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Abstract: We consider the Landau Hamiltonian (i.e. the 2D Schrodinger operator with
constant magnetic field) perturbed by an electric potential V which decays sufficiently
fast at infinity. The spectrum of the perturbed Hamiltonian consists of clusters of eigen-
values which accumulate to the Landau levels. Applying a suitable version of the anti-
Wick quantization, we investigate the asymptotic distribution of the eigenvalues within a
given cluster as the number of the cluster tends to infinity. We obtain an explicit descrip-
tion of the asymptotic density of the eigenvalues in terms of the Radon transform of the
perturbation potential V.

1. Introduction and Main Results

1.1. Introduction. Let

be the self-adjoint operator defined initially on C§° (R?), and then closed in L?(R?). The
operator Hy is the Hamiltonian of a non-relativistic spinless 2D quantum particle subject
to a constant magnetic field of strength B > 0. Itis often called the Landau Hamiltonian
in honor of the author of the pioneering paper [23]. The spectrum of Hy consists of
the eigenvalues (called Landau levels) A, = B(2g +1), g € Z, = 0,1,2,.... The
multiplicity of each of these eigenvalues is infinite, and so

o0

o (Ho) = 0ess(Ho) = | J{1g}, g = BQg+1).
q=0

Next,let V € C (Rz; R) satisfy the estimate

V)| <Cx) ™, xeR’ p>I1, (1.1)
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where (x) := (1 + [x|?)!/2. We also denote by V the operator of multiplication by V
in LZ(RZ). Consider the perturbed Landau Hamiltonian H = Hy + V. The spectrum
of H consists of eigenvalue clusters around the Landau levels. More precisely, we have
Oess(H) = 0ess(Hp) and so all eigenvalues of H in R\oes(H) have finite multiplicities
and can accumulate only to the Landau levels A,. Our first preliminary result says that
the eigenvalue clusters shrink towards the Landau levels as O (¢ ~'/?) for ¢ — oc:

Proposition 1.1. Assume (1.1); then there exists C1 > 0 such that for all g € Z, one
has

o(H)N[hy — B, g+ B1 C (hg — Cirg % 1y + C10 ). (1.2)
The proof is given in Sect. 4.

Remark 1.2. (i) Obviously, the above estimate O (A, 1/ 2) for the width of the g
cluster can also be written as O(q_l/ 2); however, as we will see, A, provides a
more natural scale than ¢.

(i) Simple considerations (see Remark 3.2 in [22]) show that the estimate O (1, I/ 2)

cannot be improved: the eigenvalue clusters have width > ci, 2 with ¢ > 0
(unless V = 0). This will also follow from the main result of this paper.

(iii) Proposition 1.1 was proven in [22] for V € Cgo (R?). The proof we give here not
only covers the case of more general potentials V, but also is based on different
ideas from those of [22].

1.2. Main result. Our purpose is to describe the asymptotic density of eigenvalues in
the g cluster as ¢ — oo. Let 1 denote the characteristic function of the set O C R.
For g € Z4 and O € B(R), the Borel o-algebra on R, set

g (O) 1= rank L,-ip (H).
q

O+hy

The measure p is not finite, but if O is bounded, and its closure does not contain the
origin, we have 1, (O) < oo for g sufficiently large. In particular, for any fixed bounded
interval [«, 8] C R\{0} we have

g (e, B1) = Z dimKer(H — AI) < 00 (1.3)

hgrary P <a<o iy

for all sufficiently large g. Below we study the asymptotics of the counting measure
Mg as ¢ — oo. In order to describe the limiting measure, we need to fix some nota-

tion. We denote by T C R? the circle of radius one, centered at the origin. The circle
T is endowed with the usual Lebesgue measure normalized so that f’]l‘ dw = 2m. For

w = (w1, wz) € T, we denote w* = (—wy, w;). We set

~ 1 o0
V(w, b) = —/ V(bw+tot)dt, weT, bekR.
27 J_ oo
Thus, Vs (up to a factor) the Radon transform of V. In order to make our notation
more concise, we find convenient to introduce the Banach space X, of all potentials
V e C(R?, R) that satisfy (1.1) equipped with the norm

IVilx, = sup (x)?|V(x). (1.4)

xeR?



Eigenvalue Clusters 427

Using this notation, by an elementary calculation one finds
[V(.b)| < CpllVx,(b)' ™", beR. (1.5)

Define the measure u by

WO = = [T 70)|. 0cBE®.
27

where | - | stands for the Lebesgue measure (on T x R). Evidently, for any interval
[o, B] C R\{0} we have u([a, B]) < oco. Moreover, estimate (1.5) implies that i has a
bounded support in R, and

/|t|zdu(t) <00, V&> 1/(p—1). (1.6)
R

Our main result is:

Theorem 1.3. Let V € C(R?) be a continuous function that satisfies (1.1). Then, for
any function ¢ € C3°(R\{0}), we have

tim 25"/ /R 0 dpg(3) = /]R o(du(h). (1.7)

q—>00

Remark 1.4. (i) The asymptotics (1.7) can be more explicitly written as

lim A;”zTrQ(ﬁq(H—xq))=i/ / 0(BV(w, b)) dbdw. (1.8)
q—>0 2 T JR

(i1) By standard approximation arguments, the asymptotics (1.7) can be extended to a
wider class of continuous functions g. Further, it follows from Theorem 1.3 that if

[a, B C R\{0}, and u({ar}) = n({B}) = O, then

Jim 3" (e B = e B).

However, the assumption u({a}) = w({B}) = 0 does not automatically hold, i.e.
in general the measure « may have atoms. Indeed, a description of the class of
all Radon transforms V (w, b) of functions V e C§° (R?) is well known, see e.g.
[19, Thm. 2.10]. According to this description, if @ € C§°(R) is an even real-val-
ued function, then V(w, b) := a(), b € R, w € T, is a Radon transform in this
class. Of course, if the derivative a’(b) vanishes on some open interval, then the
corresponding measure 1 has an atom.

) IfV € Cgo(Rz), one can prove (see [22]) that the trace in the Lh.s. of (1.8) has a

complete asymptotic expansion in inverse powers of A;/ 2, but the formulae for the
higher order coefficients of this expansion are not known.

1.3. Method of proof. Let P, be the orthogonal projection in L*(R?) onto the subspace
Ker (Hy — A41). For £ > 1, let S; be the Schatten-von Neumann class, with the norm
II-]l¢; the usual operator norm is denoted by ||-||.

We first fix a natural number £ and examine the asymptotics of the trace in the L.h.s. of
(1.8) for functions ¢ € C;°(R) such that o(1) = A¢ for small . We have the following
(fairly standard) technical result:
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Lemma 1.5. For any integer £ > 1/(p — 1), the operators (H — Aq)e]l(;tq_g,kqw)(H)
and (P VPq)g belong to the trace class and

—(t=1)/2
Te{(H — ) Loy —pagsmy (H)) = Te(PV P 400 V), g — 00, (1.9)

The proof of this lemma is given in Subsect. 4.3. This lemma essentially reduces the
question to the study of the asymptotics of traces of (P, V P, )¢. Our main technical result
is the following statement:

Theorem 1.6. Let V satisfy (1.1) and let By > 0.
(i) For some C = C(By), one has

1/2 ,—
sup sup Ay * B[P,V Pl < C|Vllx,. (1.10)
q>0 B>By

(it) Foranyreal £ > 1/(p — 1), we have Py V Py € Sy, and for some C = C(By, £),
the estimate

sup sup Ay COBTNIP VPl < CIV I, (L11)
q>0 B>B

holds true.
(iii) For any integer £ > 1/(p — 1), we have

_ B¢ ~
lim AV Tr(p, VP, = —/ / V(w,b)'dbdw.  (1.12)
q—>00 27 J1 JR

Although in our main Theorem 1.3 the strength B of the magnetic field is assumed to
be fixed, we make the dependence on B explicit in the estimates (1.10), (1.11), as these
estimates are of an independent interest (see e.g. [10]), and can be used in the study of
other asymptotic regimes.

