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Abstract: We consider the problem of existence of asymptotic observables in local rela-
tivistic theories of massive particles. Let p; and p; be two energy-momentum vectors of
a massive particle and let A be a small neighbourhood of p; + p>. We construct asymp-
totic observables (two-particle Araki—-Haag detectors), sensitive to neutral particles of
energy-momenta in small neighbourhoods of p; and p,. We show that these asymptotic
observables exist, as strong limits of their approximating sequences, on all physical
states from the spectral subspace of A. Moreover, the linear span of the ranges of all
such asymptotic observables coincides with the subspace of two-particle Haag—Ruelle
scattering states with total energy-momenta in A. The result holds under very general
conditions which are satisfied, for example, in A¢§. The proof of convergence relies on
a variant of the phase-space propagation estimate of Graf.

1. Introduction

The question of a complete particle interpretation of quantum theories is of funda-
mental importance for our understanding of physics. The solution of this problem in
non-relativistic quantum mechanics, obtained in [En78,SiS087,Gr90,De93] for a large
class of physically relevant Hamiltonians, requires the convergence of suitably chosen
time-dependent families of observables. The existence of these limits, called asymprotic
observables, relies on the method of propagation estimates [SiSo87,Gr90], which is a
refined variant of the Cook method. This technique was later adapted to non-relativistic
QFT in [DGY9] which initiated a systematic study of the problem of asymptotic com-
pleteness in this context [DG00,FGS02,FGS04,DM12]. In the present work we imple-
ment the method of propagation estimates in local relativistic quantum field theories
of massive particles. We obtain the existence of certain asymptotic observables which
can be interpreted as two-particle detectors. Our results, stated in Theorems 2.6 and 2.7
below, hold in any massive theory satisfying the Haag—Kastler axioms, for example in
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)qu; . Our work sheds a new light on the problem of asymptotic completeness in such
theories, which is widely open to date.

The problem of existence of asymptotic observables in the framework of algebraic
quantum field theory (cf. Subsect. 2.1) was first studied in the seminal work of Araki and
Haag [AH67] and later by Enss [En75]. These authors considered families of observables
of the form

C, = /h (’l—c) C(t, x)dx = ei“"/h (;) Clx)dxe i, (1.1)

where C denotes a suitable (almost local) observable, C (¢, x) its translation in space-time
by (t,x) € R4 H is the full Hamiltonian of the relativistic theory and h € C§° (RY).
They were able to show that products of such observables

Qn,t = Cl,t cee Cﬂ,[s (1.2)

associated with functions h;, i = 1, ..., n, with mutually disjoint supports, converge, as
t — +00, on suitably chosen domains of Haag—Ruelle scattering states' (cf. Sect. 6). The
limit Q' can be interpreted as a coincidence arrangement of detectors which is sensitive
to states containing a configuration of n particles with velocities in the supports of the
functions Ay, ..., h,.

An important advance was made by Buchholz, who proved the following bound:

sup |C/ LA (U)] < o0 (1.3)
teR

for a sufficiently large class of observables C. Here 1 (U) is the projection on states
whose energy-momentum belongs to abounded Borel set A. (See [Bu90] and Lemma 3.3
below). This a priori estimate is a foundation of the theory of particle weights [BPS91,
Po04a,Po04b,Dy10,DT11b,DT11a] and it implies, in particular, that the sequences Q,, ;
converge on all Haag—Ruelle scattering states of bounded energy. However, the question
of their convergence on the orthogonal complement of the subspace of scattering states,
which is of crucial importance for the problem of a complete particle interpretation of
the theory (cf. Chap. 6 of [Ha]), remained unanswered to date.

In this paper we give a solution of this problem in the case of n = 2 for Araki-Haag
detectors (1.2) sensitive to massive neutral particles. More precisely, let p; 7 p> be
two energy-momentum vectors of massive particles. We choose almost local observ-
ables B, By whose energy-momentum transfers belong to small neighbourhoods of
—p1, —p2, respectively, and set Cy := BfBj, C» := B3B>. Now let A be a small
neighbourhood of p; + py. Our main result, stated in Thm. 2.6, is the existence of

0%(A) :=s— lim Cy,Cy, 15 U). (1.4)
—+00

Moreover, we show in Thm. 2.7 that the union of the ranges of all the operators Q7 (A),
constructed as above, coincides with the subspace of two-particle Haag—Ruelle scattering
states, whose total energy-momenta belong to A. Thms. 2.6 and 2.7 can be interpreted as a
weak variant of two-particle asymptotic completeness. We point out that this generalized
concept of complete particle interpretation does not imply the conventional one.

' We consider only the limit 1 — +o00 and outgoing scattering states in this paper as the case t — —o0 is
completely analogous.
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To illustrate this point, let us give a simple example of a theory which satisfies
our general assumptions from Subsect. 2.1 and is not asymptotically complete in the
conventional sense: Let O +— 2(O) be the net of local algebras of massive scalar
free field theory acting on the Fock space F and let U be the corresponding unitary
representation of translations. Let O — 2y (O) be a subnet generated by even functions
of the fields acting on the subspace Fey C JF spanned by vectors with even particle
numbers and let us set Uey = U| £,,. Then the net A(O) = A(0) ® AUey (O), acting on
F ® Fey and equipped with the unitary representation of translations U=UQ U,
satisfies the assumptions from Subsect. 2.1 but is not asymptotically complete in the
conventional sense. In fact, the subspace Q2 ® F.y, where 2 is the Fock space vacuum, is
orthogonal to all the Haag—Ruelle scattering states of the theory (except for the vacuum).
In physical terms, this subspace describes ‘pairs of oppositely charged particles’, whose
mass hyperboloids do not appear in the vacuum sector. Due to the choice of the energy-
momentum transfers of B;, the asymptotic observables Q7 (A) annihilate such pairs of
charged particles and, as stated in Thm. 2.7 below, only neutral particles remain in their
ranges.

We would like to stress that our result applies to concrete interacting quantum field
theories, as for example the )«bg model. This theory is known to possess a lower and
upper mass gap at small coupling constants A, but its particle aspects are rather poorly
understood. Asymptotic completeness is only known for total energies from the intervals
[0,3m — €] and [3m + €, 4m — ¢], where m is the particle mass and ¢ — 0 as A —
0 [GJS73,5Z76,CD82]. Since we can choose the region A in (1.4) outside of these
intervals, our result provides new information about the asymptotic dynamics of this
theory.

Let us now describe briefly the main ingredients of the proof of existence of the limit
(1.4): Let Q2(A) be the approximants on the r.h.s. of (1.4). Exploiting locality and the
disjointness of supports of i1, hy, one can write

02,2 = [ i (1) b (32) Bie ) B 1. x) Byt x0) Bate, xo)La (Wi
+0(1™%), (1.5)

where O (t~°) is a term tending to zero in norm faster than any inverse power of ¢. In
the next step we exploit our assumptions on the energy-momentum transfers of By, B,
which give for any W € Ran 1A (U):

Bi(t, x1)Ba(t, x2)¥ = Q(Q|B1(t, x1) B2(t, x2) W), (1.6)

due to the presence of the lower mass-gap. Thus we obtain
02 (MY = /Ht(xl»x2)Ft(xl»x2)BT(ta x1) B3 (t, x2)Qdx1dxa + O(t™>),  (1.7)

where

X1 X2

Fi(n.02) = (@B (1 x) Balt. x)W), Hirrx) o= (5) b (52).
We note that by replacing H; (x1, x2) F;(x1, x2) in the first term on the r.h.s. of (1.7)
with g1 (¢, x1)g>(t, x2), where g1, g» are positive energy solutions of the Klein-Gordon
equation, one would obtain a Haag—Ruelle scattering state (cf. Thm. 6.5). While
such a replacement is not possible at finite times, it turns out that it can be performed
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asymptotically. In fact, Thm. 4.1 below reduces the problem of strong convergence
of t — (2,:(A) to the existence of the following limit in the norm topology
of LZ(R%):

F, := lim e"®POH, F,, (1.8)

—>0o0

where ¥ = (x1,x2) € R¥, &(D;) = w(Dy,) + @(Dy,) and w(k) = vk2 +m? is the
dispersion relation of the massive particles under study.

A large part of our paper is devoted to the proof of existence of the limit (1.8). In the
first step, taken in Lemma 4.2, we show that F; satisfies the following inhomogeneous
evolution equation:

O Fy = —iw(Dz) Fi + (R),, (1.9)

where, using locality, we show that the term (R), satisfies ||H; (R),|> = O (=), for
any I:It x) := H ()t_é) with H € Cgo (RZd) vanishing near the diagonal {x; = x»}. Given
(1.9), we prove the existence of the limit (1.8) by extending the method of propagation
estimates to inhomogeneous evolution equations.

