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Abstract: Long time existence and uniqueness of solutions to the Yang-Mills heat
equation is proven over a compact 3-manifold with smooth boundary. The initial data
is taken to be a Lie algebra valued connection form in the Sobolev space H;. Three
kinds of boundary conditions are explored, Dirichlet type, Neumann type and Marini
boundary conditions. The last is a nonlinear boundary condition, specified by setting
the normal component of the curvature to zero on the boundary. The Yang-Mills heat
equation is a weakly parabolic nonlinear equation. We use gauge symmetry breaking to
convert it to a parabolic equation and then gauge transform the solution of the parabolic
equation back to a solution of the original equation. Apriori estimates are developed
by first establishing a gauge invariant version of the Gaffney-Friedrichs inequality. A
gauge invariant regularization procedure for solutions is also established. Uniqueness
holds upon imposition of boundary conditions on only two of the three components of
the connection form because of weak parabolicity. This work is motivated by possible
applications to quantum field theory.
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1. Introduction

1.1. Nonlinear distribution spaces. This paper is intended as a first step in constructing
nonlinear distribution spaces for Yang-Mills fields over three dimensional space.

Heat equations have been used to characterize various function spaces by identifying
these function spaces with the initial data space for a parabolic equation. This method of
characterizing function spaces goes back at least to the 1961 paper of Lions [27][Sect. 5],
the 1960s papers, [54—56], of Taibleson and to the 1980s papers, [34—36], of Matsuzawa.
The papers of Matsuzawa characterize an ultradistribution © on a compact subset of R”
by properties of the solution to the heat equation with initial data u. See the classic book
[5] for early work and the paper [1] for some recent history.

By way of a simple example, consider a non-negative unbounded self-adjoint oper-
ator A acting on a Hilbert space H. Assume for simplicity that A > I. Let « > 0. The
easily verified identity,

o
A %ug|> = ca/ 52 e 5 4ug|%ds, C, = constant (1.1)
0

shows that the norm ug — ||A™%ugl|| on H can be characterized in terms of solutions to
the initial value problem

u'(s) = —Au(s), fors >0, u(0) = ug, (1.2)

since the solution is just u(s) = e 54ug. In fact it is clear that the initial value problem

(1.2) sets up a one-to-one correspondence between the space of those solutions of the
equation u’(s) = —Au(s) for which the right side of (1.1) is finite, and the large initial
data space consisting of the completion of H in the norm ||A™%uq||. If H is an L? space
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over some Riemannian manifold and —A is a second order elliptic operator then these
completed spaces are just negative Sobolev spaces and the correspondence ug <> u(-),
set up by (1.2), identifies these Sobolev spaces with certain spaces of solutions of the
heat equation for —A. In general H may be some other kind of Banach space or Frechet
space, and the completion spaces need not be Sobolev spaces, [1].

Some quantum field theories seem to require use of large completions of spaces which
are not linear spaces. Most important is the example in which the space to be completed
is a space &7 of connections on R3 modulo a gauge group ¢. Whatever smoothness one
imposes on &7 and ¢, the space ./ /¥ is not a linear space in generic cases of interest.
See e.g. [51,52,42] for discussions of the geometry of this space in case R? is replaced
by a compact manifold.

The reason for the need to complete such a quotient space is that the quantum theory
requires a space large enough to support certain measures of physical interest. Typically,
the measures arising in quantum field theory need some negative Sobolev space to live
on. In the preceding gauge field example some kind of nonlinear negative Sobolev space
seems to be required. We are going to explore the (nonlinear) Yang-Mills heat equation as
a replacement for the linear equation (1.2). The measure theoretic difficulties increase
with spatial dimension as does the difficulty in proving existence of solutions to the
Yang-Mills heat equation. For example no completion is necessary for addressing the
measure theory in one spatial dimension, i.e., two space-time dimensions, even though
study of the associated stochastic process presents severe problems of its own. See, e.g.,
A. Sengupta, [49,50]. We are going to address the Yang-Mills heat equation in three
space dimensions only, with intended application to the canonical formalism over R>
or the Euclidean formalism over four dimensional space-time. The corresponding exis-
tence and uniqueness theorems are simpler in two space dimensions and follow easily
from our techniques.

In contrast with the simple example of (1.2), the flow equation associated to such
a nonlinear distribution space will itself be nonlinear. In the case of a Yang-Mills field
the natural equation is the gradient flow equation of the magnetic energy (which is the
square of the L norm of the curvature). Elsewhere, the nonlinear sigma model will be
investigated from this same point of view and the nonlinear equation will again be a gra-
dient flow equation of a non-quadratic energy. Thus in each of the examples of interest
the flow equation is a geometric flow given as the gradient flow of some natural energy
functional on some nonlinear manifold. It is the intention of this program to realize the
required nonlinear distribution spaces as complete “Riemannian” infinite dimensional
manifolds whose elements are geometric flows and which support genuine functions,
such as gauge invariantly regularized Wilson loop variables.

In order to understand the spaces of flows for which there is no identifiable initial
data it is first necessary to understand those flows for which there is an identifiable
initial value. Unlike the linear case a proper understanding of the space of initial data
for some class of flows requires treating both the space of flows and the initial data
space as infinite dimensional Riemannian manifolds: one needs to know not only which
initial data propagates to a flow but also which variations of the initial data propagate
to a solution of the variational equation along the flow. In the linear case there is no
distinction between the flow equation and its variational equation. In the nonlinear case,
when the initial data is singular, the variational equation will have singular coefficients
at time zero, and a variation of the initial data may not propagate past the singularity.
This issue will be treated in a separate work. In the present paper we are going to prove
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existence and uniqueness of solutions to the Yang-Mills heat equation, (1.3), with initial
data in Sobolev class 1.

We will also establish some apriori estimates aimed at extending the class of initial
data to connection forms of Sobolev class 1/2. Sobolev class 1/2 is the natural class
for initial data from the point of view of relativity theory because it is the unique class
whose hyperbolic flow by Maxwell’s equations is Lorentz invariant. Furthermore, for
initial data of Sobolev class 1/2, three spatial dimensions is the critical dimension for
the Yang-Mills heat equation. We will pursue the extension of our results to initial data
of Sobolev class 1/2 in a future work.

1.2. Manifolds with boundary and local observables. We are going to consider the
Yang-Mills heat equation in a product bundle over a compact Riemannian 3-manifold
M with smooth boundary. The case of interest for quantum field theory is that in which
M is the closure of a bounded open set O in R with smooth boundary. Roughly, our
main theorem asserts that if K is a compact, connected Lie group with Lie algebra €
and if Ay is a £ valued connection form over M, lying in the first order Sobolev space
W1 (M), then there exists a unique solution to the Yang-Mills heat equation

dA(D) /3t = —ds, B(1), t>0 with A(0) = Ao, (1.3)

satisfying Dirichlet type or Neumann type boundary conditions. Here B(¢) is the cur-
vature 2-form, B(t) = dA(t) + A(t) A A(t), of the connection form A(¢) and d:(l) is
the gauge covariant coderivative. Equation (1.3) is the gradient flow equation for the
magnetic energy || B ||2L2 M)

In addition to Neumann and Dirichlet boundary conditions, we are also going to
examine a purely nonlinear boundary condition, which is specified by requiring that the
normal component of the curvature be zero. Such a boundary condition was first studied
by A. Marini [31-33] in the context of elliptic boundary value problems for Yang-Mills
connections over four dimensional manifolds. We will henceforth refer to this boundary
condition as Marini boundary conditions.

There is a fundamental conceptual reason for considering the Yang-Mills heat equa-
tion over abounded open set O in R? rather than over all of R> or over a closed 3-manifold
such as 73: Suppose that y is a piecewise smooth closed curve in R3. Denote by W, (A)
the composition of a character of K with the parallel transport around y by a connec-
tion form A defined in a neighborhood of y. That is, W), (A) = trace (/ /;‘), where

the trace is computed in some finite dimensional unitary representation of K and //4
denotes parallel transport. Then the holonomy function A — W, (A) (the Wilson loop
variable) is gauge invariant and descends to a function on a quotient manifold .o/ /¥
such as discussed above. In the sought for space of connection forms, on whose moduli
space the desired ground state measure lives, a typical connection form A is not even
an almost everywhere defined form, let alone continuous, and the function W, (A) is
therefore not well defined. This is known from the electromagnetic case, K = U (1), for
which the measure theory is explicitly solvable. Nevertheless similar holonomy func-
tions on .2/ /¢ have been used extensively both for formulation of a mathematical theory
[52, Chap. 8, 48], and for computational comparisons with experiment [26,28,29]. If
A(-) solves the Yang-Mills heat equation (1.3), with initial data A, which, in the spirit
of Sect. 1.1 we take to be some kind of generalized connection form on R3, then, for
any ¢ > 0, A(r) will be (essentially) a C*° 1-form and the map Ag — W, (A(?)) will
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be well defined and gauge invariant. Thus the Yang-Mills heat equation offers a gauge
invariant regularization procedure for some class of irregular connection forms.

The regularizing effect of the flow has already been pointed out in both the lattice
and continuum quantized theories, [28-30], where it also appears as a first order approx-
imation in a method aimed at implementing a Monte Carlo computational protocol for
lattice gauge theory.

However, since the (weakly) parabolic equation (1.3) propagates information with
infinite speed, the map Ag — W, (A(¢)) depends on Ag over all of R3. This is unsat-
isfactory from the point of view of local quantum field theory, which requires use of
“local observables”, [18,53], that is, functions of Ay which depend only on the behavior
of Ag in some specified (say bounded) open set O C R3. Now solving Eq. (1.3) over
0, rather than over R3, with initial data Ag|O, produces a function W, (A(t)) depend-
ing only on Ag|O, when y C O. In this way one can hope to construct useful “local
observables”. Of course it is essential that this regularization procedure commutes with
gauge transformations in the sense that, for a (think C°°) connection form Ay on R3,
and any function g € C °°(R3; K), one has

(AG10)(1) = (Aol O) (1),

where (Ag|O)(t) refers to the solution in O of (1.3) at time ¢ > 0 with initial condition
Ap|O. The superscript g refers to the usual gauge transformation of the connection form.
(See e.g. after Eq. (2.17).) Such commutativity will hold for Marini boundary conditions
but not for Dirichlet or Neumann boundary conditions. For this reason we expect that
Marini boundary conditions will be the most important ones for our purposes.

