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Abstract: We conduct the multifractal analysis of self-affine measures for “almost all”
family of affine maps. Besides partially extending Falconer’s formula of L?-spectrum
outside the range 1 < ¢ < 2, the multifractal formalism is also partially verified.

1. Introduction

Multifractal analysis in R aims at describing the geometry of Holder singularities for
positive Borel measures. Specifically, given a compactly supported positive Borel mea-
sure (1 on Rd, one is interested in the Hausdorff dimensions of the level sets

1 B
E(n,a):= [x eR?: lim M =
r—0 logr

oc] (a >0,

where B, (x) stands for the Euclidean closed ball with radius r centered at x. According
to heuristic arguments developed by physicists [28,29], in the presence of self-similarity,
one should have

dimy E(u, @) = inf (aq — (@, 9)), (1.1)
qeR
(a negative dimension meaning that E(u, «) = ) where t(u, -) is the L?-spectrum
defined as

logsup 3°; u(By(x;))?
logr

(i, g) = lim i(r)lf ,
the supremum being taken over all families of disjoint balls { B, (x;)}; with radius r and
centers x; € supp(u).

When equality (1.1) holds, one says that the multifractal formalism holds for u at .
So far the multifractal structures of the so-called self-similar measures and more gener-
ally self-conformal measures and Gibbs measures on self-conformal sets or conformal
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repellers have been studied intensively, the validity of the multifractal formalism being
observed over wide or even maximal ranges of exponents « for large subclasses of these
measures (see, e.g., [8,10,11,19,21,26,35,39,42,43,45-48,51] and the references in
[26]).

Much less is known for self-affine measures (to be defined below), except when
they are supported on self-affine Sierpinski sponges, or on invariant subsets of such
sponges satisfying specification property [3,4,34,38,44]. However, for such measures,
one knows that in general the previous multifractal formalism fails, but a refined one
(which is more related to Hausdorff measures and introduced independently in [6] and
[43]) holds. This is closely related to the fact that the Hausdorff and box dimension of
self-affine Sierpinski sponges do not coincide in general.

This paper studies the validity of the multifractal formalism for “almost all” self-
affine measures. First of all, let us recall the definition of self-affine measures. Let
St,..., Sy : RY — R? be a family of contracting mappings. Such a family is known
as an iterated function system (IFS). It is well known [30] that there exists a unique
non-empty compact set F C R, called the attractor of the IFS, satisfying

F = Lmj Si(F).

i=1

Moreover, for any probability vector (pi, ..., py) (thatis, p; > Oand 27", p; = 1),
there exists a unique Borel probability measure p supported on F such that

m
=Y piposS .
i=1

Here we assume that Sy, ..., S,, are affine transformations, in which case, F is called
a self-affine set, and p is called a self-affine measure (self-similar measures correspond to
the particular case where the S; are similitudes). In particular, we let S; = T; +a;, where
Ti, ..., T, are non-singular contracting linear mappings and ay, ..., a,, are transla-
tion parameters. In [13] Falconer obtained a formula for the Hausdorff dimension and
box-counting dimension of the attractor of the IFS {T; +a;}?" | for almost all parameter
(ai,...,an) € R™4 in the sense of md-dimensional Lebesgue measure, under an addi-
tional assumption that ||7; || < 1/3 for all i; these dimensions coincide. Later, Solomyak
[50] proved that the assumption ||7;|| < 1/3 for all i can be weakened to ||T;|| < 1/2
for all i.

In [15], Falconer obtained the formula of the L9-spectrum of the self-affine measure
associated to the IFS {7; +a;}/"_; and the probability vector (p1, ..., pn) for1 < g <2
and almost all (aj, ..., ay,) € R™ still in the sense of md-dimensional Lebesgue
measure and under the assumption ||7;| < 1/2 for all i.

Before stating Falconer’s formula, let us first introduce some definitions. Let 7' be a
non-singular linear mapping from RY to R?. The singular values o1 > ag > -+ > oy
of T are the positive square roots of the eigenvalues of T*T.

Definition 1.1 [13]. The singular value function ¢*(T) is defined for s > 0 by

Ol]...(){k_l()[]i_kﬂ, ifk—1<s<k<d,
¢ (T) =

(a1 ...a0)", ifs >d.

In particular, set $°(T) = 1.
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Fix a probability vector (py, ..., p,) and non-singular contractive linear transfor-
mations 71, ..., T}, from R¢ to R?. Fora = (ai,...,anp) € R™ et 1 denote the self-
affine measure associated with the IFS {7; +a;}"_; and (py, ..., pm).Fork € N, we write

for brevity Xy := {1, . ..,m}k.ForI =iy...ix € Xy,denote Ty :=Tj,0...0T;, p; =
Diy - - - Pi,- For g > 0, define

(¢ — 1) inf [s =00 X2 Ses, (0°T) T pd < oo} L if0<g <1,
D(q) = 0, ifg=1, (1.2)

(g — 1) sup {s >0: 302 Y e, (¢5(T1))l_q p(I] < oo], ifg > 1,

and

. [ D) .
f(q)=[(q_l)mm{q_q"d}’ g #1. (1.3)

We remark that D and t are continuous and piecewise concave over (0, co). More
precisely, D and t are concave on (1, 00), they are also concave on the subintervals Ji
of (0,1),k =0,1,...,d, where Jy = {g € (0,1) : D(q)/(q — 1) € (k,k + 1)} for
k<d-—1land J; ={q € (0,1) : D(q)/(qg — 1) > d} (see Appendix A). Hence the
one-sided derivatives of D and 7 exist for any g > 0.

Now Falconer’s result can be stated as follows:

Theorem 1.2 ([15)). If || T;|| < 1/2 forall 1 < i < m, then for L™ -a.e. a € R™, the
L9 -spectrum of u? is

t(u* q)=1(q), 1l<q=2.

In [15], Falconer raised some open problems, for instance, how to extend the above
formula outside the range 1 < ¢ < 2 and how to analyze the multifractal structure of
u? for £ a.e. a € R”“. The main purpose of this paper is to study these problems.

Our main result is the following. It will be completed with some results for ¢ > 2 in
Sect. 6 (see Theorems 6.2-6.4).

Theorem 1.3. Assume that ||T;|| < 1/2forall 1 <i <m. Letgq € (0,2),q # 1.

(i) Let o € {D'(g—), D'(q+)}, where D'(q%) denote the one-sided derivatives of D
at q. Assume that 0 < g < 1,D(q)/(qg — 1) < 1 and ag — D(q) < 1. Then for
LM ge aeR™ t(u?, q) = t(q) = D(q), and furthermore, E(u®, a) # @ and

dimy E(u*, @) = ag — t(q).
(ii) Let g € (1,2). Assume that T; (i = 1, ..., m) are of the form
T; = diag(t; 1, ti2, ..., tiq)

with % > ti1 > tia > ... > tig > 0. Assume furthermore that D(q)/(g — 1) €
(k, k + 1) for some integer 0 < k < d — 1 (in this case o := D'(q) exists) and
aqg — D(g) € (k,k+1).

— Ifk =0, then for L™ -a.e.a € R™ E(u®, o) # ¥ and

dimpy E(u?, @) = ag — 1(q).
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— Ifk > 0, then for L™ -a.e.a € R™  E(u®, o) # ¥ and

dimy E(u®, @) = ag — 1(q),

where E(u?, ) := {x e R : liminf,_o log;ﬁ% = a}.

We remark that the functions 7 and D can be determined explicitly in some special
case.

Example 1.4. Assume that Ty = T, = --- = T, = diag(ty, f2, . . ., tg) with
—1 t t 13
> > > e > .
5 1 2 d

Denote A(g) := (z, 1 P; )l/(q Y Then by Definitions (1.2)—(1.3), for g > 0,

lo m_ g
D(g) = @ if Ag) = 11,
ogr
log 7 . p? log(t) .. .1,
t@) = Dg) = B2z P () (k— log(ni .. 1) "))
log Th+1 log Th+1
iftr1... k1 <A(Q) <tp...fxforsomel <k <d-—1,
| d(g—1) if A(q) <t1...14.

Remark 1.5. We remark that in Example 1.4, 7'(g+) > t/(¢—) at those points g € (0, 1)
such that A(q) = t1...# for some k € {1,2,...,d — 1}. Indeed, if such ¢ exists, a
direct calculation shows that

, , _ ]ng 1P :
r(q+)—r(q—)—(q—_(1°gzpl)) (logtk+1 logfk)>0’

using the strict convexity of the function x — log> /", pi on (0,00) and ¢ < 1;
therefore 7 is not concave on any neighborhood of g. In this case, Falconer’s formula
t(u?, 1) = 7(¢) in Theorem 1.2 can not be extended to all ¢ € (0, 1), because t(u?, 1)
should be concave over R. A right formula for 7(u?, ¢) is expected. In Example 6.7, we
provide such a formula for certain non-overlapping planar IFS.

The paper is organized as follows. In Sect. 2, we present some definitions and known
results about the sub-additive thermodynamic formalism; we also present some known
dimensional results about the projections of ergodic measures on typical self-affine sets.
In Sect. 3, we give a formula for the derivative of D(q) using the sub-additive thermo-
dynamic formalism. In Sect. 4, we show that for a class of self-affine IFS on R?, any
associated self-affine measure is either singular or equivalent to the restricted d-dimen-
sional Lebesgue measure on the attractor. In Sect. 5 we prove Theorem 1.3 and related
results. In Sect. 6, we prove an extension of Falconer’s formula for the L9-spectrum
and give some complement to Theorem 1.3. In Sect. 7 we give further extensions of our
results. In Appendix A we provide a proof of the concavity of the functions t and D
over (1, 00), as well as a proof of their concavity over the subintervals intervals of (0, 1)
over which D(g)/(g — 1) lies between two consecutive integers in [0, d].
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2. Preliminaries

2.1. The sub-additive thermodynamic formalism. In this subsection, we present some
definitions and known results about the sub-additive thermodynamic formalism on full
shifts.

Let m > 2. Let (¥, o) denote the one-sided full shift space over the alphabet
{1,...,m} (cf. [7]). Let M(Z, o) denote the collection of o-invariant Borel proba-
bility measures on ¥ endowed with the weak star topology. For n € M(X, 0), let
hy (o) denote the measure-theoretic entropy of n with respect to o (cf. [7]).

