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Abstract: We study the Fisher-KPP equation where the Laplacian is replaced by the
generator of a Feller semigroup with power decaying kernel, an important example being
the fractional Laplacian. In contrast with the case of the standard Laplacian where the
stable state invades the unstable one at constant speed, we prove that with fractional
diffusion, generated for instance by a stable Lévy process, the front position is expo-
nential in time. Our results provide a mathematically rigorous justification of numerous
heuristics about this model.

1. Introduction
Let f be a function satisfying
fe Cl([(), 1]) is concave, f(0) = f(1) =0, and /(1) <0 < f'(0). (1.1)

We may take for instance f(u) = u(1 — u). In Remark 3.5 we present a larger class of
nonlinearities f for which all our results also hold. We are interested in the large time
behavior of solutions u = u(z, x) to the Cauchy problem

ur+ Au = f(u) in(0, +o0) x R"

(1.2)
u(0, ) = ug inR", 0<ug<l,
where A is the infinitesimal generator of a Feller semigroup. Important examples are
A = —A (theclassical Laplacian) and A = (—A)* with« € (0, 1) (the fractional Lapla-
cian). Given A € (0, 1), we want to describe how the level sets {x € R" : u(t,x) = A}
spread as time goes to +00.
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When A = —A is the standard Laplacian, the equation becomes
u; — Au = f(u) in (0, +oo0) x R", (1.3)

and the following result of Aronson and Weinberger [1] describes the evolution of com-
pactly supported data.

Theorem 1.1 ([1]). Let u be a solution of (1.3) with u(0, -) # 0 compactly supported
in R" and satisfying 0 < u(0, -) < 1. Let ¢x = 2,/ f'(0). Then,

a) if ¢ > ¢y, then u(t, x) — O uniformly in {|x| > ct} ast — +00,
b) if ¢ < ¢y, then u(t, x) — 1 uniformly in {|x| < ct} ast — +oo.

In addition, (1.3) admits planar traveling wave solutions connecting 0 and 1, that is,
solutions of the form u(¢, x) = ¢ (x - e + ct) with

—¢ " +c¢' = f(p) inR, ¢(—00) =0, ¢p(+00) = 1. (1.4)

The constant ¢, in Theorem 1.1 is the smallest possible speed ¢ in (1.4) for a planar
traveling wave to exist. In addition, Komogorov, Petrovskii, and Piskunov [13] showed
that the solution of (1.3) for n = 1 and with initial datum the Heaviside function
H(x) = x(0,00)(x) converges as t — +00 to a traveling wave with speed ¢ = c.

Our results, already announced in [5], show that this situation changes drastically as
soon as the Laplacian is replaced for instance by the fractional Laplacian (—A)“ with
o € (0, 1). The equation then becomes

u+ (—A)%u = f(u) in (0, +00) x R". (1.5)

Solutions for the standard heat equation correspond to expected values for particles
moving under a Brownian process. Instead, for « € (0, 1), the fractional Laplacian is
the generator for a stable Lévy process —a jump process. It is reasonable to expect
that the existence of jumps (or flights) in the diffusion process will accelerate the inva-
sion of the unstable state # = 0 by the stable one, # = 1. This has been sustained in
the literature, see [16,7,8] among others, through the linearization of the equation at
the leading edge of the front, as well as through numerical simulations. These heuristics
predict that the front position will be exponential in time —in contrast with the classical
case where it is linear in time by Theorem 1.1. The purpose of our work is to provide
a rigorous mathematical justification of this fact, and to give an accurate localisation of
the level sets of u in the particular case o = 1/2 and f(u) = u — u?. In particular, the
leading edge analysis is not accurate enough.

Reaction equations with fractional diffusion appear in physical models —for instance
of turbulence, plasmas, and flames— when the diffusive phenomena are not properly
described by Gaussian (that is, Brownian) processes. See for example [16] for a descrip-
tion of some of these models. Equation (1.5) also appears in population dynamics, where
it can be obtained in a certain space-time regime as the asymptotic of an integro-differ-
ential model; see [2]. The classical heat equation (1.3) can be obtained from the same
asymptotic model in a different space-time regime; see [13].
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We consider a larger class of operators than fractional Laplacians. We are given a
continuous function p = p(¢, x), with r > 0 and x € R", such that

e 0 < peC(0,+0) x R") and / pt,x)dx =1forallt >0. (1.6)
Rn

o p(t,)x p(s,-) = p(t+s,-) forall (s, 1) € (0, c0). (1.7)
e There exist @ € (0, 1) and B > 1 such that, fort > 0 and x € R",
B! B
< pt,x) < (1.8)

137 (14 |0~ 2w x |42y 13 (1 + |1 2 x|
We assume no further regularity on p than continuity. Given a function ug € L*(R")
and r > 0, we define

Tiup(x) := (p(t, ) * uo) (x) = /Rn p(t, Yuo(x — y)dy.

Clearly, the family 7; of bounded linear contractions of L°°(R") is a semigroup. When
considered in the Banach space C,, , (R") of uniformly continuous and bounded functions
in R", the semigroup is a strongly continuous semigroup (also called a Co semigroup)
and therefore admits an infinitesimal generator — A, defined by

for those u € C,, ,(R") for which the limit exists in the uniform convergence norm. The
subspace of such functions is called the domain of A and denoted by D(A). Since the
semigroup is strongly continuous, it is well known that D(A) is a dense subspace of
Cuup (R).

Given ug € L°°(R") the function u = u(t, x) := T;up(x) is the mild solution (see
Sect. 2) of the evolution problem

u; +Au =0 in (0, +o0) x R",
u(,-) =uy inR".

The function p is called the kernel of the semigroup; it is also called the transition
probability function. The operator A is said to be the infinitesimal generator of a Feller
semigroup — since 0 < ug < 1 leads to 0 < T;ug < 1. This property will lead to a
maximum principle for A.

The power decay assumption in (1.8) will be crucial for the results of this paper. The

assumption in (1.8) concerning the dependence of the bound on 1~ x is related with
the self-similarity or scale invariance of the underlying Markov process —an hypothesis
often called “stability”. Indeed, if one assumes that

pt,x) =a®)"p(l,a) 'x)

for some function ¢ = a(t) and for all t > 0, then there exists a constant @ € (0, 1] such
1
that a(z) = t2« —as in (1.8); see [15].
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When A = (—A)“ is the fractional Laplacian and p = p,, defined for0 < o < 1
as follows, all assumptions (1.6), (1.7), and (1.8) are satisfied. If u € C? (R™) has suf-
ficiently slow growth at infinity —for instance |u(x)| < C(1 + |x|¥) with y < 2a—
then

(—A)%Ux) = Ca P.V./ M
Rr X — y[rtee

’

where P.V. stands for principal value and the constant C, , is adjusted for the symbol
of (—A)® to be |£]%*. Its transition probability function p satisfies

[p(m) = polt,x) = 1% p, (1,1 % x),

|n+20t

limyy| o0 |y pa(l,y) =cCna

for some positive constant ¢, «, and thus condition (1.8) is satisfied; see for instance [ 14].

We have that py (¢, ) = F “le! |5‘2a), where F~! denotes inverse Fourier transform.
For o = 1/2, p1/> admits the explicit expression

1t _ B,
n (t2 + |x|2)("+1)/2 - t"(l + |t—1x|2)(n+l)/2’

pip2(t,x) =B

where B, = F(%)n’% is chosen to ensure property (1.6) above.

More examples of semigroups as above are available in Bony-Courrege-Priouret [3].
This paper, among many other things, characterizes the integral operators satisfying a
maximum principle; see Remark 2.5 below.

Our first result concerns a class of initial data in R”, possibly discontinuous, which
includes compactly supported functions. We show that the position of all level sets moves
exponentially fast in time.

Theorem 1.2. Let n > 1, a € (0, 1), f satisfy (1.1), and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Lo, = £Q

and

. Letu be a solution of (1.2), whereug # 0, 0 < ug < 1ismeasurable,

uo(x) < Clx|™% forallx € R"

and for some constant C. Then,
a) if 0 > 0y, then u(t, x) — 0 uniformly in {|x| > e‘”} ast — +00,

b) if o < oy, then u(t, x) — 1 uniformly in {|x| < e‘”} ast — +0oo.

Part b) on convergence towards 1 is the delicate part of the theorem. A simpler result
—and first step towards the previous theorem— is the following.

Lemma 1.3. Under the assumptions of Theorem 1.2, for every o < oy there exists
e € (0, 1)andt > 0 such that

u(t,x) >¢ forallt >tand|x| <e'. (1.9)

Even if this lemma concerns initial data decaying at infinity, from it we can easily
deduce the nonexistence of traveling waves (under no assumption of their behavior at
infinity, as in the following statement).
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Proposition 1.4. Let n > 1, o € (0, 1), f satisfy (1.1), and p be a kernel satisfying
(1.6)—-(1.7)—(1.8).

Then, there exists no nonconstant traveling wave solution of (1.2). That is, all solu-
tions of (1.2) taking values in [0, 1] and of the form u(t, x) = @(x +te), for some vector
e € R”", are identically 0 or 1. Equivalently, the only solutions ¢ : R" — [0, 1] of

Ap+e-Vo= f(p) inR" (1.10)
are p =0and ¢ = 1.

The last statement on the elliptic equation (1.10) has an analogue for the Laplacian.
As shown in [1], if |e| < 2,/ f/(0) then Eq. (1.10) with « = 1 admits the constants 0
and 1 as only solutions taking values in [0, 1].

We already announced our results in [5]. Also for « € (0, 1), Berestycki, Rossi,
and the second author [2] have proved that there is invasion of the unstable state by the
stable one. For a large class of nonlinearities, Engler [9] has proved that the invasion has
unbounded speed. Here we prove that for KPP nonlinearities the position of the front
is exponential in time. For another type of integro-differential equations Garnier [10]
also establishes that the position of the level sets move exponentially in time. Finally,
exponentially propagating solutions exist in the standard KPP equations as soon as the
initial datum decays algebraically; this fact has been noticed by Hamel and Roques [11].

When A = —A, the minimal speed c, appears when linearizing around the leading
edge of the front, that is, at u = 0. In fact, since f is concave, the solution u of

W — A= f'(0)u and @©,-)=u(,-) inR"

is a supersolution of (1.2). Looking at the particular case u(0, -) = §p, the Dirac mass

n -/ x|2
at 0, we obtain 7 (7, x) = (1)~ 3¢/ O =% Thus, @ = A if |x| = 2,/F/(0)t + o(r).
Let us make the same heuristic argument —already done for instance in [7,8,16]—
when 0 < o < 1 and (1.8) holds. Now the solution u of

U +Au= f'(O)u and u(,-) =38 inR"
is
u(t,x) = ef/(o)tp(t, Xx).
Estimate (1.8) gives that i = A if |~ % x|"*2% = 1% ¢/" @1 O(1), that is, if

/
0
x| = 1% ¢ O(1), where o, = nf+(23x (1.11)

is the same exponent as in Theorem 1.2. However, our two next results show that line-
arizing at the front edge is not as accurate in the presence of fractional diffusion as it is
for Brownian diffusion.

First, we will see that the exponent oy in (1.11) is not the right one for nondecreasing
initial data in R. The front will propagate faster, in fact with an exponent larger than o.
Thus, the mass located far away from the edge of the front (that is, the mass at +oo
present in a nondecreasing solution) does play a role in the front speed. This is due to
the jumps in the underlying Lévy process.

Second, even that o, is the precise exponent for compactly supported data, the factor

L . . . .
tn+2« in (1.11) is not correct. It does not appear in the correct expression for the position
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of the front, at least for n = 1 and A = (—A)Y/2; see Theorem 1.6. Contrary to the
situation in the previous paragraph, here the front travels slower than the linear leading
edge prediction. This is not a surprise: it is typical of the behaviour of Fisher-KPP type
fronts. In the case « = 1 with, say,n = l and f(u) = u — u?, even that the leading edge
analysis predicts the correct location of the front (if s(¢) is the first point where u takes
the value 1/2, then s(¢) ~ 2t ast — 400, as can easily be computed from the Gaussian
kernel), a purely linear analysis would predict s(t) = 2¢ — %lnt + O(1), whereas the

correct expansion is s(t) = 2t — %lnt + O(1) (Bramson [4]).

In one space dimension, it is of interest to understand the dynamics of nondecreasing
initial data. As mentioned before, for the standard Laplacian the level sets of u travel
with the speed c,, provided that u (0, -) decays sufficiently fast at —oo. In the fractional
case, the mass at +0o has an effect and what happens is not a mere copy of the result
of Theorem 1.2 for compactly supported data. The mass at +oo makes the front travel
faster to the left, indeed with a larger exponent than o,. In the following theorem, we
may take the initial datum to be for instance uo(x) = H (x), the Heaviside function, or
even ug(x) = [ H(x) for any constant/ € (0, 1].

Theorem 1.5. Let n = 1, a € (0, 1), f satisfy (1.1), and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Let 04y = %g)) Let u be a solution of (1.2), where 0 < ug < 1 is measurable and

nondecreasing, uy # 0, and
uo(x) < C(=x)™2* ifx <0
for some constant C. Then,

a) if 0 > Oy, u(t, x) — 0 uniformly in {x < —e‘”} ast — +00,
b) if 0 < Ous, u(t, x) — 1 uniformly in {x > —e‘”} ast — +00.