We anticipate that the conventional lattice regularization of Yang-Mills quantum field
theory, [19,25,28,29,59,48], will mesh well with the present continuum regularization.

1.3. Technical description and history. The Yang-Mills heat equation has a long history
[3,6,9,10,21-24,44,46]. While most of these works were aimed at immediate applica-
tion in mathematics, some, e.g. [46], were aimed primarily at application to physics.

Standard methods for proving existence and uniqueness for nonlinear parabolic equa-
tions do not seem applicable to Eq. (1.3) because the equation is only weakly parabolic
and the functional A — |[dA+A AN A ||i2 M)’ whose flow we are following, is not (even
weakly) convex. We are going to adapt a method that has its origin in papers of Zwanzi-
ger, [60], Donaldson, [9], and Sadun, [46]. This consists in adding a term —d4d* A to the
right side of (1.3), which makes the equation parabolic. A time dependent gauge trans-
formation can then be constructed which changes the solution of the modified equation
into a solution of the original equation, (1.3).

Techniques of proof of existence for solutions of parabolic equations over closed
manifolds extend in a well understood way to manifolds with boundary when the solu-
tions sought are real valued. But in our setting the components of the connection form
A are mixed up by the nonlinear differential equation, and, in the case of Marini bound-
ary conditions, are also mixed up by these boundary conditions. Moreover, the apriori
energy estimates that we will need must be formulated in terms of gauge covariant deriv-
atives because neither the connection form nor its curvature is smoothed by the flow. To
this end, it is necessary to express Sobolev inequalities in terms of the gauge covariant
exterior derivative d4 and its adjoint. For real valued functions this is accomplished
by the Gaffney-Friedrichs inequality [13,12,39-41,57]. In our case we will need to
prove a gauge invariant version of the Gaffney-Friedrichs inequality. Not surprisingly,
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the curvature of the connection form A enters these inequalities in a substantial way and
contributes to some of the technical problems to be resolved. It is the need to adhere to
gauge invariant estimates that is responsible for much of the novelty in this work.

J. Réde, [44], has proven existence and uniqueness of solutions for the Yang-Mills
heat equation on a closed 3-manifold and investigated the longtime behavior of the solu-
tions. The method used by Rade to solve the problem of lack of parabolicity is quite
different from the method of Donaldson and Sadun. The curvature, F4, of the 1-form A
is taken as an unknown, L, independent of A, and a joint system of equations for A and
L is solved. The joint system is parabolic. Rade proved that the solution L(¢) agrees with
F4 () for all time if they agree at time zero. This method seems to go back to Ginibre and
Velo, [16,17], in the context of the hyperbolic Yang-Mills equations and to De Turck,
[8], in the context of the parabolic Ricci flow problem. Rade’s method might offer some
advantages in our circumstance. But the presence of boundary conditions seems to add
considerable difficulty.

The transition from short time existence to long time existence is carried out in dif-
ferent ways in the various works [9,10,44,46] and in the present paper. In addition,
semi-probabilistic methods have also been used: See, e.g., Arnaudon et al. [2], and
Pulemotov, [43], for a very different approach to long time existence.

Compactness of the manifold M is notreally needed. We have included it as a hypoth-
esis to simplify some statements and arguments. However we want to emphasize that all
estimates derived here will also hold for a complete open manifold without boundary
as long as the Bochner-Weitzenboch tensor (which is zero on R3) is bounded and the
appropriate Sobolev inequalities and heat kernel bounds hold, which they do on R3. The
same estimates will also hold on a manifold with boundary if the second fundamental
form is bounded below.

2. Statement of Results

Notation 2.1. M will denote a compact Riemannian 3-manifold with smooth boundary.
K will denote a compact connected Lie group. Without loss of generality we may and
will identify K with a subgroup of the orthogonal group, respectively unitary group,
of some finite dimensional real, respectively complex, inner product space #". The Lie
algebra of K, denoted ¢, may then be identified with a real subspace of End 7. We will
be concerned only with a product bundle M x ¥ — M over M. We assume given an
Ad K invariant inner product (-, -) on £ with norm denoted by |£[¢ for & € £. We will
not distinguish between |&|¢ and |&| g4, Which are equivalent norms.

If w and ¢ are £ valued p-forms define (w, ¢) = fM (w(x), ¢ (x)) grgedx and

||a)||% = (w, w). Define also [|w|lco = sup, ey @ (x)| arme and

leollfy, (ar) = /M Voo spged Vol + ol3. 2.1)

where V is the Riemannian gradient on forms. Define Wi = Wi (M) = {o : |ollw, ) <
oo}. The notation H; will be used later for forms in Wy which satisfy specified boundary
conditions. Since we are concerned only with a product bundle, a connection form can
be identified with a £ valued 1-form. For a connection form A, given in local coordinates

by A = Zi’:] Aj (x)dx/, its curvature (magnetic field) is given by

B =dA+(1/2)[A A Al (2.2)
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where [A A A] = Zi’j[A,-, Aj]dxi A dx’ and [A; (x), Aj(x)] is the commutator in
t. B is a t valued 2-form. For w € W; we define dgw = dw + (ad A) A w and
diw = d*o + (ad AN)*w. No boundary conditions are implied on these operators in
this section. The domains of these operators will be discussed further in Sect. 3.

Definition 2.2. Ler 0 < T < oo. By a strong solution zo the Yang-Mills heat equation
over [0, T) we mean a continuous function

A() :10,T) — W; C t-valued 1-forms (2.3)
such that
a) B(t) € Wy foreach t € (0, T), where B(t) = curvature of A(t), 2.4)
b) the strong LZ(M) derivative A’ (t) = dA(t)/dt exists on (0, T), (2.5)
o) A@) = —d/’g(t)B(t) foreacht € (0, T). (2.6)

A strong solution will be called locally bounded if

d) ||B(t)||lco is bounded on each bounded interval [a, b) C (0, T) and 2.7)

e) t3/4||B(t)||C>o is bounded on some interval (0, b) withO < b < T. (2.8)

Remark 2.3. The condition e) allows the degree of singular behavior near ¢ = 0 that is to
be expected in three dimensions. We will prove long time existence and uniqueness of
locally bounded strong solutions under various boundary conditions. The local bound-
edness is a vital ingredient in our uniqueness proof. We don’t know if uniqueness holds
in the absence of some such regularity condition. See Remark 8.18 for further discussion
of this point.

Usually A’(r) will signify dA(¢)/0¢. But in b) we are regarding A(-) as a function
into L2(M; A' @ ©).

2.1. Dirichlet, Neumann and Marini boundary conditions.

Notation 2.4 (Tangential and normal components). At a point x € dM denote by n
the outward drawn unit normal and by v the dual unit conormal. Any p-form y over
T (M) can be written uniquely as y = a A v + 8, where B(n, Xy,..., X,_1) =
a(m, Xy,...,Xp2) =0forall X; € T, (M). As is customary, we will write Yporm =
o A v and Ysq, = B. The restriction maps « — i*« and B — i*B are clearly isomor-
phisms on these classes of forms when i : Ty (0M) — Ty(M) is the inclusion map.
Moreover 4, = 0 if and only if y A v = 0. A coordinate based description of these
two components of y will be given in Sect. 4.

Theorem 2.5 (Neumann boundary conditions). Suppose that Ag € W1 and (A0)norm =
0. Then there is a locally bounded strong solution A(-) over [0, 0o) such that A(0) = Ao
and that satisfies the boundary conditions

i) A(Onorm =0 forallt >0 and 2.9)
ii) B(t)norm =0 forallt > 0. (2.10)

Uniqueness: If A1 and A, are two locally bounded strong solutions which agree at time
zero and satisfy (2.10) then A1 = A on [0, 00).
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Remark 2.6. Notice that for uniqueness the condition (2.9) is not required, even for
t = 0. For an explanation of the terminology “Neumann boundary conditions” for the
pair of conditions (2.9) and (2.10) see Remark 2.11.

Theorem 2.7 (Dirichlet boundary conditions). Suppose that Ag € Wy and (Ag)tan = 0.
Then there is a locally bounded strong solution over [0, co) such that A(0) = Ay and
that satisfies the boundary conditions

i) A(t)ian =0 forallt >0 and @2.11)
ii) B(t)an =0 forallt > 0. (2.12)

Uniqueness: If A1 and A, are two locally bounded strong solutions which agree at time
zero and satisfy (2.11) then A1 = A; on [0, 00).

Remark 2.8. Notice that for uniqueness the condition (2.12) is not required. In fact
A(t)tan = 0 implies B(t);qn = 0 when B(r) € Wj. (See, e.g., (3.22)). So the latter is
not an independent condition.

Remark 2.9 (Weak parabolicity and regularization). Suppose that g¢ € C*(M; K) and
is the identity element of K in a neighborhood of dM. Let Ag = g~ 'dg. Then A €
C'(M : A" ® ®) ¢ W and is zero in a neighborhood of 3 M. Define A(t) = Ay for all
t > 0. A(t) has curvature zero and satisfies all of the Neumann and Dirichlet bound-
ary conditions, (2.9), (2.10), (2.11) and (2.12), including the initial conditions. It is the
unique locally bounded strong solution specified in Theorems 2.5 and 2.7. Thus the
Yang-Mills heat equation does not regularize all initial data, reflecting the well known
fact that it is only weakly parabolic. The weak parabolicity will be particularly visible in
Eq. (7.5) and the discussion following it. There is a gain of regularity for the curvature,
however, and this will allow the strong sense of solution specified in Definition 2.2.
Nevertheless, for > 0, the curvature B(¢) itself will not be smooth under our initial
conditions. For example if g is as above and Ay is any initial condition in W1 (M) then
the gauge transform Ag is also in W; while the curvature B8 (t)(x) = g(x)_1 B(t)g(x),
of A8(t), need not be smooth even if B(¢) is smooth.

Remark 2.10 (Weak parabolicity and uniqueness). Theorems 2.5 and 2.7 show that for
both Dirichlet and Neumann type boundary conditions, uniqueness follows from the
imposition of only two boundary conditions on the three component connection form
A(t), in contrast to what one expects for parabolic equations. This effect can be attrib-
uted to the fact that the Yang-Mills heat equation is only weakly parabolic. It is well
known that degeneracy of an elliptic operator L on a manifold with boundary can force
uniqueness on solutions of the weakly parabolic equation du/dt = Lu under fewer
boundary conditions on u than usual. See [37, Sect. 7.2] for a recent work discussing
this issue for scalar functions. See also Remark 8.18 for further discussion in our case.

