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Abstract: We discuss the local minimality of certain configurations for a nonlocal iso-
perimetric problem used to model microphase separation in diblock copolymer melts.
We show that critical configurations with positive second variation are local minimizers
of the nonlocal area functional and, in fact, satisfy a quantitative isoperimetric inequality
with respect to sets that are L'-close. The link with local minimizers for the diffuse-
interface Ohta-Kawasaki energy is also discussed. As a byproduct of the quantitative
estimate, we get new results concerning periodic local minimizers of the area functional
and a proof, via second variation, of the sharp quantitative isoperimetric inequality in
the standard Euclidean case. As a further application, we address the global and local
minimality of certain lamellar configurations.

1. Introduction

Diblock copolymers are extensively studied materials, used to engineer nanostructures
thanks to their peculiar properties and rich pattern formation. A well established theory
used in the modeling of microphase separation for A/B diblock copolymer melts is based
on the following energy first proposed by Ohta-Kawasaki, see [33]:

1
E:(u) :=s/ |Vu|2dx+—/(u2— 2 dx
Q & JQ

+yQ/Q/QG(x,y)(u(x) —m)(u(y) —m) dx dy, (1.1)

where u is an H'(2) phase parameter describing the density distribution of the compo-
nents (u = —1 stands for one phase, u = +1 for the other), m = DCQ u is the difference
of the phases’ volume fractions and G is the Green’s function for —A. The parameter
yo > 0 is characteristic of the material.
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Fig. 1. From left to right spherical spots, cylinders, gyroids and lamellae

Since ¢ is a small parameter, from the point of view of the mathematical analysis it
is often more convenient to consider the variational limit of the energy (1.1), which is
given by

1
Ew) = §|Du|(Q) +y/Q/QG(x, y)(u(x) —m)(u(y) —m) dxdy,

where now u is a function of bounded variation in Q with values +1, |Du|(2) is the
total variation of u in 2, and y = 3yp/16 > 0. Writing

E={xeQ:ulkx) =1}

sothat u = xg — xq\E, this energy may be rewritten in a useful geometric fashion as

J(E) = Pqo(E) + y/Q/QG(x, y)(u(x) — m) (u(y) — m) dxdy, (1.2)

where Pq(E) is the perimeter of E in 2.

Competition between the short-range interfacial energy and the long-range nonlocal
Green’s function term in both functionals (1.1) and (1.2) leads to pattern formation.
Indeed the perimeter term drives the system toward a raw partition in few sets of pure
phases with minimal interface area, whereas the Green’s term is reduced by a finely
intertwined distribution of the materials.

As observed in the literature, the domain structures in phase-separated diblock
copolymers closely approximate periodic surfaces with constant mean curvature, see
e.g. [47]. Some of the most commonly observed structures are schematized in Fig. 1.

A challenging mathematical problem is to prove that global minimizers of (1.2) are
periodic: this is known to be true in one dimension, see e.g. [29,35], but still open in
higher dimensions, where only partial results are known, see e.g. [2,43]. We refer also to
[6,7,10,17-19,23,24,31,44,48] for other related results on global minimizers. A more
reasonable task is to exhibit a class of periodic solutions which are local minimizers of
the approximating and limit energies (1.1) and (1.2), rather than investigating general
properties of global minimizers: this is the direction taken, among others, by Ren and
Wei and by Choksi and Sternberg. The first authors in a series of papers [34,36-39] con-
struct several examples of lamellar, spherical and cylindrical critical configurations and
find conditions under which they are stable, i.e., their second variation is positive defi-
nite. The main contribution in [9] is the computation of the second variation for general
critical configurations of (1.2) (see also [30,32], where related linear stability/instability
issues have been addressed for the first time, but from a more physical perspective).
However, all these papers leave open the basic question whether the positivity of the
second variation implies local minimality.
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We give a full answer to this question by showing that any critical configuration of
(1.2) with positive definite second variation is a local minimizer with respect to small
L'-perturbations. We now describe in more details the results proved here. We consider
both the periodic case, where Q2 = TV is the N-dimensional flat torus of unit volume,
and the homogeneous Neumann case, where €2 is a bounded smooth open set. We start
by considering the periodic case.

We recall that a sufficiently smooth critical set for J satisfies the Euler-Lagrange
equation,

Hyp(x) +4yv(x) =X forall x € OF,

where Hyr (x) denotes the sum of the principal curvatures of 9 E at x, the number A is
a constant Lagrange multiplier associated to the volume constraint fTN udx =m,i.e.,
|E| = (m+1)/2, and

v(x) :=/ G(x, y)(u(y) —m)dy
TN
is the unique solution to
~Av=u-—m inTV / vdx = 0.
TN

By the results of [9], we can associate with the second variation of (1.2) at a regular
critical set E the quadratic form 82J (E) defined over all functions ¢ € H'(3E) such
that [, 9 dHN =" =0by

9?J(E)p] = /aE(|DT(p|2 - |BaE|2§02) dHN!
+8y / / G(x, Ve@)e(dHN " (x) aHN 1 (y)
JoE JOE
+4y/ 8vv902d7‘{N_1,
oE

where v is the outer normal to d E, | By |? is the sum of the squares of the principal curva-
tures of d E, and D, is the tangential gradient. Note that the condition |; 9E P dHN=1 =0
is related to the fact that we consider local minimizers of J under a volume constraint.
It is easily checked that if E is a local minimizer, then 3>J (E) is positive semidefinite.

Therefore, it is natural to look for sufficient conditions for minimality based on the
positivity of 92 J (E). However, we have to take into account that J is translation invariant,
so thatin particular J (E) = J(E+tn) foralln € RN andr € R. By differentiating twice
this identity with respect to , we obtain 3% J (E)[n-v] = 0. This shows that there is always
a finite dimensional subspace T (d E) of directions where the second variation degener-
ates. Thus, we are led to decompose H'(QE) = {p € HYJE) : faE godHN’] = 0}
as

H'GE)=T+0E)® T(HE),

where T (0 E) is the subspace generated by the functions ¢ = v;,i = 1,..., N, and

TLOE) = {(p c H'OE) : / ovdHN ! = o}.
0E
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Since our energy functional is invariant under translations, it is convenient to define the
distance between two subsets of TV modulo translations in the following way:

a(E, F) := min |EA(x + F)|. (1.3)

The main result of the paper reads as follows.

Theorem 1.1. Let E C TV be a regular critical set of J such that
82J(E)[<p] >0 forall ¢ € TJ‘(EJE)\{O}.
Then, there exist 5, C > 0 such that
J(F) > J(E) + C(a(E, F))? (1.4)
forall F C TN, with |F| = |E| and «(E, F) < 8.

A first application of the previous theorem deals with lamellar configurations. In The-
orem 5.1 we show that if a horizontal strip L is the unique solution of the isoperimetric
problem in T, then it is also the unique global minimizer of the non local functional
(1.2) under the volume constraint, provided y is sufficiently small. In the two-dimen-
sional case it is known that a horizontal strip minimizes the perimeter in T2 if and only

if the volume fraction parameter m satisfies |m| < 1 — % Therefore, our Theorem 5.1

yields the global minimality of a single strip for small values of y if |m| < 1 — %,

thus giving an alternative proof of a result already proved in [44]. Concerning the three-
dimensional case, to the best of our knowledge nothing was known about the minimality
of the lamellar configuration, apart from a classical result by Hadwiger (see [21]), who
proved that the strip is the unique minimizer of the perimeter in T> under the volume
constraint % In Sect. 5 we improve this result by showing that the isoperimetric property

still holds for strips with volume in a neighborhood of % (see Theorem 5.3). In turn, this
implies via Theorem 5.1 that such strips are also global minimizers of J for y small.

We also mention, as a simple consequence of Theorem 1.1, that in any dimension and
for any y > 0 lamellar configurations are local minimizers, provided that the number
of strips is sufficiently large (see Proposition 5.6).

It is important to remark that Theorem 1.1, besides proving strict local minimality,
contains a quantitative estimate of the deviation from minimality for sets close to E
in L'. This can be viewed as a quantitative isoperimetric inequality for the nonlocal
perimeter (1.2), in the spirit of the recent results proved in [15], see also [11, 14]. In fact,
since our result holds also when y = 0, we cover the important case of local minimizers
of the area functional under periodicity conditions.

Corollary 1.2. Let E C TV be a regular set whose boundary has constant mean cur-
vature and such that

/a (IDz¢|* — |Bye*9?) dHN "' > 0 forall ¢ € TH(IE)\{0}.
oE

Then, there exist 5, C > 0 such that
Pypv(F) > Ppyv(E) + C(a(E, F))2

forall F C TN, with |F| = |E| and «(E, F) < 8.
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Previous related investigations were carried out by B. White [49] and K. Grosse-
Brauckmann [20], who proved that the strict positivity of the second variation implies
local minimality with respect to small L®-perturbations. Their results were recently
extended by F. Morgan and A. Ros in [27], where they show that strictly stable constant
mean curvature hypersurfaces are area minimizing with respect to small L!-perturba-
tions, up to dimension N = 7, thus giving a positive answer to a conjecture formulated
in [8]. Our corollary removes the restriction N < 7 and improves their result in a
quantitative fashion.

Notice that Corollary 1.2 applied to the unit ball E and with TV replaced by ¢T" for
¢ > 0O sufficiently large, yields the quantitative isoperimetric inequality in the standard
Euclidean case for bounded open sets F' with small asymmetry index «(E, F). This
fact, in view of Lemma 5.1 in [15], implies the quantitative isoperimetric inequality for
all sets, thus leading to an alternative proof based on the second variation.

The Neumann counterpart to Theorem 1.1 is stated and proved in Sect. 6.

We now briefly describe the strategy of the proof of Theorem 1.1. The first step is to
show that strict stability implies local minimality with respect to W2 P-perturbations, see
Theorem 3.9. This is accomplished by constructing suitable volume-preserving flows
connecting the critical set E to a given close competitor F and by carefully analyzing
the continuity properties of the quadratic form 32/ along the flow (see Theorem 3.7). A
technical difficulty in this analysis comes from the translation invariance, since we have
to avoid the degenerate directions at all times. This issue is dealt with in Lemma 3.8,
where it is shown that given any set F sufficiently W2 ”-close to E, one can always
find a translation of F such that the function describing the boundary of the new set has
small translational component.

The second step is to show that any W2 P-local minimizer is in fact an L'-local mini-
mizer. This is done by a contradiction argument: we assume that there exists a sequence
Ej, of sets such that |Ej,| = |E|, and E;, — E in L', but inequality (1.4) fails along the
sequence. Then, following an idea used in [16] for a two dimensional problem related to
epitaxial growth, we replace the sequence Ej, with a new sequence Fj, of minimizers of
suitable penalized problems, tailored in such a way that (1.4) still fails. Using regularity
techniques we then show that in fact the sets Fj, have uniformly bounded curvatures
and converge to E strongly in W27, thus contradicting the W ?-local minimality of
E. A penalization approach via regularity has been recently used also in [10] to prove
the quantitative isoperimetric inequality in the Euclidean case. However, our method is
quite different and seems more suited to deal with local minimizers.

