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Abstract: We consider a class of singular Liouville equations on compact surfaces moti-
vated by the study of Electroweak and Self-Dual Chern-Simons theories, the Gaussian
curvature prescription with conical singularities and Onsager’s description of turbulence.
‘We analyse the problem of existence variationally, and show how the angular distribution
of the conformal volume near the singularities may lead to improvements in the Moser-
Trudinger inequality, and in turn to lower bounds on the Euler-Lagrange functional. We
then discuss existence and non-existence results.

1. Introduction

On a compact orientable surface (2, g) without boundary and with metric g we consider
the equation

2u m
— Agu=p (%—am)—znzai (ap.—i), /a(x)dngl.
Js h(x)e?dV, = TR >
(1)

Here p is a positive parameter, a, & : ¥ — R two smooth functions, #(x) > 0 for every
x € X, a; >0, pj € ¥ and |Z| denotes the area of ¥, thatis |X| = de,.
by

The analysis of (1) is motivated by the study of vortex type configurations (see
for example [4,11,26,62 and 24,33,47,54,60,61,64]) in the Electroweak theory of
Glashow-Salam-Weinberg [44], and in Self-Dual Chern-Simons theories [37,41,42].
We refer the reader to [25,68] and to the monographs [67,72] for further details and
an up to date set of references concerning these applications. Other classical problems
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call for the study of (1) such as the prescribed Gaussian curvature problem on surfaces
with conical singularities [5,21,69,70] and Onsager’s statistical mechanics description
of two-dimensional turbulence [15] in the presence of vortex sources [19]. Moreover the
study of (1) and of the corresponding Dirichlet problem (see (16) below) on bounded
domains  C R? has an independent interest related to the description of rotational
shear flows [71] and/or Euler flows in the presence of vortex sources [9]. It turns out that
the structure of the solutions’ set for these elliptic problems is extremely sensitive to the
data. For example it is well known (see Proposition 5.7 below) that if €2 is the unit ball
with just one singularity (i.e. m = 1) located at the origin and 4 = 1, then we have non
existence of solutions for (16) with p > 4 (1 + «). On the other side, if either ¥ = s?
or 2 is simply connected (at least to our knowledge, with few exceptions which will be
shortly discussed below), there are no general existence results at all for either (1) or
(16) with p > 4. In any case there are still relatively few results at hand concerning
existence of a solution for (1) (some of which will be described in more detail below).
The reason for this gap consists essentially in the well known issue of non coercivity
of the variational functionals (see (6) below) associated to the study of these problems
when p > 4. It seems in particular that we have a quite unsatisfactory understanding
of some of these existence/non existence problems as for example a model case [9]
suggests that the Dirichlet problem on simply connected domains should admit at least
one solution for each p € (0, 47 min;—;___ ;{1 +«;}) \ 47 N. It is one of our motivations
to fill this gap here.

In[11] an existence theorem is proved via min-max methods for surfaces with positive
genus and for p € (4, 8m). More recently the latter result has been extended in [4,5],
still for positive genus, for p outside the discrete critical set (see (10) and Theorem 2.9
below) found in [11]. In [53] the case of arbitrary genus was treated, but only fore; <1
for all j and p € (4m, 87).

In [24] existence results are deduced by calculating the Leray-Schauder degree when
aj > 1forall jand p € (4m, 8m). In [25,26] an on-going project to compute the
Leray-Schauder degree of the equation is presented, using refined blow-up analysis and
Lyapunov-Schmidt reductions, concerning the case «; € N for all j. This approach has
been successful for the regular case, when all «;’s are zero: a formula for the degree of
the equation has been derived in [22,23] building upon previous blow-up analysis and
quantization results in [14,45,46].

Necessary and sufficient conditions for the existence of a solution for the Dirichlet
problem in the critical case p = 4 in the presence of singularities on simply connected
domains has been recently found in [7] (see also [6]).

We also refer to [29,38] for some perturbative results providing solutions of multi-
bump type (via implicit function theorems) for special values of the parameter p for (1)
on bounded two dimensional domains with Dirichlet boundary conditions.

The goal of this paper is to prove a key inequality for treating (1) variationally in gen-
eral situations, and to present some applications to the existence problem in simple cases.
In particular /) compared to [4,5 and 11] we remove the assumption on the genus; 2)
compared to [24 and 53] we also allow the «;’s and p to be arbitrarily large; 3) compared
to [25,26] we do notrequire or; € N: we notice that the structure of solutions to (1) might
change drastically depending on p when the coefficients o ; are not integer, see Remark
1.3 (a), and that in some situations one might still have existence when the degree of the
equation vanishes (see [34]); 4) compared to [29,38 and 7], we allow generic values of
p. We also expect that our result, combined with those in [17], might allow to treat the
case of o’s with arbitrary sign, more relevant for geometric applications, as well as give

.....
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precise homological information on the variational structure (about the latter issue, see
more comments after (10)).

Problem (1) admits an equivalent formulation with variational structure: letting
G (x) denote the Green’s function of —A, on X with pole at p, i.e. the unique solution
to

1
= 8Gp@) =8y = = o X, with /EGp(x)dVg =0, )

by the substitution

m
s w2 > a;Gy (), h(@) e ko) = k(e T =00 @)
j=1

(1) transforms into an equation of the type

h(x)e 1
A =pf| —————— — — on X. (4)
[ h(x)e24dV, |Z|

In general the constant ﬁ in (4) is replaced by a smooth function a(x) with
fz a(x)dV, = 1: this term is indeed rather harmless, and we will not comment on
this issue any further.

Since G, has the asymptotic behavior G, (x) =~ L log m near pj, by (3) the

- 27

function & satisfies
h>00n%\Ui{p;}; h(x) 2~ y;d(x, p;)* near p; (5)

for some constant y; > 0, where d(-, -) stands for the distance induced by g.
Problem (4) is the Euler-Lagrange equation of the functional

L

Ip,a(u)=/ |Vou|*dVg+2
= ¥ 1Z| Jx

udVg—plog/ h(x)e*dVy;  ueH'(Z). (6)
)

One basic tool for treating such kind of functionals is the well known Moser-Trudinger
inequality

log/ U=y < L/ |Voul?dV, + C; ue  H(D) ﬁ—][ udV,, (7)
g —= A7 14 8 ’ ’ - 8
D) D) )

seee.g. [39 and 56]. The value % is sharp in (7), as one can insert in the above inequality
a test function like

@n,x(y) = log L>0,x€X, ®)

1+ A2dist(x, y)2’
and check that both sides diverge to infinity at the same rate. This function is usually

called a standard bubble, since the conformal metric g = e2%1x endows ¥ with a
spherical metric near x.
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In the presence of singularities, namely when a weight h as in (5) multiplies the
exponential term, a modified sharp Moser-Trudinger inequality was derived in [20 and
70] (see also [18], or also [28,40] for extensions to general settings), and takes the form

log/ he*“=0qy, < 1 ! / [Vu|?>dV, +C. 9)
5 * = 4z min {1, min; {1 +a;}} Jx &

As one can see, the constant is bigger when one of the coefficients - say o - is negative,

as h is singular near oy However, when all of the o;’s are positive, as in the case we
are considering, the best constant remains é. The fact that & is equal to zero at all
singular points does not give a smaller constant, as one may initially expect: inserting in
the inequality a bubble at a regular point x does not pick up any effect of the vanishing
of /1 near the p;’s.

From (9) one has that I, 4 is bounded from below for p < 4, and hence one can
find solutions of (1) by globally minimizing /, o, which is coercive, using the direct
methods of the calculus of variations. When p > 47 instead the situation becomes more
delicate, as inf /,, , = —o0: one might however try to obtain solutions as saddle points.
We describe next some previous results in the literature which rely on this strategy.

Even though 1, 4 (1) is not bounded below on H 1(%), one might hope to find suit-
able conditions on u to recover some control. Calling 24 € H ! (X)) a set of functions
for which this lower bound holds, one can then try to show that 2l is always intersected
along a suitable family of min-max maps.

For the regular case of (1) such a lower bound was obtained in by W.Chen and C.Li
in [21] (extending previous results in [1 and 57] for the standard sphere) under the con-
dition that two subsets of X with positive mutual distance both contain a finite portion of
the total mass. Under such an assumption, one finds that the best constant in (7) can be
chosen arbitrarily close to %: as a consequence, when p < 87 and when I, o (1) is large

negative, e has to concentrate near a single point of ¥ (similarly, if p < 4(k+1)7, e
concentrates near at most k points, as shown in [35]). This property was used in [32] to
obtain existence on surfaces of positive genus when p € (4m, 87), and in [34] (relying
on an argument in [35] for the Q-curvature prescription problem) for p ¢ 47N on all
surfaces. The restriction p ¢ 47N is a compactness condition which allows to apply the
deformation lemma, see [63,49] (see also [23,26] for some results concerning the case
p € 4 N).

For the singular case, a related approach has been used in [11] where, through a
new quantization property (see Theorem 2.9) the result in [32] was extended to the case
of positive «;’s (and, still, for positive genus). In particular, compactness is obtained
provided p & Ay, where

Ay = 4kn+4n2(1+aj)|k€NU{O},J§{1,...,m} ) (10)
jelJ

The latter existence result was later generalized in [4,5] to the case of arbitrarily large
(but positive) values of p.

The last two existence results however do not fully capture the variational features
of the presence of the singularities, from three different aspects. They do neither extend



An Improved Geometric Inequality 419

to the case of the sphere or to the case when some negative weights are present (which
could be relevant, we recall, for the Gaussian curvature prescription and to the study of
turbulent flows interacting with vortex sinks). Finally, the analysis is not sufficient if one
wants to fully characterize from the homological point of view the structure of sublevels
of I, 4, to compute for example the degree of the equation as it has been done in [52]
for the regular case.