The proof of Theorem 1.6 consists of two steps. In Sect. 2 we establish the unitary
equivalence of the Berezin-Toeplitz operator P,V P, to a certain generalized anti-Wick
pseudodifferential operator (Y DO) whose symbol Vp is defined explicitly below in
(2.27). Further, in Sect. 3 we study this WDO, prove appropriate estimates, and analyze
its asymptotic behavior as ¢ — oo.

A combination of (1.9) and (1.12) essentially yields (1.7) for a function ¢ € C;°(R)
such that o(1) = A’ for small A. After this, the main result follows by an application of
the Weierstrass’ approximation theorem; this argument is given in Subsect. 4.4.

Remark 1.7. In [22] the limit (1.12) was computed for £ = 1, 2, but the result was written
in a form not suggestive of the general formula.

1.4. Semiclassical interpretation. Consider the classical Hamiltonian function

1 1
HE, x) = (£ + sz)z +(n — 53x>2, E:=(n ek x:=(x,y) eR?
(1.13)

in the phase space 7*R? = R* with the standard symplectic form. The projections onto
the configuration space of the orbits of the Hamiltonian flow of H are circles of radius
VE/B, where E > 0 is the value of the energy corresponding to the orbit. The classical
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particles move along these circles with period T = 7 /B. The set of these orbits can be
parameterized by the energy E > 0 and the center ¢ € R? of a circle. Let us denote the
path in the configuration space corresponding to such an orbitby y (¢, E, t), t € [0, T),
and set

Tp
(Vi(e, E) = TLB/O V(y(c, E,t))dt, Tp=rmn/B. (1.14)

For an energy E > 0, consider the set Mg of all orbits with this energy. The set Mg is
a smooth manifold with coordinates ¢ € R2. It can be considered as the quotient of the
constant energy surface

e =& x) e R* | H(E, x) = E}

with respect to the flow of . Restricting the standard Lebesgue measure of R* to X
and then taking the quotient, we obtain the measure B dci dcy on Mg. An elementary
calculation shows that the r.h.s. of (1.8) can be rewritten as

//Q(BV(a) b)dbdo = 5 f/ o(WE (V)(e, E)) Bdci dcs.
(1.15)

The basis of this calculation is the fact that as £ — oo, the radius JVE / B of the circles
representing the classical orbits tends to infinity. Thus, the classical orbits approximate
straight lines on any compact domain of the configuration space.

Given (1.15), we can rewrite the main result as

lim I%Trg(«/’ (H—hg))=5— ! Jim —/ o(WE (V)(e, E)) Bdci dcs.

— 00
4 q

(1.16)

This agrees with the semiclassical intuition. Formula (1.16) corresponds to the well
known ““averaging principle” for systems close to integrable ones. This principle states
that a good approximation is obtained if one replaces the original perturbation by the
one which results by averaging the original perturbation along the orbits of the free
dynamics. This method is very old; quoting V. Arnold [2, Sect. 52]: “In studying the
perturbations of planets on one another, Gauss proposed to distribute the mass of each
planet around its orbit proportionally to time and to replace the attraction of each planet
by the attraction of the ring so obtained”.

1.5. Related results.

1.5.1. Asymptotics for eigenvalue clusters for manifolds with closed geodesics. In spec-
tral theory, results of this type originate from the classical work by A. Weinstein [37]
(see also [9]). Weinstein considered the operator —A p4 + V, where A o4 is the Laplace-
Beltrami operator on a compact Riemannian manifold M with periodic bicharacteristic
flow (e.g. a sphere), and V € C(M; R). In this case, all eigenvalues of A have finite
multiplicities which however grow with the eigenvalue number. Adding the perturbation
V creates clusters of eigenvalues. Weinstein proved that the asymptotic density of eigen-
values in these clusters can be described by the density function obtained by averaging V
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along the closed geodesics on M. Let us illustrate these results with the case M = S?.
It is well known that the eigenvalues of —Ag2 are A, = gq(q + 1), ¢ € Z,, and their

multiplicities are d; =2g +1.For V € C (S%; R) set

2
V(w) = %/O V(Cy(s)ds, e S,

where C,,(s) € S? is the oriented great circle orthogonal to w, and s is the arc length on
this circle. Then for each ¢ € C§° (S%; R) we have

Tro(—Ac +V — A
lim rO(ZAg ¥ @) _
400 d

/S o(V(@)dS(), (1.17)

where dS is the normalized Lebesgue measure on S?. Since S? can be identified with
its set of oriented geodesics G, the r.h.s. of (1.17) can be interpreted as an integral with
respect to the SO (3)—invariant normalized measure on G. This result admits extensions
to the case M = S" with n > 2, and, more generally, to the case where M is a compact
symmetric manifold of rank 1 (see [9,37]).

In more recent works [33,35,36], the relation between the quantum Hamiltonian of
the hydrogen atom and the Laplace-Beltrami operator on the unit sphere is exploited,
and the asymptotic distribution within the eigenvalue clusters of the perturbed Hamil-
tonian hydrogen atom is investigated. The asymptotic density of eigenvalues in these
clusters was described in terms of the perturbation averaged along the trajectories of the
unperturbed dynamics (i.e. the solutions to the Kepler problem).

Among the main technical tools used in [33,35,36] which originate from [15,34], are
the Bargmann-type representations of the particular quantum Hamiltonians considered,
implemented via the so-called Segal-Bargmann transforms. In our analysis generalized
coherent states and associated anti-Wick WDOs closely related to the Bargmann repre-
sentation and the Segal-Bargmann transform appear again in a natural way (see Sect. 2),
although their role is different from the one of their counterparts in [33,35,36].

Although this paper is inspired by [33,35-37], much of our construction (see Sect. 4)
is based on the analysis of [22]. In [22] it was proven thatfor V € Cgo (Rz) the trace in the

Lh.s. of (1.12) has complete asymptotic expansions in inverse powers of X;/ 2, However,

the coefficients of this expansion have not been computed explicitly; see Remark 1.7
above.

1.5.2. Strong magnetic field asymptotics. It is useful to compare our main result with
the asymptotics as B — oo of the eigenvalues of H. It has been found in [26] (see also
[21]) that

lim B*‘TrQ(H—/\q)zi/ Q(V(x))dxz/g(t)dm(t), (1.18)
B—o0 2 JRr2 R
where ¢ € Cg°(R\{0}), ¢q € Z4, VeLP(R?), p>1,and m((’))::% |V_1((9) ,O0¢€

B(R). Similarly to Theorem 1.3, the proof of (1.18) is based on an analogue of Theorem
1.6 (1)—(ii) (see Lemma 2.12 below), and the asymptotic relations

B—o0

1

lim B~'Tr(P,VP)" = lim B~ 'TrP,V'P, = —/ Vx)'dx, q€Z,
B—o0 27 JR2

(1.19)
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with V € CSO(RZ) and £ € N, close in spirit to (1.12). Since Bm([e, B]) =

% Vgl([cx, ﬂ])‘ , [, B1 € R\{0}, where Vp (see (2.27)) is the symbol of the gen-

eralized anti-Wick WDO to which P,V P, is unitarily equivalent, we find that (1.18) is
again aresult of semiclassical nature. However, (1.19) implies that in the strong magnetic
field regime the main asymptotic terms of Tr(F; VPq)/Z and Tr P, vt P, coincide, and
hence in the first approximation the commutators [V, P,] are negligible, while (1.12)
shows that obviously this is not the case in the high energy regime considered in the
present article. Therefore, Theorem 1.3 retains “more quantum flavor” than (1.18), and
hence its proof is technically much more involved.