A sequence W = {,}72 ; of continuous functions on X is said to be a sub-additive
potential if

Ynam () < Yy (x) + llfm(o'nx), Vx € X, m,n e N.

More generally, ¥ = {,}7° | is said to be an asymptotically sub-additive potential if
for any € > 0, there exists a sub-additive potential ® = {¢,}°2 ; on X such that

lim supl sup [V, (x) — ¢, (x)| <e.

n—oo N yey
Now let W = {y/,};° | be an asymptotically sub-additive potential on X. The topo-

logical pressure P(o, V) of W is defined as

) 1

P(o, V) := lim sup — log Z sup exp(¥, (x)),

n—oo N Jex, *€ll]
where Z,, :={1,...,m}"and [I] = {x = (x; ;’il eX:xy...xp =1}forI € X,. For
n e M(Z,o),set

1
V() = lim — / Vn(x) dn(x).
n—oon
The following variational principle was proved in [9,24] in a more general setting.
Proposition 2.1. P (o, V) = sup{h, (o) + V(1) : n € M(XZ,0)}.

‘We remark that the variational principle for sub-additive potentials has been studied in
the literature under additional assumptions on the corresponding sub-additive potentials
(see e.g. [5,14,25,37]).

Let Z(W) denote the collection of n € M (X, o) such that

hy(0) +Wi(n) = P(o, ¥).

ThenZ (W) # () (seee.g., [24, Thm. 3.3]). Each element of Z (W) is called an equilibrium
state for W.

Lemma 2.2 ([24], Thm. 3.3(i)). Z (V) is a non-empty compact convex subset of M (X, o).
Moreover, any extreme point of Z(V) is an ergodic measure on X.

We end this subsection by mentioning the following property of W,; for a proof, see
[24, Prop. A.1(2)].

Lemma 2.3. The map ¥, : M(Z, o) — R U {—o0} is upper semi-continuous.
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2.2. Projections of ergodic measures on typical self-affine sets. In this subsection, we
introduce a result of Jordan, Pollicott and Simon [33] for self-affine IFS, which plays a
key role in the proof of Theorem 1.3.

Letm >2and T, ..., T}, be non-singular linear transformations from R to R<.
Fora = (aj,...,ay) € R™ let 72 : £ — R be the coding mapping associated
with the IFS {T; +a;}"_,, that is,
7%(x) = lim Sy, 0 Sy, 0...08y,(0), 2.1
n—oo
where S; := T; + a;. It is not hard to see that 72(X) is just the attractor of the IFS
{T; +a;}/",.Fors > 0and n € M(Z, 0), set
o1
¢y (n) = lim — / log ¢* (Txjn) dn(x), (2.2)
n—-oo n
where Ty, := Ty, ... Ty, for x = ()cl-);.’=1 € X and ¢°(-) denotes the singular value

function (see Definition 1.1). Since ¢° is sub-multiplicative in the sense that ¢*(AB) <
¢*(A)¢*(B) for any d x d real matrices A, B (cf. [13, Lem. 2.1]), the limit in (2.2)
exists. The following definition was introduced in [33] in a slightly different but equiv-
alent form.

Definition 2.4. For an ergodic measure 1 on X, the Lyapunov dimension of n (associ-
ated with Ty, ..., T, ), denoted as dimpy 1, is defined by dimpy n = s, where s is the
unique non-negative value so that h, (o) + ¢3(n) = 0.

Let us give another definition.

Definition 2.5. Let & be a Borel probability measure on R,
(i) The Hausdorff dimension of € is defined as

dimy & = inf{dimy F : F C R? is Borel with §(R\ F) = 0}.
(i) Say that & is exactly dimensional if there is a constant ¢ > 0 such that

logé(B(z,r)
m — =

c foré-aezeRY.
r—0 logr

It is well known [53] that if £ is exactly dimensional, then dimg & = c¢. Now we can
state the following projection result of Jordan, Pollicott and Simon [33].

Theorem 2.6 ([33]). Assume that |T;|| < 1/2 for 1 < i < m. Let n be an ergodic
measure on ¥. Then for L% -a.e a € R4,

(i) dimy n o (7*)~! = min{dimy n, d}.
(i) Ifdimzy 7 € [0, 11, then n o (w®)~V is exactly dimensional.
(iii) If dimzy n > d, then n o (7®)~! <« L.

We remark that Theorem 2.6(ii) was only implicitly proved in [33, Thm. 4.3]. After
we completed the first version of this paper, Thomas Jordan pointed to us that the
assumption dimzy n € [0, 1] in Theorem 2.6(ii) can be removed, that is, for any ergodic
measure 7 on X, ) o (n"‘)’1 is exactly dimensional for LM gea e R™: the proof is
done by taking a minor change in the proof of [33, Thm. 4.3] for the upper bound [32].
We remark that this result was proved earlier by Falconer and Miao [17] in the special
case that n is a Bernoulli product measure or a Gibbs measure. However if 71, ..., Tj,
are commutative, then 7 o (72)~! is exactly dimensional for any ergodic measure 7 on
¥ and any a € R (cf. [23, Thm. 2.12]).
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3. A Formula for the Derivative of D(q)

Assume that Ty, ..., T,, are contractive non-singular linear mappings from R¢ to R?,
and let (py, ..., pm) be a probability vector. Let D(q) be defined as in (1.2). It is not
hard to see that for g > 0, g # 1, D(q) is the unique value s € R so that

1
lim —log > ¢"/ = V(1)!~4p] = 0. (3.1)

n—o0on
lex,
Define f € C(X) by
f(x) =logpy, forx=(x)2, € X.

For g > 0, g # 1, assume that

o
[(1 —q)log ¢D(‘1)/(q_1)(Tx|n)} is an asymptotically
n=1 (3.2)
sub-additive potential on X.
Then by (3.1),

P(.G,) =0, (3.3)
where P denotes the pressure function (see Sect. 2), G4 = {gnq}n—; is a potential
defined by

n—1
2nqg (1) = (1 = ) logpP @@= (T,) +q > fo*x). (3.4)
k=0

By the assumption (3.2), G, is asymptotically sub-additive.

Remark 3.1. (i) The assumption (3.2) always holds when 0 < ¢ < 1, since ¢* is sub-
multiplicative for any s > 0 in the sense that ¢*(AB) < ¢*(A)¢*(B) (cf. [13]).

(i) When ¢ > 1, (3.2) holds if T1, ..., T, satisfy some additional assumption, for
instance, all 7; are the same, or each 7; is of the form

T, = diag(t,;l, tio, ..., ti,d) with ti1>tio>-->1tig> 0.
By (3.3) and Proposition 2.1, we have

Lemma 3.2. Let g > 0, g # 1. Assume that (3.2) holds. Then
0 = sup | hy(0) + (1 — s "™V () +q/fdn L e M3, a)] ,
where ¢ (-) is defined as in (2.2). Moreover,

(@) + (1 — 2@ G () 1 g / fdn =0, VneI(Gy.

where 1(Gy) denotes the collection of the equilibrium states of the potential G,
(cf- Sect. 2.1).
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For n € M(XZ, o), denote

1 .
ri(n) = nll)rr;o;/logoti(Tx‘n) dnx), i=1,...,d, 3.5)

where «; (A) denotes the jth singular value of A. We write A () = 0 for convention. It
is easy to see that A; (1) = ¢%.(n) — fk_l(n) for 1 <i <d.Inparticular, ifs € [k, k+1)
for some integer 0 < k < d — 1, then

GL) = 21 (n) + -+ + A () + (s = D)Ars1 () = @5 () + (s — Dds1 (). (3.6)

Lemma 3.3. Let 1) be an ergodic measure on X. Then for n-a.e x € X,

Jog o (T
lim 8% Tan) _ 5o i1
n

n—00

Proof. Let s > 0. Since ¢* is sub-multiplicative, by Kingman’s sub-additive ergodic
theorem (cf. [52, Thm. 10.1]),

. log¢* (Txjn)
lim ———
n

n—0o0

=¢i(n) for n-ae xeX.

Now Lemma 3.3 follows from the fact that loga; (A) = log ¢’ (A) — log ¢’ ~1(A) for
i=1,...,d. O

In the following proposition, we give a formula for the derivative of D(g).

Proposition 3.4. Let g > 0,q # 1. Assume that (3.2) holds. If % € (k,k+1) for
some integer 0 < k < d — 1, then

_ 4k
J fdn =i |

D'(g—) > sup k,
neZ(Gy)  M+1(1) a7
dn — ¢k '
Dgh < it LS00
neL(Gy)  Ak+1(m)
In particular, if in addition D' (q) exists, then
dn — k
Dig = LI EW y, 1(G,). (3.8)
Aker1(m)
Proof. First fix n € Z(G4). By (3.6), we have
(1= ) "V () = (1= @@L ) — ka1 (1) — D@ hksr ().
Combining this with Lemma 3.2 yields
— D(@) +1(n) +qA+ B =0, (3.9)

where

A 3=/fd’7_¢>]§(’7)+k)~k+1(77)» B := hy(0) + ¢ (1) — khgs1 ().



Multifractal Formalism for Almost all Self-Affine Measures 481

For small € € R, apply Lemma 3.2 (in which ¢ is replaced by g + €) to obtain
—D(g+e)r1(n)+(g+€e)A+ B <0. (3.10)
Subtracting (3.9) from (3.10) yields
(D(q) — D(q +€)hir1(n) +€A < 0.