An improvement of inequality (9), more intrinsically related to the presence of sin-
gularities, was derived in [36]: it was shown that for any o > —1 there exists Cy, > 0
such that

log/ x| 2“0 gy, < 4(1—/ |Veu|*d Vg + Cy; ue HY(B), (11)

where B is the unit ball of R? and H, the space of radial functions in B of class H'.
This result has a previous related counterpart in [55], where the case of curvatures with
Z; symmetry and polynomial decay in R? was considered, among others.

In [53] a general improvement (without assuming any symmetry) was found for
a € (0,1] and p € (4w, 8m): recall that in this case, by the above discussion, a low
energy for u implies concentration of the volume near at most one point. The novelty in
[53] was to derive an extra characterization of this point, which takes into account both
the scale of concentration of the volume measure and its center of mass. More precisely,
it was proven that there exists a continuous map 8 from low sublevels of 1 p « into B
such that if B(u) hits the singularity then (9) holds with ;— replaced bY =iy (] " a), where
& can be chosen arbitrarily small (see Proposition 2.7 for more details). Notice that this
condition relaxes the radiality in [36] to a two-dimensional constraint, and that it allows
an arbitrarily small scale of concentration at a single point (so [21] would not apply).
The condition o < 1 is indeed sharp in this argument, as one can find counterexamples
for « > 1. We also refer to [54] where a somehow related strategy is used for Toda
systems (arising from non-abelian theories).

The main goal of this paper is to find a general condition to get an improved inequal-
ity for arbitrary o’s, with no symmetry requirements, and which is flexible enough to
be combined with min-max arguments. As we will describe, our approach combines
the scaling invariance properties in [53] and the possibility of volume concentration at
multiple points (as in [34,35]).

To explain this condition in more detail, suppose we are on the unit ball B of R? and
that we are dealing with only one singularity at the origin with weight «. Let £, denote
the probability measure on B,

fim e (12)
‘T I h(x)e2udx

Roughly speaking, our result can be interpreted as a version of the above concentration
property at finitely-many points in a complete setting, blowing-up the metric near the
singularity as g = #(dx)2 so that the Euclidean metric becomes cylindrical. To state

this property rigorously, assuming that p € (4km, 4(k + 1)), given § > 0 small we
define

Jes(fu) = sup / fudx. (13)
i IB(SMI(XI)

X5 Xk 70 J U
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To describe our strategy, we first consider two alternatives which may occur: when
Jk,g(fu) is close to 1 and when it is not.

When this quantity is close to 1, we are in a situation similar to Chen and Li’s
(but in the cylindrical metric). For the regular case, the argument in [34] (or in [35])
implies that if £ small balls in B contain most of the volume (as in this first alterna-
tive), then it is possible to find a continuous map from these measures into the for-
mal barycenters of B of order k, namely the probability measures of the form By =

{Zi'(:l tidy, : t; >0, Zi'(:l ti=1,x; € B}.

In our case, it is natural to incorporate the dilation invariance of the problem (corre-
sponding to a translation along the axis of the cylinder), and to project onto the barycen-
ters of order k of S!, which coincides with the cylinder factoring out the translations.

For doing this, we define the probability measure on the circle

1 (A) =[ﬂdx; AcS!, A=UcoA. (14)
A

When Ji 5(f) is close to 1 then u, =~ Zle 1; 8, (in the distributional sense) for some
i > 0and some 6; € S!.The k-barycenters of § L (S, are known to be homotopically
equivalent to $?*~!, see Theorem 1.1 and Corollary 1.5 in [43]. It is however convenient
for us to understand this set in more detail, proving that it is indeed homeomorphic to
a (piecewise smooth) immersed sphere S in C* with interior U being a neighborhood
of the origin, see Sect. 3. This is useful in order to construct a continuous projection of
a small neighborhood N} of S onto Sy itself.
More precisely, let

Fk(.fu)=(/ zduu,/ zzduu,-..,/ zkd,uu) (15)
N S! st

map the probability measures on S! into CX. Using this map, we define S to be
Fr((SY), which can be seen to be homeomorphic to S: we check that in the first
alternative (Jg s ( fu) close to 1) Fy( fu) lies in NV, so we can project continuously onto
Sk ~ (SHy. )

We consider next the second of the two alternatives, namely when Ji 5 ( f;,) is bounded
away from 1. One thing to be immediately noticed is that while in a compact situation
one always obtains weak convergence of a sequence of probability measures to a prob-
ability measure, in the complete case some part of the mass (or the whole one) might
vanish (borrowing the terminology of concentration-compactness theory).

We show by a covering argument that if Ji s ( f.) is bounded away from 1 then either
some volume concentrates near at least k + 1 well separated points with respect to the
cylindrical metric, or that some part of the measure spreads on the cylinder (giving rise
to a vanishing), see Lemma 4.2. In either case, using harmonic liftings and some argu-
ment in [53] (see Proposition 2.7) we show that the constant in (9) improves by a factor
min{l+k, 1 +a}, see Proposition 4.1 (recall that « stands for the weight of the singularity
at the origin). One condition, easy to verify, which guarantees this improvement is the
vanishing of the moments of the measure w, up to order k, see Corollary 4.6. Qualita-
tively, this is quite similar to the requirement on S (u) in [53], see the comments after
(11). Furthermore, it would apply to a symmetric case as in [55], but it only imposes
finitely-many integral constraints on u.
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We employ the previously described inequality to find new existence results for (1)
and its analogous Dirichlet problem on bonded domains € C R?, that is

ﬁeZM
—Au=p—s— in Q
T (16)

u=>0 on 0%2,

where, h(x) = h(x)e_zn 2j=19jGpj00) for some strictly positive and smooth 4 on 2
and, for p € Q, G 0(x) denotes the Green’s function uniquely defined by

—AGpo(x) =8, ong, G,0(x)=0 on 0Q. (17)

Theorem 1.1. Ler Q@ C R? be an open and bounded domain, and let m # 0. Then
problem (16) admits a solution for every p € (0, 4w min;—__ {1 +a;}) \ 47 N.

yenes

Theorem 1.2. Suppose X is a topological sphere, and let m > 2. Then (1) has a solution

provided p € (0, 4mw min;—; _n{1+o;}) \ 47 N.

Remark 1.3. (a) The upper bounds on p in Theorems 1.1 and 1.2 are sharp: in Sect. 5
we complement our results with Propositions 5.7 and 5.8, giving non existence for
larger values of p (for m = 1 in the unit ball or R? and for m = 2 on 5?).

(b) We will prove in detail Theorem 1.1 only for simply connected domains and for
m = 1, since this case is the simplest one requiring our new estimates. We sketch
the argument for the other cases in Remark 5.6, since the proof adapts quite easily.
The counterpart of Theorem 1.2 for surfaces with positive genus (actually a more
general version of it, without upper bounds on p) was proved in [5]: in Remark 5.6
we will briefly discuss how our method can also be adapted to these surfaces when
p <4mminj=1,_m{l +o;}.

To prove Theorem 1.1 we employ a min-max scheme which uses the formal barycen-

ters of S'. More precisely, let k be the unique integer for which p € (4km, 4(k + 1)7).

Then, since Ji_s( fu) separate from 1 leads to a lower bound for /,, o, the above discus-

sion suggests that if # has low energy, then the measure u, on S I (see (14)) should be
close to some element of (S1); in the distributional sense.

We build a min-max scheme based on this idea: starting from o € (S Dk, we define a
test function (see (63)) for which the associated conformal volume resembles o, and on
which 1, , attains large negative values, see Lemma 5.1. Since (S Dy ~ §2k=1 (see the
comments before (15)), the family of these test functions forms a 2k — 1-dimensional
sphere in H(} (B), on which the supremum of /, 4 is very low.

We then complete this family with a map from a topological ball in C¥ into HO1 (B),
and we consider the min-max value associated to this construction, see Proposition 5.2.
The improved inequality in Proposition 4.1 is used to show that the min-max value is
strictly larger than the maximal value at the boundary, otherwise by Proposition 3.1 we
would be able to find (naively) a retraction from the unit ball of C* onto its boundary,
which is a contradiction. Details are given in Sect. 5.

The compactness issue due to a lack of knowledge about the Palais-Smale condition
can be tackled via by now standard means: varying the parameter p and reasoning as
in [49,63] it is possible to find p, — p for which /,, , has a bounded Palais-Smale
sequence and hence a solution. Convergence can then be proved using Theorem 2.9 and
Corollary 2.10.
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The proof of Theorem 1.2 can be handled using minor modifications: the main point
is that concentration of conformal volume may occur either near the singularity p; or
near py. The corresponding improved inequality is given in Proposition 5.3, where one
can see that both weights o1, oy play a role. The proof of the non existence results in
Propositions 5.7 and 5.8 are shown using well-known PohoZaev type identities (see also
the recent paper [16] for non existence results on surfaces with positive genus).

The paper is organized as follows. In Sect. 2 we list some preliminary results on
elementary inequalities, the Moser-Trudinger inequality and some of its improvements,
together with the compactness result from [11]. In Sect. 3 we show how to embed con-
tinuously the barycenters (S'); into C¥ using moments of measures on the unit circle,
and how to project continuously onto this image the family of functions for which Ji s is
close to 1. In Sect. 4 we then analyse the complementary situation, proving a dichotomy
result in Proposition 4.2 and then the improved inequality in both alternatives. In Sect. 5
we then prove both existence and non existence results.