Remark 2.11. (Neumann and Marini boundary conditions.) In Theorem 2.7 the bound-
ary condition A(¢),,, = 0, t > 0, appears in both the existence and uniqueness portion
of the theorem, whereas in Theorem 2.5 the initial boundary condition (Ag)uerm = 0 is
needed for the existence proof while A(t),orm = 0, ¢ > 0 is not needed for uniqueness.
If A(t)norm = 0 fort > 0 then [A(#) A A(®)]norm = 0 and consequently B(t)norm =
(d A(1))norm- Thus in the presence of (2.9) the nonlinear boundary condition B(¢),orm =
0in (2.10) is equivalent to the pure Neumann boundary condition (d A(¢))norm = O.

A. Marini, [31-33], has explored the nonlinear boundary condition F,, = 0 in
the context of the weakly elliptic boundary value problem d3 F = 0, where F = Fy
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is the curvature of a connection A over a 4-manifold with boundary. In the context of
Theorem 2.5, the corresponding Marini boundary condition, B(t)norm = 0, is fully
gauge invariant and does not depend on the choice of a fiducial gauge, unlike the pair
of conditions A, prm = 0, (dA)norm = 0, to which the pair of Egs. (2.9) and (2.10) is
equivalent.

The Marini boundary condition will ultimately be the case of interest for the intended
application to quantum field theory, as explained in Sect. 1.2. Theorem 2.5 easily yields
the following existence and uniqueness theorem with the pure nonlinear boundary con-
dition B(?),0rm = 0 by itself. The restrictive regularity of the initial data will be removed
in a later work.

Theorem 2.12 (Marini boundary conditions) Suppose that Ay € C>(M; A' ® ). Then
there is a unique locally bounded strong solution over [0, 00) such that A(0) = Ag and

B()norm =0 forall t > 0. (2.13)
Theorems 2.5, 2.7 and 2.12 will be proven in Sect. 9.

2.2. Existence by symmetry breaking. If one adds aterm —dad™* A to the right side of the
Yang-Mills heat equation (2.6) the equation becomes strictly parabolic but is no longer
gauge invariant. Remarkably, a solution to the modified equation can be transformed to
a solution of the original equation by a time dependent gauge transformation. This was
first observed by D. Zwanziger, [60], in the context of stochastic quantum field theory.
Donaldson, [9], independently added such a term to the evolution equation of a classi-
cal Yang-Mills heat equation and similarly “gauged it away”. L. Sadun, motivated by
Zwanziger’s work, used this technique in proving existence of solutions to (1.3) over R
in his Ph. D. thesis, [46], as a step in carrying out stochastic quantization for Yang-Mills
fields. Donaldson’s work, which is carried out in the C* category, is also summarized
in the book [11, Sect. 6.3]. When the initial data is only in W| (M), as in our case, there
is, unfortunately, a singularity in the time dependent gauge transformation at time zero.
Our gauge invariant apriori estimates will play a key role in addressing this problem.

To distinguish the desired solution A(-) of the Yang-Mills heat equation, from the
solution to the modified equation let us denote the latter by C(¢). The equation and
boundary conditions for A then translate into the following initial value problem for
C():

(8/30t)C = —(diBc +dcd*C),t >0, C(0) = Ay, (2.14)

along with one of the following two kinds of boundary conditions: (N) or (D).
(N) C()norm =0 fort >0, (Bc@))norm =0 fort >0, (2.15)
(D) C()tan =0 fort>0, @*C®)|gmy =0 forr >0, (2.16)

where B¢ denotes the curvature of a connection form C.

Equation (2.14) is a strictly parabolic differential equation, unlike (2.6). The bound-
ary conditions (D) are relative boundary conditions in the sense of Ray and Singer, [45],
while, in view of Remark 2.11, the boundary conditions (N) are equivalent to absolute
boundary conditions. For recent systematic discussions of absolute and relative bound-
ary conditions for real valued forms see for example the book [57, Chap. 5, Sect. 9] and
[38], especially Chap. 5.

Concerning the parabolic system (2.14)—(2.16) we will prove the following short
time existence and uniqueness theorem.
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Theorem 2.13. Let Ag € W1. Assume that (Ag)norm = 0, respectively (Ag)tan = O.
Then there exists T > 0 and a continuous function C : [0, T) — W such that C(0) =
Ag and

a) Bcqy € Wy and d*C(t) € Wy foreacht € (0, T),
b) the strong L*(M) derivative (d/dt)C (1) exists for eacht > 0,

c) Eq. (2.14) holds for each t > 0 along with the boundary conditions (2.15), respec-
tively (2.16),

1) 37 Be)lloo is bounded on (0, T).

The solution is unique under the preceding conditions. Moreover, C(-) lies in
C®((0,T) x M; A' ®¥).

This will be proved in Sect. 7.1. The proof proceeds by a fairly standard reduction to
an integral equation and a contraction mapping argument, followed then by a regularity
theorem. However our form of the contraction argument will allow us to deduce some
important regularity for these non-real valued functions that seems unavailable by more
standard means. We will use a quadratic form version of the boundary conditions (2.15)
and (2.16).

Here is an informal description of the gauging procedure which transforms a solution
of the parabolic equation (2.14) to a solution of the Yang-Mills heat equation. A precise
version will be given in Theorem 8.2.

Lemma 2.14 (Heuristic). Let C(t) be a solution to (2.14) with boundary condi-
tions (2.15), respectively (2.16). Define a function g : [0,T) — C®(M;K) C
C®(M; End V) as the solution to the initial value problem

g, x)gt,x) ' =d*C@t,x), g0,x)=1y (2.17)

for each x € M. Let A = C8. That is, A(t,x) = g(t,x)"'C(t,x)g(t,x) +
g(t, x)fldg(t, x). Then A solves (2.6) with the Neumann type boundary conditions
(2.9), (2.10), respectively the Dirichlet type boundary conditions (2.11), (2.12).

It is interesting that, for the solution A = C¥ produced in this way, the relative and
absolute boundary conditions imposed on C (-) partly disappear, while for Marini bound-
ary conditions, imposed on A, the relative and absolute boundary conditions disappear
completely.

Because of the singular behavior of d*C (¢, x) as t | 0, it is difficult to establish the
regularity of g(#, x) needed to ensure that A(r) € W (M) for t > 0. We will instead
define g.(¢) for t > € using the same differential equation (2.17), but with initial con-
dition g.(¢) = Iy. Defining A, (1) = C(1)%® for t > ¢, we will then show that the
connection forms A (-) define smooth solutions which converge in a strong sense to the
desired solution to (2.6) as € |, 0. To carry out this transition from the parabolic equation
to the weakly parabolic Yang-Mills heat equation we will need to use the gauge invariant
Gaffney-Friedrichs inequality described below, along with the gauge invariant apriori
estimates that follow from it. See Sect. 8 for precise statements and proof.

Remark 2.15 (Uniqueness and reverse gauge transformation). If one should wish to prove
uniqueness for the weakly parabolic equation (2.6) by referring back to the strictly par-
abolic equation (2.14), for which uniqueness is well known, one must reverse the gauge
transformation procedure described in Lemma 2.14. To this end, one must express the
gauge function g(z, x) in terms of A(-) rather than in terms of C(-). But, whereas the
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function g(¢, x) can be recovered from C(-) via the simple ordinary differential equa-
tion (2.17), its recovery from A(-) requires solving a nonlinear partial differential equa-
tion similar to the harmonic map equation. In our Sobolev class 1 category this is itself
a difficult problem. Instead we are going to give a direct proof of uniqueness for (2.6)
without passing back to (2.14).

2.3. Gauge invariant Gaffney-Friedrichs inequalities. Most of the estimates in this
paper will depend on the use of Sobolev inequalities in which the energy form

||VAa)||iz(M) + |3 is replaced by the Hodge version, [[dawl|3 + ld%oll5 + Allwl]l3.

Here we have written (V4) jo = Vjw+[A;, w] for the gauge covariant gradient of a £
valued form w. It will be necessary to establish equivalences between these two energy
forms because it is the former that controls L” norms via Sobolev inequalities while it is
the latter that relates well to the Yang-Mills heat equation. The constant A depends on the
curvature of the connection form A. The nature of this dependence is crucial for dealing
with singular initial data. The equivalence of these two energy forms is dependent on
the gauge-invariant Gaffney-Friedrichs inequality,
IVA@172 4, + l0ll3 < const.(ldawl5 + | d5ol5 + Mlo]3). (2.18)

This will be the key input to most of our results, including gauge invariant apriori esti-
mates and regularity of solutions in the gauge covariant derivative sense. See Remark 2.9.

In the classical case, i.e., real valued forms, such equivalences go back to Gaffney,
[13], and Friedrichs, [12]. See also Eells and Morrey, [41], for a very early work in
this direction. The constants in these classical inequalities depend on the Riemannian
curvature of M and the curvature of its boundary. M. Mitrea, [39], has shown that such
inequalities can be established with no dependence on the Riemannian curvature of M
and only mild dependence (convexity) on the curvature of the boundary in these classical
cases. The benefit of using a convex domain for real valued forms was observed early
on by Saranen, [47], for a convex domain in R3. A reader may consult the book by
Taylor, [57, pp. 361-364] for a recent derivation of the Gaffney-Friedrichs inequality
in the classical case and [38] for extensions to nonsmooth Riemannian manifolds in the
classical case.

Our concern here is primarily with the dependence of the constant A on the curvature
of the connection form A.

Notation 2.16. Define the gauge invariant version of (2.1) by

ol 4, = IVA0l72 (2.19)

2
Wi () o+ 1ll2

for any ¢ valued r-form @ on M. By Sobolev’s inequality, there exists a constant «,
depending on the geometry of M butnoton A, such that ||a)||% < (ICZ/Z)(IM |grad|w| >+
||a)||%) for all w € Wi(M). (See e.g., [15, Thm. 7.26].) In view of Kato’s inequality,
Jyy lgradlo| | < VA3, it follows that
lw|? < (K2/2)||a)||%VA for w and A € W;(M). (2.20)
(M)
Theorem 2.17 (Gauge invariant Gaftney-Friedrichs inequality). Suppose that M is a

compact Riemannian 3-manifold with smooth boundary and that A is a € valued 1-form
in Wi (M) with curvature B. Let p € [2, oo] and assume that ||B||pr(m) < 00. There
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are constants Ay and y), depending only on the geometry of M and not on A, such that,
with

2p/(2p-3
hp(B) i= hy + vl BI PP, .21
there holds
/DI04y = Ida@T2047, + 130N T2 00y + 2 (B l0ll3 (2.22)
for any € valued r-form w in W1 (M) satisfying either
@tan =0 or wporm = 0. (2.23)

Here d 4 is the covariant exterior derivative with domain matching the boundary condi-
tion on w and d’; is its adjoint. If M is a convex subset of R3 one can take ry = 1.