Note that

> =
200 1+4+2a

where o, is the exponent in Theorem 1.2 for n = 1 and compactly supported data.
Notice also the slower power decay assumed in the initial condition with respect to
Theorem 1.2. One could wonder whether a model with such features is physically, or
biologically relevant. In fact, this behaviour is consubstantial to fast diffusion, and the
model may be relevant to explain fast recolonisation events in ecology; see a discussion
in [11].

Our final result concerns the case n = 1, A = (=A)Y/2, f(u) = u(l —u), and

Oy = O,

L . 1 1.
initial data decaying fast enough at £o00. It shows that the factor t##2« = 2 in (1.11)
does not appear in the front position.

Theorem 1.6. Let n = 1, A = (—A)Y/2, and f(u) = u(1 — ). That is, we consider
the problem

[Mt + (=M 2u=u(l —u) in (0,+00) x R, (1.12)

u(0, ) = ug in R.
Let u be a solution of (1.12), where 0 < ug < 1 is measurable, uy # 0, and
uo(x) < Clx| 2 =Clx|™" > forallx e R

and for some constant C.
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Then, for all . € (0, 1) there exists a constant C). > 1 and a time t,, (both depending
only on ug and A) such that, forall t > t,

1
{|Ix| > Cre'?y C{u <2} and {|x| < C—e’/z} C{u> A} (1.13)
A
As a consequence, if t >t then

1 1
{u(t,) =1} C [~Cre'’?, ——e'PTU [—e'?, Cre'’?]
Cy Cy

and {u(t, -) = A} intersects both intervals.

Remark 1.7. Jones’ symmetrization result [12] for the Laplacian also applies to Eq. (1.5)
foralla € (0, 1). Its statement in the present situation is the following. Let u be a solution
of (1.5) such that u(0, -) # 0 has compact support in R” and satisfies 0 < u(0, -) < 1.
LetA € (0,1), t > 0,and xg € R" be such that u(¢, xg) = A and V,u(z, xg) # 0. Then,
the normal line to the level set {x € R" : u(¢, x) = A} through the point x( intersects
the convex hull of the support of the initial datum u (0, ).

Thus, the level sets of solutions with compactly supported initial data look more and
more spherical as ¢ increases. Jones’ beautiful proof combines the maximum principle
and Hopf’s lemma with reflections along hyperplanes. All these tools are also available
for the fractional Laplacian.

Let us briefly discuss the main ideas in the proofs of our results. The supersolutions
obtained by solving u; + Au = f’(0)u give an upper bound for the position (in norm)
of the level sets. This leads immediately to parts a) of Theorems 1.2 and 1.5.

Part b) on convergence towards 1 is the delicate point and it is done in two steps. The
first one is the content of Lemma 1.3 above. Its lower bound (1.9) is accomplished by
constructing solutions of the equation

1)

v +Av="——uv
)

which take values in (0, §) —and, as a consequence of the concavity of f, are subso-
lutions of (1.2). This is done truncating an initial datum vg at a level ¢, where ¢ < 4§,
i.e., considering min (vg, €¢). We then solve the linear equation above for v with this new
datum, up to the time 7 where v takes the value §. At this point we compute how the
level sets have propagated. We then truncate v(7, -) at the level ¢ as before, and we
iterate this procedure.

The convergence towards 1 is shown using (1.9) and a subsolution taking values in
[, 1] built through the linear equation

[

w, +Aw =
1—¢

(I—-w)

for some 0 < &’ < ¢ and an initial condition involving |x|¥, with y € (0, 2«). Here
again we use the concavity of f to ensure that f(¢')(1 — &)~ (1 — w) < f(w) for
w € [g, 1].

The proof of Theorem 1.6 on the level sets of solutions in the case n = 1 and
A= (—A)l/ 2 uses some of the previous results and, in addition, more precise sub and
supersolutions of the form
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(t,x)= l+ﬁ)1
v(t,x) =a b(t)z R

for certain constants a and functions of time b = b(¢).

The plan of the paper is the following. In Sect. 2 we prove several results on the
semigroup 7, especially several maximum and comparison principles, as well as some
upper and lower bounds on the flow. Section 3 is devoted to prove Proposition 1.4 on
traveling waves and Theorem 1.2 on solutions with O limit at infinity. Section 4 concerns
Theorem 1.5 on increasing solutions in R. Finally, Sect. 5 establishes Theorem 1.6 on
precise bounds for the level sets.

2. The Semigroup and its Generator: Maximum Principles and Bounds

In this section we prove several results regarding the semigroup

Tiug(x) := /Rn pt, yup(x — y)dy = /Rn p(t, x — yuo(y)dy (2.1)

for ug € L°°(R"). We refer to [6,17,18] as good monographs in the subject; the last one
puts especial emphasis on Feller semigroups. Through the paper, all that we assume is
that the continuous function p satisfies (1.6)—(1.7)—(1.8).

Let us mention here an important situation in which such functions or kernels p
arise. Let ({X,};>0, P*) be a Markov process on R” with transition probability func-
tion P;(x, dy). The quantity |,  Pi(x, dy) is the probability that a particle, initially at x,
belongs to a Borel set E at time ¢. If P (x, dy) has a density p(¢, x, y) and the process is
invariant under translations, p(t, x, y) = p(¢, x — y), then the semigroup property for
(2.1) is just the conditioned probabilities formula. This is the framework when p is the
classical heat or Gaussian kernel (the Markov process is then the Wiener or Brownian
process), and also when p = p,, is the kernel for the fractional Laplacian (—A)% (we
then have the symmetric 2a-stable Lévy process).

2.1. The semigroup in Co(R"), in C, ,(R"), and in X,,. Even though the semigroup is
well posed in L*°(R"), for some proofs it will be important to have it defined in some
Banach spaces of functions where the semigroup is strongly continuous. We recall that
a strongly continuous semigroup in a Banach space X is a family {7;},~¢ of bounded
linear operators on X such that 73, = T; T for all positive s and ¢, and such that

lig)1||T,u—u|| =0 for every u € X,
t

where || - || is the norm in X.
Given the definition (2.1) of our semigroup, the last condition concerns the quantity

(Tru —u)(x) = /}R pt, ) {ulx —y) —u(x)} dy.
Using (1.8) and making the change of variables 1~ y =y, we obtain

[(Thu —uw)(x)] = /R lux — 125) —u(@)| dy. 2.2

1+ |§|”+2a
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We write it as the sum of two integrals, one in a sufficiently large ball and the other in

its complement. In this way we see that, in order to have this quantity tend toO ast — 0

uniformly in x € R", it suffices for u to be bounded and uniformly continuous in R”".
Therefore we will work in the spaces

Cyp(R") = {u:R" — R : uis bounded and uniformly continuous in R"}
and
Co(R") = {u is continuous in R" and u(x) — 0 as |x| = oo} C C,, ,(R").

Note that, for u € Co(R"), the continuity of « and its 0 limit at co guarantee the bound-
edness and the uniform continuity of u. Both are Banach spaces with the L°°(IR") (or
uniform convergence) norm.

Next we will define a family of Banach spaces X,, with 0 < y < 20, for which
Cu.»p(R") = Xo. Later we will check that T; maps X, into itself. In particular, we will
have that

T; Cup(R") C Cup(R).

Using in addition that

B L
| Tru(x)] S/R WW(X—IZ‘”)’)M)’,

it is easy to verify the O limit at infinity for T;u whenever u € Co(R"). That is:
T, Co(R") C Co(R™)

for all r > 0.
Moreover, since both C, ,(R") and Co(R") carry the L*>° norm, 7; is a contraction
in both spaces, i.e., || T¢|| < 1. Note also that

T1=1.

Finally (and this is the property for a semigroup to be called a Feller semigroup), we
have:

ifO0<u<1, then0<Tu <1.

We will need to use some unbounded comparison functions. Thus, we have to set up
the semigroup (and make it to be strongly continuous) in a larger Banach space contain-
ing unbounded functions. For 0 < y < 2«, we consider functions # : R” — R such
that

lu(x)] < C(1 +|x|¥) inR" for some constant C (2.3)
and such that
for every ¢ > 0 there exists § > 0 such that:

lu(x +z) — u(x)| - (2.4)

if x € R" and |z] < §, then
1+ |x|7

We define
X, :={u:R" - R : u satisfies (2.3) and (2.4)}
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endowed with the norm

lullx, == sup L
- xeRn 1+|x|)/'

Note that Xo = C,, ;»(R™). With this norm, we clearly have the continuous inclusions
CoR" C Cyp(R") C X,.
In addition, X, C C(R") —the space of continuous, possibly unbounded, functions

in R”.
We will also use that the functions

w, € X,, where wy, (x) = |x|” forx € R",
and
W, € X,, where W), (x) = (x_)” forx e R

and x_ = max(—x, 0) is the negative part of x. For this, simply use the inequalities
x+z” —|x[” < zl”ify < Land |[x +z” — |x|” < ylx +2" "zl if y > 1.

We need to verify that X, is a Banach space. Let {u;} be a Cauchy sequence in X,,.
It has a pointwise limit # which clearly satisfies (2.3). Now, given ¢ > 0, to control the
quantity in (2.4), we add and subtract the term (ux(x + z) — ug(x))/(1 + |x|?). Since
lug(x) —u(x)|/(1+ |x|”) < & for k large enough, it remains to control the term

lu(x +2) —up(x + )| Ju(x+2) —up(x +2)| 1+ |x +2|”
1+ |x|” - 1+|x+z]” 1+ |x|”

Now, we simply use thatif |z] < 1then 1+ |x+z|7 < 1+2Y (x| +|z|”) < A1 +2Y)(1+
1xV).
Next, we verify that

T; : X, — X, is abounded linear map and ||7;[x, < C) (1 +t%) (2.5)

for some constant C,, independent of ¢. Indeed, making the change of variables as in
(2.2), we have

1 1
T; B —t2%V)| 14|x —t2ayY
| Tru(x)] 5/ L |u (x 1y)l |l x bl a5. 2.6)
Ll = Jro T+ 129 |y — gty L+

The last factor 1 + |x — tiﬂ” < 1+27(|x|¥ + t%mm, and note that the function
Y= (1+[y]V)/(1 +|y]"***) is integrable. Thus, T;u satisfies (2.3). To verify (2.4) for
Tiu, we write

k]

1 1
[Tru(x +z) — Tru(x)| </ B IM(X+z—tﬁ§)—u(x—tﬁi)ld_
1+ [x]” = Jra L+ [y|nt2e 1+ [x]”

and we conclude as before multiplying and dividing by 1 + |x — tiﬂ”. Thus, we have
proved assertion (2.5).
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Finally, we check that {77}, is a strongly continuous semigroup in X, . We have

| Tu(x) — u(x)| </ B u(x = 1%) —u@)|

d5.
1+ |x|” o 1+ [y 1+ x| Y

Given ¢ > 0, the numerator in the second factor in the integral is controlled by C(1 +

XY + |x — tiﬂ”). Thus, when integrating in {|y| > A} the result is smaller than ¢ if
we take A large enough —since y — (1 + [y]7)/(1 + [y]"*2%) is integrable. Finally, for

1
the integral in {|y| < A}, we take ¢ small enough to ensure 2« y < § (where § is as in
(2.4)), and the integral becomes smaller than a constant times ¢.

Remark 2.1. Note that, for 0 < y < 2a, T; : X, — X, is a bounded linear map (see
(2.5)), but not necessarily a contraction. Instead, we have that 7; : C,, »(R") — C,, ,(R")
and T; : Co(R*) — Co(R"™) are contractions for all ¢ > 0.

Recall also that 7; : L*°(R") — L°°(R") also form a semigroup of contractions, but
not a strongly continuous semigroup.

2.2. The generator of the semigroup. Given a strongly continuous semigroup in a
Banach space X, one can define its (infinitesimal) generator —A by

. Tiu—u
— Au = lim
tl0 t

foru € D(A) C X, 2.7)

where the domain D(A) of A (or —A) is the subspace of X defined by
D(A) := {u € X for which the limit in X as ¢ | Oin (2.7) exists}.
We will denote by
Do(A) C Dy,p(A) C Dy (A)

the domain of the generator —A of {7;} in the Banach spaces Co(R"), Cy, ,(R"), and
X, respectively. The inclusions of these three domains are clear because of previous
considerations.

To verify that a certain function belongs to D(A) may not be an easy task. However,
the following is a general fact that will be very useful later; see Lemmas 2.2 and 2.3
below. For every strongly continuous semigroup {7;} in a Banach space X, we have:

forallu € Xand 0 <a < b,

b b
/ Tsuds € D(A) and A/ Tsuds = Tau — Tpu. (2.8)
a a

Before verifying this, note that the function s > 0 — Tsu € X is continuous (and
therefore locally integrable) thanks to the strong continuity of the semigroup. Note also
that from (2.8) we deduce that

D(A) is a dense subspace of X,
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since ¢~ fot Tsuds € D(A) tendstou in X ast | 0. Now, to verify (2.8), take 0 < t <
b — a and note that

T, —1d b 1 b+t 1 b
Tsuds = — Tsuds — — Teuds
t a U Ja+t I Ja

1 b+t 1 a+t
;/ Tsuds — ;/ Tsuds — Tpyu — T,u  (2.9)
b a

ast | 0.