2. Notation and preliminaries

This section contains some useful preliminary material, including elementary inequali-
ties, some variants of the Moser-Trudinger inequality from [21,34,35,53], and a com-
pactness results from [11].

We will deal with either compact Riemannian surfaces (X, g), with or without bound-
ary, or with the unit ball B of R2. Weletd (x, ) be the distance of two points x, y, while
B, (p) will stand for the open metric ball of radius r and center p. We also set, for
convenience

B, = {x € B|dg(x,0) <r}, and A(s,t) ={x € B|s <dy(x,0) < t}.
The symbol fQ u dV, denotes the average integral ﬁ fQ udVg. Fora > 0 we set
ke =min{k € N | k > a}. (18)
Ifue H(Z)oru € HO1 (B), and if 2 has smooth boundary and is compactly contained

in the domain of u, we denote by Hq («) the harmonic extension of u inside €2, namely
we set

v in ;
HQ(H)Z{M nT\Q (resp. B\ Q), (19)

where v is the solution of

Agv=0 in;
v=u on 9%2.

For two probability measures i1, wo defined on B the Kantorovich-Rubinstein distance

is defined as
[ s [ ra|. 20)
B B

dxr(p1, 2) =  sup
I flleip=<1
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If & is as in (5), for u of class H! we will set

~ ~ h(x)e
7 h 2u; U= T~ 5
J (x)e I Jp h(x)e*dx

21)
We will use similar notations for functions which are defined on a compact surface X.
Generic large positive constants are always denoted by C, C, etc.: even though we

allow constants to vary, we will often stress their dependence on other constants or
parameters, as we need sometimes to be careful in the ordering of their choices.

2.1. Some elementary inequalities. We begin with two elementary lemmas: the first
can be proved e.g. using Fourier analysis, while the second follows from Poincaré’s
inequality.

Lemma 2.1. Let p € B, let s > 0, and suppose Bys(p) € B. Foru € Hl(st(p)), let
Hp,(p)() be as in (19). Then there exists a universal constant Cy, independent of u, p
and s, such that

/ IVHp, (p) () Pdx < co/ |Vu|*dx.
By(p) Bas ()\Bs(p)

Remark 2.2. A similar result holds when u € H(} (B), Bs(p)NoB # Wandd(p,dB) <
5, with s < A—IL: this condition controls from below the angle formed by d B;(p) and 0 B
at their intersection points. Analogous statements can be also proved for small metric

balls on a given compact surface.

Lemma 2.3. Let p € B, s > 0, and suppose Bs(p) C B. Let Cy be a fixed constant,
and suppose that B,(q) € Bs(p) withr > 6515, and d(B,(q), 0Bs(p)) > fgls. Let

ue H'(By( p)): then there exists another constant éo, depending on Co but independent
of s, q, r and u, such that

][ udo — ][ udo
9B (q) 0By (p)

2.2. Improved Moser-Trudinger inequalities. We start by recalling the well known Mo-
ser-Trudinger inequality for surfaces with or without boundary (see e.g. [18,39,56]).

< Coll Vull 12, (-

Proposition 2.4. Let ¥ be a compact surface. Then

a) If ¥ has no boundary,
1
log/ ezudVgS—/ |vgu|2dvg+2][ udVy+C  foreveryu € H'(X). (22)
b 2r Jx b
b) If ¥ has boundary,

1
log/ A 4—/ |Veu|?dVy +C  foreveryu € Hy(2).  (23)
= T Jxy
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As we remarked in the Introduction, the constant % in (22) is sharp, as one can see
plugging in the inequality test functions as in (8).

The next result, proven in [21] for £ = 1 and in [34,35] for general £, gives a criterion
for getting a smaller multiplicative constant in the Moser-Trudinger inequality. Basically,
it asserts that the more ¢ is spread, the smaller constant can be chosen in (22). The
proof, not reported here, relies on localizing the Moser-Trudinger inequality (through
suitable cut-off functions) near the sets, called €2;’s, on which there is concentration of
volume.

Proposition 2.5. Let & be a compact surface with no boundary, h : £ — R with
0 < h(x) < Co. Let Q, ..., Q41 be subsets of ¥ with dist(§2;, ;) > 8o for some

o > 0ifi # j, and fix yp € (O, “1) Then, for any ¢ > 0 there exists a constant
C = C(Cy, &, 80, Y0, £) such that

log/fudVg_C+ /|V u| dVv, +2][udV
4L + b

for all functions u € H'(X) satisfying
/ fudVy = v, i=1,...,0+1. (24)
Q;

A similar result holds, without the average of u on the right-hand side, if ¥ has boundary
and u € Hé (X).

The case of surfaces with boundary is not explicitly written in [21] but their proof
can be adapted with minor changes to cover this situation as well. A useful corollary
of Proposition 2.5 is the following, which describes the set of functions for which the
Euler-Lagrange functional is large negative. For the proof, which uses Proposition 2.5
and a covering argument, see [34 and 35] (see also [21 or 32] for k = 1).

Corollary 2.6. Suppose p < 4(k + 1)w. Then, given any ¢,r > 0 there exists L =
L(e,r) > 0 such that

Ipo(u) < —L = / ﬂdVg>1—8 for some x1,...,x; € X.
= lBr(xj)

The next improved Moser-Trudinger inequality is established in [53], and exploits the
role played by the singularities in a more subtle way. While Proposition 2.5 is based
on the separation of concentration regions, Proposition 2.7 involves a separation in the
scales of concentration.

Proposition 2.7. Consider the case of one singularity at the origin in B (in our previous
notation, m = 1 and p; = 0), and let « = «1. Let n be a small positive constant, and
fixt > 0. Letu € Hol(B), and suppose there exists s € (0, %) such that

/ |Vul?dx < n/ |Vul?dx,
s<|x|<4s B

fudx > T: / fudx > 7. (25)
|x|>4s

and such that

[x]<s
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Then, there exists a universal constant Co > 0 and C=C (n, T, @) (independent of s)
such that one has the inequality

1 s
(1+a)10g/ fudxg—(a/ |Vu|2dx+/ |Vu|2dx+Co17/ |Vu|2dx)+C.
B 4w x| <2s Ix|>2s B

Proof. The details of the proof can be found in Proposition 4.1 of [53]: for the reader’s
convenience, since we will also need some modified version of this result (see Remark
2.8) we will sketch here the main arguments.

First of all, we modify u in Bsg \ B so it becomes constant in B3 \ Bas: precisely,
if we let

Xs(r):min[l(r_s)’13l(4s_r)]; L’Z(S):][ de,
S s Bus\ By

and define

() = xs(IxDitg + (1 — xg(|x]) u(x) forx € By \ By;
u(x) for x € B\ (Bys \ By).

By Poincaré’s inequality and our assumptions we have that (choosing possibly a larger
universal Cp)

/ |Vii|?dx < con/ |Vul|?dx. (26)
B4S\BS B

Hence, by the first inequality in (25), the asymptotics of /, a change of variables (a
dilation bringing By into B), by (23) (used on & — #(s)), and (26) one finds

1 .
log/ fudx < — ( |Vu|?dx +c0n/ |Vu|2dx) +20(s) +2(1 +a) logs + C.
B 4w \ /B, B
(27)

Moreover one has

1 h . C
/ Judx < —/ Jadx =/ 7} |x|*e?idx < > e*dx, (28)
B T JB\Bs, B\By, |X[** 5% J B\ Ba,

with v(x) = (x) + 2aw(x), where

log(2s) x € Bag,

wlx) = [log x| x € B\ B

Notice that

1
/ |Vv|2dx=/ |Vﬁ|2dx+4a2/ —dx
B\B, B\By, B\By, X1
+4a/ (Vii, V(log |x]))dx.
B\Ba

We integrate by parts to obtain

1 s
/ [Vv|?dx < / |Vii|?dx + 8o log — — 87 ][ ido+C. (29
B\ Bas B\ By s 9B
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Next, by using the second inequality in (25), (28), (23) for v and the fact that &t = u(s)
on d By, we get

11 1
log/ Judx <2alog —+ — |Vii|>dx + 20 log —
B s 4 J\By, s
—2aii(s) + con/ [Vu|?dx + C. (30)
B

By using (27) together with (30) we finally deduce
o 2 1 2 2 ~
(I+a)log | fudx < — |Vul|“dx + — [Vul|“dx + Con | |Vul“dx +C,
B 4r g, 4/ p\Bs, B

which is the desired conclusion. 0O

Remark 2.8. (a) The above proposition also works when the center of the ball is shifted
by an amount of order of the radius. More precisely, if we have the same assumptions
of Proposition 2.7 replacing Bs (resp. Bas) by Bg(p) (resp. Bas(p)) with |p| < Cs,
the same result will hold provided B4s(p) € B, and allowing the dependence of C
also on C. The proof follows the same lines as before (combined in particular with
Lemma 2.3) and requires minor adaptations from [53], where this case is treated on
compact surfaces.

(b) The same assertion as in the previous part of this remark holds if the condition
B4s(p) € B is replaced by d(p, 0B) < % (see Remark 2.2). To see this, one can
simply use a localization argument for (23) as in the proof in [21], see the comments
before Proposition 2.5.

2.3. Compactness of solutions. Concerning (4), we have the following result, proved in
[11] via blow-up analysis, extending previous theorems in [13, 14 and 46] for the regular
case (see also [10] for the case of negative «;’s).

