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Abstract: We consider a general class of discrete nonlinear Schrodinger equations
(DNLS) on the lattice 27 with mesh size 2 > 0. In the continuum limit when 2 — 0,
we prove that the limiting dynamics are given by a nonlinear Schrodinger equation (NLS)
on R with the fractional Laplacian (—A)“ as dispersive symbol. In particular, we obtain
that fractional powers % < a < 1 arise from long-range lattice interactions when pass-
ing to the continuum limit, whereas the NLS with the usual Laplacian — A describes the
dispersion in the continuum limit for short-range or quick-decaying interactions (e. g.,
nearest-neighbor interactions).

Our results rigorously justify certain NLS model equations with fractional Laplacians
proposed in the physics literature. Moreover, the arguments given in our paper can be
also applied to discuss the continuum limit for other lattice systems with long-range
interactions.

1. Introduction

In the present paper, we show how PDEs with fractional Laplacians (—A)* can be rigor-
ously derived as the continuum limit of certain discrete physical systems with long-range
lattice interactions. In fact, this theme is of interest in the recent physics literature, where
only formal arguments are presented; see, e. g., [5,6,9,12,16,17]. In this work our rigor-
ous arguments are for the derivation of these nonlocal continuum dynamics in the case
of fractional NLS-type equations, for the sake of simplicity. But in fact, the arguments
developed below will have applications to continuum limits for other types of discrete
evolution equations with long-range interactions.

As a specific physical example, we take a family of models for charge transport
in biopolymers like the DNA; see, e.g., [5,6,12]. Here, the starting point is a discrete
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nonlinear Schrodinger equation (DNLS) with general lattice interactions as follows. We
consider a 1-d lattice hZ with mesh size & > 0, which is assumed to be less than some
fixed small constant: &7 < hy < 1. Moreover, we denote x,, = hm with m € Z in the
following, and we consider discrete wave functions uy, : R x hZ — C that satisfy the
discrete NLS-type equation of the form

. d up(t, xm) — up(t, xn) 2
it ) =h Y e ) Pun ). (LD

n#m

Here 0 < s < oo is a fixed parameter controlling the decay behavior of the lattice
interactions. In fact, we will formulate below a generalized version of problem (1.1),
where we allow for more general interaction terms of the form g(h)~!J (|n —m|), where
J is defined below, in place of the kernel i (|x;,;, — x, |)_(1+2S).

Indeed, the discrete NLS equation (1.1) can be viewed as a family of models for
quantum particles on a lattice with a three wave interaction set up which gives rise to
the cubic nonlinearity, where the + sign represents a repulsive on-site self-interaction
and — describes the focusing case. We consider the cubic interaction for simplicity, but
what follows can be easily generalized to different nonlinearities. In terms of DNA, the
cubic nonlinearity models a self-interaction for a base pair of the strand with itself, and
the summation term models interactions between base pairs decaying like an inverse
power of the distance along the strand [12]. The complex coiling of a DNA strand in
three dimensions is what makes it plausible for base pairs to interact with others even a
long distance away.

We are interested in the continuum limit, 7 — 0%, where we expect that u;, tends
(in a weak sense specified below) to a solution u = u(¢, x) of the fractional NLS of the
form

i = c(—A)%u % |ulu (1.2)

withu : R x R — C, a constant ¢ depending only on s, and o depending on s appropri-
ately. Here, as usual, the fractional Laplacian (—A)“ on R is defined via its multiplier
|k|2°‘ in Fourier space. Our main results in Theorem 2.1 below show that the solution
up(t, xp) of the discrete equation tends in the limit 7 — 0% tou = u(t, x) solving (1.2),
where the following holds:

e For s below 1 in (1.1), the long-range interactions in the discrete NLS-type equa-
tion remain long-range in the continuum limit, producing a fractional NLS with a
nonlocal character coming from the Laplacian of order « = s.

e For s above 1 in (1.1), the interaction strength decays quickly enough that only local
effects survive in the continuum limit, which is exactly the “classical” NLS, o = 1.

e Fors = lin(1.1), we get the classical NLS in the continuum limit, with a logarithmic
factor appearing in the scaling constants, see e.g. (2.7) below.

This should be compared with numerical evidence in the physics literature that says
there is a critical value s., numerically calculated to be near 1, above which the behavior
of the discrete long-range interactions is qualitatively like the (non-fractional) NLS [5].

2. Formulation of the Main Result

We start by introducing a broad class of discrete evolution equations, thereby generaliz-
ing problem (1.1). On the discrete one-dimensional lattice hZ, we consider the evolution
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problem for the discrete wave function uj, : [0, T) x hZ — C satisfying the initial value
problem

[ i o (0 5m) = gy Dot Jin—ml [ (@, Xm) = (2, 260) ] £ Jun (2, ) Paag (7, x0m)

up(0, x) = vp(xp), X, =mh with m € Z.
2.1

Here we use the notation J, = J(|n]) to indicate the sequence, vj, : hZ — C is a given
initial datum, and (k) > 0 denotes the scaling factor depending on the lattice spacing
constant & > 0. In fact, for a suitable choice of (k) > 0 depending on the behavior of
J = (Jp);2, for large n, we will see below that the evolution problem (2.1) exhibits a
reasonable behavior in the “continuum limit” as h — 0. It turns out that it is natural
to assume that J = (J,)72 ; belongs to the class ks for some 0 < s < +00, which we
define as follows.

Definition 2.1. Interaction of class s Let J = (J,);2 | be a sequence with J, > 0 for
alln > 1. We say that J is an s-kernel, or J € K wzth O<s<ooif

lim n'*?J, = A for some finite A > 0.
n—oo

Moreover, we say that J is an co-Kernel, or J € K if

lim n'**J, =0 foralls > 0.
n— oo

Remark 2.1. 1) The pure-power case J, = |n|~1-2s clearly satisfies (J,)°2, € K.

2) Any (J);2, € Koo provided that J, # 0 for only finitely many n. In particular, the
case of nearest-neighbor interactions when J, = 1forn = +1and J, = 0 otherwise
belongs to K. Note also that the class of exponentially decaying J, ~ e¢~“" with
some ¢ > 0 belongs to K.

Assuming that J = (Jn);'f’:l belongs to /g for some 0 < s < +00, it follows from
standard arguments, see Proposition 4.1 below, that we have global well-posedness for
the initial-value problem (2.1) in the space Lfl defined as

Ly ={v, € chz . (v, vh)% =h Z lop (xm)|* < +00}.

meZ

In addition, it is straightforward to check that (2.1) exhibits conservation of energy

E(uy) = 2,3<h> > Tt o) = un )| £ th(xmn“

m,n:n#m

and conservation of the (discrete) L>-mass given by

N(un) =h ) unCen)].

Here, the overall factor of 7 > 0 appearing in E(u;,) and N (uj) is a convenient con-
vention when we discuss the continuum limit when 4 — 0%,
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Associated to (2.1), we now turn to its tentative continuum problem for the wave
function u : [0,7) x R — C. More specially, we consider NLS-type initial-value
problems of the form

[ idu = c(—A)%u =+ |ul?u,

u©0,x)=v(x), u:[0,T)xR— C. (22)

Here ¢ > 0is some fixed constant determined below, and (—A)“ denotes the (fractional)
Laplacian on R given by its Fourier multiplier |k|>*, where we assume that 0 < o < 1
holds in what follows. Note that « = 1 corresponds to the “classical” NLS, whereas the
range 0 < o < 1 can be regarded as the “fractional” NLS. In the focusing case when the
minus sign stands in front of the nonlinearity in (2.2), there exist ground state solitary
wave solutions. For uniqueness (and further properties) of such ground states, we refer
to [4].
Regarding the well-posedness for (2.2), we record the following simple fact.

