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Abstract: We consider topologically non-trivial Higgs G-bundles over Riemann sur-
faces X, with marked points and the corresponding Hitchin systems. We show that if G
is not simply-connected, then there exists a finite number of different sectors of the Higgs
bundles endowed with the Hitchin Hamiltonians. They correspond to different character-
istic classes of the underlying bundles defined as elements of Hz(Eg, Z2(G)),(Z(G)isa
center of G). We define the conformal version CG of G - an analog of GL(N) for SL(N),
and relate the characteristic classes with degrees of CG-bundles. We describe explicitly
bundles in the genus one (g = 1) case. If ¥ has one marked point and the bundles
are trivial then the Hitchin systems coincide with Calogero-Moser (CM) systems. For
the nontrivial bundles we call the corresponding systems the modified Calogero-Moser
(MCM) systems. Their phase space has the same dimension as the phase space of the
CM systems with spin variables, but less number of particles and greater number of spin
variables. Starting with these bundles we construct Lax operators, quadratic Hamiltoni-
ans, and define the phase spaces and the Poisson structure using dynamical r-matrices.
The latter are completion of the classification list of Etingof-Varchenko corresponding
to the trivial bundles. To describe the systems we use a special basis in the Lie algebras
that generalizes the basis of ’t Hooft matrices for sI(N). We find that the MCM sys-
tems contain the standard CM subsystems related to some (unbroken) subalgebras. The
configuration space of the CM particles is the moduli space of the stable holomorphic
bundles with non-trivial characteristic classes.

Contents

1. Introduction . . . . . . . . .. . e 2
2. HolomorphicBundle . . . . .. ... ... ... . ... ... ..., 7
3. Holomorphic Bundles over Elliptic Curves . . . . . .. ... ... .... 10
4. Characteristic Classes and Conformal Groups . . . . . . . ... ... ... 17
5. GS-Basis in Simple Lie Algebras . . . . . . .. ... ... ... ..... 22



2 A. Levin, M. Olshanetsky, A. Smirnov, A. Zotov

6.  General Description of Systems with Non-trivial Characteristic Classes . . 28
7. Classical RLL-Relation and Classical Dynamical Yang-Baxter Equation . 33
8. Appendix A. Simple Lie Groups. Facts and Notations, [9,54] . . . .. .. 35
9. Appendix B. Elliptic Functions, [49,61] . . . . . . ... ... ... .... 40

1. Introduction

The paper conventionally speaking contains two types of results. First, we construct
topologically nontrivial holomorphic G-bundles over Riemann surfaces X, where G is
a complex non-simply-connected Lie group. The topological types of the bundles are
characterized by elements of H 2(Eg, Z(G)), where Z(G)) is a center of G. We call
them the characteristic classes of the bundles, since for G =SO,, they coincide with
the Shtiefel-Whitney classes. We define the conformal version CG of G - an analog of
GL(N) for SL(N), and relate the characteristic classes with degrees of CG-bundles. For
genus one surfaces with a single marked point we describe a big cell in the moduli space
of stable holomorphic bundles with arbitrary characteristic classes.

Then, on the basis of these results, we construct a family of classical integrable sys-
tems - the Hitchin systems. The phase spaces of these systems are the Higgs G-bundles.
For non-simply-connected groups the Higgs bundles have different sectors correspond-
ing to the characteristic classes of the underlying bundles. The similar phenomena was
observed in the WZW theory in [21]. For bundles over elliptic curves with one marked
point the corresponding systems are analogues of the elliptic Calogero-Moser systems.
The standard Calogero-Moser systems are related to the trivial bundles. We define the
Lax operators, quadratic Hamiltonians and the classical dynamical elliptic r-matrices.
The latter completes the classification list of classical elliptic dynamical r- matrices [17],
where the underlying bundles are topologically trivial.

1. Non-trivial bundles over Riemann surfaces ¥4. Let P be a principal G-bundle over
X, w is arepresentation of G in V, and E = P x¢ V. According with [52] the stable
holomorphic G-bundles can be defined using representations of the fundamental group
m1(Xg). This group has 2g generators {ay, by} with the relation

8
[]1a: aal =1, [ba. au] = baaaby 'ay". (1.1)

a=1

Let p be a representation of 71 in V such that p (1) C 7(G). Due to (1.1) we have

8
[Tte®a), plan)) = 1d. (12)

a=1

The G-bundles described in this way are topologically trivial. To consider a less triv-
ial situation assume that G has a non-trivial center Z(G). It means that G is a classical
simply-connected group, or some of its subgroups, or a simply-connected group of type
E¢ or E7. In what follows we use the following notations:

G — simply — connected group, G*¢ — adjoint group, G 2 G D G,
and Z(G) is a center of G. Let { € Z(G). Replace (1.2) by

8
[Tto®w), plan] =¢. (1.3)

a=1
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Table 1. A%-invariant subgroups and subalgebras

G ord (A%) 8o g

SL(N,C) (N = pl) N/p slp slp @’j—: L glp
SOQ2n +1) 2 so(2n — 1) so(2n)

Sp(2l) 2 s0(21) gy,

Sp(2l +1) 2 so2l + 1) gy

SOl +2) 4 so(2l — 1) so(2l) ®so2l) ® 1
SO@l +2) 2 so(4l — 1) so(4l) ® 1
SO®@l) 2 so(2/) so(2l) @ so(2])
SO4l) 2 so(4l — 3) so(4l —2)d 1
Eg 3 2 so(8) p2-1
E7 2 f4 e D1

Since Z(SO(41)) = uo & py we take two different Ag, (a=1,2)
Sp(n) is a group preserving the antisymmetric bilinear form in c2n

Then the pairs (6(aq), 6(bp)), satisfying (1.3), cannot describe transition matrices of
G-bundle, but can serve as transition matrices of the G*¢ = G /Z(G)-bundle. The bun-
dle E in this case is topologically non-trivial and ¢ represents the characteristic class
of E. It is an obstruction to lift the G*¢ bundle to the G bundle. The topologically
non-trivial G-bundles are characterized by elements of H (2, 2(G)).

If g > 1 we cannot find general solutions of (1.2), but in the case g = 1 we found
almost all solutions. In this case we deal with the elliptic curve X1 ~ ¥; = C/(Z+1Z)
and the bundle E can be described by two operators Q(z) and A(z), that satisfy the
equation Q(z + T)A(2)Q(z) "' A7 (z + 1) = ¢. It follows from [52] that it is possible
to choose the constant transition operators. Then we come to the equation on G,

OAQ™ AT =¢. (1.4)
As in [52] we define the moduli space of stable holomorphic G-bundles as
M(G) = (solutions of (1.4))/(conjugation). (1.5)

Assume that Q is a semisimple element (Q € H gz, where H 5 is a Cartan subgroup).
It means that we consider an open subset M(G) > M(G)°? = {(Q, A)}. The elements
Q and A can be represented as

\%

Q =exp (2711"07)& A= AOV,

p" is ahalf-sum of positive coroots, & is the Coxeter number, A% is anelement of the Weyl
group defined by ¢. It is a symmetry of the extended Dynkin diagram of g = Lie(G).
V and U are arbitrary elements of the Cartan subgroup Ho C H ¢ commuting with
A% and o = Lie (H) is a Cartan subalgebra corresponding to a simple Lie subgroup
Go C G.

Since (A%)! = 1 for some /, the adjoint action of A” on g is an automorphism of order
[. All such automorphisms are described in [30]. Ad( A0) induces a u; = Z/17Z gradation
ingg= @i;logk, where g is a reductive subalgebra. The Lie algebra go = Lie(Go) in
its turn is a subalgebra of go. The concrete forms of invariant subalgebras are presented
in Table 1. They are calculated in [48-50].
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For trivial holomorphic bundles over an elliptic curve M(G)° is a quotient of the
Cartan subalgebra §) of G under the action of some discrete group. For G = GLy
the moduli space was described by M.Atiyah [1]. For trivial G-bundles, where G is a
complex simple group, it was done in [6,44]. Nontrivial G-bundles and their moduli
spaces were considered in [22,23,60].

It is important for applications to consider the holomorphic bundles with quasi-para-
bolic structures at marked points at X. It means that the automorphisms of the bundles
(the gauge transformations) preserve flags F'I, located at n marked points [61]. The struc-
ture of a big cell MO » (¢ = 1) in the moduli space of these bundles can be extracted
from the moduli space ./\/l(G) of solutions of (1.4). In the simplest case n = 1,

M] 1= (550/ x (FI/Ho))/Wgs, (1.6)

where WB s are the Bernstein-Schwarzman generalizations [6] of the affine Weyl groups
wart (Go) corresponding to different sublattices of the coweight lattice. Wpgs acts on

(FI /Ho) only by the Weyl subgroup W. Note that for the trivial bundles A® can be
chosen as Id. In this case

M| = () x FI/Hg)/ Wps, (1.7)

where §) = Lie(Hg). Thus, the big cell M(l) | Tor the nontrivial G bundles is the same

as the big cell /\/l | for trivial Go-bundles. A detailed description is given in Sect. 3.2.
As by product, We obtained some additional results related to this subject. We describe

a relation between the characteristic classes and degrees of some bundles. In the Ay _1
case this relation is simple. The center of G = SL(N, C) is the cyclic group uy =
Z/NZ. The cohomology group H*(%, Z(SL(N, C))) is isomorphic to 1. Represent
elements of wy as exp N Lj, j=1...,N — 1. Let ¢ be a generator of uy. Consider
a principal PGL(N, C) bundle with the characteristic classes ¢. It cannot be lifted to a
SL(N, C)-bundle, but can be lifted to a GL(N, C) bundle. The degree of its determinant

bundle degE is —1 and ¢ = exp (—@) = exp (Z%Hd,f %E). We generalize this construc-
tion to other simple groups. To this end for a simple group G we define its conformal
version CG (Definition 3.2). In particular, for the symplectic and orthogonal groups
their conformal versions are groups preserving (anti)symmetric forms up to dilatations.
It allows us to relate the characteristic classes of G-bundles to degrees of the determinant
bundles of CG (Theorem 3.1).

We introduce a special basising = Lie G.Inthe Ay_1 caseitis the basis of the finite-
dimensional sin-algebra [18], generated by the t’Hooft matrices Q, A (QAQ'A™! =
exp (%)). We call it the generalized sin (GS) basis and use it in the context of integrable
systems.

2. Integrable systems. Generically, the Hitchin systems come up as a result of the Ham-
iltonian reduction of the cotangent bundles to the stable holomorphic bundles [27]. The
Higgs bundles are a result of the reduction. If the Riemann surface has not marked
points the Higgs bundles are cotangent bundles to the moduli space of stable holomor-
phic bundles. For bundles with quasi-parabolic structures the Higgs bundles are principal
homogeneous spaces over cotangent bundles to the moduli spaces. After the reduction we
obtain an integrable system in the Lax form, with the Lax operator given by the Higgs field
where the spectral parameter plays the role of a local coordinate on the Riemann surface.

Using the above construction we find that the Hitchin systems have different sectors
corresponding to characteristic classes. It means down to earth that the Lax operators
have different quasi-periodicities, corresponding to (1.3).
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Table 2. Integrable systems corresponding to different characteristic classes of SL(N) bundles

1 2 3
¢ 1 exp (= 22y N = pi exp (271)
System SLy-CM system SL;-CM-system + interacting SL; EA-tops SLy-EA-top

In the elliptic case we describe the Lax operators explicitly.! Using the above
construction we describe a new class of the finite-dimensional classical completely
integrable systems related to simple Lie groups with nontrivial centers. They are gen-
eralizations of the elliptic Calogero-Moser systems, in general with spin degrees of
freedom. Calogero-Moser systems (CM) were originally defined in quantum case by
Francesco Calogero [11] and in classical case by Jurgen Moser [47], as an integrable
model of one-dimensional nuclei. Now they play an essential role both in mathematics
and in theoretical physics.?

