 532/ | Axa; (8-, 85) |2 ds. (6.9)
j=1"0
Next, using that H = —A + V commutes with e H! e obtain

2 t

(=A+V +¢)ilnn|2 <8 > / [(—A+V +¢)2 Axa (5, 85) 12 ds.
. 0
j=1

(6.10)
Next note, via Proposition 4.1, that
llaj (8-, 80 Ml g (m2y < cs! o ll g (r2y- (6.11)
Let 1 > 0 be arbitrary. Then, Egs. (6.8)—(6.11) imply
sup  [[Intz||ps
Ogt <p3—2+s]
2 '
= sup 83 Z/ e (H=1)(t=s) Axaj(8-,85)P;(-) ds
01 a2+ j=1"0 HY (R2)
< C p 8°. (6.12)

It therefore suffices to estimate the first time-integral in (6.7). This time-integral is
the solution of the initial value problem of the form:

10 f2(x, 1) — (H — ) f2(x. 1) = 8% D y,(6%, 80) W, (), (6.13)

2(x,0) =0, (6.14)
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where we find it convenient to introduce the notation
2

DX W) = = D [ira; (X, T) ®;(0) +29xa; (X, T) - Va0,
r j=1
(6.15)
where
nX, T)=idra1 (X, T), Vi (x) = P1(x), (6.16)
X, T)=idrex2(X,T), V2(x) = P2(x), (6.17)

X, T) =2Vxe (X, T),  W3(x) = (W3,1(x), ¥32()) = Vx @i (x), (6.18)
X, T) =2Vxan (X, T),  W4(x) = (W4,1(x), W4 2(x)) = VxPa(x).  (6.19)

Note that W, (x) € L%, 1 < j < 4.
By hypotheses on «; and @, and Proposition 4.1, the functions y, and W, satisfy
the following properties:

v (X, T) is C® (RT; S(]R%)) , (6.20)

1vr G Dllgsrey S e T =0) s, (6.21)

W, (x) € C*(R2) N LE,

and therefore satisfies the pseudo-periodic boundary condition

U, (x+v) = KV, (x). (6.22)
We also write W, in the following useful form:

U, (x) = ¢ X*P.(x), Pr(x+V)="PrX), VE Ay (6.23)

By (2.17), for any g € N2,

||3f73r||L°°(Q) < Crp. (6.24)
Theorem 5.1 is therefore reduced to the following
Proposition 6.1. Let o1 (X, T) and or(X, T) satisfy the system of Dirac equations:
dray = —hy (0x, +i0x,) @2, (6.25)
dran = —Ag (dx, — idx,) o (6.26)

with initial conditions as in Theorem 5.1. Then, for any s > 1, p > 0 and &1 > 0, there
exists a unique solution, f°(x,t) of (6.13), which satisfies the estimate

€1
sup | 260 | ege, SC 87, fors L0, (6.27)
0<r<p §—2+e]

So to finish the proof Theorem 5.1, we only require a proof of Proposition 6.1.

7. Proof of Proposition 6.1

By the completeness of Bloch modes,

o i(H—p)t g= Z e~ iy ()=t (Pp(-1 k), 8()) 22y Pr(x; K) dk.  (7.1)
B
b 1
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Thus,

rren=>" / [ (&, 1)@y (x; k) dk, (72)
b 7B
where

l .
ok, 1) =—is? / ds e =) (1=s) <c1>b(-;k),§ yr(a-,as>%<-)>
0 r

L2(R?)
(7.3)

We shall henceforth omit the superscript § from f° and f;f .

Decompose f into fp, frequency components which lie in the two spectral bands:

w+(By) and p_ (By) intersecting at the Dirac point 4, and fpe, frequency components
which lie in all other spectral bands:

fx, 1) = fp(x,t) + fpe(x,1), where

o= 3 [tk n@siko dk, (7.4)
and
foex = > fr(k, )@y (x; k) dk. (7.5)
bgtr.—) 7B

Let’s focus initially on fp (X, t). We distinguish between frequencies which are “near”
and “bounded away from” ., as these correspond to whether the complex phase in
(7.1) is non-oscillatory or, respectively, oscillatory in 7. Recalling property (P2) and
our choice of Brillouin zone with K in its interior: we further decompose fp into its
quasi-momentum components near and away from any of the points K:

o= / K~ K| < 87) ik, 1) @y0x K) d

be{+,—
+ Z / X(ST < k- KI) fr(k, 1) @p(x; k) dk
befr,—) /' Bn
= > / Froe,1) + f1p0k )| @p(x: k) dk
be{+,—
= > (fro®& 0+ fip(x.0)
be{+,—}
= f1.0(X, ) + fi1,p(X, 1). (7.6)

