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Abstract: This paper establishes a blowup criterion for the three-dimensional viscous,
compressible, and heat conducting magnetohydrodynamic (MHD) flows. It is essen-
tially shown that for the Cauchy problem and the initial-boundary-value one of the
three-dimensional compressible MHD flows with initial density allowed to vanish, the
strong or smooth solution exists globally if the density is bounded from above and the
velocity satisfies Serrin’s condition. Therefore, if the Serrin norm of the velocity remains
bounded, it is not possible for other kinds of singularities (such as vacuum states van-
ishing or vacuum appearing in the non-vacuum region or even milder singularities) to
form before the density becomes unbounded. This criterion is analogous to the well-
known Serrin’s blowup criterion for the three-dimensional incompressible Navier-Stokes
equations, in particular, it is independent of the temperature and magnetic field and is
just the same as that of the barotropic compressible Navier-Stokes equations. As a direct
application, it is shown that the same result also holds for the strong or smooth solutions
to the three-dimensional full compressible Navier-Stokes system describing the motion
of a viscous, compressible, and heat conducting fluid.

1. Introduction

In this paper, we consider the system of partial differential equations for the three-dimen-
sional viscous, compressible, and heat conducting magnetohydrodynamic (MHD) flows
in the Eulerian coordinates [21],
pr +div(pu) =0,
(pu); +div(pu @ u) — uAu — (u+1)Vdivu + VP = (curl H) x H, (L)
col(00); +div(pud)] — k A8 + Pdivu = 2|Dw)|? + A(divu)? + vicurl H|2,
H;, —curl (u x H)=vAH, divH =0,
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where > 0 is time, x € Q C R3 is the spatial coordinate, and p, u = (uq, ua, )", 0,
P = Rpf (R > 0), and H = (H, H», H3)", represent respectively the fluid density,
velocity, absolute temperature, pressure, and magnetic field; ® () is the deformation
tensor given by

D(u) = %(Vu + (V).

The constant viscosity coefficients p and A satisfy the physical restrictions
nw>0, 2u+31r>0. (1.2)

Positive constants ¢y, k, and v are respectively the heat capacity, the ratio of the heat
conductivity coefficient over the heat capacity, and the magnetic diffusivity acting as a
magnetic diffusion coefficient of the magnetic field.

Equations (1.1) will be studied with initial condition:

(p,u,0, H)(x,0) = (po, uo, o, Ho)(x), x €€, (1.3)

and one of the following boundary conditions:

1) If Q= R3, for constant 0 >0, (p,u, 6, H) satisfies the far field condition:
(p,u, H,0)(x,t) — (p,0,0,0) as |[x] — oo; (1.4)
2) If Q is a bounded smooth domain in R3, (u, 6, H) satisfies

a0
u=0, — =0, H=0 onods, (1.5)
on

where n = (n1, np, n3) is the unit outward normal to 2.

The compressible MHD system (1.1) is a combination of the compressible Na-
vier-Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism.
Indeed, Egs. (1.1)1, (1.1)2, and (1.1)3 describe, respectively, the conservation of mass,
momentum, and energy. In addition, it is well-known that the electromagnetic fields are
governed by Maxwells equations. In magnetohydrodynamics, the displacement current
can be neglected ([21]). As a consequence, Eq. (1.1)4 is called the induction equation,
and the electric field can be written in terms of the magnetic field H and the velocity u,

E=vW xH—uxH.

Although the electric field E does not appear in the compressible MHD system (1.1), it
is indeed induced according to the above relation by the moving conductive flow in the
magnetic field. In particular, when there is no electro-magnetic effect, that is, H = 0,
the compressible MHD system (1.1) reduces to the following full compressible Navier-
Stokes system describing the motion of a viscous, compressible, and heat conducting
fluid:

pr +div(pu) = 0,
(pu); +div(pu @ u) — uAu — (u+1)Vdivu + VP =0, (1.6)
col(p0); + div(pub)] — k AO + Pdivi = 2|0 () |* + A(divu)?.

There is a considerable body of literature on the multi-dimensional full compress-
ible Navier-Stokes system (1.6) and compressible MHD one (1.1) by physicists and
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mathematicians because of their physical importance, complexity, rich phenomena, and
mathematical challenges; see [4,5,7,8,11,12,15,21,22,24,25,27-29,38,39] and the ref-
erences cited therein. However, many physically important and mathematically funda-
mental problems are still open due to the lack of smoothing mechanism and the strong
nonlinearity. For example, although the local strong solutions to the compressible MHD
system (1.1) with large initial data were respectively obtained by [38] and [7] in the
cases that the initial density is strictly positive and that the density is allowed to vanish
initially, whether the unique local strong solution can exist globally is an outstanding
challenging open problem.

Therefore, it is important to study the mechanism of blowup and structure of possible
singularities of strong (or smooth) solutions to the compressible MHD system (1.1) and
to the full compressible Navier-Stokes one (1.6). The pioneering work can be traced
to Serrin’s criterion [30] on the Leray-Hopf weak solutions to the three-dimensional
incompressible Navier-Stokes equations, which can be stated that if a weak solution u
satisfies

2 3
uel®©0,T;L"), —-+-<1, 3<r=<oo, (1.7)
s r

then it is regular. Later, He-Xin[10] showed that Serrin’s criterion (1.7) still holds even
for the strong solution to the incompressible MHD equations.

Recently, Huang-Li-Xin [17] extended Serrin’s criterion (1.7) to the barotropic com-
pressible Navier-Stokes equations and showed that if 7* < 0o is the maximal time of
existence of a strong (or classical) solution (p, u), then

lim divu o0y T [|U]||Ls Lry) = 00, 1.8
ToT* (” ||L|(O,T,L ) ” ”L (0,T;L )) ( )
and
lim P || > Loy + ||uf| s Ly ) = 00, 1.9
T T (” ”L (0,T;L>) ” ”L 0,T;L )) ( )

with r and s as in (1.7). For more information on the blowup criteria of barotropic
compressible flow, we refer to [9,13,17,18,20,36] and the references therein. Later Xu-
Zhang [40] extended the results of [17] to the isentropic compressible MHD system and
obtained that the same blow-up criterion (1.9) holds. More recently, when the initial
density is strictly away from vacuum and P = Rp, Suen [35] obtained that

Tllfl}* (||P||L°°(O,T;L°0) + 1o~ Lo, 751 + ||H||L°°(0,T;L°°)) = 00. (1.10)