Similar kinds of arguments establish also the following two general results (see
Sect. 1.2 of [17]). First, the generator A is a closed linear operator. Second, and impor-
tant for later purposes:

ifu € D(A), then {t — Tu} € Cl([O, 00); X), Tru € D(A) forallt > 0, and

d
E(T,u) + AT;u =0 forall t > 0.

Let us now recall two important properties of A which follow easily from its definition
(2.7) and the fact that 7; is the convolution with a probability kernel.
We have the following maximum principle:

if u € D, (A) satisfies u <u(xp) in R" for some xp in R", then Au(xp)>0. (2.10)

Recall that here y < 2a, that D, (A) C X, is the domain of A in X,,, and that functions
in X, are continuous but may be unbounded. Thus, we are assuming that this particular
u € X, is bounded above and achieves its maximum. Statement (2.10) follows from
(Tyu — u)(xp) = f]R" pt, {ulxo—y) —u(xp)}dy <Oforallz > 0.

The operator A annihilates constant functions and it is invariant by translations:

Al =0 and (Au)(x +x0) = (Au(- +x0))(x) forallu € D, (A), xo € R", x e R".

The previous maximum principle (and also an important extension to prove our
results, Proposition 2.8) apply to functions in the domain of A. This will be sufficient
for our results once we show the existence of “enough” initial conditions belonging to
the domain of A. We do this in the following lemmas. An alternative approach would
be that of Subsect. 2.6, in which we prove the needed maximum principle for “weak”
or mild solutions. If one chooses this alternative approach, the previous considerations
on the initial data being in the domain of A may be avoided.

We can now exhibit initial conditions in the domain of A whose nonlinear flow will
stay below the flow of the given arbitrary initial condition. We start with the case of data
in Co(R™).

Lemma 2.2. Letn > 1, a € (0, 1), and p be a kernel satisfying (1.6)—(1.7)—(1.8). Let
0 < ug <1 be measurable in R" and ugy # 0.
Then, for some constant ¢ > 0 depending on uy,

2 2
Trug > c/ p(s,)ds and / p(s,)ds € Dyo(A).
1 1

In addition, flz p(s,x)ds < C|x|_”_2°‘ for all x € R", for some constant C > 0.

Regarding the semigroup in C, 5(R), we have:
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Lemma 2.3. Letn = 1, @ € (0, 1), and p be a kernel satisfying (1.6)—(1.7)—(1.8). Let
0 < ug <1 be measurable and nondecreasing, with ug # 0. Let

P(t,x) :=/ p(, y)dy.

Then, for some constant ¢ > 0 depending on uy,
2 2
Trug > c/ P(s,-)ds and / P(s,-)ds € D, p(A).
1 1

In addition, f12 P(s,x)ds < C(—x)"2 forall x < 0, for some constant C > 0.

Therefore, given initial data satisfying the hypotheses of Theorems 1.2 or 1.5, we have
built smaller initial data (after time 2) satisfying the same hypotheses of the theorems
and belonging to the domain of the semigroup. They will be useful to give pointwise
sense to Au(t)(x) after running the nonlinear problem and, hence, useful to apply an
easy maximum principle proved in Subsect. 2.5 below.

Let us denote

1 t

1 =T :
13 (1 + |12 x |20y p2ath | |ne2e

q(t,x) = (2.11)

Proof of Lemma 2.2. We claim that, for some constant ¢ > 0 depending only on n
and «,

TixB o) (x) = B~ (q(t, ) * xB,0) (%)

1
>c =cq(t,x) for|x|>1,¢t>0, (2.12)

£33 (1 + |t 20 x|1+20)

where x p, (o) denotes the indicator function of the unit ball.
Indeed, by (1.8) we have
. "%
Ti xB,0)(x) = B ; dy.
Bi(0) 14 (¢t 2a|x — y|)n+2e

In the integral, |y| < 1 < |x| —we are taking |x| > 1 by hypothesis. Thus, |x — y| <
|x]+|y| < 2|x| and the integrand is larger than or equal to 1% (1+ (t_i2|x|)"+2"‘)’l,
which proves (2.12).

Now, notice that Tjug = p(l,-) * ug is a positive continuous function. Hence,
Tiug > cxp, (o) for some positive constant c¢. Thus, Toug = T1Tiug > Ticxp, ). This
fact, the lower bound (2.12) with + = 1, and the standing upper bound (1.8) for p in
terms of g lead to the lower bound for T>u( of the lemma.

The statement that f 12 p(s, ) ds belongs to Do(A) is a particular case of the general
fact (2.8) for strongly continuous semigroups. Note here that

2 1
/ p(s,-)ds=/ T; p(1, ) dr.
1 0

Finally, the upper bound for f 12 p(s, -)ds follows from (1.8). O
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Proof of Lemma 2.3. We claim that, for some constant ¢ > 0 depending only on «,

Ti X(0.400) (%) = B7H(g(t, ) % X(0,400)) (X)
> B le(l+ | 2x))™2® forx <0, 1> 0. (2.13)

Indeed, simply note that, since x < 0,

+00
Tt X(0,+00) (X) = B_l/ : dy
0 1+ 2ax —y)l+e

1
+00 — 5 +00 =
t  2a dz
—1 -1
=B / — 1 di=8B /,L T o
—x 1+(I_EZ)1+20‘ 7 ax 1472

> (1 + | 2x])~2,
The rest of the proof is identical to that of the previous lemma. Just note that
P(t+s,)=T; P(s,-) (2.14)
for all positive s and ¢, and hence f12 P(s,)ds = fol T.P(1,)dr. O

Remark 2.4. Letn > 1, a € (0, 1), and p be a kernel satisfying (1.6)—(1.7)—(1.8). Since
{T;} is a strongly continuous semigroup of contractions both in Cp(R") and in C,, 5 (R"),
a general result of semigroup theory (see Proposition 3.4.3 of [6]) guarantees that its
infinitesimal generator —A is a m-dissipative operator.

In particular, given any g € Co(R") (respectively, g € C,,,,(R")) and any A > 0, the
elliptic equation

Au+iu=g inR" (2.15)

admits a unique solution u € Dgp(A) C Co(R") (respectively, u € D, p(A) C
C,.p(R™)). It is given explicitly by the formula

+00
u =/ e_’\’T;g dt,
0

that is,

+0o0
u(x) = / / e_Mp(t, x —y)g(y)dtdy.
0 R~
It is simple to check that u, defined in this way, belongs to the domain of A and satisfies
(2.15) (see Prop. 3.4.3 of [6]). For the uniqueness statement, note that, for all s > 0 and
allu € C, »(R"),
[ ] = s ]~ |5
o0 o o

EH(A+S_1)14H —Hs_luH =Mulls -
o o0

By letting s |, 0, if u € Dy p(A) then ||Au + Aut]|oo > Allut]|oo. In particular, if u solves
(2.15) with g = 0, then u = 0.
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Remark 2.5. Under the additional assumption that C2°(R") (i.e., C*° functions with
compact support) is contained in D(A) (that we do not make in this paper), [3] (see The-
orems IX and XIV) characterized the generators A of Feller semigroups. Restricted to
C°(R™), Aisthe sum of alocal diffusion (second-order) operator and an integro-differ-
ential operator of Lévy type. See also Thm. 9.4.1 of [18]. In particular, [3] characterizes
the integral operators satisfying the maximum principle.

2.3. The nonlinear problem. Comparison principle. Throughout this section, A is the
generator of a strongly continuous semigroup in a Banach space X.
We recall the notion of mild solution for the nonhomogeneous linear problem

[uz +Au = h() in(0,T), (2.16)

u(0) = uo,

where T > 0, ugp € X, and h € C([0, T]; X) are given. The mild solution of (2.16)
(see [17]) is given explicitly by Duhamel’s principle (or formula of the variation of
constants):

t
u(t) = Ttuo+/ Ti_s h(s)ds
0

for all # € [0, T]. One easily checks that u € C([0, T]; X).
We now turn to the nonlinear problem. Let G : [0, 00) x X — X, G = G(¢,u) be
a function satisfying

G e C'([0,00) x X; X) and
G(t, -) is globally Lipschitz in X uniformly in # > 0. 2.17)

Given any T > 0, we are interested in the nonlinear problem

[ut +Au=G(t,u) in(0,T7),

1(0) = uo. (2.18)

for a given ug € X. In our case (in which X is a subspace of C,, ,(R")), G will be given
by

G(t,u)(x) == g(t, x, u(x)), (2.19)

where g : [0, 00) x R” x R — R is a given nonlinearity. We say that u € C([0, T']; X)
is a mild solution of (2.18) if

t
u(t) = Tyug +/ Ti—s G(s,u(s))ds (2.20)
0

forallt € [0, T].
Note that the map Ny, : C([0, T']; X) — C([0, T']; X) given by

t
Nyoyw) () := Tug +/ Ti—s G(s,u(s))ds 2.21)
0

is Lipschitz in C ([0, T']; X) with Lipschitz constant
| NuollLip < T M Lip, (G), (2.22)
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where Lip, (G) denotes the Lipschitz constant of G in u, and M := sup,c 71 172l
Recall that for any strongly continuous semigroup, we have that ||7;|| < Ce®’ for some
constants C and w; see Thm. 2.2 in Chap. 1 of [17]. Using (2.22) (also for the maps N,
defined in C ([0, t]; X) with t < T') and expression (2.20), it follows by induction that
(Nuo)k is Lipschitz in C ([0, T']; X) with Lipschitz constant {T" M Lip, (G)}¥/k!, where
k is any positive integer. This constant is less than 1 if we take k large enough. Now, by
an easy extension of the contraction principle, not only (Nuo)k but also N, has a unique
fixed point. Thus, there exists a unique mild solution u of (2.18) for every T > 0. It
is also easy to see that it is given by the limit of the iterates (Ny,)' (v), i € Z*, of any
given element v € C ([0, T]; X). In particular, taking v = v(t) = ug, we have

u= Hm (Ny) (uo). (2.23)

Given0 < T < T’, the mild solution in (0, 7") must coincide in (0, T') with the mild
solution in this interval, by uniqueness. Thus, under assumption (2.17), the mild solution
of (2.18) extends uniquely to all ¢ € [0, 00), i.e., it is global in time. This applies, in
particular, to the linear problem u, + Au = au, with a € IR, in the Banach space X,,.

Next, a useful fact for several future purposes. We claim that if ug € X, u is the mild
solution of (2.18), and a € R, then

a(t) = e u(r) (2.24)
is the mild solution of

i+ Al = G(t,ii) in(0,7T),
i(0) = uo, 22
where

G(t, i) :=ai+e""G(t,e ™). (2.26)

Note that G also satisfies (2.17), as G does.

To verify this fact, denote h(s) := G(s,u(s)) and use (2.20) with ¢ replaced
by s, i.e., u(s) = Tug + fg Ts_; h(t)dt. Hence, for 0 < s < t, Ty_su(s) =
Tiuo+ f(; T;—: h(t) dt. We now multiply by ae®®, integrate in s, and use that the function
f(; T;—: h(t) d is differentiable in s in order to integrate by parts. We have

, ¢ ¢ s
/ ae®T,_su(s)ds = / ae Tiupds +/ ds ae'”/ dt T, h(7)
0 0 0 0

= (e — DTug + ' /01 dt T,—_; h(t) — /Ot ds e Ti_g h(s)
=e"u(t) — Tyug — /Ot ds e Ti_g h(s). 2.27)
This is equivalent to what we needed to show:
a(t) == e"u(t) = T,ug +/Ot ds e®T,_g (au(s) + h(s)).
In particular, if g(¢, x, u) = au, then u(t) = e* T;u¢ is the mild solution of (2.18)-

(2.19)forall T > 0. This f~ollows after considering (2.24)—(2.25)—(2.26) with a replaced
by —a, since in this case G = 0.



Fisher-KPP Equations with Fractional Diffusion 695

We now apply all these facts to problem (1.2). Recall our standing assumption (1.1)
for the nonlinearity f. Now, we extend f outside [0, 1] to ensure that

feC'(R)is globally Lipschitz and f” is uniformly continuous in R.  (2.28)
We work in the Banach spaces
X =Co(R") and X = C,,[R").

Taking G (¢, u)(x) := f(u(x)) we can verify (2.17). We use that f’ is uniformly con-
tinuous to check that the map u € C, p(R") — f(u) € C,»(R") is continuously
differentiable. We also use f(0) = 0 to ensure u € Co(R") — f(u) € Co(R"™). Thus,
by the previous considerations, there is a unique mild solution u of

ug+ Au = f(u) in (0, 00) x R”,

w(©.) =uo  inR", (2.29)

for data u( in any of both Banach spaces.
We now claim the following comparison principle. Assume that f and f> satisfy
(2.28) and f1 < f> in R. We then have:

ifu;(0,-) <ux(0,-) belong to C,, ,(R"), then u;(z, ) < ua(t,-) (2.30)

for all + € [0, 00), where u; and u; are the respective mild solutions of the nonlinear
problem (2.29) with f and ug replaced by f; and u; (0, -).
This is verified as follows. Take a := max{Lip(f1), Lip(f2)} to ensure that

gi(t, i) == aii + e fi(e 1)
are nondecreasing in #. We know that the mild solution to problem (2.25) with T =

00, G = g; and initial data u; (0, -) is given by #;(t) = e%u;(t). Hence, (2.30) is
equivalent to

uy(t,-) <up(t,-) forallt € [0, 0c0).