Here, 0 < 7 < 1 will be chosen less than but close to 1. By (2.21) and (2.23),
L GO sy & 1D C DT 22y + Do G DI o)
~ D0 G D g + 10 G D g

J=I1,11

= D> D s Dl gy + e G Dl gy, (17

J=I1,11 b=%
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where we have used (2.25). We show below, for fixed p > 0, &1 > 0 that each term in
(1.7)is O(8) for0 <1 < p § 1 ass | 0.

In the calculations below we shall require a detailed expansion of inner products of
the form:

(®p(s k), (8-, 85)W () L2R2y 5 (7.8)
where I' = I'(X,, T') is in Schwartz class and W € L%(, i.e.
U(x) = X*¥P(x), Px+v) =P(x), Ve (7.9)

see (7.3). The following proposition will be used:

Proposition 7.1. Let I'(X, T) denote a Schwartz class function of X, varying smoothly
in T. Denote by I'(E, T) its Fourier transform with respect to the X variable. Then,

=/Q PR [572 3 O E (’"‘kl tmoke + (k- K),SS) [P ay.

1)
meZ?

(7.10)

Proof of Proposition 7.1. Recall from (2.19) and (6.23) that &5 (x; k) = eik"‘pb(x; k),
where pp(x + v; K) = pp(x; K) for any v € Aj,. Thus, using (7.9), we find that

(@p (-1 k), T'(8-, 85)W()) 2 (w2

- /]Rz e {6KY 18y, 85) pu(y; k) P(y) dy

Z / e KK 1 (5(y + mv), 85) pp(y + mv; K) P(y + mv) dy
Q

meZ?

= 3 [0 PGy sy, 9) 53R PO) dy
mez2 %

= [[3 e 00m oy mvy. o0 [0 PO
2 mez2

The above sum can be re-written via the Poisson summation formula as

Z e K=K (y+mY) 15y 4 my), §s)

meZ?

 miKy +moks + (k — K
=52y e’m'yl"(mll+m22+( ),(Ss). (7.11)

8

m=(my,my)€Z?

This completes the proof of Proposition 7.1.
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7.1. Estimation of || f1,p (-, 1)|[12(r2)- In this section we prove that for any fixed p > 0
and g1 > 0,

£l
sup  [[f1.oC Dll2wey = 0@2), §10. (7.12)
0<t<p572+£1
Since
fotn= 3 [ x(k=Ki<5") fitkn @p0xiko dk
be(+,—} 7 B
we have

oGOy = S /B x (k=K <5) it P dk, (713)
} h

be{+,—
where, by (7.3),

‘ 4
fok,t) = —i82/0 ds e TN (@ (5 k), yr (8 8)Wr () 22 -

r=1

(7.14)

We next use Proposition 7.1 to re-express the inner products appearing in (7.14) as
follows:

(@(3K), 7 (8 59 () 2z
. k k k - K _—
S ALED IR ("“ L2 makz el ),8s)]pi<y; K) P,(y) dy.

meZ?

(7.15)

Since our goal here is to estimate f; 4+, we recall that k is restricted to:{|k — K| < §7}.
Thus, we rewrite the sum (7.15) in terms of its m = 0 and m # 0 contributions:

(@15 k), v (8-, 89)W, () 2w
1. ((k—K) _
_1, (—,8s) /Q P RP(y) dy

82 8
Termy ,
1 -
o [ gt (3.05:) PR Prw) dy (7.16)
Termy

where
52 E, (5—1y, 5s; k)

_ mv ~ MK +maks + (k — K)
=52 Z emy y,( ; ,8s ). (7.17)
meZ2\{(0,0)}

We now study the terms Termy , and Termj , in (7.16).
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Estimation of Term; , of (7.16): We begin with the following