Hence

D(g +¢)— D(q) _

if e > 0, and

€ ~ Av1 ()
D —D
(G +€) @ > ife <O.
€ Aks1()
Letting € — 0, we obtain
D'(g+) < and D'(qg—) > .
A1 () A1 (1)

Letting n run over Z(G), we obtain (3.7). It implies that if D’(g) exists, then (3.8)
holds. O

As the main result of this section, we have
Proposition 3.5. Let g > 0,q # 1.
() If0 < g < 1 and % € (0, 1), then

d
Dig-= sp 11N
neZ(Gy) *1(1)

D'(g+) = inf J fdn

) (3.11)
n€Z(Gy) A1(n)

Furthermore, fora € {D'(q+), D'(q—)}, there exists an ergodic measuren € 1(Gy)

such that o = { {(i;’ .
(ii) Assume that T; (i = 1, ..., m) are of the form

T; =diag(ti1, 42, ..., tid) (3.12)

witht;| > tip > >t q >0.Ifk < f;(qu) < k+1 forsomeinteger0 <k <d—1,
then D'(q) exists and there exists an ergodic measure n € T (Gy) such that then

_ [ fdn —¢lan .
Ak+1(1)

Proof. We first prove (i). Assume that 0 < g < 1 satisfying that D(q)/(g — 1) € (0, 1).
By continuity, there exists a neighborhood A of g sothat A C (0, 1) and D(¢)/(t — 1) €
(0,1) for any t+ € A. Let (g,) C A be a sequence so that lim,_, g, = ¢q. Take
nn € Z(Gy,). By (3.3), (Gg,)«(u) + hy, (o) = 0. Taking a subsequence if necessary
we may assume that 1, converges to some n € M (X, o) in the weak-star topology. We
claim that n € Z(G,) and lim sup,,_, .o A1 (1) = A1 ().

D'(¢q) k. (3.13)
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To prove the claim, we notice that the map u — A1(u) is upper semi-continuous on
M(Z, o). This follows from Lemma 2.3, in which we take ¥ = {log ¢ (T 152, - For
t € Aand u € M(Z, 0), by (3.4), we have

(Gx(p) = —D(t)M(u)H/fdu-
Hence

lim sup(Gg, )« (nn) = —D(q)limsupkl(nn)w/fdn

= =D(g@)r1(n) +61/fd77 = (Gg)+(n).

Meanwhile lim sup,,_, o, h,(0) < hy(o) by the upper semi-continuity of %)(c). It
follows that

(Gq)*(n) + hn(U) > lim Sup((an)*(Un) + h77/1 (0)) =0.

However, by Proposition 2.1 and (3.3), 0 = P(0, G4) > (G4)+(n) + h;, (o). Hence we
have (G4)«(n) + hy(o) = 0 = (Gy,)«(My) + hy, (o). Thus n € I(Gy), and moreover,
limsup,,_, o A1(17) = A1 ().

Since D is concave in a neighborhood of g (see Proposition A.1), we can take two
sequences (s,), (1) such that s, 1 ¢, 1, | g and D'(sy,), D' (t,) exist. Then D'(¢g—) =
im0 D'(s,) and D'(g+) = lim,— oo D'(,). Take 1], € Z(Gy,). Taking a subse-
quence if necessary, we may assume that 1, converges to some n € M(X, o) in the
weak-star topology. By the above claim, we have n € Z(G,) and lim sup,,_, ., A1(17;,) =
A1(n). Hence by Proposition 3.4,

) . [ fdn,  [fdn
D —)=1 D n) = 1 = .
(q=) = lim D(sn) = lim, r(m)) A1(n)

fdu

I -
TG Similarly we can show

Combining this with (3.7) yields D'(g—) = sup,,cz(g,)
. d
that D' (g+) = lnfueZ (Gy) _fx{(,ﬁ'

Now leta € {D'(g—), D'(q+)}. Define

d
Iy = [u €Z(Gy): f)\{(ﬂ;/' =a].

The arguments in the last paragraph imply that Z, # ¢J. Furthermore one can check that
71, is compact and convex. We are going to show that 7, contains at least one ergodic
measure. Without loss of generality, we assume that @ = D’(g—). By the Krein-Milman
theorem (cf. [12, p. 146]), Z, contains at least one extreme point, denoted by v. Let
v=pv+ (1 —p)vforsome0 < p < 1and vy, v € M(Z, o). Then

P(o,Gg) = hy(0) +(Gg)« (V)

= p(hy, (0) + (G« (v1)) + (1 = p)(hy, (o) + (Gg)x(v2)).
By Proposition 2.1, vy, v2 € Z(Gy). Since

a = sup ffdn — ffdv _ Pffdv1+(1—p)ffd1)2
Gy M A ph )+ 1= pri(n)
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we must have v, vy € Z,. Since v is an extreme point of Z,, we have vi = v, = v. It
follows that v is an extreme point of M(X, 0), i.e., v is ergodic. Therefore Z, contains
an ergodic measure. This finishes the proof of (i).

Now we turn to the proof of (ii). Under the additional assumption (3.12) on 7;’s, we
can adapt the proof of (i) to show thatif D(g)/(¢—1) € (k, k+1) forsome0 < k <d—1,
then

— ok iy
D'(g—) = sup MH{’ D'(g+) = inf Jrdn—¢im)

nel(Gy M) neL(Gy) A1 (M)
(3.14)

Indeed, under this new assumption on 7;’s, we see that the potential G, = {gn 4} is

additive in the sense that g, , = Z?;ol h(o'x) for some continuous function % on X.
Moreover, h(x) depends only on the first coordinate of x. Therefore the maps u +—
(), o — ¢l,§(u) are continuous over M (X, o). Based on this fact, (3.14) can be
proved in a way similar to that of (i). We ignore the details. Since . (x) only depends on
the first coordinate of x, i is Holder continuous. Therefore Z(G,) is a singleton con-
sisting of an ergodic measure (see, e.g., [7, Thm. 1.2]). This together with (3.14) proves
(3.13). O

Remark 3.6. Assume that T;,i = 1, ..., m, satisfy the following irreducibility condi-
tion: there is no proper subspace V # {0} of R? so that T;(V) C V. Then ¢' satisfies
certain quasi-multiplicative property which guarantees that Z7(G,) is a singleton (and

hence D’(q) exists by Proposition 3.5(i)) provided that 0 < ¢ < 1 and % € (0,1).

More generally, when 0 < g < 1 and % € (k,k+1), D'(g)existsif T;,i =1,...,m
satisfy the so-called C (k + 1) condition introduced in [18]. This can be proved in a way
similar to [22, Prop. 1.2], or by simply using [20, Thm. 5.5].

4. Equivalence of Certain Self-Affine Measures to the Lebesgue Measure

Our multifractal analysis will need the first part of the following Proposition 4.1, which
deals with the comparison between the Lebesgue measure and projections of certain
ergodic measures on attractors of self-affine IFS with positive Lebesgue measure; we
do not only consider Bernoulli products measures because our main results extend to
Gibbs measures (see Sect. 7). The first case considered in Proposition 4.1 is essentially
a restatement of a result obtained by Shmerkin in [49, Prop. 22(3)], while the second
one is a nontrivial improvement of [49, Prop. 22(3)], in which only the case d < 2 was
treated. In fact in Proposition 22 of [49] Shmerkin only considered self-affine measures,
but he mentioned as a remark that his results are valid for the class of ergodic measures
we consider. Though the second case considered in Proposition 4.1 will not be used in
this paper, we think it is worth keeping it in this paper due to the importance of such
results in the general ergodic theory of self-affine IFS, and also because the method
differs from that used by Shmerkin, by avoiding to refer to general results on density
bases. We will also use this approach to give an alternative proof of the first case of
Proposition 4.1 when d < 2.

Let {S; = T; + a;}_, be an affine IFS on R4 with the attractor F. Assume that

L4(F) > 0. Let E‘fp denote the restriction of £ on F, i.e., L’fT(A) =LY ANF) for
any Borel set A C R?.
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Let 7 = 72 : & — RY be defined as in (2.1). Let n € M(Z, o) and p = nox 1.
Say that E% is equivalent to v if for any Borel set A C R9, E% (A) = 0if and only if
u(A) =0.

Proposition 4.1. Assume that one of the following conditions fulfills:

(i) The T; are diagonal;
(i) Ty = - = Ty

Assume that n is ergodic satisfying
N(B) >0=n(iB)>0 foralll <i <m

for any Borel set B C X, where i B := o~ Y(B) N [i]. Then W is either singular to £4,
or equivalent to ﬁ‘f;.

Our approach to Proposition 4.1 extends some ideas used in [40], where Mauldin and
Simon [40] established the first results of this kind for linear IFS and Bernoulli product
measures on R.

First we introduce some notation. Suppose R is a rectangle in R? parallel to the axes,
i.e. R has the form

d
R = H[X,’ — aj, Xj +a,~], where a; > 0.
i=1
For t > 0, we denote
d
tR = H[x,- —ta;, x; +ta;].
i=1

Also we denote

[|R|| = max q;.
1<i<d

Lemma 4.2. Suppose {R;};cr is a countable family of rectangles in R' or R? with edges
sup; || R,
infj |[R; ||
of F such that fori = 1,2, there exists F; C F; satisfying that

parallel to the axes. Assume that < 00. Then there exists a partition { Fy, F2}

R; (j e]?i) are disjoint, and U MR; D> U R;,
jeF jeFi
sup; [R;l
where M = 3 - L
inf; | R;l

Proof. We only treat the case d = 2. For convenience, for each rectangle R (with edges
parallel to the axes), we use a; (R), i = 1, 2, to denote the length of the semi-axes of R
along the x; direction.