Theorem 2.17 will be proven in Sect. 4. We want to emphasize that in this theorem,
as well as all of its consequences, we aim to establish estimates that do not depend
significantly on the size of the manifold M, because in our intended application we will
allow M C R? to expand to all of R3.

Remark 2.18 (Case p = 2). If p = 2 then (2.21) reduces to
22(B) = Ay + 121 B3, (2.24)

with y» = (1/4)(3x?)3c*. This is the case that will be needed in this paper. The constant
c = sup{llad x|lg_¢ : |x|e < 1} measures the non-commutativity of K and is zero if K
is commutative.

Remark 2.19 (Continuous dependence on initial data). The solution to (2.14) described
in Theorem 2.13 is easily shown to depend continuously on the initial data Ag in W)
norm. So do the solutions in Theorems 2.5, 2.7 and 2.12. But the proofs for these three
cases will be postponed to a later work in which the initial data space will be enlarged
to include Hj, data.

3. Dirichlet and Neumann Boundary Conditions

In this section we will extend some of the machinery developed by Conner, [7], for
real valued differential forms to forms in a product bundle over M with a connection.
See [57, Chap. 5, Sect. 9] for a recent exposition of the real valued case. Our objec-
tive is to develop the mechanisms needed to make effective use of the gauge invariant
Gaffney-Friedrichs inequality of Sect. 4.

3.1. The minimal and maximal exterior derivatives.

Notation 3.1. M™" will denote the interior of the compact Riemannian 3-manifold M.
Denote by & the coderivative on C*(M; APl @ £). Thus if ¢ is a € valued p - form in
CX(M™) and @ € C®(M; AP*! @ £) then

(¢, (SCU)LZ(M;Ap®E) = (d¢, w)LZ(M;AIH’l@E)' (31)
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Ifu=73 - urdx’ andv = 2 =p vydx’ are End ¥ valued forms then their wedge
product, u A v = ZIJ upvydx? A dx’, is another End ¥ valued form. But when the
appropriate action of u on v is via ad u then we will write [u Av] = Zl’][ul, vrldx! A

dx”. This will be the case when u is an End ¥ valued connection form or its time
derivative. If u and v take their values in € then so does [u A v].

The interior product, [u_v], of an element u € AP ® € with an elementv € AP*" @ ¢
is defined, for » > 0, by

(w, [uv]) grge = ([ A w], V) gprrge forall w e A" @ L. (3.2)

If u or v or both are real valued then we will write simply u_v since the commutator
bracket should be omitted. If u and v are both in A! ® ¢ then (3.2) gives € > [uw] =
—[u-v] = — Zj[uj, v;] in an orthonormal frame for Al  And if w € A% ® ¢ then
[wow] = 0.

We wish to consider a connection on the product bundle M ® ¥ — M. We may and
will identify the connection with a £ valued 1-form A on M. The corresponding gauge
covariant exterior derivative is then given by dgyw = dw + [A A w] on smooth £ valued
forms. However we are going to use the symbols d and d4 for the closed versions of
these differential operators as follows.

Notation 3.2. Denote by D the closure of the exterior derivative operator defined initially
on ¢ valued p-forms in C°°(M). Denote by d the closure of D|C2°(M inty Thend C D.
D and d are the maximal and minimal exterior derivative operators respectively.

For A € L®(M; A' ® ¢) define

Daw=Dw+[AAw] for we P(D), (3.3)
daw =dw+[AANw] for we Z2(d). (3.4)

The Hodge star operator % on forms defines a unitary map from L? forms to itself
with the following properties:

DY = %1 (da)*, (3.5)
d =« (Dp)x, (3.6)
W1 C 2(Da) N 2(d3), (3.7)
da = (84)", (3.8)
Dy = (84]C°(M™))*, 3.9)
where
Saw =8w+[Aw] for w e C¥(M; AP ®¥E), p=>1. (3.10)

Remark 3.3. D and d are maximal operators in the sense that their domains are
restricted only by size and regularity and not by boundary conditions. However the
domains of their adjoints, D’ and du are restricted also by boundary conditions as
follows.

The symbol (D) in front of an equation will signify that the equation is relevant
for Dirichlet boundary conditions. An (N) signifies that the equation is relevant for
Neumann boundary conditions.
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Lemma 3.4. Suppose that o € Wi (M; AP ® ) and A € L>®°(M). Then

(D) w € D(dy) if and only if an = 0, (3.11)
(V) w € 2(DY) if and only if Wporm = 0. (3.12)

Proof. These boundary conditions are already known for the minimal and maximal
operators when A = 0. See [7]. Since A is bounded the domains are the same as for
A=0. O

Proposition 3.5. Assume that w is a € valued form and that A € W N L*°. Denote the
curvature of A by B, as in (2.2). If[B A ] € L? then

(N) € D(Dy)impliesw € D((Da)*) and Diw = [B A w], (3.13)
and (D) w € P(dy) impliesw € P((dp)?) anddiw = [B A w]. (3.14)

If[Buw] € L? then

(D) w e D(d%) impliesw € D((d})?) and (d%)*w = [Bw], (3.15)
and (N) w € P(D%) impliesw € 2((D%)?) and (D%)*w = [B_w]. (3.16)

Proof. 1t will be clarifying to distinguish the closed operators d4 and D4 from the
pointwise defined differential operator {d 4} acting on smooth forms, and which ignores
boundary conditions. If A and w are in C°°(M), then the Bianchi identity {dpaYow =
[B A w] holds and we need only address domain issues in the four assertions of the
proposition. To this end observe that if w and u are both in C°°(M) and one has compact
support in M™ then we may integrate by parts to find

({dale, {84}u) = ({daYw, u) = (1B A 0], u) = (o, [Bou). (3.17)

Since the first, third and fourth terms are continuous in A in the Wi norm the equality
of these terms persists for A € Wj.

Now since C*°(M) is a core for D4 and the far right side is continuous in w in the
L2 norm, it follows that

(Daw, {8a}u) = (o, [Bau]) = ([B A o], u) (3.18)

forallw € Z(Dy) andu € CSO(M””). Since [B A w] € L? the right side is continuous
in u in the L? norm and therefore so is (Daw, {54}u). Hence Dow € Z(D,), by (3.9)
and (D%a), u) = ([B A w], u). This proves (3.13).

To prove (3.14) take w € CSO(Mi”’) andu € C*®°(M)in(3.17).Thenw € Z(d4) and,
since C2°(M inty is a core for d, and [B_u] € L2, equality of the first and fourth terms
in (3.17) implies that (dpw, {84}u) = (w, [Bau]) = ([B A w], u) for all w € 2(dy)
and u € C®(M). Since [B A w] € L%(M) the equality of the first and third terms now
shows that (dqw, {§4}u) is continuous in u in L? norm and therefore d o € D(dy).
Thus ((da)*w, u) = ([B A w], u) for all u € C(M). This proves (3.14).

The assertions (3.15) and (3.16) could be derived in the same way as (3.13) and (3.14).
But they also follow directly from these by use of (3.5) and (3.6). Thus if w € ¥ (djg),
then (3.6) shows that x®w € Z(Dy). By (3.13) *w is therefore in Q(DE‘). It now follows
from (3.6) again that o € @((d:g)z). Of course (dz)zw = [Bw] since the adjoint of
[B A -]is [Bu-] by (3.2). The proof of (3.15) is similar. 0O



The Yang-Mills Heat Semigroup on Three-Manifolds with Boundary 741

Corollary 3.6. Suppose that w is a € valued p-form in Wy, that A € Wi N L*° and that
the function x — |B(x)||w(x)| is in L2(M).

(D) If wtan =0 and daw € W then (dg®)ian = 0. 3.19)
(N)  If @porm =0 and Dy € Wy then (D}®)norm = 0. (3.20)

Proof. If o € Wy and wyq, = 0 then w € Z(da) by (3.11). From (3.14) we see that
daw € 2(dy). Therefore if dgw € Wy then (dgw);qn, = 0by (3.11). This proves (3.19).
The proof of (3.20) follows from (3.12) and (3.16) similarly. 0O

Corollary 3.7 (Functional Bianchi identity). Assume that A € W1 N L°°. Then
B e P(Dy) and DaB =0. (3.21)
If, moreover, Atyp =0 and B € Wy, then
(D) Bign =0, Be Z(da) and dyB = 0. (3.22)

Proof. For A € C®°(M) and u € CSO(Mi”’) an integration by parts and Bianchi’s
identity gives (B, dau) = ({da} B, u) = 0. The left side of this identity is continuous in
A € W and therefore

(B,Sau) =0 (3.23)

forall A € Wy and all u € C2°(M™). Since the right side of this identity, being zero,
is continuous in u in the L? norm, it follows that B € 9((8A|C§°(Mi”’))*) = 9(Dy)
and that D4 B = 0, proving (3.21).