An important step is to obtain a large velocity estimate, for which the usual quantum
mechanical proof does not apply, since in our case all propagation observables must
vanish near the diagonal. Instead we use a relativistic argument, based on the fact that
hyperplanes {r = v - x} for |[v| > 1 are space-like (see Lemma 5.1). Another key
ingredient is a phase-space propagation estimate, whose proof follows closely the usual
quantum mechanical one. One new aspect, to which we will come back below, is the
fact that the convex Graf function R must now vanish near the diagonal. By combining
the two propagation estimates in Prop 5.5, we obtain the existence of the limit (1.8) and
therefore the convergence of the Araki-Haag detectors (1.4).

It is a natural question if the convergence of t +— O, ;1A (U) can also be shown
for n # 2 by the methods described above. Let us assume, generalizing the conditions
above Eq. (1.4), that the energy-momentum transfers of the corresponding operators B;,
i =1,...,n,belong to small neighbourhoods of distinct energy-momentum vectors p;
of the massive particles s.t. p; +---+ p, € A. For n = 1 there is nothing to prove
as the problem reduces to the well-known existence of the Araki—Haag detectors on
the subspace of single-particle states [AH67]. For n > 2, however, the situation looks
different: Here the initial steps of our analysis can be carried out and difficulties arise
only at the level of the phase-space propagation estimate: The Graf function R must
vanish not only near the diagonal x; = x», but also near all the other collision planes
X1 = x3, X2 = x3 etc. Since R is supposed to be convex in some ball around the origin,
it must be zero in a neighbourhood of the convex hull of the collision planes restricted
to this ball. Thus a large and physically interesting part of the configuration space is
out of reach of the phase-space propagation estimate for n > 2. It seems to us that new
propagation estimates have to be developed to handle this problem. Finally, we remark
that the convergence of the Araki—-Haag detectors (1.2) is also expected without detailed
restrictions on the energy-momentum transfers of their constituent observables. Progress
in this direction requires new ideas at the operator-theoretic level of our analysis.

We would like to point out that our analysis is closely related to scattering theory of
quantum-mechanical dispersive systems (see e.g. [Ge91,Zi97]). A simple example of a
dispersive system is the following Hamiltonian:
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Hy= ) o(Dy)+ Y Vix—x)), (1.10)
i=1

i<j

where V € S(R?). We note that the corresponding Schrodinger equation has the form

n
W = —i D oD )W —i > Vi —x)¥, (1.11)
i=l1

i<j

where ¥; = e tHay @ ¢ Lgym((]Rd)X”). For n = 2 Eq. (1.11) has a form of
the evolution Eq. (1.9) with F; = W, and (R); = —iV(x; — x2)W, which satisfies
|H, (R) (2 = O(t~°°) as a consequence of the rapid decay of the potential. In the light
of our discussion of Eq. (1.9), it is not a surprise that asymptotic completeness holds for
dispersive systems for n = 2, (which is actually a well known fact). However, the case
n > 2 is still open and requires new ideas.

Our paper is organized as follows: In Sect. 2 we recall the framework of local rel-
ativistic quantum field theory and state precisely our results. In Sect. 3 we introduce
some notation and terminology and collect the main properties of particle detectors. In
Sect. 4 we reduce the problem of convergence of the families of observables (1.4) to the
existence of the limit (1.8) and derive the inhomogeneous evolution equation (1.9). In
Sect. 5 we prove the convergence in (1.8) by showing large velocity and phase-space
propagation estimates. In Sect. 6 we recall some basic facts on the Haag—Ruelle scat-
tering theory in the two-particle case. The proof of Thm. 2.7 is presented in Sect. 7.
In Appendix A we state some generalizations of standard abstract arguments to the
inhomogeneous evolution equations. They are used in Sect. 5.

2. Framework and Results

In this section we recall the conventional framework of local quantum field theory and
formulate precisely our main results.

2.1. Nets oflocal observables. Asusual inthe Haag-Kastler framework of local quantum
field theory, we consider a net

O~ A(0) C B(H)

of von Neumann algebras, acting on a Hilbert space H, attached to open bounded regions
of Minkowski space-time R'*¢. This net satisfies the assumptions of isotony, locality,
covariance w.r.t. translations, positivity of energy, uniqueness of the vacuum and cyclicity
of the vacuum.

The assumption of isotony says that A(0;) C A(Oy) if O C O;. It allows to
define the C*-inductive limit of the net, which will be denoted by 2. Locality means that
A(O1) C A(Oy) if O and O, are space-like separated. To formulate the remaining
postulates, we assume that there exists a strongly continuous unitary representation of
translations

R 5 (1, x) > U, x) =: e HP) onH.
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We also introduce the group of automorphisms of 2{ induced by U':
a;.x(B) := B(t,x) := U(t,x)BU(t,x)*, B e, (t,x) e R"*.
The assumption of covariance says that
. (A(O0)) = A(O + (t,x)), Y openbounded @ and (r,x) € R'*.  (2.1)

We will need a restrictive formulation of positivity of energy, suitable for massive the-
ories. We denote by H,, := {(E, p) € R"*¢ : E = ,/p? + m2} the mass hyperboloid

of a particle of mass m > 0 and set G, := {(E, p) € R*? : E > \/p2+pu?}. We
assume that:

i) SpU:{O}UHmUG, whereGCGMforsomem<,u§2m, 2.2)
ii) Tyy(U) = |Q)(Q], L cyclic for 2. '
The unit vector 2 will be called the vacuum vector. We denoted by Sp U c R'*¢ the
spectrum of (H, P) and by 1 4 (U) the spectral projection on a Borel set A € R+ Part
i) in (2.2) encodes positivity of energy and the presence of an upper and lower mass-gap.
We remark that it is a consequence of the Haag—Ruelle scattering theory that G D Gon.
A possible presence of additional isolated mass hyperboloids H,/, m < m’ < 2m in
Sp U, (corresponding e.g. to composite particles), is covered by this assumption. Part
ii) encodes the uniqueness and cyclicity of the vacuum.

2.2. Relevant classes of observables. In this subsection we introduce some classes of
observables, which enter into the formulation of our main results. First, we recall the
definition of almost local operators.

Definition 2.1. B € 2 is almost local if there exists a family A, € A(O,), where
O, = {(t,x) e R™* . |x|+|t| < r} is the double cone of radius r centered at 0, s.t.
B —Arll € O(r)~™).

To introduce another important class — the energy-decreasing operators — we need
some definitions: If B € 2(, we denote by B its Fourier transform:

B(E, p) := Q) (1+D/2 / e IE=PO Bt x)dtdx, (2.3)

defined as an operator-valued distribution. We denote by supp(E ) € R*¥ the support
of B, called the energy-momentum transfer of B. We recall the following well-known
properties [Ar82]:

D) arx(B)(E. p) = e E-POB(E, p),
ii) supp(B*) = —supp(B), (2.4)

iil) Bla(U) =1 (U)BLA(U), V Borel sets A C R+,

Now we are ready to define the energy-decreasing operators:

Definition 2.2. B € 2 is energy-decreasing if supp(fi\) N Vy = (0, where V, =
{(E, p) : E > |pl}isthe closed forward light cone.
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In the rest of the paper we will work with the following set of observables:

Definition 2.3. We denote by Loy C 2 the subspace spanned by B € 2 such that:

i) B is energy-decreasing, supp(E) is compact,
i) R 5 (t,x) — B(t,x) € Ais C® in norm,
iii) 97, B(t, x) is almost local for all a € N+,

Note that if i) and i) hold, then 97", B(z, x) is energy-decreasing for any o € N I+d |

Note also thatif A € A(O) and f € S(R™*9) with suppfcompact and suppfﬂ Vie=90,
then

B = (2r)~+d)/2 / f(t, x)A(t, x)dtdx (2.5)

o~

belongs to Lo by (2.4) i), since B(E, p) = f(E, p)A(E, p). (See (3.1) below for
definition of f.)