When it comes to the full compressible Navier-Stokes system (1.6), the problem is
much more complicated. Let 7* < oo be the maximal time of existence of a strong (or
classical) solution (p, u, 0) to the system (1.6). Besides (1.2), under the condition that

Tu > A, (1.11)
Fan-Jiang-Ou [6] obtained that
i Q700 100y + ||V .jo0y) = .
TLH}*(” lLoo0.7:L) + I Vull 1o, 7: 1.00)) = 00

Recently, under just the physical restrictions (1.2), Huang-Li [14] and Huang-Li-Xin
[18] established the following blowup criterion:

lim % ooy + 1D (u .100y) = OQ,
Aim (101l 200,700y + 1D 10,7 1.5
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where ® (u) is the deformation tensor. Later, in the absence of vacuum, Sun-Wang-Zhang
[37] showed that

lim ([16]l20 .OO+H(’ _I)H -
Am (II Lo, 7;10) + || { s P Lo°(0,T;L%)

provided that (1.2) and (1.11) both hold. Very recently, under just the physical restric-
tions (1.2) and allowing the initial density to vanish, Huang-Li-Wang [16] improved all
the previous results [6,14,18,37] by obtaining that (1.8) still holds. It should be noted
here that (1.9) is much stronger than (1.8) and that whether (1.9) holds or not remains
open.

For the compressible MHD system (1.1), let 7* < oo be the maximal time of exis-
tence of a strong (or classical) solution (p, u, 8, H). Lu et al [23] obtained that

lim ([|pllzeo,7;00) + 101z, ;1) + IVl 140, 7;12)) = 00,
T—T*
and
Tli)rr}*(||diVu||L°°(O,T;L°°) + 10l o0, 7; ) + I Vull 40,7, 12)) = 00,
while Chen-Liu[3] showed that
lim Vu ooy + |01 Lo -[0)) = OQ.
T_)T*(ll 10,7000y + 101l L0, 7;2¢))

The aim of this paper is to improve all the previous blowup criterion results on both
the compressible MHD system (1.1) and the full compressible Navier-Stokes one, (1.6),
by allowing initial vacuum states, and by describing the blowup mechanism just in terms
of the Serrin-type criterion, (1.9). Before stating our main result, we first explain the
notations and conventions used throughout this paper. We denote

/fdx:/ﬂfdx.

For 1 < p < oo and integer k > 0, the standard homogeneous and inhomogeneous
Sobolev spaces are denoted by:

LP =LP(Q), WEP=WkrP(Q), D¢ ={uelLl (]|ViueLr},
Di={uel®|VuelL* u=00n0Q}, Hj=L>NnD}, H'=Wwk2
[ {6 € D'"2ND*?|V0-n=00n3Q}, forbounded 2,

D2,2 —
D} n D*2, for @ = R?.

0,n

Then, the strong solutions to the initial-boundary-value problem (1.1)—(1.3) together
with (1.4) or (1.5) are defined as follows.

Definition 1.1 (Strong Solutions). For p > 0 and 0 = 0, (p,u, 0, H) is called a strong
solution to (1.1) in 2 x (0, T), if for some gg > 3,

pz0, p—peCq0, T H NWH), p, e C(0, T]; L* N LD),
(H,u) € C([0, T]; D, N D>?) N L0, T; D>9), H e C([0,T]; H?),
>0, 0eC(0,T]; Dyy) N L0, T; D>0),

n

(Hp,us,0;) € L*(0, T; DV2), (Hy, /pur, /pb) € L0, T; L?),
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and (p, u, 0, H) satisfies both (1.1) almost everywhere in Q2 x (0, T) and (1.3) almost
everywhere in Q2.

Our main result can be stated as follows:

Theorem 1.1. For g € (3, 6], assume that the initial data (po > 0, ug, 6y > 0, Hp)
satisfies

po—peH' nWh, uyeDiND*? 6 e Dy, 0
poluol* +p063 € L', Hy e Hy N H?, divHy =0,
and the compatibility conditions
—uAug — (u + A)Vdivug + RV (poby) — (curl Hy) x Hy = \/%gl, (1.13)
K NGy + %quo + (Vuo)""|? + A(divug)? + v|curl Ho|> = /pog2. (1.14)
with g1, g2 € L%, Let (p,u, 0, H) be the strong solution to the initial boundary value

problem (1.1)—(1.3) together with (1.4) or (1.5). If T* < o0 is the maximal time of
existence, then for r and s as in (1.7),

Lim (||pllLoe(0,7:2%0) + lletll s 0,1;17)) = 00. (1.15)
T—>T*

If H = Hy = 0, Theorem 1.1 directly yields the following Serrin-type blowup
criterion for the three-dimensional full compressible Navier-Stokes system (1.6).

Theorem 1.2. For constants g € (3, 6] and p > 0, assume that (pg > 0, ug, 6y > 0)
satisfies

po—peH' NW I, uge DiND*?, 6y e Dy, poluol* +pod3 € L',
and the compatibility conditions
—uAug — (u+ 1) Vdiviug + RV (pobo) = /pog1,
K Ao + %quo + (Vue)" | + A(divig)? = /poga,

with g1, g» € L*. Let (p,u, 0) be the strong solution to the full compressible Navier-
Stokes system (1.6) together with

(p,u,0)(x,0) = (po, uo, o), x € Q, (1.16)
and either for Q = R3,
(p,u,0) — (p,0,0) asl|x| — oo, (1.17)
or for a bounded smooth domain Q C R3,
u=020, Z—Z:O on Q2. (1.18)

If T* < oo is the maximal time of existence, then
lim (llpllLe,7;2%) + lullLs©,1:Lr)) = 00, (1.19)
T—T*

with r and s as in (1.7).
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A few remarks are in order:

Remark 1.1. The conclusion in Theorem 1.1 is somewhat surprising since the criterion
(1.15) is independent of the temperature and magnetic fields and just the same as those
of barotropic compressible Navier-Stokes equations ([17]).