Proposition 7.2. Denote by y, any of the functions oraj, dx,aj, j,1 =1,2. For A >0,
assume ap(X) = a(X,0) € WALL(R2). Then, there exist positive constants C1, Ca
such that the following holds:

1. Forany A >0 and all k € R?:

. Cy
|7 (e, T)| < Ta A leolwanig). (7.18)

2. Forall A > 2 and all k € By, such that |k — K| < 8% we have
| Ers(y, T: ) | < C28% Jlaollyasiige (7.19)

Proof of Proposition 7.2. Each function y, itself is the component of a solution of the
Dirac system. Hence, by Proposition 4.1 and integration by parts:

76, D] < € [oxe0 (e, )| = € [(0x0) ()|
. 1
- ‘/emxaxao(X) X ‘ S e ol (720

This proves (7.18).

We now turn our attention to the bound (7.19). Note that the sum in the definition
of E, s, (7.17), is over m = (my, ma) € 72\ {(0, 0)}. For such m, and for k such that
lk — K| < 8%, we have

mik; + moky + (k — K)| > c|m].

Thus, by Proposition 7.2,

keBy, k—K|<§ —

' ki +moks + (k — K
| Er,S(y, T,k) | < Z oimy )>r (ml 1 +makKy ( ) T)

8 ’
meZ?\{(0,0)}
1
<C > WSA lloeo a1 2y (7.21)
m|>1

where we take A > 2 for the sum to converge. This completes the proof of the bound
(7.19) and therewith Proposition 7.2.
By Proposition 7.2 and (6.24) we obtain the following bound on the last term in

(7.16):
keB, k—K| <8 —
[Terms,,| z‘ 87 B (57 v 051k) PR Py dy
Q

S84 Jlaollwarii gy, A > 2. (7.22)
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Expansion and estimation of Term; , of (7.16). Term; , may be written as:

.~ (k—K
Termy, =382 x (K—k| <87) -7 (T 58) AP K, Pr()) 2 -
(7.23)

Note that the argument of 7, may be small and hence we may no longer use the
decay properties of p, to control the magnitude of (7.23). We therefore use the precise
behavior of p4(x; k) for k near K. By (P3),

pixik) = g - Ky +ike — Ky)
V2 (k) — K2+ (ky — Kp)2)?

p1(x) £ %pz(X)

+ O ( (G — K2+ (o — Kz)z)% ) (7.24)

Next we use (7.24) to expand the inner product in (7.23). We have, recalling that
k=K+«k:

. (k—K
Vr( 3 ,SS) P+ K), Pr()) 2@

1 Kk +ikg < A(KB)P> n 1 < A(K8)79>
= = 1, =,085) - = 2, <,05) -
V2 (i} + i) Y e T 2 VPTG i@
+ o(|;<| : ||oto||Wz.1(Rz))
1 ki +ikp <CI> A(KS) \Il> " 1 <CI> A(KS) \If>
= —F= 1 ~,08) - = 2 ~,08) -
V2 (43 A5 e V2 s Es)
+O(Ikl - ool a))- (7.25)

The inner products in (7.25) can be evaluated using the expressions for 7, (X, T), 1 <
r < 4 displayed in (6.16)—(6.19) and the following mild generalization of Proposition
4.1 of [16] to the case of complex ¢ = ({1, §2):

Proposition 7.3.
(@q, 8- V@) =0, a=1,2,

2i (1,8 VD) =2i ($2,¢- V)= =g x ({1 +i), (7.26)
20 (D2, - V) = =g X ({1 — i),

where

he = 3area(®) x > c(m, 1)’ (11) K™, (1.27)

meS

Here, {c(m; [1y) }mes denotes the sequence ofL%( . Fourier coefficients of the normalized
eigenstate

b, € L%(*,r N Nullspace( —A+V, — ,u*)

and S C 7% is as in [16].
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The inner products in (7.25) can be evaluated, thanks to (6.16)—(6.19) and Proposition 7.3.