We now state a result that links Theorem 1.1 with the existence of local minimiz-
ers for the Ohta-Kawasaki energy (1.1). Fix m € (—1, 1). We say that a function u €
HY(TN ) is an isolated local minimizer for the functional & with prescribed volume m,
if [v udx = m and there exists § > 0 such that

Eou) < E(w) forallw e H(TY) with / wdx =m,
TN

0 <min lu —w(-+ 7)1y < 9.
T

Since it is well-known that the functionals £ I'-converge in L! to the sharp interface
energy J, the L'-local minimality result proved in Theorem 1.1 allows to show:

Theorem 1.3. Let E be a regular critical set for the functional J with positive second
variation and u = g — XTN\E- Then there exist &g > 0 and a family {ug}e <, of
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isolated local minimizers of & with prescribed volume m = f?l‘N udx suchthatu, — u
in LY(TN) as e — 0.

An analogous result holds in the Neumann case, see Theorem 6.3. We stress that the
choice of the L' topology in the minimality result stated in Theorem 1.1 is crucial in the
proof of Theorem 1.3, as I'-convergence of (&) to £ holds only with respect to such a
topology.

We conclude this introduction by observing that Theorem 1.3 and its Neumann coun-
terpart apply to a wealth of examples of strictly stable critical configurations for the sharp
interface functional in (1.2). Among these, we mention the many droplet and spherical
patterns proved to be strictly stable in [38] and [39], for some range of the parameters
involved. In particular, we can deduce that for small values of ¢ there are local minimiz-
ers of the diffuse energies (1.1) which are close to such configurations, thus solving a
problem which was left open in the aforementioned papers.

A straightforward variant of the argument used to prove Theorem 1.3 shows also
that if JE is a periodic strictly stable constant mean curvature hypersurface, then for
sufficiently small values of & and yg in (1.1) there exist local minimizers of & which
are close to E. This seems to give a first mathematical confirmation to the findings of
Thomas et al. [47], who observed domain structures in phase-separated diblock copoly-
mers that closely approximate triply periodic constant mean curvature surfaces, such as
the gyroids. Indeed, strict stability for a class of triply periodic surfaces was proved in
[40].

The paper is organized as follows: in Sect. 2 we give the precise mathematical formu-
lation of the problem and we prove some preliminary results concerning the regularity of
local minimizers; Sect. 3 is devoted to the proof of the W2 P-local minimality of critical
configurations with positive second variation. In Sect. 4 we show that any W2 ?-local
minimizer is in fact an L'-local minimizer: this result is used to complete the proof of
Theorem 1.1. Sect. 5 is devoted to the minimality properties of lamellar configurations.
The extension to the Neumann case is contained in Sect. 6, and in the final appendix we
collect a few technical results and computations.

2. Notation and Auxiliary Results

In the following we shall denote by TV the N-dimensional flat torus of unit volume,
i.e., the quotient of R" under the equivalence relation x ~ y <= x —y € ZV.
Thus, the functional space wk.p (TM), k € N, p > 1, can be identified with the sub-
space of Wll;"cp (RN) of functions that are one-periodic with respect to all coordinate
directions. Similarly C ko (TNY o € (0, 1) denotes the space of one-periodic functions
in Ck*(@RN).

We now recall the definition of a function of bounded variation in the periodic setting
considered in the paper. We say that a function u € L'(T") is of bounded variation if
its total variation

|Du|(TV) := Sup[/ udivedx: ¢ e CH(TV,RM), |¢] < 1]
’]TN

is finite. We denote the space of such functions by BV (TV). We say that a measurable
set E C TV is of finite perimeter in TV if its characteristic function xz € BV (TV).
The perimeter Ppn (E) of E in TV is nothing but the total variation | D xg|(TV). We
refer to [4] for all the main properties of sets of finite perimeter needed in the following.
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For fixed m € (—1,1) and y > 0 we consider the following nonlocal variational
problem:

1
minimize &£(u) := §|Du|(TN)+y/ |Vv|2dx, 2.1)
TN
overall u € BV(TV; {—1, 1}), with
—Av=u—m inTV, / vdx =0, where/ udx = m, (2.2)
TN

TN

the equation is to be understood in the periodic sense. Notice that

/ |Vv|2dx:—/ vAvdx:/ v(u —m)dx
TN TN TN

/ vudx:/ / G(x, y)u(x)u(y)dxdy, (2.3)
™ TN JTN

where G (x, y) is the solution of

~AG(x,y) =68, —1 in TV, / G(x,y)dy = 0. (2.4)
’]I‘N

Here §, denotes the Dirac measure supported at x.
From now on, we regard £ as a geometric functional defined on sets of finite perimeter.
Precisely, given E C TV such that |E| — |TN \ E| = m, we set

J(E) := PTN(E)W/ |Vug|? dx, (2.5)
’]I‘N
where
—Avg=ug—m inTV, with wug:=xg— xpvg- (2.6)

Remark 2.1. Notice that by standard elliptic regularity vy € WP (TV) for all p €
[1, +00). More precisely, given p > 1, there exists a constant C = C(p, N) such that

lvellwapyy <€ forall E C TV such that |[E| — [TV \ E[=m.  (2.7)

It can be shown (see [9, Thm. 2.3]) that if E is a sufficiently smooth (local) minimizer
of the functional (2.5), then the following Euler-Lagrange equation holds:

Hyp(x) +4yvp(x) =A forall x € 0F, (2.8)

where A is a constant Lagrange multiplier associated with the volume constraint and
Hjy g (x) denotes the sum of the principal curvatures of 9 E at x;i.e., Hyg(x) = div, vE,
where v is the outer unit normal to d £ and div, denotes the tangential divergence on
dE (see [4, Sect. 7.3]). When no confusion is possible, we shall omit the dependence of
the outer unit normal on the set.
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Definition 2.2. We say that E C TV is a regular critical set for the functional (2.5) if
E is of class C! and (2.8) holds on O E in the weak sense; i.e,

/ div ¢ dHN ! = —/ 4yvpC -v)dHY ™! forall ¢ e CY(TV;RY)
JIE 9E

s.t./ c-vdHN 1 =o.
E

Remark 2.3. By Remark 2.1, if E is a regular critical set, then from (2.8), by standard
regularity (see [4, Thm. 7.57]) we have that E is of class C' forall o € (0, 1). In turn,
Schauder estimates imply that E is of class C 3TNy for all o € (0, 1).

Definition 2.4. Recalling (1.3), we say that a set E C TN of finite perimeter is a local
minimizer for the functional (2.5) if there esists § > 0 such that

J(F) = J(E)

forall F c TN with |E| = |F| and a(E, F) < 8. If the inequality is strict whenever
o(E, F) > 0, then we say that E is an isolated local minimizer. We say that E is a
regular local minimizer if, in addition, it is a regular critical set according to Defini-
tion 2.2.

We also recall the definition of w-minimizers for the area functional.

Definition 2.5. We say that a set of finite perimeter E C TV is an w-minimizer for the
area functional, > 0, if for any ball B,(xo) C TV and any set of finite perimeter
F C TV such that EAF CC B, (xg) we have

Prv(E) < Ppn (F) + wr.
Proposition 2.7 below shows that the volume constraint can be removed and replaced
by a sufficiently large volume penalization term. Before proving it, we need the following

lemma.

Lemma 2.6. There exists C = C(N) > O such that if E, F C TV are measurable, then

‘/ |VvE|2dx—/ [Vup|?dx
TN T

where vg and vy are defined as in (2.6).

= CIEAF],

Proof. Note that
/ |VvE|2dx—/ [Vop|? dx
TN TN
=/ |VvE—VvF|2dx+2/ Vvg - (Vvg — Vugp)dx.
TN TN

Since

—AWg —vr) =2(xg — xF) — 2(1E| — | F)),
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we have
/ IVug — Vop|?dx < C/ |XE — xF +|F| = |E||*dx < c|EAF).
TN TN
Moreover,
/ Vg - (Vvg — Vup)dx = 2/ vr(xe — XF +|F| — |E])dx < c|EAF],
TN TN

so that we may conclude that
‘/ |Vvg|* dx —/ |Vup|*dx
N ™

Proposition 2.7. Let E be a local minimizer for the functional (2.5) and let § > 0 be as
in Definition 2.4. Then, there exists . > 0 such that E solves the following penalized
minimization problem:

< C|EAF).

O

5
min{J(F)+A||F| —|E||: FC TV, «(E, F) < 5}.

Proof. We adapt to our situation an argument from [13, Sect. 2]. We indicate only the
relevant changes. We set

Ji(F) :== J(F) + M| F| — |E]].

We argue by contradiction assuming that there exist a sequence A;, — oc and a sequence
E}j, such that

5
I, (Ep) = min{JM(F) . a(E, F) < 5},

but |E,| # |E|. Without loss of generality we may assume that |Ey| < |E| (the other
case being similar) and E;, — E, with |E| = |E| and «(E, E) < 5. Notice that the
compactness of Ej follows from the fact that J;, (E,) < J(E) and thus the perimeters
are equibounded.

Arguing as in Step 1 of [13], given ¢ > 0 we can find » > 0 and a point xg € TV
such that

N[

a)NrN

|En 0 Brp (o)l < er™, | En O Br(x0)l > Sy

for all & sufficiently large. To simplify the notation we assume that xo = 0 and we write
B, instead of B,(0). For a sequence 0 < o;, < 1/ 2N to be chosen, we introduce the
following sequence of bilipschitz maps:

(1 —0p 2V = 1)x if |x| <3,

N
Dy (x) = x+ah(1 — &T)x 5<Ixl<r,

b x| >r.
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Setting Eh = @, (Ep), we have as in Step 3 of [13],
Pp, (Ep) — Pp,(Ep) = =2 N P, (Ep)o. (2.9)

Moreover, as in Step 4 of [13] we have

~ w
Bl = 1Eal = onr™[ ey

S —ec+ @V - 1)N)]

for a suitable constant ¢ depending only on the dimension N. Let us fix ¢ so that the
negative term in the square bracket does not exceed half the positive one. We have that

|El = 1Enl = onr™ Cy, (2.10)
with C1 > 0 depending on N. In particular from this inequality it is clear that we can

choose oy, so that |Ej| = | E|; this implies that o, — 0.
By Lemma 2.6 we have

2 2
'/11‘N|VUEh| dx—/TN|vah| dx

Let us now estimate | E, AEjy|. To this aim observe that if f € C1(TV)

< ColELAEp). (2.11)

1
/ |f(<l>;1(x))—f(X)|dx5/ / IV f(tx + (1 —0)d; o) @, (x) — x| drdx
TN TN Jo
1
§c0h/ / IV f(tx + (1 —0)®;, ' (x)| dxdt
0 B,
< co /B V()] dy. 2.12)

where the last inequality is obtained by a change of variables. By approximation we
deduce

|EnAEy| = /TN 1xE, (@} (X)) — x5, (X)|dx < C304 Pp, (Ep). (2.13)

Notice that, in particular, since o, — 0 for / sufficiently large we have that a(E n E) <
8. Combining (2.9), (2.10), (2.11), and (2.13) we conclude that for % sufficiently large,

S (En) < J3,(En) + 03[ VN +y CoC3) Py, (Ep) — anrN C1] < J3, (En),
a contradiction to the minimality of E;,. O

As a consequence of two previous results we recover the following regularity result
which was proved first in [44].