Their generalizations as integrable systems related to simple Lie groups has a long
history. It was started more than thirty years ago [54], but the classical integrability
was proved there only for the classical groups. It was done later in [8,28]. They are
the so-called spinless CM systems. The case of the A,_1 type (SL(n)) systems is very
special. The integrability of these systems for rational and trigonometric potentials has
a natural explanation in terms of Hamiltonian reduction [32,55]. Later this approach
was generalized for a wide class of classical integrable systems - the so-called Hitchin
systems [27]. It was realized in [14,26,36,46,53] that the A,,_; type CM systems with
elliptic potential are particular examples of the Hitchin systems. Note, that long before
these works the Lax matrix with a spectral parameter for the elliptic CM system was
constructed by Krichever [34].

From the point of view of the Hitchin construction it is more natural to consider CM
systems with spin, introduced in the A,_; case in [24,64].3 Their description for all
simple Lie algebras can be found in [45].

As we said, the standard classification of the CM systems is based on topologically
trivial bundles. As a result we obtain a classification of the Modified Calogero Moser
(MCM) systems related to topologically non-trivial bundles. Some particular examples
related to SL(NV, C) are known. If the characteristic class of the bundle { = exp (—%),
then instead of the interacting CM particles we get the Euler-Arnold (EA) top [2] related
to SL(N, C) [33,35,57]. This top describes the classical degrees of freedom on a vertex
in the vertex spin chain. The corresponding classical » matrix is non-dynamical [5]. But
if N = pl there exists an intermediate situation [43] described in column 2 (Table 2):

In this paper we construct Lax operators, quadratic Hamiltonians and corresponding
classical dynamical r-matrices for any simple complex Lie group G with a non-trivial
center and arbitrary characteristic classes ¢ € H 2(2;, Z(G)). The obtained elliptic
r-matrices complete the list [17,45], because the dynamical parameters belong to the
Cartan subalgebra $o C H¢. This type of r-matrices in the trigonometric case were
constructed in [16,59], using an algebraic approach.

In fact, £ is the same Cartan subalgebra that participates in the definition of the mod-
uli space (1.6). Let us explain this phenomena. The phase space of the Hitchin systems

! For simplicity we consider only one mark point. For many marked points we come to generalized Gaudin
systems.

2 The mathematical aspects of the systems are discussed in [15].

3 The spinless CM systems considered in [8,28] were described as some sort of Hitchin systems in [29].
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is the moduli space /\/lgn of the Higgs bundles over a curve X, with the quasi-parabolic
structure at n marked points. It is a fibration over the moduli space Mg of the Higgs

bundles over the compact curve . The base Mg can be interpreted as the phase space
of interacting particles. It is the cotangent bundle to the moduli space My holomorphic
bundles over X. The fibers Mgﬂ — Mg are coadjoint G-orbits located at the marked

points. The coordinates on the orbits are called the spin variables.* If the number of the
marked points n = 1 and the G-bundle over the elliptic curve has a trivial characteristic
class, then the spin variables can be identified with angular velocities of the EA top
related to G. The inertia tensor of the top depends on the coordinates of CM particles
related to the same group G. The configuration spaces of particles are the quotient of
the Cartan algebra as in (1.7). It is the space of dynamical parameters of 7.

For the non-trivial bundles the configuration space of particles is a quotient of the
Cartan subalgebra 9o C $ and the dynamical r-matrix depends on variables belonging
to §o. The integrable system looks like interacting EA tops with parameters depending
on coordinates of the CM system related to Go. For this reason we call Go the unbroken
subgroup (see Table 1).

Solutions of (1.4) allow us to define the Lax operators and the classical dynami-
cal r-matrix for non-trivial bundles. We prove that the r-matrices satisfy the classical
dynamical Yang-Baxter equation [20]. We describe the Poisson brackets for matrix ele-
ments of the Lax operators in terms of the classical dynamical r-matrix as was done
in [3,7,10,19,20,45,62], where the systems corresponding to the trivial bundles were
considered.

It is worthwhile to emphasize that for the standard CM systems we deal in fact with
a few different systems. More exactly, we have as many configuration spaces as a num-
ber of non-isomorphic moduli spaces. It amounts to existence of different sublattices
in the coweight lattice containing the coroot lattice. A naive explanation of this fact is
as follows. The potential of the system has the form > e ((u, «)), where u is a coordi-
nate vector, the sum is taken over positive roots o, and ¢ is the Weierstrass function.’
Adding to u any combination y; + y»7, where y; € QV-coroot lattice, does not change
the potential, because g ((u, «)) is doubly-periodic on the lattice TZ @ Z and (y, «)
is an integer. Thus, the configuration space is the quotient $/(t QY & QV). It is the
largest configuration space. But we can harmlessly shift as well by the coweight lattice
TPV @ PV. Then we come to a different configuration space (the smallest one). For
An_1 root systems we describe in this way the SL(N, C) and PSL(N, C) CM systems.
Their configuration spaces are different, while the Hamiltonians are the same. Evidently,
this fact becomes important for the quantum systems. The same is valid for the systems
with non-trivial characteristic class. But now one should consider the lattices related to
the unbroken subgroups.

Finally, we should mention the following fact. As we said the obtained integrable
systems correspond to different sectors of the Higgs bundles. It turns out that in spite
of the apparent distinction, corresponding to Lax operators and the Hamiltonians, the
integrable systems are symplectomorphic. These symplectomorphisms are not smooth
but singular, and in this way change the topological type of the bundle. In particular,
the MCM systems are symplectomorphic to the standard spin CM systems. The symp-
lectomorphisms are provided by the so-called Symplectic Hecke Transformation [35].

4 For elliptic curves the phase space of the spin variables is a result of a Hamiltonian reduction of the
coadjoint orbits with respect to the action of the Cartan subgroup.

5 In what follows we use the second Eisenstein function E>(z). It differs from g on a constant.
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In terms of the Lax operators the symplectomorphisms are defined by acting on them
by special singular gauge transformations. A particular example of such transformation
establishing an equivalence of the SL(N, C) CM system and the SL(N, C) EA top was
given in [35].

In the theory of integrable models of statistical mechanics this Hecke transformation
defines a twist providing a passage from the so-called IRF type models to the Vertex
type models. The isomonodromic deformations problem corresponding to the Hitchin
systems [36] on elliptic curves relates the Painlevé VI equation and the nonautonomous
Zhukovsky-Volterra gyrostat [37,38]. The field (1+1) generalizations of the Hitchin-
Nekrasov (Gaudin) models are discussed in [35,39]. In terms of a gauge field theory
the Hecke transformation can be explained as a monopole solution of the Bogomolny
equation [31]. Details can be found in [40].

In our next publications we plan to obtain the quantum dynamical elliptic R-matrices
[41] and Knizhnik-Zamolodchikov-Bernard equations [42] corresponding to the non-
trivial characteristic classes of GL(/, C)-bundles.

2. Holomorphic Bundle

Global description of holomorphic bundles. Let G be a complex simple Lie group and
K its maximal compact subgroup. According to Narasimhan and Seshadri [52] (see also
[58]) stable holomorphic G bundles over a Riemann surface X, of genus g arise from
flat K-bundles over ¥,. Then the stable holomorphic bundles can be described in the
following way.

Let 1 (Xg) be a fundamental group of X, . It has 2¢ generators {ay, by} , correspond-
ing to the fundamental cycles of X, with the relation

8
[1Pa. a1 =1, @2.1)
a=1

where [by, ay] = byagby la(; lis the group commutator.

Consider a finite-dimensional representation 7 of G inaspace V. Let P be a principal
G-bundle over X,. We define a holomorphic vector G-bundle £ = P x g V (or in more
detail Eg or EG(V)) over X,. The bundle Eg has the space of sections I'(Eg) = {s},
where s takes values in V. Let p be a homomorphism from 71 (X,) to G. The bundle

E is defined by transition matrices of its sections. Let z € X, be a fixed point. Then

s(agz) = w(p(an))s(z), sbpz) = w(p(bp))s(z). (2.2)

Thus, the sections are defined by their quasi-periodicities. Due to (2.1) we have

g
[Tto®e). plau)1 = 1d. (2.3)

a=1

The G-bundles described in this way are topologically trivial. To consider a less triv-
ial situation assume that G has a non-trivial center Z(G). Let ¢ € Z(G). Replace (2.3)
by

8
[Tto®e), plan) =¢. (2.4)

a=l1
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Then the pairs (o(aq), p(bg)), satisfying (2.4), cannot describe transition matrices of
the G-bundle, but can serve as transition matrices of the G% = G /Z(G)-bundle. The
bundle E¢ in this case is topologically non-trivial and ¢ represents the characteristic
class of Eg. It is an obstruction to lift the G* bundle to the G bundle. We will give a
formal definition in Sect. 4.

The transition matrices can be deformed without breaking (2.3) or (2.4). Among
these deformations are the gauge transformations

plag) = f'plax)f. p(bg) — ' pbp)f. (2.5)

The moduli space of stable holomorphic bundles M is the space of transition matrices
defined up to the gauge transformations. Its dimension is independent on the character-
istic class and is equal to

dim (M,) = (g — 1) dim (G). (2.6)

It means that the nonempty moduli spaces arise for the holomorphic bundles over
surfaces of genus g > 1.

To include into the construction the surfaces with ¢ = 0, 1 consider a Riemann
surface with n marked points and attribute E with what is called the quasi-parabolic
structure at the marked points. Let B be a Borel subgroup of G. We assume that the
gauge transformation f preserves the flag variety FI = G/B. It means that f € B at
the marked points. It follows from (A.25),

dim (Mg.) = (g — 1) dim (G) + n dim (FI)
rank G
= (g~ Ddim(G)+n > (d;—1). Q2.7)
j=I

In the important for applications case, g = 1, n = 1 dim (M 1) = dim (FI).

Local description of holomorphic bundles and modification. There exists another
description of holomorphic bundles over X,. Let wq be a fixed point on X, and Dy,
(Df;o) be a disc (punctured disc) with a center wg with a local coordinate z. Consider a
G-bundle Eg over X,. It can be trivialized over D and over X,\wo. These two trivi-
alizations are related by a G transformation 7 (g) holomorphic in Dy , where Dy, and
¢ \wo overlap. If we consider another trivialization over D then g is multiplied from
the right by 2 € G. Likewise, a trivialization over X, \wy is determined up to the mul-
tiplication on the left ¢ — hg , where h € G is holomorphic on Xz\wq. Thus, the set
of isomorphism classes of G-bundles is described as a double-coset

G (2 \wo)\G(Dyy)/ G(Duy), (2.8)

where G (U) denotes the group of G-valued holomorphic functions on U.
To define a G-bundle over X, the transition matrix g should have a trivial monodr-

omy around wq g(ze>™') = g(z) on the punctured disc Dy, . But if the monodromy is
nontrivial

g(ze"™) = ¢g(2), ¢ € 2(G),
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then g(z) is not a transition matrix. But it can be considered as a transition matrix for
the G%-bundle, since G = G /Z(G). This relation is similar to (2.4).

_ Our aim is to construct from a bundle E with a fixed characteristic class a new bundle
E which can have a different characteristic class. This procedure is called a modification
of the bundle E. The modification is trivial if the characteristic class is not changed. The
modification is defined by a singular gauge transformation at some point, say wy. Since
itis alocal transformation we replace X, by a sphere X9 = CP !, where wy corresponds
to the point z = 0 on CP!. Since z is a local coordinate, we can replace G (X ¢\wp) in
(2.8) by the group G (C((z))). Itis the group of Laurent series with G valued coefficients.
Similarly, G (D) is replaced by the power series G(C[[z]]). Then instead of (2.8) we
have

G(CIlz " IN\G(C((2)))/ G(CII=ID). (2.9)

Replace g(z) by g(2)h(z), where h(z) can be singular at z = 0. It is a singular gauge
transformation mentioned above. Due to (2.9), h(z) is defined up to the multiplication
from the right by f(z) € G(C[[z]]). On the other hand, as the original g(z) is defined
up to the multiplication from the right by an element from G (C[[z]]), & (z) is an element
from the double coset

G(ClzID\G(C((2)))/ G (C[[z]D.