Partition F into

Fi={jeF:a1(R;)=|R;ll} and
Fo=F\F1={j e F:a1(Rj) <axRj) = |R;ll}.
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Without loss of generality we prove the result for the case i = 1. For j € F1, denote
Fi1(j) ={j € F1: RN R # (). Also denote a = sup ez, @(R;).
Choose F; ]1 amaximal family in F7 such that the rectangles R;, j € F, 11 are disjoint,

and for each j € .7-'11 we have a/2 < az(R;) < a. By construction, for each j; € .5’-'11 we
have

MR(GHD ] R
JeFi1()
SO

U mMrGno |J U D U R;,

heF! heFlieFiGn j€Fi:aj2<ar(Rj)<a

the last inclusion follows from the maximality of F 11
Suppose that for £ > 1 we have built a subfamily F° {‘ of J1 such that the rectangles
Rj,je ]-'{‘, are disjoint and

U MrGo> U U ®rio U R;. (4.1)

jkef{‘ jkef{‘ j€F1(jk) j€Fi:a/2¥<ar(Rj)<a

If there is no j € F such that a>(R;) < a/2k or Ujke]-'{‘ Fi(x) = F1, we set .7-'{‘*1 =
.7-'{‘. Otherwise, let F|" be a maximal subfamily of 7| = Fp\ Ujke}‘{‘ F1(j) of disjoint
rectangles R; for which a’/2 < ay(R;) < d’, where a’ = SUp e a(Rj) < a2k
Then setting 7! = Ff U F{ we have

U MR (jr+1) D U U R; D U R;.

ke FkH st €FEH JEF1 (k1) jeFia/2 <ar(R))<a

This yields by induction a non-decreasing sequence of subfamilies ]-'{‘ of F1 such that
the R;, j € ]-'{‘ , are disjoint and satisfy (4.1). Consequently 7} = w1 f is suitable.
O

Lemma 4.3. Let C be a cube in RY. Let {T;};eFr be a countable family of affine map-

pings from R? to itself, with the same linear part T. Then there exists F C F such
that

T;,(C) (j € f) are disjoint, and U T;2C) D U T;(C).
jef" jeF

Proof. It is easy to see that if 7;(C) N T;(C) # @ then T;(2C) D T;(C). Taking F,
a maximal subfamily of F such that the parallelepipeds 7;(C),i € F, are pairwise
disjoint, we are done.

Proof of Proposition 4.1 (Case (i) with d < 2 and case (ii) in general). We first show
that u is either singular or absolutely continuous with respect to L‘ﬁ (this actually holds
for all IFS rather than affine IFS). This fact is known when 7 is a Bernoulli product mea-
sure [30,31]. Now we consider the general case that n is an ergodic measure. Assume
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that u is not absolutely continuous with respect to L‘j;. Then there is a Borel set A C F
such that Ed(A) = 0 but £(A) > 0. Define W = 77 1(A). Then n(W) = u(A) > 0.
Since 7 is ergodic, we have 7 (Ufto:l o™ W) = 1 (cf. [52, Thm. 1.5(iii)]). Denote
W =32, 0"W. Then

= U S

n=11<iy,....ip,<m

Since Si, ..., S, are contractive, we have £¢ (Siy...i, (A)) = Ed(A) 0, and thus
Ld(n(W)) = 0. However, u(m(W)) = n o' (w(W)) > n(W) = 1. Hence u is
singular with respect to L . Up to now we have shown the claim that p is either singular

or absolutely continuous with respect to E?,.
Assume that the conclusion of Proposition 4.1 does not hold. Then u is absolutely
continuous with respect to £%, but E‘fp is not absolutely continuous with respect to w.

Hence there exists a Borel set A C F with UI{-(A) > 0, but u(A) = 0.
Note that p satisfies the following relation for all £ > 1:

w(A) =non (A = Z n(liy -+ ig] N o kx5!

1.0k

(A))).

1<iy,iz,....ix<m

from which we obtain that for any 1 < iy, i, ..., i <m,
(i il No xSt (A)) =0,

and thus n(x ™~ L ! (A))) = 0 (by the assumption on 7). Hence

i...0k
u(s; !t (A) =o.

Denote

= ( G U  sil.@)ua

k=1 1<iy,i2,....ix<m

Then .(A) = 0, but L4 (A) > 0.

In the following, we will show that E‘;(F\A) = 0, which leads to u(F\A) =0
(since u <K E%), and thus u(F) = u(A) + u(F\A) = 0, a contradiction. Denote
A€ = F\A.Then S;(A°) C A¢forall 1 <i <m.

Assume on the contrary that ﬁ‘fp(A") > 0.

Now we prove the following general fact: if a Borel subset E of F is such that
Si(E)y c Eforalll <i < m and L4(E) > 0, then E%(F\E) = 0. In the case of
E = A€, this yields F\ A has zero £4 measure, i.e. A has zero C”I{- measure, contradict-

ing the assumption i T(A) > 0.
ForO<r <1, deﬁne

A= iz i € S5 1Sl <7 IS > 7],

where * = 2 {1, ..., m}k.
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Without loss of generality, assume that F is contained in the unit cube C = [0, 1]¢
inRY.
Let x € F. Denote
Arx ={I € A : B, (x) N S| (F) # B}.
Then
B,z > | si©.
IeA,

Suppose that the assumptions of Proposition 4.1 are fulfilled. Then by Lemmas 4.2
(applied in the case (i) and when d < 2) and 4.3 (applied in the case (ii)), there exists
a constant M > 0 (M = 31!, where A is the smallest eigenvalue among those of
Ti,...T, in case (i), M = 2 in case (i), a partition {4} ., AZ } of A, ., and for

i = 1,2, a subfamily .,Zl", . of AL such that .
S0, I € .Z’,x are disjoint and
U Msio> | si©.
1AL, TeAi
Therefore,
> i) = %cd( U s10).

I eﬂﬁ.yx Te Al

and (the sets S;(E), I € Al

r,X?>

(U sie)z Y clsienz S8 3 s

are necessarily pairwise disjoint)

d
IG-Ar,x 1€A£<,x £ (C) IEAL,X
£
z —a ﬁ( U SI(C))-
Te Al
LE(E)

Denote ¢ =

Y Summing the above inequality over i € {1,2} and using the

subadditivity of £ we get

2£d( U SI(E))zEEd( U S,(C))z’c'cd( U S,(F)). 4.2)

IeAr.x IEAr,x IE.Arvx

If x is a Lebesgue density point of F', then when r is sufficiently small,
1
LB ) N F) = ord,
hence
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Thus
Ed(Bzﬁr(x) n E) > 4 (Bzﬂr(x) n U S,(E)) > cd( U S,(E))
IeA, I1eA, «
> g (U sip) by
IeA,
> grd (by 4.3).

Consequently, every Lebesgue point of F is a point of density in E. This implies that
F\E has zero £¢ measure. O

5. The Proof of Theorem 1.3

First we consider the most general case that 77, ..., T, are non-singular linear mappings
from RY to RY satisfying ||T;|| < 1/2for1 <i < m.
The following lemma was proved by Falconer (see [15, Thm. 6.2 (a)]).

Lemma 5.1 (Thm. 6.2 (a) of [15]). Let g > 0,q # 1. For all a € R™ we have
T, q)/(@—1 <t(g)/(qg — D).

Definition 5.2 For any Borel probability measure £ on R and z € supp (&), the local
upper and lower dimensions of & at 7 are defined respectively by

log &(By(2)) log& (B, (2))
lo '

d(&, z) := limsup ., d(£,7) = liminf
gr r—0 log r

r—0

Ifg(é, 7) = d(§, 2), we use d(&, z) to denote the common value, and call it the local
dimension of € at z.

Lemma 5.3. Forany B € Rand g > 0,
dimpy{z € R : d(u®.2) < B} < Bg — (1. ).
where we take the convention dimyg ) = —o0.

Proof. The lemma actually holds for any compactly supported Borel probability mea-
sure on RY. It can be proved by using a simple box-counting argument. For details, see
e.g., Prop. 2.5(iv) in [43]. O

Lemma 5.4. Let a € R™. For any Borel set A C R4 and anyit, ..., ip € {1,...,m},
-1
KA Z piy o pigt® (S0 08,) T ().
Proof. Iterating the self-similar relation u® = >/ | pju® o S, ! for n times, we have

Mazzpjl-“pjn“'ao(sjlO"'OSj”)_l’

where the sum is taken over all tuples (ji, ..., j,) € {l,...,m}". Now Lemma 5.4
follows. 0O
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Proposition 5.5. Let Ty, ..., Ty, be non-singular linear mappings from R? to R satis-
Ping IT;|| < 1/2for1 <i <m. Letq € (0,1) and a € {D'(q—), D'(g+)}. Assume
that D(q)/(q — 1) < 1 and ag — D(q) < 1. Then for L -a.e. a € R™ t(u?,q) =
t(q) = D(q), E(u?, a) # @ and furthermore,

dimy E(u*, @) = ag — t(q).

Proof. Since D(q)/(g — 1) < 1 < d, by (1.3), we have 7(q) = D(q). Let o €
{t/(g+), T'(g—)}. Then by Proposition 3.5(i), there exists an ergodic measure n € 7 (Gy)
such that

J fdn
ri(n)

ﬁin) Since g —7(g) < 1by assumption,

(5.1)

o=

This together with (3.9) yieldsag —1(g) =
due to (5.1) and Definition 2.4, we have

dimpyn =aq —t(q) < 1. (5.2)

Take a € R so that n o (7®)~! is exactly dimensional and dimy n o (7®)~! =
aq — 7(g). By Theorem 2.6, the set of such points a has the full md-dimensional
Lebesgue measure. Take a large R so that B(0, R) contains the attractor of the IFS
{Si = T; +a;}]_,. (Here and afterwards, we also write B(z, r) for B,(z).) Then for any
x = (x;)72, € ¥andn € N, by Lemma 5.4 we have

i (B (75, 2RI Tapal) = pago 1 (SThB (w5, 2RI Tl
= Px|n Ma(B(Oa R)) = Px|n>» (53)
where in the second inequality we have used an easily checked fact
Ssin(B(0, R)) C B(w?x, 2R Txjul)).

By (5.3), we have

lo
d(u 72x) < lim supﬂ
n—oo 10g || Tyl

By Kingman’s sub-additive ergodic theorem and (5.1), we have

[ fdn

=a«a forp-aex € X. 5.4

Take a strictly increasing sequence () so that lim,_, », @, = «. Then by Lemmas
5.3-5.1, for each n,

dimp{z € R? : d(u®, 2) < ap} < ang — (1P, q) < aq — 1(q). (5.5)

Since n o (7®)~! ay—1

have

is exactly dimensional and dimg n o (7 = aq — t(q), we must

no(@® HzeR: d(u, 2) <an} =0, n=1,2,...; (5.6)
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for otherwise if the left-hand side of (5.6) is greater than 0, then
dimp{z € R : d(u®2) < @) = dimpno (7)™ = ag — ©(q),
which contradicts (5.5). Hence
no(@® HzeR!: d(u* z) < a} =0.
Equivalently, we have
nxex: du® nx) <a}=0.
This combining with (5.4) yields
nxex: du?, n?x)=a} =1.
Hence
dimp{z e RY: d(u®, z) =a} > dimgno (7' = ag — 1(q).
However by Lemma 5.3, g — 7(u?, ¢) is an upper-bound for the left-hand side of
the above inequality, therefore we must have ag — 7(u?,q) > ag — 7(gq). But by
Lemma 5.1, we have t(u?, ¢) > t(q) (noting that ¢ < 1). Thus we have the equalities
T(u?, q) = t(q) and
dimg{z e R?: d(u® z) = o} = ag — 7(q).
This finishes the proof of Proposition 5.5. O

In the reminder part of this section, we shall put more assumption on the linear maps
Ii(1<i<m).