Now, by (2.23), it is enough by induction to show that Ny (w)(t) < Np(w;)(t) for
all t € [0, 00) whenever w; () < w;(¢) for all + € [0, 00). Here N; denotes the map
(2.21) with g replaced by g; and ug replaced by u; (0, -). This fact is obvious since
u1(0, ) <u»(0, ), g are nondecreasing in i, f; < f», and T; is order preserving.

As a consequence of this comparison principle, the solution u of (1.2) satisfies 0 <
u < linall [0, +00) x R" for every ug € C, p(R") with 0 < up < 1. We simply use
that u = 0 and u = 1 are solutions of the same problem with smaller and bigger initial
data, respectively.

Remark 2.6. If the initial datum belongs to the domain of A, we have further regularity
in ¢ of the mild solution # = u(¢). This follows from Theorem 1.5 in Sect. 6.1 of [17]
and its proof; see also Definition 2.1 in Sect. 4.2 of [17]. Under hypothesis (2.17) (here
the continuous differentiability of G with values in X is important), the mild solution u
of (2.18) satisfies

ueCl[0,7);X) and u([0,T)) C D(A) ifuge D(A), (2.31)

and it is a classical solution, i.e., a solution satisfying (2.18) pointwise for all t € (0, T').
In particular, this is the case for the linear problem, G (¢, u) = au.

Asaconsequence, if the initial datum uq in (1.2) belongs to the domain Dy (A) (respec-
tively, Dy, »(A)), then the mild solution u of (1.2) satisfies (2.31) (with D(A) = Do(A),
respectively D(A) = D, ;»(A)) and it is a classical solution.
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Finally, we need the following proposition describing the solution of (1.2) corre-
sponding to nondecreasing initial conditions in R with a limit/ € (0, 1] at +oo. To prove
it we will use the function

2 X
Vi(x) ::/1 ds/ dy p(s,y).

It agrees with the function || 12 P(s, -) ds considered in Lemma 2.3. By that lemma and
by (2.14) and (2.9), we know that

VieD,p(A) and AV;=P(l,-)—P(2,-) € Co(R). (2.32)
In addition, it is clear that
lim Vi(x) =0 and Iim Vi(x) =1. (2.33)
xX—>—00 xX—>+00

Proposition 2.7. Letn = 1, o € (0, 1), f satisfy (1.1), and p be a kernel satisfying
(1.6)—(1.7)—(1.8). Let ug € Dy p(A) satisfy 0 < ug <1,

Iim ug(x) =0 and lim wug(x) =1,
X—>—00 X—>+00

where 0 < I < 1 is a constant. Let u be the mild solution of (1.2). Let ¢; = ¢;(t) be the
solution of
¢ = f(p) in[0,00), ¢(0)=1.
Then, the function
v(t,x) ;= u,x) — ¢(t)Vi(x) satisfiesv € Cl([O, o0); Co(R)).
In particular, limy_, _oo u(t, x) = 0 and limy_ 400 u(t, x) = ¢;(t), both uniformly in
t €[0,T], forevery T.

Note that the limits at 00 claimed for the solution are a consequence of the state-
ment v(7) € Co(R). In addition, since f(¢) >~ |f'(1)|(1 — ¢) near ¢ = 1, we have that
$i1(t) =1 —ceVf "D for ¢ large, with ¢ a positive constant.

Proof of Proposition 2.7. Consider v = v(t, x) as in the statement of the proposition.
Since we assume ugy € D, ,(A), by Remark 2.6 the solution u is classical. Since in
addition V| € Dy, »(A) by (2.32), we have
(v + Av) (1, x) = fut,x)) — (@) Vi(x) — ¢r(1)AVi(x)
= f @, x) +gr(0)Vix) = f(@()Vi(x) — (1) AVi(x).

Therefore, v solves

[Ut +Av =gt x,v) in (0, 00), (2.34)

v(0) = ug —1Vq,
where

gt x,v) = fw+g(Vi(x) — f(@i(@)Vi(x) — 1 (1) AVi(x)

fort € [0,00), x e R,and v € R.

Let X = Cp(R) and G defined by G (¢, v)(x) = g(t, x, v(¢, x)). Using that £ (0) = 0,
(2.32), and (2.33), one checks that G : [0, 00) x Co(R) — Co(R) and that G satis-
fies (2.17) with Lipschitz constant Lip(f). Thus, by previous considerations in this
subsection, v is the unique classical solution of (2.34) in X = Co(R). In particular,
v € C1([0, 00); Co(R)). From this, the last statement of the proposition follows easily.

O
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2.4. The nonlinear problem for discontinuous initial data. Comparison Principle. Even
though our semigroup is not strongly continuous in L°°(IR"), here we show that, for ini-
tial datum ug € L°°(R"), our nonlinear problem (1.2) admits a unique mild solution
which is global in time. In addition, the comparison principle of the last subsection still
holds for bounded (perhaps discontinuous) initial data.

One starts writing the notion of a mild solution of (1.2):

t
u(t, ) = (Tuo)(x) + /0 Ty fu(s. x) ds

t
=/ dy p(t,x—y)uo(y)+/ dS/ dy p(t —s,x —y) f(u(s, y)),
R~ 0 R~

fort € (0,7T) and x € R", where ug € L°°(R") is given. Since the map given by the
right-hand side is not continuous in time with values in L°(R"), we now work in the
Banach space L*°((0, T)) x R™). The map is clearly Lipschitz in L*°((0, T) x R") with
Lipschitz constant TLip( f). By the same variant of the contraction principle used in the
previous subsection, we conclude the existence and uniqueness of a global in time mild
solution of (1.2) with

uel®0,T)xR") forall T > 0.

To prove the comparison principle —as stated in the previous subsection— we pro-
ceed in the same way as there. The only point to check is the statement about the mild
solution for the new function (2.24) and nonlinearity (2.26). The argument is the same
as there since we can integrate by parts in (2.27) due to the absolute continuity of
fos dt Ty—; h(7) in s, which allows to use the fundamental theorem of calculus.

As a consequence of this comparison principle, if u is the mild solution of (1.2)
with n = 1 and ug € [0, 1] measurable and nondecreasing (recall that this means
uog(-+x0) —ug > 0a.e.in R, for all xo > 0), then u(z, -) is nondecreasing for all # > 0.
This follows from the fact that both u (-, - + x¢) and u are mild solutions of (1.2) and the
first one has a larger or equal initial datum. As a consequence, u(-, - + x9) > u a.e., as
claimed.

2.5. A maximum principle. The following is a maximum principle needed in the next
section to prove the convergence of solutions of (1.2) towards 1. It is stated here for
classical subsolutions, for which the proof is very simple. This will suffice for our pur-
poses —even though we will need to work a little more and change some initial data to
have classical solutions. Anyhow, in the next subsection we prove the same result for
mild solutions, but the proof is more involved.

Recall that X, is the Banach space defined in Subsect. 2.1. It is crucial for our pur-
poses to have this maximum principle in the space X, containing certain unbounded
functions; in the way that we will proceed, C,, »(R") would not suffice. However, note
that the proposition also holds in C, ,(R") = Xo.

Proposition 2.8. Letn > 1, ¢ € (0,1), 0 < y < 2, and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Letv € C'([0, 00); X)) satisfy v(t, -) € Dy (A) forallt > 0, and let ¢ be a contin-
uous function in (0, 00) x R" which is bounded in (0, T) x R" for all T > 0. Assume
in addition:
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a) v(0,) <0 inR",
b) forall T > 0, we have lim SUP| x| o0 v(t, x) < 0 uniformlyint € [0, T],
c) if(t,x) € (0,00) x R" and v(t, x) > 0, then (v; + Av)(t, x) < c(t, x)v(t, x).

Then, v < 0 in all of (0, 00) x R".

Proof. Since v € C([0, 00); X,,), v is a continuous function in [0, co) x R". Arguing
by contradiction, assume that v > 0 somewhere in [0, 7] x R”, for some 7" > 0. Let

w(t, x) := e “v(t, x), where a is a constant such that a > llell oo (0.7) xR?)-

We have that w > 0 somewhere in [0, 7] x R". By assumption b), w is bounded above
in [0, T] x R" and achieves its positive maximum at some point (7o, x9) € [0, T] x R".
By a) we have tp > 0. Since w € C! ([0, 00); X)), we have that w(-, xo) = w(-)(xo) is
differentiable in (0, #p] and achieves its maximum in this interval at 7g. Thus,

wy (to, x0) = 0. (2.35)

On the other hand, by hypothesis, w(#, -) belongs to D, (A) and achieves its maxi-
mum in R” at x¢. Thus, by (2.10),

Aw(to, x0) > 0.
From this, (2.35), and hypothesis c) (note that v(#, xg) > 0), we deduce
0 < (w; + Aw)(fo, x0) = ¢~ (v; + Av)(to, x0) — ae~ " v(1o, x0)
< e~ {c(ty, x0) — a} v(tp, x0) < O

since v(fg,x9) > O and ¢ —a < 0in (0, 7] x R" (recall that ¢ is continuous in
(0, T1 x R™). This is a contradiction. 0O

We will use the previous result in the situations given by the following two lemmas.
In this first one, we will take 7(t) = ae"’ in our application, with @ and v positive
constants.

Lemma2.9. Letn > 1, ¢ € (0,1), 0 < y < 2«, and p be a kernel satisfying (1.6)—
(1.7)—(1.8).

Let v € C'([0, 00); X)) satisfy v(t,-) € Dy, (A) forall t > 0, and let ¢ be a con-
tinuous function in (0, 00) x R" which is bounded in (0, T) x R" for all T > 0. Let
7 : [0, +00) — [0, +00) be a continuous function and define

Q ={(t,x) € (0,00) x R" : |x| <F(1)}.

Assume in addition:

a) v(0,) <0 inR", (2.36)
b) v <0 in ((0,00) x R") \ Q, (2.37)
c) vy + Av < c(t, x)v in Q,. (2.38)

Then, v < 0 in all of (0, 00) x R™.

The lemma follows immediately from Proposition 2.8.

For increasing solutions in R, we will use instead the following result. Note that here
we assume ¢ < 0. In our future application, we will take x(¢) = —be®" in the next
lemma, with b and o’ positive constants.
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Lemma 2.10. Letrn = 1, ¢ € (0,1),0 < y < 2«a, and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Let v € C1([0, 00); X)) satisfy v(t,-) € D, (A) forallt > 0, and let c < 0 be a
nonpositive continuous function in (0, 00) x R which is bounded in (0, T) x R for all
T > 0. Letx : [0, +00) — R be a continuous function, and define

Q={(t,x) € (0,00) xR : x >x(1)}.

Assume in addition, for some constant § > 0,

a) v(0,)<0inR, (2.39)

bl) v =<0in ((0,00) xR)\ Q, (2.40)

b2) forall T > 0, limsupv(zt, x) < uniformlyint € [0, T], 2.41)
X—>+00

¢) v+ Av <c(t,x)v in Q. (2.42)

Then, v < §in (0, +00) x R.

The lemma follows immediately from Proposition 2.8 applied to v := v — §. It
satisfies v; + AV = v, + Av < cv = cv+c¢d < cvin {v > 0}, since ¢ < 0 and
{fv>0}C{v>0}cCQ.

2.6. A Kato type inequality for mild solutions and applications. With the results in this
subsection —which are not needed to complete the proofs of our main theorems— one
may treat the initial data in the proofs of our main theorems as they are, without hav-
ing to change the data to belong to D(A). Recall that in the maximum principle of the
previous subsection its proof used crucially the solution to be classical and belong to
D(A). In this section we establish that maximum principle, Proposition 2.8, for mild
solutions; no assumption on the solution being in D(A) is made. In addition, the proof
in this subsection does not require hypothesis b) of Proposition 2.8 on the limits of v as
|x] — oo. The statement is the following.

Proposition 2.11. Letn > 1, « € (0,1), 0 < y < 2a«a, and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Let v € C([0, 00); Xy/) be the mild solution of v; + Av = h in (0, 00), v(0, -) = v,
where vg € X, and h € C([0, 00); X,)). Let ¢ be a continuous function in (0, 00) x R"
which is bounded in (0, T) x R" for all T > 0. Assume in addition:

i) v(0,-) <0 inR".
ii) if (¢, x) € (0, 00) x R" and v(t, x) > 0, then h(t, x) < c(t, x)v(t, x).

Then, v < 0 in all of (0, 00) x R™.

From this result, to be proved later in this subsection, one deduces the analogues of
Lemmas 2.9 and 2.10 for mild solutions in the same way as in the previous subsection.