In particular, A (z) is defined up to a conjugation. It means that as a representative of
this double coset one can take a co-character (A.35) h(z) € t(G),

g(@) — g(@)z", (Z¥ =e(n(zy))), (e(x) =exp(2mwix)), (2.10)

where y belongs to the coweight lattice (y = (my,m3,...,m;) € PY) (A.12).
The monodromy of z” is exp —(271y). Since (a, y) € Z for any x € g we have
Adexp —2m1y)X = X. Then exp —(2m1y) is an element of Z(G) (A.39). If the transi-
tion matrix g(z) defining E has a trivial monodromy, the new transition matrix (2.10)
acquires a nontrivial monodromy. In this way we come to a new bundle E with a non-
trivial characteristic class. The bundle E is called the modified bundle. 1t is defined by
the new transition matrix (2.10). If y € QV, then ¢ = 1 and the modified bundle E has
the same type as E.

This transformation of the bundle E corresponds to the following transformations of
its sections E:

r(E) W T(E), E@) ~n@™, .. .M. .11
We say that this modification has a type y = (m1, ma, ..., m;). Another name of the

modification is the Hecke transformation. It acts on the characteristic classes of bundles
as follows:

E(y) : Ing(E) = In¢(E) = In¢(E) +2miy, y € PY. (2.12)

Consider the action of modification on sections (2.11) in more details. Let V be a
space of a finite-dimensional representation 7w of G with a highest weight v and v;
(j=1,...,N)isaset of its weights

v =1v— Z c;'?otm, c]]‘- e, c]; > 0. (2.13)

ayell
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It means that for x € $ m(X)|v;) = (X, v;)|v;). The weights belong to the weight
diagram defined by the highest weight v € P of . The space V has the weight basis
(|vf]),..., |va”)) inV,wheres; =1,...,mq,...sy =1,....,myandmy, ..., mpy
are multiplicities of weights. Thus, M = dim V = > m.

Let us choose a trivialization of E over D by fixing this basis. Thereby, the bundle
E over D is represented by a sum of M line bundles £1 & Lo & ... & Ly,. The Cartan
subgroup 7 acts in this basis in a diagonal way: for s = (|vf1 ) S |va”)),

7 (h) : |v‘;-") — e(x, uj>|v‘;-’>, h=e(x), xe9, (e(x)=-exp2rix)).

Assume for simplicity that in (2.10) g(z) = 1. Then the modification transformation
(2.11) of the sections assumes the form

E(y) : |v;j) — z<y'”f>|v;j), j=1,...,M.

It means that away from the point z = 0, where the transformations are singular, the
sections of E are the same as of E. But near z = 0 they are singular with the leading
terms |V;I> ~ Zf(}’)]}j).
It is sufficient to consider the case when y = ;" is a fundamental coweight and 7
is a fundamental representation v = w@y. Then from (2.13) we have
Z<Vs”j) — Z(w,'v,wkfzamgn c;'nam>'
The weight @y can be expanded in the basis of simple roots @y = >, Agmm, Where

A ji is the inverse Cartan matrix (A jrax; = d;;). Its matrix elements are rational numbers
with the denominator N = ord (Z). Then from (A.12),

) 1
Vil ~ a8 e 7.

Note, that the branching does not happen for G%?-bundles, because the corresponding
weights v; belong to the root lattice Q and thereby (y, v;) € Z.

Itis possible to go around the branching by multiplying the sections on a scalar matrix
of the form diag(z =4, ..., z~4i). This matrix no longer belongs to the representation
of G, because it has the determinant z =4t (M = dim V). It can be checked that M A;
is an integer number.

If G = SL(N, C) the scalar matrix belongs to GL(N, C). Thereby, after this trans-
formation we come to a GL(N, C)-bundle. But this bundle is topologically non-triv-
ial, because it has a non-trivial degree. In this way the characteristic classes for the
SL(N, C)-bundles are related to another topological characteristic, namely to degrees
of the GL(N, C)-bundles. We describe below the similar construction for other simple
groups.

3. Holomorphic Bundles over Elliptic Curves

Hereinafter we consider the bundles over an elliptic curve, described as the quotient
¥ ~C/(zCe® C), Imt > 0). There are two generators of the fundamental group
corresponding to the shifts z — z+ 1 and z — z+ 7. Let G be a complex simple Lie
group. Sections of a G-bundle Eg (V) over X; satisfy the quasi-periodicity conditions
(2.2)

s@E+1D) =m(Q)s(2), siz+71)=7n(A)s(2), (3.1)
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where Q, A take values in G. A bundle E is equivalent to E if its sections § are related
tos as 5(z) = f(2)s(z), where f(z) is an invertible operator in V. It follows from (3.1)
that the transition operators, have the form

O=fz+DOf (1), A= fGz+DAf (). (3.2)

As we have mentioned, the moduli space M , is the quotient space of pairs (Q, A)
with respect to this action. In what follows we consider the simplest case n = 1, though
our construction is applicable for arbitrary n.

The transition operators define a trivial bundle if [Q, A] = Id. Let ¢ be an element
of Z(G). To come to a nontrivial bundle we should find solutions A, @ € G of the
equation

AQATIO ! =¢. (3.3)

It follows from (A.38) that the r.h.s. can be represented as { = e(—w "), where
@ € PV (A.12). Then (3.3) takes the form

AOAT'O N =e(—wY), (e(x)=exp(2mix)). (3.4)

It follows from [52] that the transition operators can be chosen as constants. There-
fore, to describe the moduli space of stable holomorphic bundles we should find a pair
Q, A € G satisfying (3.4) and defined up to the conjugation

A— fAfTY, Q= fOf L (3.5)

Let G = G be a simply-connected group. Let us fix a Cartan subgroup He C G.
Assume that Q is semisimple, and therefore is conjugated to an element from H 5. We
will see that by neglecting non-semisimple transition operators we still define a big cell
in the moduli space. Our goal is to find solutions of (3.3), where Q is a generic element
of a fixed Cartan subgroup H C G.

Algebraic equation.

Proposition 3.1. Solutions of (3.4) up to the conjugations have the following descrip-
tion:

o The element A has the form A = A°V, where A is defined uniquely by the coweight
zzr]\/ (A = A(}). It is an element from the Weyl group W preserving the extended
coroot system T1V*" = I1V U «f, and in this way is a symmetry of the extended
Dynkin diagram. V € H 5 commutes with A,

ee The element Q has the form Q = o%U, where

\%

QO =exp 2mik, Kk = '07 €9, 3.6)

where h is the Coxeter number, p¥ = % Davervys @ and U commutes with A0.0

Proof. In (3.6) k can be chosen from a fixed Weyl chamber (A.9). From (A.34) and
(A.36) we find that if k9 € QV then e (ko) = Id. Therefore, by shifting xk — « + v,
y € QV, k can be putin Cy. (A.16). Rewrite (3.3) as

6 The first statement can be found in [9] (Prop. 5 in VL.3.2). We give another proof because it elucidates
the proof of the second statement.
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AQAT' =70, ¢ =e(-8). (3.7)

Here A is defined up to multiplication from H and we write it in the form AV,
VeHs.

Lemma 3.1. There exists a conjugation f (3.5) such that Q — Q and A°V — A"V,
and A°V; = V; A,

Proof. Letustake f € Hg. Then f preserves Q. Itacts on the second transition operator
as

A = FAD Y = A0AY) T A Ty,

Define V; as Vi, = (A®)"!' fA? =1V, Our goal is to prove that there exists such f
that V;, commutes with A°. In other words, fA?f=1V = AD)~TfAOF=TV AL Let
V=eX), f=e(y),X,y e, A= Ad,o. Then the commutativity condition takes the
form (A — Dx = A~ = Dy + (L — Dy.

Let [ be an order of A°, ((A”)! = 1). Then a solution of this equation is given by a
sum

l

y = ;Ziki(x).

i=1

Thus A° and V defines V;, = e(p) commuting with A?, where p is the average along
the A-orbit

-1
1 i
p= 7;;/\ x). (3.8)

On the next step we find AY. Rewrite (3.4) in the form
AMr) =k — &, E:wjv, A = Ady, (3.9

where k € Cy.. Define a subgroup I'c,,, of the affine Weyl group W), (A.18) I'c,,. C W,
that preserves Cy. (A.17). It acts by permutations on its vertices (A.17). Equivalently,
I'c,,. acts by permutations of nodes of the extended Dynkin graph. The face of Cg.
belonging to the hyperplane (c;, x) = 0 contains all vertices except @,” /n;. Similarly,
the face belonging to the hyperplane («g, x) = 1 contains all vertices except 0. By this
duality the permutations of vertices by g = (A, &) € I'c,, correspond to permutations
of the faces, and in this way to permutations of the coroots ITV¢’,

Instead of (3.9) consider A(Cyic) + & = Cgic. The left-hand side of this equation is
a transformation g = (A, &) € I'c,,.. Letus take £ = @ jv, where zzrjv is a fundamental

alc

coweight that is a vertex of Cy (n; = 1in (A.17)). Remember, that only these wjv

define nontrivial elements of the quotient PV /Q". Then we have

2j(Cate) = Cate — @} = Cyy... (3.10)

The node 0 of C ;l . 18 an image of the node w}/ of Cgy, after the shift. Let us define A ;.

The Weyl group W action on the Weyl alcoves that contains 0 is simple transitive. There-
fore, there exists a unique ; € W such that 1;(Cyc) = C),.. Then (%], wjv) elc

ale
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defines a transformation of C., which is a permutation of its vertices (A.17) such that
w}/ — 0. Taking into account the action of I'c,,. on the extended Dynkin graph we find

o k#E]j

g k= o, oy € T1. 3.11)

A (o) =
Thus, taking § = &} we find A ;.
Fixed points of the I";;.-action are solutions of (3.9). It will give us « and in this way
Q. Let us prove that a particular solution of (3.9) is

,OV
=—, 3.12
o= (3.12)
where 4 is the Coxeter number (A.8). Equation (3.9) is equivalent to
(K,)»j-(ak))z(/c,ak)—Sjk, arell,k=1,...,1 (3.13)

Since p¥ = Zﬁn: | @, (see (A.13)) for k # j (3.13) becomes a trivial identity. For
k = j using (A.7) we obtain —% an=1 Ny — % = —1. It follows from (A.8) that it is
again identity.

An arbitrary solution of (3.9) takes the form

pv
K= 7+q, qe€ Ker(Aj —1).

In other words, the Weyl transformation A ; should preserve q.

Thus, taking in (3.3) ¢ = exp —(2m’w/v) we find solutions (A ; = A? Vi, Q), where

A? is a symmetry of the extended Dynkin graph corresponding to wjv and

\%

Q = exp 2m'('07+q). (3.14)

The pair (p, q) (3.8), belonging to the Cartan subalgebra §), plays the role of the
moduli parameters of solutions to (3.4). O

Remark 3.1. For Spin(4n) there are two generators {1 and { of Z(Spin(4n)) ~ u2 @
o corresponding to the fundamental weights @,, @} of the left and the right spinor
representations. Arguing as above we will find two solutions A, and Ap, of (3.4), while
Q is the same in both cases.

Consider a group G, (G DG DGy andlet A, Q € G. Letus choose & = @ such
that it generates the group 7(G) of co-characters #(G) = Plv (A.33), (A34) t(G) =
w+QY, lw € QY. Then¢ = e (—w) is a generator of center Z(G) ~ PV /t(G) = w;
(see (A.38)). Arguing as above we come to

Proposition 3.2. e The element A is defined by the coweight w" € W. It is a symmetry
of the extended Dynkin diagram. A is defined up to invariant elements from Hg.
oo Let

AMG)—-1)q=0, qe 9, AMG)=AdxrqG)- (3.15)
A general solution of (3.4) is
oV
="—+q, 3.16
K ;A +q ( )
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Therefore, the group of cocharacters 7(G) defines a Weyl symmetry A%G) of the
extended Dynkin diagram IT¢** such that (A®)!(G) = Id.

A(G) and Q play the role of transition operators of G-bundles over X.. A generator
¢ = e(w) defines a characteristic class of the bundles. It is an obstruction to lift the
G-bundle to the G-bundle.