Proposition 5.6. Assume that T; (i = 1, ..., m) are of the form
T; = diag(ti 1, ti2, - - - lid)

with% >t >tip > >1tig>0.Letq € (1,2). Assume that there exists an integer
k €{0,...,d — 1} such that

D(q)/(qg—1) e (k,k+1) and ag — D(q) € (k,k + 1),

where a = D'(q).
o Ifk =0, then for L™ -a.e.a € R™ E(u?, o) # @ and

dimy E(u*, @) = ag — t(q).
o Ifk > 0, then for L -a.e.a € R E(u?, o) # ¥ and

dimy E(u*, @) = ag — (q).
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Proof of Proposition 5.6. First consider the case that k = 0. In this case, we can take a
proof essentially identical to that of Proposition 5.5. The main difference lying here is
that we directly assume that t(u?, ¢) = t(gq) (since g € (1, 2), by Theorem 1.2, the set
of all such a has the full md-dimensional Lebesgue measure).

Next we consider the case that | < k < d — 1. Let u denote the Bernoulli product
measure [ [, {p1,..., pm}on . Since ¢ > 1 and D(q)/(q — 1) > k, by Lemma 3.2,
we have

hu(o) + (1 — )k (w) +q/fdu <o)+ (=)l P4V () +q/fdpb§0.

Hence h,(0) + (1 — @)X (w) + ¢ [ fdp < 0, thus hy (o) + ¢¥ () > 0 (noting that
J fdpn = —h,(0)). By Definition 2.4, we have

dimzy pu > k. (5.7

By Proposition 3.5(ii), there exists an ergodic measure n on X such that

k
Ak+1(1)

k.

This together with (3.9) yields

(o) + ¢k () .\
—Xks1(m)

Since by assumption g — D(q) € (k, k + 1), by Definition 2.4, we have

ag — D(g) = k.

dimpy n =aq — D(q) > k. (5.8)

Let E; be the canonical projection from R4 to R* defined by (y1, ¥2, ..., Yd) H>
(y1,...,yx). Fora=(ay,...,an) € R™4  denote
np = Bxom?.

Itis easy to see that 77! is the coding map associated with the new IFS { T; + Ex (ai)}i’ .

where 7‘, = diag(ty, ..., tx). According to (5.7)—(5.8), we have also dimyy u > k,
dimyy n > k (associated with {fi};”:]). Thus by Theorem 2.6, for L£md.aea e R™,
both no (71,';‘)_1 and o (71,?) —lare absolutely continuous to the k-dimensional Lebesgue
measure, and hence by Proposition 4.1, n o (71,?)_l <L o (71,?)_l (since w o (JT,?)_I is
equivalent to the restriction of £ on F?, where F2 = 72(X)).

Now fixa = (a1, ..., ay,) € R™ sothat 5 o (TL’,?)_l and o (n,?)_l are equivalent
and t(u?, ¢) = t(q). We have the following.

Lemma 5.7. Let £ = diamF?, where F? = n2(X). For any § > 0, we have n(As) = 0,
where

As = {x €T pu*(B(?x, Vdloge1(Tupn))) < pajn exp(—ndk(n) +nkige1 () — 8n)

for all large enough n}
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We will give the proof of the above lemma a little bit later. Now we use it to complete
the proof of Proposition 5.6. Since 1(As) = 0, we have for n-a.e. x € X,
log u* (B(™x, v/dlotir1 (Ten))) _ 108(prjn €Xp(=npL ) +nkhes1 (n) — 1)
log 41 (Txpn) - log o1 (T jn)

for infinitely many . Then applying Kingman’s sub-additive ergodic theorem and letting
§ — 0, we obtain

[ fdn — k)
Aks1(n)

This plays a similar role as (5.4) in Proposition 5.5. To complete the proof, we can use
the same argument as in the proof of Proposition 5.5 (the only difference here is that we
already have the equality 7(u?, q¢) = t(g).). O

d(p?, wx) < +k=a forn-aexex.

Proof of Lemma 5.7. For z = (z1,...,24) € R4 and t,...,tg > 0, denote
d

W, ota) = [ Jlz =tz + 1,
i=1
k

Wty ey 205 s ey ) 1= H[Zi — 1, Zi +1i].
i=1
In particular, for r > 0, denote Q,(z) := ]_[flzl [zi — r, z; +r]. Itis clear that
0,(z) C B(z,dr), YzeR r>0. (5.9)
Now fix § > 0. Denote
A= [ € 21 U Qo (1) (T*0)) = prinexp (n(1+8) (Khear () — $E )

for large enough n}

By (5.9), we have A5 C A’. Hence to show n(As) = 0, it suffices to show that n(A") = 0.
Notice that for any x € ¥ andn € N,

S (Qeaen (1) (1))

—w (naa”x' Loties1 (Tepn)  Loties1 (Tpn) 406k+1(Txn))
’ al(Txln) ' 052(Tx\n) ' ’ 05(1(T)c|n)
Sw (naa”x; gak+1(Tx\n)’ Kak+l(Tx|n)’ L Lotier1 (T pn) 0 ,Z) .
al(Txln) O[Z(Tx\n) ak(Txln)

It follows that
Ty (QeakH(Tm)(ﬂaX))

= Pain 1% (Sgh (g (1) (T5))) (b Lemma 5.4)

T T T
> pin Ma (W (ﬂaUnX' Loy ( xln) Lagy1( xln) Lagy1( x|n) 0 ,Z)) .

)

al(Tx\n) ’ O‘Z(Tx\n) U ak(Tx\n)
~ ZO‘I<+1(T)c|n) eak+1(Tx|n) eak+1(Tx|n)))
= a W(rraa"x; , e, , 5.10
Pl ( KO T T (T o (Tajn) 10

here we write for brevity u := po (nk"‘)’l.
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For n € N, let 2,, denote the set of x € X such that

Lot (Txin)

>exp(j(1 +8/2)Agr1(m) — 2i(m))), Vi=1,... k.
ai(Txln)

Then by Lemma 3.3, lim,,_, oo 9 (ﬂcl’ozn Qj) =1.
Furthermore denote

Ay =l ez (Berx, Vdtag (T = papexp (101 +8)Kiear ) — ok o) }
up; =exp@(1+8/2)(Ag1(m) =2, (),  i=1,..., k.
Cp = {x €Nt AW X tn 1, .ty 1)) < exp(n(l +8) (khgy1 () — ¢f,§(n)))} .

By (5.10), we have A, N Q,, C Cj,.
To complete our proof, we need some further notation. For n € N, denote

k
R, = {H[h,-u,,,i/z, (hi + Duni/2) : hi, ... hg € Z} .

i=1
Clearly, R, is a partition of R¥ by rectangles of edge lengths Un1, ..., Un k. For any
w € RK, let R, (w) denote the element in R, that contains w. Notice that forany R € R,,,

k
L5R) = [ Juni = exp(r(1 +8/2)(khrs1 () — g5 ).
i=1
It follows that if w € 7! (%) satisfies
PR @3 1,1 0) = exp (n(1+8) (Bt () — $E)))
then
1 Ry (w)) < pf (W (s st 1, - thn 1))
< L5 (Ru(w)) exp (16/2(khier (1) — B4 (1)) = L (Ru(w))B",
where B := exp(§/2(kAg+1(n) — qbif(n))) € (0, 1). It follows that
Cu Co "o ()~ (Ty),
where
I, =|JR.

in which the union is taken over the collection of R € R,, so that R N n,?(E) # () and
n3(R) < LF(R)B™. Note that

() < > LYRB < 20FB", (5.11)

ReR,: RO} (X)#D
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where ¢ = diam(F?). Meanwhile A;,NQ, € C,and C, C o "o (n,ﬁ‘)_l(I‘n), we have
A NQ, Co o (@ (T,).

By the invariance of n, we have n(A;, NQ,) < n(c "o (7‘[1?)_1 ) =no (]T]?)_l T).
Since n o (n,?)_l &« p and lim,, o 3 (C,) = 0 (by (5.11)), we have lim,,, oo (A, N
Q,,) = 0. Therefore

/ —
lim 7 ﬂ(A nQe) | =o.
j=n
Notethat (132, A C (%%, (A:NQ))US\ N2, 2)).andlim, o0 (nw Q; )
= 1. It follows that 77((]Oo A’) =0and

na)=n(J[ 4] =0

n=I1 j=n
as desired. O

Proof of Theorem 1.3. It follows directly from Propositions 3.5-5.5-5.6. O

6. Extension of Falconer’s Formula for ¢ > 2 and Complements to Theorem 1.3

Let Ty, ..., T, be non-singular linear transformations from R4 to R? and (P1s--vs Pm)
a probability vector. Fora = (aj, ..., an) € R™d et 1 denote the self-affine measure
associated with the IFS {7; + a,-}lm:1 and (p1, ..., pm). We begin from the following
lemma.