Proposition 2.1. Suppose that 1/2 < o < 1,¢ > 0, and let v € H*(R) be an ini-
tial datum for (2.2). Then the initial-value problem (2.2) has a global unique solution
u € C%([0, 00); HY(R)). Moreover, we have conservation of energy and L*-mass given

by
1
Eu) = E/ u(—A)%u + —/ lul*, N @) :/ |u|?. (2.3)
2 Jr 4 Jr R
Finally, we have the following global a-priori bound
lull oo e < Cu(0)). 2.4)

Proof. Thanks to the Sobolev embedding H*(R) C L°°(R) when o > %, this follows
standard arguments of abstract evolution equations; see, e. g., [2]. Indeed, by a simple
fixed point argument, we deduce existence and uniqueness of u € C 0([0, T1; H*(R))

solving (2.2) for T > 0 sufficiently small, by using the integral equation

t
u(t) = e Ny — i/ e =R 19 Puls) ds.
0

Note that the map u +—> |u|2u is locally Lipschitz on H*(R) ¢ L*°(R) when o > %

This shows local well-posedness for (2.2). Moreover, it easy to check that £ (1) and N (u)
are conserved quantities. Finally, the global a-priori bound sup, > lullpe < Cu(0))
follows from conservation of £(u) and N (1) combined with the fractional Gagliardo—
Nirenberg inequality

/|u|4<c(/ |(—A>5u|2) (/ |u|2) .
R R R

Using now the a-priori bound sup, > [[u]|z« < C, we deduce that any local solution
u € CO(0, T1; H*(R)) extends to all times ¢ > 0. 0O

Remark 2.2. The above well-posedness result for (2.2) can be easily generalized to
power-type nonlinearities f(u) = +|u|>**u with 0 < ¢ < +o0, instead of =+|u|’u.
More precisely, one obtains local well-posedness in H £(R) with £ > «, and the solution
u € CO0, T); HY(R)) extends globally in time in the case when f(x) = —|u|*"u
with 0 < o < 2« (focusing L?-subcritical case) or when f(u) = +u|**u with any
0 < 0 < +0o (defocusing case).
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Let us now formulate the main result. Given a lattice function f;, : hZ — C, we
define (see also [8, Chap. V] and [15]) its piecewise linear interpolation p;, : R — Cto
be given by

(P fi) (%) = fu(xm) + (D i) om) (X = X)), for x € [Xm, Xma1).  (2.5)
Here D} denotes the discrete right-hand derivative on #Z defined as

fQome) = fom)
A .

(D}, fn) Cem) ==

On the other hand, given a locally integrable function f : R — C, we define its discret-
ization f;, : hZ — C by setting

1 Xm+1
h (X)) = — (x)dx, with x,,, = mh and m € 7Z. (2.6)
h
Xm

It is easy to see that ||fh||L]2 < [ fll2 (see Lemma 3.6). Moreover, as we will detail

below (see Lemma 3.6 and Lemma 3.7) some straightforward calculations combined
with interpolation theory show that

lprfrllge < Cl fllge,
for every 0 < o < 1, where C > 0 is some constant independent of 2 > 0.
The main result of this paper now reads as follows.
Theorem 2.1 (Continuum Limit). Let J = (Jn)zi1 € K, for some % < 5 < +00, where
we assume that J| > 0 holds.! Furthermore, we define

s, for % <s<l1,
B 1, fors>1.
Now suppose that v € H*(R) and consider its discretization vy, : hZ — C defined as

in (2.6). Finally, let up = uy(t, x,,) denote the corresponding unique global solution to
(2.1) with initial datum vy, € L%l given by Proposition 4.1 below, where we choose

h2s, for%<s<1,
B(h) := 1 (—logh)h?, fors =1, .7)
h?, fors > 1.

Then, for every 0 < T < +00 fixed, we have the convergence
pritp, — u weakly — x in L*([0, T]; H*(R)) as h — 0*.

Here u € CY([0, 00); H*(R)) is the unique global solution of the initial-value problem
2.2) with o > % defined above and some constant ¢ > 0 that only depends on J.

! This is a convenient and physically reasonable assumption, saying that at least neighboring lattice sites
interact.
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Remark 2.3. We also expect a similar weak-* convergence result in the range % <s < %

Note that for s < }t, the cubic nonlinearity |u|2u becomes supercritical. Moreover, for
s = % the problem (2.2) becomes L2-critical and thus a smallness condition on the

initial datum v must be imposed to have global well-posedness in H > (R); see [7]. Also
note that for 0 < s < %, itis presently not known whether the initial value problem (2.2)
is locally well-posed in H*(R). In particular, the continuum limit may depend on the
chosen subsequence %, — 0. Furthermore, as a related problem, it would be desirable
to understand the case of higher space dimensions d > 2.

In some sense, some arguments we use below hinge on the fact that we require
HS(R?) ¢ L*°(R?), which forces us to assume that s > % and d = 1 at the moment.
We leave the extension to higher space dimensions or small s as an interesting open
problem.

Plan of the paper. This paper is organized as follows. In Sect. 3, we introduce a class
of fractional Sobolev type norms on the discrete lattice 4#7Z. Moreover, we prove some
uniform embedding and interpolation estimates that are uniform with respect to the
lattice constant & € (0, hp] with 0 < hg < 1 being some fixed constant. In Sect. 4,
we discuss the discrete evolution problem (2.1). Furthermore, we derive a-priori bounds
for uy, = uy(t, x,,) that are uniform in 4 € (0, ho]. Finally, we prove Theorem 2.1 in
Sect. 5 by convergence results for the discrete equation derived below, combined with
a suitable weak compactness arguments (inspired by the work of Sulem-Sulem-Bardos
[15] on the Landau-Lifshitz equation).

In Appendix A-C, we collect and prove some technical results needed in this paper.

3. Preliminaries

In this section, we state and prove some technical results that will be needed in the
proof of Theorem 1. Throughout this section, we suppose that 0 < hg < 1 is a fixed
constant and we consider the family of lattices hZ with i € (0, ho]. All constants C > 0
appearing in the following inequalities can be chosen to depend only on kg > O.

3.1. Discrete uniform Sobolev inequalities. In the following, we denote x,,, = mh with
m € Z. For sequences uy,, v, € Cchz , we define the inner product and norm

. 2 .
s )3 5= h D unCom)vn Com), Nl = G, ) 2,
meZ
and we set L% = {uy, € Ch% . ||uh||L% < +00}. For uy, € L%, we define its Fourier
transform iy, : [—m, 7] — C by

1 .
(k) = — up (xm)e k.
0 (k) mmzz 7 (Xm)

Since uj, € L%, we have i), € Lz([—n, +1]). Moreover, we have the inversion formula

1 +7T .
up () = — iy (k)e™* dk,

A/ 27T —7T
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and Parseval’s identity gives us

+T

(vn, un) 2 = h/ Op (k)ity (k) dk.

—1T
Using this observation, we introduce the following fractional Sobolev type norm for
lattice functions uy, € L%. Let 0 < o < 1 be given. We define the norm ||uh||H,;r for
up € L% by setting

+7T
2 —20 7,120\ A 2
||uh||H; ._h/_ﬂ (l+h T\k| ")|uh(k)| dk. 3.1
Clearly, we have ||uh||H;? = ||uh||L%.Also, we note that ||uh||H;’r < +ooforany uy, € L%.
However, we shall need precise uniform bounds as 7 — 0*.

Remark 3.1. Note that ||Mh||H;[ < C””h”H,” for 0 < o < p < 1, where the constant

C > 0is independent of & > 0. Furthermore, by a simple interpolation argument, we
deduce that

1—0p/0
2
Lh

op/o
anll o < Nl 550 N

for0 <op <o <1
We have the following (discrete) Sobolev estimate that is uniform in 2 > 0.

Lemma 3.1 (Discrete uniform Sobolev inequality). For every % < o < 1, there exists
a constant C = C(o) > 0 independent of h > 0 such that

lunllzee < Cllunllmg
forall uy, € Lﬁ. Here ||Uh||L,°,° = sup,,cz lu(xm)l.