Theorem 2.8. Let E be a local minimizer for (2.5). Then E is an w-minimizer for the
area functional. Moreover, the reduced boundary 3* E is a C>* manifold for all a < 1
and the Hausdorff dimension of the singular set satisfies dimy(0E \ 0*E) < N — 8.
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Proof. We start by showing that E is an w-minimizer for the area functional for a suit-
able w > 0. To this aim fix any ball B, ¢ TV such that woyr¥ < §/2, where § is like
in Definition 2.4. Using Proposition 2.7, we may find A > 0 such that £ minimizes J
among all F ¢ TV with a(E, F) < §/2. Therefore, if F is any set of finite perimeter
coinciding with E outside B, (xp), using an estimate similar to (2.11), we have

Py, (E) — Py, (F) = J,(E) — J,(F) + y/TN(WUFF | Vog) dx + AlIF| - |E]|

< yColEAF|+A||F| - |E|| < (yCo+ Manr™.

This shows that E is an w-minimizer for some @ > (y Cp+A)wy. By classical regularity
results (see [45, Thm. 1]), it follows that 9* F is a cl 3 -manifold and dimy (0 E\9*E) <
N — 8. The C>¢ regularity then follows from Remark 2.3. O

Remark 2.9. Observe that the C>¢ regularity follows only from the equation. Hence, in
view of Remark 2.3 it holds for regular critical sets.

3. Second Variation and W2>?-Local Minimality

Let E C TV be of class C? and X : TV — TV a C%-vector field, and consider the
P

associated flow @ : TV x (=1, 1) — TV defined by ¥ X(®), ®(x,0) = x. We

define the second variation of J at E with respect to the flow @ to be the value

d2
WJ(ET)|t=0’

where E; := ®(-, t)(E).

Throughout the section, when no confusion is possible, we shall omit the indication
of E, writing v instead of vg, v instead of v, and denoting by d the signed distance
from the boundary of E.

Before stating the representation formula for the second variation, we fix some nota-
tion. Given a vector X, its tangential part on 0 E is defined as X := X — (X - v)v. In par-
ticular, we will denote by D, the tangential gradient operator given by D;¢ := (D¢)-.
We also recall that the second fundamental form Byg of 9E is given by D, v and that
the square | By g |2 of its Euclidean norm coincides with the the sum of the squares of the
principal curvatures of d E.

Theorem 3.1. If E, X, and ® are as above, we have

< e =/ (1D 0P = 1By X - )?) amV !
dl‘z ! |t:O 9E K
+8y /0 i /8 i G (x, ) (X)) (X 0)30))dHN ) dHY ()
+4y/ avv(X-v)deN_l—/ (yv+ Hyp) dive (X (X - v)) dHV ™!
oE oE
+/ (4yv + Hyp) (div X)(X - v) dHV L. (3.1)
0E

The proof of the theorem is given in the Appendix.
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Remark 3.2. In the case of a critical set E the computation of the second variation was
carried outin [9]. The novelty here is that we deal with a general regular set. This explains
the presence of the last two terms in the formula.

Remark 3.3. Notice that if E is also critical, from (2.8) it follows that
/ (4yv+ Hyp) dive (Xo (X - ) dHV ! = 0.
OE

Moreover, if in addition
| D, 1)(E)| =|E| forallr € [0, 1], 3.2)
then it can be shown (see [9, Eq. (2.30)]) that

o—dzE = div X)(X - v) dHN !
_m| t|’t:0_ 8E( ivX)(X-v)dH" .

Hence, again from (2.8), we have

d2 2 2 2 N-—1
WJ(E:)P:O—/{jE(wf(X»n — 1By (X - v)?) dH

+8y / / G (e, (X)) (X - )dHY ) dHN ()
dE JOE
+4y/ au(X - v)2dHN L (3.3)
OE
Note that this formula coincides exactly with the one given in [9, Eq. (2.20)], where it

was obtained using a particular family of asymptotically volume preserving diffeomor-
phisms.

The previous remark motivates the following definition. Given any sufficiently
smooth open set E C TV we denote by H Y(3E) the set of all functions e H LYQE)
such that faE @dHN™! = 0, endowed with the norm Vel 29k With E we then
associate the quadratic form 32J(E) : H! (0E) — R defined as

T R L e
dE
+8y / / G(x, Pe@eMdHY ! (x) dHV ! ()
JE JOE
+4y/ dvp> dHN . (3.4)
IE
If E is a regular critical set and the flow & satisfies (3.2), then

a5 =/ X vadaH"'=0
1=0 IE '

dt
Hence, 82J (E)[X - v] coincides with the second variation of J at E with respect to .
Notice that, setting  := (pHN_l |0 E, the nonlocal term

/ / G (x, N @P(dHY " (1) dHY 1 (v)
oE JOE



Nonlocal Isoperimetric Problem 527

can be rewritten as

/ / G, Y)dp(x) du(y) = / V2P dx, (3.5)
TN JTN TN

where z € H'(TV) is the unique weak solution to the equation
—Az=pu inTV, / zdx = 0.
TN

Thus the nonlocal term (3.5) is equivalent to the square of the H~'-norm of the
measure L.
As a consequence of Remark 3.3 we have the following corollary.

Corollary 3.4. Let E be a regular local minimizer of J according to Definition 2.4.Then
2J(E)g] >0 forallp € H'(OE).
Proof. Letgp € C® N H'(JE). We set X := Vu where u solves

Au=0 inTN\JE,
dyu=¢ ondk,

where v is the outer normal to d E. Note that div X = 0 and, by elliptic regularity and
recalling Remark 2.3, X -v is of class C*¢ separately in ENN(dE) and TN \ ENN(JE)
and globally Lipschitz continuous in A/ (3d E) for a suitable tubular neigborhood N (3 E)
of d E. Here by v we denote a C>* extension of the outer unit normal field vZ from 9 E
to N (9E). With a slight abuse of notation we still denote by D; the extension of the
tangential gradient on d E given by D; := D — vd,, in N'(OE). Observe that D, (X - v)
is continuous in A/ (9 E). We now set

Xe(x) := /TN P ()X (x +2) dz,

where p. is the standard mollifier. Notice that div X, = 0. Hence, the associated
flow is volume preserving and by the local minimality together with (3.3) we have
821(E)[(p8] > 0, where ¢, := X, - v. We claim that ¢ — ¢ in C1(3E). Indeed,
observing that we can write

Xe-v)(x) = (X -v)e(x) — /]I‘N Pe(D)X(x+2) - [v(ix +2) —v(x)]dz
=: (X . v)g(x) - Rs(x)’

and recalling that X - v is continuous in N'(3 E), one easily gets that X, - v — X - v uni-
formly in M (3 E). In particular, ¢, — ¢ uniformly on 9 E. To show that D (X, - v) —
D (X - v) uniformly in N'(QE), it is enough to check (by a lengthy but straightforward
computation) that VR, — 0 uniformly in N (3E). Hence, the claim follows recall-
ing the continuity of D;(X - v). It is now easy to check that the claim implies that
32J(E)[p] = lim, 82J (E)[¢¢] > 0. If now ¢ is any function in H'(3E), we construct
a sequence ¢, of functions in C*° (3 E) N H'(3E) such that ¢p — @ in HY(3E). Then
the conclusion follows by observing that all the terms appearing in the expression of
82 J (E) are continuous with respect to the H!-convergence. 0O
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We now switch to the search for a sufficient condition for local minimality. Observe
thatif E ¢ TV is of class C2 and ®(x, 1) = x+tne; forsome n € R and some element ¢;
of the canonical basis in RV, we clearly have J (<I> G, )(E )) = J(E), by the translation
invariance of J. Hence,

%J(Er)‘tzo = 02 (E)[nvi] = 0.
In view of this it is convenient to introduce the subspace T (dE) C H! (0E) generated
by the functions v;,i = 1, ..., N. Note that we can then write
H'OE)=T+0E)® T(OE), (3.6)
where

TLOE) = {(p c A'GE) : /d ovidHN 1 =0,i = 1, N}
oE

is the orthogonal set, in the L2-sense, to the space of infinitesimal translations 7' (0 E).
We observe that there exists an orthonormal frame {e1, ..., en} such that

/ V- e)w-g))dHN" =0  foralli # j. (3.7)
o0E

The existence of such an orthonormal frame can be proved by observing that, denoting by
A the matrix with coefficients a;; := faE Vivj dHN-1, we have for every O € SO(N),

/ (0v);(0v);dH" "' = (0A07"), .
0E

Choose O so that 0OAO ! is diagonal and set ¢; = O~ le;. In view of this remark, the
functions v - ¢; are orthogonal and generate 7 (0 E). Notice however that the dimension
of T(9E) can be strictly smaller than N, since it may happen that v - ¢; = 0 for some
i, as in the case when E is translation invariant along some direction. Therefore, given
¢ € H'(JE), its projection on TLE)is

Trioe) (@) =<P—Z(/3E oV -& dHN_l) LA (3.8)

v -e&ill3
where it is understood that the sum runs over all indices i such that [[v - &; || 25 ) # 0.

Definition 3.5. In the following we say that the functional J has positive second vari-
ation at the critical set E if

3 J(E)@l >0 forallp € T-(JE)\ {0}.
Lemma 3.6. Assume that J has positive second variation at the critical set E. Then
mo = inf{azj(E)[w] 9 e TEOE), gl g1 = 1} >0, (3.9)
and

PI(E)pl = mollel3, forall g € THQE).
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Proof. Let ¢, be a minimizing sequence for the infimum in (3.9) and assume that
on — @o € TH(DE) weakly in H'(QE). If g # 0, by (3.4) it follows that

mo = lim 027 (E)lgn] = 927 (E)lpo] > 0.
If 9 = 0, then
mo = lim 32 J (E)[¢y] = lim/ |Drop|>dHN ! = 1.
h h OE

0

We now show how to construct a flow satisfying (3.2) connecting any two sufficiently
regular and close sets in TV . If E € TV is at least of class C2, we denote by N, (9 E) the
tubular neighborhood of d E of thickness 2r. We shall always assume r to be so small
that the signed distance d from 0 E and the projection & on 0 E are well defined and
regular on NV, (0E); when r is irrelevant, we shall omit it.

Theorem 3.7. Let E C TV be a set of class C3 and let p > N — 1. For all ¢ > 0 there
exist a tubular neighborhood N, (3 E) and two positive constants 8, C with the following
properties: If y € C*(JE) and 1V lw2rE) < 8 then there exists a field X € C? with
divX = 0in N, (0E) such that

X —¥vllepe < el¥lizoge- (3.10)
Moreover, the associated flow
oo
®(x,0) =x, W:X((D) (3.11)
satisfies D(VE, 1) = {x + Yy (x)v : € IE}, and for every t € [0, 1],

D, 1) — Id”WZ-p(aE) = C”‘P”wlp(a};), (3.12)

where 1d denotes the identity map. If in addition E\ has the same volume as E, then for
every t we have |E;| = |E| and

/ X vEanN-t=o.
0E;
Proof. For o > 0 setd, := ps * d, where p, is the standard mollifier. Since E is of
class C3 there exist a neighborhood NV, (3 E) and o, such that if 0 < o < o,

lds — d||C3(j\[r(aE)) <e&. 3.13)
For such o let W be the flow associated with Vd,, i.e.

ow
\IJ(X,O)ZX, EZVdO—(‘IJ)

Then, there exists fo > 0 such that W5 x (s, is @ C*°-diffeomorphism onto some

neighborhood U of 3 E. We start by constructing a C*° vector field X :U — RY such
that

divX =0 inU, X =Vd, ondE.
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To this aim, for every y € U we set
t
c(y) = E(W(x, 1)) = exp(—/o Ada(\ll(x,s))ds). (3.14)

By construction we have that div(¢ Vd,) = 0 in U. We define X to be any C*°-vector
field which coincides with ¢ Vd,, on U, and denote by @ the associated flow. Note that

® and W have the same trajectories in U. Let us consider the two functions 7, : U —
0E, t, : U — R implicitly defined by

O (775 (¥), 1o () = y.