2.3. Results. For any By, By € Lo and hy, hy € Cé’o (Rd) with disjoint supports we
define the approximating families of one-particle detectors:

Cli= [ (2) @imowxvdn. Cui= [ (2) BB 20

which have appeared already in (1.1) above. We note that in view of Lemma 3.3, stated
below, sup, g |Ci ;15 (U)|| < oo, i = 1,2, for any bounded Borel set A.
Now for any open bounded subset A C G»,, we define the two-particle detectors:

02,1(A) 1= C1,;Co LA (U). 2.7)

Our main result is the strong convergence of Q2 ;(A) ast — oo if the extension of A is
smaller than the mass-gap (i.e., (A — A)NSp U = {0}) and (B, B;) is A—admissible
in the following sense:

Definition 2.4. Ler A C R pe an open bounded set and By, By € Lo. We say that
(B1, By) is A—admissible if

(—supp(B)) NSpU C Hy, i=1,2, 2.8)
—(supp(B1) +supp(By)) C A, (2.9)
(A + supp(B)) + supp(B2)) N Sp U C {0}. (2.10)

Remark 2.5. It is shown in Lemma 7.4 that if A C Gy, is an open bounded set s.t.
(A-A)NSpU C {0} and —supp(B1) —supp(Bz) are sufﬁc1ent1y small neigh-
bourhoods of vectors pi, p» € Hy, s.t. py % pa and p1 + pa € A, then (By, Bp) is
A —admissible. In more physical terms, conditions (2.8)—(2.10) encode the idea that (2.7)
is a detector sensitive to a two-particle configuration with energies-momenta pp, ps.
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Theorem 2.6. Let A C Gy, be an open bounded set such that A-=A)NS pU = {0}.
Let By, By € Ly be A—admissible and suppose that hi, hy € Cgo (Rd) have disjoint
supports. Then there exists the limit

Q3(A) :=s— lim Cy,Ca,1a(U), 2.11)

where C;; are defined in (2.6) for B;, h;, i = 1,2. The range of Q3(A) belongs to
1A(UYH3, where H} is the subspace of two-particle Haag—Ruelle scattering states
defined in Thm. 6.5 and Def. 6.7.

Proof. Follows immediately from Theorems 4.1 and 5.5. O

Theorem 2.6 implies, in particular, that the closed span of the ranges of the opera-
tors QF(A) is contained in the subspace of two-particle scattering states with energy-
momentum in A. This result is complemented by Thm. 2.7, stated below and proven in
Sect. 7, which says that this inclusion is actually an equality. One of its consequences
is that sufficiently many asymptotic observables (2.11) are non-zero. Thms. 2.6 and 2.7
can be interpreted as a weak variant of asymptotic completeness.

Theorem 2.7. Let A C Ga,y, be an open bounded set such that (A — A)NSp U = {0}.
Let J be the collection of quadruples « = (B, Ba, hy, hy) satisfying the conditions
from Thm. 2.6 and let Q;YQ(A) be the limit (2.11) corresponding to «. Then

TA(UYH; = Span{Ran Q3 ,(A) : «a € Jye (2.12)

3. Preparations

In this section we introduce some notation and collect some properties of particle de-
tectors.

3.1. Notation.

— By x, x1, x> we denote elements of RY. We set ¥ = (x1, x2) to denote elements of
R%,

—  We write K € R'* if K is a compact subset of R!*¢,

- Weset (x):=(1 +x2)% for x € R? and w(p) = (p? +m2)% for p € R4,

—  The momentum operator i~'V, will be denoted by D,.

— We denote by (¢, x) or (E, p) the elements of R,

— If f: R"* - C we will denote by f; : R¢ — C the function f,(-) := f(t, -).

—  We denote by S(R'*9) the Schwartz class in R'*. If f € S(R'*?) we define its
(unitary) Fourier transform:

F(E, p):= (271)_(1+d)/2/ei(E’_’”‘)f(t, x)dtdx, (3.1)
so that
Ft.x) = Q)12 / e~IE=r0 F(E, p)dEdp. (3.2)

Note the different sign in the exponent in comparison with (2.3).
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If f e S(RY) we set:

Fip) = @r) 42 / P f(x)dx,

and
7o) = @) / &P £ (p)dp.

— If B is an observable, we write B®) to denote either B or B*. We will also set

B, := B(t,0), B(x) := B(0, x) so that B(, x) = B;(x).

3.2. Auxiliary maps ag. For B € 2, f € S(R?) we set:
B(f) = / B(x) f(x)dx,

so that B*(f) = B(f)*. Clearly, if By, B € 2 are almost local, then
I[B1 (x1), Ba(x2)]| < Cn(xi —x2)™, VN eN. (3.3)

This immediately implies that

I[B1(f1D), B2(f)]ll = CN/ |AGDl 1 = x2) N falxa)ldxidxa, fi, fr € SRY).
(34
Now we introduce auxiliary maps which will be often used in our investigation:

Definition 3.1. We denote by ap : H — S'(R?; H) the linear operator defined as:
ag¥(x) == B(x)¥, xeR’

Clearly ap : H — S'(R%; H) is continuous and

B(f)=(An®(fhoas. [eSRY, (3.5)
where (13 ® (f]) : S'(R%; H) — H is defined on simple tensors by

Ay @ (FHVRT)=T(/)¥, VeH,TeSRY. (3.6)

By duality aj, : S (R?; 'H) — "H is continuous and

B (f)=ago(An®|f). feSR. (3.7)
The group of space translations

W) =¥(x—y), ye€ Rd,

is strongly continuous on S’(R?; ), and its generator is D, i.e., Ty = e~ 'Dx Ttis easy
to check the following identity:
agoe VP = e (DutP) o g yE RY, 3.8)

We collect now some properties of ap.
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Lemma 3.2. Let B € 2. Then:
(1) For any Borel set A C R'*:
apla(U)=(1
ap o (La(U) ® Lgpray) =1

W(U) & 15’(Rd)) oapla(U),
Asup(®) Vg 0 AaU) ® Ls(ra))-

(2) Forany f € S(RY) one has f(Dy)ap = ag; for

By = 2m) " [ (=B, y)dy
= Qn)" D2 1 f(—p)B(E, p)dEdp,
By(E.p) = f(=p)B(E, p).
(3)If supp(E) is compact and f € C®(R?) then the above properties also hold.
Proof. (1) follows from (2.4). (2) and (3) follow from the identity:
eV Drgp = apo,—y), Y€ RY,
which is a rephrasing of (3.8). O

If B € Lo, then ap has much stronger properties. In particular, for A € R'* the
operator agl A (U) maps H into L>(R?; H) ~ H® L*(R?), see Lemma 3.4 below. This
is a consequence of the following important property of the energy-decreasing operators,
proven in [Bu90].

Lemma 3.3. Let B € 2 be energy-decreasing with supp(E) € R convex and let
A C R be some bounded Borel set. Let Y C R4 be a subspace and let dy be the
Lebesgue measure on Y. Then there exists ¢ > 0 such that for any F € Y, one has:

II/F(B*B)(y)ﬂA(U)dyII < C/ I[B*, B)]1lldy. 3.9)

Note that if B is in addition almost local and Y is space-like, then the function
Y > y — ||[[B*, B(y)]|| vanishes faster than any inverse power of | y| as |y| — oo, hence
we can take F = Y in (3.9). (We will usually apply this lemma with ¥ = {0} x R%). In
view of Lemma 3.3, it is convenient to introduce the subspace of vectors with compact
energy-momentum spectrum:

He(U) :={W eH : ¥=1,U)V, A R
We note the following simple fact:
Lemma 3.4. Assume that A @ R and let B € Lo. Then
agla(U) : H — H ® L*(RY) is bounded.

Remark 3.5. Considering ap as a linear operator from H to H ® L*(R?) with domain
H(U), we see that HQ S(RY) ¢ Dom a}, hence az is densely defined and ap closable.

Proof. Tt suffices to note that
Ta(U)ag oapla(U) =/ LAU)(B*B)(x)1a(U)dx,
Rd

and use Lemma 3.3. (If supp(§) is not convex, B should be decomposed as in [Bu90]
p.639). O
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3.3. Particle detectors. In this subsection we make contact with the particle detectors
C; introduced in (2.6).
Definition 3.6. Let B € Lo. For h € B(L2(RY)) we set:
Np(h) :=ajo(1ly ®h)oap, Dom Np(h) = Hc(U).
Denoting by i (x, y) the distributional kernel of # we have the following expression for

Ng(h):

Np(h) =/B*(x)h(x,y)B(y)dxdy, (3.10)

which makes sense as a quadratic form identity on H.(U). If & is the operator of multi-
plication by the function x + h(x), then Np(h) can be written as

Np(h) = /(B*B)(x)h(x)dx.
Setting h;(x) = h (f), we see that C; defined in (2.6) equals Np, (h;), where B; =
B(t,0). The following lemma is a direct consequence of Lemmas 3.2 and 3.4.