Remark 1.2. In [16, Thm. 1], we obtained that (1.8) holds for the Cauchy problem of
the full compressible Navier-Stokes system (1.6). Thus,

lim |di [ooy = 00, 1.20
A divill i, r;p00) = 00 (1.20)
provided that
sup lullzr, ;L) < 00, (1.21)
0<T<T*

for r, s as in (1.7). It follows from the continuity equation (1.6); that for z € [0, T*),

t
p(x,t) = po(y(0; x, 1)) exp [—/ divu(y(s; x,t), s)ds {, (1.22)
0

where y(s; x, t) is the characteristic curve defined by
d
L= u(y,s), y;x,t)=x.
s
The combination of (1.20) with (1.22) implies that there may hold for the density:

1) The density remains bounded, that is,
li 00 - [0 5 1.23
Am el r:Le) < 00 (1.23)

2) The density may concentrate, that is,
1. o] LJooy = 5 124
Amllpllzee,7: L) = 00 (1.24)

3) Vacuum states may vanish: There exists some x| € €2 and x (¢) satisfying po(x1) = 0
and y(0; x; (), ) = x; such that

liHTl p(xi(t), 1) = co > 0; (1.25)
t—>T*

4) Vacuum states may appear in the non-vacuum region: There exists some x, € €2 and
x(t) satisfying po(x2) > 0 and y(0; x2(¢), t) = x» such that

lim p(xa2(t),t) =0. (1.26)
t—T*

Then one may ask: Which one or some of (1.23)—(1.26) will happen? Theorem 1.2
gives an answer to this question by obtaining that the density will concentrate pro-
vided that (1.21) holds. In other words, if the Serrin norm of the velocity remains
bounded, it is not possible for other kinds of singularities (such as vacuum states
vanishing or vacuum appearing in the non-vacuum region or even milder singulari-
ties) to form before the density becomes unbounded. Moreover, (1.19) still holds for
the initial-boundary-value problem (1.6) (1.16) (1.18). Thus, Theorem 1.2 greatly
improves all the previous blowup criterion for the full compressible Navier-Stokes
system (1.6) [6,13,14,16,37].
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Remark 1.3. If € is a bounded smooth domain of R3, Theorems 1.1 and 1.2 still hold
when the boundary condition VO - n|3q = 0 is replaced by 0|y = 0.

Remark 1.4. Theorems 1.1 and 1.2 also hold respectively for classical solutions to the
three-dimensional compressible MHD system (1.1) and to the full compressible Navier-
Stokes one (1.6).

We now comment on the analysis of this paper.
Let (p, u, 0, H) be a strong solution described in Theorem 1.1. Suppose that (1.15)
were false, that is,

Tlgr;* (ol 7; %) + lulls,1:2r)) < Mo < +00. (1.27)

‘We want to show that

sup (llo = Allgiawra + IVullgr + VO g1 + [ H| 2) < C < +00.
0<t<T*

Since the methods in all previous works [3,6,16,23,37] depend crucially on either
the L L°-norm of the temperature @ or the L} L°-norm of the divergence of the veloc-
ity divu, some new ideas are needed to recover all the a priori estimates just under the
assumption (1.27) without any a priori bounds on the temperature, the magnetic field,
and the divergence of the velocity. In fact, we prove (see Lemma 3.3) that a control of
the Serrin norm of the velocity and L{° L3°-norm of the density implies a control on the

L}X’L?c norm of Vu. In order to obtain this control, the key observation is that, instead

of the temperature 6, we treat £ = c,0 + %|u|2, the sum of specific internal energy

and specific kinetic energy, which greatly reduces the difficulties arising from the high
nonlinearities of the temperature equation, (1.1)3. Indeed, multiplying the equation of
& (see (3.5)) by & yields that to bound the L,2L)2C-n0rm of V& (see (3.4)), it is enough to
control that of |u||Vu|, which in fact can be reduced to the estimate of the L?Lﬁ -norm
of Vu (see (3.30)). Then, to overcome the difficulty caused by the boundary when 2
is bounded, motivated by [9,36], we decompose the velocity into two parts (see (3.14)
and (3.18)) which together with the L?-estimate for the Lamé system yield the desired
bound on the L%Lg-norm of Vu (see (3.31)). Finally, the a priori estimates on both
the L2 LY -norm of the density gradient and the L} L°-norm of the velocity gradient
can be obtained simultaneously by solving a logarithm Gronwall inequality based on a
logarithm estimate for the Lamé system (see Lemma 2.3) and the a priori estimates we
have just derived.

The rest of the paper is organized as follows: In the next section, we collect some
elementary facts and inequalities that will be needed later. The main result, Theorem
1.1, is proved in Sect. 3.

2. Preliminaries

In this section, we recall some known facts and elementary inequalities that will be used
later.

First, the following existence and uniqueness of local strong solutions when the initial
density may not be positive and may vanish in an open set can be proved in a similar
way as in [4] (cf. [7]).
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Lemma 2.1. Assume that the initial data (py > 0, ug, 6o > 0, Ho) satisfy (1.12)—(1.14).
Then there exists a positive time T € (0, 0o0) and a unique strong solution (p,u, 6, H)
in the sense of Definition 1.1 to the initial-boundary-value problem (1.1)—(1.3) together
with (1.4) or (1.5) on 2 x (0, Ty].

Next, the following well-known Sobolev inequality will be used later frequently (see
[26]).

Lemma 2.2. For p € (1, 00) and q € (3, 00), there exists a generic constant C > (),
which depends only on p, q such that for f € Dé and g € LP N D4, we have

I flle = CIV Sz, lglie= < Cligler + CIVEllLa- (2.1)
Finally, we consider the following Lamé system:
— nAv(x) — (u+A)Vdivu(x) = f(x), x € Q, 2.2)

where v = (v, v2, v13), f = (f1, f2, f3), and w, A satisfy (1.2). The system (2.2) is
imposed on one of the following boundary conditions:

1) Cauchy problem: Q = R3, and
v(x) - 0, as|x| — oo; (2.3)
2) Dirichlet problem: 2 is a bounded smooth domain in R3, and
v=0 onodf2. 2.4)

The following logarithm estimate for the Lamé system (2.2) will be used to estimate
VullL< and [[Voll 2 1q-

Lemma 2.3. Let 11, A satisfy (1.2). Assume that f = divg where g = (gkj)3x3 With
8kj € L’NL"N Dl’qfork, j=1,---,3,r € (1,00),and q € (3, 00). Then the Lamé
system (2.2) together with (2.3) or (2.4) has a unique solution v € D(l) N D N D4,
and there exists a generic positive constant C depending only on ., A, q, and r (besides
Q when Q is bounded) such that

IVuller < Cliglzr, (2.5)
and
[VullLe < C (1 +1In(e+ [VgllLa)llgliLe + llgllLr) - (2.6)

Proof. First, if Q = R3, direct calculations show that v = (v, v2, v3) with

vj = 2MH(—A) Yorgki, j=1,...,3
is the unique solution to the Cauchy problem (2.2) (2.3) and satisfies (2.5).