Theorem 2.9. Let 3 be a compact surface, and let u; solve (4) with ﬁ as in (5), p =
pi, pi —> p, withaj > 0 and p; € X. Suppose that f): Ju;dVy < C for some fixed
C > 0. Then along a subsequence u;, one of the following alternatives holds:

(i) u;, is uniformly bounded from above on X;
(ii) maxy (Zuik —log fz fuideg) — 400 and there exists a finite blow-up set S =
{q1,...,q} € X such that
(a) for any s € {1, ..., 1} there exist x; — qy such that u; (x;) — +0o and u;, —
—o00 uniformly on the compact sets of X\ S,
b) pi, fuik - Zi:l Bsdy, in the sense of measures, with By = 4w for q; #

{p1,....pm}, or Bs = 4x (1 + ;) if g5 = pj for some j = {1,...,m}. In
particular one has that

D =Admn +47 2(1 +a;),
jeJ

forsomen e NUOand J C {1, ..., m} (possibly empty) satisfying n + |J| > 0,
where | J | is the cardinality of the set J.
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A similar result holds on bounded domains, for Dirichlet boundary data.

From the above result we obtain immediately the following corollary, which will be
useful to prove our existence results. Recall the definition of k, in (18) and of A4 in
(10).

Corollary 2.10. Consider problem (4) in B, with Dirichlet boundary data, and suppose
m = 1. Let p € (4m, 4(ky + 1)w). Then the set of solutions is uniformly bounded in
C%(B) provided

p £4n(l + ) and o Edkn, k=1,... kq.

3. Momenta of Probability Measures and the Set of Formal Barycenters of S!

For fixed k € N we denote by z, € Ck the vector z, = (1, - - ., Zk), by Dy the following
subset of CK:

Dy =z, € Cllzil = lzal =+ = |zl = 1},
and for R > 0,

By ={z, € C [z + 122 +- -+ |zl? < R2).

We also set

R :={t, eR¥ : ; >0, Vi=1,...,k},
and

k k
Sp = [gke[o, 1k > :1], Sy = [gke(o, DHF - Zr,:l}.
i=1 i=1

For t, € Sx we denote by oy an element in the space of k-barycenters of S ! that is

k
(S 30k =D t:8s. 6 €l0.2m). Vi=1,.. .k
i=1

and finally define Fy : (S')x — CF to be the following map,

Fi(op) = (/ zdak,/ zzdak,...,/ zkdak).
st st sl

Remark 3.1. In Propositions 3.1 and its proof, the convergence f, — o € (S'); with
respect to the Kantorovich-Rubinstein metric is an abuse of notations (since the K-R
distance was defined for measures supported in B). The problem is solved just consider-
ing the f;, to be defined in an open neighborhood of B and considering the convergence
of the measures induced by the f;, as specified in (14).
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Proposition 3.1. There exist small constants 8y, tx > 0 with the following property. If
8 < Ok there exists a continuous (with respect to the Kantorovich-Rubinstein distance)
map Ey from the set of functions f € L1, fB fdx = 1 satisfying

Jes(f) > 1—1, 3D

into Sy. Moreover, if f, — o € (S Y in the Kantorovich-Rubinstein metric, then
Ex(fn) — Fi(o).

The proof of Proposition 3.1 can be deduced as a direct consequence of the following:

Proposition 3.2. The map Fy realizes a homeomorphism (with respect to the Kantoro-
vich-Rubinstein metric) between (SV)y and a topological sphere S in Ck which bounds
a neighborhood Uy, of 0 € Ck.

We first use Proposition 3.2 to prove Proposition 3.1.

Proof of Proposition 3.1. Itis straightforward to check that for &, 7z > 0 small enough
and for any § < §; then any f satisfying (31) is close (with respect to the Kantorovich-
Rubinstein metric) to a k-barycenter of S', and hence it is mapped in some neighborhood
N of S;.

By Theorem E.3 in [12], since S is a topological sphere, it is a retract of some
neighborhood of it in C¥. Choosing & and t; possibly smaller, we find that A/ will be
contained in this neighborhood. The map Ey is finally obtained as the composition of
Fj. with the above retraction. O

Proof of Proposition 3.2. Fort;, € R,(:) U Sk, let W, - C* +— CK be defined by

nzy+hzo+- -+ ik

t]z%+t2z§+~-+tkz,%

Wiy (2) =
tlz/f + tzz§ +---+ tkzé

Hence,
F((81),) = {9 P}, o,

Letdeg (\IJ, B;ek), Xk) denote the topological degree (see for example [73]) of a map

W : Ck > CF relative to Bg‘) with respectto y, € CK. We have the following:
Lemma 3.3 (see Lemma 3.1 in [4]). For fixed t; € R,(:),

deg (Wi, BYY. 0;) = k! holds. (32)
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Although Lemma 3.1 in [4] concerns the case R = 1 the proof provided there works
indeed for general R.

Let us consider the new variables w; = t;z; € Bfl), Vi € {l,...,k}, so that for

I € §k and z, € Dy we have in particular ; = |w;| € (0,1) and w; € Bfk). Hence
Wy, takes the form

w1 + w) + .-+ W
Dr(wy) = Wi, (z,) = lel(l_f)w{ + |w2|(1_/)wé Foeee Iwk|(1—1)w,{ ,

ot 10Ok + [l 0wk + -+ gl IO

and we conclude that

Fi((s'),) = {%es @0}, 5, = 21 OR0),
where

Rie = {wy € CX [ lwi| + [wal +- - +|wi| < 1.
We compute next a topological degree related to (32).
Lemma 3.4. We have

deg (CDk, R, Qk) =kl (33)

and in particular &y (w;) =0 < w; = 0.

Proof. By using Lemma 3.2 in [4] we see that it is enough to prove the assertion with
Ry replaced by Bl(k), that is

deg (0. BV, 0;) = k.

In view of (32), for s € [0, 1] we set

Hi Oy, 0) := 0O,
Hy (wg, 5)
wi + w + -+ Wi
Jj-1 . j—1 ' j—1
1 w [ E— +wy "2 o Wy ) S
= ‘/5+(17s)|w1} ‘/:+(lfs)‘w2‘ ‘/s+(17:)‘wk‘
sk+(1—s)
k=1 k-1 ) k-1
w; ) B +wp ___w ooy ) S
[s+(1=5)[w | Js+1=9)]ws | Js+=s)|wy|?

the latter being defined for w; # 0. Clearly Hy is continuous and

Hie(wye, 1) = Wie(wy) = Wiy (wy) [, —1 5 Hiwy, 0) = Pp(wy).

Ky
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Therefore, to obtain (33), we are left to prove that Hy(w,, s) # 0, for any s € [0, 1]
and for any w, € ank). More generally, we will show by induction that

if for some w, € C* and s € [0, 1] it holds Hi(wy, s) = 0;, then w, = 0,.  (P),

We notice thatfors = 1thisisLemma3.2in[4]. (P) is trivially true, being H; (w;, s) =
w1. Now, suppose that for some k > 2 (P),, holds for any m < k — 1: then if by con-

tradiction there exist s € [0, 1] and w,(cl) € CF such that Hk(w,il), s) = 0;, we would

have that w(l) #=0 for alli € {1,...,k}. Indeed otherwise, if for some i, wi(l) =0,

holds then Hj_ 1(wk 1. D)= Ok, where w,((l)1 ;= (u)(l) R [(1)1, wl.(i)l, R wk(l)) is

the (k — 1)-tuple not including w. ) Hence (P),_, implies w,({ )l,i = 0;_, and we would

conclude that w,(cl) = 0, which is of course a contradiction.

At this point we are allowed to define:

o) s+(1—ys) ‘w(l))
=) . _ Wi . o
w; = and f; ;= , i=1,...,k,
1) sk + (1 — S)
s+(1—ys) ‘w ‘
(34)
and conclude from the previous considerations thatw(l) : (ﬁ)il), e ﬁ)k(l)) € (Ck\{(_)k}.

Of course t;, € R](c ) and since Hi(wy, s) = 0 if and only if Wy (Q,(Cl)) = 0, we deduce
from Lemma 3.2 in [4] that w (1) = 0, which is the desired contradiction. O
Let @ : R?* > R2* be the map ®; when expressed in real coordinates and set
Ty = {w, € C*|w; = w;, forsomei # j, {i,j} C{1,...,k}},
T = {w, e C¥|w; =0, forsome j € {l,...,k}}.

We have the following result:

Lemma 3.5.
det (DO} (Re(wy), Im(wy))) # 0, Vw, ¢ T UYL holds. (35)
Proof. Setting w; = rjeigf, Vj = 1,...,k, it is straightforward to check that

det (D®;) takes the form

det (DCDk(Re(wk) Im(wk))) = ’1 r2 rkdet (Azk(ek))

where

Ao (0))
cos (81) cos(fr) --- cos(Oy) —sin(f;) —sin(By) --- —sin(6y)
sin (f;) sin(6) --- sin(6;)  cos(61) cos(fr) -+ cos(6r)
cos (2601) cos (26;) - -+ cos (26;) —2sin (261) —2sin (26) --- —2sin (26;)

_ | sin(26;) sin (26) --- sin (20;) 2cos (201) 2cos(262) --- 2cos (26;)

cos (kB1) cos (k6r) - -+ cos (kb)) —k sin (k1) —k sin (k6y) - -+ —k sin (k6)
sin (k01) sin (k6,) --- sin (k6;) kcos (k6;) kcos(kBy) --- kcos (k6y)
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It follows immediately that w; ¢ T,EO) is a necessary condition for (35) to be satisfied.