Lemma 3.7. We have:

(D) IINs(M LA BH) < ca Bl pr2®ay)s
(2) YA eR™, Np(h)IaU) =1a,(U)Ng(h)1AU), for some Ay € R,

3.4. Auxiliary maps ap, p,. We start with the following definition which is meaningful
due to Lemma 3.4:

Definition 3.8. For By, By € Ly we define the linear operator:

H(U) > HQ L2 (R¥, dx;dx»),

3.11
Vi~ ap,, B,V = (ap, ® L;2Ray) cap, V. ( )

aBy,B; -

Formally we have
ap,,B,¥(x1, x2) = Bi(x1) B2 (x2) W.
We note the following lemma, which is a direct consequence of Lemmas 3.2 and 3.4.

Lemma 3.9. Assume A @ R and let By, By € L. Then:

(1) ag, p,1aU) : H — H® L*(R*, dx1dx;) is bounded,
() for any A € R one has:

aB] ,By IlA(U) = (1A+supp(§1)+supp(§z) (U) ® IlLQ(]RZd)) o aB] .321A (U)7
ag, 5, © LaW) @ Lp2@20) = L a_qupp(B)—supp(B) V)5, 8, © MaU) @ 12 g20)).
For later use we state in Lemma 3.10 below a simple consequence of almost locality.

To simplify the formulation of this result, we introduce the following functions for
N > d:
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gn (k) = /e—i’” (x)"Ndx. (3.12)

Clearly
denk)e O(k)™"), VpeN, |a| <N —d,
and the operator on L?(R?) with kernel (x — y)~" equals gy (Dy).

Lemma 3.10. Let A € R'*?, B; € Lo, h; € CPRY), i = 1,2. We denote by h; €
B(L*(R%)) the operator of multiplication by h;. Then for any N € N one has:

(N, (h1) o Np, (h2) — af, g, o (I3 ® h1 @ h2) 0 ap, 5,) La(U)]
< Cn.A.B,, By I1h1gN (D)2l g2 (ray) - (3.13)

Remark 3.11. In applications we will often estimate the operator norm on the r.h.s. of
(3.13) by the Hilbert—Schmidt norm || - ||us.

Proof. Let R be the operator in the lLh.s. of (3.13). By Lemmas 3.7, 3.9
R =1a,(U)R1A,(U) for some A; € R, For u; € H we have

[(uy|Ruz)l
= |/(1A1(U)ul|Bik(xl)[Bl(xl)’ B3 (x2)1B2 (x2)h 1 (x1 )12 (x2) L A, (U)u) ydxdxz|

SC/IIBl(X1)1lA1(U)M1IIHIIBz(X2)1A2(U)M2IIHIh1I(X1)|h2|(X2)(X1 —x2) " Ndxidx;.

By Lemma 3.7 we know that v; (x) = [| B; (X)L a, (U)u; 3 € L*(R?) with [|v; || 12 ey <
Cilluill 7. Therefore

|uilRu2) 3 < Clllhilgn (D)lhalll pr2way) lut iz lluzlly.
Writing h; = |h;|e'¥ and using that the operator of multiplication by ¢! is unitary, we
obtain the lemma. O

4. An Intermediate Convergence Argument

For B € Lyand h € C(‘)X’(Rd) we set:

hy(x) = h (;) . Ng(h.t) = Ng, (hy). 4.1)

Recalling the notation X = (x1, x2), we also define ®(D;) = w(Dy,) + w(Dy,), acting
on L?(R?). The following theorem is an important step in the proofs of Thms. 2.6 and
2.7. Ttessentially allows to reduce their proofs to arguments adapted from non-relativistic
scattering theory.

Theorem 4.1. Let A C R pe a bounded open set, By, By € Ly with (B, By) A—
admissible and let hy, hy € Cgo (RY) have disjoint supports. Let
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Hy(x1, x2) i= hy(x1)h2, (x2) (4.2)
and set for ¥V € TA(U)H:
Fy = ((Q1 ® 12524)) 0 ap, pe " H W e L2(R™), (4.3)
so that
Fi(x1,x2) = (QIBi(t, x1) Ba(t, x2) W)y, (x1,x2) € R¥.

Assume that

F, = tlim " @DIY F, exists. (4.4)
—00
Then
lim N, (b1, )N, (2, )W 4.5)
—00

exists and belongs to 1x(U)Hj.

Proof. Applying Lemma 3.10 and noting that ||| ;gn (Dx)h2 ¢ ||us € 01Ny, we get:
Np, (h1,)Np, (h2,)1a(U) = aj, g o (I @ Hy) oap, g, 1a(U) + O (™).
By (2.10) and Lemma 3.9 we obtain:
ap,, B, La(U) = (Lioy(U) ® L22day) o ap,, B, La(U)
= (1QNQ ® 112Rea)) 0 ap,, B, 1aU),
using (2.2). Therefore we have:
"M N, (h1 )N, (ha.)e "W = e"a}y L (QRHF)+0(1™™)
=c"ay, 5 (@@ PO +0(%).  (46)
Set
St L*R¥)y 5 F > e'fay p (Q@e@PIF) e .

By Lemma 3.9 the family S; is uniformly bounded in norm. Moreover if g;, go are
two positive energy KG solutions with disjoint velocity supports (see Subsect. 6.1 for
terminology) and fi, f> € S (R?) are their initial data, then

S (f1® fr) = BT,(gL;)B;t(gz,;)Q,

where the Haag—Ruelle creation operators B* ,(&i,r) are defined in Subsect. 6.2. From
Thm. 6.5 we know that lim;_.  S;(f1 ® f2) ex1sts By linearity and density, using the
uniform boundedness of S;, we conclude that lim;_, o, S; F’ exists for any F € LZ(RZ")
By (4.6) this implies the existence of the limit in (4.5). The approximation argument
above implies that this limit belongs to 743 . The fact that it belongs to the range of 1 (U)
follows from the A—admissibility of (B, By). O

The proof of the existence of the limit (4.4) will be given in the next section. As a
preparation, we collect some properties of the vectors F; € L*(R??). The most important
property is that F; solves a Schrodinger equation with Hamiltonian @(Dj3) and a source
term (R), whose L? norm outside of the diagonal decreases very fast when 1 — +oo.
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Lemma 4.2. Let F; be defined in (4.3). Then:
(1)  F; is uniformly bounded in LZ(RM),
(2) t+> F; € L2(R¥) is C! with

O Fr = —io(Dg) Fir + (R),,

where |H (;) (R) |l 2r2ay € Ot~ for any H € C§°(R*?) with
suppHN {x] = xp} = 0.
Proof. Wehave F;(x1, x3) = (2| B1(¢, x1) B2(t, x20) ¥)7 and from Lemma 3.9 we know

that F; is uniformly bounded in L2(R24). Moreover, since W € H.(U), we see that
t— F, € L2(R*) is C! with:

3 Fy (%) = (QIB1(t, x1)Ba(t, x2) W3y + (QAB1 (1, x1) Ba (1, x2) W)y
= (QIB1(r, x1) B2 (1, x2) W) + (2 B2 (1, x2) B1 (1, x1) V)
+ (QI[B1(t, x1), B2(t, x2)]¥) 7,
where Bi := 0y B; (s, 0)5=0 are again almost local by the definition of L. We have for
any ¢ € H:
(QIBj (1, xj)P)n = (L) (U) B (1, xj)P) = (2|B;(t, xj)1p,, (U)P)x
= (QIB;(xj)e P @)y = P QB (x)) @),

using (2.4), (2.8) and finally (3.8). Differentiating this identity we obtain
(QIB; (1, x)) @)1 = —iw(Dx,)(QB;(t, x,)®)3.
Therefore we get:

0 F1 (x) = —iw(Dy ) (QIB1 (1, x1) B2 (1, x2) W) 3 — iw (D)) (R B, x2) B1 (£, x1) W)
+(Q[B1(t, x1), Ba(t, x2)]W) %
= —iw(Dy) (2B (t, x1) B2 (t, x2) W) — iw(Dy, ) (Q|B1 (1, x1) B2 (1, x2) W) 3
— 1w (D) (R2[Ba2(t, x2), Bi(t, x1)]W)n + (QU[B1(t, x1), B2(t, x2)]W) 3
= —iw(Dz) F (%) + (R), (%),

for

(R);(X) = —iw(Dy,)(QU[Ba(t, x2), Bi(t, x1)1W)3 + (RU[B1(t, x1), Ba(t, x2)1¥) 3

S(R)1,1(X) + (R)a  (X).