Then, if €2 is a bounded smooth domain of R3, it follows from [34] that the Dirichlet
problem (2.2), (2.4) is of Petrovsky type. In Petrovsky’s systems, roughly speaking, dif-
ferent equations and unknowns have the same “differentiability order”, see [33, p.126].
We also recall that Petrovsky’s systems are an important subclass of Agmon-Douglis-
Nirenberg (ADN) elliptic systems([1]), having the same good properties of self-adjoint
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ADN systems. It follows from Solonnikov [33, Thm. 1.1] and [34, Thm. 5.1] that the
solution v to the system (2.2) together with (2.4) can be represented as

vi(x) = / Gij(x,y) fi(y)dy, forallx € Q, 2.7)

by means of the Green function G;; = G;;(x,y) € C*(QxQ\ D) with D = {(x, y)
Q x QJx = y} which satisfies that for every multi-indexes ¢ = (o1, @2, @3) and g =
(B1, B2, B3) there is a constant Cy g such that for all (x,y) € Q x Q\D, and i, j =
1,...,3,

m

10298 Gij(x, y)| < Caplx — y| 7' 117161, (2.8)

where || = o+ + @3 and § = B + 2 + B3. Moreover, the estimate (2.5) is standard.

Finally, it remains to prove (2.6). We will only deal with the Dirichlet problem (2.2),
(2.4), since the same procedure holds for the Cauchy problem (2.2), (2.3). Following
Beale-Kato-Majda [2], we introduce a small parameter § € (0, 1] which depends on
v, and which will be fixed later. Using §, we define a cut-off function yx;(s) satisfying

Xs(s) = 1for0 < s <8, xs(s) = 0 fors > 25, and | (s)] < C5*. It thus follows
from (2.7) that

v (x) = / s(x —yD+ (1 = xs(Ix —yD)) Gij(x, y)Okgkj(y)dy
= / xs(Ix — yDGij(x, y)Orgej(y)dy +/aka6(|x —yDGij(x, y)grj (y)dy
- /(1 — xs(x —yD) 0y, Gij(x, y)gk; (y)dy,

where in the second equality we have used integration by parts due to the fact that
Gij(x, )]s = 0 for each x € Q2. Hence, we have

IVu(x)| = C/ (Ixs11Gijl + %51V Gijl) IVgldy
+C/ (Ixs 11Gijl + [ x51Vx Gijl + x| IVyGijl) |gldy
+C [ (1= 1)1%.9,Gllgldy. 2.9)
Each term on the right-hand side of (2.9) can be estimated by (2.8) as follows:
/ (Ix511Gijl + x51VcGijl) IVgldy
¢ (57 = 317"+ 1 = y172) IVglay
QN{yllx—yl<28}

28 25 (g—D/q
c (5q/<q1>/ qu/<q71>s2ds+/ szq/(ql)szds) IVellze
0 0

< 8499 Vgl|La, (2.10)

IA

IA
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/(IXé’IIGijI + 1511V Gijl + [x511VyGijl) 1gldy

26
< c/ (5*%*1 +5*1s*2) $2ds||g|| o
S
< CligllLee, (2.11)

and

/(1 ) VeV, Gijllgldy

§C</ +/ )|x—y|3|g(y)|dy
QN{y|d<|x—y|<1} QN {y|lx—y|>1}

1 00 r=1/r
<C / s3s%ds| gl + C ( / s3’/<">s2ds) gl
S 1

< —CligllLeInd+Cliglrr. (2.12)
It follows from (2.9)—(2.12) that

IVollx = € (8979 Vella + (1 = n®)ligl~ +liglr) . (213)

Set § = min {1, Vgl 4@ ‘3)} . Then (2.13) becomes (2.6). We finish the proof of
Lemma 2.3.

3. Proof of Theorem 1.1

Before proving Theorem 1.1, we state some a priori estimates under the condition (1.27).
First, we have

Lemma 3.1. Under the condition (1.27), it holds that for g € [2,121and 0 < T < T*,

T
| Hll 07520 +/ /|H|‘f—2|VH|2dx e 3.1)
0

where (and inwhat follows) C and C;(i = 1, - - - , 6) denote generic constants depending
only on My, i, ., R, k, cy, v, T*, p, q and the initial data (besides Q2 for bounded <2).

Proof. Following He-Xin [10], we prove (3.1). Multiplying (1.1)4 by ¢|H|?"2H and
integrating the resulting equation over €2 yield that

d _ _
5 [1avax sy [ (qEiVHP 40 - 21HE91HIP) dx
-1
=—/q|H|"‘2(H-VH~u—q2 u~V|H|2)dx

—q(qT_z)/|H|q’4(H-V|H|2)(u-H)dx

< g/q|H|Q*2|VH|2dx+Cq2/|u|2|H|de
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v _ 2(r—3 6
< §/q|H|q 2\VHPdx + Clull3 N H12 15 122
v _
< §/q|H|q 2\VHXdx + CS|VIH 2|7, + CE)( + lull g ) I HIIY,.

(3.2)

Choosing § suitably small in (3.2), we obtain (3.1) directly after using Gronwall’s
inequality and (1.27). We thus finish the proof of Lemma 3.1.

Then, we derive the following key estimate on the sum of specific internal energy
and specific kinetic energy, £, defined by

S ul?
&= CUQ + T (33)

Lemma 3.2. Under the condition (1.27), it holds that
CU%/pgzdx +k||VENT, < c/ |u? (,052 + |Vu|2) dx + C1|VH||3,
+C||Vull7, + C/,o&'zdx. (3.4)
Proof. First, it follows from (1.1) that & satisfies

|
(pE): +div(pEu) — S AE = divF — H' HI d;u’ + E|H|2divu +vjcurlH?, (3.5
C

v

with

s Kk oo , Lyp
F= TV(lul )+Mu-Vu+kudlvu—Pu+(u-H)H—§|H| u.