Ift is small, forall x € E we have t, (®(x, 1)) = 1. Hence, Vi, (P (x, 1)) 2 D (x, 1) = 1
and in particular V¢, - Vd, = 1 on 0 E. Therefore, since #, = 0 on d E, we have

. Vvd
" Vd - Vd,

Therefore, for 0 < o, sufficiently small |Vt, — Vd; |1 @pE) < €. Thus, taking r
smaller if needed, we may assume that N, (0E) C U and for all y € N, (3E),

lte (¥) — ds (¥)| < 2ed(y).

In other words, there exists a function a, € C3(N, (JE)), with |ay Lo, aE)) < 3¢
such that

Vi, ondE.

o (y) =d(y)(1 +as(y)). (3.15)
Let us now take ¥ € C2(3E). If IVl L~ E) is small, we set
S(x) 1= 75 (x + ¥ (x)v(x))
for x € 9E. Since E is of class C? we have that S is of class C2. Moreover,
D:S(x) = (Do) (x + Y (x)v(x)) + R(x),

where |R(x)| < Cll¥|lc1 (). Therefore, since 7, (x) = x on JE, we deduce that S is

aC 2-diffeornorphism, provided that [|{/]|c1(y gy is small. Moreover, it is easily checked
that if | Do llLraE) < 1, then

IS Mw2r@e < C (3.16)
for some positive constant C independent of . Note also that

1STH) — x| = 1871 ) — ST s (x + Y (x)v(x)))]
< Clx — 705 (x + Y ()v(x))| < ClY(x)]. (3.17)

Now for y € N, (0E) we set

G(y) = (" o)) + (ST o) NP (ST 0 75 (). (3.18)

Thus, G(y) is the unique point of the trajectory of ® passing through y that belongs to
the graph of ¥ . Finally, we may define

X(y) =t (G X () (3.19)
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for y € N, (9E). Note that X € C>(N,(JE); TV). We shall still denote by X any
C2-extension of the vector field to TV. B

Since t, o G is constant along the trajectories of ®, we have div X = 0in N, (0E).
Let us denote by ® the flow associated to X. Since 7, (G(x)) is the time needed to go

from x to G(x) along the trajectory of ®, we have ®(x,1) = G(x). Thus, we may
conclude that ®(dE, 1) is the normal graph of y. Note that from (3.15) and (3.18),

X(y) =¥ (S~ o) () +a5 (G () Vo (). (3.20)

Thus, from (3.16) we have

I XNlw2r v, o) < ClY lw2r o) (3.21)

for a constant C > 0 independent of .
We now show (3.10). From (3.20), (3.16), and (3.17), we have for every x € 0F,

X (x) = v = Y (ST o o) () (1 + a0 (G(x))¢ (x)Vdy (x) — Y (x)Vd(x)],

< [P (ST DI +a, (G())E (x) Vdy (x) — Vd (x)]
H (S7H(x) — ¥ (x)Vd ()]

< Cely (ST eI + 1Y (ST ) — ¥ ()l
< Cely (ST N+ Wil m) IS~ () — x|
< Ce(ly (ST )|+ 1Y (),

provided that ||/ || ¢1(5 g is small. Hence, (3.10) follows.

To establish (3.12), observe that the closeness of ® to Id in L follows from (3.11) and

(3.21). By differentiating (3.11) and solving the resulting equation, and since p > N —1,
one easily gets

IVe® — IllLong, 0E) < CEDIVX Lo, @E) = CED ¥ llwaror) = Cleo)e.
In particular, if ¢ is small enough the (N — 1)-dimensional Jacobian of ®(-,¢) on dE

is uniformly close to 1. Using this information and by differentiating again (3.11), we
have

IVEC, Dllzrar) < CE)IVEX Lo, @8-

whence (3.12) follows.
Assume now that |Ej| = | E| and recall that by [9, Eq. (2.30)],

d2

— | E¢| =/ (divX)(X -vE)y =0  foralls € [0, 1].

dr? IE,
Hence the function ¢ — |E;|is affinein [0, 1] and since | Eg| = |E| = | E1]| itis constant.
Therefore

_ i _ . _ E; 32/N—1
0=—|E/| = divXdx = X v dH forall ¢ € [0, 1].
dt E, IE,

This concludes the proof of the theorem. 0O
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Before proving the main result of the section we need the following key lemma,
which shows that any set F sufficiently close to E can be translated in such a way that
the resulting set F satisfies 0 F = {x + ¥ (x)v(x) : x € dE}, with ¢ having a suitably
small projection on T (0 E).

Lemma 3.8. Let E C TV be of class C* and let p > N — 1. For any 8 > 0 there exist
1m0, C > 0 such that if F C TV satisfies 3F = {x + y (x)v(x) : x € JE} for some
W € C2DE) with | lw2pagy < No. then there exist o € RN and ¢ € WP (JE) with
the properties that

lol = CliYllwaroe),  lellweree) < CllYIiwer e

and
OF —o =+ o) s v €3E) | [ guart | < slollgn,
0E

Proof. In the following v stands for Vd, where d is the signed distance from 0E.
Throughout the proof the various constants will be independent of 1. Set
n:=vlwzree + 1¥I26E)-

We recall that there exists an orthonormal frame {e1, ..., ey} satisfying (3.7).
Let I be the set of all i € {1,..., N} such that ||v - &2 > 0. We define

N
o =) ,0¢, where

o; = —/ Yx)(w(x) - sl)dHN Uit el, o; = 0 otherwise.
||\) & ”LZ(BE)
(3.22)
Note that
lo] < Cq ”w”LZ(BE)' (3.23)

Step 1. Let Ty : 0E +— OE be the map
Ty (x) :=m(x+yx)v(x) — o),

where 7 is the projection on JE.
It is easily checked that there exists g9 > O such that if

1V llwerar) + o] < e <1, (3.24)
then T is a diffeomorphism of class C 2 Moreover,
[In=1d"Ty = 1| ooy < U It o) (3.25)
where Jy_1d?F stands for the (N — 1)-Jacobian of the tangential gradient on dE, and
||T1/,_l - Id||W2-P(aE) = C(||W||W2,n(aE) +lo)). (3.26)
Therefore, setting F:=F— o, we have

={x+px)v(x): x € dE}



Nonlocal Isoperimetric Problem 533

for some function ¢, which is linked to ¥ by the following relation: for all x € JE,
X+ Y vx) —o =y+evy),
where y = Ty (x). Thus, using (3.26),
lelwzroey < C2(1¥ lweror) + o) (3.27)

for some C, > 1. We now estimate

/8 O AN () = /a 9Ty T ) I d Ty () dHY ()

= /aE P(Ty (D)) (Ty (1)) dHY ! (1) + Ry, (3.28)
where
|R1| = ‘/BE @(Ty CNV(Ty () [Iv—1dE Ty (x) — 1] dHN " (x)
< C3||W||cl(35)||<p||L2(3E). (329)
On the other hand

/aE @(Ty ())(Ty (x)) dHN !

= /BE[x +Y ) —o = Ty ()] dH"!

= /aE[X + Y V() —o —m(x + Y )vx) — o) | dHV !

= /aE{W(x)v(x) — o+ @) — @+ P @V@) — )]} dHN !

=/3E(w(x)v(x) —0)dHY " + Ry, (3.30)
where

o = /BE[H(X) — (X + Y )vx) — o) dHN !

= - /8E dHV! /01 U (x + 1 (Y (v (x) — 0) (Y (@)v(x) — o) dt

= —/BE V() (¥ (x)vx) —o)dHY ! + Rs. (3.31)
In turn, recalling (3.23),

1
|R3|§/ dHN—I/ [V (x + 1 ()1 (x) = 0)) = V()| [y (0w (x) — o] dr
IE 0

< Call¥ 1725y (3.32)
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If x is sufficiently close to dE, then m(x) = x — d(x)v(x) = x —d(x)Vd(x) and

3%d
8xi ax]'

O ey = 8 — 2L 0 2 () —a)
— ) =68 ——@)—©x) —dx
ax]' J ax,- ax]'

(x),

and, thus, for all x € 0F,

87'[[
gj(x) = §;j — vi(x)v;(x).

From this identity, (3.28) and the equalities above, we get

/a i eIV dHY T (y) = /a E[w(x)wx) — (o - v@))(@) ] dHN ' (x) + Ry + R

But the integral at the right-hand side vanishes by (3.22) and (3.7). Therefore, (3.29)
and (3.32) imply
\ /8 LeOW) dHV ! <y>\ < GlVlciopllelor + Cal¥ iz gp

< Clvlcrar (lell2ee + 1 20E)

< Cs1V iy o 1V 1 20y (191l 20y + ¥ 120 )
(3.33)

with 9 € (0, 1) depending only on p > N — 1. In the last inequality we used a well-
known interpolation result, see for instance [1, Thm. 5.2].

Step 2. The previous estimate does not allow to conclude directly, but we have to rely
on the following iteration procedure. Fix any number

K > 2, (3.34)
and assume that n € (0, 1) is such that
Con(142C)) <&y, 2Csn°K <36. (3.35)

Given v/, we set ¢g = ¥ and we denote by o'! the vector defined as in (3.22). We set
F| := F —o! and denote by ¢ the function such that d F; = {x +¢;(x)v(x) : x € IE}.
As before, ¢ satsfies

X490 =o' =y + i)
Since 1Y llweroe < nand |[¥llL2pE < n, by (3.23), (3.27), and (3.35) we have
leillwaroe < Can(1+Cp) < 1. (3.36)

Using again that ||/ [l w2, ey < n < 1, by (3.33) we obtain

\ / o1 AHN T )] < Csllwoll g, (l01 I 205) + 1900 20y -
E

As for the last term we have [l@oll 25y < 1. We now distinguish two cases.
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If llgoll 29k < Kll@1ll 229 E)» from the previous inequality and (3.35) we get

| /a i DV AR )| = 50 (o1l 2ae + ol 2o

<2Csn” Kol 2y < Sllorll 2k

and, thus, the conclusion follows with o = o'l

In the other case

||§00||L2(3E) n
. < — .
otz < X =%

IA

7. (3.37)

We repeat the whole procedure: denote by a the vector defined as in (3.22) with ¢
replaced by ¢y, set F := F| — 0% = F — o' — 0% and consider the corresponding ¢,.
Then ¢, satisfies

2+ @) =y +e1(MV() — o =x +@()v(x) —o' — o>
Since
leollw2raey + 1ot + o2l < n+Cin+ Cilleill 2k
<n+Cim(1+ ) = Cn(1+201) = 50,

the map Ty, (x) := 7 (x +@o(x)v(x) — (c'+0?))isa diffeomorphism thanks to (3.24).
Thus, by applying (3.27) with 0 = o1 + 02, and (3.23), (3.37), (3.34), (3.35) implies