1.5.3. The spectral density of the scattering matrix for high energies. In the recent work
[8] inspired by this paper, D. Bulger and A. Pushnitski considered the scattering matrix
S(A), A > 0, for the operator pair (—A + V, —A), where A is the standard Laplacian
acting in Lz(Rd), d>2andV € C (Rd; R) is an electric potential which satisfies
an estimate analogous to (1.1). Although the methods applied in [8] are different from
ours, it turned out that the asymptotics as A — oo of the eigenvalue clusters for S(A)
are written in terms of the X-ray transform of V in a manner similar to (1.7).

2. Unitary Equivalence of Berezin-Toeplitz Operators and Generalized
Anti-Wick ¥DOs

2.1. Outline of the section. From a methodological point of view, this section plays a
central role in the proof of Theorem 1.3. Its principal goal is to establish the unitary equiv-
alence between the Berezin-Toeplitz operators P,V P;, g € Z,, and some generalized
anti-Wick WDOs Opg" (V) whose symbol Vp is defined explicitly in (2.27). This equiv-
alence is proved in Theorem 2.11 below. The WDOs Opg" introduced in Subsect. 2.3,
are quite similar to the classical anti-Wick operators Opg" (see [4, Chap. V, Sect. 2],
[29, Sect. 24]); the only difference is that the quantization Opgw is related to coher-
ent states built on the first eigenfunction ¢g of the harmonic oscillator (2.4), while
Opr, g € N, is related to coherent states built on its g™ eigenfunction @q-

In our further analysis of the operator Opgw (V) performed in Sect. 3, we also heav-
ily use the properties of the Weyl symbol of this operator. Thus, in Subsect. 2.1 —2.2 we
introduce the Weyl quantization Op", and in Subsect. 2.4 we briefly discuss its relation
to Opg". In particular, we show that Opg" (s) = Op"(s * W,), where s is a symbol
from an appropriate class, and 27 ¥, is the Wigner function associated with ¢, defined
explicitly in (2.13). Therefore, the Berezin-Toeplitz operator P,V P, q € Z,, with
domain Pqu(Rz), is unitarily equivalent to Op" (Vg * ¥,) (see Corollary 2.13).

2.2. Weyl WDOs . Letd > 1. Denote by S(R?) the Schwartz class, and by S (R?) its
dual class.

Proposition 2.1 [20, Lem. 18.6.1]. Let s € S (R2). Assume that § € LY (R*), where
§ is the Fourier transform of s, introduced explicitly in (3.1) below. Then the operator
Op"(s) defined initially as a mapping from S(R?) into S'(RY) by

(Op” (s)u) (x)=(2n)“’/ / s(“x ,g) AT Ey (NYax'de, x e RY, (2.1)
Rd JRd 2
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extends uniquely to an operator bounded in L*>(R?). Moreover,
10p” ()l < @)~ 15111 r2ay.- 2.2)

Some of the arguments of our proofs require estimates which are more sophisticated
than (2.2). Let F(de ), d > 1, denote the set of functions s : R4 —s C such that

Isllp@Raay == sup sup |8§‘3§s(x, &)| < oo.
{o.BEZL | |al.|BI<[$]+1) (x.§)eRHM

Proposition 2.2 [6, Cor. 2.5 (i)]. There exists a constant co such that for any s €
['(R2), d > 1, we have

”Opw (S)” =< COHS”[‘(RM).

Further, if s € Lz(de), then, obviously, the operator Op" (s) belongs to the Hilbert-
Schmidt class, and

1
100" I = o325 /]R Ise ) dxdt. 2.3)

Next, we describe the well known metaplectic unitary equivalence of Weyl WDOs whose
symbols are mapped into each other by a linear symplectic change of the variables.

Proposition 2.3 [11, Chap. 7, Thm. A.2]. Let k : R*? — R*! d > 1, be a linear
symplectic transformation, sy € I'(R?*?), and s> := s1 o k. Then there exists a unitary
operator U : L2(RY) — L%(R?) such that

Op*(s2) = U*Op”(s)U.

Remark 2.4. (i) The operator U is called the metaplectic operator corresponding to
the linear symplectic transformation «. There exists a one-to-one correspondence
between metaplectic operators and linear symplectic transformations, apart from
a constant factor of modulus 1 (see e.g. [20, Thm. 18.5.9]). Moreover, every linear
symplectic transformation « is a composition of a finite number of elementary lin-
ear symplectic maps (see e.g. [20, Lem. 18.5.8]), and for each elementary linear
symplectic map there exists an explicit simple metaplectic operator (see e.g. the
proof of [20, Thm. 18.5.9]).

(i) Proposition 2.3 extends to a large class of not necessarily bounded operators. In
particular, it holds for Weyl WDOs with quadratic symbols.

2.3. Generalized anti-Wick WDOs. In this subsection we introduce generalized anti-
Wick WDOs . These operators are a special case of the WDOs with contravariant symbols
whose theory has been developed in [3]. Introduce the harmonic oscillator

e,

h = _ﬁ +x7, (24)
self-adjoint in L>(R). It is well known that the spectrum of 4 is purely discrete and
simple, and consists of the eigenvalues 2¢g + 1, g € Z,, while its associated real-valued
eigenfunctions ¢,, normalized in LZ(R), could be written as

H, (x)e ="/

(pq(x) = W’ X € R, q < Z+, (25)
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where
2 2 d 4q 2 2
H,(x) = (=D%e* / (d_ —x) e 2 xeR, q € Zs, (2.6)
X

are the Hermite polynomials. Introduce the generalized coherent states (see e.g. [28])

Pune(y) =g (y —x), yeR, (x,§) eR? (2.7)
so that ¢; = @;,0,0. Note that if f € L2(R), then

112 = @) /R 14, ) Pxd, 2.8)

where (-, -) denotes the scalar product in L>(R). Introduce the orthogonal projection
Pave = |0gx6) (@ginel : PR »> LPR), g €Zi, (x,§)eR. (29
Lets € L' (R?) + L>(R?). Define

0" (5) = @my ™! [ 55,6
as the operator generated in L>(R) by the bounded sesquilinear form

Fq,s[f’ gl:= (277)_1 /st(xaéva (pq;x,*;’)(gv (pq;x,’é)(ingv fg€ LZ(R)- (2.10)

We will call Opg"(s) the operator with anti-Wick symbol of order q equal to s. We
introduce these operators only in the case of dimension d = 1 since this is sufficient for
our purposes; of course, their definition extends easily to any dimension d > 1.

Note that the quantization Op?" with ¢ = 0 coincides with the standard anti-Wick
one (see e.g. [29, Sect. 24]). In tﬁe following lemma we summarize some elementary
basic properties of generalized anti-Wick WDOs which follow immediately from the
corresponding properties of general contravariant WDOs .