To prove Proposition 2.11, we need to establish an inequality of Kato type for mild
solutions. In the stationary case and for functions in the domain of A it states the fol-
lowing:

[if(p :R — Ris C! and convex, v € Dy, (A), and p(v) € D, (A),

then Ap(v) < ¢'(v)Av in R™. (2.43)
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Its proof is simple. First notice that, by Jensen’s inequality,

(Ts p(v)(x) = /R” p(s, x — y)p(y))dy
> (/R pls, x — y)v(y)dy) = ¢(Tsv(x))

and therefore

(T () — () (x) = p(Tyv(x)) — @(v(x) = ¢' V(X)) (Tyv —V)(x)  (2.44)

for all s > 0. Dividing by s and taking the limits as s — 0 (which we assume to exist),
we deduce (2.43).

When A = —A and v € L! is a distributional solution of —Av = &, (2.43) was first
proved by Kato.

The following result states the analogue of (2.43) for mild solutions in the spaces
X, . Recall that Xg = C, ,(IR"); in this space we simply ask the function ¢ to be C 1
and convex. Instead, for 0 < y < 2a, in addition we need to assume that ¢’ is bounded
in R. This is to ensure that ¢(v) € X, whenever v € X, —recall the functions in X,
may be unbounded if y > 0. Instead, ¢ being C' and convex suffices to ensure that
@) € C, p(R") whenever v € C,, p(R").

Proposition 2.12. Letn > 1, « € (0,1), 0 < y < 2a, and p be a kernel satisfying
(1.6)—(1.7)—(1.8).

Let0 < T < 4+ooand v € C([0,T); Xy) be the mild solution of v; + Av = h in
[0, T1, v(0, ) = vo, where vg € X, and h € C([0,T]; X,)). Let ¢ : R — R be a C!
convex function. If y > 0 assume in addition that ¢’ is bounded.

Then, ¢(v) € C([0, T); X,) satisfies p(v); + Ap(v) < ¢'(v)h in the following mild
sense:

t
o)) < T p(vy) +/ Ti_s 1o’ (w(s)h(s)}ds inR" forallt € [0, T]. (2.45)
0

Remark 2.13. When y = 0 and thus Xo = C,,(R"), we have that ¢'(v)h €
C([0, T); Cy »(R™)) (simply use that ¢’(v) is uniformly continuous since v is bounded)
and (2.45) is all understood in Cy »(R"). When 0 < y < 2, even if ¢’ is bounded,
¢’ (v)h might not verify (2.4) and hence not belong to X, . However, |¢'(v)h| < C|h]|
for some constant C and thus

T—s {¢' (v(s)h(s)} = /Rn p(— )¢ (v(s, y)h(s, y)dy

is well defined since | p(- — y)¢'(v(s, ¥))h(s, y)| is integrable in y; see (2.6). The remain-
ing integral in ds is also well defined.

We need to establish the inequalities (2.45) from the hypothesis

t
v(t) = Tvg +/ T;_sh(s)ds forallt [0, T]. (2.46)
0
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For this, as usual in Kato type inequalities, we need to regularize the weak (here mild)
solution in an appropriate way taking into account the operator A. Recall that, by (2.8),
forallw € X, and § > 0 we have

)
1
w’ :=][ Tywdt € Dy(A) and Aw® = S = Tow).
0

8

In addition, w® — win X, as§ | 0.

Proof of Proposition 2.12. We use the previous regularization to define, for every
t € [0, T], the functions v’(r) := (v(r))® and h%(t) := (h(r))’. Note that A’ €
c(0,T]; Xy), h (1) e D, (A)forallt € [0, T], and

Ah® = é(h — Tsh) € C([0, T1; X,) € L'([0, T1; X,).

Since in addition v%(0) € D, (A), Corollary 2.6 in Sect. 4.2 of [17] gives the existence
of a classical solution u to

[ut +Au=h%G¢)  in(0,T),

u(0) = v (0); (2:47)

this is shown verifying that, under the above properties of /°, the right hand side of
(2.46), with h replaced by h% and vg by v(0), is C! in . Thus, u € C([0, T]; X,)) N
cl(o, 7); X, ) satisfies u(t) € D, (A) for allt € [0, T) and (2.47) is satisfied point-
wise in [0, T). In particular, u is the mild solution of (2.47). But applying fg dt T; on

Eq. (2.46), we see that v° is the mild solution of (2.47). Thus, v® = u solves (2.47) in
the classical sense; in particular

W, + AV = 1% in (0, 7). (2.48)

Since <p(v5 (t)) € X,, for all 7 (as discussed in Remark 2.13), we can define
&
E () == (e (1)) = ][O T; oV (1)) dt (2.49)

for 8 and & positive. We apply (2.44) with v replaced by v® and obtain

Ty 9(0°) — p(v®) > ¢’ (%) (Tv® — v°).

As pointed out in Remark 2.13, (p/(v‘s) (T v? — v%) could not belong to X,, when y > 0.
However, its absolute value is bounded by C| T v —? |, which satisfies (2.3) and thus we
may act the convolution semigroup on this function. Applying fg dt T, on the previous
inequality and dividing by s, we deduce

T S, _ 8,¢ 3 T. 5 _ .8
Lot = ][ T. [w/(va)u] Jr.
N 0 N

We now let s | O (also use that go’(v5) is bounded and that (T v® — v‘s)/s converges in
X)) to deduce

Ap™F < ]{) T {¢'0°) Av’} dt = ][0 T {¢' %) (° — (*)))} dr,

where in the last equality we have used (2.48).
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Since v%(7) is differentiable in ¢, the right-hand side of (2.49) also is differentiable in
t and we have ((p‘s’g), = f 8 T; {go’(v‘s)(v‘s),} dt. Adding this to the previous inequality
and defining

@) + Ap™E = gs ., (2.50)

we find
&
(@>) + AQ*° = g5 < ][ T, {¢' ")’} dr.
0

Hence, since (2.50) also holds in the mild sense, we have

'
¢ (1) = T; 9*%(0) +/ ds T;—58s,6(5)
0

t £
< T, 9>¢(0) + / ds TH][ dt To{¢' (v (5))h° ()}
0 0

in R” for all # € [0, T. Finally, since ¢’ (v?(s))h%(s) € C(R"), letting ¢ | 0 we deduce
(pointwise in R")

t
e’ (1) < T, p(v°(0)) + /0 ds Tr—s @' (v° ())h° (5)}.

Letting 6 | 0 and using dominated convergence, we conclude

t
(@) = T; ¢(vo) +/0 ds Tr—s{¢' (($))h(5)}.

This is the statement (2.45) of the proposition. O
Using the proposition we can now prove the maximum principle for mild solutions.
Proof of Proposition 2.11. Let ¢ : R — Rbe a C! convex function such that
¢ =0in (—00,0), ¢ > 0in (0,+00), and0 < ¢’ < 1inR.

For instance, we may take ¢ = 0 in (—o0, 0) and ¢ (u) = u“% in [0, +00).
Since v € C([0, 00); X,), v is a continuous function in [0, 0o) x R". Arguing by
contradiction, assume that v > 0 somewhere in [0, T'] x R", for some T > 0. Let

w(t, x) := e “v(t, x), where a is a constant such that a > llcll oo 0, 7)xR"Y-

Sincev € C([0, T'); X)) is the mild solution of v,+Av = h(t)in[0, T'], v(0, -) = vy,
(2.24)—(2.25)-(2.26) give that w € C([0, T); X,/) is the mild solution of w; + Aw =
e M —av(t)+h()}in [0, T], w(O0, ) = vg.

Therefore, by Proposition 2.12, we have that

t
e(w () = Ti ¢(vo) +/0 Ti—s {¢'(w(s))e™™ (—av(s) + h(s)}ds  (2.51)

in R” for all t € [0, T]. But v9 < 0 by hypothesis i) in the proposition, and thus
@(vg) = 0. In addition, ¢’ (w(s))(x) = 0 whenever w(s)(x) < 0.If w(s)(x) > 0, then
also v(s)(x) > 0 and by hypothesis ii), we have h(s, x) < c(s, x)v(s, x) < av(s, x),
and thus —av(s, x) + h(s, x) < 0. Finally, ¢’ (w(s)) > 0 in all of R".

We conclude that ¢’ (w(s))e™* (—av(s) + h(s)) < 01in all of R", and by (2.51) that
o(w(t)) <0inR" forall ¢ € [0, T]. This leads to w(z) < 0, and thus v(¢) < 0in R” for
all t € [0, T']. This contradicts our initial assumption: v > 0 somewhere in [0, 7] x R".

O
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2.7. Bounds on the semigroup. Next, a well-known simple lemma. For completeness,
we include its proof below.

Lemma 2.14. Let u € LY(R") and v € L®(R") be positive, radially symmetric, and
nonincreasing functions in R", where u € C' has its radial derivative u’ € L'(R™).
Then, u * v is also positive, radially symmetric, and nonincreasing.

Proof. Denote the convolution by

w(x) = /Rn u(lx —yDv(lyD dy,

clearly a positive and radially symmetric function. We compute

X —y)

Vo) - x =/ W (1 = ) 2T sy dy =/ W (1) v (x = 2]) dz.
R [x —yl R? 1z|

In {x - z < 0} we make the change & = —z and obtain

—x-&

/ M/(|Z|)x—.zv(|x —z])dz = / u'(€]) v(lx +&|) dé.
{x-2<0} |zl {x-£>0} €]

Thus,

Vuw(x) - x = / W (12D =E (o (lx = 2)) — v(lx + 2]} dz.
{x-z>0} |z

We conclude noticing that the first factor is nonpositive, while the second and third are
nonnegative since v is radially nonincreasing and |x —z|? < |x+z|? in the set {x -z > 0}.
O

The next lemma will help us handle the Co(R") initial data in Theorem 1.2.

Lemma 2.15. Letn > 1, « € (0, 1), y € (0,2a), and p be a kernel satisfying (1.6)—
(1.7)—(1.8). Recall that B is the constant in (1.8). Then, for some positive constants
¢, C, ¢y, and Cy, depending only on n, a, and B, and also on y in the case of ¢, and
Cy, we have:

a) Letag > 0, ro > 1, and

aolx| 7" for |x| = ro,
vo(x) = —n—2«a
apr,, for |x| < rp.
Then,
Trvo(x) < C(1+r5*Daglx| "~ forallt > 0, x € R",
and

Trvo(x) = B~ (q(t, ) % vo) (x)

t
> ¢ ————aolx| "7 ift >0, |x| > ro,
+1

where q is the function defined in (2.11).
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b) Let wy (x) = |x|”. Then,
Tyw, (x) < Cy(|x|” +1%) forallt >0, x € R",
and
Tow, (x) > ¢, |x|” ift >0, [x| > 1%

Proof. We start proving a). The quantity T;vo(x) is comparable, up to multiplicative
constants, to the integral

3
I = / 1 vo(y) dy. (2.52)
R | + (¢t 2 |x — y|)n+2oz

We start with the upper bound. In (2.52) we integrate first in Bjy|/2(0) and then in
R"\B|y|,2(0). In By|,2(0), we have [x — y| > |x| — |y| > |x|/2, and thus the integral
is bounded above by

1%

Iie ] / vo(y) dy.
1+ (¢t 2 |x|/2)"*2¢ J By 2(0)

Now, [ o V() dy =ag ro_"_zaCrg = Cayg ro_z"‘. In case rg < |x|/2, the remaining
o

term in the integral over B|y|/2(0) is also estimated by

|x1/2
/ vo(y)dy = C/ agr "2 dr < Cagrg .
Bix/2(0)\ By, (0) o

Hence,

I < 1 C —2a __ —2a —n—2«a 5
| < —4———Cagry™ = Ctry *aplx| ) (2.53)
(t,ﬂ |x|/2)”+2"‘

For the integrand in (2.52) over R"\ B|;|/2(0), note that vo(y) < ao(|x |/2)~" 2% in this
set. Thus, the integral over this set is bounded above by

1 dy
Caolr ™2 [ 1 dy = Cal "2 [
R 14 (1 2 |x — y|)n+2a Rre (1 + [y])rt+se

Therefore, we have the upper bound Cag|x| —n=2e

Putting this together with (2.53), we conclude
Trvo(x) < C(1+ 15> Daglx| ™"~
Next, we show the lower bound. We assume |x| > rg > 1. We have

n
1 2a

Tyvp(x) > B_l/ vo(y) dy.

Bito 1+ (17 |x — y[)m+2e
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In the set of integration |y| < |x| + 1 < |x|+r9 < 2|x|, and thus vo(y) > vo(2|x]) =
ap(2|x])~"~2%. Finally, since

t t
/ 1 dz =z —— / dz,
B(0) t2at! 4|z |20 t2at +1JB0)

we conclude the statement in the lemma.
We now prove part b). The quantity 7; w,, (x) is comparable to

%
/ [y|Y dy. (2.54)
R

n *i — n+2a
L+ (@ 2 x —y)

For the upper bound, we make the change of variables y = =% (x — y) and notice that
[yl < (x| + 13 [¥])Y. Thus (2.54) is smaller than

1 y y
C — (Ix|Y +t2= |y dy < C, (|x|¥ +t2«
y/Rn PGl ") dy < Cy(Ix| )

since y < 2a.