Inner products of the form: (®y, -):

—

(@1, 71 - ‘IJ1>L2(Q) =idroy,
(q)l, )’/E . qj2>L2(Q) = O,

73 Vxa] 7.28
(®1,73- \I’3>L2(Q) = <CI)1, 2Vxay - VX(DI)LZ(Q) =0, ( )

(D1, 74 - \IJ4)L2(Q) = <©1, 2Vxay - VX©Z>L2(Q) =i\ ﬁ (3)(1012 +1 8)(2052)

Inner products of the form: (®,, -):

(D2, 71 - W) 120 = 0,

(@2, v2 - W2)12(q) = 07002,

(P2, 73 - W3) 120 = <¢2’2VX“‘ 'V"(D‘> = ik (3x]om —i 8x20n), (7.29)

LX)

(@2, 74 W) 20) = (2. 2k - Voo , =

In (7.28) and (7.29) the Fourier transforms are evaluated at (%, 8s).
Now summing both sides of (7.25) over 1 < r < 4 we obtain:

4
> 9 (5:85) - (PR POy

r=1

i K1+ll(1 —  — K
= — I:aTOll + Az (3)(10[2 +1 axzaz) ] (—, 55)
«/_ Kl +I<2 8
+

ﬁ [ ras+ 2 (5x01 =i D) ] (5. 05) + O (Il - ol ez,

i K1 +iKklT =~ (K I —~ (K
g — LT p (—,3s) + D (—,8s)+(’)(|/<|~||ozo|| . 2).
¢ V2 (I(12+K22)% § V2 d WEED

(7.30)
Remark 7.1. Note that the Dirac equations (1.5)—(1.6) are equivalent to the equations
DX, T) =0, DX, T)=0. (7.31)

Recalling the definition (7.16) of Term; ,, we find that:
4 4 p
> Termi, =672 7 (5.85) - (paGiR. PO x(k Kl <)
r=1 r=1

_ i K1 +iK] —~ (K I —~ (K
— 52 x (k| <& [——~D1(—,8s):|:—7)2(—,8s)]
( ) \/E(KIZ+K22)% 8 V2 8

+0 (5—2 Ikl x (Il < 87) - ||Ol()||W2.1(R2)). (7.32)
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By (7.6), (7.14), (7.16), (7.22) and (7.32), for any fixed ¢ > 0:

frek 1)

t
:_,-52/ o1 00— 1))
0

X D (LK), yr (B 80U () 2y x (1K= K| < 67) ds

13
_ / o= (0= p1) (1 —s)
0

i K1 +iK] —~ (K I —~ (K
57 [——-D Sas)+—Dh (5.8 ] d
x (Il < 87) \/E(Klzﬂczz)% 1(8 S) V2 2(5 S) =k K
+O(lt] Ik~ K| x (1K~ K| <57 - ool o)
+0(|z| % (Ik — K| < 67) 84 ||a0||WA+1,1). (1.33)
Recall that
0Oy = 3 [ (K=Kl <57) 1otk 0 dk
b=+ h
= / | fro (&, 1)) dk. (7.34)
b== 7B

Remark 7.2. In this remark we assess the contribution of the first term on the right-hand
side of the upper bound (7.33) to || f7.p(¢) ”iZ(RZ) for times 7 &~ p §17¢0_and argue that
the Dirac equations (1.5)—(1.6) are necessary for f ¥(x, 1) to be small on a time scale of
the order 5.

This contribution to the right hand side of (7.34) is bounded by a constant multiple
of

2 2
|t|2/8 1 (K =kl < 87) di~ (p57170) 782 & (570770)",
h

Recall that 0 < t < 1 and therefore this contribution diverges as § | 0. Indeed this is
the case even for r =~ 8!, (g9 = 0). We conclude that for f to be small in L*(R?) for
8 | 0 we must have

i (1 < 51) [ % (s s ) | (5. 0) =

X (|;<| <5f*1) [a/TFH,\ﬁ (m—i @)] (%,5;) =0.

Indeed, these are implied by the Dirac equations (7.31) or equivalently (1.5)—(1.6).

(7.35)

Since the Dirac equations are assumed to hold, f]i(k, t) is controlled by the latter

two terms in (7.33). Their contributions to || f7, D(t)||i2 (R2) A€ bounded, for 0 < ¢t <
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P 8§72+ a5 follows. Fix & > 0. The second term in (7.33) gives a contribution to
/1.0 ()72, Which is bounded by:

e / k— K[ x (|k —K| < 5f) dk
B
~ |t|2 84T g 8281—4(1—‘[) < 881, (736)
by taking t chosen sufficiently close to 1. The thlrd term in (7.33), for A sufficiently
large, clearly gives a contribution to || f7, (> which is O(8%1) for 0 < 1 <

P8 g1 >0asd | 0.
In conclusion, for any fixed p > 0 and £; > 0, we have

L2(R2)

1
sup [ f1,pDllr2ge) = OB?). (7.37)
0<t<p8_2+81

This proves the bound (7.12).