C
le2lwzoor) = Co(leolwzrr +lo' +0%) < Con(1+Cre =) < 1.
analogously to (3.36). On the other hand, since by (3.36), (3.37), and (3.23),

Ui
lotllw2.r@e) +02 < Con(1+Cy) +C1E < Con(1+2Cy) < e,

also the map Ty, (x) 1= m(x + @1 (x)v(x) — o) isa diffeomorphism satisfying (3.24)
and (3.25). Therefore, arguing as before, we obtain

( /3 L2 OP0) ARV )| = Cslleil oo, (1021 20) + Il 20 8)) -

Since || ||L2(3E) < n by (3.37), if |l¢; ||L2(3E) < K||(p2||Lz(3E) the conclusion follows

with o = 0! + o2, Otherwise, we iterate the procedure observing that
o1 ||L2(8E) ||<P0||L2(aE> n
<
”§02"L2(8E) = K = K2 = K2

This construction leads to three (possibly finite) sequences o, Fy, and ¢, such that

Cin
Kn—lv

lenllw2roe) < CZ(”(PO”WZP(;;E) +lot 4 +U”|) = Con(1+2Cy),

Fo=F—o'—...—0", 0" <

lenllz2oE) < I?n,
oF, ={x +p,(x)v(x): x € 0E}.
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If for some n we have [lg,—1ll.2E) < Kll¢nll 25, the construction stops, since,
arguing as before,

’/{)E <pn(y)v(y)dHN‘1(y)) < lgnllL2E)

and the conclusion follows witho = 0! +---+¢” and ¢ = ¢,. Otherwise, the iteration

continues indefinitely and we reach the conclusion with

o0
0:20”, ¢ =0,
n=0

which means that F = E+o0. O
We are now ready to prove the main result of this section.

Theorem 3.9. Let p > max{2, N — 1} and let E be a regular critical set for J with
positive second variation. Then there exist § > 0, Co > 0 such that

J(F) = J(E) + Co(a(E, F)),

whenever F C TV satisfies |F| = |E| and dF = {x + Y (x)v(x) : x € dE} for some
¥ llw2roE) <9
Proof. Since all estimates will depend only on || || 2., (3£, by an approximation argu-

ment we may assume that ¥ is of class C*°. Moreover, since different sets are involved
we employ the full notation for the normal vectors.

Step 1. We claim that there exists 61 > 0 such thatif F = {x + ¥ (x)v(x) : x € dE}
with |F| = |E| and [|{ [l w2.r3E) < 01, then

inf {02 (F)lg]: ¢ € A'OF), I9lliar =1,

[ oofan|<s) =20,
oF 2
(3.38)

where my is defined in (3.9). We argue by contradiction assuming that there exist a
sequence Fj, = {x + ¢ (x)v(x) : x € dE} with |Fj,| = |E| and ||1ph||Wz,p(aE) — Oand
a sequence ¢y € ﬁl(th), with ||‘Ph||H1(aF;,) =1 and

/ o dHN T 50
JaFy,

such that
mo
2 J (Fp)len] < > (3.39)

Consider a family &, of diffeomorphisms from E to Fj, converging to the identity in
W?2P(dE), which exists by the convergence of v, to 0. Set

ah:=][ ono @pdHN "' and @ = gy 0 Dy — an.
E

Since v o &), — v in CO%(JE) and a similar convergence holds for the tangential
vectors, one easily checks that for those i for which v - &; #% 0 we have
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/ v - i dHN 1 >0,
E
so that, using (3.8),
I7reoe @l oe) — 1. (3.40)
Moreover, the second fundamental forms and the functions vg, (see (2.6)) satisfy
Bap, o ®), — Byr inLP(DE),  vp, — vg inCYA(TV) forall g < 1. (3.41)

Indeed, the first convergence follows immediately by the W27 convergence of Fj, to E,
while the second one is implied by (2.7).
We now show that

/ / G(x, V)on () en(y) dHN~TaHN !
AF,Jo

Fn
[ [ 6tndwmmantlan =t o (3.42)
JEJOE
as h — oo, which in turn is equivalent to proving that
/ (1Vznl? = V24 1) dx — 0, (3.43)
TN
where
—Azy = pp =g HN T NOF, =A== @ HY T |OE,

see (3.5). Clearly, it is enough to show that u; — @, — O strongly in H=HTN).
Indeed, from this convergence it would follow that z;, — z;, — 0 in H L(TVY and, in
turn, that (3.43) holds, since both sequences z;, and Zj; are bounded in H LTy, To
prove that u; — i, — 0 strongly in H Y (TV) we fix w € H'(TV) n c(TV), with
lwll g1 (vy < 1. Then, denoting by Jn—1(d?E ®},) the Jacobian of ®;, on I E,

(p — fp, w) = /TN wd(p — fin)

= /aEI:w(q)h(x))@h(x)JNfl(daECDh)(x) — W)@ (x)] AHV!

+ah/ wdHN_l
dFy

= / Gn () [w( @y (x) — wE) [ In-1@"E Dp) (x) aHN !
0E
+/ [Iv-1(@E @) (x) = 1]w(x)Gp (x) dHV ! +ah/ wdHV
OE F,
Therefore we can estimate
W — fin. w)| < [1In-1@d*E D) |L@E) - I@nll2@E) - 1w o @h— wllL2pE,

+cllIn-1@dF@p) — oo - 1gnll 208
Nwll grepwy + clanlllwll gy -
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Arguing as in the proof of (2.12), we have
lwo @ — wli}agp = / wx + Y ()v(x)) — w)PdHN !
oE

1
< / Wl / Vw(x + 9 ()P dedHV !
oE 0
< ClYmllz I VWl 7wy -
Combining all the above estimates, we may conclude that
ln = Bl =17y < C(||w||Loo<aE> + [ In-1@®F @p) = 1 or) + |ah|) — 0,

thus proving (3.42). From (3.40), (3.41), and (3.42), recalling that p > max{2, N — 1}
and using the Sobolev Embedding to show that

/ By, 202 dHV ! — / |Bys2G2 dHY ' 0,
JFy E

it follows that all terms in the expression (3.4) of 82J (Fj,)[@;] are asympotically close
to the corresponding terms of 82J(E)[<Z)h]. Hence 32](Fh)[<ph] — 821(E)[<Z)h] — 0.
Since 9%J (E)[@n] — 8%J (E)[(¢n)*] — 0 and [[(@n) " [l g1 5y — 1. from Lemma 3.6
we get a contradiction to (3.39).

Step 2. Letus fix F so that ||/ || y2.ryg) < 82 < 81, where 8, is to be chosen, and con-
sider the field X and the flow & constructed in Theorem 3.7. Replacing F by a F — o
for some o € RY, if needed, thanks to Lemma 3.8 we may assume

N—1 3
[ wvar | < Dl (3.44)
oE
We claim that
‘ (X - vEEr dHN_l‘ < 511X v 2o (3.45)
0E,
for all ¢ € [0, 1]. To this aim, we write
(X - vEyE gHN!
J0E;
= / (X (D (x, 1) - vE (@, )WE (@ (x, 1) Iy 1 (dED (-, 1)) (x) dHNT!
oFE
_ / (X (D, 1) - v dHV ! + Ry
0E
:/ (Xx) - v dHYN '+ R+ Ry
0E

= / Y )vx)dHY '+ Ry + Ry + Rs.
E
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Fix ¢ > 0. Recalling (3.20), (3.15), (3.14), and (3.16), we have

/ X (@(x, )| dHN ! < Cll¥ ll2E)-
E
From this inequality, observing that by (3.12),
v = vE(@C, ) lLw@ey,  1In-1@? D¢, 1) = 1 Lx@E)
are arbitrarily small, and recalling (3.10) and (3.21) we deduce that
[Ri|+ Rl + R3] < ell¥ 2k
provided that §; is sufficiently small. This proves that
8
[ oevBotare = <[ [ pwarwelvizon < (5 +€) 19l
IE, IE 2
where we used also (3.44). A similar argument shows that

1X - vE N 20m,) = (=Y l208- (3.46)

and thus (3.45) follows, if ¢ and, in turn, 8, are suitably chosen.
Recalling (3.1), (3.4), the fact that E is a critical set for J and that divX = 0 in a
neighborhood of 9 E, we can write

1 2
J(F) — J(E) :J(El)—J(E):/ (l—t)d—QJ(Et)dt
0 dt
1
=/ (1—t)(32J(E,)[X~vEf]
0

_/ (4yvg, + Hy) dive, (X, (X - vE) dHN_l) dr,
0E;

where div,, stands for the tangential divergence on 9 E;, we set X, := X — (X - vEyE:
and H; is the sum of principal curvatures of d E;. By (3.45) and (3.38), we obtain that

1
mo
J(F) — J(E) > 7/0 A =DIX 5N o, di

1
—/ (1—0) [ @yvg, + Hy) divg, (Xo, (X - vED)) aHN " dr.
0 JIE;

(3.47)
We claim that
. _ mo
I = aEt(4va,+H,)d1v,t(XTt(X~vE’))d'HN = oI B,
(3.48)

for all ¢ € [0, 1], provided that §; is sufficiently small.
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Indeed, recalling that E satisfies (2.8), we get

It:

/ [(4vat + H;) — )»] divy, (XT, (X - vE’)) dHN !
AE,

< l(4yve, + H) — MlLr@ey |l dive, (X (X - VE’))IIL% (3.49)

OE)

Observe that, given ¢ > 0, if §; is sufficiently small the first norm on the right-hand side
of (3.49) can be taken smaller than . Hence, using Lemma 7.1 below we get

E E
I = ce[IDa Xell 2oy IXVE N 20 +1Xall 2 1Dg(X05)l20s,|
LP=2(JEr) LP=2(Er)

E E
<celX - vilgioe)lX v t”szL—pZ(aE).
t

Since p > max{2, N — 1}, from the Sobolev Embedding Theorem we obtain
I < ce| X v,
hence (3.48) follows.
‘We now observe that from (3.47) and (3.48) we have
1
mo E; 2
J(F) = J(E) + T/o (A= DIX o2 o d

1
mo E; )2
ZJ(E)+7/0 (1= DIX V5|72, A

Recalling (3.46), we finally get
mo 2 2
J(F) 2 J(E) + T2 W2y = I (E) + COl EAFP.

This concludes the proof of the theorem. O

4. W?P-local Minimality Implies L!-local Minimality

We start by proving the following simple lemma.

Lemma 4.1. Let E C TV be of class C* and let F C TV be a set of finite perimeter.
Then there exists C = C(E) > 0 such that

Ppn(F) — Ppn(E) = —C|EAF|.
Proof. Let X € C'(TVN;RN) be a vector field such that | X|s < 1 and X = v on
0E. Then,

PTN(F) — PTN(E) Z/

X v gV —/ X -vEaHN!
*F

oE

=/didex—/ div X dx > —C|EAF),
F E

where C := || div X ||oo. O
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Theorem 4.3 below shows that if E is a smooth isolated W% ?-local minimizer of J,
in the sense of Theorem 3.9, then E is also a minimizer among all competitors which are
sufficiently close in the Hausdorff distance. Some points in the proof are adapted from
[49], see also [16]. In the proof the theorem we will make use of an important regularity
result concerning sequences of w-minimizers of the area functional. This is essentially
contained in [3] (see also [41,46,49]).