Proof. By the Fourier inversion formula and the Cauchy—Schwarz inequality,

1 +7 +1 dk 1/2 12
0 L —— in (k)| dk < C _ h™ o
el < <= [ lanco) (/ﬂ 1+h—2<’|k|20) ol
+00 dz 1/2 \
<c (h/ W) B2l e < Cllunllpg
—00

with some finite constant C = C(o) > 0 independent of 4 > 0. O

Next, we prove the following discrete Gagliardo—Nirenberg type inequality uniform
with respect to 2 > 0.

Lemma 3.2 (Discrete uniform Gagliardo—Nirenberg inequality). Define the discrete
norm ||uh||L2 = (h>, |uh(xm)|4)%. Then for any 21; < o9 < 1, there exists a con-
stant C = C(o0g) > 0 independent of 0 < h < hq such that

1—o0g/0
2
Lj ’

o0p/o
lunll s < Clluhllf}); llon I

foreveryog < o < 1.
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Proof. Using the Hausdorff—Young inequality and Holder’s inequality, we conclude that

1/4 + 3/4
(Z|uh(xm)|4) <c(/ mh(k)r‘”dk)

m
o 12
<c ( / (1+ h—2“°|k|2"°>|ﬁh<k)|2dk)

—7T

+ dk 1/4
' (/_,, a +h—200|k|2°0>2)

1/4
< Ch="2|up | oo h/WL !
Ay —oo (1 +]z]%00)2

< Ch Vgl oo,
h

where C = C(og) > 0 is independent of 4 > 0. This is the desired estimate when
o = oy holds. To complete the proof of Lemma 3.2 for oy < o < 1, we simply use the
interpolation estimate from Remark 3.1 above. 0O

3.2. Discrete Energy Norm and Estimates. Throughout this subsection, we assume that

the sequence nonnegative numbers J = ( Jn)gil satisfies the following conditions:

(Al) J € K forsome 0 < s < +00;
(A2) J; > 0.

Next, we define the linear operator £; : L? — L? by setting

1

(L up) () = o) D T [unCom) = un(xa)]. 32)
n#m
Here and in what follows, we choose g (h) to be given by
h3s, if J € Ky withsome 0 <5 < 1,
B(h) = { (—logh)h?, if J € K; with s =1, (3.3)
h?, if J € Ky with some s > 1.

Note that we always impose (without loss of generality) that 0 < & < hg < 1 holds.
In particular, we have that (k) > 0 is positive. By changing the summation index, we
deduce that

(Ljlup) o) = D i [un Cem) — wn (= xa)]. 34
#0

1
B(h) -
Clearly, the operator EZ is bounded on L% with ||£,Jluh ”Lﬁ < CBM) M uy, ||L%l, using

that the sum Z;’O: 1 Jn is finite. Also, we easily check that E,Jl is self-adjoint; that is, we
have that (E}{ )< = E{l holds on L%l. Furthermore, a simple calculation shows

1

B0y it Gom) = 1 o — ). (3.5)

n,m:n#Em

J
(uh,ﬁhuh)Lz =
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Since J,, > 0 by assumption, this shows that Eﬁ > 0 is nonnegative as an operator. In
particular, for any u;, € L%, we can define the norm

el = G, ) 2+ e, L) - (3.6)

Below, the norm || - || H} will play the role of an energy norm for the discrete evolution
problem (2.1). We have the following norm equivalence uniform in 4 > 0.

Lemma 3.3 (Uniform Norm Equivalence). Suppose J = (J,,);’Lo=1 satisfies (Al)and (A2)
above for some 0 < s < +oo with s # 1. Let

s, forO<s <1,

o= 1, fors>1.

(3.7)

Then there exist constants A, B > 0 independent of h > 0 such that
Allupll g < lunllgy < Bllunllmg

2
forallup € L.

Proof. By using (3.4) together with the Fourier inversion formula and Parseval’s for-
mula, we notice that

+T k
(uh’ﬁzuh)Lﬁ = h/ %Iﬁh(k)lzdk,

where

wk) =2 Z Ju[1 = cos(nk)].

n=1

In view of the definition of || - || HY it remains to show that, for |k| < 7 and & > 0,

k
A (1 +h*2"‘|k|2°‘) < (1 + ﬁ)) <B (1 +h*2“|k|2“) , (3.8)
B(h)
for some constants A, B > 0 independent of 2 > 0, where we define « = s for

O<s<landa =1fors > 1.
Let us first prove the lower bound in inequality (3.8). From Lemma A.1, we recall
that

C
5w”<wm<cwm,mum<m, (3.9)

with some constant C > 0 and k9 > O sufficiently small. Furthermore, using that
(1 —cosz) >0forallze Rand (1 —cosz) > %zz for |z| < &, we find that

oo
4J
w(k) = 22 Jn[l - cos(nk)] > n—zlkz, for |k| < 7. (3.10)

n=1
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Note that J; > 0 by assumption. Combining the lower bound in (3.9) with (3.10) and
using that o < 1, we infer that

wk) = 8|k|>, for |k| < 7. (3.11)

Here § = I’IllIl{C 411 ~+ ko |2-2¢} >~ 0 with C > 0 taken from (3.9). Using (3.11) and
recalling that 8(h) = h2°‘, we derive

w( )
ﬂ(h)

for all |k| < 7 and i > 0, where we also used that (1 + §|z|%%) > A(I + |z|*¥) for all
z € R with the constant A = min{§, 1} > 0. This shows that the lower bound in (3.8)
holds.

To prove the upper bound in (3.8) in the case s # 1, we argue as follows. First, by
the upper bound in (3.9), we conclude that, for all 2 > 0,

> 14+ 8h 29k > A (1 +h—2“|k|2“) :

a)(k)
ﬂ(h)

On the other hand, we recall the global upper bound w (k) < 4> >2 | J, < Cfor k| < 7
Hence we find that, for any 2 > 0,

w (k)
Bh)

Combining now (3.12) and (3.13), we deduce that the upper bound in (3.8) holds. This
completes the proof of Lemma 3.3. O

Ch™2k)?* < C(1+h™ k>, for k| < ko. (3.12)

S Ch™2 < C(1L+h™ ko> < C( +h™|k**), for k| = ko. (3.13)

Next, we treat the special case when J = (Jn);’loz1 belongs to /g with s = 1.

Lemma 3.4 (Norm equivalence for s = 1). Suppose that J = (J,);2, satisfies (Al)
and (A2) above with s = 1. Then we have

el s < Cllull .

with some constant C > 0 independent of h > 0. Moreover, for every 0 < o < 1 and
ho > O sufficiently small, there exists a constant K > 0 independent of 0 < h < hg
such that

lullmy < Kllull gy -

Proof. Similar as in the proof of Lemma 3.3, we have to show that

—2017,120 w (k) —2,7.12
A<l+h k| )<(1+M)<B(l+h |k|), for k| <7, (3.14)

with some constant A > 0, which may depend on 0 < ¢ < 1, and some constant B > 0
independent of 7 > 0. Recall that 8(h) = —(log h)h? > 0, since we can assume that
0 < h < hg < 1 holds. For later use, we recall from Lemma A.1 the bound

— c(log kD) [k|* < @(k) < —=C(log|k|)Ik|*, for |k| < ko, (3.15)
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where ¢ > 0 and C > 0 are some constants and ko > 0 is sufficiently small. Note that
¢>0,C > 0andkp > 0only depend on J = (J,):° ;.