Lemma 6.1. Suppose that ||T;|| < 1/2 for all 1 < i < m. Then, for every g > 2, for
LM g.e.a e R™ we have t(u?, g) > min((g — Du(q), d), where

u(q) = sup {s >0 Z S (@) vl < oo}. 6.1)

k=0T,

Proof. Fixq > 2. Lets € (0,d/(g — 1)) so that s(¢ — 1) is non-integral. We adapt an
idea used in [1] for determining the L9-spectrum of projected measures. Fix p > 0 and
€ € (0,1). Let B(0, p) stand for the closed ball of radius p centered at 0 in R™d | et
1 denote the Bernoulli product measure on X with the weight (py, ..., p;). Clearly
u? = o (@~ Forr > 0, we have

/ /M (B(z, ) dp® (z)da—/ /Ma(B(ﬂax,r))q_ldu(x)da
B(0,p) B(0, p) >

:/E/B(O ) /El{ln“y—naxlfr}dﬂ(y)) dadpu(x)

P
L )
T—a.. —a.ls X
“JsJBw,p) Nz Ity — x| HY s
rs@=h 1/(g—1) g1
= /2 (/E (/B(o,p) |y — n3x|5(q—1)da) du(y)) dp(x),
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where we use Minkowski’s inequality in the last inequality. By [15, Lem. 2.1],

1 C
/ da < —
B,p) |y — max[s@=D ¢ @D (T ny)
for some C = C(p, s(g — 1)) > 0. Hence we have

/ / w2 (B(z, r)4 'du?(z)da
B(0,p)

) )

00 o -1
SCrs(qfl)/z(Z(¢S(q71)(7"x|k)) 1/(q l)u([xlk]))q du(x)

k=0
< MCrtaD / (32 (@ T) ™ i) == ) dac)
X k=0

(by Holder’s inequality)
— MCrU- 1)2 z s(g— U(T[) ’u([l])q—(fi—l)é’
k= 0162](

(g=2)/(g—1)
where M = sup,cx (X% u(lxlkD<@- /@) <o

Now, let 0 < 51 < s9. Sety = (so —s1)(g — 1). Given €’ > 0, foreach I € T* such
that w([7]) > 0, we have

(V) i gneD(ry)
(¢0@=-D(T) " p(rpe PONID
<o (T p(I) ™ < @7 e ),

(I~

where ¢ = minj<;j<, pi. Suppose that €’ is so small that 277¢7€ < 1 and set € =
€' /(g —1). If so < min(u(q),d/(g — 1)) and s1(g — 1) is not an integer, we deduce
from the above estimates that
fB(O 0) f/L (B(z,r)?™ ld/'L (z)da

51(q—1)

< Q.
r>0

This implies that for all 5| < s1,

/ qu (B(z,27")4" 'dp? @),
da <
B

2—nsi(q—1)

)

0,p) n>1

hence, for £4-almost every a € B(0, p), we have

lim inf
n—o0 nlo (2)

log / WA (B(z, 2717 At (@) = s{(g — 1),

Moreover, the left-hand side in the previous inequality is nothing but (u?, ¢). Since s/
and s can be taken arbitrarily close to min(u(q), d/(q — 1)) (as long as s1(¢g — 1) is not
an integer) and p is arbitrary, we get the desired lower bound for (2, ¢). O
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Let D(-) and 7(-) be defined as in (1.2)—(1.3). By Lemma 6.1, we can extend Fal-
coner’s formula of t(u?, ¢) as follows.

Theorem 6.2. Suppose that | T;|| < 1/2 forall1 <i < m.
(1) For £ -a.e. a € R™ we have (2, q) = t(q) for all q in the following set:

[2, sup{t: D(t)/(t —1) <1, =(t) < 1}]. (6.2)

This set is a non-empty interval for instance if T’ (1+) < 1, in which case it contains
[2,1+1/7/(1+)]

(2) If the T; are similitudes, then for L™ -a.e. a € R™ we have T(u?, q) = t(q) for
all g € [2, max{q : t(q) < d}].

Proof. By continuity of the functions 7 (u?, -) and t(-), it is enough to prove the result
for a fixed ¢ and £"?-almost every a.

(1) Let g be a point in the interval given as in (6.2). Sinceqg —1 > 1, D(q)/(g—1) < 1
implies that D(g) = t(q) < 1. Thus max(D(q), D(g)/(q@ — 1)) < 1, so for
all0 < s < D(g) and I € T* we have ¢*9~D(T)) = (¢*(17))7~! by def-
inition of the singular value functions ¢°. Hence (¢ — 1)u(q) = D(gq), where
u(q) is defined as in (6.1). Therefore t(q) = D(q) = (¢ — Du(q). This gives
the conclusion thanks to Lemma 6.1 and Lemma 5.1. Finally, if z/(1+) < 1 and
g < 1+ 1/7/(1+), by concavity of T we have 7(gq) < t/(1+)(¢ — 1) < 1, and also
we have 7(¢)/(q — 1) = D(g)/(q — 1) < L.

(2) Let ¢ > 2 so that 7(¢) < d. Since T} are similitudes, we have ¢*“@~D(T;) =
(¢*(T1))? " forall I € £* and s > 0. By (6.1), (¢ — Du(g) = D(q). Since
7(q) <d < d(g — 1), we have 1(q) = D(gq) = (¢ — Du(g). By Lemma 6.1,
Tua(g) > min(t(g), d) = t(g) for £ _almost all a € R™?. This together with
Lemma 5.1 yields the desired result. O

As an application of Theorem 6.2, we have the following two theorems.

Theorem 6.3. The conclusions of Theorem 1.3(ii) extend to those q > 2 such that
D(g) <qg—1landt(qg) < 1.

Theorem 6.4. Suppose that the maps T; (1 < i < m) are similitudes with || T;|| < 1/2.
Denote gmax = max(2, max{qg > 0: t(g) < d}). Then the following properties hold.

(1) For all ¢ > 0, D(q) is the analytic solution of the equation ;. , pl.q 1T~ = 1.
(2) Suppose D'(1) > d. Let s = inf{D(q) /(g — 1) : 1 < q <2}.
o Ifs >d, then qmax = 2 and for L™ -a.e. a € R™:
t(u* q) =d(q—1) forallq € [0, gmax].

o Ifs < d then gmax > 2 and for L™ -a.e. a € R™:

d(q—1) ifq €0, gmin)»

T(u, q) = {D(C]) if ¢ € [gmin, gmax],

where qmin = inf{qg > 1 : D(q)/(q — 1) < d}; moreover, the multifractal
Sformalism holds for u® at all @ € {d} U [D'(gmax)> D' (¢min)]-
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3)

If D'(1) < d, then gmax > 2. Let Gmin = inf{g > 0 : D'(¢)g — D(q) < d}. For
LM ge aeR™,

d + D(gmin) ) .
. X Mmind g —d ifg €10, Gumin)»
T(u, q) = Gmin

D(Q) lfq € [émin, Qmax]-
Moreover; the multifractal formalism holds for u® at alla € [D’(gmax), D(1)]. Also,

for each a € (D'(1), D' (Gmin)], for L4 -a.e. a € R™, the multifractal formalism
holds at o.

Remark 6.5. (1) By [19] we know that for all a € R™9 | the self-similar measure p?

(@)

obeys the multifractal formalism at each o of the form t’(u?, ¢), with ¢ > 1.
Moreover, the measure u? is exact dimensional by [23], so the multifractal for-
malism holds at « = dimy u?. Theorem 6.4 gives precision on the value of the
L9-spectrum and the validity of the multifractal formalism. When D’(1) > d and
inf{D(q)/(g — 1) : 1 < g <2} < d, for L"-ae. a € R™ the measure u?
is absolutely continuous with respect to Lebesgue measure and has a non-trivial
L9-spectrum. This fact is already noticed in [21].

Theorem 6.4 takes a form similar to that of the result obtained in [2] for the orthogo-
nal projections of Gibbs measures on R to almost every linear subspace of a given
dimension between 1 and d, when d > 2.

Proof of Theorem 6.3. The proof is similar to the proof of Theorem 1.3(i), except that

we

already know the value of t(u?, ¢) thanks to Theorem 6.2. O

Proof of Theorem 6.4. (1) This is clear.

2

3)

If D'(1) > d,thenby Theorem 1.2, for LM ae.a e R™ wehave t(u?, q) = d(g—
1) on aneighborhood of 1+; if D’(1) = d, either D is linear equal to d (g — 1), or it is
strictly concave and still by Theorem 1.2, for £?-a.e. a € R™? we have t(u?, q) =
D(g) on aneighborhood of 1+. Consequently, in both cases t/(u?, 1+) = d, so since
T(u?, +) is concave t(u?, 0) > —d and 7(u?, 1) = 0, we must have t(u?, g) =
d(g — 1) over [0, 1].

Now, if s > d then D(g) > d(g — 1) for all ¢ € (1, 2], so by Theorem 1.2, for
LM ae a € R™ we have t(u?,q) = d(g — 1) = t(q) for ¢ € [1, 2], hence
Gmax = 2.

Ifs <d,wehave 1(2) = D(2) <d(2—1) =d, S0 gmax > 2. The value of T (u?, -)
over [1, gmin) and [¢min, gmax] 1 obtained again thanks to Theorems 1.2 and 6.2.
For the validity of the multifractal formalism, at « = d it comes from the fact that
7/(u?, 1) exists and equals d (see [41]).

Since 7 (u?, -) coincides with D and 7 over the open interval (¢min, ¢max), W€ can use
[19] and Remark 6.5 to have the validity of the multifractal formalism, for £"%-a.e.
ace Rmd, forall € (D/(Qmax)’ D/(‘Zmin))~ Ifo= D,(Qmin) = T/(Haa Gmint), W€
have ¢gmin — D(¢min) < d and we can use the same proof as that of Theorem 1.3(ii)
when k = 0, since now the singular values function ¢*(7") simplifies to be o1 (T)*
for all s > 0 and is multiplicative. We can do the same at @ = D’(gmax).

By concavity of D, wehave 1(g) = D(qg) < D(1)(¢—1) <d(qg—1)forallg > 1,
SO gmax > 2. Moreover, by using Theorem 1.2 as above we get that for £"?-a.e.
a € R™ we have t(u®, ¢) = D(g) on [1, gmax]. The validity of the multifractal
formalism over [ D’ (gmax), D’(1)] is obtained as above over [D’(gmax), D' (Gmin)]-
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The inequality D’(1) < d also implies gmin € [0, 1). Moreover, if ¢ € (Gmin, 1), by
concavity of D, D’'(q)g—D(q) < dimpliesthat D(q) > d(¢—1),sothatt(g) = D(q);
consequently, by Lemma 5.1 we have t(u?, ¢) > D(q) for LM ae a e R™ for all
q € [gmin, 1). Then, we can use the same argument as that used to prove Theorem 1.3(i)
(noting again that the singular values function simplifies to be 1 (7')®) to get that for each
a = D'(¢q),q € [gmin, 1), we have ag — D(q) < dim E(u?, D'(¢)) < ag — 1%(q) <
ag — D(q), for L™ -ae.a e R".