Remark 3.2. If ¢ € QY then ¢ = Id. It means that we can take & = 0 as a representative
of PY/QV. Then A = 1 (see (3.10) and Ker (A — 1) = . In this case the bundle has a
trivial characteristic class, but has holomorphic moduli defined by the vector q € . The
corresponding Higgs bundle over X, /(z = 0) defines the elliptic spin Calogero-Moser
system.

The moduli space. We have described a G-bundle Eg (V) by the transition operators
(A =A%e(p),Q=ce ("’h—v +q), where AY corresponds to the coweight @V € PV.
The topological type of E is defined by an element of the quotient P /t(G). Let us
transform (A, Q) taking in (3.2) f = e (—qz). Since f commutes with A we come
to new transition operators Q = e (k +q) — Q = e (k), A — Al (p — qr). Denote
p—qr = @.” Then sections of Eg (V) assume the quasi-periodicities

s(z+1)=n(e(k))s(z), sz+1)=m(e (ﬁ)AO) s(2). (3.17)
Thus, we come to the transition operators
O=e(), A=e@A". (3.18)

Here 1 plays the role of a parameter in the moduli space. In this subsection we describe
it in details.

Trivial bundles. Consider first the simplest case A = Id and u € ) (see Remark 3.2)).
It means that E has a trivial characteristic class. The transition transformations 7 (e (k)),
7 (e (u)) lie in the Cartan subgroup Hg of G. B B

Consider first a bundle E ; for a simply-connected group G. Since 1 (G) ~ Q" (A.36)
and due to (A.34), e(u+y) = e(u) for y € QV. Taking into account that u lies in
a Weyl chamber we conclude that in fact u € Cy. as it was already established. Now
apply the transformation e (y z),

s(z) > w(e(yz)s(2), y € 0. (3.19)
The sections are transformed as
s(z+1)=mn(e(k))s(z), sz+1)=m(e(u+y1))s(z). (3.20)

Thus, transition operators, defined by parameters u and u + ty; + 32 (y12 € QV),
describe equivalent bundles. The semidirect product of the Weyl group W and the lattice
QY @ QV is called the Bernstein-Schwarzman group [6],

Wps =W x (10" @ Q).

7 We will write 1 for nontrivial bundles reserving u for trivial bundles.
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Thereby, u can be taken from the fundamental domain C©9 of Wys. Thus,

CG9 = §/ Wpy is the moduli space of trivial G — bundles. (3.21)

Consider the G bundle and let e (u) € G%. In this case e (y) = 1 if y € PV
(A.36), (A.34). Define the group

Wil =W x (tPY @ PY).

As above, we come to the similar conclusion:

€@ = §/ W44 is the moduli space of trivial G4 — bundles. (3.22)

Consider a coweight @ € PY such that [ € QV, the coweight lattice P, =
Zw" & Q" (A.37). Thus, PY/P ~ ;. Consider a group G; (A.29). The coweight
sublattice Plv is the group of its cocharacters 7(G;) (A.33). Representations of G; are
defined by the dual to #(G;) groups of characters I'(G;) (A.30). The dual to PIV lattice
P, C P has the form

P, =Z2w +Q, pw <€ Q.
By means of P, define the affine group of the Bernstein-Schwarzman type
Wit =W x P’ @ PY).

Making use of the gauge transform e (yz) € Gy, (y € Plv) we find that

ch =g/ ng)« is the moduli space of trivial G; — bundles. (3.23)

Consider the dual picture and the lattice P))". It is formed by Q" and a coweight @ ¥,
P/ =Zw’+Q", pw’ e Q"

The lattice PIY plays the role of the group of cocharacters for the dual group “G; =
G, = G/u p» (A.29), while P; defines characters of G ,. Again by means of the group,

Wi =W x (P) ® P)1),

we find that

cP =g/ Wl(;ps) is the moduli space of trivial G, — bundles. (3.24)

Thus, for the G, G;, G p» Gaq trivial bundles we have the following interrelations
between their moduli space

cw (3.25)
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Here arrows mean coverings. Note that C o) c@d) and as well as CO, CP) are dual
to each other in the sense that in defining them the lattices are dual.
Let FI be a flag variety located at the marked point. In this way we have defined

a space ./\;11,1 = (C% Fl) (a = (sc), (1), (ad)) related to the moduli space of triv-
ial bundles over X; with one marked point. But we still have freedom to act on FI
by constant conjugations from the Cartan subgroup H“. Thus, eventually we come to
M?,l = (C% FI/H?). It has dimension M 1 (2.7). It is a big cell in M 1. In our
construction we have excluded non-semisimple elements Q.

Nontrivial bundles. Consider a general case A # I d It was explained above that A”
corresponds to some characteristic class related to @ € PV, and w" ¢ QV. In this
caseu € K er(A — 1), and in fact 1 € Cy N Sjo, where f)o is the invariant subalgebra

A(Ho) = 560 There is a basis in o defined by a system of simple coroots 1Y (see
Sect. 5.4). Moreover, the corresponding root system defines a simple Lie algebra gg.
Let W be the Weyl group W of the root system R = R(I),

={we W|w(R) =R}, (3.26)

and

P
OV ={y=> m/, mec) (3.27)

j=1
is the coroot lattice generated by TV (5.26). Consider first E¢ bundles. As above,
e(i+y) = e(),y € QY. The automorphism (3.19) for y € 0" commutes with
A. Thus,uand U+ 1ty +92 y12 € QV define equivalent G-bundles. Consider the

semidirect products

Wes=Wx QY& 0Y). (3.28)

The fundamental domain in f) under the WBS action is the moduli space of G-bundles
with characteristic classes defined by @ ",

Cc =9 / Wpgs is the moduli space of nontrivial G — bundles |. (3.29)

Consider E ;aa-bundles. Let zfrjv be fundamental coweights ((zﬁ}/, ay) = d8jx) and

P
={y=> m&;]. mjel) (3.30)
j=1

is the coweight lattice in 0. Define the semidirect product
Wil =W x (tPY @ PY). (3.31)

A fundamental domain under its action

= o / Wg  is the moduli space of nontrivial G — pundles (3.32)

is amoduli space of a G _bundle with characteristic class defined by w . Iford(Z (G)
is not a primitive number then we again come to the hierarchy of the moduli spaces
similar to (3.25). _

As above the space M?,l = (C%, Fl/Hp) is a big cell in the moduli space of non-
trivial bundles.
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4. Characteristic Classes and Conformal Groups

Characteristic classes. Let Eg be is a principal G-bundle over X. Consider a finite-
dimensional representation of complex group G in a space V and let Eg(V) be the
vector bundle Eg (V) = £ X V induced by V.

The first cohomology H'(Z ¢» G(Ox)) of ¥ with coefficients in analytic sheaves
defines the moduli space M (G, ) of holomorphic G-bundles. Let G be a simply-con-
nected group and G? be an adjoint group. Using (A.28) and (A.29) we write three exact
sequences:

1 > 2(G)) — G(Oyx) — GOx) > 1,
1 - 2 — G(Ox) = G(0x) — 1,
1 - Z(G)) - G1(05) - G (05) — 1,

where G; = G/Z;. Then we come to the long exact sequences

— H'(Z,, G(0x)) — H' (g, G0x)) — HX(Zg, Z2(G)) ~ Z(G)) — 0,
(4.1)

— H'(Z,,G(0x)) - H'(Z,, Gi(0x)) — H*(Z4, Z) ~ iy — 0, (4.2)

— H'(Z,, G1(O5) — H'(Z,, GY(O0x)) — H*(Zg, Z(G)) ~ pp — 0. (4.3)

The elements from H? are obstructions to lift bundles, namely

{(Egad) € Hz(Eg, Z(G)) — obstructions to lift E e — bundle to Ez — bundle,
{(Eg,) € Hz(Zg, Z;) — obstructions to lift £, — bundle to E5 — bundle,
¢V (Egaa) € Hz(Eg, Z(Gy)) — obstructions to lift £ 5.« — bundle to E; — bundle.

Definition 4.1. Images ole (2¢,G(Ox)) in Hz(Eg, Z) are called the characteristic
classes ¢ (Eg) of G-bundles.

Since Z; — Z(G) — Z(Gy). we have the following relations between these character-
istic classes ¢ ¥ (E gad) = ¢ (E gaa) mod Z;, and the characteristic class ¢ (Eg,) coincides
with ¢ (Egad) as an obstruction to lift a Eg,-bundle, treated as a Egas-bundle to a E -
bundle.

Consider a particular case G = SL(N, C), G = PSL(N, C). Then the elements
¢ € Z(SL(N, C)) ~ uy are obstructions to lift PSL(N, C)-bundles to SL(N, C)-bun-
dles. They represent the characteristic classes of PSL(N, C)-bundles. On the other hand,
the exact sequence

1 - O* - GL(N,C) — PGL(N,C) - Id (4.4)
gives rise to the exact sequence of cohomology
H'(Zg, GL(N, C)) — H'(Z,, PGL(N, C)) — H*(Z,, O%). (4.5)

The Brauer group H 2(2, O*) vanishes and, therefore, there are no obstructions to lift
PGL(N, C) ~ PSL(N, C)-bundles to GL(N, C)-bundles. A topological characteristic
of a GL(N, C)-bundle is the degree of its determinant bundle. In the following subsec-
tions we will construct an analog of GL(N, C) for other simple groups. We call them
the conformal groups. The main goal is to relate the characteristic classes to the degrees
of some line bundles connected to the conformal groups.
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Conformal groups. Here we introduce an analog of the group GL(N, C) for other simple
groups apart from SL(N, C). Let

¢ : 2(G)— (C*) (4.6)

be an embedding of the center Z (G) into an algebraic torus (C*)" of minimal dimension
(r = 1 for a cyclic center and r = 2 for uz x 7). Note that any two embeddings for
Z(G), (G # SL(N, C)) are conjugate from the left: ¢; = A¢; for some automorphism
A of the torus (C*)". For these groups we deal with wy, 3, (4 Or iy X 2. In these
cases nontrivial roots of unity coincide or they are inverse to each other. In the latter
case A 1 x — x~ 1. _ _

Consider the “anti-diagonal” embedding Z(G) — G x €, ¢ (¢, qb(;_)*l),
¢ € Z(G). The image of this map is a normal subgroup since Z is the center of G.

Definition 4.2. The quotient
CG = (G x (C*)") /Z(G)
is called the conformal version of G.

Similarly the conformal version can be defined for any G with a non-trivial center.
If the center of G is trivial as for G then CG = G x C*.

The group CG does not depend on embedding in C" due to above remark about
conjugacy of ¢’s. We have a natural inclusion G C CG.

Consider the quotient torus Z¥ = (C*)" /Z(G) ~ (C*)". The last isomorphism is
defined by A — A" for cyclic center and (L1, A2) — (A3, A3) for Dyen. The sequence

1-G—>CG—2Z¥ -1 4.7
is the analogue of
1 — SL(N,C) - GL(N,C) - C* — 1.

On the other hand, we have embedding of (C*)" — CG with the quotient
CG/(C* = G Then the sequence

1— (C*) - €G- G — 1 (4.8)
is similar to the sequence
1 —- C* — GL(N,C) — PGL(N,C) — 1.

Let 7 be an irreducible representation of Gand x bea character of the torus (C*)".
It follows from (4.7) that an irreducible representation 7 of CG is defined as

7 =n X x((C*"), such that Tz =x¢, (@ 4.6)). 4.9)

Assume for simplicity that  is a fundamental representation. It means that the highest
weight v of 7 is a fundamental weight. Let ¥ be a fundamental coweight generat-
ing Z(G) for r = 1. In other words, { = e(zw ) is a generator of Z(G) N =1,
N =ord(Z(G)). Then 7T|Z(c';) acts as a scalar e(z ¥, v). The highest weight can be

expanded in the basis of simple roots v = >"  _; coar. Then the coefficients ¢}, are rows
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of the inverse Cartan matrix. They have the form k/N, where k is an integer. Therefore
the scalar

e(w”,v) = e (Z C&S(wv’a)) (4.10)

aell

is a root of unity. On the other hand, let x,,(C*) = w” (w € C*) be a character of
C*, and ¢(¢) = e (l/N). In terms of weights the definition of 77 (4.9) takes the form

e(m’,v)=e (mwl) It follows from this construction that characters of CG are defined
by the weight lattice P and the integer lattice Z with an additional restriction

m

ml
X (X, w) = exp 27i(y, x)w", (y,w"’) = N +j, yeEP, m,jeZ xe9.