Theorem 4.2. Let E;, C TV be a sequence of w-minimizers of the area functional such
that

sup Ppv(Ep) < oo and  xg, — xg in L'(TV)
h

for some set E of class C*. Then, for h large enough Ej, is of class C'7 and
0ER, = {x +yp(x)v(x) : x € E},

with Y, — 0in CY*IE) for all a € (0, 3).

Recalling that d denotes the signed distance to a set £, we define for all § € R,
Is(E) = {x :d(x) < 8} .

We are now ready to state the L°°-local minimality result.

Theorem 4.3. Let E C TV be a smooth set and p > 1. Assume that there exists § > 0
such that

J(F) > J(E) 4.1)
forall F C TN, with |F| = |E| and such that 3F = {x + ¥ (x)v(x) : x € dE} for some
Junction  with | |lw2.p gy < 8. Then there exists 5o > 0 such that (4.1) holds for all
FcTN of finite perimeter, with |F| = |E| and I_s,(E) C F C Is,(E).

Proof. We argue by contradiction assuming that there exist two sequences §;, — 0 and
Ej C TV such that |Ej| = |E|, I_s,(E) C Ej C Is,(E), and

J(Ep) < J(E)
for all h. For every h let Fj, be a minimizer of the penalized obstacle problem
min{J (F) + A||F| — |E|| : T_s,(E) C F C Iy, (E)}, 4.2)
where A > 1 will be chosen later. Clearly,
J(Fp) < J(Ep) < J(E). (4.3)

We split the proof into four steps.
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Step 1. We claim that for A > 0 sufficiently large,
[Frl = |E|. (4.4)

Indeed, assume by contradiction that | Fj,| # | E|. We consider the case |Fj,| < |E|. We
define

Fj = F UT,, (E)

for some 1, € (—6y, §p) such that |fh| = |E]. Set v := Vd. Since 9* Fj, can be decom-
posed in three disjoint parts, one contained in 8*F}, \ 9/, (E), another contained in

31, (E)\8* Fj,, and the third one given by {x € 3* F,Nd 1, (E) : v (x) = vTu B (x)},

Iy,

and since vZm (F) = v, we have

Pow (Fy) — Pypw (Fp) 5/ _

v-thd’HN_l—/ v b gHN-T
o* Fy,

I*Fy,
Hence, also by Lemma 2.6,

J(Fy) + A||Fy| = |El| = J(Fy) — A||Fy| — |E||

= Pru () = Pos 4y [ (Vo P = 19os,P) dx = A(Fyl = 1Fi)

5/ ] v.ﬁhdHN*‘—/ v dHN 4 (rC = A)(1F] - IFil)
* Fy, % Fy,

§/~ |divv|dx+(yC—A)(|ﬁh|—|Fh|)
FpAFy
< (1 divvlloo + yC — A)(|Fi| — | Fpl). 4.5)
Thus, if
A > ||divy|e + yC, (4.6)

the last term of the previous inequality is negative, thus contradicting the minimality of
Fy. If | Fy| > |E|, we argue similarly.

Step 2. For any set F, we set K, (F) 1= (F UZ_s,(E)) NZs,(E). We claim that Fj,
solves the penalized problem (without obstacle)

min{J(F) + A||F| — |E|| +2A|FAK, (F)| : F c TV}, 4.7

Indeed, let J denote the functional in (4.7). Writing Cj, for Kp,(F), using Lemma 2.6
and arguing as in (4.5), we obtain by the minimality of F},

J(F) = J(Fy) = J(Kn) + A1l — |EI| = [J(Fy) + A||Fal — |E||]
+ [Py (F) — Ppa (Kp)] + y/TN |Vop|>dx — y/]M |V, | dx

+A(|IF| = |E|| = |IKh] = |EI|) + 2A|F AK|
> —||divv|so| FAK,| — yC|FAK)| + A FAKy| > 0,

where in the last inequality we used (4.6).
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Step 3. We claim that for 4 large enough Fj, is of class C 12 and
oF, ={x +Yp,(x)v(x) : x € OE},

for some v, such that ¥, — 0in C"*(9E) for all & € (0, %). To this aim we observe
that F}, solves (4.7), thus it is a 4 A-minimizer of the area functional. By Theorem 4.2
the claim follows.

Step 4. We claim that ¢, — 0in W2P(JE) for all p > 1. To this aim, we first observe
that since F}, is a C! solution of the minimum problem (4.7), a standard variation argu-
ment (see Step 2 of the proof of Prop. 7.41 in [4]) yields

sup | Hyp, Lo F,) < 44, (4.8)
h

where, we recall, HyF, denotes the sum of the principal curvatures of 9 Fj,. Since the
functions 1, are equibounded in C'-%, the above estimate on the curvatures implies that
for all p > 1 the functions v, are equibounded in W27 (3 E), thanks to Remark 7.3.
Recall now that, due to (4.4), each F}, is a solution of the obstacle problem (4.2) under
the volume constraint. Since Fj, is of class W2 ?, we have that H, F, = fn, Where

(4.9)

o= A —4yvE, in Ay :=9F, N Ns,(QE),
) P 4yvg + p, otherwise,

An and A are the volume constraint Lagrange multipliers corresponding to Fj and E,
respectively, and pj, is a remainder term converging uniformly to 0.
We claim that

HyF, ( + 1//;,(-)1)(-)) — Hyg(-) inLPQE) forall p > 1. (4.10)

To this aim, first observe that

ol mN

vp, > vg inC (TT) “4.11)
by (2.7) and Lemma 2.6. Moreover, from (4.8) we have that the sequence 1, is bounded.
If HN=1(A,) — 0, where A}, is defined in (4.9), then (4.10) follows immediately.
Otherwise, (with no loss of generality) we have HN-1 (Ap) = ¢ > 0 and we argue as
follows. By a compactness argument we may find a cylinder C = B’ x (—L, L), where
B’ < R¥~! is a ball centered at the origin, and functions g, g € W2’p(B’; (=L, L))
such that, upon rotating and relabeling the coordinate axes if necessary, we have ENC =

{(',xn) € B" x (=L, L) : xp < g(x")},

FyNC={(x",xy) € B'x(=L,L): x,<gn(x)}, and HYN"'(A,NC)>c'>0
(4.12)

for all h. Moreover, by Step 3 we also have

gn— g inC'¥(B) forall «e(0,1). (4.13)
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Denote by A, the projection of A, N C over B’. Then from (4.9) we have
V(AL — 4y /A g (0 g () dHY )
h

+)»HN71(B/\A;,) —4)// v, g dHN TN (X)) + oy,
B\A,

V ! V ’ /
— / div(x_é’h) dHN () = __ Y8 x_/ dHN-2
' V14 |Vyeg,l? 1+ |Vognl> 1X]

with w;, — 0. Since by (4.13),
Vogn X N Veg X N2
9B’ 1+ |Vygn? X1 9B’ /1 +|Vygl? X'
V,:
=/ div(x—g) dHY ()
' V1+|Vyegl?
= HY"N(B) — 4y / ve(, g(x) dHN (),
B/
recalling (4.11), we conclude that
(o — OHN 1A — 0.

AsHN-! (A}) = ¢” > Oby (4.12), we obtain (4.10). In turn, by Lemma 7.2 we conclude

that ¥, — 0in W2P(3E) for all p > 1. Thus, by Theorem 3.9 and recalling (4.4), we
have that J(F,) > J(E) for h sufficiently large, a contradiction to (4.3). O

We are now ready to prove the main result of the paper.

Proof of Theorem 1.1. We argue by contradiction assuming that there exists a sequence
Ej, c TV, with |Ej,| = | E|, such that «(Ej,, E) — 0 and

J(Ep) < J(E) + %(a(Eh, E))’, (4.14)

where Cp > 0 is the constant appearing in Theorem 3.9. By translating the sets if nec-
essary, we may assume that g, — xg in L' (TV). We now replace the sequence Ej,
with a sequence of minimizers Fj, of the following penalized functional:

J(F) +A1\/(a(F, E)—e3)” +6n+ As||F| — |E|

, (4.15)

where ¢, := a(Ep, E), while the constants A1, Ay will be chosen later. Up to a sub-
sequence we may assume that xp, — xp, in L', where Fy C TV is a minimizer
of

J(F)+ Aa(F, E) + Ao||F| — |E||
and therefore, by translating Fy and Fj, if necessary, also of

J(F)+ A{|EAF|+ As||F| — |E]]. (4.16)
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Using Lemma 4.1 and arguing as in the proof of (4.5), one can prove that if A is suffi-
ciently large (independently of Aj) the unique minimizer of (4.16) is E. Thus, Fy = E.
We now observe that the same argument used in the proof of Proposition 2.7 shows that
if Ay is sufficiently large then |Fj| = | E| for all h. Moreover, using Lemma 2.6, it can
be checked that for all & the set Fj is a A-minimizer of the area functional for some
A > 0 independent of 4. Therefore, Theorem 4.2 yields that F, — E in C"¢ for all
a € (0, %). More precisely,

oF, = {x +yn(x)v(x) : x € 9E},

where ¥, — 0in C1(3E) forall « € (0, §).
We show that ¥/, — 0in W>?(JE) for all p > 1. To this aim, we claim that

e, a(Fy, E) — 1. 4.17)

Indeed, if |« (Fj, E) — e,| > o¢p for some o > 0 and for infinitely many #, recalling
(4.14) and the fact that Fj minimizes the functional (4.15), we have

2
J(Fp) + A1yJo2e2 + &, < J(Ep) +A1\/(a(Eh, E)—en)’ +en = J(Ep) + A1/en

C C
< J(E)+ To(oz(Eh, E)’ + A1ﬁ=J(E)+T°s,3+A1@

C
< J(Fp) + T‘)gﬁ +A1/En,

where in the last inequality we have used the local minimality of E with respect to L™
perturbations proved in Theorem 4.3. Since by the previous chain of inequalities we get

that
Ao ven < Le2 v v
1y/o7¢e, +ép = 48h+ 1V Eh,

which is impossible for 4 large, the claim is proved. Next, we set f;(f) :=

2
(t — 8;,) + &, and we observe that

|/ <3 en if |t — en] < 3ey. (4.18)

By (4.17) we have |« (Fy,, E)—ep| < 2gj, for hlarge enough. Thus, if |« (F, E)—ep| < g
and |F| = | Fy|, by the minimality of Fj, and by (4.18), we get

J(Ep) < J(F)+ AI\/(a(F, E)—en) +en — Al\/(a(Fh, E)—e1)’ +en
< J(F) +3A1/enla(Fy, E) — a(F, E)| < J(F) +3A1/En | FyAF|. (4.19)

Let X be a smooth divergence-free vector-field in TV and let ® (-, ¢) the corresponding
volume-preserving flow. Using the Coarea Formula, one can check that

|FyAD (-, 1) (Fp)| = |r|/ IX v dHN "+ o).
JIFy
Thus, also by (4.19) we have
J(@C, ) (Fp)) — J(Fp) +3A1/en| Fy AD(-, 1) (Fp)|

= J(P(, 1)(Fp)) — J(Fp) +3A1«/5|l|/ 1X -vldHN " +o(t) =0 (4.20)
JdF),
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for ¢ sufficiently small. Dividing the previous inequality by ¢, letting — 0*andr — 0,
and using [9, Theorem 2.3] we conclude

(Hyp, +4yvE)X - vdHN!
JdFy,

< 3A1@/ X - v dHN L
JdFy,
By a density argument similar to the one used in the proof of Corollary 3.4, we deduce

that

(HyF, +4yvp,)e dHN!
aFy

< 3A1m/ lp|dHN !
dFy

for all ¢ € C*°(dFy,) with fth @dHN~! = 0. In turn, this implies that there are
constants A, such that

|Hyp, +4yvE, — AnllLe@r,) < 3A1/én — 0.