First, we prove the upper bound in (3.14). If we now let z = hY k| with |k| < ko,
then the upper bound in (3.15) gives us

(k) [log(hz)| , llogz +1logh| , (|10gz| ’ 2)
<C 77 =C——z7°<C|\——z7+z°). (3.16)
B(h) [log | [log | llog /|

We will show that

lo
| gZ|Z2

<C+z%), forz<h 'koand 0 <h < hg <1, (3.17)
[log A

where C > 0 only depends on ko > 0 and /¢ > 0, which allows us to conclude that

w (k) 2\ _ —2,7.12
M<C(1+z)_c(1+h |k|), for [k| < ko, (3.18)

with some constant C > 0 that only depends on /9 > 0 and ko > 0. To show (3.17), we
first note that |log z| z2 < C for z < 1 and hence

|logz|Z2< C < C ’
llog A [logh| ~ [loghol

for z < 1,

using also that |10gh|_l < |log hol~! for 0 < h < hg < 1. On the other hand, we have
that z — | log z| is monotone increasing on the interval [1, h~'ko]. Therefore,

|lOgZ|Zz < |10g(h_1k0)|22 _ [logh _Ing()lzz
logh|™ = |logh| - [log &

log k
< (1 + M) 2<C2 for 1 <z<h k.
[log hol

Combining the previous estimates, we see that (3.17) follows.
To complete the proof of the upper bound in (3.14), we recall that w (k) < C for
|k| < m. This yields that

w (k) c -2 212
< <chnr<c(1+n 2k
B < Toghol 12 (1 721koP)
<C (1 +h—2|k|2) . for [k| > ko, (3.19)

using again that [logh|~! < |logho|~!. From (3.18) and (3.19), we deduce that the
upper bound in (3.14) holds.
It remains to establish the lower bound in (3.14), which is slightly more tedious. We

argue as follows. First, we notice that we can assume 0 < ko < 1 satisfies (ho)% < ko,
where ko > 0 is the constant in (3.15). Recalling (3.15) and using the fact that |k| —

|(log |k|)| is monotone decreasing on the interval (0, h%] where & < 1, we obtain the
lower bound

log |k log(h!/? 1
(og kDI [log®™)| 1t
[log | [log K| 2
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As a consequence for all 0 < h < hy,

o® h—2k2 for [k] < h3. (3.20)
ﬂ(h)

Next, by the same argument as in the proof of Lemma 3.3, we have the general lower
bound w(k) > C k2 for |k| < m with some constant C > 0. Therefore,

w(k) C
- 2 R
ph) ~ [logh|

Note that —(log ) = |log k|, since in particular 7 < 1. Next, let 0 < o < 1 be given.
We claim that, for 4o > O sufficiently small, there exists a constant A > 0 (depending
only on iy > 0 and 0 < o < 1) such that

h=2k?, for |k| < 7. (3.21)

1
h=2k> > AR~ |k|>°, for |k| > h2. (3.22)
[log |

Indeed, lete = 1 — o. For |k| > h2 we see that

1 h—2k2 h—28|k|28 h—Zshs h—¢
e = > = =: f(h).
[log h| h==7 |k|*® [log A [logh|  [loghl

Since ¢ > 0, we see that f(h) — +oo as h — 0*. Hence, by choosing 7y > 0
sufficiently small, we obtain that

f(h)y > A, for0 < h < hy,

where A > 0 is some positive constant that depends only on 49 > 0 and 0 < o < 1.
This proves that estimate (3.22) holds. In view of (3.21), we deduce that

(k)
B(h)

where C > 0 only depends on igp > 0and 0 < o < 1.
Finally, we recall (3.20) and deduce that

(k)
+
Blh) ~

where we use that 1 +812 > C(1+|t[*°) forallr € Rwith0 < o < 1and§ > 0, where
C > 0 only depends on o and §. Combining now (3.24) and (3.23), we conclude that
the lower bound in (3.14) holds. This completes the proof of Lemma 3.4. O

> Ch™2 k%, for h? < k| < 7, (3.23)

>C (1 +h—2"|k|2") . for [k| < h?, (3.24)

Next, we proceed to study the relation of the scale of discrete Sobolev type norms
|- 1] H to the following (classical) discrete Sobolev norm given by

”uh”Hl = (un, un) ;2 + (Djun, Dyjun) 2. (3.25)

Here D;: denotes the discrete right-hand derivative on the lattice hZ, i.e., we have

wp(Xme1) — wp(Xp)
h

For later use, we also derive the following uniform embedding estimate.

(Djup)(xm) =
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Lemma 3.5. For every 0 < o < 1, there exists a constant C = C(s) > 0 independent
of h > 0 such that

lunllsg < Cllunllgr, Nunll gy < Cllunlig)

foralluy € L%.

Proof. Using the Fourier transform and Parseval’s identity, we find that

+7
lunl = h/ (1+h72Q0)lan () dk,
-7

where
Q (k) := 2 — 2cos(k) = 4sin’(k/2).
The claimed bound follows from Parseval’s identity, provided we can show that
A+h21k1*) < CA +h2Q(k)), for |k| <7 and h > 0,

with some constant C = C(o) > 0 independent of 7 > 0. Indeed, we simply note
that Q) = 4 sinz(k/2) > %kz for |k| < m. Hence first of the desired inequalities

follows from the fact that (1 + |z]?”) < C(1 + z?) for all z € R, with some constant
C = C(o) > 0, provided that 0 < o < 1 holds. Moreover, it is easy to see that we
have (1 + h2Q(k)) > C(1 + h—2k?) for |k| < 7 and h > 0. This shows the second
inequality stated in Lemma 3.5. 0O

3.3. Interpolations and norm estimates. In this subsection we collect some technical
results about the discretization and interpolation of functions. More precisely, for a
locally integrable function f : R — C, we recall that its discretization fj, : hZ — C s
given by

1 Xm+1
Jn(m) = Z/ f(x)dx, with x,, = hm and m € Z.
Xm

Following [8], we define piecewise constant interpolation gy, f, by

(gn fn)(x) := fn(xm), for x € [Xm, Xm1). (3.26)

Furthermore, we recall its piecewise linear interpolation py, fj introduced in (2.5). We
begin with the following simple fact.

Lemma 3.6. Forany 0 < o < 1l and f € H*(R), we have that

I fallgg < Cllfllae,

where the constant C > 0 is independent of h > 0 and f.
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Proof. First, we note that, by standard interpolation theory, we have (with norm equiv-
alences) that

H (R) = [LZ(R), HI(R)] HY = [Lz, th]oz, for0 <o < 1.

b
0,2

Hence, it suffices to prove the claimed bound for the endpoint cases s = 0 and s = 1.
Indeed, by the Cauchy—Schwarz inequality,

(m+1)h
/ fx)dx

h

2 (m+Dh , ,
<> / IfPdx = (12
m mh

1
Ifallz =02 53
m

To deal with the case when s = 1, we note that, by the generalized mean-value theorem
and the Cauchy-Schwarz inequality, we have

1
/|f(x+h)—f(x>|2 dx <h2// e+ i) dt d.,
I 1J0

for any interval I C R. Using this bound, the Cauchy-Schwarz inequality again and
Fubini’s theorem, we deduce that

) 1| pomedn 2
+ _
1D Al =0 Y o /mh (FOr+h) — () d
m
1 L [ 5
<hzm-h~h / / |f'Cc+th)|” drdx
m mh 0

1 (m+1)h ) 1 ) 5
=/0 Z/mh £/ (x +th) dxdt=/0 LF 172 de = 11£117.

m

which shows that || D} fj, || L2 < || f'1l2- Finally, with help of Lemma 3.5, we obtain

Il < Cllfullgr < CUS At

with C > 0 independent of # > 0 and f. The proof of Lemma 3.6 is now complete. O

As a next result, we derive uniform estimates with respect to (fractional) Sobolev
norms.

Lemma 3.7. For all 0 < o < 1, we have the bounds
lgn fullz < Wnll2s I fullne < Cllfnllag

with some constant C > 0 independent of h > 0 and f.

Proof. The bound for gy, f;, follows readily from

(m+1)h
llgn full3 = Z/h | fnGm) 2 dx = 3| Com) I = 1L il
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To prove the claimed bounds for py, f, we argue as follows. As in the proof of Lemma
3.6, we can use interpolation of norms to conclude that it suffices to prove the bounds
forc =0ando =1, 1i.e.,

| pnfull2 < CIIthILz, lpr frllgr < CIIthIth, (3.27)
with C > 0 independent of 4 > 0 and f. Indeed, we note that

Prfn(x) = qn fn(x) + Z(Dth)(xm)ll[xn,,xw)(X)(x — Xm).