The case Deyen (r = 2) can be considered similarly.

Remark 4.1. Simple groups can be defined as subgroups of GL(V) preserving some
multi-linear forms in V. For examples, in the defining representations these forms are
bilinear symmetric forms for SO, bilinear antisymmetric forms for Sp, a trilinear form
for E¢ and a form of fourth order for E7. In a generic situation G is defined as a subgroup
of GL(V) preserving a three tensor in V* ® V* ® V [25]. The conformal versions of
these groups can be alternatively defined as transformations preserving the forms up to
dilatations. We prefer to use here the algebraic construction, but this approach justifies
the name “conformal version”.

The conformal versions can be also defined in terms of exact representations of G.
Let V be such a representation and assume that Z(G) is a cyclic group. Then CG is a
subgroup of GL(V) generated by G and dilatations C*. The character det V is equal to
A4m (V) “where A is equal to (4.10) for fundamental representations.

For D,yen We use two representations, f.e. the left and right spinors Spin®®. The
conformal group C Spiny is a subgroup of GL(Spin® @ Spin®) generated by Spingy
and C* x C*, where the first factor C* acts by dilatations on Spi nl and the second

. dim (Spink
factor acts on Spin®X. The character det Spin’ (det Spin®) is equal to Allm( ping

dim (Spinf) . . _
(A, ping ), (dim (sznik’R) =% h.

Characteristic classes and degrees of vector bundles. From the exact sequence (4.8)
and vanishing of the second cohomology of a curve H(Z, O*) = 0 with coefficients
in the analytic sheaf we get that any G“¢(O)-bundle (even a topological non-trivial one
with (G (©) # 0) can be lifted to a CG (O)-bundle.

Let V be an exact representation either irreducible or with the sum Spi nl @ Spink
for Dyi. Then from (4.6) one has an embedding of Z(G) to the automorphisms of V

dv : Z2(G) = (C*)" = Autgs (V). 4.11)

In a particular case, when V is a fundamental defining representation the center acts by
multiplication on (4.10). B

Let Prg be a principal CG(O)-bundle. Denote by E(V) = Prg ®c5 V (or
E(Spin® R)) a vector bundle induced by a representation V (Spin’ K for Dyen).
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Theorem 4.1.8 Ler E,; = E(Ad) be the adjoint bundle with the characteristic class
C(Eqq). The image of ¢ (Eqq) under ¢y (4.11) is

exp(—2mideg (E;(V))/dim V) Z(G) —is cyclic,

Pv((Bad)) = [exp(—Zm’deg(E Lr)/22%),

Spingg;
Proof. Consider the commutative diagram

1 1

I I

1 —— 2Y(05) —— ZY(05) —— 1

[ I I

1l —— (0%)" —— CG(03x) —— G905) —— 1

I I I

1l —— Z(G) —— GO3y) — GOy) —— 1

I I [

1 1 1

and the corresponding d1agram of Cech cochains. Let ¥ be a 1- -cocycle with values
in G (Oyx). Consider its preimage as a cocycle with values in CG(Oyx). Due to the
definition of CG this cocycle is a pair of cochains (W, v) with values in G(Ox) and
(0%)" such that ¢y (dW)dv = 1 € (O*), where d is the Cech coboundary operator.
The cohomology class of dW by definition is the characteristic class ¢, so ¢y is opposite
to the class of dv: ¢y (2(Eaq)) = (dv)~'. Since v acts in V as a scalar v4™V it is a
one-cocycle as a determinant of this action. It represents the determinant of the bundle
E(V). In this way v is a preimage of the cocycle v4i™V | taking N = dim (V) power

oW ox ), 5 VN, N =dim(V). O

Consider the long exact sequence

1 - uy — 0 Mot 51, (uy =2/ND).

It induces the map H!(Z, O% ) —H 2(2, un). The cocycle dv lies in the cohomol-

ogy class which is an image of the class of det E(V) = v" under the coboundary
map H' (2, 0*) — H?(Z, uy). Denote it by Invy =Image(det E(V)). Thus, by the
definition, the class of dv equals Invy (det E(V)) = Invy (¢1(E(V))).

The statement of the theorem follows from the following proposition

Proposition 4.1. Let y be a I-cocycle with values in O*. Then Invy(y) =
exp (427i deg(y)).

8 For G = GL(N, C) this theorem was proved in [52].
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Table 3. Degrees of bundles for conformal groups

G v, \%4 deg (E(V))
SL(n, C) @)’ n —1+kn
Sping,+1(C) @, 2" 2711+ 2k)
Mp, (C) @) 2n n(1+2k)
spinj ®(©) A 221 220-2(1 4 2k)
Sping;,42(C) @, 2" 202(1 + 4k)
E6(C) @)’ 27 9(1 +3k)
E7(C) @) 56 28(1 + 2k)

Mp,, (C) is the universal covering of Sp, (C)
(keZ)

Proof. Consider the diagram

0 n or M, 0r — 0
Texp Texp
0 0oy =X 05 —— 0

I I

wmiZ =N oniz

Let y be a 1-cocycle of O%,. By definition its image in H 2(X, ;) is equal to the
coboundary of 1-cochain y /" of 0%, (y!/N)N = y. Let log(y) be a preimage of the
cycle y under an exponential map; log(y) is a 1-cochain of Oy and its coboundary
equals the degree of y times 2mi. As the multiplication by N is invertible on Oy, the

cochain % log(y) is well-defined; due to commutativity of the diagram we can choose
exp (7 log(y)) as y!/V. Hence, the image of y in H?(X, juy) equals the coboundary
of exp (% log(y)) equals exponential of coboundary of % log(y) equals the exponential
of degree of y times 2%

The case r = 2, can be analyzed in the same way. The theorem is proved. O

Let as above @ be a fundamental coweight generating a center Z (G) and v is
weight of the representation of G in V. Then it follows from Theorem 4.1 and (4.10)
that

deg (E(V)) =dim (V)(w",v) +k), keZ. (4.12)
Then for the fundamental representations of G we have the following realization of this

formula.
It follows from our considerations that replacing the transition matrix

A A=e(w”, v)(z+ %))A

defines the bundle of conformal group CG of degree (4.12) (Table 3).
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5. GS-Basis in Simple Lie Algebras

We pass from the Chevalley basis (A.20) to a new basis that is more convenient to define
bundles corresponding to nontrivial characteristic classes. We call it the generalized sin
basis (GS-basis), because for the A, case and degree one bundles it coincides with the
sin-algebra basis (see, for example, [18]).

Let us take an element ¢ € Z(G) of order [ and the corresponding A° € W from
(3.3). Then A° generates a cyclic group p; = (A, (AO)%, ..., (A%! = 1) isomorphic
to a subgroup of Z(G). Note that [ is a divisor of ord(Z(G)). Consider the action of A0
on g. Since (A®) = Id we have a [-periodic gradation

_ 2mi
g=@® g0, AMga) = 0"ga, w=exp T k= Ady, (5.1)

(94, 9b] = gasp (mod ), (5.2)

where go is a subalgebra go C g and the subspaces g, are its representations.

Since A € W it preserves the root system R. Define the quotient set 7 = R/w.
Then R is represented as a union of y;-orbits R = U7, 0. We denote by O(8) an orbit
starting from the root 3,

OB) =B, A(B),.... "B, BeT.

The number of elements in an orbit O (the length of O) is I/py = l,, where p, is a
divisor of /. Let v, be a number of orbits Og of the length /. Then § R = > Vely. Note,
that if O(B) has length lg (Ig # 1), then the elements 2K and A¥+8 B coincide.

Basis in £ (A.19). Transform first the root basis £ = {Eg, B € R}in £. Define an orbit
in &,

53 = {Eﬂ, E)L(f}), e, E)J—l(ﬂ)}ﬂ

corresponding to O(B). Again £ = User€5-
For O(p) define the set of integers

Jpo =la =mpy|m € Z, aisdefinedmodl}, (py=1/1y). (5.3)

“The Fourier transform” of the root basis on the orbit O(B) is defined as

-1
1 2
@ = i > W Eung). @ = exp # ae g (5.4)

m=0

This transformation is invertible E;xg) = % Dac; w ke t‘/;—, and therefore there is

the one-to-one map £g < {t‘é, a € Jg}. In this way we have defined the new basis
{t%, (@€l BeT). (5.5)
Since A(Ey) = Ej (), We have for Ae(@) (ii € Ho),

AdA () = e((@, B) — %l)t“-, e(x) = exp (2mix). (5.6)
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It means that t% (B € Tp) is a part of basis in g;_, (5.1). Moreover,

Adg(ty) = e((k, B)t5. (5.7)

This relation follows from (3.7) and (3.14). We also take into account that @ and A
commute in the adjoint representation and e (x) Eqe (—x) = e (x, «) E, for x € 9o.

Picking another element A’ generating a subgroup Zli (I’ # 1) we come to another
set of orbits and to another basis. We have as many types of bases as non-isomorphic
subgroups in Z(G).

The Killing form. Consider two orbits O(&) and O(f), passing through E, and E 8-
Assume that there exists such integer r that « = —\"(8). It implies that elements of
two orbits are related as A" («) = —A™(B) if m — n = r. In other words, —8 € O(a).
In particular, it means that orbits have the same length. It follows from (5.4) and (A.24)
that

2
(5 €2) = Sa, (81120 (ot (ap o (5.8)

where po = 1/ly, and I, is the length of O(@). In particular, (t, {"%) = (i” Ik

In what follows we need a dual basis Tg,

(Thl ’ az) — §(b1+b2,0 (modl))(s 31— gg — :gw, (5.9)
2pa
The Killing form in this basis is inverse to (5.8),
(T TL) = 84,y agy842:0 mod D) ra @1 01),
' 2pa
In particular,
(T4, 379 = (z;)“). (5.10)
o

A basis in the Cartan subalgebra. Almost the same construction exists in £). Again let
A generate the group 11;. Since A” preserves the extended Dynkin diagram, its action
preserves the extended coroot system ITV“"" = IT" U« in §). Consider the quotient
K; = M1V¥*" /. Define an orbit H (@) of length Iy, = [/py in TTY4*" passing through
Ha c l—[\/ext’

H(x) = {Hy, Hy(a), - - - H)Ll—l(a)}, aek = HVext/Ml.
The set [TV is a union of H (&),
(M) = Ugex, H(@).
Define “the Fourier transform”

2mi
Z " Hym(q), @ = exp - c€Ja(53). (5.11)
m 0
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The basis hg , (c € Jy, a € K;) is over-complete in §). Namely, let H (&) be an orbit
passing through the minimal coroot { Hy,, Hj(ag)s - - - » Hyi-1(4)}- Then the element hgo
is a linear combination of elements h° 5 (@ € IT) and we should exclude it from the
basis. We replace the basis ITY in § by

¢ @ ek;=K\H@), c=0
g, (ce o), [&elCl, 20, (5.12)

As before there is a one-to-one map 1Y <> {hg}.
The elements (h%, t2) form the GS basis in g;—, (5.1).

o’ o

The Killing form. The Killing form in the basis (5.12) can be found from (A.23),

(bg’ h%) — 8(a+b,0(modl))_,43’ﬁ, o /3 = B ,3) Zw § aﬁ,;\s(a), (5.13)

where ag g is the Cartan matrix (A.4).
The dual basis is generated by elements .Sf)g,

(ﬁg’ b%) — 8(a+b,0(modl))8a’ﬂ’ Z(A /3) [»)_ h% o Z(A;%)ﬁga
Bell aell
(5.14)

The Killing form in the dual basis takes the form

(ﬁle ﬁaz) 8(a1+a2 O(modl))( le &2)—1' (5.15)
In summary, we have defined the GS-basis in g,
{t‘é, ¢, (a,B,c,q) are defined in (5.5), (5.12)}, (5.16)
and the dual basis
(T2, 95, (a, B, ¢, @) are defined in (5.9), (5.14)}, (5.17)

along with the Killing forms.