Since Bz is almost local, we have ||[B; (¢, x1), Bz(t, )]l € O(x; —x2)™N) upiformly
in ¢ and [|[H;(R)y ;| 122y € O (t—°°) because of the support properties of H,(x) :=

i (%),
To estimate (R);, we write it as (Q|[w(Dy,)B2(t, x2), B1(t, x1)]¥)x. By
Lemma 3.2 (3) we see that w(Dy,) B2(t, x2) = Ca(t, x2), where

Cy = (2m)~92 / f)B2(0,x)dx, feSMR?), f(—p) = w(p) near supp(By).

Therefore C; is almost local and ||[C2 (2, x2), B1(t, x1)]ll € O({x1 — x2)™N). The same
argument as above shows that [[H;(R); ;| 2(r2¢y € O(™%°). O
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5. Non-Relativistic Scattering with Source Terms
In this section we give the proof of the existence of the limit

F, = lim "®PoY,F,,
t—+00

appearing in Thm. 4.1. The proof is obtained by adapting to our situation the standard
arguments based on propagation estimates. The main difference with the usual scattering
theory is that F; solves a Schrodinger equation with a source term. This implies that one
has to use propagation observables supported in regions where the source term is small,
in our case outside the diagonal in R??. The necessary abstract arguments are collected
in Appendix A.

5.1. Large velocity estimates. In this subsection we prove large velocity estimates. Note
that we do not prove them directly for F;, but use instead a general argument based on
Lemma 3.3, locality and the fact that the hyperplanes {t = v - x} for |[v] > 1 are
space-like.

Lemma 5.1. Ler B € £y, A € R and 1 < ¢ < C. Then,
oo . x . dt
/1 € H WL AWU)NE (L pepd ; ceip=c) (?))]IA(U)e ) < el Wi, W e,

where x in the formula above denotes the corresponding multiplication operator on
L2(RY).

Proof. Set z = (zl, 7) e Rd, where z! € R is the first component of z. We can find
constants ¢; > 1 and rotations R; € SO (d) such that
z:re<ll=Cyc ULz« a < I(Rin)'| < C).

So it suffices to prove the lemma with 1, . c<|z<c) replaced with 1, . .—gz)1|<c) for

c¢>1, R € SO(d). We parametrize the set S = {z : ¢ < |(Rz)'| < C} by coordinates
(y', ') with y! = (Rx)! so that it equals S = {(y',y") : ¢ <|y!| < C}. We have:

= [P HNp(Lg (3))e M4 = [F24L [, 15(3)(B*B)(t, y)dy
= [dt [Cdv [par (B*B)(t, 1v,Y)dy < [ dv [a(B*B)(t, tv, y)dtdy'.
We now apply Lemma 3.3 to the subspace ¥, = {(t,tv,y’) : t € R, ¥ € R~} for

¢ < v < C which yields?:

C
LA ITAW)] < C’ / dv /R IB*, B, v, y)ldrdy 5.1)

Since B is almost local, there exist B, € A(O,) with ||B — B, || € O({r)™™). Therefore
I[B*, B(z,tv, Y]l < C(r)™" + |[B}, B-(t, v, y)]I.

Setu-u =x>—t>foru = (t,x) € R"* Ifv;, v2 € Oy and uy = vy + (¢, tv, ¥), ur =
vy, thenu = uy —upy = (¢, tv, y') +w, forw € O, — O, C O,,. It follows that

w-u =12 = D+ P+ 0@+ () + 0.

2 We can assume here without loss of generality that supp(l?) is convex (see [Bu90] p. 639).
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Using that ¢ > 1, we conclude that there exists 0 < § < 1 such thatif (r) = 8({r) +{y’))
then O, and O, +(t, tv, y’) are space-like separated for any (¢, y') € Rest.2+]y > > 1
and ¢ < v < C. Therefore ||[B*, B(t, tv, y)]|| € O(({t) + (y'))™™), and the integral in
the r.h.s. of (5.1) is finite. O

To proceed we need the following definitions: For 0 < r; < r, and € > 0 we set:
Crip i={F €R™ 1 1| <|F| <12}, Cr:=Coy, Dei={F € R™ : |x) —xo| < €).
Let us now prove the following corollary of Lemma 5.1:

Proposition 5.2. Let /2 < r < 1/, € > 0 and let F; be defined in (4.3). Then

+00 £
/ Tc, \D. (—) F
1 ’ t

where X in the formula above denotes the corresponding multiplication operator on
L2(R%),

2 dt
— < 00,
2Ry T

Proof. Set ¥ = (x1, x2) € R??. By a covering argument, it suffices to prove the lemma
with ]lc”,\ p. (X) replaced with /11 (x1)h2(x2), where h; € Cgo (Rd) are non-negative and

supported near some points y; € RY with (y;, y2) € C, \D¢ and d(supph1, supphy) >
0. Set H,(X) = h1(F)h2(F). By (4.3) we have:

(F[|H1FI)L2(R2d)

X1 X2

= /RM (e "MW| B3 (x2) B} (x1) By (x1) Ba(x2)e " W)qhy (T) ha (T) dx1dx;.

Since |(y1, y2)| > V2, necessarily |y;| > 1 either fori = 1 ori = 2, and we can assume
that supph; C {y € R? : |y| > 1}. If this holds for i = 2 then

(FiH, Fy)p2geay < C [(e7"HW| B3 (x2) By (x2)e ™" H W)ghy (%2)dxy
< Ce "M W|Ng, (hy(X))e W)y,
where x denotes the corresponding multiplication operator on R?. Then we apply

Lemma 5.1. If the above property holds for i = 1 then, using almost locality as in
the proof of Lemma 3.10, we obtain that

(FilH, Fy) 2 o)
= [paa (€7 FW| B} (x1) B (x2) Ba(x2) By (x1)e " H W) yyhy (1) ha (2 )dxidxy + O(17)
= [pa (Bi(x1)e HW|Ng, (ha(2)) By (x)e " H W)y (£L)dx) + O (=)
< Cle MW INp, (h (£))e W)y + 0,

using that /1, h> have disjoint supports. We complete the proof as before. O

5.2. Phase-space propagation estimates. We start with a geometrical consideration re-
lated to a well-known construction of Graf [Gr90].

Lemma 5.3. Let K & RZd\D(). Then there exist /2 < r < r',c1,c2,€ > 0and a
function R € C8° (R24) vanishing near Dq such that
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V2R(¥) = c11g (&) — calle, b, (F). (5.2)

Proof. Set ¥ = (x1,x2) € R¥ y = L i +x), v = \L@(xl — x2). We choose

2
V2 < r < r'such that K C C, and set
g(®) = W + v’ — O F (%),

for F >0, F € CgO(C,i), F = 1in C,, where r < r| < r{ < r’. The constants
¢, B > 0 will be determined later. Note that g is convex in C,,, hence

Ro(X) = sup{g, 0}(x)

is convex in C,, (but not smooth). We first fix ¢ = r’? so that Ro(¥) = 0 for X € De,,
for some €g > O tending to 0 when § — +oo. We choose then 8 > 1 such that

K Cc{f e R¥ : Ry(X) > 0} and set e = €p. By the continuity of Ry we also obtain:

Kc () (F: RE—¥) >0} (5.3)
/|<e’

DepC () {F : Ro(F— %) =0}, (5.4)
/|<e’

for some 0 < €’ « 1.
Now we choose > 0, n € C3°(Cer) with [ 7(¥)d% = 1 and set:

R(F) := / n(F)Ro(F — ¥)dF = n* Ro(¥).

Clearly R € Ci° (R2?) and R is convex in C,, hence

V2R(X) >0, %eC,. (5.5)
By relation (5.3), R = n x g on K, hence
V2R(F) > cil, %eK, (5.6)

for some ¢; > 0. In C, -, V2R is bounded, and outside of C,,, VZR(%¥) > 0 since
R(x) = 0 there by construction. By (5.5), (5.6) we obtain (5.2). O

Proposition 5.4. Let F; be defined in (4.3) and K € de\Do. Then

[l () o)
]1[(— ——Va)(D;) Ft
1 t t

— < Q.
Proof. We will apply Lemma A.1 to H = L>(R*), u(t) = F,, H = &(D;) and

L2(R2y T
M(t) =R )z)—](VR()z ()E—V~ D;) ) +h )
) = (7 3 ?) n a( x) <.