Hence, using that ||g;, fi 1l < || fx ||L2, we find that

Ipn full2 < llgn full2 + A < [l full 2 + A,

where

Xm+1
Z/ | D}y fin Com) P (x — x)* dx = Z —|thh(xm>|

=3 Z | fnGomet) = fem) P < Z | fnCem) I ||fh||’i%.

Thus we obtain that || py frll2 < C|l fall 125 which proves the first bound in (3.27).

To show the second bound in (3.27) we argue as follows. From [8, Chap. VI], we
recall that

P qn( )
up = Djuyp),
dx hiUh h hlih

where gy, fj, 1s the piecewise constant interpolation of fj, defined in (3.26). Using the
previous bounds, we have

I on fullgt < lpnfull2 + lgn(Dy; fi)ll 2
< CUl faull2 + ||thh||Lﬁ) < CIIthIghl < Cll fall gy

where we used Lemma 3.5 in the last inequality. This completes the proof of the second
bound in (3.27), and hence Lemma 3.7 is proven. O

We conclude this subsection with a technical fact that will be used below.
Lemma 3.8. For any f € L>*(R) and g € H'(R), we have
lpnfn — flla = 0 and | ppgn — gllgt — 0 as h — 0.

Moreover, if v € H? (R) for some 0 < o < 1, then ppv, — v weakly in H° (R) as
h — 0.

Proof. For the strong convergence results in L%(R) and H'(R), we refer to [8, Chap. VI,
Lem. 4.1].

The weak convergence result can be seen as follows. Suppose that v € H? (R) for
some 0 < o < 1. Then pjpv; — v strongly in LZ(R) ash — 0*. Leth,, — 0 be some
sequence. By Lemma 3.6 and 3.7, we have that sup, > || pn,vn,|lH < +00. Hence,
after passing to a subsequence if necessary, we can assume that pj, vy, — w weakly
in H°(R) as n — oo for some w € H?(R). But since pjv, — v strongly in L*(R)
as h — 0%, we conclude by a density argument that w = v holds. Hence ppv, — v
weakly in H°(R)ash — 0*. O
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3.4. Strong convergence for L/{ ash — 0*. Inthis subsection, we study the “continuum
limit” of the operator £,{ defined in (3.2). To this end, we extend the action of E,{ to
functions ¢ € L*(R) by setting

7 o
(L) (x) := Bl +

1
> e () = ¢(x —nh)], (3.28)
£0
where B(h) is given in (3.3).
We readily check that [|£} ¢l < CAU)™' 02 Jallglla < CBM)'|¢]l2, and
thus the operator E{l is bounded on L2(R). Moreover, we easily check that (E}{ )* = L‘}Jl

is self-adjoint. Furthermore, recalling the averaged discretization of v € L*(R), which
is vy () = A1 f;:’*' v(x)dx, we see that ||v, ||L% < ||lv|l2 by Lemma 3.6. Moreover,

a simple calculation shows that
(ﬁ,{ v)h () = (ﬁ,{ vh) (om).- (3.29)

This identity says that we can first let E;{ act on v € L*(R) and then discretize, or

equivalently first discretize v and let the discrete operator Ei acton vy, € L%. This fact
will be needed further below when we discuss the continuum limit.
We conclude this section with the following convergence result.

Lemma 3.9. Let 0 < s < +00 and suppose that J = (J,);2 | € Ky with J # 0. Define
a as in (3.7). Then, for every ¢ € C3°(R),

Ll — c(—=A)*¢ strongly in L*(R) as h — 0.
Here ¢ > 0 is some constant that only depends on s and J.

Remark 3.2. Putting it differently, this lemma says that the family of bounded self-adjoint
operators E,{ converges strongly as 7 — 0% to the unbounded self-adjoint operator

c(—A)% acting on L2(R) with dense domain C*(R).
Proof. By taking the Fourier transform F on R, we find that

w (hk)

W|k|2“¢3(k), fora.e. k € R,

F(Lj ) (k) =

where ¢ = F(¢) and w(z) := 2 3% J,[1 — cos(nz)] with z € R. Let k € R with
k # 0 fixed. If s # 1, then B(h) = h>® and hence, by Lemma A.1,

o) 0@

m Y 1m Y
h—0 B(h)|k|*®  z—0 |z|*

’

for some constant ¢ > 0. If s = 1, we have B(h) = — log(h)h?’. Letting z = hk with
k # 0 fixed, we conclude in this case, by using Lemma A.1 again,

w (hk) . w(z)
m-———=—llm ——— =
h—0 B(h)|k|? 2—0 log(z/k)|z|?

)
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for some constant ¢ > 0. In summary, we conclude that for any 0 < s < +oo the
pointwise convergence

F(L] ) (k) — clk|**d(k) fora.e. k € R as h — OF.

To turn this into strong convergence in L?(R), we derive bounds uniform in & > 0 and
then use the dominated convergence theorem. First, we assume that s # 1 and hence
Bh) = h2 1In this case, we have, by Lemma A.1,

w(hk)

W < 2C, for |]’lk| 20,

where zg > 0 is some small constant depending only on J. On the other hand, we have
the upper bound |w(hk)| < 4 Z —1 Jn < A for some A > 0. Therefore,

A
= zolf

hk
‘w( ) <C, for [hk] > zo

|hk|2°‘

Combining these bounds, we conclude that |%| < Cforallh > Oand k € R.

Hence,
|F(LL )| < Clk|*|p(k)|, fora.e. k € R,

with some constant C > 0 depending only on s and J, provided that s # 1 holds. Note

that f |k |2 |<f>(k)|2 < +00, since ¢ belongs to C;°(R). By the dominated convergence
theorem, we deduce that

/ ‘}"(E{l@(k) — kPP k) de —~0 as h— 0,
R

which completes the proof of Lemma 3.9, provided that s 7 1 holds.
To complete the proof for the special case s = 1, we note that 8(h) = (— log h)h2.

Since | ‘”((Z)) 5| < C for |z| < zo with some constant zg > 0 by Lemma A.1, we deduce,

for |hk| < zo, that

w(hk)log(hk)

w (hk) |log(hk)| < C
log(h) log(hk)|h2k?|

BWIKZ| ~ log(h)|  [log ol

where we assume without loss of generality that 0 < & < kg < 1. On the other hand,
using that |w (hk)| < 4>, Jy < C, we find that

(I + [logkl)

w (hk)
B(h)|k|?

C . C
= |log(h)h?k?| b |log(ho)z}

, for |hk| > zo,

and 0 < h < hg < 1. In summary, we have shown in the case s = 1 that
|~7:(£h¢)(k)| C(1+ |logk|)|k| |¢(k)| fora.e. k € R,

with some constant C > 0 depending only on J and 4y > 0. We easily check that
the integral [(1 + [logk])?|k|*|¢(k)| dk is finite, since ¢ € CS°(R). By dominated
convergence, we deduce that Lemma 3.9 also holds whens = 1. O
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4. Discrete Evolution Problem and A-Priori Bounds

Suppose that J = (J,)°°, € K for some 0 < s < +00. Let E}Jl be the discrete operator

=1
defined (3.28) above. \nVe consider the initial-value problem

i Lup(t, xm) = (Lilun)(t, X)) % [u(t, x) Pu(t, Xm), @
up (0, xp) = vy (X)) With m € Z. ’

We record the following simple fact.

Proposition 4.1 (GWP in Li). The initial-value problem (4.1) is globally well-posed
in Lﬁ. That is, for every initial datum vj, € Lﬁ, there exists a unique global classical
solution u, € C'([0, 00); L%l) that solves (4.1).