Commutation relations. The commutation relations in the GS basis can be found from
the commutation relations in the Chevalley basis (A.21). Taking into account the invari-
ance of the structure constants with respect to the Weyl group action Cyy,35 = Cq g it
is not difficult to derive the commutation relations in the GS basis using its definition in
the Chevalley basis (5.4), (5.11). In the case of root-root commutators we come to the
following relations:

1§51
, i 25=0 o Canoptyheg. o # —1'B
[t tg] = e b ash (5.18)
Pa 50 pa = —)\’
\[la) 3 a= —\B.
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The Cartan-root commutators are:
-1
1 s 20, A® ,8) o+
Jt ] w” o
[ha 81T Z(; TG P
B (5.19)

x\.m

w—ks (Ol O[) ( )\’Sﬂ) tk+m

0

[95-45] =

Sk

©
Il

Here we denote by & the dual to the simple roots elements in the Cartan subalgebra:
@ B)) = 8. (5.20)

In Sect. 7 for explicit computations with Lax operators and r-matrices, it will be much
more convenient to use the following normalized basis for Cartan subalgebra:

cr_ (@) g & k 2 k
=-——h%, = . 5.21
Do > bor 9o o (5:21)
This reparametrization leads to the following commutation relations:
1 -1
I:hk tm:l - w—kx (a, )leg) flj;m,
ﬂ s=0
o (5.22)
| =
57)]{ tm] —- 71(3‘ (&,)\Sﬁ)tk-‘-m.
[ D2 ;

The following simple formula expresses the decomposition of Cartan element in the
basis of simple roots:

by => (@ Pk, BeR, (5.23)

aell

the connection of dual bases is clear from the following expression:

> @By = (@B N (5.24)

Bell Bell

The Cartan elements have the following symmetry property:
b, = -0k, 9, =-9k (5.25)
Invariant subalgebra. Consider the invariant subalgebra go. It is generated by the basis

(t%, h2) (5.16). In particular, {2} (5.11), (5.12) form a basis in the Cartan subalgebra

Ho C $ (dim Ho = p < n). i
We pass from {bg} to a special basis in H9,

V=la ' |k=1,...,p}. (5.26)
It is constructed in the following way. Consider a subsystem of simple coroots

Iy = 0I""\O(ay) (5.27)
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(see (5.12)). In other words, 1'[1v is a subset of simple coroots that does not contain simple
coroots from the orbit passing through «g. For Ay_1, B, E¢ and E7 the coroot basis
ITY (5.26) is a result of averaging along the A orbits in IT},
-1
& = Hwe, HyeTl. (5.28)
m=1
In the C,, and D, cases this construction is valid for almost all coroots except the
last on the Dynkin diagram (see Remark 10.1 in [48-50]). Consider the dual vectors
O={a|k=1,...,p, (dr,ax’) =2} in $;.
Proposition 5.1. The set of vectors in 5:3;;
= {di|k=1,...,p} (5.29)
is a system of simple roots of a simple Lie subalgebra go C go defined by the root system
R = R(I1) and the Cartan matrix (o, o?jv).
The check this statement case by case is done in [48-50].
Let Ry = R (IT;) be a subset of roots generated by simple roots IT; = M\ O(ayg).
It is invariant under the A action. The root system R of go corresponds to the X invariant
set of Rj. Consider the complementary set of roots R\ R; and the set of orbits

7/ = (R\R)/ . (5.30)
It is a subset of all orbits 7, = R/u;. Therefore, 7} = R U ’Tl’. The A-invariant
subalgebra go contains the subspace
V= {Z agt%, ag € C. (5.31)
fety
Then gg is a sum of go and V,
go=goPV. (5.32)

The components of this decomposition are orthogonal with respect to the Killing form
(5.13), and V is a representation of go. We find below the explicit forms of gg for all
simple algebras from our list.

Let $’ be a subalgebra of § with the basis F)g-l ¢ # 0 (5.11) and f) is a Cartan
subalgebra of go. Then
H=H 9. (5.33)

We summarize the information about invariant subalgebras in Table 4.
In the invariant simple algebra go instead of the basis (bg, t%) we can use the Chev-

alley basis and incorporate it in the GS-basis,
(g, 13} = (fo=(Hzg.& €M, Eg BeR). V=(3BcT). (534

Remark 5.1. Forany & € QV asolution of (3.10) is A = Id. In this case Jo = g and the
GS-basis is the Chevalley basis.

The GS basis from a canonical basis in $. Let (e1, e, ..., e,) be a canonical basis
in 9, ((ej.ex) = Sjk).9 Since A preserves $) we can consider the action of w; on

9 For A, and E¢ root systems it is convenient to choose canonical bases in $) @ C.
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Table 4. Invariant subalgebras gy = gp and go of simple Lie algebras

I Z(G) @/ I, I=ord(A)  go a0

1 2 3 4 5 6 7

ANl (N=pD)  puy oy, YA, N/p slp slp @.1/;11 glp
By %) w,;/ S02n—1 2 so(2n — 1) so(2n)

Coy, (>1) u2 ) Ay 2 so(21) gl

Corsl n2 wy, Ay 2 so2l+1) gl

Dojy1, (0 >1) "4 w2vl+l Ay_» 4 so(2l — 1) so(2l) dso2l) & 1
Dojy1, (0 >1) 4 wlv Dy, 2 so(4l — 1) so(4l) d 1
Dy, (> 2) o ®py w5 Aoy 2 so(2l) so(2l) @ so(21)
Dy, (I >12) wo @ uo w.l\/ Doy 2 so(4l — 3) sodl—2)p 1
Eg 3 o)’ Dy 3 2 s08)®2-1
Eq %) oy €6 2 f4 D1

The coweights generating central elements are displaced in column 3

the canonical basis. Define an orbit of length Iy = [/p, passing through e; O(s) =
{es, A(es), ..., )\'(lil)es)}-
The Fourier transform along O(s) takes the form

-1
1
he = J Z WA (e5), € € Jpy, w= exp( ) (5.35)
where J,, = {¢c = mpy; mod(l) | m € Z}. Consider the quotientC; = (ey, 2, ..., eu)/ .

Then we can pass from the canonical basis to the GS basis,
(e1, €2, ...,en) <— {5, s €C1}.
The Killing form is read of from (5.35),
(51, B2) = 8(5y.52)8 7). (5.36)
Then the dual generators are
nE=h°. (5.37)

The commutation relations in g in this form of GS basis take the form

[h’;l,t’f; - Z TR (B), et (5.38)

[, tkz] = W' Z(a Le)hM 2 if o = —17(B) for some r.

pot\/7

We obtain the last relation from (5.4) and from the expansion hf = PINCAR es)hk.
Alternatively, the same relations can be written as given in (5.18)—(5.19):
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7 Zato O Canop hep. o # —AP

[t 5] =
%war)Z+h o = _)LS,B’
-1 )
1 1o 2(a, A5 B)
k ¢m ks k+m
ot ]: — —— 5,
[h"‘ p [ © (@,a) 7P
s=|
1 & (a, @)
I:f)](;’ tl’é’l] I C()ik“ ( )\5,3) tk+m
! s=0 2

6. General Description of Systems with Non-trivial Characteristic Classes

The Lax operators and symplectic Hecke correspondence. Consider a meromorphic
section @ of the adjoint bundle End Eg ® K, where K is a canonical class. @ is called
a Higgs field. The set of pairs (P, E¢) defines a cotangent bundle to the space of holo-
morphic bundles equipped with a canonical symplectic structure. Evidently, the gauge
transformations (2.5) can be lifted to the cotangent bundle as canonical transformations
with respect to the symplectic form. The hamiltonian reduction of the cotangent bundle
under this action leads to the Higgs bundles Hig(M,). The Higgs bundles are principle
homogeneous spaces over the cotangent bundles to the moduli space of holomorphic
bundles over X,. The Higgs bundles are phase spaces of the Hitchin integrable sys-
tems [27], and the Higgs field becomes the Lax operator L. This construction is valid
for curves with marked points. In this case we deal with the Higgs bundle with quasi-
parabolic structures at the marked points. It implies that the Lax operators have first
order poles at the marked poles with residues belonging to generic coadjoint orbits O.
The coadjoint orbits are affine spaces over the flag varieties mentioned in Sect. 2. The
dimension of the Higgs bundle Hig(My ,) is twice that of dim M, , (2.7),

dim (Hig(M,)) = 2(g — 1) dim (G) +ndim (O).

Below we consider the case g = 1, n = 1. Then the phase space has dimension of a
coadjoint orbit (A.26) 2 Zm”kG — 1). In this case L satisfies the conditions

Lz+1)=QL()Q™", L(z+1t)=AL@@A ", (6.1)
where Q and A are solutions of (3.3), and
9L(z) = S8(z, 7). (6.2)

In other words Res|,—o L(z) = S. These conditions fix L.

To make dependence on the characteristic class { (E¢) explicit we will write L (z)wiv ,
if the Lax matrix satisfies the quasi-periodicity conditions with A = A v, 9, s where

Aw/_v Q. v are solutions of (3.3) with ¢ = e(— wv) w e PY.

The modlﬁcatlon E(y) of E¢ changes the characteristic class (2.12). It acts on L” i
as follows

L7 E(y) = B()L™ Y (6.3)

It is the singular symplectic transformation mentioned in the Introduction.
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The action (6.3) allows one to write down the condition on E(y). Since Lo has a
simple pole at z = 0 the modified Lax matrix L“/ " should have also a simple pole at
z = 0. Decompose L% / and LZJ Y in the Chevalley basis (A.19), (A.20),

/

L7 =Ls@+ D La@Ea, L7 =Lg@+ D La(@)Ea.

aeR a€eR

Expand « in the basis of simple roots (A.2) ¢ = le: 1 f]‘."a j and y in the basis of
fundamental coweights y = le: 1mj w}/. Assume that (y, «;) > 0 for simple «;. In
other words y is a dominant coweight. Then (y, a) = le:l m jn‘}‘ is an integer number,
positive for « € R* and negative for @ € R~. From (2.11) and (6.3) we find

Vi v Vi v
Ly y(z) = LZ’ (2), Ly J/(z) = ey (2)- (6.4)

In a neighborhood of z = 0, L, (z) should have the form

Vv

Laj (Z) — a(y’o”Z*(V,a

) +a(y,a)+127<y’a)+1 +---, (@xeR), (6.5)

otherwise the transformed Lax operator becomes singular. It means that the type of the
modification y is not arbitrary, but depends on the local behavior of the Lax operator. It
allows one to find the dimension of the space of the Hecke transformation. We do not
need it here.

Now consider a global behavior of L(z) (6.1). Then we find that E(y) should inter-
twine the quasi-periodicity conditions

B2+ DQyy = Qoyiy B, 1), B2+ DAgy = Agyyy BV, 2).

For G = SL(N,C),y = wlv and the special residue of L solutions of these equations
were found in [35].