7.2. Estimation of || fr1.p(1)|| 2r2)- In this section we prove that for any fixed p > 0
and g1 > 0,

sup Il f1r,0C DIl 22y = 0@, ass | 0. (7.38)
O<t<p572+51

Since
fupxn= Y / k= KI>57) fode, 1) @055 K) d
be{+,—
we have
110G Doy = D / x (k= KI=57) 1ok, 0P dk,  (7.39)
be{+,—

where we recall again, by (7.3), that

' 4
f:l:(k, t) — _ZSZA dse—l(lli(k)_ﬂ*)([_s) Z ((I):t(7 k), yr(a., 3S)\IJ7'('))L2(R2) .

r=1

(7.40)

By Proposition 7.1 with the choices: b = +orb = —, ' = y,(6x, §s) and P = P, we
have

(@1 K). 1 (5 30, () 2z
- /Q PR [ Y 6™y, (””kl+m2k2+(k_K),as)]7>r(y> dy.

)
meZ?

(7.41)

The next lemma implies that all terms in the infinite sum within (7.41) involve P
evaluated at a large argument.



278 C. L. Fefferman, M. I. Weinstein

Lemma 7.4. Let k € B, and assume |k — K| > 8. Then, there exists a constant, ¢ > 0,
such that for allm = (m1, my) € 7?2

| mky +moks + (k —K) | > c 87 (1+|m|).

Proof of Lemma 7.4. |m1k; + maks + (k — K)| is equal to the distance from the point
K — m1k; — myk; to k. Simple geometry concludes the proof.

By Proposition 7.2 and Lemma 7.4, for k € ) and |k — K| > 7 we have

: ki +mk; + (k— K
52 Z oMy 5 (m] 1 m252 ( ),Ss)
meZ?

1 -2 ;ol—17\A
< C Z (1+ |m|)A 8 (8 ) ||Ol0||WA+l.l(R2).
meZ?2

From (7.40) and (7.41), we have that for k € B, and |k — K| > 7 by taking A > 2:
‘fi(k, t)‘ < C Ul A faollart g2 (7.42)

By (7.39), for 0 < ¢ < s+ by taking A > Ag > 2 sufficiently large, we have the
bound || fr7,+C, Dl 2w2) = O(8'9), from which (7.38) follows. Recalling (7.37), we
obtain

L
sup  [Ifp@Dll 22y = OGB2). (7.43)
0<r <872+

7.3. Estimation of || fpe (-, t)|| gsr2). Again, we fix p > 0 and &; > 0 and assume
0 <t < pd~*e1_ Recall from (7.5) that

forxn = 3 [ fotkn) oy dk (7.44)
} h

b¢{+,—

t _ 4
ok, 1) = —i8? / ds e~ R =) (=s) <<Db(~;k),Zyr(B-,5S)‘1’r(')> .
0 L2(R?)

r=1

(7.45)

To prove that

el
sup I fpe Dl = 0 (57). s v,
0<l<p5_2+51

we shall decompose fpe into its k-components near and away from K. For k near K,
Property (P2), (6.2), implies that the complex exponential in (7.44) is oscillatory and
so integration by parts gains us smallness via additional powers of §. For k € Bj, but
away from K we use that the Fourier transform of y, (§x, 6s) W, (x) is mainly supported
away from K. Finally, smoothness of y,-(§x, §5) W, (x) is used to ensure sufficient decay
as b — oo, of its & (-; k)-components, which must be summed in order to control H*
norms.
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To implement the above strategy we decompose fpe as
ez = 3 [ (K -Ki<x) ik @n0xik dk
bgt+,—) 7B
2 / x (k=K > x1) fok,1) ®(x: k) dk
bgl+,—) 7B
= fr.oe(X, 1) + fr1,pe (X, 7). (7.46)
By property (P2), (6.2), we have
k —K| <« = [up(K) — ps| =2C1 fordb # +. (7.47)

It is natural to exploit the oscillation coming from the complex exponential in (7.44).