Recall that DM (t) denotes the associated Heisenberg derivative. By standard pseudo-
differential calculus we obtain that:

DM(t) = 1 (§ _ V(I)(D,;)) V2R ()-‘) : (;ﬁ — V&)(D,;)) + 032

t
(- vao) e (1) (1 - vi00) - 1, (1) 0
(5.7)

v



98 W. Dybalski, C. Gérard

where O(r~2) denotes a term with norm O (z~2) and we have used Lemma 5.3 in the
second line. Since R is supported away from the diagonal, we obtain by Lemma 4.2
and pseudo-differential calculus that | M (¢)(R),| € L'(R*, dt), where we recall that
0:F; =1 —iw(Dz) F; + (R),. Lemma 4.2 also gives that sup, || F;|| < oo. The negative
term in the r.h.s. of (5.7) is controlled by Proposition 5.2. Applying Lemma A.1 we
obtain the desired result. O

5.3. Existence of the intermediate limit.
Theorem 5.5. Let F;, H; be defined in (4.3). Then the limit

F, = lim e"®PYYH, F, exists.
1—+00

Proof. Thenorms || -|| and scalar products ( - | - ) in this proof are in the sense of L2 (R??).
We proceed as in the proof of [DG97, Prop. 4.4.5]. Set first H(x) = h(x1)h2(x2) and

M) =H (f) — (’ﬁ — VCZ)(D);)) . VH (f) .
t t t
By pseudo-differential calculus, we obtain that
DM (1) = 1 (% - VJ)(D);)) - V2H ()7‘) : (§ - va)(Dj)) + 017,
IM (@) (R) N, [M*(0)(R), |l € L'(R*, d),

where in the second line we use that H is supported away from the diagonal. Note that
the following analog of Prop. 5.4 is well-known and easy to prove by mimicking the
arguments in [DG97, Prop. 4.4.3]:

+00
/]
for any K € R??\{0}. Combining this estimate with the one in Prop. 5.4, we obtain by
Lemma A.3 that

(5.8)

~ ~ 2
iy dt
1x (;) ()t—c — V&)(D;)) e—”wwf)uH ~= Clull?>, ue L2®*), (5.9)

lim &P M (1) F, exists.
—>+00

Therefore the proposition follows if we show that

lim ()—C - VJ)(D);)) .VH (f) F, =0,
t—oo \ t t
or equivalently

lim (F| (; - V&)(D;)) G (;) (; — Vcb(D,;)) F) =0, (5.10)

t—>+00

forG = H1, H € Cy° (R%4\ Dy) and H > 0. It suffices to prove that the limit in (5.10)
exists, since it will then be equal to 0 by Prop. 5.4. To this end, we apply Lemma A.2

with
M) = (; _ V&)(D;C)) G (;) (? _ V(Z)(D;)) .

Again | M (t)(R),|l, IM*(t)(R),|| € L'(R*, dt) and by pseudo-differential calculus we
have:
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(§ - V@(D,;)) G (;—C) (% - V&)(D;))
- (% - Vc?)(D;)) VG (%) : (;i - Vd)(D);)) (% - V@(D;)) + 0172
L(5 = vamn) 1k (£) Aotk (1) (£ - vawe) + 0a2),

DM ()

~1

for acompactset K C R24\ Dy and A(r) € O(1). Now the existence of the limit follows
from Prop. 5.4 and Lemma A.2. O

6. Haag—Ruelle Scattering Theory

In this section we recall some basic facts concerning the Haag—Ruelle scattering theory.

6.1. Positive energy solutions of the Klein-Gordon equation.

Definition 6.1. Let f € S(R?), such that fhas compact support. The function
g(t,x) = g (x) for g = e P f,

which solves (Bt2 — Ay)g +m?g = 0, will be called a positive energy KG solution.

Proposition 6.2. There hold the following facts:
(1) Leth € CZR?). Then
X

s— lim ei“”(D*‘)h(
1

t—=+00

) e 1D — B (Ve (D,)).

(2) Letxi, x2 € C®[RY) be bounded with all derivatives and having disjoint supports.
Let f € S(RY) be s.t. f has compact support. Then

i (5) 7P (Vo (D) L2y € OG).
Proof. (1) is obvious. For (2) see [RS3]. O
The following notion of velocity support will be useful later on.
Definition 6.3. Let A € H,,. We set
Vel(A) := (Vo (p) : p € RY, ((p), p) € A).

Clearly if Aj and A, are disjoint, then so are Vel(A1) and Vel(Aj). If g is a positive
energy KG solution with initial data f, then supp g C H,, and Vel(supp g) = {Va(p) :
p € supp f} can be called the velocity support of g, as illustrated by Prop. 6.2 (2).

6.2. Haag—Ruelle scattering theory. Let B € Ly satisfy (2.8), i.e.,
—supp(ﬁ) NSpU C Hy,.
Let now g be a positive energy KG solution. The Haag—Ruelle creation operator is given

by { B/ (g/)}:er, that is,

B/ (g1) =/g(t,x)B*(t,x)dX-

—itw(Dy

Note that since e ) preserves S(R?) the integral is well defined.
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Lemma 6.4. The following properties hold:

(1) Bf ()= B* (/) = Qm)¥2f(P)B*Q, if g; = e 1P f.

() Let A € R™, f € L2RY). Then || B® (N 1AW < ca, 5l f 1l 2@y

(3) &B'(g) = B} (g) + Bj(g), where B = 8;B(s,0)j5—0 € Lo and § = d,g is a
positive energy KG solution with the same velocity support as g.

Proof. We use the notation from Subsect. 3.2. We have
B ()R = (1 ® (&) 0 ap:Q = (I ® (&) 0 ("7 ® 1 2ga)) 0 ap+ Q.

By (2.8) and (2.4) iii) we have ap+Q2 = (1, (U) ® 112Ra)) 0 ap+<2, hence

€7 ®@12ra)) 0apQ = (") @ 1,24)) 0 ap+ Q.
From (3.8) we obtain that:

€ P @1 2pa) 0apQ =1y ®e?P)oapQ, yeR? (6.1)

which implies that

P @12 Ra) 0apQ = (I ® Py 0 ap-Q,
using that w(p) = w(—p). Hence

B (g = (I ® (&) o (I ® " P) 0ap:Q = (1py ® (7" PIg]) 0 ap«Q
= (I3 ® (f]) 0 ap-Q = B*(/)Q.

The fact that B*(f)Q = (2m)%/? f(P)B*Q is immediate. Statement (2) follows from
Lemma 3.4, using (3.5) for B and (3.7) for B*.In the case of B* we also use Lemma 3.2
(1) and the fact that supp(B) is compact. (3) is a trivial computation. O

The following result is a special case of the Haag—Ruelle theorem [Ha58,Ru62].
For the reader’s convenience we give an elementary proof which combines ideas from
[He65,BF82, Ar99,Dy05] and exploits the bound (2) in Lemma 6.4.

Theorem 6.5. Let By, By € Ly satisfy (2.8). Let g1, g2 be two positive energy KG
solutions with disjoint velocity supports. Then:

(1) There exists the two-particle scattering state given by

W= lim BY,(81.)B5, (82,09 6.2)

(2) The state W* depends only on the single-particle vectors V; = B;‘ft(g,-,t)Q, and

out ~
therefore we can write W* = W| x W,. Given two such vectors Wt and W* one
has:

(THWT) = ()| W) (D2 W2) + (U [W2) (5| 0y), (6.3)
Ut x)(W) X W) = (U )W) % (U )W), (t.x) € R*. (6.4)
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Before giving the proof of the theorem, let us explain how to obtain two-particle
scattering states from arbitrary one-particle states, thereby defining the (outgoing) two-
particle wave operator. Let

Hpy :=1g,(U)H,

be the space of one-particle states. For V1, W, € H,, we set

1
V@) = E(q}l @ W+ W @ V) € Hiy ®s Hin

Proposition 6.6. There exists a unique isometry
W3 Hpy s Hm — H

with the following properties:

t

(1) If Wy, Wy are as in Thm. 6.5, then Wi (V1@sW2) = Wy % Wy,

2 U, x)oWs =WSoWUu(t,x) Uyt x)), (t,x) € R4 \where we denote by
U, (t, x) the restriction of U (t, x) to H,,.

Definition 6.7. (1) The map W5 : H, ®s Hn — H is called the (outgoing) two-
particle wave operator.
(2) The range of W5 is denoted by H;.

Proof of Prop. 6.6. Let us denote by 7 C H,; ®s H,, the subspace spanned by the
vectors V1 ®sWs for Wy, Wy as in Thm. 6.5. By (6.3) there exists a unique isometry
W3 : F — H such that

+ out
Wy (W1QsW2) = ¥y x Wy,

for all Wy, W, as in the theorem. Moreover by (6.4) U(t, x) o Wy = W o (Up (1, x) ®
U, (2, x)). To complete the proof of the proposition it suffices to prove that the closure
of Fis Hy, ®s Hpy-

Denote by (Hj, Py), resp. (H>, P») the generators of the groups U,, (¢, x) ® 1, resp.
1® U,(t, x) acting on H,, ® H,,, and set (H, P) := ((Hy, P1), (Ha, P)), whose joint
spectral measure is supported by H,,, X H,,.