The Lax matrix. Explicit form. Assume that L has a residue at z = 0 taking values in a
coadjoint orbit O C g*,

ResL|z=o=S=Z @a)$? > agl H + zsﬂﬁ 2

aeI‘[ pell BER

_Zse, Zsﬁ(ﬂ 2 (6.6)

BER

We identify g* and g by means the Killing form (A.23), (A.24). Then the coordinates
are linear functionals on g,

= (S. Hy), or S; = (S.¢))). S§ = (S. Ep). 6.7)

The Poisson brackets for Stf’, S), S ﬂg have the same structure constants as g (A.21).
To define a generic orbit O we fix the Casimir functions C;(S).
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Rewrite (6.6) in the dual GS-basis. We use the gradation (5.1) to define the Lax matrix
L) =D La(2), 6.8)

where the zero component is decomposed according to (5.32) Lo(z) = Lo(z) + L] 0(2).
Then

-1 -1
S = Res L|;—0 = Res Lo|;—o + Res L{j|.—0 + Z Res Ly|—0 = So + S + Zsa,

a=1 a=1

where

. ¢ (@, @) (B, B) -e (B, B)
So= X ULl H Y SR,
eR

S @B

= > S s= YN Y st 69

BeT) aek BeT
(see (5.30), (5.31)). Again, as in (6.7), the coordinates are defined as
§D4 = (8,0, S}lé =S, Sé:“‘ =S, t) $9 = (S, Ha), Sg =(S. Ep).
(6.10)
We also will use another basis in £ (5.21). Then
524 = (S, h%) 6.11)

have the structure constants of the Poisson brackets as in (5.18), (5.19), (5.38). We can
pass from one data to another by the Fourier transform introduced above. We rewrite Sg

in terms of a canonical basis (ey, ..., ep) in the invariant Cartan algebra 60,
S—pﬁﬁ- Sﬂ(ﬂﬂ) 6.12
0=2.5Pei+2.5; E_p 6.12)

Jj=l1 BeR

It follows from (5.6), (5.7) and from the definition of the dual basis (5.9), (5.14) that
C c ~ (o c c c .
Ada () = 6(7 — (@, BNTG, Ada(9) = e(;)ﬁ-, (e (x) = exp (27ix)).
In addition, we have

Adg(fj%) = Sﬁ%, Adg(Hg) = Hg, (6.13)
Adg(f%) =e(—(x, B))T%, Ado(Ez) =elk,&)E;. (6.14)

Using (A.14) we obtain (k, @) = f,/h. Then the last relation assumes the form

AdQ(T5) = e (—f3/ TG, Ado(Es) = e (ful h)Eq. (6.15)
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There are also the evident relations:

Adn(Eg) = e (8, @) Egq, Adp(Hg) = H, € 9.

The quasi-periodicity conditions and the existence of pole at z = 0 dictate the form
of the components for a # 0. We define the matrix element of Lax the operator using
¢(u, z) (B.3). Let

a a
gﬂg(x, Z) =€ ((Ka ﬂ)z)(p((X +KT, ﬂ) + 77 Z) =€ (Zfﬂ/h)d)((X’ ﬂ) + ffﬂ/h + 7’ Z)~
(6.16)
The last equality follows from the identity (x, @) = %(pv, o) = fo/h (see (A.14)). It
follows from (B.6) that <pg x,z+1) = e ({k, ﬁ))gpg(x, 2), (pg(x, z+t1)=e(—(x,B) —
DX, 2).
Then from (6.1) we find
_ a4 l—a L.a ~ l—a
L) = _Z SO D95+ 2 Sy e, 0T 4, (6.17)
aeky BeT;
and Lj(2) = Ygep Sypd(—i, 2)%0 .
In the canonical bas1s in $ (5.35), L,(z) takes the form
9, La [—
La2) =S “¢><— Db+ D ST ph(—a T
seC BeT;

It follows from (6.16), (B.4) and (B.5), and that L, (z) has the required quasi-periodicities
and the residues.
We replace the basis on the dual basis using (5.9) and (5.37) and finally obtain

La(z)=ZS‘?’H¢(%Z,Z)hS_“+ZS§’“<P§( AL
SEC] EGT ﬁ

Ly = 5; e (‘; 2y (6.19)
aET’

Consider the invariant subalgebra go. For go we write down the Lax matrix in the
Chevalley basis. Let p < n be a rank of go, (ey, ..., ep) is a canonical basis in $)o, and

E; are generators of the root subspaces. The matrix elements of Ly are constructed by
means of (pg (6.16) and the Eisenstein functions (B.9):

p
Lo@) =D (vj +SPE1@)ej + D S50g(—u. 2) Ej. (6.20)
j=1 BeR
Here v = (vy, ..., v,) are momenta vectors dual tou = (uy, ..., u,). The Lax operator

(6.20) differs from the standard Lax operator related to go:

Lo(z) = Zp,l (vj +S E(2))e; +ZaeR Z¢((—u, a), z) Eg. Itis gauge equivalent
to the previous one after u — u+«. For this reason we call gq the unbroken subalgebra.
The operator Zo(z) has the needed residue (see (B.4) and (B.14)). However, the Cartan
term containing E1(z) breaks the quasi-periodicities (see (B.13)), because there are no
double-periodic functions with one pole on X;. To go around this problem we use the
Poisson reduction procedure.
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The Lax matrix. Poisson reduction. The Lax element we have defined depends on the
spin variables representing an orbit O, on the vector u in the moduli space described in
Sect. 5, and the dual covector v. It is a Poisson manifold P with the canonical brackets
for v, u and the Poisson-Lie brackets for S.

P=T*CxO={ViS}, iecC, SecO. (6.21)

It has dimension dim (O) + 2 dim (§9).

Consider the Poisson algebra A = C°°(P) of smooth function on P. Let € € 9o
and y be a small contour around z = 0. Consider the following function y. =
fy (e, L(v,1,S)) = (e, Sg?), S(? = le Sf)ej. It generates the vector field on P
Ve : L(v,0,S) = {ue, LV, 1,9} =[¢, L(V, 1, S)].

Let A be an invariant subalgebra of A under the V. action. Then [ =
{ucF(V,0,S)| F(¥,a,S) € A} is the Poisson ideal in A™?. The reduced Poisson
algebra is the factor-algebra

Ared — A" T — A /Ho, (Ho = exp $o).

The reduced Poisson manifold P is defined by the moment constraint §2 = 0 and
dim $) gauge fixing constraints on the spin variables that we do not specify,

P =P//Hy = P(S2 = 0)/Hp, dim (P"*?)=dim (P) — 2 dim (Ho) = dim (O).
(6.22)

Due to the moment constraints we come from (6.20) to the Lax operator that has the
correct periodicity. It depends on variables {v, u, S} € pred,

p
L) = D vjej+ D S5el(—u. 2)Eg. (6.23)
j=1 BeR

Here S¥ are not free due to the gauge fixing.

Thus, after the reduction we come to the Poisson manifold that has dimension of the
coadjoint orbit O, but the Poisson structure on P"¢“ is not the Lie-Poisson structure. The
Poisson brackets on P"¢¢ are the Dirac brackets [12,13].

Hamiltonians. To find an integrable hierarchy we construct on the phase space P"¢?
a family of independent commuting integrals. For this purpose consider the ring SV
of invariant polynomials on $) with the basis Py, Pa, ..., P, (A.5). It follows from the
RLL relations (see below (7.8)) that P;(L(z)) generate commuting integrals. They are
double periodic meromorphic functions on X; and thereby can be expanded in the basis
of elliptic functions,

1
o PiL@) =1jo+ lj2Ea @)+ + 1 Ej ().
J

The coefficients 1 jk (0 <k <mj, k#1)become commuting independent integrals.
The highest order coefficients /; ; are the Casimir functions fixing the orbits. The coeffi-
cient /;  vanishes, because there are no double periodic functions with one simple pole.
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The number of remaining coefficients is equal to % dim (©). Thus, on P"*? the system
becomes completely integrable.

Consider the Hamiltonian H = [; o coming from the expansion %Pl(L(z)) =H+
1> 2 E>(z). We represent it in the form

M
H=Hy+H +> Hy M= [é] (6.24)

a=1

Due to the orthogonality of L, and L;, (@ # —b mod /) with respect to the Killing form
the Hamiltonians H, H' and Hj are determined by pairing of the corresponding Lax
operators,

- 1 - - 1
Ho = 5(Lo(@), Lo@)leonst: H' = Z(L5(@), Lo(@)leonst,

1
H, = E(La (@), Li—a(2))|const-

To calculate the Hamiltonians we use (5.10), (5.36) (B.15). Then we come to the fol-
lowing expressions!?

Ho = Z Z mS’"S/g Ex((i — «7. ). 6.25)

As it was noted above Hy is the elliptic CM Hamiltonian related to §o.
Using (5.8) we find

- D S r@ (. ﬂ)sas Ex((@ — kT, B)). (6.26)
a,peT],

Similarly, from (5.15), (5.10) and (5.13),

H, :——ZEZ( )sDasdi=e

SGC]
a, o
= > Swwrpo ™™ ¢ )S’“S’:’ “Ey((i— kT, B).  (6.27)
Do
o Bei;
The Hamiltonians H’, H, are the Hamiltonians of the EA tops with the inertia tensors
depending on 1.
On the reduced space P"*? the equations of motion corresponding to integrals / ik

acquire the Lax form 0, aL = [L, Mi]. The operator M j is reconstructed from L and
the r-matrix defined below as in [4].

7. Classical R L L-Relation and Classical Dynamical Yang-Baxter Equation

Using the commutation relations in the GS basis (5.18)—(5.19) we find the Poisson-Lie
brackets on P (6.21):

10 In what follows we shall use the standard CM Hamiltonians, where the coordinate vector is shifted
U— U+kKT.
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-1
£La+b
% 20 @ Co 1 Syt @ # =3B
5=l
Le b 53, a=—1'B

[s9r.55m) =4 ¥ o @ aep) sP
' (7.1)

We demonstrate here that these relations can be reformulated in the form of the RLL
relations. To this end define the classical dynamical r-matrix using GS basis:

r(z,w) =rg(z, w) +rg(z, w), (7.2)

where

-1
1 - _
rew) =5 > > el gz —w) tg ® G,

a=0 a€eRrR

o (7.3)
a —
re(z, w) = z Z ¢(7, Z—w) N b
a=0aell
The defined above L-operator has a form:
L(z) = Lr(z) +Lg(@) + LY (). (7.4)
with
1 -1
Lr@ =3 > > 1BPef@. o) 857 1,
l 1a:() BeR (75)
a _
Lo@=2 > (G827 05 Ly@=2. (v3+E1@)52°) b
a=laell aell

We prove two statements:

Proposition 7.1. The r-matrix (7.2)—(7.3) and the Lax operator (7.4)—(7.5) described
above define the Poisson brackets (7.1) via RL L-equation:
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(L@®1, 19 Lw)}=[LE)Q1+1®Lw),r(z w)]
-1
_4 DD el daekz—w) Stk ek (7.6)

k=0 o€ R

Here L has the gg part Lo (6.20).
The Jacoby identity for the brackets (7.6) is provided by the following statement:

Proposition 7.2. The r-matrix (7.3) satisfies the classical dynamical Yang-Baxter equa-
tion:

[r12(z, IU) r13(z, X)]+[r12(Z, w), r23(w, x)] + [r13(z, x), r23(w, x)]

o ~
—JZZ tk ® t 5 ® b dael (@, z— w)—|2| th @ 0% ® t = dagk (@, z—x)
k=0aeR

2
750 @ k@ 1K gk (i, w — ) = 0, 1.7)

The last term in (7.6) prevents the system to be integrable on P. As explained, after
reduction with respect to Ho (6.22) we come to P"*?. On P"¢? this term vanishes. Then
(7.7) becomes the standard classical Yang-Baxter equation, providing integrability

{L’ed(z)® 1. 1®L’ed(w)} = [L”’d(z)@) 1+1® L™ w), 7(z, w)]. (7.8)

Here the r- matrix is replaced on 7, because the Poisson structure on P” ed differs from
the Poisson structure on P. We don’t need its explicit form. Note that L™ (z) has the §o
part I:ged (6.20).

The classical dynamical r-matrices corresponding to trivial bundles were found in
[17]. In this case the dynamical parameter u belongs to the Cartan subalgebra $ C g.
The problem of classifications of r-matrices if u € 5:3 C $ was formulated in [17]. For
trigonometric r-matrices without the spectral parameter it was done in [59]. Here we
give a classification of such types of r-matrices based on a topological classification of
stable holomorphic bundles.

We omit the proofs of these statements because they are long and straightforward.
They can be found in [48-50].
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8. Appendix A. Simple Lie Groups. Facts and Notations, [9,54]

Roots and weights.
V - avector space over R, dim V = n.

V* is its dual and (, ) is a pairing between V and V*. R = {«} is a root system
in V*,
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The dual system RY = {a"} is the root system in V.