Next, applying the standard maximum principle to (1.1); together with 8y > 0 (cf. [6,8])
shows

inf  O(x,t) > 0.
R3x[0,T]

Multiplying (3.5) by ¢, € and integrating the resulting equality over €2, we obtain after
integration by parts and using (1.1); that

cy d
2 dt
< c/(|u||Vu|+p9|u|)|v5|dx+c/(|u||H|2|v5|+|W||H|25) dx

pE%dx +k / |VE2dx

+C / ElcurlH|dx. (3.6)

We estimate each term on the right-hand side of (3.6) as follows:
First, Holder’s inequality yields that for any n > 0,

/(|u||w| +p0lu)) |VEldx < nl|VEI7, +C(n)/ (1P IVul + pE2jul?) dx.
(3.7)



158 X. Huang, J. Li

Next, if © = R3, Sobolev’s inequality gives that there exists a universal constant C
such that
€l < CIVEI L. (3.8)

If Q is a bounded smooth domain in R3, the Poincaré-type inequality ([8, Lem. 3.2])
shows that there exists a generic positive constant C which also depends on €2 such that

I€llLs < Cllp'*El 2 + CIVE] 2.
This combined with (3.8) implies
I€llLs < Cllp'2Ell 2 + CIVE] 2. (3.9)
It thus follows from Holder’s inequality, (3.9), (3.1), and (2.1) that
/(|u||H|2|V5|+|Vu||H|25)dx
< lull sl HIF6IVEN 2 + IVull 21 H 6 1€ s
<lIVET, + Cllp'2E7 2 + C I Vull3. (3.10)
Finally, integration by parts together with (3.9) yields
/E|cur1H|2dx < c/ IVE||IVH||H |dx + c/ IENIV2H || H |dx
< CIVEI2IVH s HI s + CIEN oIV H | 2| H Il .3
< nlVEIT +C e *EN, + CODIVHI,,. (3.11)

Putting (3.7), (3.10), and (3.11) into (3.6), we obtain (3.4) after choosing 7 suitably
small. The proof of Lemma 3.2 is completed.

Then, we derive the following crucial estimate on the L*°(0, T'; L2)-norm of Vu.

Lemma 3.3. Under the condition (1.27), it holds that for0 < T < T*,

sup / ((p — 54 02+ |Vul? + |VH|2) dx
0<t<T

T
+/ /(|V9|2+,0|z'4|2+|Ht|2+|V2H|2) dxdt < C. (3.12)
0

Proof. First, multiplying (1.1), by u; and integrating the resulting equation over £2 show
that

1d 2 L2 .12
o (p,|Vu| + (1 + ) (diva) )dx+ plii|2dx
1
= /,ou - (u - Vyudx +/ Pdivu,dx — 3 /(V|H|2 —2div(H ® H)) - u;dx
1 .12 2 2 d .
< - [ plul“dx +C | plu|"|Vul|*dx + — | Pdivudx
4 dt
1
—/P,divudx+§/(|H|2divut —2H -Vu, - H)dx. (3.13)

Then, we will estimate the last two terms on the right-hand side of (3.13).
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On the one hand, to overcome the difficulty caused by the boundary, motivated by
[36,9], we decompose the velocity into two parts. It follows from Lemma 2.3 that for
any ¢ € [0, T], there exists a unique v(-, t) € Dé N D*2N D24 satisfying

uAv + (u+A)Vdive = VP, 3.14)

which together with (2.5) yields that

IVuliLr = ClIPlLr = Clip€llLe,  for p €[2,6], 1 €[0,T], (3.15)
and that
— / Pidivvdx = —/(,qu, - Vo + (u+ A)dive,dive)dx
- —%% (/Lle|2+(M+A)(divv)2) dx. (3.16)
Denoting by
wEu—v, (3.17)

we have w € Dé N D%*2N D%, forae.t € [0, T']. Moreover, for a.e. t € [0, T], w
satisfies

uAw + (u+A)Vdivw = pu + H x (curlH), (3.18)
which together with the standard L2-estimate for elliptic system gives

IVwll s + V2wl 2 < Cllpitll 2 + CIIHIIVHI| 2

. 1/2 1/2
< Clpitll 2+ CIHI oI VH| S IVH s
. 1/2 1/2
< Clipitl 2+ CIVHI ) IVHI S, (3.19)

due to (3.1). It follows from (3.3) and (3.5) that

R R
—/Ptdivwdx = ——/(pé'),divwdx + —/(p|u|2),divwdx
Cy 2¢y

IA

C/(p5|u|+|V€|+|u||Vu|+|u||H|2)|V2w|dx

2 Rv 24
+C | |H|*|Vu||Vw|dx — — [ |curlH|*divwdx
Cy

4
R
—2—%/ (div(pu)|u|2divw — 2pu - u,divw) dx =D 1I.

i=1

(3.20)

Cauchy’s and Sobolev’s inequalities together with (3.1) yield that for any n > 0,
n+ b= (IV2I2, + Vw)d)

+C(n)/(,0282|u|2+|V8|2+|u|2|Vu|2+|Vu|2) dx. (321
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Similar to (3.11), integration by parts leads to
I < C/(|VH||H||V2w|+|V2H||H||Vw|)dx
= C(IVHIs V2wl 2 + IV2HI 2Vl o) 1]l 3
< (IV2w]?, + Vw6 ) + CODIIVH | 3.22
= n\IVowli2 + IVwlize ) + CODIVHI 1, (3.22)

where in the last inequality we have used (3.1).
Integration by parts also gives

1 = C [ ol IV2uldx +C [ (pluP19ul+ plullil) 19 wid
< C(n)/ ul? (p€2+01Vul? + pIVol?) dx + V2wl +n/p|u|2dx. (3.23)
On the other hand, direct calculations show
/(|H|2divut —2H -Vu, - H)dx
=7 (|H|*divu —2H - Vu - H)dx
—2/(H-H,divu—H,-Vu-H—H-Vu-Ht)dx
d
< E/(|H|2divu —2H -Vu - Hydx + C|H; |7, + CI|H||Vull3,.  (3.24)

Substituting (3.16) and (3.20)—(3.24) into (3.13), we obtain after using (3.19) and choos-
ing 7 suitably small that

d
—/dex +/,0|12|2dx
dt

< c/|u|2 (p52+|W|2+|vU|2) dx +C||Vul3,

+Ca (||V8||’iz +H I3, + IVHI3, + |||H||Vu|||iz) : (3.25)
where
@ 2 4|V ul® + (n+ A)(divu)? — 2Pdivu + 1| Vo]? + (u + 2) (dive)?
— |H|*divu +2H -Vu - H
satisfies
/CDdx > %nwu’i2 - c/ (p292+ |H|4) dx
> SIVul, - € / pEdx — C, (3.26)

due to Cauchy’s inequality, (1.2), (1.27), (3.1), and (3.3).
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Next, it follows from (1.1) that for r, s as in (1.7)
d
VEIIVHIIiz + [ Hll7, +VIAH|,