Lemma 2.5 [29, Sect. 24], [4, Sect. 5.3].
(i) Let s € L®(R?). Then we have

10pg" ()1 < lIsll oo m2)- (2.11)
(i) Let s € LY(R?) with £ € [1, 00). Then we have
IIOpZ’”(s)Ilg < Q2m)” 1||S||L4(Rz (2.12)

2.4. Relation between generalized anti-Wick and Weyl WDOs. For g € Z4 set
0 = T 002 +£2)e 0, (1) e R, 2.13)
b4

where

) 4q k
L, (1) ;:ql dq(’qe Z( )( D ieR, (2.14)

k=0

are the Laguerre polynomials.
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Lemma 2.6. For a fixed (x,&) € R2 we have Pgix.e = Op"(Sy.x.e), Where py., ¢ is the
orthogonal projection defined in (2.9), and

Cone( E) =210, (x' —x,E — &), (x,€)eR> (2.15)

Proof. Using the well-known relation between the Schwartz kernel of a linear operator
and its Weyl symbol (see e.g [20, Eq. (18.5.4)”]), we find that the Weyl symbol ¢,. . ¢
of the projection p; . ¢ satisfies

Sqxe(x', &) = /Re_ivs/%;x,g(x/ +0/2)@g;x,6 (X" —v/2)dv. (2.16)
By (2.5) and (2.7),

/Re—""S Pgive (X +0/2)@g 0 e (X — v/2)dv

1 R 1 1
= ﬁqu!/Rew(é $)H, (x/zv—x) H, (x/—zv—x)

w022~ (= So-x/2 4, (2.17)

Changing the variable of integration v = 2(z +i(§ —§')), and bearing in mind the parity
of the Hermite polynomial H,, we get

/ ei”(g_gl)Hq (x'+%v —x)H, (x"— %v —x)e_(x%”_x)z/ze_(x/_%v_x)z/zdv
R

= 21yl I HEE) / e "Hy(t—(x—x'—i(E —£")))
R
xHy (t+x —x'+i (£ —&"))d. (2.18)

Employing the relation between the Laguerre polynomials and the integrals of Hermite
polynomials (see e.g. [14, Eq. 7.377]), we obtain

/Re_’qu(t —(x—x' —i(E —ENH (t+x —x' +i(§ — &))dt

= VT29gIL (" — x)* + (¢ — §)%)). (2.19)
Putting together (2.16)—(2.19), we obtain (2.15). O
Remark 2.7. Let ¢ € L*>(R) and ||y|| 12®) = 1. Then the Weyl symbol of the rank-one
orthogonal projection [y) (1|, is called the Wigner function associated with i (see e.g.
[24, Def. 2.2]). Thus, Lemma 2.6 tells us, in particular, that 27t W, is the Wigner function
associated with ¢, .
Lemma 2.6 immediately entails the following

Corollary 2.8. Let s € L' (R?) + L°(R?). Then we have

Op2”(s) = Op” (W * 5). (2.20)
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2.5. Metaplectic mapping of the operators Hy, Py, and V. Forx = (x, y) € R?, & =
(£.7m) € R%, set

1 1 B B
xp(x, ) = (ﬁ(x =), ﬁ(g =) \/7_(5 +¥), —JT_(U +X))~ 2.21)

Evidently, the transformation xp is linear and symplectic. Define the unitary operator
Up : L*>(R?) — L*(R?) by

B : R ’
Upu)(x, y) = g /R P! ydx'dy' (222)

where
xy
dp(x,y;x',y) = B+ B2 (xy' — yx') —x'y.

Writing »p as a product of elementary linear symplectic transformations (see e.g.
[20, Lem. 18.5.8]), we can easily check that U/p is a metaplectic operator corresponding
to xp. Note that

Hoxp(x, ) = BE>+x?), x=(x,y) eR? §=(&n) eR?

where H is the Weyl symbol of the operator Hp defined in (1.13). On the other hand,
B(€* + x?) is the Weyl symbol of the operator B(h ® I) self-adjoint in L*(R ),
where / is the harmonic oscillator (2.4), acting in L?(R,), and I, is the identity oper-
ator in L?(Ry). Denote by p, = |g4)(¢4] = pg:0,0 the orthogonal projection onto
Ker (h —2q — 1), q € Z,. Applying Proposition 2.3 with x = »p, and bearing in mind
Remark 2.4 (ii), we obtain the following

Corollary 2.9. (i) We have

UiHoUp =B (h® 1), (2.23)
UsPiUp = pg ® Iy, q € Zy. (2.24)

(ii) If V € T (R?), then
UpVUp = Op"(Vp), (2.25)

where

Ve, yi&,m =VB -0, BTE —y), (v &meR (226)
Remark 2.10. Various versions of the symplectic transformation »p in (2.21) and the cor-
responding metaplectic operator /p in (2.22) have been used in the spectral theory of
the perturbations of the Landau Hamiltonian (see e.g. [18]). Of course, the close relation
between the Landau Hamiltonian Hj and the harmonic oscillator £ is well-known since
the seminal work [23] where the basic spectral properties of Hy were first described.

2.6. Unitary equivalence of PyV Py and Opg" (Vp). Set
Ve(x,y) =V(=B"2y, =B~12x), (x.y) e R% 2.27)

Theorem 2.11. For any V € L'(R?) + L*(R?) and g € Z., we have
U P,V Pyldp = py @ Op2™ (Vip). (2.28)
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For the proof of Theorem 2.11 we need some well known estimates for Berezin-Toeplitz
operators:

Lemma 2.12 [25, Lem. 5.1], [13, Lem. 3.1]. Let V € LY(R?), ¢ € [1,00). Then
PVPy € Se(LP®RY), and [PV Pellg < 2oV gey 4 € Zs Moreover, if
V e LY(R?), then

B
TrP)VP, = o /]RZ V(x)dx, q € Zy. (2.29)

Proof of Theorem 2.11. Assume at first V € C‘O’O(Rz). Then, by (2.24), (2.25), and
(2.26),

Uy PV PiUp = (pg ® 1,)0p” (V) (py ® I)). (2.30)
Let u € S(R?). Set

ug(y) :=/ u(x, y)pq(x)dx.
RZ
Then we have
(Up Py V PaUpu, u) 22y = (O™ (VB)(9q ® ug), (9g @ ug)) 12r2)
1 .
=— / VB((y1 +y2)/2 = &, 1 — (x1 +x2)/2) ¢/ C17E 01 =32]

(2m)? JRre
X@q(x1)ug(y1) 0q(x2)ug(y2) dxidxz dyidyr dédn

1 o
= W/Rs VB((yl +y2)/2_y/777_7]/)€l(y| o)1
X (/R @q(n/ + v/2)<Pq(r// _ U/Z)givy’dv) uq(yl)md’?/dﬂdy/dyldyz

1
=— | Y, ,n)Ve((i +y2)/2—y' . n—n)
2 RS

Xei(yl—yz)nuq(y])uq(yz)dyldyzdy/d'?dﬂ/
= (Op" (Vp * Wy)ug, uqg) 2wy = (Opg" (VB)ug. ug) 2 )
= ((pg ® Opy" (Vp)u, u) 12 (m2). 23D

To obtain the first identity, we have utilized Corollary 2.9. To establish the second iden-
tity, we have used (2.1), (2.26), and (2.27). To get the third identity, we have changed the
variables x| = ' +v/2, x = n' —v/2, £ = y’. To obtain the fourth identity, we have
used (2.15)—(2.16) with &’ = y’, x’ =/, and x = 0, & = 0, taking into account that
W, (', —y") = Wu(y', n). To deduce the fifth identity, we have applied (2.1), bearing
in mind the symmetry of the convolution W, * Vg = Vp * W, and for the sixth identity,
we have applied (2.20) with s = Vp. Finally, the last identity is obvious. Now, (2.31)
entails (2.28) in the case V € C{°(R?).

Further, let V € L! (Rz), and pick a sequence {V,,,} of functions V;,, € C(‘)’o (Rz) such

that V,, — V in L' (R?) as m — oo. Then by Lemma 2.12 and the unitarity of U, we
have

lim U Py Vi PyU — Uy Py V PUg|L = 0.
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Similarly, it follows from (2.12) with £ = 1 and (2.20) that

lim || py ® Op%” (Vin.5) — pg ® OPL" (Vi) 1 = 0.
m—00

Hence, (2.28) is valid for V € L' (R2).