For the lower bound, we assume |x| > ti. We estimate (2.54) from below by the
same integral in y € Bjy|,2(x). Here, |y| > |x| — |x|/2 = |x|/2. Making the change of

variables y = t‘ﬁ (x — y), we minorize (2.54) by
y y

.
(Ix1/2)” /{ Y

. — .
i<t~ 2 x|j2) 1+ 712

1 . . . ..
Since |x| > t2« by hypothesis, the last integral is larger than or equal to a positive
constant. 0O

The previous lemma has the following counterpart for nondecreasing initial data
in R.

Lemma 2.16. Letn = 1, @ € (0, 1), y € (0, 2w), and p be a kernel satisfying (1.6)—
(1.7)—(1.8). Recall that B is the constant in (1.8). Then, for some positive constants
¢, C, ¢y, and C, depending only on o and B, and also on y in the case of ¢, and C,,
we have:

a) Let ag > 0 and xo < —1. Let

S P M
Then,
T, Vo(x) < C(1 + |xo| 2*D)aolx| > ift > 0, x < 2xo,
and

t
TiVo(x) > c————aglx|™* ift > 0, x < xo.
tatl 41
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b) Let W), (x) = (x_)Y, where x_ denotes the negative part of x. Then,

e, (x| +1%) < T,W, (x) < C,(x|” +1%) ift >0, x <O.
Proof. We start proving a). First, the upper bound. Consider x < 2xg < 0, then

+00 fi
T:Vo(x) < B/ ; Vo(y) dy
—0o 1+ (172 |x — y|)l+2

x/2 t—i
= B/ ; Vo(y) dy
—oo 14 (172 |x — y[)l+2

1

+00 t~ %
+B / 1 Voy)dy
2 L+ (% |x -yl

x/2 t—i dy

< Cag|x/2|7% /

oo L+ (7% | — y|) 42
1
+oo 72 d
+Ca0|x0|_2a/ i > :
2 14 (% | — )i

We conclude by noticing that

/X/Z t—i dy </+oo di _c
oo 14 (173 |x — yIH2 T Joo 141

and

_ 1 —
/+OO Ay =/+Oo D a2
W2 14 | — 2 Sy T+ T

Next, the lower bound. Since x < xg < —1, we have

1
* 2 ap

T, Vo(x) > B—l/

x=1 1+ (¢ 2% |x — y)l+2e [y

1 o
> B! ao2/ tlz dz,
ClxD* Jo 1+ (1 2az)1+2e

where we have used |[y| = —y < 1 —x < —x — x = —2x = 2|x]| in the last bound.
Finally, using 0 < z < 1 in the last integral, we conclude the lower bound.

We now prove b). The upper bound is a consequence of the upper bound in part b)
of Lemma 2.15. For the lower bound, since x < 0 note that
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1
0 t~ 2a

LW, (x) = B—l/ IyI” dy

oo 14 (17 % |x — y|)l+2
1

. x—t2u [7i
- B / N 1 |yI” dy
=202 |+ (t7 2 |x — y|)I+2

1

x—t2 1 v

> ¢y LT E |y dy Zeylx =tV > ) (Ix|V +12),
x—(2t) 2«

. 1 1 .
since |[x — t2«| = |x| + 2« . This concludes the proof. 0O

3. Initial Data with Compact Support

To prove part b) (the convergence towards 1) of Theorem 1.2, we will need the following
key lemma.

Lemma 3.1. Letn > 1, o € (0, 1), f satisfy (1.1), and p be a kernel satisfying (1.6)—

(1.7)—(1.8). Recall that B is the constant in (1.8). Then, for every 0 < o < IO there
existty > 1 and 0 < ¢y < 1 depending only on n, o, B, f, and o, for which the
following holds.

Givenrg > 1and 0 < ¢ < &g, let ay > 0 be defined by aoro_"_z‘x = ¢ and let
aglx| " Jor |x| = ro,
vo(x) = _ —n—2«a
& = aopr for |x| < rop.

Then, the mild solution v of (1.2) with initial condition vy satisfies
v(kto, x) = & for |x| < roe*0
andk € {0,1,2,3,...}.

Proof. The lemma being of course true for k = 0, letus proveitfork = 1.Lets € (0, 1)
be sufficiently small such that

o< % (a + ') ) < LPAC) < Q) (3.1)

n+2a n+2¢ 8 T n+2a

We take 79 > 1 sufficiently large, depending only on n, «, B, f and o, such that

1
n+2a /'/(())
o o+ )t
CT e? n+2a )10 > 6010’ (3.2)
2 +1
0

where ¢ > 0 is the constant in the lower bound in part a) of Lemma 2.15. In particular,
¢ depends only on n, «, and B. Define now 0 < g9 < § by

g0 = se— 'Ot
Recall that, in what follows, we are given ro > 1 and ¢ such that

0<e<gy <.
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Let
w = TP T

It satisfies

A

u)[+Aw= Tw’ w(os '):UO

in the mild sense. Since vg < ¢ in R”, we also have T;vyg < ¢ in R” for all ¢+ > O.

Now, fort <19, 0 < w < e/ @/Dg < o' Oogy = 5. Since (£(8)/8)w < f(w) for
0 < w < §, we have that w is a mild subsolution of (1.2) in [0, #p] x R". Thus, by the
comparison principle of Subsect. 2.3, we have

(10, -) > wlty, -) > w(ty, ) inR", (3.3)
where
w(t, x) = B~ e O (g1, ) % vp) (x)

and g was defined in (2.11). We will use that w(¢, -) is radially nonincreasing by
Lemma 2.14.
By the lower bound in part a) of Lemma 2.15, we have

fo Cne
v(fg, x) > w(ty, x) > w(tp, x) > e(f(‘s)/‘s)tocTao|x| =24 for |x| > ro.

1" +1
(3.4)
Let us define r; > 0 by
OO P L E, (3.5)
EH rn+2o{
ty +1 "1
Since ag = 8r6‘+2°‘, we get
1
n+2a
1
r=ro|c—2 ez (F(®)/3)0
3qt1 1
tO +
By (3.2) and the second inequality in (3.1), we have
r > roe’™ > r. (3.6)

Now, since r1 > ro, (3.4) and (3.5) lead to v(fo, x) > w(fo, x) > ay|x|~"~2¢ for
|x| > r1, where a; = sri“z”‘. Since w is radially nondecreasing by Lemma 2.14,
(3.3)-(3.4)-(3.5) lead to v(zg, x) > w(ty, x) > w(ty, r1) > € for |x| < ry.

Thus, v(fy, -) > v; where v is given by the expression for v in the statement of the
lemma with (g, ag) replaced by (r, aj). Note that ry > rg > 1.

Therefore, we can repeat the argument above successively, now with initial times
to, 2tg, 3tg, . .. and radius ry, rp, r3, . . ., and obtain

v(ktg, x) > ¢ for |x| < rg,
forall k € {0, 1,2,3,...}. Since
okty

ry = roe

by (3.6), the statement of the lemma follows. O
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Corollary 3.2. Letn > 1, a € (0, 1), f satisfy (1.1), p be a kernel satisfying (1.6)—
(1.7)~(1.8), and 0 < o < LSO 7o to > 1 be the time given by Lemma 3.1.

n+2a
Then, for every measurable initial datum ug withQ < ug < 1 and ug # 0, there exist

e € (0, 1) and b > 0 (both depending on ug) such that

u(t,x) >¢ forallt > tyand |x| < be’",
where u is the mild solution of (1.2) with u(0, -) = uy.

Proof. Since u is a supersolution of the homogeneous problem (the problem with f = 0),
we have that u(fo/2,-) > Ty 2uo > 0in R", since ug # 0. Thus, since Tz, zuq is a
positive continuous functionin R”, we have u(ty/2, -) > nxp, ) in R" for some constant
n > 0. Therefore,

u(to/2+1,-) = T; (nxs,©) = v, ) == B™'nq(t, ) * xp0) inR", (3.7

where g was defined in (2.11). We will use that v(z, -) is radially nonincreasing by
Lemma 2.14.
To bound v by below, we use the second inequality in (2.12) with 7 € [ty/2, 3ty/2].
1

. b n
We take x € R” with x| > 7, > 1 to have 124 | x|"*2 < C|x|"*2* for such 7 and x.
We deduce

1

v(t, x) > aolx| "2 fort € [19/2, 3to/2] and |x| > ro = 12, (3.8)
for some ap > 0. We make ag smaller, if necessary, to have that ¢ := agr, n—2a < &,
where & is given by Lemma 3.1. Since v is radially nonincreasing, from (3.7) and (3.8)
we deduce

u(tg/2+1t,-) >v(t,-) >vy inR"? forallt € [19/2,319/2],

where vy is the initial condition in Lemma 3.1.
Thus, we can apply Lemma 3.1 to geta lower bound for u (- +7p, -) forall 7o € [tg, 219].
Since {tg + ktg |k =0, 1,2, ... and 19 € [19, 2tp]} cover all [y, 00), we deduce

u(t, X) > & if 1 > 1o and |X| < roe—02t()eo't

by taking t = 10 + kfp and using |x| < rge”7%0e%" < rpe ™" = rpe 0. This last
statement proves the corollary taking b = rpe 2. O

Using Corollary 3.2 we can easily deduce Proposition 1.4 on nonexistence of traveling
waves.

Proofs of Lemma 1.3 and Proposition 1.4. We apply Corollary 3.2 with o replaced by

o', where o’ € (o, £'(0)/(n+2a)). Since €' < be” " for ¢ large (where b is the constant
in the statement of Corollary 3.2), we deduce the statement of Lemma 1.3, i.e.,

u(t,x)>¢ fort>t and |x|<e”.

We can now prove Proposition 1.4. That is, all solutions u of (1.2) with values in
[0, 1] and of the form u(¢, x) = ¢(x +te), for some vector e € R”, are identically O or 1.
Indeed, assume that u s 0 and replace the initial datum ¢ (x) for u by the smaller one
min{g(x), |x|~"~2*}. The mild solution for this new initial condition is smaller than u
and satisfies, by Lemma 1.3, the conclusion of the lemma for any given o < o,. Hence,
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we also have that ¢(x +te) = u(t, x) > ¢if |x|] < ¢’ and ¢ > t. As a consequence,
p(y) > ¢if |y —te| < |y|+tle] < e andt > t. But, given any y € R”, the two last
inequalities are true for ¢ large enough. We deduce that ¢ > ¢ in all of R”, and hence
u > g in all of (0, c0) x R".

Note now that f(s) > %(1 —s) forall s € [g, 1]. Thus, u > v, where v is the
solution of the linear problem

v+ Av =11 —v) in(0, 00) x R",
v(0,) =¢ inRR".

Its solution is explicit,

vt ) = v(t) =1 — (1 —e)e” T4,

Since v — 1 ast — +oo, we have that u — 1 uniformly in R" as t — +oo. Therefore,
since u(t,x) = p(x +te) =u(T,x +(t — T)e), letting T — oo we conclude u = 1.
O

Next, we have to prove the convergence to 1 behind the front. Once we know that the
solution remains larger than a small positive constant behind the front, the proof of the
convergence towards 1 is dimension independent. We write this step in the following,
which will be very useful also when proving the precise level set bounds of Theorem 1.6.

To simplify the proof, we assume the initial datum to belong to the domain D,, ;(A).
The lemma, however, holds without this assumption thanks to the more involved maxi-
mum principle of Subsect. 2.6; see Remark 3.4 below.

Lemma 3.3. Letn > 1, @ € (0, 1), f satisfy (1.1), and p be a kernel satisfying (1.6)—
(1.7)—(1.8). Let u be a solution of (1.2) with 0 < u < 1 such that u(0,-) € D, »(A)
and

u>e forallt >ty and |x|<ae", (3.9)
for some positive constants ¢ € (0, 1), a, v, and to. Then, we have:

i) For all A € (0, 1) there exist constants t,, > tg and C;, > 0 such that
1
u>xA foralt>1 and |x|< C—e"’. (3.10)
A

ii) For every o € (0, v), u(t, x) — 1 uniformly in {|x| < e”’} ast — +oo.

Note that in (3.9) and (3.10) we have the same exponent v in the exponential. This
will be a key point to establish Theorem 1.6 concerning the bounds on the level sets with
the exact exponent (in the exponential).

Remark 3.4. The statement of Lemma 3.3 will suffice for our purposes. However, the
lemma also holds without the assumption u(0, -) € D, ,(A). This assumption on the
initial datum being in the domain allows to use the simple maximum principle of Prop-
osition 2.8 and its immediate consequence: Lemma 2.9.

The lemma holds without the assumption u(0,-) € D, ;(A) since we can apply
instead the maximum principle of Proposition 2.11, which gives that Lemma 2.9 also
holds without the hypothesis on v(¢, -) € D), (A) forall r > 0.
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To prove Lemma 3.3, we need to use a comparison function modeled by w,, (x) =
|x|”. Thus, we consider the semigroup in the space X, introduced in Subsect. 2.1. To
use the simple maximum principles of Subsect. 2.5 for classical solutions, instead of
using as initial datum w,, (x) = |x|” we use the function

1
IZ)V()C)Z/O Tswy ds, (3.11)

which belongs to D,, (A) as pointed out in (2.8).