Fix k € B; and such that |k — K| < «;. By (7.47), we may integrate by parts once and
obtain:

f K1) = 82 e~ iy (R)—pt _
b\K, 1) = - N
b (K) — fix

r=1

4
Dy k), Dy, (8-,0) wr<-)>
L2(R2)

r=1

t iR =) (=) _ | 4
+i8d | ds Dp(5 K), D dry, (8-, 85) Ui () :
0 b (K) — phx
L2(R?)

(7.48)

Therefore

r=1

4
- 1
| fo(k, )] S 87— <d>b<-; k), > :(5-,0) wr(-)>
len (K) — fi4] L2(R2)

r=1

! 1 4
+8° / ds ————— <<1>b(~; k), > dryr(8-,8s) ‘I’r(')> .
0 [p (K) — pey] Z L2(R2)

(7.49)
For |k — K| < k1 and b # =, we have by (7.47),

4
| fok. 1) < 62 <cbb<-;k),2yr<6-,0> %(~>>
L2(R?)

r=1

r=1

4
+8% 1] max <¢b<~;k),zam(s-,as)wr<-)> :
OSsSp8 70 L2(R?)

(7.50)
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Therefore, for |k — K| < x1 and b # +,
2

4

sup | fp(k, 0))> S8 <<I>b(~; k). > y:(5-.0) wr<~)>
0<r<ps 2o r=1 L2(R2)
4 2

+87290  max <d>b<~;k>,ZaTyr<a~,8s>wr<-)> AN
L*(R?

0 ps—2+0 —

To obtain abound on || f7, pe (-, 1) || s (R2) forany s > 0, we proceed as follows. Recall

110G ey~ <1+|b|>S/

1fk, D> dk.  (7.52)
be{+,—) {keBh:|k—K|<fq }

By the sum over b ¢ {+, —} we mean the sum over all b > 1 such that b ¢ {by, by + 1},
where pp, (K) = n—(Kk) and pp,+1(K) = n4(K); see Definition 3.1.
Thus we’ll require decay of | f, (k, ¢)| for b large. This decay is obtained from the

inner products in (7.51). Observe, for some sufficiently large postiche constant, C and
any M >0and j > 0:

(@53 K), 77 (5, 85) W, )

L2(R?)
= ; (C+H)MCI>b( k), 9. y,(6~,5s) W,.(4)
(C + up(k)M < g L2(R2)
= G (2 Cr DY (o0 00))
b

Therefore, thanks to (6.21):

‘(epb( k). 8., (8-, 65) W, ()>

sy S (1 D™ Ny (8-, 85) We () [l romess g2,

S A+1bD™M 87 ol rams wey (7.53)

for j > 0. Using (7.53) in (7.51) we obtain

sup | fok, D S (A +1DD M flaolGamm oy 577 (7.54)
O<l<p5—2+80

Substituting into (7.52), we get

1frpe G0y ~ (D A+ 1D 2M) ool y2m+1 2, 8%
b{+,—}
S lletoll w2y 8°°, (7.55)

provided 2M > s + 1.
It remains to estimate the H* norm of

o=y / x (K= Ki> 1) fotk, ) @p0x k) dk, (756
b¢{+,—
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where we recall

If1r.0e G0l ~ (1+|b|>S/B x (k= Ki= 1) 1o, DI ak.
h

b{+.—}
(7.57)
Note that from (7.45),
[ a(ik=Kiza) 1o dk
Bh
4 2
<ot oma",/ 1 (1K= KI= k1) [ D2 (@p5 k), 7,6 85) Wr ()| dk.
IIx ;’ =1
(7.58)
A crude bound on (7.58), valid for0 <t < 8 —2+80 yges the approach taken to obtain
(7.53). This gives the bound: §* (872*%0)% 572 | |3, (g2 Which becomes unbounded

as 6 | 0. Therefore, a sharper estimate is required.

Now, fork € B, |K—K| >« and b # =+, it may be that | ; (K) — 14| is small. Hence
the integral in (7.44) cannot be controlled as an oscillatory integral, via integration by
parts with respect to time. We therefore obtain the decay of f7; pc using the rapid decay
of the Fourier transform of y;.