Finally, let now V = V| + V, with V| € L'(R?) and V, € L*®(R?). Denote by
Xxr the characteristic function of a disk of radius R > 0 centered at the origin. Then
Vi + xg V> € L' (R?). Evidently,

v[g-limu;Pq(Vl + XRVZ)PqZ/[B = uqu VPqUB,
—00
while (2.10) entails

wlim py ® Opy” (Vi + xrV2)B) = pq ® Opy” (Vp),

which yields (2.28) in the general case. O
Combining Theorem 2.11 and Corollary 2.8, we obtain the following
Corollary 2.13. Let V € L' (R?) + L°(R?) and q € Z,. Then we have
Uy Py V PiUp = pg ® Op” (Vi % Wy). (2.32)

Remark 2.14. To the authors’ best knowledge, the unitary equivalence between the Toep-
litz operators P,V Py, g € Z,, and WDO with generalized anti-Wick symbols in the
context of the spectral theory of perturbations of the Landau Hamiltonian, was first
shown in [25]. Related heuristic arguments can be found in [7,28]. In the case ¢ = 0 this
equivalence is closely related to the Segal-Bargmann transform in appropriate holomor-
phic spaces which, in one form or another, plays an important role in the semiclassical
analysis performed in [33-36]. Let us comment in more detail on this relation. The
Hilbert space PyL?(R?) coincides with the classical Bargmann space

3¢ 0
%8 4% _0, x=(x,y) eR%}.

[f e LXRY) | f(x) = e BN/ g(x), ]
x 0y

Then the Segal-Bargmann transform Ty : L>(R) — PyL*(R?) is a unitary operator
with integral kernel

1 B\* B 2 9212
o= — (2 e~ BlGriya20? =224 xD/4 - y) € R2, teR,
b4
(see [24, Lem. 3.1]). Fix ¢ € Z,. Denote by M, : L*(R) — (p; ® I,)L*(R?) the
unitary operator which maps u € L2(R) into B1/4<pq (x)u(Bl/zy), (x,y) € R2, and by

R : L*(R?) — L?(R?) the unitary operator generated by the rotation by angle 7 /2,
ie. (Ru)(x,y) = u(y, —x), (x,y) € R note that [R, P;] = 0. Then we have

To = RUp M.

From this point of view the operators 7, := RUpM,, q € N, could be called generalized
Segal-Bargmann transforms.
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3. Analysis of Op" (Vg * ¥,;) and Proof of Theorem 1.6

3.1. Reduction of Op" (Vg x Wy) to Op"(Vp & s5577). In the sequel we will use the

following notations. For k > 0, let ; be the 8-function in R? supported on the circle of
radius k centered at the origin. More precisely, the distribution 8; € S’(R?) is defined
by

1 2
Si(@) = Z/0 @(kcos O, ksin0)do, ¢ € S(R?).

Next, we denote by f the Fourier transform of the distribution f € S’(R?), unitary in
L2(R%), i.e.

f&) = (2n)*d/2/ e ¥ f(x)dx, £eR?, (3.1)

Rd
for f € S(RY).

Lemma 3.1. Let V € Cgo(Rz) and By > 0. Then for some constant C = C(By) one
has

3/4 ,—
sup sup Ay BV|Op" (Vi % Wy) — Op* (Vi % 8 gy |

q¢>0 B>By
< C/RZU;P/Z +HEOIV©lde, (32)
sup sup iy B[0P (Vi # W) — Op” (Vs % 8 sz ll2
q¢>0 B>By
R 1/2
<c( [ aerieivora) (33)

The intuition behind this lemma is the convergence of W, to & et in an appropriate
sense as ¢ — 00. We also note the similarity between the definition of Vg * §; and the
“classical” formula (1.14). For brevity, we introduce the short-hand notations

sq =Vp*VWy, qeZy, t:=Vpx*d, ke(0,00). (3.4

Proof. First we represent the symbols sy, 7 in a form convenient for our purposes. For
sq we have

5q(2) = /2 e"“@q(g)%(;)dc, z e R% (3.5)
R
In the Appendix we will prove the formula

U, (0) = (D1, 2712, qeZ., ¢eR%. (3.6)

By (3.5), (3.6), and the definition (2.13) of Wy,

sq(z) = 2i / ¢ Ly (1212 /2)e S AV () de.
T JR2
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For #;, we can write

1 . -~
(z) = 2—/ X Iok|c)Vp(0)ds, zeR?, (3.7
T JR2

since the integral representation for the Bessel function Jy can be written as
Joklgl) = 2m8(5), ¢ € R (3.8)

Thus (3.2) (resp. (3.3)) reduces to estimating the operator norm (resp. the Hilbert-
Schmidt norm) of the operator with the Weyl symbol

1 . ~
5q(2) = 1 yzgr1 () = o /R e (Lg(2P/2)e” P/ — 1o(2q + 112D Va(©)dE. g € Z.
3.9

In what follows the estimate
Lq(x)e_x/z—Jo(\/(4q+2)x)‘ <C(g 5 P4g7 '3, geN, x>0, (3.10)

plays a key role. This estimate is probably well known to experts, but since we could
not find it explicitly in the literature, we include its proof in the Appendix.
Let us prove the estimate (3.2). Using the estimates (2.2) and (3.10), we obtain:

10p" (Vg  Wy) — Op" (Vi 8 sgzp |l < @m) sy — 1 mgrrlli o)
= (2m)"! /R2|Lq<|c|2/2)e—'“2/4 — Jo(\/2q + LIZDIIVB(©)ldE

< c/Rz(q*/ﬂ;P/z+q—1|¢|6>|VB(;)|d;. (3.11)

Recalling the definition (2.27) of Vg, we obtain Vz(¢) = BV, (B'/2¢), and so the Lh.s.
of (3.11) can be estimated by

ch_3/4AZ|§|5/2|V1(BI/24)|d;+CBq_1/RzlilﬁlVl(B”zc)ldg“
:c3—5/4q—3/4/ |;|5/2|Vl<;>|df;+cg—3q—1/ NG
R2 R

This yields (3.2).
Next, let us prove the estimate (3.3). By (2.3) and the unitarity of the Fourier trans-
form,

109" (5 — t)113 = 2)"! /R 15g @) — (P
=07 /]R L2205 — o/ 2g + i DP Vi ().

Now using the estimate (3.10) again, we obtain (3.3) in a similar way to the previous
step of the proof. O
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3.2. Norm estimate of Op" (Vg * §¢).
Lemma 3.2. Let V(x) = (X)™°, p > 1, and By > 0. Then

sup sup kB~ /2| Op” (Vg * &)l < oo.
k>0 B> By

Proof. By Proposition 2.2, it suffices to prove that for any differential operator L with
constant coefficients we have

sup sup kB~1/? sup [(LVp * §k)(z)] < oo. (3.12)
k>0 B> By zeR2

Note that, by the standard symbol properties of (x)~*, we have
ILVE()| < CVp(x), xeR?,
where C depends only on By and L. Thus, it remains to prove that

sup sup kB2 sup |(Vg  8:)(z)| < . (3.13)
k>0 B> By zeR2

We have
Vp(z) = (B7|z> + 1) /%,

Take z = (r,0), » > 0. Then

2

1
(Vg8 (@) = 7o | (B Ykcost —r)* + B~ (ksin0)* + 1)~*/2do
T

IA

2 /2
— / (B~ (sin®)*+1) "2 do == / (B~ K> (sin0)2+1)~"/%do
27 0 T Jo

IA

2 /2
—/ (B~ (20/7)* + 1)"/%d6
T Jo

I A

2 /00(13—11<2(29/n)2 +1)""%ap

2B1/2
= /((29/n)2+1) rI249 = CB'?/k.

This yields
sup | (Vg * 8)(z)| < CB?k !,
zeR2

and (3.13) follows. O

3.3. Asymptotics of traces.
Theorem 3.3. Let V € CgO(RZ). Then for each £ € N, £ > 2, we have
(t=1/2 ¢
qli)rréo)» Tr(Op (tm) =5 / / V(w,b) dbdw. (3.14)
The proof is based on the following technical lemma.