This yields that for LM ae aeR™ t(u?, q) = D(q) forall ¢ € [Gmin, 1]. Now,
if gmin > 0, then by definition of g, the tangent to D at (Gmin, D(gmin)) crosses the
y-axis at (0, —d), so since t(u?, -) is concave and 7(u?,0) > —d, t(u?, -) must take
the linear expression of the statement over [0, Gmin). O

In the remainder of this section, we provide a formula of the L9-spectrum for certain
“almost all” non-overlapping planar self-affine measures over a range 2 [0, 2].

Definition 6.6. Following [27], we say that an IFS {S;}]_ | on R? satisfies the rectangu-
lar open set condition (ROSC) if there exists an open rectangle R = (0, r1) x (0,72) +v
such that S;(R) (1 <i < m) are disjoint subsets of R.

Example 6.7. Assume that T = T» = ... = T,, = diag(t1, ) with 1/2 > t; > 1. Let
p = (p1, ..., pm) be a probability vector. For

c=((a1, b1), ..., (@, by)) € R*™,

let 1€ denote the self-affine measure associated with the IFS {T; + (a;, b;)}/_; on R? and

the probability vector p. Denote by V the set of points ¢ € R>" so that {T} + (a;, b)Y,
satisfies the ROSC. By [27, Thm. 2], forany ¢ € V,

_logn)  leg XL, pf
log t, logt

(1S q) = (v, q) (1 . Yg>0, (6.3)
where v? denotes the self-similar measure associated with the IFS {t;x + a;}/"; and
p, (v, ¢) denotes the L7-spectrum of v?®. Denote by B(g) = log > /L, p?/log f1. Let
gmax = max{2, g1}, where ¢ is the unique positive number satisfying B(q1) = 1.
By Theorem 6.4, if B'(1) > 1, then for L™-aea € R", t(v?, ¢g) = g — 1 for every
0 < g < 1; meanwhile if B’(1) < 1, then for £L™-a.e a € R™,

a _ | B'(qo)q—1 ifq [0, qol,
T ) = [B(q) if g € (qo, 11,

where gg := inf{g > 0 : B’(q)q — B(g) < 1}. Furthermore, by Theorem 6.2, we have
for LM-a.ea € R",

t(v%, q) =max{B(g).qg — 1}, V¥ q € (1, gmax)- (6.4)

Now one obtains the exact formula of t(u€, ¢) by (6.3) for L™-a.e ¢ € V and every
q € [0, gmax]-

Remark 6.8. According to the formula (6.4) in Example 6.7, it is easy to see that for
each ¢ € (1, 2), one can choose m € N,t; € (0,1/2) and p = (p1, ..., pm) so that
for L™-a.e a € R™, t(v?, q) is not differentiable at ¢g. Hence for any ¢ € (1, 2), there
exists a self-similar measure on R whose L9 spectrum is not differentiable at g.
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7. Final Remarks

In this section we first give two remarks about the extensions of our results.

(i) All the results presented in this paper hold if we replace the Bernoulli measure
1 by a Gibbs measure associated to a potential satisfying the bounded distortion
property. This is due to the almost multiplicative property of such a measure. The
corresponding expression of D(g) can be found in [15].

(i1) Our results can be partially extended to the projections of Bernoulli measures and
Gibbs measures on the model of randomly perturbed self-affine attractors introduced
in [33]. For such a construction, the condition ||T;|] < 1/2 forall 1 <i < m can
be relaxed to || 7;|| < 1 forall 1 <i < m. Moreover, Falconer’s formula extends to
[2, 0o) [16]. Then, mimicking the proofs written in the present paper, Theorem 1.3(i)
holds as well as Theorem 1.3(ii) for all ¢ > 2 under the constraint that k = 0. We
don’t know whether this extension can pass to k > 0, because it seems non trivial
to transpose the arguments developed in Proposition 4.1 and Lemma 5.7 in relation
with the equivalence to the Lebesgue measure for the measures under consideration.
In the special case of almost self-similar measures, the validity of Falconer’s formula
over [2, oo) implies that the results of Theorem 6.4 hold if, when D’(1) > 1, one
sets gmax = oo and s = inf{D(q)/(qg — 1) : g > 1}.

In the end, we point out that in a related paper [36] Jordan and Simon studied the
multifractal structure of Birkhoff averages on almost all self-affine sets.

Acknowledgements. Feng was partially supported by the RGC grant and the Focused Investments Scheme in
CUHK.

Appendix A. Concavity Properties of the Functions D and t

It follows from the study of the L7-spectrum of almost self-affine measures achieved in
[16] that T is concave over (1, o). However, this fact is not obtained directly from the
definition of D(g). Our Theorem 1.3(i) requires concavity properties of D forg € (0, 1)
which cannot be reached by the approach used in [16]. In the following we provide a
proof of these properties, and for the sake of completeness, a direct proof of the concavity
of T over (1, 00).

Proposition A.1. The mapping D is concave over the intervals of those g # 1 such that
D(q)/(q — 1) € (k,k+1) for some integer 0 <k <d — 1.

Proposition A.2. The mapping t is concave over (1, 00).

Proof of Proposition A.1. Itis clear from (3.1) and the fact that both p; and ¢*(s > 0)
are bounded away from 0 and oo by geometric sequences that D(g) is continuous. So
if 0 < k < d — 1 is an integer, the set J; of those g € (0, 1) such that D(g)/(qg — 1) €
(k, k+1) is an interval, as well as the set J; of those ¢ € (1, 0o) with the same property.

Let us deal with J.. The case of J; is similar. Fix ¢, ¢" € Jy and A € (0, 1). Pick s, s’
sothat D(q)/(q — 1) <s <k+1,D(q")/(¢' — 1) <s" < k+ 1. Then

1
lim sup — log E ¢* (1) "1 p? <0,
n—oo N =

1 / ;o
lim sup — log Z ¢ (T pi <o.
n—oo N lex,

(A.1)
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Define

_ (1=M(q = Ds+r(g = 1)’

@o=1=Ng+rq", s
q.—1

If we prove that
1
lim sup — log Z ¢ (T =% p* <0, (A.2)
n—>co It Iex,

then by definition of D(g; ), we have

D) _ 5 = (1 —=2)(g — Ds+xrg — s’
q@p.— 1 gn—1

for all s, s’ has above, so
D(gy) = (1 —A)D(q) +AD(q").

Now we prove (A.2). By construction we have k < s; <k + 1, so

> 1 EpP = 3 (7@ pl) T (07 (' pd )

lex, VI
1-2 , . N
= (X ean'pf) (X e an' i)
1e¥, 1e¥,

where the second inequality comes from Holder’s inequality. This together with (A.1)
yields (A.2). O

Lemma A.3. Letqo > 1suchthat D(qo)/(qo—1) = kforsomeintegerk € {1,2,...,d}.
Then

D D
@) <k ifqg>qo and ﬂSk ifq < qo.
q—1 q—1

Proof. First assume that ¢ > ¢ggo. To show that D(g)/(g — 1) < k, it suffices to show
that

V§ >0, z ¢k(T1)1_qp? > e for large enough n. (A.3)
1ex,

Assume that (A.3) does not hold., i.e. there exists § > 0 such that

Z ¢* (T "4 p? < ¢ infinitely often (i.0).
lIex,

Note that 2162,, pr = 1. Take A € (0, 1) such that (1 — A)g + A = go. Then, by the
Holder inequality

Z ¢k(TI)(I—A)(I—q)pglf)»)qp;» < e—n(l—k) X 1)‘ i.o.,
I1e¥,
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ie.
> k@' pP <P o,
lex,

a contradiction with our assumption on D(qo)/(go — 1).
Next assume that g < gg. To show that D(q)/(q — 1) > k, it suffices to show that

Vs >0, Z ¢k(T1)l_qp(,1 <" for large enough n.
l1ex,

To see this, since D(qg)/(go — 1) = k, we have

z oM (1) P p < ™ for large enough n.

lex,
Take A € (0, 1) such that (1 — X)go + A = g. Then, by the Holder inequality

z ¢ (T, )(1 SIeE qo) (1 A)qop;\ A=) |k

lex,
ie.

Dt pP <P,
1€eZ,

if n is large enough, as desired. 0O

Remark A.4. The same argument (with k replaced by any positive number s shows that
qg — D(q)/(g — 1) is non-increasing on (1, 00).

Proof of Proposition A.2. Due to Proposition A.1, it suffices to show that

(1) If (Cloi e€{l,2,...,d — 1} for some gy > 1, then D'(go+) < D'(go—).
q0 —
2) If (QOi = d forsome gg > 1,then D'(go+) < d (by LemmaA.3,7(q) = d(g—1)
q0 —
if 1 < g < qop).

Let us first prove (1). Assume on the contrary that (1) does not hold, i.e. D'(go+) >
D’(go—). Then there exists a small € > 0 such that

1 1
D(qo) < ED(qO +e€)+ ED(% —€),

and
D(qo + D(qo —
(qo+¢€) S,C§M<k+1 (by Lemma A.3).
qgo+e—1 go—€—1
D(qo +¢€ D(qo — €
Lets; = Dlgo+e) and s = Digo=¢ ),41 =4qo+e€, g2 = qo—¢. Then, forall§ > 0
qo+e—1 go—€—1
andi € {1, 2},

Z % (T~ pi < " for large enough n.
1e¥,
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By the Holder inequality, we have

Z ¢s1(TI)(]fq|)/2p1111/2¢sz(TI)(lfqz)/ZplInﬂ <,

Iex,
ie.
Z ¢51(TI)(1—611)/2¢32(Tl)(l—qz)/zp;l() <M,
le¥,
Note that

P! (TI)(] *Q1)/2¢52 (TI)(1*KI2)/2

7q1)/2al(cn—k)(l—q1)/2

= (a1 - o) (o)

7q2)/2a(52—k)(1—42)/2
k+1
(where o; = «; (T7))

— —k)(1— 2 —k)(1— 2
= (102 - - 'Olk)l qoaliﬁ Y(1—q1)/ 0‘15121 Y1—q2)/
—qo (1K) (1=q1)/2 _(s2—k)(1—g2)/2 .
> (- ay)! qoalilll Y(=q1)/ O‘IES+2] Y(1=q2)/ (using (s1 — K)(1 — q1) > 0)

D(q1)+D(qp) k
1— — ——5—=—k(1—q0)
= (jaz- o) Doy,

> (011012 L. ak)l—qoal;r(lD(t]o)+V)—k(l—qo) (Wlth y > 5)
= (aj0op - o) M0 |

> @K (T 790 Y (with y' > ).