=/|H,—VAH|2dx

< CUNHIVulll7, + lul[VH|I72)
< CIH76lIVull 2| Vull s + Cllull 7 IVHIS " IVH]
<l Vull3s + CoDIIVull7, + C&)A + ully)IVH|, + e VEH|T.  (327)

2(r— 3)/r| 6/r

Noticing that the standard L2-estimate of elliptic system gives
IV?Hl| 2 < CallAH | 2,
after choosing ¢ suitably small, we deduce from (3.27) that for any n € (0, 1),
d _
40 S IVHIT, + 4113 +20°C5 ! (IVH I + IHIVull}2)
< CnllVulje + CoDIIVulgs + CA+ ul ) IVH - (3.28)

Then, adding (3.4) multiplied by Cs = Csc; ! + (C2 +2)k~! and (3.28) by Cg =
(1+ C4v~2)(Cy + C1Cs +2) to (3.25), we obtain that

%/(®+C5,052+4C6U|VH|2) dx
+||v5||iz+%/p|u|2dx+||Hz||iz+||VH||§,l
< C/|u|2 (p52+|vu|2+|w|2) dx + C(1+ [ull})IVHI2,
+cn||W||§6+C(n)/ (,052+|Vu|2) dx. (3.29)
Holder’s inequality together with (3.15) yields that
/|u|2 p52+|Vu|2+|Vv|2)dx

1/2 2
= Cllul (10" 2€ 02 +1Vul )

2(r—3 6/r 2(r—=3)/r 6
= Cllul, (10 2E08 " 1€ + 1vuls " 1vulyy)
SC(n)(1+|Iu|I‘Zr)/ p52+|w|2)dx+n||vsniz+n||w||if,, (3.30)

where in the last inequality we have used (3.9). It follows from (3.17), (3.15), (3.19),
and (3.9) that

1/2 1/2

IVull s < Cllp€lle +Cllpill 2 + CIVHILIVHI Y
1/2 1/2
< Cllp"2Ell 2 + CIVEIl 2 + Clipill 2 + CIVH S IVHIYE. (331
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Putting this and (3.30) into (3.29), and choosing  suitably small, we obtain after using
Gronwall’s inequality, (3.26), (3.1), and (1.27) that

sup / (p52 +|Vul? + |VH|2) dx

0<t<T
T

+/ /(|V€|2+,0|12|2+|u|2|Vu|2+|H;|2+|V2H|2)dxdt <C. (332
0

Finally, (1.1); implies that
(p — p): +div((p — p)u) + pdivu = 0. (3.33)

Multiplying (3.33) by p — p and integrating the resulting equation over €2, we obtain
after using (1.27) that

(Ilp = pl72) (@) < Cllp = pll72 + ClIVul7..
which together with (3.32) and the following simple fact that
IVOIlr2 = CIVEI L2 + ClllullVulll L2,
directly gives (3.12). The proof of Lemma 3.3 is completed.

Finally, the following Lemma 3.4 will deal with the higher order estimates of the
solutions which are needed to guarantee the extension of the local strong solution to be
a global one under the conditions (1.12)—(1.14) and (1.27).

Lemma 3.4. Under the condition (1.27), it holds that for 0 < T < T*,

sup (llp = pllgiawra + IVullgr + VOl g1 + 1 H g2) < C. (3.34)
0<t<T

Proof. First, it follows from (3.31), (3.12), and (3.1) that

IVulle < C+Clipill 2 + ClIVOI| 2 + Cll[ul | Vulll 2 + CIVHI| )7
< C+Cllpill 2+ CIIVO 2 + Cllull Lo Vul I Vul J + CIVHIL
< C+Cllpill 2 + CIIVO 2 +%||Vu||m +CIVH| T
which implies
IVullzs < C+Cllpill 2 + CVO| 2 + CIVH] T (3.35)

Then, it follows from the standard L2-estimate of (1.1)4, (3.12), and (3.1) that

IV?H||12 < CllHll 2 + ClllulIVHIl| 2 + CllIVul | 2

1/2 1/2
< CllH |l 2 + Cllull o IVHI IV HI S + ClLH 4Vl 4
1
= ClHili2 + IV HI 2 + ClIVull s + C,
which together with (3.12) and (3.1) implies

|H| g2 < ClHtll 2+ C||Vul| 4 + C. (3.36)
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Holder’s inequality, along with (3.35) and (3.12), gives

IVull s < 1Vl 2 IVull}y < C+Cloal s + CIVOILS + CIVHIYY.  (3.37)
which combined with (3.36) and (3.35) shows
IVulle + 1 Hll g2 < Cllpiill 2 + CllHill 2 + Cl[ VOl 2 + C. (3.38)
Then, similar to (3.9), we have
16116 < Cllp'/01l 12+ CVO] 2 < C+C| VO 2, (3.39)

which together with the standard L2-estimate of (1.1)3 and (3.12) gives
VoI,

< C+C||V9||iz+C/p9'2dx+C/p292|Vu|2dx+C||Vu||‘z4+C||VH||‘£4
< C+C|VO|?,+C [ pb*dx +C||Vul|>,|10]? Vul* VH|*
< 2 p0%dx + C|Vul 2,013 + ClIVullt, + CIVH]S,,
<C+C [ pb%dx +C|VO|> +1||V9||2 +C|Vul*, +CIVH|*
= ,0 L2 2 Hl L4 Hl'
Combining this with (3.36) shows
2 32 2 4 4
VOl = C/p9 dx+C||VO|72+ CllVull; s+ CllH ;2 + C. (3.40)

Next, we claim that we have the following estimates on both 1 and 6, (3.41) and
(3.42), whose proofs are similar to those in [15,40] and can be found in Appendix A:

T
sup /(|v0|2+p|u|2+|H,|2)dx+/ /(p92+|Vﬂ|2+|VHt|2) dxdt < C,
0

0<t<T

(3.41)
. T .
sup [|p'/20]17, + / IV117dt < C. (3.42)
0<t<T 0

Then, the combination of (3.38)—(3.42) with (3.37) leads to

sup (||Vu||L6 + [ H | g2+ 11016 + ||V0||H1) <C. (3.43)
0<t<T
For 2 < p < g, direct calculations show that

d 2

Z”V/O”LP < CA+[Vull)IVollr + CIV-ullLr. (3.44)

For v € D} N D2 N D> satisfying (3.14), it follows from Lemma 2.3 and (3.43) that

[Vollzee < C (L+1og(e+ V(0O q) 001l + 1061l 12)
<Clog(e+Vpllq)- (3.45)
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Then, for w £ u — v € D} N D*? N D4 satisfying (3.18), applying the standard
LP-estimate to (3.18), along with (3.43), gives