Lemma34.Let ¢ € N, ¢ > 2, f € SR D), and let the function ¢ : T¢ x
R2¢=D — R be given by
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-1
P@.2) = 7j (1 — w)), (3.15)
j=1

wherez = (21, ..., 720—1) € R2ED o = (w, ..., wp) € T¢ C R%, and - denotes the
scalar product in R?. Then

lim k¢! / / f(@2)e* @D de dz

k—o00 R2(-1) J¢

:(Zn)‘—l// flaiw, aro, ..., 0 1w)dajdos - - -dog_ do.  (3.16)
T JR¢-!

Proof. The proof consists in an application of the stationary phase method.
We use the following parametrisation of the variables @, z:
we = (cosB,sinf), O €[—m, m);
wj = (cos(0 +0;),sin(@ +6;)), 0;€[-m,m), j=1,....£—1;
zjzaja)g+ﬂja)j‘, Olj,ﬁjER, j=1,...,£—l.
We write &« = (a1,...,00—1) € R B = (Bi,....Bi—1) € R0 =

©01,...,0¢—1) € [—m, n)e_l. Using this notation, we can rewrite the integral in the
Lh.s. of (3.16) as

/ f(@)e* @D de dz
R2-1) JT¢

T[ .
:/ / / / F(a, B,0,0)e*®@B-0 g8 4o do do, (3.17)
7 St JrRe-1 JRE-1

where

F(a,B,0,0) = f(aio+ Broy, ..., ar— 100 + fr—10}),

and

D(, B,0) = a1 (1 —cosOy) — By sinfy, ifl =2,
dJ(ot, ﬁ, 0) =0y_1 — (Ol1 cos 6y +,31 sin91)
-1
+Z((Olj71 — Olj)COS@j + (ﬂ];] — ,3]) Sil’l@j), if £ > 3.
j=2
Let us consider the stationary points of the phase function ®. By a direct calculation,
VO(a, B,6) = 0if and only if § = 0 and § = 0. By a standard localisation argument,
it follows that the asymptotics of the integral (3.17) will not change if we multiply F'
by a function x = x(B,0), x € COR! x [—m, )t 1), such that x(B,60) = 1 in
an open neighbourhood of the origin § = 0, § = 0, and x(B8,0) = 0if |B| > 1/2 or
0] > /2.
Let us write

n .
/ / / / F(e,B,0,0)x(B,0)e**@B-0 4B do 46 do
7 Sl SR SR

g
=/ / I(k;o,0)doado, (3.18)
—7 JR¢-1
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where
1k o, 0) = / / F(e, B,0.0)x(B,0)e* PP apap.
(_j.[’n.)i—l Re-1

Let us fix ¢, 8 and compute the asymptotics of the integral I (k; oz, 6) as k — o0. A
direct calculation shows that the stationary phase equations

ID I
— =0, —=0, j=1,....0—1
3B;

00;
are simultaneously satisfied on the support of x if and only if § = 0, # = 0. In order
to apply the stationary phase method, we need to compute the determinant and the sig-
nature (i.e. the difference between the number of positive and negative eigenvalues) of
the Hessian of @ («, B, @) with respect to the variables 8, 6. Let us denote this Hessian
by H(et). The 2(¢£ — 1) x 2(£ — 1) matrix H (a) can be represented in a block form

Hy(e) Hipp(a)
H(a):(Hzl(Ot) sz(a))’

where
2 -1 2 -1
Hyj(a) := [ (e, 0, 0)] , Hp(a) = [ (e, 0, 0)] ,
3/3[7818q p.q=1 8'8[7894 p.q=1
2 —1 2 —1
Hy(a) := ’ (e, 0, 0)] » Hyp(e) = [ (e, 0, 0)]
00,08, pag=1 960,00, p.g=1
An explicit computation shows that
-1
Hi1 =0, Hp= {_sq,p +5q,p+l}p,q:1 s
Hy = H}5, Hyp(a) =diag{ar, 02 —a, ..., 001 — a2}

Hence,
detye—1)H (@) = dety—1 (= HinHa1) = (=11

in particular, our stationary point is non-degenerate.

In order to calculate the signature of H (a), note that since det H () # 0 for all &
and H (o) depends smoothly (in fact, polynomially) on e, the signature is independent
of . Some elementary analysis shows that sign H(0) = 0.

Now we can apply a suitable version of the stationary phase method (see e.g. [16,
Chap. 1] or [12, Chap. III, Sect. 2]) to calculate the asymptotics of I (k; e, 6). This yields

lim k' (k; ¢, 0) = 27) ' F(a, 0,0, 0).
k—o00

Using, for example, the Lebesgue dominated convergence theorem, one concludes that
the above asymptotics can be integrated over a and 6, see (3.18). This yields the required
result (3.16). O
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Proof of Theorem 3.3. We use the notation f, see (3.4). Denote by # , the Weyl symbol
of the operator (Op" (;))", i.e.

Op” (tr.e) = (Op” ()", €=2,3,....

By the standard Weyl pseudodifferential calculus (see e.g. [32, Chap. 7, Eq. (14.21)]),
for ¢, € R? we have

ee(ce) = @m)~t*! /

R2(¢~1

n N N it .
) (e = S D)(Comt = Lo—a) -+ ir(L1)e 2 Zi=2 GtV gy,
where o (-, -) is the symplectic form in R2 x R2, and ¢ =1(1,...,¢—1). Itfollows that
¢ 1 ~
Tr(Op" (1)) = Tr Op” (1 ¢) = 2—/ tk,e(x)dx = tr ¢(0)
T JR2

= (27T)7“1/ (=) (Le—1 — So—2) -+ - 1k (&1)
R2¢—1)

. -1

xexp(3 > 0(¢. &j-1)de. (3.19)

j=2

where we use the convention that Zf;% =0if £ =2.

Recalling (3.8), (3.7), we get
o 1 ~ .
(@) = —vB(c)/ e, ¢ e B2,
2 T
and so, substituting into (3.19), we get

Tr(Op" (1)) = /R e /T f@et @t dodg,

where
R R R ; ol
F@&) = Qm) 2 Vg (—=L—1) V(-1 — Ge—2) - - VB(£1) exp 3 ZG(CJ', Si—) | »
=2

and ¢ is given by (3.15). Applying Lemma 3.4, we obtain
Jlim & Tr(Op” (1))
= @m)~" /T /R  Vs(a10) V(@1 — ar2)o) -+ V(e — an)w)
x Vg (a10) da do. (3.20)

It remains to transform the last identity into (3.14). We have

Vg (aw) = B/ e~ 9B () b db,
R
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where, in accordance with (2.27), we use the notation Vi (x, y) = V(-y, —x), (x,y) €
R2. Therefore,

@)~ / / Vi (ar_10)Va((ap—1 —ar—2)) - - - V(s —ap)o) Vg (@1 0) da dw

B(1+2)/2 pU+0)/2
//Vl(a) b) dbdw = //V(w b)edbdw (3.21)

Now (3.14) follows from (3.20) and (3.21). O

3.4. Proof of Theorem 1.6.
(i) First we observe that
1P,V Pyl < 1Py ) PRI P VI P2 Py |
< UV Ix, 1P (Y2 P2 Pyl = IV ILx, 1Py ()7 Py,

and so it suffices to consider the case V (x) = (x)~”.
Next, by Corollary 2.13, we have

1P,V Pyll = [0p™ (VB * Wy)ll.