Next observe that det (Azk (Qk)) # 0 whenever 6; # 0;, Vi # j. In fact, letting
{v,,}m=1,....x be the complex row vectors

v, = (emig', e emie") ,

‘m
we see that Ay, (8,,) takes the form

Vi iy

Vo 20y,
A (0)) =

Vi kivg

Hence, if det (A2 (8;)) = 0, then there exists A, € C* such that,

k
v
D (m—;gm) = Oy,
m=1

which readily implies that the complex vectors {v,, },,=1,... k must be linearly dependent.
Since the matrix whose rows are {v,,},=1,... k is the restriction to Dy of the Vander-
monde-type matrix defined by Wi ;, (z;) I;, =1, Where 1; is the vector whose entries are
all 1, then a well known argument shows that necessarily §; = 6; for some i # j.
Since the region C* \ (Tk U T,EO)) is connected and det (D@} (Re(wy), Im(wy))) is

continuous, it follows from Lemma 3.5 that det (D C[DZ) has in fact constant sign (unless
it is zero). In this situation, and by using (33), one can conclude (see [73] Vol. I, p. 639,
Prob. 14.3d and also Theorem 14A and Corollary 14.8) that for fixed b, € Ck, the
Vandermonde-type system

Pr(wy) = by, V)i(ly)

admits at least one and at most k! distinct solutions.
Hence @ (Ry) is open and we define Uy, := O (Ry) and Sy := oUy. The under-
lying idea toward the conclusion of the proof is that o} € (S l)k \ (S N—y if and only

ift;, € §k and 0; # 6;Vi # j, that in terms of w, variables is equivalent to w, €
R\ (T UTY).
Fori € {1,...,k}let II; : C¥ > CF be the standard permutation map
I (wy) = T (Wi, e ooy Wiy Wiy v WE)) = (W e ey Wit ]y Wiy ey WE,
which is defined with the periodic condition (for fixed k € N) k + 1 = 1. Clearly, for
fixed b, € Ck, each one of the k! permutations of a given solution w;, of (V) () will
yield a distinct solution whenever w;, ¢ Yi.If b, ¢ Oy (Tk u T,EO)) , then to each of the

corresponding k! distinct solutions g,(cm) € Rk, Ym = 1,...,k!, there correspond

k
- 1 1
the same k-barycenter oy = F, Yoo = /Z,l 1j8p;, where tj = Iw;- I, 0 = aIg(wﬁ- ).
Clearly Fj is continuous, so Lemma 3.5 and the Inverse Function Theorem together
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imply that F; kfl is locally of class C! in Ry \ @ (Tk U T,EO)). ‘We conclude in particular
that F,;] is well defined and continuous in S \ @i (Tk U T,EO)). Next, we analyze the

case a; € Oy (aRk N (Tk U T,io))).

Claim. Ifa; € @y (aRk N (Tk U T,EO))), then to every solution of ®; (w;) = a, there
corresponds a unique k-barycenter o; € (S D1 C (Sl)k. In particular kal is well
defined and continuous on ®y, <8Rk N (Tk U T,EO))).

Proof. We argue by induction and observe that for k = 2,

@, (0R2 1 (120 1")) = [( :209 ) IQE[O , holds.

It is readily seen that in fact to each a, € ®; (8R2 N (Tz U TZ(O))) there corre-

sponds a unique 2-barycenter or € (SH; c (8YH,2. In particular F, !is continuous

e’ . . o S
on I ( 50 )] with respect to the Kantorovich-Rubinstein metric since in this
9€[0,27)

e
i0
-1 e
(@)

case we have
Therefore, let us assume that the property in the statement of the claim holds for any
m € {1,...,k — 1} and let us prove that it holds for m = k as well. Let w; € 0Rx N

(Tk \ T,EO)) be such that w; = w». Then set

11)12211)1, ﬁ)g_lzwg, Vf=3,...,k.

Hence a k — 1-dimensional vector w;_ is well defined satisfying w, | € 0 Ry_1.
However it is not too difficult to verify that any other w,, satisfying either w;, € dRx N
(Tk \ T,EO)) and one of the (S) constraints w; = w; for some i # j or w; € IRk N
YN T,fo) can be transformed in this way after an appropriate relabelling of the indices.

In particular a similar argument works for w, € R N (T,EO) \ Tk). Hence

D (aRk n (Tk U T;EO))) = {25, come -

Atthis pointleta, € ®; (aRk N (Tk U T,EO))) and define @, _; € C*~! tobe the vector

whose entries are the first k — 1 entries of @, and ®;_; (ib;_,) the map whose rows are
the first k — 1 rows of ®;. By our discussion above and the induction assumption, to any
such @, _, there corresponds a unique (k — 1)-barycenter oy —1 = ox—1(a;_;) € (SHiy
which can be obtained via any fixed solution of the system

&)k—l(ikq) = Qk_r
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In particular the inverse map determined in this way is continuous. Finally, since w;_; €
0Ry—1, it follows from Lemma 3.4 that g, _,; # 0;_;. Hence, both the k™ component of
a; and the (k — 1)-barycenter oy (a;) = 0x—1(d;_,) in the pre-image of a; are fixed by
a;_y, and therefore in particular the inverse map determined in this way is continuous.

0

We can now conclude the proof of Proposition 3.2. Putting @, € Ry, we set I'sq, =
{sa;}sefo,17 to be the ray joining together the origin 0, and a;. We conclude that if
[sq, N Yk = ¥ (which is satisfied if and only if a; ¢ Yi), then each by € Pk (Isq,)
admits exactly k! distinct pre images and in particular that on any such Isq, , ®k is
injective. It is straightforward to check by an induction argument as in the claim that in
fact @y is injective on Usa, for a; € Y as well. Since I'y,, is a continuous curve, we

“k
see that ®y(Ry) is foliated by {(Dk(rsﬂk)}gkeank' Hence S; = {dJk(ng)}gkeaRk =

O (0Rx) = Fr((SHr) is homeomorphic to a 2k — 1 dimensional sphere embedded
inCt. o
4. A General Improved Inequality
Throughout this section we work on the unit ball B and we assume that
m=1, p1=0¢€ B, oa=a > 0.

The main result of this section is the following proposition, which will be useful to obtain
lower bounds on I, 4 (see Corollary 4.5).

Proposition 4.1. Let ¢ > O and k € {1, ..., ky}. Suppose that & and Ty are so small
that Proposition 3.1 applies, and let § < k. Then there exists a constant Ce o 5, 1,
depending only on ¢, o, 8, Tk, such that

1+¢
1 d Vul*dx + C ,
Og/f” ¥ = i min{l + k. 1+ot}/3| ul"dx + Cea s,

for all functions u € HOl (B) such that

Jes(fu) < 1— 7.

The proof of the proposition is divided into several steps. We begin by choosing a
large constant C, depending on ¢ and «, such that

- 1 €
logCi— 32(ke + )2 1+C3’

(36)

where Cj is the constant in Lemma 2.1. First, we derive an alternative in case we are
under the assumptions of Proposition 4.1. Consider the cylindrical metric as described
in the Introduction, after Eq. (12). Proposition 4.2 asserts that if the conformal volume is
not concentrated near k points of the cylinder obtained from the blown-up metric, then
either part of it accumulates near k + 1 well separated regions, or part of it vanishes. By
this we mean that its integral over bounded sets in some region of the cylinder becomes
arbitrarily small. The division of the volume into N parts in (jj) is technical and will
be needed in the next subsections.
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Proposition 4.2. Let C be as in (36), let k € {1, ..., kq} and let f € L'(B) be such
that fB fdx =1land Ji s(f) < 1 — 1 (tx and § are as in Proposition 4.1). Then for
any oo > 0 there exists o € (0, oy], depending on oy, a and €, but not on u, such that
the following alternative holds: either

(j) there exist k + 1 points {p1, ..., pk+1} C B\ {0} such that
/ fdx >0, Yi=1,...,k+1, and
B(loclk)_glpi\(pi)
Biocio-41p:1(PD) O Baocyo—4p;/(Pj) =9, Vi #J, (37
or
(jj) there exist 0 < r < R < 1 such that
/ fdx= (38)
'x i —’
A, R) (10k)2
and forany N € N, N > 4(k + 1), there existr < s1 < 2 < -++ < Syy < R such that
1
/ fdx = — fdx Vi=1,...,N, 39)
Alsi.sist) N Jaer)
and
R
/ fdx < oy, Vs € (Clr, —) . (40)
A Cr9) C

Proof. We define for convenience

Ar={fel' B | f> Oa.e.,/ fdx =1, Jis(f) <1—1,
B
and let

Ao = {f e L'(B)| (jj) holds for some 0 < r < R < 1}.

For each y # 0 we denote mg(y; f) the integral
ms(y; f)=/ fdx.
Bsiocy =61y )

Consider the set

Ay = {xl,...,xk+1}CB\{O}|xiGB\UB%(XZ), i=1,.... k¢,
o4

and the number

01 (8, 00) 1= inf  sup i

min  mgs(x;; Xly ooy Xks1} € Akt
redd - ' (xis )1 k+1} k

i=l1,..., k+
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A main step in our proof is the following
Claim. oy (6, 09) > 0.

Proof of the Claim. Arguing by contradiction, for every n € N there exists f, € Ax \
Ay o such that

s Y{xn, oo Xk} € Axe (41)

=
=
3
(=2
=
=
IA
S| =

i=l1,...,

O

For later use we fix here a positive number 0 < g9 << (101:%‘ In the rest of this proof

we will freely pass to subsequences which will not be relabelled and make use of the
following:

Lemma 4.3. Suppose that
/ fodx> —*_ 20 v (42)
X =2 ——= >0, n >\,
A (10k)?
for somery,, <y, andvy € N. If there exists 0 < §p < % such that
/ fndx — 0, n — +oo0, Vxn € A(rin, ran)s (43)
By lxn | (Xn)

then there exists vi € N such that f, € Ax.o foralln > v.