Moreover, we have conservation of energy and L%—mass given by

1 1
En(un) = 5 (un, L) 1z % - llunllg,

N(up) = (un, un)p2-

Proof. This follows from standard arguments. Indeed, we consider the integral formula
it} L it-sL] 2
up(t) = e iy i/ eI () Pup (s) ds.
0

Note that {¢ ! £ }:cR is a strongly continuous unitary one-parameter group on L2, since
EZ is self-adjoint. Moreover, note that u;, — |uy,|>uy, is locally Lipschitz on L%l thanks
to the embedding || - [l¢,, < || - Il¢, for sequences. A simple fixed point argument now
yields local well-posedness in L2, where the local time of existence only depends on

[[p ]| L2 Global extension then follows from L%-conservation. Finally, note that any

solution u, € C O(R; L%) is automatically a strong classical solution, since %uh € Lﬁ
by the equation itself, since E{l up € L%l (because E,{ is a bounded operator on L%) and

lup|>up € L}zl as previously remarked.
The proof of the conservation laws follows from a simple calculation. O

Next, we derive the following a priori bounds for solutions uy, to (4.1).

Lemma 4.1 (A priori bounds). Let uy, € ([0, o0); Lﬁ) solve (4.1). Suppose that J =

(Jn)o2 | belongs to Ky with some % < s < +o0o and assume that J; > 0. Define o = s
if0<s <l,0=1—c¢forsomee > 0smallifs =1, ando = 1ifs > 1. Then if
s > 0and s # 1 we have the uniform a-priori bound

sup lun (1, )l g < C(llvallme)-
120

Ifs =1, forany 0 < T < oo, we have the bound

sup_[lun(t, )y < CCT, ull ).
tel0,T]

Here the constants C > 0 are independent of 0 < h < ho with hy > 0 sufficiently small.
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Proof. The global a-priori bounds follow from conservation of Ej (u;,) and Ny, (uy,) and
Lemmas 3.2 and 3.3. Indeed, in the defocusing case (with + sign), we immediately obtain
the a-priori bound

i (1, ) < Cllun(e, )y < CCE@R) + N @) < Cllvnllg).

where we used Lemmas 3.2 and 3.3. In the focusing case, we use Lemmas 3.2 and 3.3
and (uy, Mh)L% = const., to deduce that

1 4
EGun) > 5 lunllzyy — Cllunllgy"”

for any fixed 1 > og > }‘. Since 0 > % by assumption, we can ensure that % <2
holds. From this bound we deduce that ||Mh||H;{ — +oo implies that E(up) — +00.
Hence, by energy conservation and E(u;,) < +00, we can deduce the a-priori bound

sup lun (t, g < CCllonllg)-
120

Now we turn to the a-priori bound for the integer discrete (classical) Sobolev norm
oy (2, ~)||H}} defined in (3.25). By Lemma 3.5, we can use the equivalent norm || - “ﬁhl

instead of || - ”H,}'
By Duhamel’s formula,

t
wun(t) = e "Liyy F i / e LR () Pun (s) ds.
0

where we write uy, () to denote uy (¢, x,,,) withm € Z, etc. Taking the discrete right-hand
derivative D}, we obtain that

t
e J i\
I Dun®ll 2 < IDje " “ivgll 2 + / | Dy {e™ 50 up (5) Pun()} 2 ds.
0

. LB o . . .
We have that D;l’e_”ﬁh = ¢~itLj D;:, since Eé commutes with translations on hZ.

il .
Moreover, recall that e Ly is unitary on Lﬁ. Hence,

IIDZ{uh(I)IIL% < IIDZUhIILi +/Ot ||DZ{|Mh(S)|2uh(S)}||Li ds.
By the Leibniz product formula for Dy,
Djy (upvp)(s) = un(s) Dy vn(s) + Dyup(s)vp(s +h),
and the uniform embedding Lemma 3.1 for o > %, we deduce that
D5 e ) Pun () 2 < Cllunl o I Dfun ()2 < CCllonllg) 1 Dy ()12,

where we also used Lemma 3.3 and the a-priori bound on ||u, || HY derived above. In
summary, we see that

t
|Djun®)ll,2 < IDjull 2 +C / | Diun ()1l 2 ds.
0
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By Gronwall’s estimate, this implies that

sup | Dpun(®ll2 < C(T, lvall grs llvnllag),
1€[0,T] h h

for any fixed T > 0. Noting that ||v, ”Hﬁ’ < C||vh||th by Lemma 3.5, we complete
the proof of the desired a-priori bound for | uy|| Al The proof of Lemma 4.1 is now
complete. O

5. Proof of Theorem 2.1

For the reader’s convenience, we first recall the hypotheses and definitions from Theorem
2.1. We suppose that J = (J,,) € K for some 5 <s < +ooand J; > 0. Let

@=19 if%<s<1,
1 ifs>1.
Let B(h) as in Theorem 2.1. Assume that 0 < ko < 1 is sufficiently small and consider
the lattice hZ with 0 < h < hg. Suppose that v € H*(R) and let v, = vj,(x,,) be its
discretization defined in (2.6). Note that by Lemma 3.8 we have p,v, — v weakly in
H*(R) as h — 0%, where py, is the piecewise linear interpolation defined in (2.5) above.
Finally, let u; = uy(¢, x,,) denote the corresponding global solution to the discrete
evolution problem (2.1) with initial datum vy, € L%.

Let T > 0 be a fixed (but otherwise arbitrary) time. As a first step in the proof of
Theorem 2.1, we derive the following uniform bounds for ppuj, (t) and 0; ppuy (t).

Bounds for ppuy (t) in H*(R) Let M := SUP)<jy <y || PrVR | e Note that M < +00 for
ho > 0 sufficiently small, since p,v, — v weakly in H*(R) as h — 0% as mentioned
above. Now, we claim that

sup || ppun(®)llge < C, (5.1)
t€l0,T]

where C > 0 is some constant that only depends on kg, s, T and M. To prove (5.1), we
first recall from Lemma 3.7 that

@)l o < €l ()] e
Next, by Lemma 4.1, we have the a-priori bound on [0, T'] given by?

sup [lun ()l gg < C (T, |on | g)-
1el0,T]

Finally, we have the general bound ||vh||H];x < Cllv||ge by Lemma 3.6 with C > 0
independent of 7 > 0. Hence, we deduce that (5.1) holds.

2 To be precise the time dependence on 7" only appears when s = 1.
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Bounds for 0, ppup(t) in H~*(R). We claim that

sup |0, ppun()lg—~« < C, (5.2)
1€[0,T]

with some constant C > 0 thatonly depends on hg, s, T and M = supy_,<p, || PhUsll He
< +00. Indeed, from (2.1) we obtain the estimate

Buen Oy < WL un ()] oo + W (0 P 0]y

where we refer to the definition of the dual norm || - || H in Appendix B below. By
Proposition B.2 and the previous bounds, we conclude

||£;{Mh(t)||Hfa < C sup up (@) llge < C(T, [lvpllgg)-
h 1€[0,T]

Furthermore, we deduce that
2 2
Metn O un Ol e < MHun O un Ol < C(T, llopllmg),

where in the last step we used the Leibniz rule, the uniform embedding Lemma 3.1, and
again the uniform bound on ||u (7)|| He on [0, T]. Hence, we have shown that

sup 9,14 (1)« < C
tel0,T]

for some constant C > 0 that only depends on hg, s, T and M = supy_, <, | Prvnll He-
From Proposition B.1 we have

1 pn fill e < Cll full e

with some constant C > 0 independent of 2 > 0, and the fact that p; commutes with
0y, we deduce that (5.2) holds.

Weak-+ compactness. By the uniform bounds (5.1) and (5.2), we deduce by the Banach-
Alaoglu theorem that

Phyth, — u weakly — % in L=([0, T]; H*(R)) as n — oo, (5.3)
0t ph,un, — 0;u weakly — * in L0, T]; H*(R)) as n — oo, 5.4)

with some sequence h, — 0 as n — o0. Note that, by standard arguments, the fact that
u e L>®(0, T]; H*(R)NW([0, T]; H*(R)) implies that u € C°([0, T]; L>(R)).
In particular, the notion of an initial condition for « (0) is well-defined. Next, we recall that
prup(0) — v weakly in H%(R) by Lemma 3.8, we deduce that u € C°([0, T']; L*>(R))
satisfies

u(0) =v e H*[R).
Next, we claim that the limit u = u(¢, x) solves the following initial-value problem:

u € L®([0, T]; H*(R)) N W ([0, T]; H*(R)),
idu =c(—A)%u =+ |u|?u, fora.e. rel0,T], (5.5)
u(0) = v e H*(R).