IV?wli6 < Clipiillps + CIIHIIVHI| s
= ClVallp2 + C,

which together with (3.19), (3.43), and (3.41) shows
IVwlzee < C+ClIVitl| 2.
The combination of this with (3.45) gives
IVullze < Clog (e +[IVpll ) + ClIVill 2. (3.40)
Applying the standard L?-estimate to (1.1); leads to

IV2ulle < C (lpille + WHIIVHIl|r + IV P Lr)
= C(lpullLr +IVeliLr) +C
< C(1+|IVill2 +11VplLr), (3.47)

due to (3.41) and (3.43). Substituting (3.47) and (3.46) into (3.44) yields that
(1) = Cg)fIn f(1), (3.48)
where
f@ Ee+|Vplla, )= 1+|Vil .
It thus follows from (3.48), (3.41), and Gronwall’s inequality that

sup [[Vpllq < C, (3.49)

0<r<T

which, along with (3.46) and (3.41), directly gives
T
/ IVul2edt < C. (3.50)
0

Taking p = 21in (3.44), we get by using (3.50), (3.47), (3.41), and Gronwall’s inequality
that

sup [[Vpll2 < C, (3.51)

0<t<T

which together with (3.47), (3.43), and (3.41) yields that

sup [V2ull2 < C sup (lpiill2 + IVpll 2 + VO 2 + | H - VH] 2) < C.
0<t<T 0<t<T

This combined with (3.49), (3.51), (3.43), and (3.12) finishes the proof of Lemma 3.4.

Now we are in a position to prove Theorem 1.1.



Blowup Criterion for 3-D Viscous Compressible Heat Conducting MHD Flows 165

Proof of Theorem 1.1. Suppose that (1.15) were false, that is, (1.27) holds. Note that
the generic constant C in Lemma 3.4 remains uniformly bounded for all T < T*, so the

functions (p, u, 0, H)(x, T*) £ lirrTl (p,u,0, H)(x, t) satisfy the conditions imposed
t—T%*

on the initial data (1.12) at the time t = T"*. Furthermore, standard arguments yield that
pu, p6 € C([0,T1; Lz), which implies

(pit, pO)(x, T*) = lim (pit, pf) € L*.
t—T*
Hence,

—puAu — (u+A)Vdivu + RV(p0) — (curl H) x H|=1+ = /p(x, T")g1(x),
KAO + %|Vu + (V)" 2 + A(diva)® + vicurl HPi—p+ = /p(x, THga(x),

with
s |07 T (i) (x, T, for x € {x|p(x, T*) > 0},
g100) = IO, for x € {x|p(x, T*) =0},
and
o) & [p—1/2(x, T*)(cypb + RpOdivu)(x, T*),  for x € {x|p(x, T*) > 0},
0, for x € {x|p(x, T*) = 0},

satisfying g1, g2 € L? due to (3.41), (3.42), and (3.34). Thus, (p, u, 6, H)(x, T*) also
satisfies (1.13) and (1.14). Therefore, one can take (o, u, 6, H)(x, T™) as the initial data
and apply Lemma 2.1 to extend the local strong solution beyond T*. This contradicts
the assumption on 7*. We thus finish the proof of Theorem 1.1.
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Appendix A. Proofs of (3.41) and (3.42)

The proofs of (3.41) and (3.42) are a direct combination of those of Lemma 4.1 and
(4.28) in [15] with that of (3.24) in [40]. We sketch them here for completeness.
First, it follows from (3.12) and (3.38) that

T
sup /p@zdx +/ (||V9||i2 + ||Vu||§6) dt < C. (A1)
0<t<T 0

Applying [0, + div(u-)] to (l.l)é and integrating the resulting equality over 2 give
1d .9 . . . .
2 pli|“dx = — [ u;[0; P +divud; P)ldx +p [ u;[0,Auj+div(uAu;)ldx

+ (L +A) / i [0 divu, + div(ud;divu)]dx
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1
_E/dj[ataj|H|2 + diV(u8j|H|2)]dx

. / it 19:0; (H' H}) + div(ud; (H' Hj)ldx

5
= z N;. (A.2)
i=1
We get after integration by parts and using Eq. (1.1); that
Ny = —/L'tj[ajP, +div(d; Pu)ldx
= R/aju, (p0 — pu - VO — 6u - Vp — pdivu) dx +/aku,-ajpukdx
= R/ij'tj (p9 - Q,Odivu) dx +/ Pdivadivudx — / P o jojurdx

. .
—Vill3, + Cllpbl3 +C/,0292|Vu|2dx

IA

8
B, .
guwniz +Cllpdll7, + Cllpd|

1/2

3/2
Llely

L6

IA

2
Va2,

<K
- 8
where in the last inequality we have used (3.39). Integration by parts leads to

Vi, + Cllpb|2, + ClIVOI;, + ClVullts +C, (A3)

Ny = ,LL/L'tj[E),Auj +div(udu;)ldx

= —[L/ (8l-itj(8iuj),+Auju 'Vb'tj) dx

—u/ (|Vl;l|2 — Ot juy O Ojuj — O;1tjOjuy Oxu j + Auju - Vﬂj) dx
- _,L/ 1V + 0yt Oy ivie = Dyt Dy — i ) dx

7
—?M/|Vﬂ|2dx+C/|Vu|4dx. (A.4)

IA

Similarly, we have
7
N3 < _g(ﬂ + 1) [divii |7, + c/ |Vul*dx. (A.5)

Integration by parts together with (3.12) and (3.1) shows
INa| < CUIVill 2 (N HI Hlll 2 + | ul |[HIIV H] [ 2)
< CIVall 2 (1H s 1H I H s+ el ol H Lo IV H o)
< e Vil 7, +nlIVH 7, + Cle. I H 7, + C@)V?H|7,.  (A6)
Similarly, we also have

INs| < el Vil 7, + 0l VH 17, + C(e, Ml Hill32 + C@OIVEHT,. (A7)
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Substituting (A.3)-(A.7) into (A.2), we obtain after choosing ¢ suitably small that
i ") 112 g2 2 2
yr pluldx + u||Villy, < C | p0°dx + Cnl|VH|l;, + C)llH:ll;2
+C|V2H|[7, + C[[VO|;, + C|Vull}s +C.  (A8)

Next, multiplying (1.1)3 by 6 and integrating the resulting equality over 2 yield that