By Lemma 6.4 (1) and the cyclicity of the vacuum, the set of vectors B, (g;)<2, for
B € L satisfying (2.8) and g a positive energy KG solution, is dense in H,,. Moreover
for A € Hy, the set of such vectors with g having the velocity support included in
Vel(A) is dense in 1A (U)H,,. It follows from these density properties that the closure
of Fin 'H,;, ®s H,, equals

F = O 0 L(a, xmy\p(H, P)(Hpn ® Hy),

where Og : H,;, ® Hyy — Hy Qs Hy 1s the orthogonal projection, and D C H,,, x H, is
the diagonal. From [BF82, Prop. 2.2] we know that the spectral measure of the restriction
of (H, P) to H,, is absolutely continuous w.r.t. the Lorentz invariant measure on H,,.

This implies that 1 p(H, P) =0, which completes the proof of the proposition. O

Proof of Thm. 6.5. Let us first prove (1). Let By, B2, g1, g2 satisfy the hypotheses of the
theorem. We claim that

[B{*)(g1.0). BY? (g2.0)] € O(1~). (6.5)
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In fact by Prop. 6.2 (2) we can find cutoff functions xi, x2 € C(‘)>o (Rd) with disjoint
supports such that

X _ .
gi0 =i () 810+ 0G™) in L2®).
Setting ;¢ (x) = xi ()7“), this implies by Lemma 6.4 (2) that:
(B (g1.0). B (82.01 = [B{") (x1.181.0). BS) (x2.182.01+ 0(™).

By the almost locality of BE*), Bé*) we obtain from (3.4) and the Cauchy-Schwarz
inequality that the commutator in the r.h.s. is bounded by

~o0)

Cnllx1.:8N(Dx) X2 lusligr.e ||L2(Rd) llg2.c ||L2(Rd) €0

which proves (6.5) (cf. the proof of Lemma 3.10). Now we get that
3 (BT ;(g1.1)B3 ;(82.1))2 = [, B ;(g1.1), B> ,(82.)] € O(t™),

where we made use of Lemma 6.4 (1) and applied (6.5) to B;, gi, B; and g;. This proves
(1) by the Cook argument.

Let now B € Ly, satisfying (2.8), and A = —supp(B) NSpU C H,. We fix
0 cC R“d which is an arbitrarily small neighborhood of A, and a functionk € S R+
with supp/z C O and h = (2r)~@*D/2 on A. Setting C* = [ B*(t, x)h(z, x)dtdx we
have: C € Ly and

C*(E, p) = Qu) “V/2h(E, p)B*(E, p), C*Q = Qn)“*V/2h(H, P)B*Q.
This implies that —supp(a) C O, and
B} (g0 = Qn)? f(P)B*Q = )Y f(P)1A(U)B*Q
= Cm)*2 f(PYCm) V2 H(H, P)B*Q = Qm)* P F(P)C*Q = C} (g)%.
(6.6)

Introducing observables C; as above for B; and using also (6.5) and Lemma 6.4 (2) we
obtain that

= Jlim B, (g1,)B3,(g2.0Q = lim CY,(g1,0C3, (22,02 (6.7)

Thus we can assume that the energy-momentum transfers of B/ entering in the con-
struction of scattering states are localized in arbitrarily small neighborhoods of subsets
of H,,. This observation will be important in the proof of (2) to which we now proceed.

Let ¥, = é;j,(gl,,)é;’t(gz,,)sz be the approximants of the scattering state U*. In

order to compute the scalar product (‘if, |W,) we first observe that

[[B1./(81.0). B} ,(81.0], B3 (g2.0] € O(t™). (6.8)

This relation can be justified by writing g1 = g1.1 + 81,2, where g; ; are positive energy
KG solutions such that the velocity support of g1 ; and g; are disjoint for i = 1, 2. Then
(6.8) follows from (6.5) and the Jacobi identity. Next we note that

Bi (2.0 B} ,(¢j.0R = QB (8.)Bf (8,0, 1<i,j<2 (69
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This relation follows from the fact that éi‘,(gi,t)B;ﬁt(g j,1)§2 belongs to the range of
1_ K4k (U), where K and IZ,- are the energy-momentum transfers of B; and I;’i, re-

spectively. In view of (6.7) — K ;, — K, canbe chosen in arbitrarily small neighbourhoods
of H,,. Since anon-zero vector which is a difference of two vectors from H,, is space-like,
(6.9) follows. ~ _

We set for simplicity of notation B; (¢) := (Bl.’f[ (&i. )", Bj() := (B;‘_t(grj’,))*. Then

(U1 |W)) = (QUB2()B1(1)" Bi () B2 (1)* )
+(QIB2 (1) Ba(1)" B (1) B1 (1) Q)
+QIB(OIBI(0), B1(1)']. B2(1)*]2). (6.10)

Making use of (6.8) and (6.9), we conclude the proof of (6.3). It follows immediately
from (6.3) that the scattering states W* depend only on the single-particle states ¥; (and
not on a particular choice of B; and g;). Finally, relation (6.4) is an easy consequence
of Lemma 6.4 (1). O

7. Proof of Theorem 2.7

In the next proposition we will use the notation Ny (h, t) introduced in (4.1) for B € L
and h € C§°(RY).

Proposition 7.1. Let i = 1,2. Let A; € Hy, with Ay, A, disjoint and B; € Ly with
supp(B1), supp(B») disjoint. Assume moreover that

—supp(B)) NSpU C A;, (7.1)
(A; +supp(B;) N Sp(U) C {0}. (1.2)

Leth; € C§° (R?) with disjoint supports and h; = 1 on Vel(A;). Then for V; € Ia,(UYH
one has:

lim N, (1, )N, (2, DWZ (W1 @5 W2) = W3 (Np, ()W) @, N, ()W), (7.3)

Remark 7.2. Note that W3 (W] ®¢ W7) belongs to H.(U), and that N, (1)W¥; belong to
1A, (U)H, because of (7.1), (7.2). Hence all the expressions appearing in (7.3) are well
defined.

Proof. We first claim that for B, A, W, h as in the proposition one has:

lim Np(h,t)¥ = Np(1)W. (7.4)
t—+00

In fact we first note that because of (7.1), (7.2) we have
B*B1A(U) = B*|Q)(QIB1A(U) = 1A (U)B*B1A(U). (7.5)
Therefore

Np(h, )W = &' Ng(h)e 7w .
=e"Pa¥ o (I @ hy) o ape Py
— a; ° eltw(P+Dx)(]lH ® h,)e_ltw(P+D") oapV,
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using (3.8). Since e/@(P+Dx) xe~i@(P+Dy) — x 4 V(P + D,), we have
. . x
P (1 @ hyye PP = i (S 4 Vo (P + D).

from which we easily deduce that

s— lim eI 1y @ hy)e PP = p(Vw (P + Dy)).

t—+00

Inserting as usual energy-momentum projections, this implies that

zliT Np(h, )V = ap o h(Vw(P + Dy)) o apV = agaph(Vw(P))V,
—+00

using once again (3.8). From the support property of 4 we have h(Vw(p)) = 1 for
(w(p), p) € A, hence h(Vw(P))V = W, which completes the proof of (7.4).

Now we proceed to the proof of (7.3). Since Np, (h1,t)Np,(h2, 1)1, (U) is uni-
formly bounded in time for any A; € R'*9, it suffices by density to assume that
v = Azz (gi.)2for A; € Lo satisfying (7.1) and g; a positive energy KG solution with
the velocity support included in Vel(A;), so that W; = 14, (U)W¥;. Letus fix such A;, g;.

We note that for i # j,

I[Ng, (hi, 1), A% (g,011 € O@™). (7.6)

In fact since the support of /; and the velocity support of g; are disjoint, we can pick a
smooth partition of unity 1 = x; (x) + x; (x) with x; = 0 near the velocity support of g;
and x; = 0 near the support of /;. We have then by almost locality

ILNB; (hi, 1), A% (g1l < JIL(B} Bi)(1, x), AT A GG (2, y)ldxdy
< Cn [ix =) Nhi(D)llgj . y)x;(H)dxdy
+Cn [(x = ) ™M hi(Dgj (. W) xi(L)dxdy.

The first integral is O (1 ~°°) because h; and x; have disjoint supports, the second is
also O (¢+~°°) using that suppy; is disjoint from the velocity support of g; and applying
Prop. 6.2 (2). This proves (7.6).