In addition, since Ty, (x) = tHl T;wy ds, using the bounds in part b) of

Lemma 2.15, we deduce
Ty, (x) < Cy(Jx]” + (1 + l)%) forall r > 0, x € R", (3.12)
and
Tyiby (x) > ¢ |x|” if1 >0, |x| = (¢ +1)%. (.13)
The constants C,, and ¢, depend only on n, «, B, and y.

Proof of Lemma 3.3. Since u(0, -) € D, ,(A), for any y € (0, 2«) the mild solution
u satisfies u € C]([O, 00); X)), u([0, 00)) C Dy »(A) C Dy(A), and it is a classical
solution (see Remark 2.6). By hypothesis, for every #; € [y, 00) (to be chosen later),

e<u<l inQ :={t>n,lx| <F@):=ae"}. (3.14)
Since f is concave and f(0) = f(1) = 0, for every 0 < &’ < ¢ we have

f)
1—¢

f(s) > (1—s) forall sel[e, 1]. (3.15)

We take ¢’ € (0, ¢) small enough so that
f(&h

0 < g :=1 S < 2av.
—¢

With this choice of &', we take y defined by
0<y:= gz < 2a.
v
Note that by (3.14) and (3.15), we have

@ +A) (1 =) = —f@W) < —qo(1—u) inQ,. (3.16)

We now use as comparison function the solution w of

[wt + Aw = —qgw in [t1, 00) x R",

w(ty, x) =1+ Cylay wy(x) forx e R",

where w,, € X, has been defined in (3.11). Here, a is the constant in (3.14) and c,, the
constant in (3.13). The solution in the space X, of this linear problem is given by

w(t, x) = e &= 1] 4

av T lby (x)]
4
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fort > t; and x € R". Since w, € D, (A), the solution w is classical; in particular,
w € Cl([t1, 00); X)) and w([t1, 00)) C Dy (A).
We apply Lemma 2.9 to

vi=(1—u)—w,

with initial time 1, c(¢,x) = —q,, and |x| < 7(¢) := ae”" in (3.14). We know that
v e Cl([t, 00); X,) and v([t1, 00)) C Dy (A).

Condition (2.36) with t = 0 replaced by t = t1, i.e., v < 0 for r = #; in R”, holds
sincel —u <1<wfort=t.

To verify (2.37), we take #; > ty large enough to guarantee ae” > (t + 1)ﬁ >

(t—t + 1)ﬁ for t+ > t;. Thus, the lower bound in (3.13) gives that if # > #; and
|x| > 7(1), then Ty, Wy (x) > ¢, |x|V > ¢, a”e’"". Hence,

w(t, x) = e 9V > oWVTAIT — | > | — y(¢,x) ift >t and |x| > F(2).
Finally, (2.38) clearly holds since, by (3.16),
v+Av=—fu)+qow < —q (1l —u —w) = —qov  in Q.

Therefore, by Lemma 2.9, v < 0 in [#1, c0) x R" for some ¢#; taken to be large enough.
Thus, using also the upper bound (3.12), we conclude

1—u(t,x) < w(t,x) =e %07 [1 + Tio, ﬁfy(X)]

ya’r

< =0 (=1 {1+Ca,y(|x|y+(z - 1)%)} R, ifr >4, (3.17)
for some constant C,,,, depending on a and y.
From this bound, we deduce the two statements of the lemma. First, to prove part i),

in the new region {t >, x| < C;]e”} (where t, and C),_ are to be chosen next), we
have

(= x) < et {1 +Capy (C, Ve + (1 + 1)%)}

_ — Y
— edeh {e 90 1 CaryCr7 + Cay (1 + D %“}

1—A
<

+et1C,u,C, Y <1 =1

if we take both #, and C, large enough. Thus, # > X in this region, as claimed.
Inequality (3.17) also shows part ii) of the lemma, that is, the uniform convergence
of u towards 1 in the region {|x| < e‘”} when o < v. Simply use that yo < yv = g.
]

We can finally establish our first main result.

Proof of Theorem 1.2. Part a) is simple. Since f(s) < f/(0)s forall s € [0, 1], we have
that u < v, where v is the solution of v; + Av = f/(0)v with initial condition ug. It is
given by

v(t,x) = el O Trug(x).
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Since uo(x) < min(1, C|x|™*72%), the upper bound in part a) of Lemma 2.15 leads to
Tiuo(x) < Ct|x|™"~2% fort > 1 and x € R”". Thus,

ut,x) < v(t,x) < Cte" O x|7""2  forallt > 1 and x € R".

From this, statement a) in the theorem follows immediately. Indeed, for |x| > ¢’ and ¢
large enough, we deduce

u(t,x) < Ctel Ot p=12a)at __  a¢ ¢ 1 o0,

since o > f'(0)/(n +2).

To prove part b) of the theorem, note that it suffices to establish it for the solution of
(1.2) with a smaller initial datum than u (2, -), i.e., u at time 2. We replace u(2, -) at time 2
by the smaller initial datum u, := ¢ f12 p(s,-)ds. By Lemma 2.2, uy < Toug < u(2,-),
and hence, u(t,-) < u(t +2,-) forall r > 0, where u is the solution with initial datum
ug. In addition, by the same lemma, u, € Do(A) C D, ;(A), and this will allow us to
apply Lemma 3.3 to u. Now, given o < o, take o’ such that

1'(0)

n+2a

0O<o <o <

We first apply Corollary 3.2 to u with o replaced by o’. We obtain
u>e ift>1,|x| <be”",

for some constants b > 0 and #y. Hence, we can apply Lemma 3.3 to u with v re-
placed by o’. Part ii) of the lemma gives the desired convergence of u (and hence of u)
towards 1. O

Remark 3.5. All the results in our paper hold for a larger class of nonlinearities than
those satisfying (1.1). It suffices to make the more general assumptions

fec'qo, 1, f>0in(0, 1), fO)=f1=0, f(1)<0<f(0), (3.18
and
f(s) < f(0)s fors e[0,1]. (3.19)

Note that here f is not necessarily concave —in contrast with (1.1)— but (3.19) is
assumed. Let us next explain which small changes must be done in our proofs of Sect. 3
(the same changes apply for Sect. 4) to cover this larger class of nonlinearities.

The above assumptions on f guarantee the following facts. First, there exist6 € (0, 1]
and a nonlinearity f such that

feCl(10,0D), fO)=f©®)=0, (/) = [0,
f>f>0in(0,0), and f isconcave in [0,6]. (3.20)
This is easily seen by taking f (with £(0) = 0) to be the primitive of the function

h(s) := minp s f. Note that A is continuous and nonincreasing and that # < f’ in
[0, 11.
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A second property that we need is the following. For every ¢ € (0, 1), there exists
qs > 0 such that

f(s) >q.(1—s) fors e [e 1]. 3.21)

This is easily seen by noticing that f(s)/(1 —s) is a continuous function in [e, 1] taking
the value — /(1) > 0 at s = 1, and being positive in [, 1) by (3.18). Thus, we take
ge := mingepe1) £(5)/(1 —5).

Now, since Lemma 3.1 applies not only to solutions but also to supersolutions, and
it concerns only their small levels, we can replace the given nonlinearity f satisfying
(3.18) and (3.19) by f satisfying (3.20). Now f is concave in [0, #] and the proof of
Lemma 3.1 works with £. Note also that (f)'(0) = f(0).

Next, the proofs of Lemma 1.3, Proposition 1.4, and Lemma 3.3 only require (3.21)
on the nonlinearity f.

Finally, the proof of part a) in Theorem 1.2 requires (3.19).

4. Nondecreasing Initial Data

The plan is the same as that of Sect. 3. To prove part b) of Theorem 1.5, we need a key
lemma similar to Lemma 3.1.

Lemmad.1. Letn =1, a € (0, 1), f satisfy (1.1), and p be a kernel satisfying (1.6)—

(1.7)—(1.8). Recall that B is the constant in (1.8). Then, for every 0 < o < % there

existty > 1l and 0 < ¢y < 1 depending only on o, B, f, and o, for which the following
holds.
Given xo < —1l and 0 < ¢ < g, let ag > 0 be defined by a0|x0|_2"‘ = ¢, and let

Volx) = | @0l for x < xo,
e = aplxo| 2% for x > xo.

Then, the mild solution v of (1.2) with initial condition Vy satisfies

v(kty, x) > & forx > xe®k"

andk € {0,1,2,3,...}.

Proof. The result being true for k = 0, let us prove it for k = 1. Let § € (0, 1) be
sufficiently small such that

! f') Lre _ 1,

We take 79 > 1 sufficiently large, depending only on «, B, f and o, such that

1

S0
1 ei(‘”’T
1
5o+l
1" +1

)’0 > ool (4.2)

where ¢ > 0 is the constant in the lower bound in part a) of Lemma 2.16. In particular,
¢ depends only on « and B. Define now 0 < g9 < § by

g9 = 8e~ /'O,
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Recall that, in what follows, we are given xog < —1 and ¢ such that
0<e<gy <.
Let
w = SO/ T, Vp.

It satisfies

w+Aw = —w, w(0,)=W

Q)
8

in the mild sense. Since Vy < ¢ in R, we al/so have T;Vy < ¢ in R for all ¢+ > O.
Now, fort < 19, 0 < w < e @/Dg < o' Dhgy = §. Since (f(8)/S)w < f(w)
for 0 < w < §, we have that w is a mild subsolution of (1.2) in [0, #p] x R. Thus,

v(tg, -) > w(fp, -) in R. By the lower bound in part a) of Lemma 2.16, we have

1 a
(10, x) > wltg, x) > e /@D 0 0 g <. (4.3)
P I
Z‘O +
Let us define x; < 0 by
) ao
O —— e = (4.4)
1, X
e+ 1!
Since ag = ¢|x|%*, we get
1
2o
fo 1 f®rg
X1 = X0 Cl— e 2a K]
2t
0

By (4.2) and the second inequality in (4.1), we have
x1 < x0e’ < xo. 4.5)

Now, since x| < xq, (4.3) and (4.4) lead to v(tp, x) > a; |x|_2°‘ for x < x1, where
a) = ¢&lxg |2°‘. Since v is nondecreasing in x (see the last comment in Subsect. 2.4), we
also have v(fg, x) > aj|x;|~2¢ = & for x > x.

Thus, v(y, -) > V1 where V] is given by the expression for Vj in the statement of
the lemma with (xg, ag) replaced by (x1, a1). Note that x; < xg < —1.

Therefore, we can repeat the argument above successively, now with initial times
to, 2to, 3tp, . .. and points x1, X2, X3, . . ., and get that

v(ktg, x) > ¢ forx > xi
forall k € {0, 1,2,3,...}. Since
okty

X < xpe

by (4.5), the statement of the lemma follows. O
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Corollary 4.2. Letn = 1, o € (0, 1), f satisfy (1.1), p be a kernel satisfying (1.6)—

(1.7)~(1.8), and 0 < o < %. Let ty > 1 be the time given by Lemma 4.1.
Then, for every measurable nondecreasing initial datum ug with 0 < uy < 1 and

ug = 0, there exist ¢ € (0, 1) and b > 0 (both depending on uq) such that
u(t,x)>¢ forallt > tyandx > —be’",
where u is the mild solution of (1.2) with u(0, -) = uy.

Proof. Since u is a supersolution of the homogeneous problem (the problem with f = 0)
and ug # 0, we have that u(to/2, -) > Ty, 2u0 > 0 in R. Since u is nondecreasing in x
(see Subsect. 2.4), u(to/2, x) > u(to/2,0) = Tyy2u0(0) =: n > 0 for all x > 0 (recall
that T3, 2u( is a continuous positive function). Thus, u(#9/2, -) > 1x(0,00) in R, for some
constant n > 0. The second inequality in (2.13) now gives, for > O and x <0,

w(to/2+1, %) = Ty x(0.00/(x) = B (1 +17 2 [x]) 2,
‘We deduce

1
2w 2

u(ty/2 +1t,x) > aolx| fort € [to/2, 3t0/2] andx < xo := —15" < —1,

for some ag > 0. We make ag smaller, if necessary, to have that ¢ := a0|x0|’2"‘ < &p,
where g is given by Lemma 4.1. Since u is nondecreasing, we deduce

uty/2+1,) > Vo inRforall e [t/2, 3t0/2],

where V) is the initial condition in Lemma 4.1.
Thus, we can apply Lemma 4.1 to get alower bound for u (-+7o, -) forall 7y € [#9, 2¢].
Since {tg + ktg |k =0, 1,2, ... and 19 € [19, 2t9]} cover all 1y, c0), we deduce

u(t,x)>e¢e if t>1t and x > xoe—UZtoeat

by taking ¢ = o + kfo and using (recall here that xg < 0) that x > xpe °20¢%" >

x0e 7™e%" = x0e¥ This last statement proves the corollary taking b = |xg| e~ 020
O

We can now give the proof of Theorem 1.5. Note that the previous lemma and cor-
ollary are crucial to guarantee that u > ¢ for x > —be?’. Thus, in this region f(u) is
greater than a positive linear function vanishing at # = 1. This will lead to the exponential
convergence to 1 in the region.