Now suppose that A;,, = 0and that B € W;. Take w = A in (3.11) and take the form
A of that lemma to be our present A/2. It follows that A € Z(da,2). Butda A = B.
Further, we see that [B A w] = [B A A] € L? because B € L% and A € L. Hence
B € Z(daj») by (3.14). Reapplying (3.11) again we find that B;,,, = 0. Equation (3.11)
now shows that B € 9(ds). ButdaB = DsB =0,by (3.21). O

Corollary 3.8. Assume that A € Wy N L™ and B € Wy. Then B € 2((d*)?) and
(d})*B =0. (3.24)
If, in addition, Byorm = 0 then B € 2((D%)?) and
(D%)’B = 0. (3.25)

Proof. We see that B € Wi C 2(d}), by (3.7), and, since [BLB] = 0, we may choose
w = B in (3.15), from which it follows that B € 9(((1;’;)2) and that (3.24) holds. Sup-
pose, further, that By, = 0. Then (3.12) implies that B € Z(D?). Therefore (3.16)
now shows that D} B € (D7) and (Dj;)zB = [BJB] = 0, which proves (3.25). O

Remark 3.9. For real valued forms the use of the maximal and minimal operators D and
d goes back to Conner, [7]. In particular, Proposition 3.5 in the real valued case, which
simply reads d> = 0, D?> =0, (d*)*> = 0 and (D*)? = 0, along with proper statements
about the domains, was proved by Conner [7, page 9].
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Remark 3.10. A 1-form w need not be even weakly differentiable in order to be in
the domain of the minimal operators d or d4. For example if M C R? and f is a
£ valued smooth function with compact support in M"" of the form f(x1, x2, x3) =
h(x1)g(x2, x3) then, defining w = fdxi, one has do = h(x1){(028)dx2 A dx1 +
(338)dx3 A dx1} so that h is not differentiated. Thus if we now allow h € L*(R'; £)
and g € CX¥ (R?), still insisting that support f C M, then the resulting form
can easily be approximated in the graph norm of d by functions in CJ°(M inty of the
same form. So w € Z(d). This example also shows that if A is unbounded then d
and d4 will not have the same domain. One need only take A = Aj(x1)dx,. Then
daw —dw = [Ax(x1), h(x1)]g(x2, x3)dx3 A dx1, which need not be in L2(M)if A is
unbounded and & € L*(R; £). We conjecture, however that all results in this section will
remain valid if the condition A € L is replaced by A € L3.

4. Gauge Invariant Gaffney-Friedrichs-Sobolev Inequalities

In this section we will prove Theorem 2.17 and derive from it Sobolev inequalities in a
form that will be needed for establishing gauge invariant apriori estimates. The exterior
derivative operators d and d4 and their adjoints are to be interpreted in this section
as acting on smooth forms or on W; forms, as indicated, without boundary conditions
built in.

4.1. A gauge invariant Gaffney identity.

Theorem 4.1 (A gauge invariant Gaffney identity). Let M be a compact Riemannian
n-manifold with smooth boundary. Suppose that A € C®°(M; A' ® £). Let o« and f be
smooth € valued p-forms on M with either

Qran = Brian =0 ondM or porm = Buorm =0 ondM. (4.1)
Then
(dac, dap) + (dho, di ) — (VA VAB) — (W + B) o, B)
=/3M<K(x)oé(X),ﬁ(X)), (4.2)

where W denotes the Riemannian Bochner-Weitzenboch operator, B is the curvature of
A, o denotes a pointwise product operation,

n
(VA VAB) =D (Via, V2B)
i=1
locally, for any orthonormal frame field eq, . .., e, of T(M) and
K(x) : AP(Tx(OM)) — AP (T (0M))

is a symmetric operator, bounded uniformly in x, and dependent only on the second
Sfundamental form of 0 M, on the value of p and on the choice of boundary condition in
(4.1). Moreover, K(x) = 0 for all x € OM if M is convex in the sense that the second
fundamental form is non-negative on oM.
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In particular, if w is a smooth € valued p-form on M satisfying either
Wian =0 or wporm =0 4.3)

then

IVAw|3 = ldawll3 + |diwl3 — (Bow,w) — (W ow, w) — /3M<K(x)“’(x)’ w(x)).
4.4)

The proof depends on the following lemmas. It is important for our applications that
the boundary terms in (4.2) above do not depend on the gauge connection form. For
this reason we are going to carry out explicitly what is otherwise a standard kind of
integration by parts computation.

Notation 4.2 (Adapted coordinates). We will make use in this section of an adapted
coordinate system for a neighborhood U containing a part of the boundary of M. This is

a coordinate system x = (x',...,x")in U such thata) |x/| < 1forj=1,...,n—1
and —1 < x”" <0, while U N M = {x : x* = 0}. (x', ..., x" ) form coordinates on
UNdM.b) The curve (—1,0] 37+ x(t) = (a!,...,a" L, 1) is a geodesic normal to

oM att =0, and (3/0x", 8/3x-/) =0onU forj=1,...,n— 1. See for example [45,
page 167] for the existence of such a coordinate chart.

Lemma 4.3. Assume that A € C®(M; A' ® ©) and that o and B are smooth  valued
p-forms on M. Then

(daa, daB) + (dha, diB) — (VAa, VAB) — (W + B) o, B)
= L%, B), 4.5)

where
LYo, B) = /a M{(v A B, daa) — (B, v Adia) — (B, Via)). (4.6)

Here v is the outward drawn unit co-normal and V7' is the covariant gradient in the
normal direction.

Proof. The Bochner-Weitzenboch formula for a € valued p-form on M is
{(d%da +dadi}a — (W + B) oo = (VA)*VAq, 4.7

which may be found in [4]. We need only take the inner product of (4.7) with 8 and do
three integrations by parts to deduce (4.5). Two of the integrations by parts will follow
from Stokes’ theorem,

(dpw,u) — (0,84u) = (W Aw,wyp, ® € CP(M), ue C®°M), (4.8)

which itself can be derived from the standard Stokes theorem by observing first that the
terms involving the connection form A cancel on the left, in view of (3.1), (3.2), (3.3)
and (3.10), and second, that the resulting identity holds for forms w € C*(M) and
u € C°°(M) because it holds for the real valued components of these forms with respect
to an orthonormal basis of £.
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Now inserting first w = B, u = d4« into (4.8) and then inserting w = dj;a, u=2_;
into (4.8) we find, respectively,

(daB. da, @) = (B, d\dct) +/3M<” A By daar),

(dha,dyB) = (B, dadia) — /aM(v Ndya, B).

Combining these with (4.7) we find that the left side of (4.5) isequal to (VH*(VNa, B)—
(Vha, (VHB) + (v A B, dac)om — (v Adjet, Bam-
To complete the proof of (4.5) it suffices to show that

(VH*(Vha, B) — (VHa, (VHB) = — /B MW“A“’ B). (4.9)

For the needed integration by parts we may write, with the help of a partition of unity,
o =ap +Z;: 1 @, Where ag is supported in M int and each a is supported in an adapted
coordinate patch U;. For an arbitrary £ valued p-form g in C*°(M) the identity (4.9)
holds for g and B by an integration by parts because there are no boundary terms. It
suffices therefore to prove (4.9) for each o ;. To this end we will prove (4.9) in case
B € C°°(M) while « is supported in an adapted coordinate patch U C M.

For any smooth vector field X on U and real valued function f € C2°(U) we may
apply the identity [, Xf + [, f(div X) = [,,, f(v- X), to the real valued function
F@) = (@), BQ)) arge to find

/U<div X)(@, B) + (Viw, B) + (@, VAB) = /8M<w,ﬂ)(v . X)

for any p-form w € CZ°(U). We read off from this that the formal adjoint of V;} is given
by (V{)*w = —Viw — (div X)w and that

(V) w, B) = (0, Vi B) — /a . (, BY(v - X). (4.10)

Choose an orthonormal frame field ey, . . ., e, in the coordinate patch U and apply (4.10)
with X =e¢j and w = V‘f}a to find

((vg)*veja, B) = (vg‘ja, Vf‘jﬂ) — /aM(vga, B)v-e;. 4.11)

Summing over j gives (4.9). 0O

Unlike Stokes’ theorem, (4.8), the connection form A shows up in the boundary term
LA (a, B) of (4.6). We may disentangle the A dependence in LA (a, B). We find

LY (a, B) =/8M{(v A B da) — (B.v Ad*a) — (B, Via)} (4.12)

+/BM{(V ANB [ANal) = (B, v A[Asa]) = (B, [Av,al)},  (4.13)

where A, (x)v = Ajorm(x) is the normal component of A at x. It will be important
for us that the boundary term be independent of A when the p-forms « and 8 satisfy
appropriate boundary conditions.
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Lemma 4.4. The integrand in line (4.13) is zero at a point x € dM if either
Aran = Bran =0 atx 4.14)
or
Unorm = Pnorm =0 at x. 4.15)
A(x) need not satisfy any boundary condition in either case.

Proof. Fix x € 0M. Assume first that arq;, = Bran = 0 atx. Then v A B = 0. So the
first term in (4.13) is zero at x. We assert that the remaining two terms cancel. Indeed,
since Bryn, = 0 we may write 8 = v A ¢ at x with ¢ = 0. Then (B, v A [ALa]) =
(vAQ, VA[ALa]) = (¢, [Aa]) = ([AA@], @) = ([Ay, vA@]+a tangential term, o) =
—(vA@,[Ay, a]) = —(B, [Ay, a]). Thus the second and third terms in (4.13) cancel.

Assume next that o0, = Brorm = 0 atx. The middle term is zero because B,orm =
0. We assert that the first and third terms cancel. Indeed (VA B, [AAa]) = (VAB, [A), VA
o] +a tangential term) = (VA B, v A[Ay, @]) = (B, [A,, «]), which shows that the first
and third terms in (4.13) cancel. O

Remark 4.5. Tt is illuminating to understand when the integrand in (4.13) is identically
zero, independently of boundary conditions on « and . It can be shown that

a) the integrand is zero at a point x € 9 M for all « and B if A;,(x) = 0.
b) If € is semisimple and o4, (x) = O then there exist A and S such that the integrand
is not zero at x.

We omit the proofs.

Notation 4.6 (Extended shape operator). An adapted coordinate system (see Nota-
tion 4.2) will be useful for describing the shape operator and its extension to the exterior
algebra. Writing d; = 9/ dx/, the outward drawn unit normal and co-normal are given by
9, and v = dx", respectively, on U N d M. The shape operator at a point P € U N oM is
given by S(X) = Vx0, for X € Tp(dM), [14, page 217], where Vx is the Riemannian
covariant derivative. The adjoint S* € E nd(T;," (0M)) extends uniquely to a derivation
O of the exterior algebra A(T5(dM)). We may identify A(T;(dM)) with the algebra

of exterior polynomials in the 1-forms dx!, ..., dx"~! with constant coefficients. The
action of Q on such an exterior polynomial w is given by

— (Vaw)lam = Q(wlam), (4.16)
as one sees by observing first, that V,,0, = 0 because t — (ay, ..., a,—1,1t) is a geo-
desic, second, that V,, therefore leaves invariant the span of dx!, ..., dx""!, third, that
§* =V = —V, on this span, and finally, that Q and —V,, are derivations of this
algebra.