Proof of Lemma 4.3. We first prove that necessarily

Iin

2.n

— 400, n — +00. 44)

We argue by contradiction and observe that then, up to the extraction of a subsequence,
we could find C > 0 such that

A(rl,ns rZ,n) - A(rl,na Crl,n)-
Observe that there exists m = m(C) € N depending only on C such that

m

A(r. Cr) € | Bsgly1 00 (vili=1,...m C A(r, Cr).
i=1
Therefore, by using (42), (43) we obtain

m
Tk

= Jndx <
(IOk)2 /A(rl,n»rln) " Z

i=1

/ fandx<mo(l), n - +oo,
Bs\x; o1 (Xiin)

which is the desired contradiction.
Next observe that | f, dx is a continuous function of s and ¢. Hence, for any
A(s,0)
N e N there exist {s1,,, 2.5, - - -, Sn+1.,} such that

Mo ZS1n = < Snein =120y
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and
1 TonE
/ f,,dx:—/ fodx > 1007 Vi=1,...,N
A(SinsSistn) N J A2 N
If forsomei € {1,..., N + 1}, along a subsequence we had
/ Jndx = 00, VneN
A(%ln’clsi.ll)

Si,n

then, by applying (44) on A( ¢+ C18in), we would obtain

Cisin

(C))? = — +00, n— oo,

Si,n

Ci

which is the desired contradiction. Therefore there exists v; € N such that f;, € Ao
foranyn > v;. 0O

Proof of the Claim Continued. There is no loss of generality in assuming

ms(Xis1,ns fn) = l_ llllirlk+1ma(xi; ). (45)

.....

Clearly (41), (45) and the definition of 0% (8, o¢) imply that for any n € N,

1
ms(Xee1: fn) < - Vxe #0stoxger € B\ () B, (6in), (46
i=l..k
with {x1 n, ..., Xk.n, Xk+1} € Ag. Set
. 8 8
Ry, (- = ,qin [xinl {1 — 5) Fu(r) =, MMAX [xinl {1+ 5) VneN,
and pick 0 < 7y, (—) < Ry, (=), Tn,+) < Ry, (+) and v € N such that
€0 &0
/ fndx<—,/ fodx < —, Yn > .
By 2 B\BR,, +) 2

If either fA(rn,(—),Rn,(_ﬂ fudx > (15—’12)2 or fA(rn.(+)an.(+)) fodx > (15—’]‘()2 for all n > vy
for some vy € N, since (46) ensures that (43) holds on both A(r, -), R, (-)) and
A(rp,(+), Rn,+)), then Lemma 4.3 implies that f, € Ai o for all n > vy, which is a
contradiction. 0O

Therefore, passing to a further subsequence if necessary, we can assume that

Tk Tk

fadx < , and / fadx < ,
/A(rn,()sRn,()) ! (IOk)2 A(ra,(+),Rn,(+) ! (lOk)2

for any n € N, and in particular

wdx >1-—2 T _80>1_T_k’ Vn e N.
2
A(R,,,(,)‘rn,(”) (1Ok) 10k
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Hence we conclude that

/ fondx > / fndx
ARy (—ysrn )\ U . Bsix; o1 (XKin) ARy (—ysTn, )\ 1U . Bsjx; 1 (Xin)
i=1 i=

..... 2

T T
>l — —(1- =, 47
> ok (I—1) > > 47)

for all n € N. On the other hand, we have the following:

Lemma 4.4. There exists C > 1 such that

<C, Vn eN.
Proof of Lemma 4.4. 1f the claim were false then, up to a relabelling of the indices, we
could find at least one index i = i,, € {I, ...,k — 1} such that
|x5,n| < |xin,n| < |xin+1,n| < |xm,n|a Ve <i,, VYm>i,+1,
with the property that, passing to a subsequence if necessary,

|xin+1,n| _

= +00. (48)

n—+00 |xin,n|

1) 1)
Rn,O = |xi,,+1,n| (1 - z) s 'n,0 = |xi”,n| (1 + 5) s VneN.

If fA(rn,O»Rn,O) fodx > (18—']‘()2 for all n > vy for some vy € N, since (46) and (48)

Set

together ensure that (43) holds on A(r,,0, Ry,0), then once more Lemma 4.3 implies
that f, € Ao for all n > vy, which is the desired contradiction. O

End of the Proof of the Claim. We are going to use Lemma 4.4 together with (47) to
obtain a contradiction. In fact, observe that there exists £ = £(8, C) € N depending only
on § and C such that

14

ARy (), Tn,) \ U B 1 (xin) C ' I Bsaoc, -6y | Yin),
2
i=l1,..., k i=1

where

Wimdiztt € ARy rae) N (| Bowl (i)
. 2

i=1,...k
Hence (46) and (47) imply
T 2
—"5/ fadx <" ms(in: f)<Lo(l),  n— +oo,
2 AR e\

U kBa\x,z,,\ (xin) i—1

1,..., 2

which is the desired contradiction. O
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End of the Proof of Proposition 4.2. We claim that 0 = min{@, op} with § =
Sk = 8(10C; k) ~* satisfies the required properties. In fact, let us first assume that

g 5 S ’
—Ok( 1; 90) <o0p, thatis o = —Ok( ; 00).

In this case, if f does not satisfy (jj), then by definition of oy (8, 00) there exist
{x1,..., xk+1} € Ak, such that

S )
/ fdxz/ fdxzwza, i=1,... k+l.
Boc -8y i) Bs, (10c k=61 i)
(49)
Next, let us prove that
BS‘X@‘(.XZ)HB%(.X}"):Q, v{¢,m} C {l,...,k}, £ #m. (50)
g
If |x¢] < 2|x| and x € Bsjy) (Xm), then
8
Sxm|  Olxml  38|xml  Slxml| _ 8lxel
d ) - = = B
¥ > = 8 g ~ 4 - 3

while if |x¢| > 2|x,,| and x € Bsju (X5,), then
8

8|xm| _ 8lxm|
> b
8 8

dg(x,x¢) > |xe| — |xm| —

that is, (50) holds. Hence, if § = §; we see that (j) is satisfied with {p1, ..., pr+1} =
{x1, ..., xx+1} and the desired property holds with ¢ < oy.
On the other hand, if

S ’
m > 0p, thatis o = oy,
and (jj) is not satisfied then by definition of ak(gk, op) we can find {xq, ..., X1}
as above such that both (49) and (50) with § = §; hold, so that (j) is satisfied with
{p1,..., pr+1} = {x1, ..., xx+1} and o = oy. This fact concludes the proof. 0O

In the next subsections we prove Proposition 4.1 in both alternatives of Proposition 4.2
choosing oy as

. Tk &
"~ 100k2 4(k + 1) log Cy

00 (5D
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4.1. Proof of Proposition 4.1 in case (jj). We will argue that if a certain fixed amount
of conformal volume is diluted in a large portion of the cylinder, then we can divide it
into N parts, with N large enough, and choose the one with smallest Dirichlet energy
for using Lemma 2.1.

Letting r, R be asin (jj), we choose a large number N, depending on k, and ¢, such

that
N = |:8(ka + 1)] ’
€

where the square bracket stands for the integer part.
We next choose r < 51 < --- < sy+1 < R such that (39) and (40) hold. We notice
immediately that by the choice of N one has

Tk

~ &
dx > —— = . =1,...,N. (52)
/Am,s,m fu 16(ky + 1) (10k)2

We also claim that for every index i the intersection A (é—‘l, C1s,-) NnA (”C—T, Clsi+1) is
empty. In fact, if this were not the case we would have by (40) and (51)

& Tk

—_——— < fdxg/ fdx+/ fudx
16(ka + 1) (10k)? /A<> ' A(Eow) T A cma)

Cy

_ 5 27
= 16(ky + 1) (10k)210g Cy’

which is a contradiction by the choice of C1. We can now choose an index i for which

2
/ \Vuldx < —/ |Vuldx < ;/ \VulPdx.  (53)
A(si/C1,C1sis1) N /g Aky +1) Jp

We can also choose §; € [%’, “7’] and §j41 € [2si41, %Clsm] such that

2 4 2
|Vul|“dx < |Vul|“dx;
AGi/2,25) log C1 Jagsi/ci,Cisinn)

2 4 2
|Vul|“dx < |Vu|“dx,
AGis1/2,25i41) log C1 Jagsi/ci,Cisinn)

so by (53) we have

A

A

2 4 & 2
[Vul|“dx < _— |Vu|“dx; 54)
AGi/2.25) logCy 4(ke + 1) Jp
2 4 € 2
|Vu|2dx < —— | |Vu|%dx. (55)
AGie1/2,25141) logCy 4(ke +1) Jp

We define then a new function # as the harmonic lifting of u inside Bj, (0): recalling the
definition in (19), we set

u(x) = Hp; (u).
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By Lemma 2.1, (53) and (54) we have that

& 4C0
Vii|*d Vul|*d 56
/Bf [V "—2<k+1>( lgcl)/'”' * (0)

25i41

We then apply Proposition 2.7 with s = §;41/2, n = logLCl m andt = m (18—’;{)2
(see (52), (55) and the choice of §;41) and use (56) to find

(l+a)10g/ fudx
B

1 .
<— a/ |Vu|2dx+/ |Vu|2dx+Con/ |Vu|?dx |+ C
4 Bsi 12 B\Bs;, 12

1 4C 4g
<—(1+—2 _(1+ =2 )4c /|Vu|2dx+c
4 2(ky + 1) log Cy 4(k + 1) log Cy

4 1 -
(1+—2 ¢, teerD /|Vu|2dx+c,
2(kq +1) 4(koy + 1) log Cy B

where C depends on & and . By the choice of C; the last formula implies

1 5
(1+a)1og/ fudx < —(1+e)/ |Vul’dx + C,
B 4 B
and in turn
1 .
min{l +k, 1 +a} log/ fudx < —(1+e)/ |Vul?dx + C,
B 4 B

which concludes the proof.