To show this and prove part b) of Theorem 1.5, we need to use a comparison func-
tion modeled by W, (x) = (x_)”. Thus, we consider the semigroup in the space X
introduced in Subsect. 2.1. To use the simple maximum principles of Subsect. 2.5 for
classical solutions, instead of using as initial datum W,, (x) = (x_)? we use the function

1
W, (x) = / T, W, ds, (4.6)
0

which belongs to Dy, (A) as pointed out in (2.8).

In addition, since T,Wy(x) = lm T, W, ds, using the bounds in part b) of

Lemma 2.16, we deduce

T,Wy(x)ny(|x|V+(t+l)ﬁ) forallt > 0, x <O, 4.7)
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and
T, W, (x) > cy|x|” forallt >0, x <O0. (4.8)
The constants C), and ¢, depend only on «, B, and y.

Proof of Theorem 1.5. Part a) is simple. Since f(s) < f'(0)s foralls € [0, 1], we have
that u < v, where v is the solution of v; + Av = f/(0)v with initial condition ug. It is
given by

v(t,x) = e’ O Tiug(x).

‘We know that ug(x) < Co|x|_2"‘ for some constant Cp; we may assume Co > 1. Taking
XQ = —C(l)/(za) < —1,wehaveugp <1 = C0|x0|_2°‘, and thus ug < Vy in R, where
Vo is the function in part a) of Lemma 2.16. The upper bound in part a) of Lemma 2.16

leads to Tyug(x) < Ct|x|~2* fort > 1 and x < 2x¢. Thus,
u(t, x) < v(t, x) < Crel Oy =2

fort > 1 and x < 2xp. From this bound, statement a) in the theorem follows immedi-
ately. Indeed, for x < —e“’ and ¢ large enough, we deduce

u(t,x) < Ctel'O1p=200t 0 44 ¢ 1 oo,

since o > f(0)/Ra).

To prove part b) of the theorem, note that it suffices to establish it for the solution of
(1.2) with a smaller initial datum than u (2, -), i.e., u at time 2. We replace u(2, -) at time 2
by the smaller initial datum u, := ¢ flz P(s,-)ds. By Lemma 2.3, uy < Toug < u(2, -),
and hence, u(z,-) < u(t +2,-) for all t > 0, where u is the solution with initial datum
ug. In addition, by the same lemma, u, € D, ;(A), and this will allow us to apply
Lemma 2.10 to u. To simplify notation, in the rest of the proof we denote the solution

Since now u(0, -) € D, p(A), the mild solution u satisfies u € ([0, 00); X,) and
u([0, 00)) C Dy p(A) C D, (A) forany y € (0, 2a), and it is a classical solution (see
Remark 2.6).

Now, given o < oy, take o’ such that

f(0)
200

0<o <o <

We apply Corollary 4.2 to u with o replaced by o’. We obtain, for any t; > 1y (fp is
given by the corollary),

e<u<1inQ:= {t>z1,x>x(t) = —bea”}, (4.9)

for some positive constants ¢ and b. Since f is concave and f(0) = f(1) = 0, for every
0 < &’ < & we have

feh

1—¢

fGs) > (1—-ys) foralls e [e, 1] (4.10)
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We take ¢’ € (0, ¢) small enough so that

With this choice of &', we take y defined by
0<y:= % < 2a.
Note that by (4.9) and (4.10), we have
(0 +A)d —u)=—f(u) <—qg«(1 —u) inQ. (4.11)
‘We now use as comparison function the solution w of
[wt+Aw = —qgw in [#1, 00) X R,

w(t;, x) =1+ Cﬁvf/y(x) forx € R,

where Wy € X, has been defined in (4.6). Here, b is the constant in (4.9) and c,, the
constant in (4.8). The solution in the space X,, of this linear problem is given by

1
w(t, x) = e 4/~ [1 +
c

yb?’ Tt—t] Wy (x) ]

fort > t; and x € R. Since Wy € D, (A), the solution w is classical; in particular,
w € Cl([t1, 00); X,) and w([t1, 00)) C Dy (A).
We apply Lemma 2.10 to

vi=(1—-—u)—w,

with initial time #1, ¢(t,x) = —qy < 0, and X(¢) := —be' in (4.9). We know that
v e Cl([t1, 00); X,) and v([t1, 00)) C Dy (A).

Condition (2.39) with t = 0 replaced by t = #1,i.e., v < 0 fort = #; in R, holds
sincel —u <1 <wfort=rt.

To verify (2.40), we use the lower bound in (4.8). Fort > #; and x < X(¢) < 0, we
have T;_;, Wy (x) = ¢y x|V > cyb”ey“/‘. Hence,

! ’ . —
w(t, x) > e 9tedeNel ot > oY =4t — | > | — y(¢,x) ift > #; and x < X(2).

To verify (2.41), we use Proposition 2.7. Let [ := limy_, 1o u(#1, x). Since ¢;(¢) is
nondecreasing in ¢, the proposition gives that lim sup,_, . (1 —u)(#,x) =1 —¢1(t) <
1 — ¢;(t1) =: § uniformly in ¢ € [#;, T] forall T > ¢;. We apply Lemma 2.10 with this
choice of §.

Finally, (2.42) clearly holds since, by (4.11),

v+Av=—fu)+qgow < —qos(1 —u —w) = —qyv in Q.

Therefore, by Lemma 2.10, for all #; > fo wehave v < § = 1 — ¢y (1) in [t1, 00) X R.
Thus, using the upper bound (4.7), we conclude

L—u(t,x) <1—¢t)+wt,x)

=1 —@y(ty) + e 9/ =) {1 + Ti—t, Wy (x)]

cybY
< 1= gyl + ™% 14 Gy () + (0 — 1+ F))

if > t; and x < 0, for some constant Cj ,, depending only on e, B, b and y.
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This inequality shows part b) of the theorem, that is, the uniform convergence of u
towards 1 in the region {x > —e! } Indeed, given ¢ > 0 choose #; > fy large enough
such that 1 — ¢; (1) < &; recall that the solution of the ODE, ¢;(¢), tendsto 1 ast — oo.
With this choice of ¢, the remaining term of the above bound is also smaller than ¢ for
t large enough; simply use that yo < yo’ = ¢,/. This ends the proof of Theorem 1.5.

]

5. Level Set Bounds in R when A = (—A)1/2
In this section we considern =1, A = (—A)l/z, and f(#) = u(l —u), thatis, equation
ur+ (=M)Y2u =u(l —u) in (0, +00) x R. (5.1

The transition kernel p;,> is known explicitly, even in dimension 7. It is given by

_ntl n
p1y2(t, x) = Byt™" (1 +t_2r2) T = B(t* + rz)_%l, where r = |x| and B, =

n+l | ..
F(%)rr T2 is a positive constant. Thus, we have

(=M)'"2pijp = —dip1

_n+l _n+3
B, [nt_”_1 (1 +t_2r2) s (n+ ™" (l +t_2r2) St 3r2]

n+3

— B! (1 + fzrz)_T {n (1 + fzrz) — i+ 1)f2r2}
_n3
= Bt "17! (1 + t_2r2) ’ {n — t_2r2} .
From this we deduce that, given a constant b > 0,
ol _ns3
(—A)12 (1 +b*2r2) 2! (1 +b*2r2) . {n _ b*zrz} nR". (5.2)

Consider now, on the model of pj 2, a function u of the form

n+l

P2\ Z
u(t,x) =a (1 + W)

with b = b(t) to be chosen later. Using (5.2), we compute u; + (—A)
in R":

2y —u(1 = u)

_ns3
2

(n+1D)b3b'r?,

_n+3 _n=1
: [1+b_2r2—a(l+b_2r2) : ]
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Thus, we have

a! (1 + b—zrz)% {“t + (=) U — (u — ”2)}

n—1
2

=nb~ = Tra(1+6727) T 4p 2 e D — 10} (53)

We wish the above function u to serve as a sub or a supersolution depending on its
parameters. We have:

Lemma 5.1. Let n = 1. For a > 0 and by > 1, let

—1
2
Ugpy(t,x) :==al 1+ a 5 fort >0,x € R.
{(1+bg)et/2 — 1}
Then,
a) Ifa < b‘;}gl , then ug p, is a subsolution of (5.1),
b) Ifa > 1, then ug p, is a supersolution of (5.1).

Proof. Let b(t) = (1 +bg)e'/* — 1. Note that 25’ (t) = (1 + by)e'/?> = 1 + b(¢). Thus,
by (5.3),

a”! (1 + b(t)_2x2)2 {u, (A Py~ = u2)} —bt)y ' —1+a.

Now, since b(t) > bg for all + > 0, the last expression satisfies b)) ' —1+a <
bal —l+a=a- % < 0 under the assumption in part a).

Finally, since b(t)_1 — 1l +a > —1+a > 0under the assumption in partb). O
Using this result and also our key Lemma 3.3, we can finally give the
Proof of Theorem 1.6. Let A € (0, 1). We start proving the inclusion
{Ix| > Cre'’?} C {u(t,) <A} forallt >0

if Cy, is chosen large enough. We simply use the explicit supersolution u, 5, of Lemma 5.1
for some appropriate @ > 1 and by > 1. Take it at time ¢ = 0:

x2 - x2 - b(z) 2
0,x) = 1+ — >l 1+ — > — x|~ if > by.
Uapy(0,x) =a +b(2, > +b(2) e x| if [x| > bo

Recall that we assume ug(x) < C|x|2. Thus ug < Ua by (0, -) for |x]| > b if we take
bo > 1 large enough (independently of @ > 1, that we can still choose). Now, by taking
a > 1 large enough we also have ug < u4 5,(0, -) in {|x| < b}, and hence in all of R.

‘We apply the comparison principle of Subsect. 2.4. Since 0 < u <1, 0 < uyp, < a,
and a > 1, here we change f given by f(u) = u — u? outside [0, a] to have hypothesis
(2.28) on the new f. The comparison principle gives that u(¢, x) < ug p,(t, x) for all
(t, x), that is,

) -1
u(t,x) <all+ s 3 .
((1 +bg)e!/? — l)
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Hence, if u(t, x) > A then

2

1+ a ;<2
((1+bget/2 —1)" — 4
and thus |x| < (1 + bo)/a/x e'/?.
Next, we prove the other inclusion in (1.13):
1
{Ix] < C—ef/z} clu(t,) > A fort > 1y, (5.4)
A

if #;, and C,, are chosen large enough. Clearly, it suffices to prove this statement for the
solution of (1.2) with a smaller initial datum than u(2, -), i.e., u at time 2. We replace
u(2,-) by the smaller initial datum u, := cf12 p(s, )ds at time 2. By Lemma 2.2,
uy < Toup < u(2,-), and hence, u(t,) < u(t +2,-) forallt > 0, where u is the
solution with initial datum u,. In addition, by the same lemma, u, € Do(A) C Dy ;(A),
and this will allow us to use Lemma 3.3 to u. To simplify notation, we denote u(z, -)
again by u(t, ).

Now we use crucially Lemma 3.3 with v = 1/2 in its statement. It requires the initial
datum to belong to the domain, as we have in the present situation. It gives that (5.4)
will hold for every A € (0, 1) (for some #, depending on ) once we have proved it for
one level set A = ¢ € (0, 1). Hence, we can choose A = ¢ as small as needed in (5.4).

Note that Corollary 3.2 gives the analogue of (5.4) with e’/? replaced by e’ for every
o < 1/2 (and some A = ¢ small enough). To prove (5.4) with o = 1/2 we need to be
more precise and we use a subsolution from Lemma 5.1.

Since u(1,-) > 0 is a positive continuous function in all of R, it is larger than a
small positive constant times the characteristic function of the unit interval. Thus, (2.12)
applied with initial time 1 gives

|
GD{+G—1)2x2)

u(t,x) >4 forallt > 1, x| > 1,

for some constant ¢ > 0 depending on ug. Now, since t — 1 > ¢/2 for t > 2, we have
that u(t, x) > 4c/(t{1 + (t — 1)72x%})) > ¢/(t{1 +t72x?}) forall t > 2 and |x| > 1.
Therefore, for all T > 2 we have

c 1
u(T, x) > ? m for all x € R, (55)
for some positive constant ¢ = ¢(T") (depending on 7" and u) taken to be small enough
to guarantee (5.5) also for |x| < 1. Taking ¢ smaller if necessary, we may assume

c<T-—1.

From now on we fix one time 7 > 2 and the constant ¢ = ¢(7) in (5.5). We could

take 7 = 2 for instance. We place a subsolution u, 5, (0, -) of Lemma 5.1 below u(T, -).

Note here the difference of times, 0 and 7', for both functions. We simply take a = %

and bg = T. Since a = % < % = b(gl, we have that u./ 7, 7 is a subsolution. Note

that

u(T,x) > % m = Mc/T,T(O, x) forallx e R
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thanks to (5.5). Thus, for ¢t > T and all x € R, we have

c/T

x2
{(1+T)et=1/2—1)2

u(t,x) >urrt—T,x)=
1+

Hence, if |x| < e’ /2 and 1 is large enough, we have u(t, x) > ¢ for ¢ large enough, for
some constante > 0. O
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