Therefore,

D AN TP < eV (with ' > 8)
Ie¥,

for large enough n, a contradiction. This proves (1).

Next we show (2). To see this, recall that D(qo)/(qo—1) = dand D(q)/(g—1) < dif

q > qo-Now, since D(q)/(g—1) isnonincreasing over (1, 00), either D(q)/(q—1) =d
in aright neighborhood of gg, or D(q)/(¢—1) < dforallg > gg, and by Proposition A.1
D is concave on a right neighborhood of gg. Thus the inequality D(g)/(qg — 1) < d for
q > qo implies D'(go+) < d.

References

1.

Bahroun, F., Bhouri, I.: Multifractals and projections. Extracta Math. 21, 83-91 (2006)

2. Barral, J., Bhouri, I.: How projections affect the validity of the multifractal formalism. Erg. Th. Dyn.

Sys. 31, 673-701 (2011)

Barral, J., Feng, D.J.: Weighted thermodynamic formalism on subshifts and applications. Asian J.
Math. 16, 319-352 (2012)

Barral, J., Mensi, M.: Gibbs measures on self-affine Sierpinski carpets and their singularity spectrum. Erg.
Th. Dyn. Sys. 27, 1419-1443 (2007)

Barreira, L.: A non-additive thermodynamic formalism and applications to dimension theory of hyper-
bolic dynamical systems. Erg. Th. Dyn. Sys. 16, 871-927 (1996)

Ben Nasr, F.: Analyse multifractale de mesures. C. R. Acad. Sci. Paris Sér. I Math. 319, 807-810 (1994)
Bowen, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture Notes in
Math. No. 470, Berlin-Heidelberg-New York: Springer-Verlag, 1975

Brown, G., Michon, G., Peyriére, J.: On the multifractal analysis of measures. J. Stat. Phys. 66, 775—
790 (1992)



Multifractal Formalism for Almost all Self-Affine Measures 503

10.

11.

12.

14.

15.
16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.
33.

34.

35.

36.

37.

38.
39.

40.

41.

Cao, Y.L., Feng, D.J., Huang, W.: The thermodynamic formalism for sub-additive potentials. Disc. Cont.
Dyn. Syst. 20, 639-657 (2008)

Cawley, R., Mauldin, R.D.: Multifractal decompositions of Moran fractals. Adv. Math. 92, 196-236
(1992)

Collet, P, Lebowitz, J.L., Porzio, A.: The dimension spectrum of some dynamical systems. J. Stat. Phys.
47, 609-644 (1987)

Conway, J.B.: A course in functional analysis. New York: Springer-Verlag, 1985

Falconer, K.J.: The Hausdorff dimension of self-affine fractals. Math. Proc. Camb. Phil. Soc. 103, 339—
350 (1988)

Falconer, K.J.: A subadditive thermodynamic formalism for mixing repellers. J. Phys. A 21, L737-L742
(1988)

Falconer, K.J.: Generalized dimensions of measures on self-affine sets. Nonlinearity 12, 877-891 (1999)
Falconer, K.J.: Generalised dimensions of measures on almost self-affine sets. Nonlinearity 23, 1047-
1069 (2010)

Falconer, K.J., Miao, J.: Local dimensions of measures on self-affine sets. http://arxiv.org/abs/1105.
2411v1 [math.MG], 2011

Falconer, K.J., Sloan, A.: Continuity of subadditive pressure for self-affine sets. Real Analysis
Exchange 34, 413-427 (2009)

Feng, D.J.: Gibbs properties of self-conformal measures and the multifractal formalism. Erg. Th. Dyn. Sys.
27, 787-812 (2007)

Feng, D.J.: Equilibrium states for factor maps between subshifts. Adv. Math. 226, 2470-2502 (2011)
Feng, D.J.: Multifractal analysis of Bernoulli convolutions associated with Salem numbers. Adv.
Math. 229, 3052-3077 (2012)

Feng, D.J., Kdenmiki, A.: Equilibrium states of the pressure function for products of matrices. Disc. Con.
Dyn. Syst. 30, 699-708 (2011)

Feng, D.J., Hu, H.: Dimension theory of iterated function systems. Comm. Pure Appl. Math. 62, 1435-
1500 (2009)

Feng, D.J., Huang, W.: Lyapunov spectrum of asymptotically sub-additive potentials. Commun. Math.
Phys. 297, 1-43 (2010)

Feng, D.J.,Lau, K.S.: The pressure function for products of non-negative matrices. Math. Res. Lett. 9, 363—
378 (2002)

Feng, D.J., Lau, K.S.: Multifractal formalism for self-similar measures with weak separation condition.
J. Math. Pures Appl. 92, 407-428 (2009)

Feng, D.J., Wang, Y.: A class of self-affine sets and self-affine measures. J. Fourier Anal. Appl. 11, 107-
124 (2005)

Frisch, U., Parisi, G.: Fully developed turbulence and intermittency in turbulence. In: Turbulence and
Predictability in Geophysical Fluid Dynamics and Climate Dynamics eds. M. Ghil, R. Benzi and G.
Parisi, Amsterdam: North-Holland, 1985, pp. 84-88

Halsey, T.C., Jensen, M.H., Kadnoff, L.P., Procaccia, 1., Shraiman, B.I.: Fractal measures and their sin-
gularities: the characterisation of strange sets. Phys. Rev. A. 33, 1141-1151 (1986)

Hutchinson, J.E.: Fractals and self-similarity. Indiana Univ. Math. J. 30, 713-747 (1981)

Jessen, B., Wintner, A.: Distribution functions and the Riemann zeta function. Trans. Amer. Math.
Soc. 38, 48-88 (1935)

Jordan, T.: Private communication

Jordan, T., Pollicott, M., Simon, K.: Hausdorff dimension for randomly perturbed self affine attractors.
Commun. Math. Phys. 270, 519-544 (2007)

Jordan, T., Rams, M.: Multifractal analysis for Bedford-McMullen carpets. Math. Proc. Camb. Phil.
Soc. 150, 147-156 (2011)

Jordan, T., Shmerkin, P., Solomyak, B.: Multifractal structure of Bernoulli convolutions. Math. Proc.
Camb. Phil. Soc. 151, 521-539 (2011)

Jordan, T., Simon, K.: Multifractal analysis for Birkhoff averages for some self-affine IFS. Dyn.
Sys. 22, 469-483 (2007)

Kédenméki, A.: On natural invariant measures on generalised iterated function systems. Ann. Acad. Sci.
Fenn. Math. 29, 419-458 (2004)

King, J.F.: The singularity spectrum for general Sierpinski carpets. Adv. Math. 116, 1-8 (1995)

Lau, K.S., Ngai, S.M.: Multifractal measures and a weak separation condition. Adv. Math. 141, 45-96
(1999)

Mauldin, R.D., Simon, K.: The equivalence of some Bernoulli convolutions to Lebesgue measure. Proc.
Amer. Math. Soc. 126, 2733-2736 (1998)

Ngai, S.M.: A dimension result arising from the L9-spectrum of a measure. Proc. Amer. Math. Soc.
125, 2943-2951 (1997)


http://arxiv.org/abs/1105.2411v1
http://arxiv.org/abs/1105.2411v1

504 J. Barral, D.-J. Feng

42. Olivier, E.: Multifractal analysis in symbolic dynamics and distribution of pointwise dimension for
g-measures. Nonlinearity 12, 1571-1585 (1999)

43. Olsen, L.: A multifractal formalism. Adv. Math. 116, 82—196 (1995)

44. Olsen, L.: Self-affine multifractal Sierpinski sponges in R4 Pacific J. Math. 183, 143-199 (1998)

45. Patzschke, N.: Self-conformal multifractal measures. Adv. in Appl. Math. 19, 486-513 (1997)

46. Pesin, Ya.B.: Dimension theory in dynamical systems. Contemporary views and applications. Chicago,
IL: University of Chicago Press, 1997

47. Rand, D.A.: The singularity spectrum f(«) for cookie-cutters. Erg. Th. Dyn. Sys. 9, 527-541 (1989)

48. Shmerkin, P.: A modified multifractal formalism for a class of self-similar measures with overlap. Asian
J. Math. 9, 323-348 (2005)

49. Shmerkin, P.: Overlapping self-affine sets. Indiana Univ. Math. J. 55(4), 1291-1331 (2006)

50. Solomyak, B.: Measure and dimension for some fractal families. Math. Proc. Camb. Phils. Soc. 124, 531—
546 (1998)

51. Testud, B.: Mesures quasi-Bernoulli au sens faible: résultats et exemples. Ann. Inst. Poincaré Prob.
Stat. 42, 1-35 (2006)

52. Walters, P.: An introduction to ergodic theory. Berlin-Heidelberg-New York: Springer-Verlag, 1982

53. Young, L.S.: Dimension, entropy and Lyapunov exponents. Erg. Th. Dyn. Sys. 2, 109-124 (1982)

Communicated by G. Gallavotti



	Multifractal Formalism for Almost all Self-Affine Measures
	Abstract:
	1 Introduction
	2 Preliminaries
	2.1 The sub-additive thermodynamic formalism
	2.2 Projections of ergodic measures on typical self-affine sets

	3 A Formula for the Derivative of D(q)
	4 Equivalence of Certain Self-Affine Measures to the Lebesgue Measure
	5 The Proof of Theorem 1.3
	6 Extension of Falconer's Formula for q>2 and Complements to Theorem 1.3
	7 Final Remarks
	Acknowledgements.
	Appendix A Concavity Properties of the Functions D and τ
	References