Finally since Np, (1)W; € 1A, (U)H, we can find for any 0 < ¢; <« 1 operators
A; € Lo and positive energy solutions g; satisfying the same properties as A;, g; such
that

INg, (D)W — AF (20 <€, i=12. (1.7)
Using successively (7.6), (7.4) and (7.7), we obtain:
out
Np, (h1, )N, (ha, 1) (W1 x W2) = Np, (h1, 1)Np, (ha, 1) AT (81,0 A3 (82,1)$2 +0(1%)
= N, (h1, ) AT (100N, (h2, 1) A} (82,02 +0(1%)

= Np, (h1, ) AT (1.0 N, (1) W2 +0(:%)
=Np, (h1, AT (81.0A5 (220 +0(°) + O
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Using then (6.5), (7.6), (7.4), we have:

Np, (h1, DA} (81.0A% (82,09 = Np, (h1, 1) A} (82.)AT (81,02 + 06, (°)
= A} (82.)0Np, (h1, AT (81,0 + 06, (t°) = A3 (82.)Np, (1)) + 06, (1°)
= A3 (22047 1 (31.0Q + 06, (1°) + O, ()€
= A% (31045 1 (32.0)Q + 0¢,.6 (1) + O, (1)e

~ out ~ 0 0
=V x ¥ +0€1,€2(t )+ Oez(t )E]’

for ¥; = A;ﬁt(g,-,,)sz. By Prop. 6.6 (1) we have also

out ~ out ~
[N, (1)W1 x Np,(1)Ws — W1 x W < C(e) +€2).
‘We obtain finally

out
Np, (h1,t)Np,(ha, t)(¥1 x W3)

— N, (D)W X Na,(1)Ws + 0, ¢, (1) + O(eg +€2) + O, (1%)er.
Picking first e < 1, then €] < 1 and then ¢ >> 1, we obtain (7.3). O
Lemma 7.3. Let A C Goy, be an open bounded set. Then
LA(U)YHS = Span{W; (V| ®s ¥2) : V; € 1a,(UYH, A; € Hy,
A+ Ay C A, AN Ay =),

Proof. The proof follows immediately from Prop. 6.6 (2) and the absolute continuity of
the spectral measure of (H, P) restricted to H,, recalled in its proof. O

Lemma 7.4. Let A C Gay,; be an open bounded set s.t. (A=A)N SpU = {0}. Let
A1, Ay @ Hy, be disjoint and such that A1 + Ay C A. Then there exist O1, O> C
R* which are disjoint open neighbourhoods of A1, Ay, respectively, such that for any
K1, K> € R"™ satisfying —K; C 0;, —K; NSpU C A, one has:

(A+Ki+K)NSpU c {0}, (7.8)
—(K1+K) CA, (7.9)
(A +K)NSpU C {0}. (7.10)

Proof. Assume that O; C A; + B(0, ¢), where B(0, ¢) is the ball of radius ¢ centered
at zero. To prove (7.8), we write

A+Ki+KyCA—01—0yCA—A;—Ar+B(0,2¢)
C A — A+ B(0,2¢). (7.11)

Since, by assumption, (A —A)NSpU = {0} and 0 is isolated in Sp U, we obtain that
(A — A+ B(0,26)) NSp U = {0} for ¢ « 1. As for (7.9), we obtain that

—(K1+Ky)) CO1+ 0, C At+Ar2+B(0,2e) C A, (7.12)
for ¢ <« 1 using that A; are compact and A is open. Finally we write:
Ai+K; C O; —0O; C Aj —A;j + B(0, 2¢). (7.13)

We note that a difference of two vectors from H,, is either 0 or space-like. For ¢ <« 1
we obtain (7.10). O
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Lemma 7.5. Let A € H,, and O C R be a sufficiently small neighbourhood of A.
Then

TAWU)YH = Span{ Ng(L)1A(U)H : B € Lo,
- supp(E) C 0, —supp(ﬁ) NSpU c A},

Proof Arguing as in the proof of (7.10) we fix O sufficiently small such that for all B
in the lemma one has (A + supp(B)) NSpU c {0}. Let now S be the subspace in the
r.h.s. of the equality stated in the lemma and let Pg be the corresponding projection. By
(7.5) we have Ps < 1 A(U). To complete the proof we adapt an argument from the proof
of [DT11a, Thm. 3.5]. Assume that Ps # 1A(U) and let W _# 0 with ¥ = 1A (U) VY,

PsW = 0. Clearly there exists f € S (R'*?) such that —supp f C O, —suppf fns pU C
A and f (—H, —P)W¥ # 0. By cyclicity of the vacuum there exists A € A(QO), for some
open bounded © c R, such that:

0+ (A*Q|f(—H, —P)V)=(Q|BV), forB::(2n)*¥/f(z,x)A(z,x)dtdx.
(7.14)

Since B (E, p) = f(E , p);{ (E, p) we seethat B satisfies the conditions from the lemma,
and BV # 0. By the norm continuity of x — B(x) this implies that (V|Np(1)W¥) # 0
which contradicts the fact that P¢W = 0. O

Proof of Thm. 2.7. In view of Thm. 2.6, it suffices to verify the inclusion
1A(UYH; C Span{Ran Q3 ,(A) : «a € Jye (7.15)

By Lemma 7.3, it is enough to show that for any Ay, Ay € H,, suchthat A + A, C A
and A| N Ay = (J one has

W5 (La,(UYH ®; Ta,(U)H) C Span{Ran 0% ,(A) : a € J)'.  (7.16)

Let O1, O, € R™“ be sufficiently small open neighbourhoods of Aj, Aj, respec-
tively, so that the assertions of Lemma 7.4 hold. We choose By, By € Lo, such that
—supp(B ) C O, —supp(B )NSpU C A;.By Lemma 7.4, By, By are A—admissible
in the sense of Definition 2.4 and satisfy the assumptions of Prop. 7.1. Finally, we choose
hi, hy € Cgo(Rd) as in Prop. 7.1.

Let Jo be the set of quadruples (B, Bz, hi, ha) as specified above. We get

Span{Q3 ,(A) o Wy (1a,(UYH Qs 1a,(U)H) : a € Jo}
= Span{W5 (Np, (1)1, (U)H ®s Np,(1)1a,(U)H) : « € Jo}
= W3 (1a,(UYH @ 1a,(U)H). (7.17)

In the first step we use Prop. 7.1 and in the second Lemma 7.5. Clearly, Jo C J, thus the
subspace on the Lh.s. of (7.17) is included in the subspace on the r.h.s. of (7.16). This
concludes the proof. O
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Appendix A. Propagation Estimates for Inhomogeneous Evolution Equations

In this section we extend standard results on propagation estimates and existence of
limits for unitary propagators to the case of an inhomogeneous evolution equation:

oru(t) = —iHu(t) +r(t).
Let H be a Hilbert space and H a self-adjoint operator on 7. We fix a function
Rftst— u() eH,
such that

i) sup;sqllu(@)| < oo, AD
i) u(t) e C'(R*, H) N COR*, Dom H), :
and set:

r(t) := du(r) +iHu(t).

For amap R* 5 t — M(r) € B(H) we denote by DM (1) = ;M (t) + [H,iM ()] the
Heisenberg derivative of M (¢), w.r.t. the evolution e "/, We assume that [H,iM ()],
defined first as a quadratic form on Dom H, extends by continuity to a bounded operator.
The following three lemmas can be proved by mimicking standard arguments, see e.g.
[DGY7, Sect. B.4]. By C;(-), B(-), Bi(-) we denote auxiliary functions from R* to
B(H).

Lemma A.1. Let R* > t +— M(t) € B(H) be such that:

i) sup,epe M@ < 00, [MOrO)l, IM*()r()l e L'R*, db),
i) DM(1) = B*(1)B(1) = Xj_; CHOC;(0), [g IC;@u)Pdr < oo.

Then
+00
/ | B(Ou(t)|?dt < .
0

Lemma A.2. Let R* >t — M(t) € B(H) be such that:

i) sup,egs IM@D)I < oo, [MCOrOI, IM*C)r)| € L'RY, dr),
i) | DM®)uz)| < X5y IC;OurlICjuzll, ur,uz € H,
with [, [IC;(Du(t)[|?dt < oco.

Then

tlir-il—]oo (u(@)|M (t)u(t)) exists.

Lemma A.3. Let R* >t — M(t) € B(H) be such that:

i) IMCOre)| e L' R, dn),
ity 11 DM @u@)] < |B1@url[| BOu@)||, with
iii)  [pe IBOu@)|*dt < 00, [p. |Bi()e " Huy|*dt < Clluy|?, uy € H.

Then

lim e"® M@ u(r) exists.
t—+00
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