The inner product can be rewritten and estimated as follows. Choose a positive con-
stant C such that C1 + H is strictly positive. We have, for any integer M >0,

(@p (s K), v (8-, 85) - Wr () L2(m2)

1 ~
(€ + )M (5 K0, 7 (8-, 85) Wi ()

T (€ + ()M 2@
1 -
=— (®p(; k), (C+HM 8-, 85) W, (-
G (20 CHmY [0 B O] )
1 —
== 811 (@ (- ), T 00V () 05!y (8-, 89) 022, () :
(€ + (k)M %2 < = X o >L2<R2>
(7.59)
where i denotes a finite sum over terms of the above form with ay, ..., a,,, . b1, b2
in Zi and 2v,qy + z:”’:"f lay| + |b1] + |ba| < 2M. Each inner product of this sum can

be re-expressed, via Poisson summation, using Proposition 7.1. With the choices

T'(X, T) = 05 y,(5%, 85),
W(x) = M08V (x) 0220, (x) = e KX T 08 V (x) (3 + iKY P (x) € Li.

we apply Proposition 7.1 and obtain

(@55 0, TG00V () 35, (5, 65) 02w, () )

v=1 "X LZ(R2)
— my b k| +moky + (k — K
= / pb(y; k) . [8_2 z My 8)121 V" (ml 1 +maKp ( ), (SS) ]
& meZ? g
x T 98V (y) 3y +iK)? Py (y) dy. (7.60)
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Note that there is a constant ¢ > 0, depending only on «1, such that for all k € 5j,
satisfying |k — K| > k1, we have |m1kj + maky + (k — K)| > c¢(1 + |m]). It follows from
Proposition 7.2 applied to (7.60) that for all b and all A such that A> M and A > 2:

v=1 "X

‘ (@53 k), T 00V () 85 7 (8-, 65) 220, ) >

L2(R2)
1

m N ||Ol()||WA+l 1(R2)- (761)
2

A
S 87 llaollwasa ey Z
meZ

Recall that up(k) & b, for b large, uniformly in k € 5. Using (7.59) and (7.61) in
(7.57) and (7.58) we obtain

frrpe G DI S 8% 1012 8*4 ooy amigey, D, 1+,

b>1
Choosing A and M sufficiently large, we obtain
sup [ frrpe GOl S 8" lleollyangey - (7.62)
0<r <8240
Together, estimates (7.55) and (7.62) imply
sup [l fpeCi D) llas 8% el st g2, - (7.63)

0t <8—2+50

Finally, (7.43), (7.63) and (2.25) imply, for any ¢y > 0, p > 0, that

£
sup N Ol @y S 82 lleollwasi e (7.64)
O<t<p5—2+80

This completes the proof of Proposition 6.1 and therewith Theorem 5.1.
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[5,9-13,24-26].

Appendix A. Lipschitz-Continuity of Eigenvalues Self-Adjoint 2"?-Order Elliptic
Operators and an Application to Floquet-Bloch Eigenvalues

Theorem A.1. Let T and T denote operators with the following properties:

1. T and 7:" are non-negative and self-adjoint operators on L*.
2. T and T are bounded maps from H? to L?.
3. T and T have discrete spectrum given, respectively, by the sequences of eigenvalues:

spec(T): A(T) < 22(T) < -

- (A.D)
spec(T): A(T) < Ao(T) < -
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4. There is a positive constant, a®, such that T satisfies the elliptic estimate:

1Tl + el 2 =a el (A2)
for all ¢ € H?. Assume that

1

IT = Tlpoe e < 4aﬁ. (A.3)

Then, fork = 1,2, ... we have the following Lipschitz estimate
~ 2 ~
Me(T) — M (T)| < P Cum(T)+ DT =Tl 2. (A4

Remark A.1. Theorem A.1 generalizes in a straightforward manner to higher order self-
adjoint elliptic operators, defined on H*(R?).

A consequence of Theorem A.l is the Lipschitz continuity of the Floquet-Bloch
eigenvalues of H = —A + V(x), where V is periodic, real and bounded.

Corollary A.2 (Proposition2.1). The Floquet—Bloch eigenvalue mapsk — up(k), b >1
are Lipschitz continuous functions of k € B.

Proof of Corollary A.2. Define
T=HKk)=—(V+ik)?+V(x) and T = H(ky) = —(V +iks)? + V(x),
andnotethat||T—7~‘||Hz_>Lz = [|Hk)—H&) | g2 2 < C |ki—kz|forsome C > 0.