Here ¢ > 0 is some suitable constant chosen below.
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Proposition 5.1. Let T > 0 be given and suppose thatu = u(t, x) solves (5.5). Thenu €
CO([O, T1; H*(R)) holds and u = u(t, x) is the unique solution given by Proposition
2.1 above.

Proof. From standard theory for abstract evolution equations, we deduce that u = u(¢, x)
solving (5.5) satisfies the integral equation

t
u(r) = e 1A%y —i/ e =D 1 (9)2u(s) ds.
0

Note that the map u +— lu|?u is locally Lipschitz on H*(R) C L*°(R) when s >

1
i .
Hence we deduce that u € C°([0, T]; H*(R) and we can now apply Proposition2.1. 0

To conclude the proof that the limit u = u(f, x) in (5.3) and (5.4) is the unique
solution of (5.5), it remains to show that
idu = c(—A)%u + |ul®u, fora.e.tel0,T], (5.6)

where ¢ > 0 is some constant. Note that, by (5.4), we directly have that

T T
/ (<I>,i8tphnuhn(t))dt—>/ (D, idu(t))dt as n— oo, (5.7)
0 0

forevery ® € LY([0, T1; H*(R)), where (-, -y denotes the usual inner product on L%(R).
Next, we claim that

T T
/ <c1>, phnc,{nuhn(t)> dt—)/ (@, c(—=A)u()) dt as n— oo, (58)
0 0

for every ® € L'([0, T1; H*(R)). By a density argument, it suffices to prove this claim
for ®(z, x) = f(Hw(x) with f € CF°([0, T]) and w € C;°(R). For & > 0, we define
the usual discretization wy, € L% by setting

1 Xm+l1
wp (Xm) = E/ w(x)dx.
Xm

Since o < 1 and w € C§°(R) C H'(R), we can apply Lemma 3.8 to conclude
I prwn — wllge < Cllppwy, —wly — 0 as h — 0.
Furthermore, recall the uniform bound || phL,{ up(t)||g-« < C. Hence
(Phywh, — w, pi, Lj, wn, (1)) < Cllpn,wh, —wllge — 0 as n — oo,

for every ¢ € [0, T']. Thus it suffices to show that

T T
/ <fphnwhn, phnﬁ,{nuhn(t)> dt — / (fw, c(—A)au(t)> dt as n— oo, (5.9)
0 0

forevery f = f(t) € Cg°([0, T]) and w = w(x) € C°(R). Next, by Lemma B.1, we
see that

<Phn W, , Phnﬁ;{nuhn (t)> = <phn£}{n Wh, > Ph,Uh, (t)> for every ¢ € [0, T].
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From (5.3) we can assume that pj up, (t) — u(t) weakly in H*(R) fora.e. t € [0, T'].
Furthermore, we now claim that

prlwy — ¢(—=A)*w strongly in L*(R) as h — 0*. (5.10)
To show (5.10), we first recall from (3.29) that
(L wn) (om) = (L w)n (),
where the action of EZ on the function w = w(x) is given by

(L w)(x) = ﬁ %M(w(x) — w(x — nh)).

Applying Lemma 3.9, we obtain that
IL]w —c(=A)*wlla — 0 as h — OF, (5.11)

where ¢ > 0 is some constant. Using the bound || p;, frll2 < C|| f]l2 by Lemma 3.7, we
conclude

I pa L wi — c(=A)*wlla =l pr (L] w)n — c(—A)*wll2
<N pn(Lfw—cEA)* wynlla+ 1 pr(e(=A)*w)y —e(=A)  wll
<CILw—c=A) " wlz+o(1),

where o(1) — 0as h — 0%, thanks to the fact that | p;, f — fll2 — 0as h — 0% for
any f € L*(R) by Lemma 3.8. (Note that (—A)*w € L*(R) since w € C{°(R).) Using
now (5.11), we deduce that (5.10) holds.

In view of (5.10) and by the dominated convergence theorem for the integral with
respect to ¢, we find that

T T
/ <fPhnwh,,v Ph,Li, U, (f)> dr — / (fe(=M)*w,u(®)) dt as n — oo,
0 0

forevery f = f(t) € C;°([0, T]) and w = w(x) € C;°(R). By density this extends
tow € H*(R). Since u(t) € H*(R) for a.e. t € [0, T], we can integrate by parts to
conclude that (5.9) holds, and hence the claim (5.8) follows.

It remains to show weak-% convergence for the nonlinear part. That is, we have to
show

T T
j:/ <<I>,phn(|uhn(t)|2uhn(t))> dt—>j:/ <d>,|u(t)|2u(t)> di as n— oo, (5.12)
0 0

forevery ® € L'([0, T]; H*(R)). Again, by a density argument, it suffices to show this
claim for ®(z, x) = f(t)w(x) with f € C°([0, T]) and w € C°(R).
Next, we note that

| pa Qs @ Pan @) || < Cllan @ Panll 2 < Clus @1 lun ]l 2 < €.

using Lemma 3.7 and the fact that ||u(¢) ||ch < C by Lemma 3.1 and 4.1. In particular,
we can assume that ph(|uh(t)|2uh(t)) converges weakly in LZ(R) fora.e.t € [0, T].
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However, from [8], we recall that pj, f, — f weakly in L?(R) if and only if gj, f — f
weakly in L2 (RR), where the piecewise constant interpolation g, f; was defined in (3.26).
Thus it remains to show that

(w, g, (un, (OPun, (1)) — (w, [u@®Pu()) as n — oo, (5.13)

for every w € Cg°(R) and for a.e. t € [0, T].

Indeed, from (5.3) and by local Rellich compactness, we can assume that
DPh,un, (t) — u(t) strongly in L%OC(R) for a.e. t € [0, T]. Next, from [8], we recall
the general fact that py, f, — f strongly in leoc(R) if and only if gj, fi, — f strongly in
L} (R). Since we clearly have that s, (jup, (1) 2un, (1)) = |qn, (up, (1) *qn, (un, (1))
and using the uniform bound ||uj, () || e < C, we can use the dominated convergence
theorem to deduce that (5.13) holds. This completes the proof of claim (5.12) above.

We are now ready to complete the proof of Theorem 2.1. From the previous discussion
we know that the limitu € L ([0, T]; H*(R)) N WL ([0, T1; H%(R)) givenin (5.3)
and (5.4) satisfies

T T T
/(\Il,ia,u)dtz/ (\IJ,C(—A)“u)dt:I:/ (W, |ul?u) dt,
0 0 0

for every W e L'([0, T]; H*(R)). In particular, we deduce that (5.6) holds. This com-
pletes the proof that the limit u = u(t, x) solves the initial-value problem (5.5). By
Proposition 5.1, the solution u = u(z, x) is unique and satisfies u € C°([0, T1; H¥(R)).
In particular, the limit u = u(¢, x) is independent of the chosen subsequence #, — O.
The proof of Theorem 1 is now complete. O

Acknowledgements. We are grateful to the anonymous referee for carefully reading our manuscript and
improving our paper.

Appendix A. Asymptotics for o (k)

Lemma A.1. Let J = (J,);2, € K for some 0 < s < +00 and suppose J # 0. Define
the function

o k) =D Jy[1 = cos(nk)].

n=1

Then there exists some finite constant C > 0 such that

w (k)
im— =0C,
k=0 §(k)
where
k|, ifo<s <1,
8(k) = | (—loglkDIk[*, ifs=1,
k|2, if1 <s < +00.