We may now argue as in Step 4 of the proof of Theorem 4.3 to deduce that
Hyp, (- + ¥n(Ov()) = Hae()  in L°(IE)

and thus ¥, — 0O in WZP(JE) for all p > L. The conclusion now follows: since
J(Fy) < J(Ep) by the minimality of Fj and since (4.17) holds, we have that

C C
J(Fy) < J(Ep) < J(E) + To(awh, E))’ < J(E)+ 7°(a<Fh, E)’

for h large. This contradicts the minimality property proved in Theorem 3.9.

Remark 4.4. Tt is worth remarking that in the previous proof we did not use the second
variation and we have in fact shown that any critical set £, for which the conclusion of
Theorem 3.9 holds, satisfies also the conclusion of Theorem 1.1.

We conclude this section by sketching the proof of the link between local minimizers
of J and of the Ohta-Kawasaki energy.

Proof of Theorem 1.3. We start by observing that the classical Modica-Mortola result
(see [26]; see also [12] for the definition and properties of I'-convergence) and the
continuity of the non-local term with respect to the L' convergence of u imply the
I'-convergence of & to %5, where £ is the functional defined in (2.1). The conclu-
sion follows from the L'-local minimality of E proved in Theorem 1.1, arguing as in
[8, Prop. 3.2]. O

Remark 4.5. A careful inspection of the proof of [8, Prop. 3.2] shows that the radius § in
the local minimality condition is uniform throughout the family {u,},~s, and depends
only on the local minimality radius of the set E appearing in Definition 2.4.
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5. Application: Minimality of Lamellae

In this section we deal with global (and local) minimality of lamellar configurations.
To this aim, for a given volume fraction parameter m € (—1, 1) we denote by u the
one-strip lamellar configuration corresponding to the set L := TN~ x [0, ’”T“] and by
L, the collection of all sets which may be obtained from L by translations and relabeling
of coordinates.

Theorem 5.1. Assume that L is the unique, up to translations and relabeling of coordi-
nates, global minimizer of the periodic isoperimetric problem. Then the same set is also
the unique global minimizer of the non local functional (2.5), provided y is sufficiently
small.

Proof. We argue by contradiction assuming that there exist a sequence y, — 0 and a
sequence of global minimizers Ej, of

min{J,(E) : E Cc TV, |E| = |L|},

where J,(E) := Ppn(E) + vy f'JTN |VvE|2dx, such that Ej, & L, for all h. Up to a
subsequence we have Ej, — E in L! and by the (easily proved) I'-convergence of Jj, to
the perimeter functional as y;, — 0 we have that E is a global minimizer of the periodic
isoperimetric problem, thus by assumption E € £,,. Without loss of generality we may
assume £ = L.

The second variation of Jj at L in (3.4) reduces to

9 Jn(L)[g]
= / |Degl?dHY !+ 8y / / G(x, Me@eMdHN ! (x) aHN " (v)
aL AL JoL

+4yh/ vaupzd'HN*l

oL

> / Degl? dHY T — 4y Vg [l / o N,
oL oL

Note that ¢ € TLL) if and onlyifp €e H L@ L) with zero average on each connected
component of d L. Thus, using Poincaré inequality on each connected component of 9 L
we have that

1
82 Ih(L)g] = 5/ Do dHN !,
oL

provided that % is large enough, say & > hq. By Theorem 1.1, there exists § > 0 such
that

Tng(F) > Ing(L),  forall |F| =|L|,0 < «(F, L) <. 5.1)

We claim that the same holds for all 2 > hg. Indeed, if for some & > hq and for some
set F' with |F| = |L|and 0 < a(F, L) < § the above inequality does not hold, then we
have

In(F) < Jn(L). (5.2)
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In turn, since L is the unique global minimizer of the perimeter and thus Ppn (F) >

Ppn (L), we deduce
/ |V |? dx —/ |Vop|>dx > 0.
T~ T~

But then, by (5.2), we get

Ppn(F) — Ppv(L) < Vh(/ Vo | dx —/ |VvF|2dx)
TN TN

< Vh0</TN |Vor|? dx _/TN |VUF|2dx),

which contradicts (5.1). Thus, we have proved that
Jn(F) > Jp(L), forall |F| =|L|,0 <a(F,L) <$§

forall i > hy. As E, — Lin L!, forh large enough we also have J,(Ep) > Jy(L),
which contradicts the minimality of E;,. O

As an immediate consequence of the above theorem we recover the following result,
first proved in [44].

Corollary 5.2. Let N = 2. Fix any m such that |m| < 1 — % Then for small y > 0, any
solution of

. 5 2 m+1
miny Pp(E) +y |Vvg|“dx : E CT", |E| = >
’]IZ

belongs to L,,, that is, it is lamellar.

Proof. The proof follows from Theorem 5.1 and from the fact that if [m| < 1 — %, then
the lamellar sets of £,, are the unique global minimizers of the periodic isoperimetric
problem in T2, as proved in [22] (see also [8]). O

The corollary above holds only for N = 2, where the minimality range of lamellar
sets is completely determined. For N = 3, to the best of our knowledge the global
(with uniqueness) minimality of £,, is known only in the case m = 0 (see [21]). In the
following theorem we show that the result still holds for m sufficiently close to 0.

Theorem 5.3. There exists € > 0 such that if m € (—e, €) the lamellar sets in L, are
the unique solutions to the corresponding periodic isoperimetric problem in T>.

Proof. We argue by contradiction assuming that there exist m; — 0 and a sequence Ej,
of global minimizers of

mh—“} (5.3)

min{PTs(E) LECT|E|l=

such that Ej, & L,,,. As before, we may assume that the sequence Ej, converges in L!
to a global minimizer of (5.3) with mj, replaced by 0. By the result of [21] (see also
[8, Thm. 4.3]) we may assume that £, — L = T2 x [0, %] in L! (up to translation
and relabeling of coordinates). Moreover, arguing as in Proposition 2.7, one can show
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that there exists A > 0 independent of & such that each Ej, is also a minimizer of the
unconstrained penalized problem

mpy+1

min{PTs(E)+A‘|E|— ‘:ECT3}.

Thus, in particular, all sets Ej, are w-minimizers of the perimeter with the same w = 4”7’\.

Therefore, by Theorem 4.2 we deduce that for & large 0E;, = {x + Y, (x)e3z : x € AL},
with ¥, — 0in C'(dL). By adding the constant —% to v, only on the upper part of
d L, we obtain the boundary of a new set E; with the same perimeter as Ej and volume

%. But then,
Pr3(Ep) = Pr3(E;) > Pps(L),

by the minimality of L. On the other hand, using the fact that all strips have the same
perimeter, Py3(Ey) < Pp3(L) by the minimality of Ej. This contradiction concludes
the proof. O

Remark 5.4. Note that the argument used in the proof of the previous theorem shows
that in any dimension the values of m such that the corresponding strip is the unique
minimizer of the perimeter form an open set.

As before we have the following corollary.

Corollary 5.5. Let N = 3. There exists mo > 0 and yy > 0 such that for |m| < mq any
solution of

. 5 3 m+1
minj P (E) +y |Vvgl|“dx : ECT’, |E| = >
T3

belongs to L,,, provided that y < yy.

Proof. The result follows immediately from Theorem 5.3 arguing as in the proof of
Theorem 5.1. O

We now conclude this section with a result concerning the local minimality of lamel-
lar configurations with multiple strips. To this aim, given m € (—1, 1) and an integer
k>1,weset Ly :=TN-! x U;‘zl[%, % + %] and denote by L,,  the collection
of all sets which may be obtained from L by translations and relabeling of coordinates.

Proposition 5.6. Fix m € (—1,1) and y > 0. Then there exists an integer ko such
that for k > ko all sets in Ly, i are isolated local minimizers of (2.5), according to
Definition 2.4.

Proof. First, observe that each Ly is a critical point for J. By Theorem 1.1, it is enough
to show that for k large enough 32J (L)@l > 0 for all ¢ € TH(3Ly). In fact, by
an argument of [28] it is enough to consider ¢ € H'(dLy) with zero average on each
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connected component of d L. Then

821(Lk)[<p]=/ |Dp|? dHN !

oLy
+8y / / G(x, Vo) e(MdHY 1 (x) dHN 1 (y)
oLy JOLyg
+4y/ avangzd’HN_l
oLy
z/ |Df<p|2dHN—1—4y||Vva||Loe/ o* dHN L
dLg Ly

Note that vy, (x) = v, (xy) = kl—va(kxN) and thus ||Vvy, |[p>~ = % Hence, the result
follows using the Poincaré inequality. O

6. The Neumann Problem

A variant of our result, which is important in the applications, is the Neumann problem:
as before we consider the functional

IN(E) = PQ(E)+)//Q Vg |* dx (6.1)
and the function
UE = XE — XQ\E» m=]€2bt5dx,
but the condition on vg is now

—Avg =ug—m InQ

3
/vde=O, E _ 0, onaQ.
Q av

Asin (2.3) we have

/|WE|2dx=//G(x,y>uE<x>uE<y>dxdy,
Q QJQ

where G is the solution of
—A,G(x,y) =8 — ﬁ in Q,
/ G(x,y)dy=0, V,G(x,y) -v(y)=0, ifyedQ.
Q
Asin the periodic case, if E is a sufficiently smooth (local) minimizer of the functional
(6.1), then it satisfies the Euler-Lagrange equation
Hyp(x) +4yvp(x) =A forallx e 0E N Q,

and moreover d E must meet 02 orthogonally (if at all), see [9, Rem. 2.8]. However,
in this paper we shall only deal with case dE N 92 = ¢J. We shall refer to any suffi-
ciently smooth set satisfying the Euler-Lagrange equation as a regular critical set for
the functional (6.1).
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Note that, unlike in the periodic case, the functional Jy is not translation invariant,
therefore we don’t need to consider the distance « defined in (1.3). Precisely, we say
that a set E CC 2 is a local minimizer if there exists § > 0 such that

IN(F) > Jy(E) forall F C Q,|F| = |E|, and |EAF| < 6.

If the inequality is strict whenever |[EAF| > 0, we say that E is an isolated local
minimizer.

Provided that d E does not meet d<2, the regularity result stated in Theorem 2.8 for the
periodic case still holds in the Neumann case, without any change in the proof; similarly,
fd:Qx(—1,1) > Qisa C2—ﬂ0w, defining the second variation of Jy at E as in
Section 3, the representation formula in Theorem 3.1 holds. Therefore, we consider the
same quadratic form BZJN(E) defined in (3.4).

Since the problem is not translation invariant anymore, the spaces T (3E), T+ (9E),
and the decomposition (3.6) are no longer needed. Therefore, we say that J has positive
second variation at the critical set E if

2JIN(E)@]l >0 forallg € H'(3E) \ {0}.