If V and V* are identified by a scalar product ( , ), then a¥ = (‘f“‘;).
The group of automorphisms of V* generated by reflections

S P X x —(x, o)’ (A.1])

the Weyl group W (R).
Simple roots T1 = («q, ..., ;) form a basis in R,
n
a=> fla;, fel, (A.2)
j=1

andall f ]‘." are positive (in this case @ € R* is a positive root), or negative (« is a negative
root). R=RY*UR".
The level of « is the sum

fa= D 1 (A3)
Ol_,'El_[
The Cartan matrix is
ajk = (aj, o), ajell, of €TV. (A4)

SW is a ring of polynomials on V invariant with respect to W-action. The ring SV is
generated by n homogeneous polynomials of degrees d| = 2, da, ..., dy,

sV ={(p,,..., P} (A.5)
The number of roots can be read off from the degrees
n
1R=2"(d;—1). (A.6)
i=1

The simple roots generate the root lattice Q = Z?:l njoj, (nj € Z, aj € I)in V*.
There exists a unique maximal root in —ag € R*,

—ap= > nja;. (A7)
ajell
Its level is equal to & — 1, where
h=1+> n; (A.8)
ajell

is the Coxeter number.
The positive Weyl chamber is

Ct={xeV|{x,a) >0, R (A.9)



Characteristic Classes and Hitchin Systems. General Construction 37

The Weyl group acts simply-transitively on the set of the Weyl chambers. The simple

coroots ITY = (), ..., ;") form a basis in V and generate the coroot lattice
n
Q=Y njaj CV, njel. (A.10)
j=1
The fundamental weights: w; € V*, (j =1,...,n) (wj, o)) = 8jk, ,of € V.

The weight lattice P = 37, _;mjw; C V*, m; € Z is dual to the coroot lattice
(A.10).
The fundamental coweights are
(ak,wjv) = 0. (A.11)

The coweight lattice
I
PV=ijw}/, mj €7, (wjv,ak):ajk (A.12)
j=1

is dual to the root lattice Q.
The half-sum of positive roots is p = 3 > pcp+ @ = 3 >i—1 7).
The dual vector in V

1 n
,0V=§ > =>w). (A.13)
j=1

a€RVF
Then from (A.2) and (A.3) the level of « is equal
fa = (0", ). (A.14)

Affine Weyl group.
The affine Weyl group W, is Q¥ x W,

x = x — (&, x)aV +kBY, aY, BV eRY keZ. (A.15)

The Weyl alcoves are connected components of the set V\{(«, x) € Z}. Their closure
are fundamental domains of the W,-action.
An alcove belonging to C* (A.9),

Cuc={x€eV]|{a,x) >0, €I, (g, x) >—1}, (A.16)
has the nodes
Caic =10, @) /0y, ..., @, /nj}. (A.17)

Here n; are the coefficients of expansion of the maximal root (A.7).
The shift operator x — x + ), y € PV generates a semidirect product

W, =P xW. (A.18)

The factor group is isomorphic to the center W/ /W, ~ P¥/Q"Y ~ Z(G).
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Chevalley basis in g.
Let g be a simple Lie algebra over C of rank n and $) is a Cartan subalgebra. Let
$H =V +iV, where V is the vector space defined above with the root system R. The
algebra g has the root decomposition

g=9H+L €= Mg dimc Ry =1. (A.19)

BER

The Chevalley basis in g is generated by

{Ep; € Rg,;, Bj € R, Ho €9, o €1}, (A.20)
where H,, are defined by the commutation relations

[E()(ka E,ak] = Hﬂtkv [Hakv Eia;] = akjEiak, o, 0 € IT,

[Haj’ Eak] = akjEO(kv [Eq, Eﬂ] = CO[,,BE(X+,37 (A.21)
where Cy g are structure constants of g. They possess the properties
Coz,ﬂ = _Cﬂ,a,
C =C,,-15, AEW,
rp T ek f (A22)
18]
Coifa=——=C_o_3.
a+f,—a |Ol n ,3|2 a,—f
, If (, ) is ascalar product in $ then H, can be identified with coroots as H, = a" =
@ and
4(a, B) 2
(Ho. Hp) = = (A.23)

= Ag,B-
(@, )(B.B) ()
The Killing form in the subspace £ is expressed in terms of (o, «),
2

Ey, Eg) =64 — .
(Eq, Eg) a,ﬂ(aﬂ)

(A.24)

Flags and coadjoint orbits.

Borel subgroup B of G is generated by the Cartan subgroup H(G) of G and by negative
root subspaces exp (3, E,). The flag variety is the coset space FI = G/B. It has
dimension (see (A.6))

aER™

l

dim FI = Z(d,- —1. (A.25)
j=1
The coadjoint orbits,
0= {Ad;So lg € G, Sy is afixed element of g*}. (A.26)
is a generalization of a cotangent bundle to the flag varieties,!! and for generic orbits
I
dim O = 2Z(dj —1. (A.27)
j=1

Centers of simple groups.
A simply-connected group G in all cases apart from G, Fy and Eg has a non-trivial
center Z(G) ~ PY/QV (Table 5).

T Itisa cotangent bundle if S is a Jordan element. If Sg is semisimple, then O is the torsor over FI.
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Table 5. Centers of universal covering groups (uy = Z/NZ)

G Lie (G) Z(G)
SL(n, C) An—1 Mn
Sping;41(C) Bn w2
Spn(C) Cn %)
Sping,, (C) Do, H2 @ u2
Sping;+2(C) Dop+1 Ha
E6(C) Eg M3
E7(C) E7 H2

Z(G) is a cyclic group except g = Dy, and ord (2(G)) = det (akj), where (ay;) is
the Cartan matrix,

G“ = G/Z(G). (A.28)

In the cases A,—1 (n is non-prime), and D,, the center Z (G) has non-trivial subgroups
Zp ~ pu; = Z/1Z. Then there exists the factor groups

G =G/Z, G,=Gi/Z, G“=Gi/Z(G)), (A.29)

where Z(Gy) is the center of G; and Z(Gy) ~ ) = Z(G)/Zl.
The group G = Sping, (C) has a non-trivial center

Z(Spinan) = (W5 x u¥), po =7Z/2Z,
where three subgroups can be described in terms of their generators as
di
ny =D (=1L D) = {1 D, (4, =D}, 55 = {1, 1), (=1, =D).

Therefore there are three intermediate subgroups between G=3S ping, (C) and Gad

Spinay,
v \ N
SpinX = Spina,/TE  SO(4n) = Sping,/T9%¢  Spink = Sping, /TR
N \ v

G = Spinan /(5 x puf)

Characters and cocharacters.
Let H be a Cartan subgroup H C G. Define the group of characters'?

['G)={x : H—> C*}. (A.30)

This group can be identified with a lattice group in $H* as follows. Let x =
(x1,22,...,x,) be an element of §), and exp 2wix € H. Define y € V* such that
Xy =exp2mi(y,x) € I'(G). Then

r'G) =P, I'G*4% =0, (A31)

12 The holomorphic maps of H to C* such that x (xy) = x (x)x(y) forx, y € H.
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and I'(G%) C I'(G;) € T'(G). The fundamental weights @y (k = 1,...,n) (simple
roots ) form a basis in I'(G) (F(Gadz). Let Z(G)) be a cyclic group and p be a divisor
of ord (Z(G)) such that ] = ord (Z(G))/p. Then the lattice I'(G)) is defined as

I'G)=0+wZ, pwe. (A.32)
Define the dual groups of cocharacters 7 (G) = I'*(G) as holomorphic maps
1(G) = {C* - H}. (A.33)
In another way
1(G) ={xeH|xE™™ =1}. (A.34)
A generic element of ¢ (G) takes the form
¥ =exp2mwiylnz € Hg, y € I'(G), z € C*. (A.35)

In particular, the groups 7 (G) and (G ,4) are identified with the coroot and the coweight
lattices

1(G)=Q", 1(Gaa) = PY, (A.36)
and t(G) C 1(G;) C t(G). It follows from (A.32) that
1(G) =0"+o"Z, lw"” e Q. (A.37)
The center Z(G) of G is isomorphic to the quotient
Z(G) ~ P’ /1(G), (A.38)
while 71 (G) ~ t(G)/Q". In particular,
Z(G)=PY/t(G) ~ PY/Q". (A.39)
Similarly, the fundamental group of G*? is 71 (G) ~ 1(G*4)/ QY ~ PV /QV.
The triple (R, t(G), T'(G)) is called the root data. A Langlands dual to G group Lg
is defined by the root data (RY, 1(*G), I'(*G)), where
1(*G) ~T(G), TEG) ~1(G). (A.40)

In particular, in the simply-laced cases “G = G (Table 6).

9. Appendix B. Elliptic Functions, [49,61]

The basic function is the theta-function,
ﬁ(zh,) — q% Z(_l)nen’i(n(n+1)r+2nz). (Bl)
neZ

It is a holomorphic function on C with simple zeroes at the lattice tZ + Z and the
quasi-periodicities,
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Table 6. Duality in simple groups

Root system G Lg
A, N=n+1=pl G; =SL(N, C)/m Gp =SLN,C)/up
B, Spin(2n + 1) Sp(n)
Cn Mp(n) SO@Qn +1)
Dp,n=2+1 Spin(4l +2) SOM@ +2)/ s
SOl +2) SO +2)
Dy, n =21 Spin(4l) SO/
SO4l) SO4l)
[ =2m Spink (8m) Spink (8m)
Spin® (8m) Spin® (8m)
I=2m+1 Spink (8m +2) Spin® (8m +2)
Eg Eg Es/13
Eq E7 E7/p2
Fz+1) = —0(2), PE+1) = —q 2e2Tip(y). (B.2)

Define the ratio of the theta-functions

¥ (u + 2)v(0)
dW,7) = ————". (B.3)
()9 (z)
It follows from (B.1) and (B.2) that it is a meromorphic function of z € C with simple
poles at the lattice 7Z + Z and

Res ¢ (u, 2)|;eqxzezy = 1, B4
and the quasi-periodicities
P z+1)=¢W.2), ¢, z+1)=e "u,2). (B.5)
Since ¢ (u, z) = ¢(z, u),
Pu+1,2) =W, z), ¢u+t,2)=e P(u,z). (B.6)

We also need two Fay identities for ¢ (z, w), the first one:

o (U1, z21)P 2, 22) — @ (uy +u2, 21)¢ (U2, 22 — 21)
—puy +uz, 22)¢ W1, z1 —22) =0, (B.7)

and its degenerate form:
¢y, )P (u2,2) — pur +uz, 2)(Er(ur) + E1(u2)) — 9:¢(uy +u2,2) =0, (B.8)
where E(z) is the first Eisenstein function
Ei(z) = 9;log v (2). (B.9)
The second Eisenstein function is

Ex(z) = 82logd (z) = —3.E1(2). (B.10)
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They are related to the Weierstrass functions as follows:

¢(zlt) = Eq(zlt) + 201 (7)z, (B.11)
and
© (z|t) = E2(2) — 21 (7). (B.12)
Here
m) = 2—}1 ';((f)) @ =q% [[a-q".
n>0
and 5 (7) is the Dedekind function.
E(z) is quasi-periodic
Ei(z+1|t) = E1(z|t), Ei(z+7|t) = E1(z|7) — 27i, (B.13)
and has simple poles at the lattice tZ + Z,
Res £(z|T)|zerzezy = 1. (B.14)

E»(z) is double-periodic with second order poles at the lattice. It is related to ¢ (u, z) as

¢, 2)p(—u,z) = E2(z) — Ea(u). (B.15)

E5(2) and its derivatives Bé‘ E>(z) form a basis in a space of double periodic function on
. =C/(tZ+ 7).

The most important object for construction of Lax operators and r-matrices is the
function defined as follows:

. k
ok (z) = E2mitealzg (<u+m, )+ Z)'

Here u and « are vectors defined in Proposition 3.1, « is a root of the corresponding
Lie algebra. Note that to save space we omit the u#-dependence of the function in its
definition.
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