Proof of Theorem 4.1. In view of (4.5) and Lemma 4.4 we can ignore the connecton
form A and just show that the integrand in (4.12) has the form assserted in (4.2). Explic-
itly, we will show that

<{IE & Q(x)}ot(x), ,B(X» ifanarm = ,Bnorm =0
{Ie ® 1 Q()®)}a(x), B(x))  ifdran = Bran = 0.
4.17)

(K(x)a(x), B(x)) = |
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Assume first that o0, = Brorm = 0. Choose an orthonormal basis ey, ..., eq of £
and write o« = Z?Z (e’ and B = Zflzl e;B', where o' and B' are real valued p-forms.
Then the integrand in (4.12) is

d
D AL da’) gpu — (B v Ad*e ) ar — (B, Voed'))

i=1

ata point P € dM. It suffices to show that this has the form 3¢, (Q(x)a’, ), for
then one can take K (x) = It ® Q(x) in (4.2).

Now a(x),orm = 0 if and only if o' (X)porm = O for each i. Thus it suffices to prove
that the integrand in (4.12) is equal to (Q(x)x(x), B(x)) when « and S are real valued
p-forms such that «,prm = Brorm on U N dM. In this case the middle term in (4.12),
(B, v Ad*a) = 0 and we are left with (8, vuda — V).

We will compute this in an adapted coordinate system. We may write

a(x) = D ay@)dx’ + > bi(x)dx" Adx". (4.18)
J<n I<n
Here and below J = (ji,...jp) with j; <--- < j, <mand I = (iy,...,ip—1) with
i1 <---<ip-1 <n. Moreoverb;(x) =0if x € U N IM. Then
n—1
va(da(x)) = Z{UJZaka,(x)dx" Adx? +v3(0pay(x)dx" Adx?}
J<n k=1

n—1

+ > oD deby (x)dx* Adx" A dx")

I<n k=1
= Z Bnaj(x)de
J<n

because vi(dx* Adx’) =0and b! (x) =0on U NIM fork=1,--- ,n— 1.
On the other hand, on oM,
Via = Voo = D ((dpa))dx’ +a;V,(dx')}
J<n
+ D {@ubp)dx" Adx" + bV, (dx" Adx™)).
I<n
On 0M, therefore, we find some cancellation in the following difference and, since
by = 0on 0M, we arrive at
va(da(x) = Vya(x) = — D ay () Vu(dx') = D (@b (x))dx" Adx".
J<n I<n
Finally, since B,0rm = 0 we find, at x € M, in view of (4.16),

(B, vada = Vya) = = D" (B, asVa(dx?)

J<n

= > (B.a;0dx")

J<n

= (B, Q(x)a). (4.19)
This proves (4.17) and (4.2) if @porm = Buorm = 0.
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In the case ;g = Bran = 0 we may reduce to real valued forms in the same way as
above. Denoting the Hodge star operator on A(T*(M)) by * we can reduce this case to
the preceding by applying the preceding case to the n — p forms *« and %, which, as
is well known, satisfy now (xc),orm = (cB)norm = 0. Applying the identity (4.19) to
these two forms we find

(#B,vad x & — Vy k&) gn—p = (%, Q(X) * @) gn—p,
and therefore
(B, % (vald x @) =+ 'V s ahar = (B, %7 Q(X) x ).
But 'V, = V,, while
« Lvid %)) = —v Ad*a
by [38, Lemma 4.1, items (1), (6) and (10)]. Hence
—(BovAadia+Vya) = (B, x ' 0x) *a). (4.20)

Now the first term in the integrand in (4.12) is zero because v A B = 0. Thus (4.20)
shows that the integrand in (4.12) is (8 (x), 1O (x)*a(x)). Hence we may take K (x) =
It ® (+~1Q(x)*) in this case. This completes the proof of (4.17) and (4.2).

Finally, observe that if the second fundamental form is greater than or equal to zero,
ie. S(x) > 0 on dM, then S* > 0 also, as is also Q(x) and the unitary transform
*~1 Q(x)*. The identity (4.17) therefore shows that K (x) > 0 in both cases. O

Example 4.7. If M is a closed ball of radius R in R3, then W = 0 and the principal
curvatures of its boundary are both 1/R. Hence

in the case oyorm = Bnorm = 0. In the case o4, = Bran = 0 the two lines should be
interchanged.

4.2. A Gaffney-Friedrichs inequality in 3 dimensions.

Proof of Theorem 2.17. Any number ¢ in (1,3) is a convex sum, g = o -1+ -3
with « + B = 1. Then 20 = 3 — g and 28 = g — 1. For non-negative functions
f, g on a measure space, Holder’s inequality, with conjugate exponents !, 871, gives
89 = [g%&>? < (J &)*(J g>)P, which is valid for ¢ € {1, 3} also. In case g = f>
this asserts that || 21 < [ £15%] f ||2’3 . Into this standard convexity inequality insert
g := p’, the conjugate exponent to the exponent p of the theorem. Then 2a/q =
(3/¢) —1=2—-@3/p)and 68/q =3(q — 1)/q = 3/p. Hence

2—@3 3
L2, < IAICPuriR?, 372 < p < 0. (4.21)

For any ¢ valued r-form w over M it follows from (4.21) and from the inequality |(B o
w,w)| < ¢ [j; IB)||o(x)[*dx that

2—3 3
(B ow,w)| < clBll,lloll; ¥ wll?, 3/2<p <o (4.22)
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Let y > 0O and define u = yc||B||p||a)||§7(3/p) and v = y_1||a)||2/p. The convexity
inequality uv < ¥ svsfl, r +s = 1, which follows from the convexity of the
exponential function, and with the choice r = 1 — (3/2p), s = 3/2p, yields

2—3 -1 — 3 -1
(B ow,w)| < riyelBlyloly VPV +sty el Py

=[1— G329yl Bl ol + G2p iy 1% w2, (4.23)

Use (2.20) to bound the last term of (4.23) and at the same time choose y so that
(3/2p)y %P3 (k?/2) = 1/(4p). Thatis, y = (3k2)3/2P. We find then

(B ow,w)| <[1—3/2p)13k?¥ P3| B|| ,)?P/ P~ |w|}

1 2
+ 5190y (4.24)

Adding ||a)||% to both sides of the Gaffney identity (4.4), it then follows that

2

2 * 02 2
waan = ldaoly + ldaolly +2pllel; +

_ 2

—Wow,w) — / (K(x)w(x), w(x)), (4.25)
oM
where
hp = 1+ BIY PP and y, = [1— (3/2p)1(30c2)/CP=3) (4.6

If M is a convex open subset of R then W = 0 and the last term in (4.25) is negative.
Since 1/(4p) < 1/4 for all p > 3/2 the inequality (4.25) implies

G/ ) < Idawl3 + 5]} +2pllel3 (4.27)

for all p > 3/2. This proves (2.22) with Ay = 1. If M is convex, but W # 0 then
the last term in (4.25) is negative and we can estimate the next to last term in (4.25) by
|((Ww, w)] < ||W||oo||a)||%, which then gives

G/ < I1daol3 + 143015 + (W lloo + 2 p) 3. (4.28)

This proves (2.22) with Ay = 1 + || W|. Finally, for the general case we need only
estimate the boundary term in (4.25). We will show that there is a constant 71, depending
only on the geometry of M, such that

- /a (K@@, w) < alloly + /Dol g, (4.29)

The insertion of this estimate into (4.25) then yields
/D013y, < Mdawl3 + ld5ol3 + (W leo + 71+ 2 |0l3, (430)

whichis (2.22) with Ay = 1+ || W||so+71. This will conclude the proof of Theorem 2.17.

Denoting by A the self-adjoint Neumann Laplacian on real valued functions on M,
the fractional Sobolev norms are defined by || fllg, ) = (1 — A)“/2f||Lz(M) for
0 < a < 1. The function x — K (x) € End A" (T,(0M)) is continuous and therefore
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bounded below. Let 79 > be such that —K(x) < tolar(r,(om)) for all x € oM. If
1/2 < a < 1 then, by a trace inequality, (see e.g. [57, Chap. 4, Prop. 4.5]), there is a
constant 7, such that || f|dOM| 12501 < ||f|3M||Ha,(1/2)(aM) < 74l fllH,(m). Choose
a = 3/4 and write T = 13/4. Then, by the spectral theorem for 1 — A and Holder’s
inequality, one has

5o 2 o1/ 3/2
L VA P N 2 A

IA

2
A NS4y + B/ F U oy

wherein we may choose € so that 7o(3/4)e*/3 = 1/4. Then we find ro||f|8M||i2(aM) <

ull £, an /A T3, ny With T = (27/4)(z%10)*. Insert f = || into this inequal-
ity and keep in mind Kato’s Inequality, as in Notation 2.16, to arrive at

—/ (K0 (), o) < To/ ()2
oM oM

+ 1/l

2
<
= Tl||w||L2 WIA(M)»

(M)
which is (4.29). O

Corollary 4.8 (Gaftney-Friedrichs-Sobolev inequality). Under the hypothesis of Theo-
rem 2.17 there holds

< k*(ldawl; + ld50ll7 2, +2p(B)lo]F (4.31)

2
”w”L6(M) (M) (M))'

Proof. Equation (4.31) follows from (2.22) and the Sobolev inequality (2.20). O

Example 4.9. If one takes M to be a cube in R3 then, althou gh M does not have a smooth
boundary, the identity (4.2) is easily verified directly and, since K (x) = O on the flat
sides of d M, one finds no boundary terms. The inequality (2.22) holds, therefore, in this
case also, and, indeed, with A, = 1.

In the following remark we resume the notation for minimal and maximal operators
from Sect. 3.