4.2. Proof of Proposition 4.1 in case (j). If p1, ..., pr+1 are as in (37), then there exist
6;,i =1,...,k+1such that

(10C1k) "8 pi| <6; < 10C1k) > | pil; / |Vu|2dxsn/ |Vu|*dx,
Bag. (pi)\Bo: (pi B
(57)

where

1

7= log(10kCy)
We can also assume that either B4y, (p;) € B or thatd(p;, dB) < %9,- (we require these
conditions in view of Remark 2.8).

We next select an index i such that

— 1
D =

1
= [Vul’dx = min — [Vu|?dx,
T

By i€l k1) 4T By (py)
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and then another index 7 for which

~ 1 2 . 1 2
D:=— |Vu|“dx = min — |Vul|“dx.
4m Ba;(p;) i#i %70 J By, (pi)
Below, we set for convenience
1 2 1 2
D |Vu|“dx; D> |Vu|“dx,

47 J U B, (pi) 4 J B\U By, (pi)
and

1
D= —/ |Vul’dx = D; + D.
4 B

Notice that, by our choices of 7 and 7, D and D satisfy

D< 2L p<Pi=P (58)
“k+1 - k7
We then consider a modified function i defined as
i ="Hu, By, (py) (W)-
Notice that, by construction and by Lemma 2.1, one has
l vi2 ~
— |Vit|“dx < D + Dy + CoknD, (59)
AT JB\By ()
and also, by (37),
log/ fudx <log fadx + Cy; log/ fudx < log/ fadx +Cqy.
B BglL_ B B\B4glg
(60)

Using then (27) and (30) for u, with By (py), s = 06;, T = o0, and taking Remark 2.8 into
account (in which we allow C to depend on ¢, « but not on the p;’s), from (60) we get

1 By
log/ fudx < — (/ |Vﬁ|2dx+2C0n/ |Vu|2dx) +C, (61)
B 47 \JB B

where C depends on 7, T and «. From (59) we obtain
(o + l)log/ fudx <aD+ D+ D>+ Co(k+2)nD +C.
B

Then by the second inequality in (58) one finds

Dl—B

(a+1)10g/ fudx < oD + +Dy+Cotk+2)nD +C,
B
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which implies
1 1\ — ~
(x+1) log/ fudx < EDI + (a — E) D + Dy + CoknD + C. (62)
B

If @ < 1 then necessarily & = 1, so the coefficient of D in the latter formula is negative
and can be discarded, yielding

(a+1) log/ fudx < Dy + D+ Cok+2)nD +C < D + CoknD +C < (14+¢)D + C,
B
which gives the conclusion, by our choices of n and Cj.

On the other hand, if « > 1 we have that o — % > 0 and hence, since D < ﬁDl
(see the first inequality in (58)), (62) gives

IA

1 ak—1 1 ~
(oz+1)log/ Sfudx —+————— | D1+ D)+ CoknD + C
B

k k k+1
k+1+ak—1
< _
k(k+1)
a+1

<
“k+1

D +D2+C0kT)D+(~:

D +D2+3D+C‘.
If o < k this implies
(a+l)log/ fudx <Dy +Dr+eD < (1+e)D+C,
B

as desired.
If instead kK < « we obtain

k+1 ~
1D2+8D§(1+8)D+C,

(k+1)log/ fudx < D1 +
B o+

which still gives the conclusion.
From the latter proposition we immediately deduce the following lower bound on 1,
which can be obtained choosing ¢ > 0 small enough.

Corollary 4.5. Let 8y and ty be so small that Proposition 3.1 applies, and let § < 5.
Letk € {1, ..., kq}: then there exists a constant Cy, o, depending only on k and o, such
that,

Vo <4mrmin{l +k, 1 +a} itholds 1I,q(u) > —Cgq,
for all functions u such that Jk’g(fu) <1-—r1.

As a consequence of the last corollary and of Proposition 3.2 we obtain an explicit
condition which guarantees lower bounds on /,, .

Corollary 4.6. Let 8 and ty, be so small that Proposition 3.1 applies, and let § < §y. Let
ke{l,..., kq}, and let Fy denote the map in (15). Then there exists a constant Cy q,
depending only on k and «, such that,

Vo <4mrmin{l +k, 1 +a} itholds I, q(u) > —Cgq,

whenever Fy (fu) =0.



An Improved Geometric Inequality 443

5. Proof of the Existence and Non-existence Results

In this section we provide applications of the improved inequality in Proposition 4.1 to
the existence of solutions to (1). We give full details in two simple cases, namely in the
unit ball with Dirichlet boundary data and one singularity, as well as on the sphere with
two singularities, see Remark 5.6 for more general situations. The variational argument
combines different known strategies, therefore we will be quite sketchy in some parts.

We then prove one may have non existence of solutions in case the assumptions on
p are dropped, showing that the hypotheses of Theorems 1.1 and 1.2 are sharp.

5.1. Proof of Theorem 1.1 (form = 1 in simply connected domains). Firstof all, through
a Riemann map we can reduce ourselves to the case of the unit ball B with the singularity
at the origin. We let k be the unique integer for which p € (4km, 4(k + 1)), and we let
F denote the map in (15), which realizes a homeomorphism between (S D, and Sy, see
Proposition 3.2.

Choose a non negative cut-off function y such that

x € CZ(B);
x(x)=1 in B%,

and foro = Zle 1;6g; € (S ])k, A > 0, we define the test function

i=1

k 2
Pr,0(x) = x(x) logzti (%) , x; = (cosb;,sinb;). (63)

L+22 |y — 3x;

Reasoning as in [34] (see also [52] for a simpler proof of this estimate) one can obtain
the following result with minor modifications of the proof.

Lemma 5.1. Let ¢, o be defined as in (63). Then as .. — +00 one has

k
dk-R(fpn16) >0, 6= b1, (64)
i=1

and
Ip,g(w)»,a) — —00
uniformly for o € (S").

‘We next define the variational scheme which will allow us to find existence of solu-
tions. Recalling that Uy, denotes the interior of Sy in Ck, consider the family of continuous
maps

Ko.,p = {b U — HS(B) h(y) = @ E ) forevery y € Sy = BUk} .

We define also the min-max value

Kip = inf sup I,4(h(2)).

hekp zelhy

‘We have then the following result, which implies the conclusion of Theorem 1.1.
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Proposition 5.2. Under the assumptions of Theorem 1.1, if A is sufficiently large then

Ki.p > sup Lp.a(9; p-1(y)-
yeSk

Moreover Ky, is a critical value of I, 4.

Proof. If C := Cy o is as in Corollary 4.6, we let L = 4C, and choose X to be so large
that

sup Iy (@, p-1,,,) <—L,
veSe LEC()

which is possible in view of Lemma 5.1.
We are going to show that KC; , > —%. Indeed, assume by contradiction that there
exists a continuous hg such that

1
bo € Krp and  sup Iy (ho(2)) = —5 L (65)

Zeuk

Then, by our choice of L, Corollary 4.5 and Proposition 3.1 would apply, yielding a
continuous map Fj, , : Uy — Sy defined as the composition

Fy.p = Eg o ho.

Notice that, since ho € Ky p, ho(-) coincides with ¢, FO) on S = U, so by (64)
we deduce that

F. pls, is homotopic to Id|g, : (66)

the homotopy is obtained by letting the parameter A tend to +00. Since Sk is homeomor-
phic to S2k=1 it is non contractible, and we obtain a contradiction to (66). This proves

Ki.p > supyes, Ip,g(gongkfl(y)).
To check that Ky, is a critical level is rather standard, as one can use a monotonicity
method from [49,63]. Consider a sequence p, — p and the corresponding functionals

15, .« All the above estimates, including also those from the previous sections, can be
worked out for 1, , as well with minor changes, if n is large enough.

We then define the min-max value K Ap = % , which corresponds to the functional

I .. .
%. It is immediate to see that

o= Kip is monotone,

and that, reasoning as in [32], there exists a subsequence of (o,), such that I, , has a

critical point u,, at level EA, on- Then, applying Corollary 2.10 and passing to a further
subsequence, we obtain that u,, converges to a critical point u of I, 4 atlevel C; ,. O

5.2. Proof of Theorem 1.2 (for m = 2). The argument is very similar in spirit to the
previous case. We list the main changes which are necessary to deal with this situation,
especially for what concerns the improved Moser-Trudinger inequality.
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First of all, using again a Mobius map on S2, we can assume that the two singularities
p1 and p; are antipodal, and coincide respectively with the south and the north pole of
S2, viewed as the standard sphere embedded in R3.

Given a small § > 0 we can define the following quantity, analogous to the one in
(13)

Jes(fu) = sup / fud Vg, (67)
Uf'cleE min{

Xp,xk#E {1 p2) dxj, p)d(x; p)}xp)

as well as the measure on the unit circle (viewed as the (x, y) plane in R? intersected
with $2)

ﬁf<A>=/ fudVg:  ACS,
7-1(A)

where 7 : S2\ {p1, p2} — S' stands for the projection onto the equator along the
meridians. L

Reasoning as in Sect. 3, if Ji 5(f,) > 1 — %, § < &, we can project continuously u
onto the k-barycenters of S', (8")y.For the case fk,(; (f:t) < 1 —1 we have a counterpart
of Proposition 4.1.