Let up(k;) = wp(H(K;)) denote the bth eigenvalue of H (k). Applying Theorem A.1,
we have

lwp (k1) — up (k)| < C (up ()] +1) [k — ks (A.5)

whenever |k; — kj| is less than a small enough positive constant. This completes the
proof of Corollary A.2.

Proof of Corollary A.1. Note first that

ITell2+lel2 = [1Telz +llel2] = 1T = Tllges 2 llel g2
- 3
> d¥llllge = IT = Tllgos 2 llgll g2 > Zajllwllyz . (A6)

Therefore, we have the following three estimates:

3

ITel2 + el > Zajllwﬂyz, (A.7)
~ 3

1Tl + el > Zajugoum, (A.8)
~ 1

IT = Tligos 2 < Z“j' (A.9)

These conditions, which are symmetric in 7 and 7", will be used below.



284 C. L. Fefferman, M. I. Weinstein

Recall now the min-max characterization of the k' eigenvalue, A (A), of a self-
adjoint operator, A : H 2572 [14]:

. (Av, v)
M (A) = mi

n max ———. A.10)
5 (
SCH?, dim(S)=k veS\{0} ||v||L2

Proposition A.3. Let A denote a self-adjoint operator which maps H? to L? satisfying
the ellipticity estimate (A.7). Then,

. (Ag, ¢)
A (A) = min max = ————. (A.11)
SCH?, dim(S)=k eesS\(0}  lell7,
11l 2 <3 @) G (A+D 1] 2
forall yeS

Proof of Proposition A.3. First note that the min max in (A.11), greater than or equal to
Ak (A), is given by (A.10). We claim X is achieved at an eigenfunction, ¥ # 0, with

Yk € Sk(A) = span of the first k eigenfunctions of A,
where any ¢ € Si(A) satisfies:

4 _
il < g(aﬁ) 'O (A) + DI | 2 (A.12)
Indeed, for any ¢ € Sk (A), the span of the first k-eigenfunctions of A, we have
AV 2 < Ar(A) (1Yl 2.

It follows from (A.7) that
3
Zaﬁllkﬁllgz SNAY 2 + 1Yl < (A (A) + D Il 2.

Thus, any ¢ € Sx(A) satisfies (A.12). Furthermore, the maximum of the quotient
(A, ) /I ||i2 over Si(A)\ {0} is equal to A4 (A) and is attained at ;. This completes
the proof of Proposition A.3.

Continuing with the proof of Theorem A.1, take S to be any subspace of dimension
k and such that

4 -
veS = |lg < g(aﬁ) ' (A) + D]l 2.

For all 0 # v € S, we have

(Tv,v)pr <Tv, v>L2 <(T —T)v, v>L2

= +
lvll7, oIl Ivoll?
(T”’ ”)Lz T = Tllges 2wl g2 vl 2
lvll2, o2,
<Tvv U) 2 " 1@ o) + DII2,
/—2_”T—T||H2—>L2' 3
lvll?, lvli2,
<Tv, v>L2 _ 4 .
= W_||T_T”H2—>L2'§(a )T (M (T) + 1). (A.13)
LZ
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Therefore,

. 5 4
M(T) Z M (T) = IT = Tllg2_p2- g(at)_l()»k(T) +1), (A.14)

thanks to (A.11) with A = T and (A.10) with A = T. Interchanging T and T in the
above argument yields

- ~ 4 -
M(T) = M(T) = IT = Tl oy p2 - §<aﬁ)—1<xk<T> +1). (A.15)

Estimates (A.14) and (A.15) imply that

M(T) = ()| < = @) " Oa(T) + (T + 1) - I T = Tllga_sy 12

INERTINN

< @' + 1) - NIT = Tl g2

(O8]

4 _ - .
+3@)7 T = Tlls e (D =D (A16)
Therefore, since we have assumed |7 — T'|| H2s12 < }taﬁ, we find that

2 - 4 N
3 () = (D)) < §<aﬁ)“(2xk(r) + 1) IT = Tliga 2.

This completes the proof of the Lipschitz bound (A.4) and therewith Proposition A.1.

Finally, Proposition 2.1 is an immediate consequence of Proposition A.1.
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