Remark 4.10. For a £ valued r-form w on M with r=1 or 2 define

On (@) = [IDw|3 + |ID*0l} + |wll3, « e 2(D)N 2(D*), (4.32)
Op (@) = ldol3 + |d* ol + lwl3, © € 2(d) N 2(d*). (4.33)

Both of these quadratic forms are coercive in the sense that their domains are contained
in W and each controls the W norm. This follows from (2.22) if one chooses A = 0,
because then B = 0 and A, (B) = Ay for any p > 2. This coercivity is the content of
[40, Lem. 4.5]. See also [39]. The Laplacians associated to these closed quadratic forms
will be used in Sect. 7.
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5. Sobolev Inequalities for Solutions

Throughout this section we will assume that A € C*((0,T) x M : Al ® ¥), with
T < 00, and satisfies

A'(s) = —8a()B(s) on (0,T), (5.1)

where 84, defined in (3.1) and (3.10), is to be interpreted as a differential operator without
boundary conditions. We will also assume that either

(D) AS)tan =0 forO0O<s<T, 5.2)
or (M) B(S)porm =0 forO<s <T. (5.3)

We are going to establish apriori estimates for solutions to the Yang-Mills heat equa-
tion (5.1) over (0, T'). It will be necessary to integrate by parts in Lemma 5.2 and the use
of the maximal or minimal operators D 4 or d4 and their Hilbert space adjoints will be a
very useful bookkeeping tool for this. The gauge invariant Sobolev inequalities in Hodge
format, established in Sect. 4, simplify when applied to a form w which is annihilated
by any one of these four operators. In particular, when A(-) is a solution to (5.1), all
Sobo(le;v estimates can be conveniently expressed in terms of the time derivatives A
or BV,

5.1. Pointwise and integral identities.

Lemma 5.1 (Pointwise Identities). Suppose that A(-) is a smooth solution to the dif-
ferential equation (5.1) and satisfies either (5.2) or (5.3). Then the following identities
hold, wherein the symbol d4 is the minimal operator in case the Dirichlet boundary
condition (5.2) is assumed, or represents the maximal operator D 4 in case the Marini
boundary condition (5.3) is assumed.

B ' =dpA', (5.4)
A" +d}B' = —[A'.B], (5.5)
dyA' =diA" = 0. (5.6)

Proof. Let us first compute the derivatives in all cases, ignoring boundary conditions,
but recalling that 4 = d} in all cases, aside from boundary conditions. Equation (5.4)
follows from the definition of B. Differentiate (5.1) with respect to s to derive (5.5).
By (5.1) we have d} A’ = —(d;’;)2B = —[BJB] = 0, which is half of (5.6). Differ-
entiate this identity with respect to s to find 0 = (8/9s)(d}A") = dj A" +[A'LA] =
di A" —[A"- Al =d} A", since [A" - A'] = 0. This proves (5.6).

Concerning the boundary conditions, consider first the Dirichlet case, (5.2). Since
A(8)ian = 0 for all s € (0, T) we may differentiate this equation with respect to s at
a point on M and find A’(s);4, = 0. Thus the application of the minimal operator d
in (5.4) is justified. Since d’; is a maximal operator there is no boundary issue in (5.5)
or (5.6).

In the Marini case d4 is now the maximal operator D 4. So there is no domain issue
in (5.4). We may differentiate Eq. (5.3) with respect to time to find B’(s),orm = 0. By
(3.12) B(s) and B’(s) are therefore both in the domain of the minimal operator Dj“.
Thus all the terms in (5.5) are well defined. Moreover (3.16) shows that D B is again
in the domain of the minimal operator D’ . From this and (5.1) it follows that A’ is in
the domain of D’ and from (3.12) it now follows that A’ (8)norm = 0. Of course then
A" (8)norm = 0 also and so A”(s) € Z(D}). This justifies the identities in (5.6). O
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Lemma 5.2 (Integral Identities). Suppose that A(-) is a smooth solution to the differen-
tial equation (5.1) and satisfies either (5.2) or (5.3). Then

(d/ds)|B(s)I5 = —2[|A" ()13, (5.7

(d/ds)[|A'($)]13 = =2 B'5) 15 = 2([A"(s) A A'(5)]. B(s)). (5.8)
Proof. Tt was emphasized in Lemma 5.1 that, whether one assumes Dirichlet or Marini
boundary conditions, B and its time derivatives as well as A" and its time derivatives
all lie in the domain of the corresponding minimal operators d4 or D%, respectively,
and of course in the domain of the corresponding maximal operators d} or D,. All
of the integrations by parts implicit in the following computations are thereby justified
under either boundary condition (5.2) or (5.3). We will write the proof for the Dirichlet
boundary condition. This uses the minimal operator d4. But the proof is identical for

the Marini boundary condition (5.3). One need only replace d4 by the maximal operator
Dy:

(1/2)(d/ds)|| B[, = (B', B)
= (dsA’, B)
= (A, d}B)
=~ A" ®)I72-

This proves (5.7). In view of (5.5) and (5.4) we have

(1/2)(d/d9)||A'(s)* = (A" (s), A'(s))
= (—diB —[A'.B], A)
= —(B',dsA") — ([A'LB], A)),

which proves (5.8). O

5.2. Sobolev inequalities for smooth solutions. The derivation of the Sobolev inequal-
ities (5.9) and (5.10) relies on use of more differentiability than is available from the
definition of strong solution. We will assume therefore that A(-) is a smooth solution.
But it will be shown in Corollary 9.2, by an approximation procedure for strong solu-
tions, that (5.9) holds for all strong solutions. It can also be shown that (5.10) holds for
strong solutions. But the proof relies on higher order apriori estimates which will not be
needed in this paper.

Lemma 5.3 (Sobolev inequalities for smooth solutions). Suppose that A(-) is a smooth
solution to (5.1) and satisfies either (5.2) or (5.3). Let p € [2, o). Then, suppressing s,

IBIZ < >(IA'5 + 2B, (5.9)
A2 < k> (IB'1I3 + AIA13), (5.10)

where k is the Sobolev constant defined in (2.20) and A = A, (B(s)), defined in (2.21).
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Proof. All of these inequalities follow from the inequality, (4.31),
lollg < k2(ldaoll3 + [diol3 + Aol3) (5.11)

in the presence of an identity that simplifies one of the terms. Choose A = A(s) in (5.11),
A= Ap(B(s)) and w = B(s). Observe that daw = da(s) B(s) = 0 by Bianchi’s identity
(3.22) (for the Dirichlet case) or (3.21) (for the Marini case), while d /’ga) = d/’; ©) B(s) =
—A’(s). Thus (5.11) reduces to (5.9) with these choices.

Similarly, to derive (5.10) from (5.11), choose @ = A’(s) in (5.11) and observe that
dio = dj;(_v)A’(s) = 0 by (5.6), while dyw = da)A’(s) = B'(s). Thus (5.11) reduces
to (5.10) with these choices.

As in the preceding subsection, the symbol d4 represents the minimal operator in the
case of Dirichlet boundary conditions, (5.2), or the maximal operator D 4 in the case of
Marini boundary conditions, (5.3). O

6. Apriori Estimates

We want to understand the nature of the singularities of the various gauge covariant
spatial derivatives of B(t) as ¢ | 0, under the sole assumption of finite initial energy.
The word “order”, below, refers to the number of spatial derivatives of A involved in the
inequalities. For example B involves one spatial derivative of A while A’ involves two
spatial derivatives by virtue of the equation A" = —d} B.

The key ingredients for our gauge invariant estimates are the gauge invariant Sobolev
inequalities (5.9) and (5.10), which were derived from the Gaffney-Friedrichs inequality
of Theorem 2.17. These will be the basis for the gauge invariant estimates of Sect. 6.1.
In Sect. 6.2 we will need to make estimates of [|A(7)]ly1(y). These cannot be gauge
invariant.

6.1. Gauge invariant apriori estimates.

Notation 6.1. Recall that A>(B) = Ay + »2||B ||g, as defined in (2.24). Define

t t
Y(t) = 2/ M (B(o))do, and wst = 2/ M (B(o))do. (6.1)
0 s

Define also
20 = A2(Bo) = Ay + 121 Boll3- (6.2)

Since ||B(s)]|2 is a non-increasing function of s, it follows that A, (B(s)) < ¢ for all
s, and consequently ¥ (f) < 2tAg. We are going to use the bound 1>(B(s)) < XAg in
the proofs of (6.6) and (6.8) because it simplifies these proofs considerably. But we
will avoid using it in the proof of Lemma 6.5 because if the initial data Ap should be in
Sobolev class 1/2, which will be of later interest to us, then it can happen that || By ||2 = oo.
In fact Bp need not be a function. Yet even in this case the integral defining v/ (¢) is finite.
The techniques in this section will be applied in a later work to this larger class of initial
data.
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In the remainder of this paper we will use the Sobolev inequalities (5.9) and (5.10)
with the choice A = X2 (B(s)). The bound A2 (B(s)) < A¢ then yields

IBs)IZ < k(1A (s)113 + 2ol Boll3), (6.3)
IA'()NIZ < k2B ()15 + 2ol A'()13) (6.4)
for any smooth solution over (0, T').

Theorem 6.2. Let 0 < T < oo. Suppose that A(-) is a smooth solution to (5.1) and
satisfies either (5.2) or (5.3). Assume further that ||Bo|l2 < oo. Then ||B(t)||2 is non-
increasing and there exist continuous non-decreasing functions C; : [0, c>o)2 — [0, 00),
for j =1,2,3, such that

IB@)II3 +2 /0 t IA"(s)[13ds = || Boll5. Order1, (6.5)
/0 t IB()|iZds < Ca(t. | Boll2),  Order1, (6.6)
and
A 013+ /0 l eVis||B'(s)l3ds < C1(t, | Boll2), Order2, (6.7)
B+ /O ' eVis| A'(s)llzds < C3(t, | Boll2), Order2, (6.8)

where ! is defined in (6.1).
Corollary 6.3. Let T > 0. Then
204’013 = (1B = I3 — IBOIZ) fort = . (6.9)

In particular, if T = oo then |A'(t)||2 — 0 as t — 0o0. Moreover

sup [VAOB(@)]l> < oc. (6.10)

r>1

Corollary 6.4. For each p € [2,0), there is a continuous, non-decreasing function
Cy4 : [0, c><>)2 — [0, 00) such that

t
/ |A"(s)ll pds < Ca(t, || Boll2), Order?2. (6.11)
0

Proof of Order 1 inequalities.

Proof of (6.5) and (6.6). Integrate the identity (5.7) over (0, ¢) to find fot ||A/(s)||%ds =
(1/2)(||BO||% — ||B(t)||%), which is (6.5). Taking the integral of the inequality (6.3) over
(0, t) and using (6.5) we find

t
/ IB(s)|IZds < «* || Boll3{1/2 + tho}, (6.12)
0

which proves (6.6). O



754 N. Charalambous, L. Gross

Proof of Order 2 inequalities.