In order to estimate the norm of Op"(Vp * \Ill), we use Lemmas 3.1 and 3.2. We
note that for V(x) = (x)™”, p > 1, we have V € L! and

VOl <cnlel™, 121 =1,

for all N > 1 (see e.g. [31, Chap. XII, Lem. 3.1]). Thus, the integral in the r.h.s.
of (3.2) is convergent, and so the proof of (3.2) applies to V(x) = (x)™?, p > 1.
Now, combining Lemmas 3.1 and 3.2, we get

1/2 p—
sup sup iy* B |0p" (Vp # W)l
q>0 B>By

< sup sup Ay BTVOp" (Vs % W) — Op" (Vi % 8 sz
¢>0 B> By

1/2 -
+sup sup Aq/ B~ |Op”(Vp 8 gDl < o0,
9=0 B=By

which proves the required estimate.
(i1) As in the proof of part (i), we may assume V (x) = (x)~”. First let us consider the
case p > 2, £ = 1. By Lemma 2.12 with £ = 1 we have

1 1
—1 _
P, VP, = — Vx)dx < —|V Pdx,
IAZAN thz ()dx < o | ||x,,/Rz<x> x
which proves (1.11) in this case.
Let us consider the case of a general £. For a fixed s > 1 and any £ € [1, oo], let

1

1
Mél) _ 37]A§ 20 Pq(-)fs(H%)Pq;
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(iii)

for £ = oo, one should replace 1/¢ by 0. By the previous step of the proof and part
(i) of the theorem,

sup sup IIM;1)||1 < Cj| <00, sup sup ||Mq(°°)|| < Coo < 00,
920 B=Bo q=0 B> By

where the constants Cj, C depend only on By and s. Applying the Calderon-Lions
interpolation theorem (see e.g. [27, Thm. IX.20]), we get

sup sup My < €}/ V" < 00
q>0 B>By

for all £ > 1. It is easy to see that the last statement is equivalent to (1.11).

First let us note that the case £ = 1 is straightforward. Indeed, if the integer £ = 1
is admissible, i.e. if £ = 1 > 1/(p — 1), then p > 2, V e L'(R?), and (2.29)
yields the identity

B B ~
TrP)VP, = Z/ V(x)dx = 2—// V(w,b)dbdw.
R2 7T JTJR

Thus, we may now assume ¢ > 2. We will first prove the required identity (1.12)
for Ve C{° (R?) and then use a limiting argument to extend it to all V € X 0-
Denote

Bt ~
w(V):—// V(w,b) dbdow. (3.22)
27 JT JR
By Corollary 2.13, we have
14 w 14
Tr(P,V Py)" = Tr(0p" (Vg * ¥y))",

and Theorem 3.3 says

. —1)/2 V4
lim A,(] )/ Tr(OpW(VB *(Sm)) = ye(V).

q—>00

Thus, it suffices to prove that

lim A5 "2 Te(Op" (Vi W) — Tr(Op” (Vs %8 o)) 1 = 0. (3.23)

q—>00

In order to prove (3.23), let us first display an elementary estimate
ITr (A§) = Tr (45)1 = emax(iA ;=" 1421 V1AL = Azlles - (B.24)

here £ € Nand A, € Sy, n = 1, 2. The estimate follows from the formula

—1

—j—1 j

A —Af = ZAI 7N A - AnAS
j=0

and the Holder type inequality for the S, classes.
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Next, using Corollary 2.13 and part (ii) of the theorem, we get

limsup AP0 10p" (Vg 5 Wo)lle = limsup 2L /O P,V P, 0 < 00 (3.25)

q— 00 q—> 00

Further, by estimate (3.3), using the assumption £ > 2, we get

. -1/
limsup iy /Y Op” (Vs % Wy) — Op” (Vs % 8 sz lle

q—)OO
< limsup iy *Op” (Vp W) — Op” (Vg 8 fyzzplla =0.  (3.26)
g—>00

Combining (3.24), (3.25) and (3.26), we obtain (3.23) for V € Cf)’o; thus, (1.12) is
proven for this class of potentials.

It remains to extend (1.12) to all potentials V € C (R?) that satisfy (1.1). For £ >
1/(p — 1), denote

Ap(V) = limsup Ay~ Te(P,V P,)Y,

q—>00

8¢(V) = liminf A\ " Te (P, V P’
q—>00

Above we have proven that
Ae(V) =68e(V) = ye(V) (3.27)

for all potentials V € Cgo (R2); now we need to extend this identity toall V € X,,. From
(1.5) we obtain, similarly to (3.24),

B ~ ~
(VD) = 7e (V)] < 2—/ / Vi@, bt — T, b)'|dbde
7T JTJR

B' -1 1 -
(1-p)t
< 5 C max{|| V1||xp Ll V2||xp HIVL Vzllxp/ / (b) dbdw.

It follows that y is a continuous functional on X ,. Similarly, using (3.24) and part (ii)
of the theorem, we get

limsup Ay~ V2| Tr(P, Vi )Yt — Te (P, Va Py

q—>00

< Cmax{[Vall, " [Vally, HIVi = Vallx,.

and so the functionals Ay, §; are continuous on X,. It follows that (3.27) extends by
continuity from C§° to the closure X 0 of Cg° in X,. In order to prove (3.27) for all
V € X,, one can argue as follows. For a given £ > 1/(p — 1), choose p; such that
I <py <pand? > 1/(p; —1). Then X, C Xgl and by the same argument as above,
(3.27) holds true forall V € XY . O
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4. Proof of Proposition 1.1 and Theorem 1.3

As already indicated, this section heavily uses the construction of [22].

4.1. Proof of Proposition 1.1. Set Ry(z) := (Hp — 2z~ By the Birman-Schwinger
principle, if & € R\ U{‘;OZO {A4} is an eigenvalue of the operator H, then —1 is an eigen-

value of the operator | V| 172 Ry (1) V1/2. Hence, it suffices to show that for some C > 0
and all sufficiently large g, we have

c
NVIYZRoMIVIV2 <1, forallx € [Ag — B, g+ Bl, |A—2g| > 7 4.1

Choose m € N sufficiently large so that ||V||/1, < 1/2, and write Ro(A) as

qg+m P
k ~
Ry = > 5+ R,
k=qg—m k
Then, for A € [A; — B, A4 + B],
q+m 12 1/2
VI P V]2 ~
V2RIV < D TV +IVI2Ro )V
k=g—m

By the choice of m, one has
NVIY2Ro VIV < VYA /) NIV = IV Do < 1/2.

On the other hand, by Theorem 1.6(i),

q+m

vIV2p, v/
IVIZRIVITN _ oma1yo@™)  max  pu=nl" =0~ ) ag—=2"
kg |)‘-k_)\| q—m=<k<q+m

Thus, we get (4.1) for sufficiently large C > 0. O

4.2. Resolvent estimates. Let I'; be a positively oriented circle of center A, and
radius B.

Lemma 4.1. Let V satisfy (1.1). Then forany £ > 1, £ > 1/(p — 1), one has

sup [IVIV2Ro()IVI'2)le = 0(g~ V! logq), q — o, 4.2)

z€ly

sup [IVIV2Ro(2)lle = 0(g~ " * 10gq), ¢ — . (4.3)

zely
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Proof. Let us prove (4.2). Using the estimate (1.11), we get for z € I'y:

00 1/2 1/2 00 —(t—1)/2¢
VY2 PV C(1+k)
VIV Ro@IVIY2 e < D <>
= Ak — 2l = Ak — zl
q—1 (1 +x)—(€—l)/2€
sc [l et
0 IBQx+1) —z

© (1 + —(—1)/2¢
+c/ U0 7 v oG~
gt 1Bx+1) 2|

= 0(g~ " logq),
as ¢ — oo. This proves (4.2). Using the fact that
VIR N5, = VIV P VIV,

one proves the estimate (4.3) in the same way. O

4.3. Proof of Lemma 1.5. The fact that (P,VP,)* € S follows directly from
Theorem 1.6. Let, as above, I'; be a positively oriented circle with the centre A, and
radius B. Let g be sufficiently large so that (see Proposition 1.1) the contour I';, does
not intersect the spectrum of H. We will use the formula