As in Lemma 3.6, we immediately have that
mo = inf{asz(E)[(p] Lo e H'@QE), ol = 1} > 0. 6.2)

We now state the main result of the section.

Theorem 6.1. Let E CC 2 be a regular critical set with positive second variation. Then
there exist C, 5 > 0 such that

JN(F) > JN(E) + CIEAF)?,
forall F C Q, with |F| = |E| and |[EAF| < 4.

The proof of the result is very similar to the one of Theorem 1.1 with several sim-
plifications due to the fact that J is not translation invariant. We give only an outline
of the proof, indicating the main changes. As in the periodic case, we start by a local
minimality result with respect to small W>? perturbations. More precisely, we have the
following counterpart to Theorem 3.9:

Theorem 6.2. Let p > max{2, N — 1}, and let E CC Q2 be a regular critical set for Jn
with positive second variation. Then there exist § > 0, Coy > 0 such that

IN(F) = JN(E) + Co|EAF|?,

whenever F C TV satisfies |F| = |E| and 3F = {x + ¥ (x)v(x) : x € dE} for some ¥
Wlth ||w||W2.p(aE) S 8

Sketch of the proof. Since the functional is not translation invariant we don’t need
Lemma 3.8, and inequality (3.38) proved in Step 1 of the proof of Theorem 3.9 simplifies
to

. ~ mo
inf {02y ()l : ¢ € H'OF). lglmar =1} = 5

where my is the constant defined in (6.2). The proof of this inequality goes exactly as
before.

Coming to Step 2 of the proof of Theorem 3.9, we don’t need (3.44) and thus we
don’t need to replace F by a suitable translated F' — o. Instead, we only need to observe
that (3.46) is still satisfied and that the rest of the proof remains unchanged. O
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Next we observe that the statement of Theorem 4.3 and its proof remain unchanged,
provided we choose 8y such that Zs,(E) CC 2.
We are now left with the last step of the proof of Theorem 6.1.

Proof of Theorem 6.1. We want to pass from the L*°-local minimality to the L'-local
minimality. This can be done arguing by contradiction as in the proof of Theorem 1.1, by
assuming that there exists a sequence E, C 2, |E| = |E|, suchthatey, := |[E,AE| —
0 and

Co 5
IN(ER) < IN(E) + T|E11AE| ,

where Cy is as in the statement of Theorem 6.2. Then, one replaces the sequence Ej,
with a sequence of minimizers Fj, of the penalized functionals

In(F) + Al\/(|FAE| —en) + e+ Aa|IF| — |E|

’

for suitable A1 and A; chosen as in the proof of Theorem 1.1.

Exactly as before, one can prove that x5, — xg in L'. An obvious modification of
the argument in Step 1 of the proof of Theorem 4.3 shows that the sets Fj are A-min-
imizers of the area functional for some A > 0 independent of 4. Then, Theorem 4.2
yields that F, — E in CY¢ for all @ € (0, %). In particular, F;, cC 2 for h large
enough. The rest of the proof goes unchanged. O

As in the previous section we may consider the Ohta-Kawasaki energy, rewritten
from (1.1) in terms of u, v as

1
5g(u)=g/ |Vu|2dx+—/(u2—l)2dx+yo/ |Vv|? dx,
Q €JQ Q
where Y9 = 16y /3 and v is the solution to

—Av=u—m inQ
ov
vdx =0, — =0, onodf.
Q v

Fix m € (—1, 1). We say that a function u € H'(Q) is an isolated local minimizer for
the functional & with prescribed volume fraction m, if fQ udx = m and there exists
8 > 0 such that

E(u)<E(w) forallw e HY(Q) s.t. ][ wdx=m and 0 < [lu—wlp1 g <3J.
Q

Using [25, Thm. 2.1] in place of [8, Prop. 3.2] and the minimality result of Theorem 6.1
we get:

Theorem 6.3. Let E be a regular critical set for the functional Jy with positive second
variationandug = xg— xq\E. Thenthere exist &g > 0and a family {u.}. <<, of isolated
local minimizers of £ with prescribed volume m = JCQ ug dx such that uy — ug in

LY (Q)ase — 0.
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Remark 6.4. (Existence of many droplet stable configurations for the Ohta-Kawasaki
energy in two and three dimensions). Let £ be a bounded smooth open set in R3. In
[39, Thms. 2.1 and 2.2] the authors construct a stable critical configuration for the sharp
interface functional (6.1) with a many droplet pattern. More precisely, for any k € N
they show the existence of a parameter range for y (see [39, Eq. (2.12)]) such that Jy
admits a critical set, with positive second variation, made up of k connected components
that are close to small balls compactly contained in 2. Theorem 6.3 then applies and
yields the existence of isolated local minimizers of the Ohta-Kawasaki energy & with a
many droplet pattern for small values of €. A similar two-dimensional construction, to
which Theorem 6.3 applies as well, has been carried out in [38].

Acknowledgement. This research was supported by the 2008 ERC Advanced Grant in “Analytic Techniques
for Geometric and Functional Inequalities”, by the ERC grant 207573 “Vectorial Problems”, and by PRIN
2008 “Optimal Mass Transportation, Geometric and Functional Inequalities and Applications.”

7. Appendix

This section is devoted to the computation of the second variation and to the proof of
two auxiliary results.

Proof of Theorem 3.1. We set
E(t) := Ppv(E;) and F(1) := /TN |Vvt|2dx. (7.1)
Arguing as in Step 3 of the proof of [5, Theorem 3.6] (see also [42, Sect. 9]) we get
E"(0) = /BE(|DT(X P = 1By (X)) R

+ / H(H(X V2 +Z-v—2X; - D:(X V) + Byp[Xs, XT]) dHN T,
E
(7.2)

BRL
where Z = W(x, 0) = DX[X] and H stands for Hyg. On the other hand, by

[9, Eq. (2.67)]
F'(0) = 8y /BE /BE G, (X V)@ (X V) dHY () dHY ()
+4y /0 B div(vX)(X - v) dHN L. (7.3)
Note that
/ div(wX)(X - v) dHN !
JE

=/ Vv-X(X»v)d’HN_1+/ v(div X)X - vdHN !
oFE oFE
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=/ 3vv(X~v)2dHN_l+/ (Dev- X)X -vdHNT!
oE IE
+/ v(div X)X - vdHN !
oE
=/ a,,v(x-v)deN*I—/ vdive (X (X - v)) dHN !
IE IE
+/ v(div X)X - vdHN T, (7.4)
IE

where in the last equality we integrated by parts. Finally, we claim that
H(X -v)>+Z-v—2X,-D;(X -v)+ Byp[X¢, X¢]
= (X -v)divX — div, (XT (X - v)). (7.5)

Notice that the thesis follows from (7.1)—(7.5). Hence, it remains to show that (7.5)
holds. To this aim, we observe that

X - Dy(X-v)=X,-D(X-v)=v-DX[X;]+X - Dv[X,]
=v-DX[X;]+ X Dv[X;] = v DX[X:]+ Bye[ Xz, Xz].
Therefore, from the last equality, recalling that Z = D X[X], we have that
HX v +Z - v—2X; D;(X V) +Byp[ Xz, Xe]
=HX -v)>+v-DX[X]— X;-Ds(X -v) —v-DX[X¢]
=H(X- v)2 +v-DX[(X -v)v] — X - D (X - v)
=H(X- v)2 + (X -v)(divX —div; X) — X; - D:(X - v). (7.6)
On the other hand,
dive (X (X -v)) = X - De(X - v) + (X - v) dive X,
= X¢ - De(X -v) + (X -v)dive X — (X - v) dive ((X - v)v)
=X; Dy(X -v)+ (X -v)div; X — H(X - v)°.
Thus, claim (7.5) follows combining the above identity with (7.6). O

Lemma 7.1. Under the assumptions of Theorem 3.9, given g > 1, there exist §, C > 0
such that if | lw2.p 9y < 9, then for all t € [0, 1],

IXlLo@E) < CIX v Na@e).  1DoXl2pE) < CIX vl gge,). (1.7
where X is defined by (3.19).
Proof. Given ¢ > 0, by (3.12) it follows that there exists § > 0 such that if
||¢||W2-1>(aE) <4, then
v —vE || LoE,) <e.
Vd,

Moreover, setting v, 1= NZAL by (3.20) we have that X = (X - v5)v,. Moreover, from
the above inequality and (3.13), we get

Ve — vE I LopE,) < 2. (7.8)
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Thus, we have
X | = [X = (X vEwB] = [(X v )ve — (X - vEuT|
< |(X - vE) (e = vE)| +]X - (v —vE), | < delX]. (7.9)

Hence, the first inequality in (7.7) follows.
We now prove the second estimate in (7.7). Recalling (7.8), we have

|De, Xr,| = | De, X — Dy, (X - vEOWWE) | = | Dy, (X - vo)vo) — Dy, ((X - vEE)|
< Dy (X - 05 (g = vE)) |+ [ Dy (X - (05 = vF)v5) |
< Ce(|Dy, X| + | Dy, (X - vE)|) + CIX|(| Dy vo | + | D0 ).

From this inequality, taking & (and in turn §) sufficiently small, also by (7.9), we deduce
that

|Dr, X+, | < C|Dy, (X - vE) | + CIX - vE (| Dy vo | + | D).
Integrating this inequality, we obtain

| D=, X, < C| Dy (x- VE[)”iZ(aE,)

2
PRy

+ C/ X - VE [ | Dy v | + | Do v [P dHN !
IE;

2 2
< CIX v gy + XV s [[Do]
t
2 2
+ |DrtVE’|||Lp(aE,) <C|x- v “H‘(SE,)’

where the last inequality follows from the Sobolev Embedding Theorem and the assump-
tion p > max{2, N — 1}. O

The next lemma is a consequence of the classical L? elliptic theory.

Lemma 7.2. Let E be a set of class C* and let Ej, be a sequence of sets of class C1*
for some a € (0, 1) such that

0E, = {x +Y(x)v(x) : x € E},
where Y, — 0in CV*(dE). Assume also that Hyg, € LP(0E}y) and that
Hyg, (- +Yn(v(-)) = Hae()  in LPIE). (7.10)
Then Y, — 0 in W»P(JE).

Proof. We only sketch the proof: by localization, as in the proof of (4.10) we may
reduce to the case when both dE and all d £}, are graphs of functions g, g5, in a cylin-
der C = B’ x (=L, L), where B’ C RN~ is a ball centered at the origin. From our
assumptions we have that g € C*>(B’) and

V. V.,
o — geCl (B, div("—g”) N div(¢) in L”(B) .

V1+[Vegl? V1+[Vygl?
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Standard elliptic regularity gives that gj, is bounded in W7 in a smaller ball B”, thus
we may carry out the differentiation and using the C! convergence of gj, to g we are led

to
Aij(x)\Vign — Aij(x)Vig in LP(B")
where
VvV, V.,
A—]_ 2 g§® ng
L+ Vgl

As before, standard elliptic estimates imply the strong (local) convergence in L” of
VZgn. O
X

Remark 7.3. If in the above lemma we replace (7.10) by

sup | Hyg, lLroE,) < 00,
h

then the same argument shows that the functions 1, are equibounded in W>? (3 E).
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