Proposition 5.3. Let ¢ > 0, and let k € {1,...,ky}. Let 8; and 1 be so small that
Proposition 3.1 applies, and let § < 5x. Then there exists a constant Cg o, o, depending
only on g, a1 and oy, such that

1+¢
1 dv, < Vul?dv, + C +2 dv,
Og/s2 Ju g = drmin{l +k, 1 +a, | +a2) /.92| ul g £,a1,02 ]izu g

for all functions u verifying

Jes(fu) <1 -7

To check this statement, one can reason as in the proof of Proposition 4.1, with two main
differences. The first is that the average of u on S should be added to the right-hand
side of the inequality, since there are no boundary data in this case (compare (22) and
(23)): it will not be a loss of generality to assume that fSZ udV, = 0. The second is
that in case () (resp. in case (jj)) the points x; (resp. the region of vanishing for the
measure fu) can lie near either p; or p;.

Suppose that (jj) holds, and let p; be a point near which vanishing occurs. Then the
previous arguments yield the inequality

1+
min{l + &, 1 +ot,~}10g/ fudVy < —8/ |VM|2dVg + Ce 0,25
S2 47 S2
which implies
. 1+¢ 5
min{l +k, 1 + o1, 1 +az}log [ fudVe < —— [ [Vul"dVy + Ce a1 025
S2 47 S2

namely the desired conclusion.
If (j) holds instead, there will be k| points among the x;’s approaching pi, and k>
points which either lie in a fixed compact set of S\ {pi, p2} or approaching p;, with
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k1 + ky = 1 + k. Applying Proposition 4.1 (twice, with B replaced by two spherical
caps whose union is S? and whose boundaries are well separated from the points x;) and
Lemma 2.3 one finds that

l+e¢
(min{kq, 1 + o1} + min{ky, 1 +a2})log/ SudVg < ? |V |2dVg +Ceay.ar-

Then it is enough to use the elementary inequality
min{l +k, 1 + a1, 1 + @2} < min{k, 1 + a1} + min{ky, 1 + a2},

to obtain again the conclusion.

For 01,...,0; € S! and for 6 = Z{'C:l 1; 8¢, , the following test function replaces
@50 1n (63):
2
P (x) = logz (m) ; xj = (cos;,sinf;, 0) € §2.  (68)

One can then prove the counterpart of Lemma 5.1.

Lemma 5.4. Let ¢, ¢ be defined as in (68). Then as . — +00 one has
dx-r(fp,,.6) > 0. Liu(@5) — —00 (69)
uniformly for & € (S').

In the above lemma, with an abuse of notation, we are identifying S! as the equator
of $2. Considering now the class of continuous maps,

ICMO = {f) Uy — Hé(B) D h(y) = @A’qu(y) forevery y € Sy = auk} ,
and the min-max value

Ek,p = 1I}f sup Ip,g(h(z))’
helr,p z€ll

one has the counterpart of Proposition 5.2.

Proposition 5.5. Under the assumptions of Theorem 1.1, if A is sufficiently large then

IC;L,, > sup Ipa((pA F (v))
yeSk

Moreover K, is a critical value of I, 4.

Remark 5.6. As anticipated in Remark 1.3, the above min-max method can also be
applied to the case of more singularities, multiply connected domains or to surfaces
with positive genus, combining the present approach to the one in [5].

Regarding Theorem 1.1 for m > 2 or domain 2 of R? which is not simply connected
we argue as follows. Choosing an index i for which a7 = min;—p,;, ®;, one can find
a simple curve y in Q2 \ U; p; non contractible in 2\ p; such that there is a continuous
map I : Q\ pr — y satisfying I'|,, = Id]|,,.
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On one hand, it is possible to associate to each fu, u e HOl (€2), a unit measure on
S' via the push-forward of T, and hence introduce a counterpart of the map F. On the
other hand, one can use for the min-max scheme a test function as in (63), but with the
points x; distributed on y.

The combination of these two facts allows to repeat the above procedure: in the case
of the sphere with m > 2 or for compact surfaces with positive genus one can argue
similarly.

5.3. A non existence result on the unit ball. Here we show that our theorem on simply
connected domains is sharp. Actually we provide a sketchy proof of the following well
known fact:

Proposition 5.7. If the following problem admits a solution u € HO1 (B),

‘205 eZu

— |x i
—Au = pm in B (70)
u=0 on 0B,

then necessarily p < 4w (1 + «).

Proof. Set V(x) = plx|** ([ |x|2°‘e2“dx)_l. By using the fact that u = 0 on 9 B, then
the PohoZaev identity for the equation in (70) reads

1 1 |
—-/ (x, V) (u,)2do = -/ (x,v)VeZ“da——/ [2V62“+(x,Vlog V)Vez“]dx,
2 JaB 2 JaB 2 JB

where v is the unit outer normal to 0B and u,, = (v, Vu). Since (x, v) = 1 on 9B, the
Cauchy-Schwarz inequality then yields

2 —1 2
—L(/ uvda) —l(/ do ) (/ uvda) > —l/ (x,v)(uv)zda
47 \ Jop 2\ Jyp (x,v) B 2 Jon

1 |
=~ | x,nVedo — —/ [2Ve2“ +(x, Viog V)Ve2"] dx.
9B 2 /B

2

However (70) readily implies ( [, 5 u, a’o)2 = p?, while we clearly have [, Ve?“dx =
p. At this point an explicit calculation yields

L 2o 1/( YWed +12 +12 (1+a)
— —— x,v)Ve“do + - =200 < a)p,
a7’ =72 ) 2P TP P

and the conclusion follows. Observe that the sharpness of the strict inequality is due to
the negative sign of the first term on the right in the first inequality which in fact vanishes
along the well known radial and explicit solutions blowing up at the origin. O
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5.4. A non existence result on S* with two antipodal singularities. We generalize an
argument in [68] to obtain a non existence result for (1) in the case of the sphere with
two antipodal singularities.

Proposition 5.8. Let (X, g) = (82, go), where g is the standard round metric, let

a = ﬁ,h =1, m=2let0) < a1 < ar < 400 be the weights of two antipodal

singularities {p1, p2} C S* which we assume to coincide with the south and north pole
respectively py = S, p» = N.
Then a necessary condition for the solvability of (1) is that

either 0 < p <4m(1+ay), or 4m(l+an) < p < +00. (71)
Proof. We will work in isothermal coordinates induced by the stereographic projection

IT: S? > R? satisfying I1(S) = 0. The local expression of the unique solution of (2)
with p = p; = § takes the form

_ 1 1+]z]? 1 e
Gs('(2) = —1 — —1log(=).
s = Og( 2122 ) 7 e (5)

In particular the local expression of the Laplace-Beltrami operator for the standard metric
2 .
on S° is

Ag =e A,

where A is the standard Laplace operator in cartesian coordinates in R? and vy satisfies

1+z)2

vo(2) = 210g( ) —Avp = 2" in R2.

Using these facts, and setting p = 27, it is straightforward to check that u solves (1)
if and only if

v(z) =2u(ll ' (2)) + Gs(MT" 1 (2)) +

p —2a2 vo(z) + 21 log (g)

+Q2+ay+a; — B)log2 +log (2p) — log /S2 e dVy,,

satisfies
—Av = K(2)e’ in RZ; 2|2
) where K(z2) = Noraria (72)
Jr2 K(2)e"dx = 4np, (I + |z]7)~Hor+en

Therefore we see that the results in [27] can be applied to v to conclude

/ (z, VK (2))e'dx = 4nB(B — 2),
R2

so that, by using the integral constraint in (72), an explicit evaluation shows

2
2Q+ a1 +ax — ,3)/ LK(z)evd)c =47BQ2(1 +a1) — B). (73)
r2 1+ 2|2
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Next, by writing
constraint

1|+Z|‘z\2 =1- ﬁ and by using (73), we obtain the independent

22+ a1 +ar — ,3)/ ;K(Z)evdx =4rB2(1 +a2) — B). (74)
r2 1+ |z]2

By using (73) and (74) together and by discussing the cases 2 + a1 + oy — é 0itis
readily seen that if «; < «» then a necessary condition for the solvability of (72) (and
then of (1)) is (71).

Of course, by setting @1 = 0 we recover the non existence result obtained in [68] for
the case where only one singularity is considered. O

Remark 5.9. (a) Concerning the case o1 = 0 it has been already observed in [68] that in
particular one obtains in this way another proof of the non-existence of conformal
metrics with constant Gaussian curvature on S with one conical singularity, see [69]
and the more recent paper [2]. Indeed we obtain another proof of the non-existence of
conformal metrics with constant Gaussian curvature on S> with two conical singular-
ities of different orders o1 # o which corresponds to the case 2+« +ar — 8 = 0.
In fact in this situation we see that (73) and (74) together imply 1 = &2, and in this
case solutions are classified explicitly, see [69] and [59]. The non-existence results
for 2 + a1 + ap — B = 0 are associated with a well known problem, see [69], cor-
responding to the best pinching constants for these singular surfaces. The case with
negative singularities has been recently solved in [2] while, at least to our knowledge,
the positive case is still open.

(b) We expect that existence should hold in some cases for which p > 47 min; {1 + «;}.
For example we speculate that our method, with some extra work, could be adapted
to the following situation: m = 2, 4kmw < ay, ar < 4(k + 1) for some k € N and
p € (dr max{l +ay, | + oz}, 4(k + 1)m).
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