K 2 512
3 (||ve||Lz)t+cv/p|9| dx

= —K/ve-V(u : ve)dx+,\/(divu)2édx

+2u/|©(u)|2édx — R/p@divuédx+v/|cur1H|29dx

5
= Z L. (A.9)

i=1
We estimate each I;(i =1, ..., 5) as follows:
First, it follows from (3.40) and (3.12) that
e c/mnveFdx
1/2 3/2
< CIIVull 2 IVO11,5 19617
< 8IV307, + C@OIVOI7,
< C3/p92dx +C@)IVOIT, +ClIVull}y + CllH I3, +C. (A.10)
Next, integration by parts yields that, for any n € (0, 1],
I, = )L/(divu)QQIdx + X/(divu)zu -VoOdx

= A / ((divu)ze)t dx — 24 / odivudiv(i — u - Vi)dx + 4 / (divee)2u - VOdx
=2 ( / (divu)zedx) — 22 / odivudiviidx
‘
+2)\/9divu8iuj8juidx + )L/u -V (G(divu)z) dx
< ( / <divu>2edx) + ClON oIVl 1Vul (19l 2 + 1Vl
‘

<2 (/(divu)29dx) + 0| Vii|3, + Cp | Vull}4 + CVOl}» + C, (A.11)
t

where in the last inequality we have used (3.39).
Then, similar to (A.11), we have that, for any n € (0, 1],

I <2u ( / |®(u)|29dx) + Vil 2, + CO)IIVulfs + CIVO|]. +C. (A12)
t
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Next, it follows from (3.12) and (3.39) that
1/4 3/4
L] < Cllp" 261 2110201 5 101 1 Vull o
< S/pézdx +C@)VOIl} 2+ ClIVull, + CO), (A.13)

and that

Is

v/|cur1H|29,dx+u/|cur1H|2u-v9dx

d
= v— / |cur1H|29dx — Zv/ecurlH -curlH;dx + v/ |cur1H|2u - VOdx

< v—/|cur1H|29dx+C||9||L6||VH||1/2||VH||1/2||VH,||Lz
+C||VH||L6 lull L6 IVOIl L2
d
<vo / lcurl H|20dx + 0|V Hy||%, + C () (1 + ||V9||iz) (1 + ||v2H||i2) .

(A.14)

Substituting (A.10)—(A.14) into (A.9), we obtain after choosing § suitably small that,
for any n € (0, 1],

%/\Ddx+cv/p|é|2dx
= Con (141901%:) (1+IV2HIZ, + 1V012,) + CulI Vi),
+Cnl|VH; I3, + C|Vul4 + CllH; ||}, + C. (A.15)
where
WA |veE—26 [x(divu)z +2ulD) + v|cur1H|2] . (A.16)

Next, differentiating (1.1)4 with respect to ¢ and multiplying the resulting equations
by H;, we obtain after integration by parts and using (3.1) and (3.12) that

H,|?dx +v | |VH;|*dx
m/' | /| |
< C (Nue |H M g2 + Nul [ He Ml 22) IV Hyll 2
1/2 1/2
< C (Wil H 12+ Wl VallH L2 + el ol Hull VL) 1V HlL
12 12
<C (IlullLéllHllm +llulliolVullpalH 2 + 1 He LS IVHA ) IV Hll 2
< EIIVHIIILz+CIIW||L2+CIIVMIIL4+C||HzI|Lz,

which implies

d .
E/|Ht|2dx+v/|VHt|2dx < C|Vill7, + ClIVuli, + CllH 7., (A7)
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Finally, adding (A.8) multiplied by n'/% and (A.17) by '/? to (A.15), we obtain after
choosing n suitably small and using (3.37) that

2%/(W+n1/2|ﬂt|2+n1/4p|u|2)dx
+/ (Cvp|é|2 o2V H,? + Mn1/4|w|2) dx
= cop (1+19013:) (1+1V2H 12 + V612, )
+C)llp' i}, + COIH: |3 (A.18)
Noticing that (A.16), (3.12), (3.38), and (3.39) lead to

2/(w+n”2|Ht|2+n”4p|u|2)dx

1/2
H!

3/2
L2

1/2
Lo

32

> 2| V0|7, — Cl10] 1o | Vul| 1

+2/(n1/2IHt|2+n1/4p|it|2)dx

IVull s = Clell s IV IVH

> KV, +/(’7]/2|Hz|2 sV pliP)dx — C(n),

we directly obtain (3.41) after using Gronwall’s inequality, (1.13), (A.18), (3.12), and
(A.1).
It remains to prove (3.42). First, it follows from (3.38)—(3.41) that

sup (1016 + 1Vull 2nzs + 1H ) +/T IV261%,dr <C. (A19)
0<t<T 0
Similar to (3.9), we have
16116 < Cllp"/?61l,2 +CIIVO 2. (A.20)
Next, applying the operator 9; + div(u-) to (1.1)3 leads to

Cyp (8té +u- Vé)
=k AD +« (divu AO — 3; (dju - VO) — dju - V;0)
+ (A(divu)z + 2M|®(u)|2) divie + RpO 1) 0y
—Rpbdivu — RpOdivii + 2 (divit — dgu;duy) divu
+u(Ojuj+0ju;) (8,1&/ +0ju; — Ojuyoguj — 8juk3ku,~)

+v [a,|cur1H|2 + div(|cur1H|2u)] . (A21)

Multiplying (A.21) by 6, we obtain after integration by parts and using (A.19), (3.41),
and (A.20) that
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C . .
> (/p|9|2dx) +x(VO7,
t

< c/|W| (|v29||é|+|ve||vé|)dx+c/|Vu|2|9'|(|W|+9)dx
+c/p|9'|2|w|dx+c/p9|w||9'|dx+c/|vM||w||é|dx

+c/ (lVH||VHt||é| + |VH|2|u||vé|) dx

< CIIVull31IVOl g1 (16126 + 1V61112) + ClIVul7 5161 s (IVullzs + 101l 6)
: : 1/2 1/2 . .

+ CIIVull 3110811216115 + Cllp" 2015161 s 1Vl 2 161 o

+ Cl\Vull 31 Vil 2161 s + CIV HI 13V Hyll 121161 o

+CIIVH |3 llull 61 VOl 2
K . . .
< Euveuiz +CIIV2012, + Cllp' 2013, + CIIVil|2, + CIIVH; |13, + C,

which combined with Gronwall’s inequality, (1.14), (A.19), and (3.41) directly gives
(3.42).
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