Remark A.1. In the case when J,, = n~1=25 this result could be inferred from known
expansions of w (k) in terms of the polylogarithm. Below, we give a proof that rests on
more elementary arguments.
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Proof. By symmetry, it suffices to study the limit as k — 0%. We divide the proof into
the following steps. First, we treat the special cases, where

Jn — nfleS’

treating the subcases 0 < s < 1,5 = 1, and s > 1 separately. Finally, we turn to the
general case J € ;.

Cased, = n~ 172 with0 < s < 1. Let k > 0 in what follows. For J, = n~!=% with
0 <s < 1, we write w(k) as

o0

k
(,()(k) — k2s z W[l — cos(nk)].
n=1

Passing to the limit k — 0%, we notice that

o]

. k 1 —cosx
kll%ﬂ Z (kn)1+2s [1 o cos(nk)] =/O y 1+2s dx,
n=1

which can be easily deduced from [3]. Integrating by parts and using an integral table,
we find

1 —cosx 1 [*sinx T
=: Cy, (A.1)
0

72s 4X = 50 24X = -
X 2s Jo x 45T (2s) sin(s)

where we clearly C; > 0 holds. Hence, we conclude that limy_, o+ kP w(k) =2Cs >0
holds in this case.

CaselJ, = n~2. First, we recall that Z,‘;O:I n~'cos(nk) = — log(2sin(k/2)) for 0 <
k < m holds. Integrating this identity twice, we obtain

oo

Zn% 1— cos(nk) / / log(2sin(¢/2))dtdz, for 0 <k <

n=1

Clearly, we have log(2 sin(¢/2)) = log 2+log(sin(#/2)) and moreover fok foz log2dtdz =

lngk2 O(k?). Hence it remains to consider the integral involving log(sin 7/2) only.

N ow we substitute # = sin(¢/2) and integrate by parts, which yields that

Z sin(z/2) 2du
log(sin(z/2)) dt =/ log(u) ——
/() £ / 0 £ V1 —u?

sin(z/2)
= log(sin(z/2))z — 2/ — arcsin(u) du.
0 u

Using the series expansion arcsinu = u + O(u?), we find that

k rz k
/ / log(sin(t/2)) dt dz = / log(sin(z/2))z dz + O(Z?).
0 JO 0
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Next, we integrate by parts again in the integral over z to conclude that
k k
1 1
/ log(sin(z/2))zdz = 3 log(sin(k/Z))k2 — 4_1/ cot(z/2)z2 dk
0 0

= % log(sin(k/2))k% + O(k?),

log(sin(k/2))

where we used that cot(z/2) = 2/z+O(z). Since limy_, o+ Toa (k)

that

= 1, we conclude

) w (k) 1
Iim ——— = ——.
k—0+ log(k)k? 2

This completes the proof of Lemma A.1 for J, = n~2.

CaselJ, = n='=2 with s > 1. Since 302 | n'=2" is finite in this case, we deduce that
o' (k) and " (k) both exist and are given by

=3 ot

n=l1 n=1

Note that @ (0) = 0 and @’(0) = 0. By l’Hospital’s rule, we find that

w(k) //(0) 1
eor K2 T2 L

EK(ZS - D,

which is finite, since 25 — 1 > 1 by assumption. This proves Lemma A.1 for J, = n=!=

when s > 1.

Casel = (J,,)flo:1 € KCs. First, we consider the case such that 0 < s < 1 holds. Let

A =1im,_oon 172 J, Note that 0 < A < +00 since J € K. Lete > 0 be given. We
claim that we can find ko > 0 such that
w (k)

—8+(A—8)C5<m<8+(14+8)cs, for 0 < k < ko, (A.2)
where Cy > 0isthe constantin (A.1) and § (k) denotes the function introduced in Lemma
A.1 above. Since ¢ > 0 can be made arbitrarily small, this estimate would show that
limy_ 04+ 8(k) " 'w (k) = C A, as desired.

To prove (A.2), we note that, since J, € Ky by assumption, there exists an integer
N = N(&) > 1 such that

A—c¢ A+e

mgjngm, forn}N.

Splitting w(k) = >, _n ...+ Zn>N ... and using that J,, > 0 and 1 — cos(nk) > 0
we deduce that

wk) < D Ju[1 = cos@k)] +(A+e) > nl—ih[l — cos(nk)|

n<N n>=>N

-3 (Jn A:;) [1 —cos(nk)]+(A+8)Z 5 [1 — cos(nk)]

n<N

= I(N, e, k)+11(e k).
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Since I (N, ¢, k) is a sum of finitely many terms, we can expand cos(nk) to conclude
that I (N, &, k) = O(k?) as k — 0*. Since moreover 0 < s < 1, we can find kg > 0
such that
I(N,¢e, k
wgs, for 0 < k < ko.
8(k)
Moreover, from the previous discussion, we deduce that %i)k) — (A+8)Cyask — 0%,
where Cs > 0is given by (A.1). Hence, by choosing ky > 0 sufficiently small, we deduce
k
w <e+(A+e)Cy, for0 <k < ko,
8(k)
which is the claimed upper bound in (A 2) The proof of the lower bound follows from
analogous arguments using that J, > 4=£ forn > N(e).
Thus we have shown that (A.2) holds for arbitrary ¢ > 0, and this completes the proof
of Lemma A.1 for J € Iy with0 < s < 1.
Finally, it remains to treat the case J € Iy with 1 < s < +00. Since thil ann < 400

in this case, we can deduce in a similar fashion as for J,, = n~ 1725 with s > 1 that

w (k) a)”(())
kf})W = Zn Jp < +00.

The proof of Lemma A.1 is now complete. O

Appendix B. Dual Bounds and Integration by Parts

Recall the definition of || - || HY in (3.1) with 0 < o < 1. We define the corresponding
dual norm by setting

lunll o = sup_|Conun) |
HUhHH;'TSI

We have the following fact.

Proposition B.1. For any 0 < o < 1, we have
I prfrlla- < CIIthIH;a

with some constant C > 0 independent of h > 0 and f,.

Proof. This claimis easily verified foro = 0 (see Lemma 3.6) and o = 1 (by calculation
using also the equivalence of the norms ||-|| i) and ||-|| H) by Lemma 3.5). By interpolation

of norms (as in the proof of Lemma 3.6) we deduce the boundforall0 <o < 1. O
Next, we have the following estimate.

Proposition B.2. Suppose that J = (J,,)72 | satisfies (Al) and (A2) with some 0 < s <
+o00. Letaa = s for0 <s < landa = 1f0rs > 1. Then there exists a constant C > O
independent of h > 0 such that

J
L5 unll e < Cllunll g

forall uy, € Lﬁ.
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Proof. This follows from estimates derived in the proofs of Lemma 3.3 and 3.4. Indeed,
with the notation used there, we find that

+T (k)
) h/_n (1 /S(h)) EAGIIEAGIR

T
<ch [ (e n ) 3060 [0 0] dk < Clolg sl
-

J
(vn, L, Un)p2

with some constant C > 0 independent of 7 > 0. Here we used the estimates for
(1+ %) derived in the proofs of Lemma 3.3 and 3.4. O
We have the following technical result.

Lemma B.1. Let E}{ be as above. For any wy, uy € L%, we have the identity
J _ J
<Phwh, Phﬁhuh> = <ph£h W, Phuh>,

where (f, g) = f]R f(x)g(x)dx is the usual inner product on L2(R).

Proof. First, we recall that (with x = mh and m € Z)

(Prwn) () = D~ i ) Uy, ) () + D (DFwn) Com) Ly, ) () (X = i),

where 14(x) denotes the characteristic function of the set A C R. Using this, we
conclude that

<Phwh, phﬁﬁ“h> =h th(xm)(’cf{”h)(x’”)
= hzz(D wi) () (L tR) (Xm)
+§h2§wh(xm)(D;£;J,uh)(xm)

1 -
31 2 (D wn) Com) (D Liyan) (im)-

m

Since (5,{ )¢ = ,C{l is self-adjoint on L%, and using the commutation relation D;;/J,{ =
E,{ D, we easily derive the claimed identity. O
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