1
(H = 3) Loy (H) = =5 — /r (z = 2)'R(2)dz, (4.4)
q

where R(z) = (H — zI)~!. Let us expand the resolvent R(z) in the r.h.s. of (4.4) in the
standard perturbation series:

R(2) = Ro@) + D _(=1)/ Ro()(V Ro(2))’. (4.5)
j=1

Let us discuss the convergence of these series for z € I'y, g large. Denote W =

|V|1/2, Wy = sign(V). For j > £, we have

IRo(2)(V Ro(2)) I = [I(Ro(2) W)(WoW Ro(2)W)’ ™' Wo(W Ro(2)) 1
< IR @W e lWRo @ W] IWR0@) 2. j =€ (4.6)
Applying Lemma 4.1, we get that the series in the r.h.s. of (4.5) converges in the trace
normfor z € I'; and g sufficiently large (note that although the tail of the series converges

in the trace class, the series itself is not necessarily trace class).
Next, it is easy to see that the integrals

/ (z = 2) Ro()(V Ro(2)) dz
r‘i
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with j < £ vanish (since the integrand is analytic inside I'y). Thus, recalling (4.6), we
obtain that the operator (H — Aq)e]l(x 4—By +8)(H) belongs to the trace class and

Tr{(H — A )‘1@ _Bag+B) (H)}

= Z( 1)’/ (z — hg) Tr[Ro(2)(V Ro(2))/1dz (4.7)

C2mi

Integrating by parts in each term of this series and computing the term with j = £ by
the residue theorem, we obtain

Tr{(H — xq>‘511(xc,_3,xq+3>(H)}

:Tr(ququ)Mzi &y 1) /( ) T Te(VRo(2)) dz. (4.8)
_l+1

It remains to estimate the series in the r.h.s. of (4.8). This can be easily done by using
Lemma 4.1. Similarly to (4.6), we have

ITe(VRo(2))| < IWRoWII, < IWRo@WIJ. j = ¢,

and so
’ /F (z — 2) "' Te(VRo(2))  dz| < C1(Cag™ "V log g)/,
q

for all sufficiently large ¢g. Thus, the series in the r.h.s. of (4.8) can be estimated by

o0
C1 Y. Clg T (logq).
j=t+1

For all sufficiently large ¢, this series converges and can be estimated as o(g ~“~1/2). 0

4.4. Proof of Theorem 1.3. Let R > C1 where C; is the constant from Proposition 1.1.
Then

Vg 1O > (H = 2)) = Loy = pges) (H),  q € Zy. (4.9)

Next, choose R > (7 so large that suppo C [—R, R]. Let £( be an even natural number
satisfying €9 > 1/(p — 1). Since o(A) by assumption vanishes near A = 0, the function
o(1)/A% is smooth. Applying the Weierstrass approximation theorem to this function
on the interval [—R, R], we obtain that for any ¢ > 0 there exist polynomials P, P_
such that

Pi(0) = PL(O)=---= P V©0) =0, (4.10)
P_(1) <o) < Pr(%), VA e€[—R,RI, (4.11)

Pi(M) — P_(L) < er’, Vi e[—R,R] (4.12)
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Thus, we can write
L_p R P-(X) < o) < L _p r(M) P+ (1),

for any A € [—R, R], and therefore

1/2 1/2 1/2
Tr{ll g 1G> (H = 24)) P-Org*(H = 3g))} < Tr 0(hg/>(H = 39))
1/2 1/2
< Tr(Lj_p g1 Ctg’* (H — 1)) PrOg/* (H — 1))
By (4.9) it follows that for all sufficiently large ¢,
12 172
Tr{Lg, —pag+8) (H) PO/ *(H — 1)} < Tro(hy*(H — 1y))
2
< Te{Lgs,— B2y 5) (H) PaGog> (H = 29))). (4.13)

By Lemma 1.5 and Theorem 1.6(iii), we have

) 12
qlglgo)»q Tr{L,—B.a,+8)(H) PL(hg " (H — 14))}

:i// Pi(V(w,b))dbdwz/ Po(t)dp(r).
27 JT JR R

Combining this with (4.13), we get

limsup A, > Tr o> (H — 14)) < /Rm(,\)du(x),

q—>00

liminf A, "> Tr oLy > (H — A,)) z/ P_(M)dp ().
q—>00 R

Finally, by (4.12),

/ (P(h) — P_O))dp(h) < ¢ / Aodu(n).
R R

By (1.6), the integral in the r.h.s. is finite. Since ¢ > 0 can be taken arbitrary small, we
obtain the required statement. O
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Appendix A
A.l. Proof of formula (3.6). By definition,

2(—1)4
n)? Jr2

— . 12 (-1 i i
W, (6)= e L, 2lz e =507 |, N2 (e P du

(see (2.13)). Further, by [1, Eq. 22.12.6] we have

q
—1/2 —1/2
Lo(lul) = Lo@i +ud) = > Ly PahLi P wd), ueR?

m=0

where L,(n_ 1/ 2), m € Z, are the generalized Laguerre polynomials of order —1/2. By
[1, Eq. 22.5.38] we have

_ "
L&D 2y = ﬁHzm(ﬂ, teR, meZs,

where H,,, are the Hermite polynomials. Therefore,

)

(=11 qu Ha, (1) Hag -2 (u2)

2 | — |
244 — ml(qg —m)!

L,(Jul®) =

and

— 1 il 1
q(8) 2q+2,2 Z
(g —m)!
244+ Om.(q m)!

x/Re*””{‘/ﬁHzm(ul)eﬁ%/zdul/Reiiuz‘vZ/ﬁqu_zm(uz)efug/zduz.

. . 2 . .
It is well known that the functions H,, ()e™! 2 teR, me Z4, are eigenfunctions of
the unitary Fourier transform with eigenvalues equal to (—i)™ (see e.g. [5]). Hence,

T (-1 § ! -172 1724, )~ lEP /4
Yy (©) = s ZO it~y en @00 (27 P r2)e
m=

Qm) L, e P = (— 1)1, 27 0) /2.

A.2. Proof of estimate (3.10). Denote uy(x) = e ¥/2 Ly(x), vg(x) = Jo(+/(4q +2)x).
Using the differential equations for the Laguerre polynomials and for the Bessel func-
tions, one easily checks that u, and v, satisfy

1
X1 (6) 1) () + (g + )itg (¥) = Ftg (),

1
X0y (x) + v (x) + (g + E)vq(x) =0.
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Using these differential equations and the initial conditions for u, (x), vy (x) at x = 0,
it is easy to verify that u, satisfies the integral equation

ug=vy + Kgug, (qu)(x)=/0 Fy(x, y) f(y)dy, (A1)

b4
Fyx, y)==7(Jo(/(4q +2)0)Yo(/ (49 +2)y) = Yo(/ (4g + 2)2) Jo(/ (4q +2)y).
This argument is borrowed from [30]. Iterating (A.1), we obtain
ug — vy = Kgvg + Kluy. (A2)

Now it remains to estimate the two terms in the r.h.s. of (A.2) in an appropriate way.
Using the estimates

Jo()| < C//x,  Yo)| <C/v/x, x>0,
we obtain
| Fy(x, y)| < Cq™'2x7 1434 4 eN, x>0.

This yields

X X
‘/0 Fy(x, y)vg(y)dy| < Cq—3/4x—1/4/0 y2dy = Cq7 4 (A3)

Next, using the estimate |ug (x)| < 1 (see [1, Eq. 22.14.12]), we obtain
(Kqug) ()] < Cq~' /x4 /0 ")y = CqTVAR,
and so
(K2ug) ()] < Cq~' x4 /0 by = o e (A4)

Combining (A.2) with (A.3) and (A.4), we obtain the required estimate (3.10).
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