Lemma 6.5. Let 0 < T < oo. Suppose that A(-) is a smooth solution to (5.1) and
satisfies either (5.2) or (5.3). Then

(@/ds)(e N4 @IE) = = VOB 9B, (6.13)
Proof. Holder’s inequality and (5.10) with p = 2 give, for any number y > 0,

20(1A'(5) A A'(9)]. BN < 26 BE$) 214" (5)115
< 2e Bs) 214" 11,14 (5) g
< /) (v2el B 1A 1Y) + @ (v 1a?)
< (1/4)(V26||B(S)||2) 1A/ )13 + G4y 1A 6) g
4 2
= (/4 (r2eIBO)I2) 14613

+G3/4y P (1)1 +22(BeDIAG)13).

Choose y such that (3/4)y ~*3k% = 1. So y = (3x2/4)3/* and 2y)* = (1/4)(3«?)3.
Then we arrive at

2/(A'(s) A A'(9)]. B(s))]
= {2 €l BO IR + 2B |14 13+ 18613
< 22(BE) A3+ 18613
=Y/ OIA G+ 18G5

From (5.8) we now find (d/ds)||A’(s)||5 < —||B'(s)II3 + v/ (s)I|A(s)]13, which implies
(6.13). O

Proof of (6.7). Integrate (6.13) over (o, ) and multiply by ¢¥® to find
t
||A/<r>||%+/ Vs|IB (s)|3ds < e¥7|A' ()3 < VDA (). (6.14)
o

Integrate this inequality with respect to o over (0, t), reverse the order of integration in
the double integral and then use (6.5) to arrive at

t
HA @113 + /0 Vs B/ 9)13ds < e (IBol3 ~ 1BWI3) /2
< M) Bol)3/2. (6.15)

which gives (6.7). O
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Proof of (6.8). Add A Bo ||%+f; e‘/’f')no A’ (s) ||%ds to both sides of (6.14) and use (6.3)
and (6.4) to find

s+ [

o

t
1A (5)113ds

t
1
< /DI A' )13 + hol Bol3 + / e holl A'(s) I3ds

o

< VDA @113 + 2ol Boll3 + e ol Boll3/2, (6.16)

wherein we have used e¥s < ¢¥® and (6.5) for the last term. Integrate with respect to
o over (0, t), reverse the o and s integrals on the left and apply (6.5) to the first term on
the right, to arrive at

t
t
HIB@IIG + / e 5| A')ligds
0
= e OBol3/2+ Aot Boll3 + ¥ P ro(t/D1 Bol3).

which proves (6.8). O

Proof of Corollary 6.3. Let 0 < o < t and apply (6.15) over the interval [o, ¢] to find

t
2t — )| A' (D)3 +2 / e¥is — ) IB'@)I3ds < % (IB@)I3 — 1BOIB).

o

(6.17)

If t+ > 7 then we can put 0 = t — 7 in this inequality and observe that eVs <

2(1=0)2(B(@) < €?™0 to deduce (6.9), after dropping the positive integral on the
left of (6.17). If T = oo and T > 0 then (6.5) shows that fooo ||A/(s)||%ds < oo and

therefore, that [ _[|A’(s)3ds — 0as ¢ — oo. Hence lim;—. |A’(t)]|3 = 0. Since
daB(t) = 0, the Gaffney-Friedrichs inequality (2.22) gives

A2 (IVAOBO I3+ 1BOI3) < Ids ) BOI3 +22Ba)IBOI
< 1A' @13 +22BA)IBD)3,
which is bounded on [1, c0) because lim;_, oo || A’ (f) ||% =0. O
The proof of Corollary 6.4 depends on the following interpolation lemma.

Lemma 6.6 (Interpolation). Let 0 < a < b < oo and let 2 < p < 6. Suppose that
f:(a,b)— L2(M) N LO(M) is continuous. Then

[ s = (s 7has) ([ o) ( [ o)™

(6.18)

where p =20+ 6B, a+B=1and0 < B < 1.
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. . 2 6,
Proof By interpolation | f ()l < I £ (5)I5* 7 £(5)llg"'". Hence

b b
/ 1f )l pds < / (sBPYILF I 2L (5) 1) PP ) ds.

Apply Holder’s inequality to the product of the three functions in braces to find

b
/ ILf ()Nl pds

b 1/ b ar 1/r b 1/m
< ([ myas) " ([Curonzras) ([T R ras)

provided ¢, r, m are nonnegative and q_l +r~'+m~! = 1. Choose q=2,r=pla
and m = p/(38) and observe that 68/p = (3/2) — (3/p) to arrive at (6.18). 0O

Proof of Corollary 6.4. Choose (a,b) = (0,1) and f(s,x) = |A'(s,x)| 1g¢ in
Lemma 6.6. Since p < 6 the exponent in the first factor is (3/p) — (3/2) > —1.
Therefore the first factor on the right in (6.18) is finite. The second and third factors on
the right are also finite, by (6.5) and (6.8) respectively. O

6.2. Growth of |A(t)|lw,(m)- In the previous sections all apriori estimates were gauge
invariant. However for our proof of long time existence of solutions we will need esti-
mates that depend on Ay itself, not just on its gauge equivalence class. Correspondingly,
we will have to replace Marini boundary conditions by the stronger Neumann boundary
conditions in order to get estimates on A(t) itself, not just on certain of its derivatives.

The smoothness hypothesis in the following theorem, that A(-) € C*°((0, T) x M),
will be removed in Sect. 9, Cor. 9.3.

Theorem 6.7. There is a continuous increasing function Cs : [0, 00)2 = [0, 00),
depending only on the geometry of M, such that, for any strong solution to the Yang-
Mills heat equation satisfying Neumann, (2.9), (2.10), or Dirichlet, (2.11), boundary
conditions on an interval [0, T), with0 < T < o0,

A w1y < Cs(@, l1Aollwyar)), 0 <t < T holds, (6.19)
under the additional hypothesis that A(-) € C*°((0, T) x M).

The proof depends on the following estimates, which will be derived for smooth
A(-). But the smoothness requirement will be removed in Corollary 9.2, thereby proving
the following four inequalities for any strong solution satisfying Neumann or Dirichlet
boundary conditions.

Lemma 6.8. Suppose that A(-) is a strong solution to the Yang-Mills heat equation sat-
isfying Neumann, (2.9), (2.10), or Dirichlet, (2.11), boundary conditions on an interval
[0,T), withO < T < oo. Assume also that A € C*°((0, T)). Then

IA@) 12 < Nl Aoll2 + 2|1 Boll2, (6.20)
IA(S)lla < [ Aoll4 + Ca(t, | Boll), 0 <s <t, (6.21)

2
ldA® 2 < I Boll2 + (6/2)<|IA0|I4 + Cy(t, IIBollz)) ;

and d*A®2 < 14" Aollz + (Il Aolls + Cot, 1 Boll)) Catr, 1 Bolla),  (6:23)

(6.22)

where Cy4(-, -) is defined by (6.11) for p = 4.
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Proof. The identity
s
A(s) = Ag + / Al(o)do, (6.24)
0

is valid for any strong solution, even if not smooth on (0, 7). We may take the L2
norm in (6.24) (with s = 1) to find ANz < [[Aoll2 + [5 1A (0)2do < [|Aoll2 +
tY2( [ 1A’ (0)113)/2. Equation (6.20) now follows from (6.5).

The rest of the proof hinges on the estimate (6.11) for p = 4, which asserts

t
/O 1A"(0)llado < Ca(t, || Boll2) (6.25)

for some non-decreasing continuous function C4 : [0, oo)2 — [0, 00). Now (6.24)
implies that |[A(s)|l4 < ||Aoll4 +f0s | A’ (o) |lado, which proves (6.21) in view of (6.25).
Observe next the identities

dA(t) = B(t) — (1/2)[A®) A A(D)], (6.26)
d*A'(s) = [A(s) - A'(s)]. 6.27)

The first just rewrites the definition of curvature (2.2), while the second just rewrites the
first identity in (5.6). It follows that

ldA@) 12 < B2+ (c/DIAMIS, (6.28)

which yields (6.22) upon insertion of (6.21), given that |B(#)||2 is non-increasing.
Finally, the identity (6.27) gives

t
d*A(t) =d* Ay +/ [A(s) - A'(s)]ds, (6.29)
0
and therefore
t
ld*A®)|l2 < ld*Aoll2 +C/ A4l A"(s)llads
0

1
< lld*Aoll2 + ¢ sup IIA(S)II4/0 A" (s)llads. (6.30)

O<s<t

Equation (6.23) now follows from (6.21) and (6.25). Notice that ||d* Ag||» < oo because,
by assumption, A(-) maps [0, T) into W;. O

Note. The proof of (6.25) relies on use of third spatial derivatives of A in the identity
(5.8), and therefore is not immediately applicable to a strong solution. Moreover the
identity (6.27) and its consequences, (6.29) and (6.30), also uses the third spatial deriv-
atives of A. However we will construct in Sect. 9 an approximation method that allows
us to prove (6.11), and in particular (6.25), as well as (6.30), for all strong solutions and
indeed with the same function C4(-, -). This entire proof will then apply to all strong
solutions without the additional hypothesis that A(-) € C*°((0, T)) x M).
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Proof of Theorem 6.7. We are going to make use of the Gaffney-Friedrichs inequality
(2.22) with A = 0 in that inequality and w chosen to be the form A(¢) of the present
theorem, with ¢ > 0. In this case (2.22) asserts that

A/DINAD Ty, < IdADOIZ+ 1d*AD3 + AuA@)]3. (6.31)

This is applicable because A(t) € Wi (M) and either A(?),0rm = 0 or A(¢)1qn = 0. The
three terms on the right may be estimated by (6.22), (6.23) and (6.20) respectively. The
theorem now follows if one takes into account that || Ag|l2, [|Aoll4, || Boll2 and ||d* Ag|l2
are all dominated by a linear or quadratic polynomial in ||Ag|lw,, given the definition
(2.1) of the Wy norm. 0O

7. Short Time Existence and Uniqueness for the Parabolic Equation

In this section we will prove Theorem 2.13 for both sets of boundary conditions (2.15)
and (2.16) simultaneously by encoding the boundary conditions into appropriate Sobolev
spaces and then using a common approach.The Sobolev spaces will be the quadratic form
domains of the absolute and relative Laplacians, [7,45], as described in Remark 4.10.

Notation 7.1. Define

(N) Ay = —(D*D + DD*), (7.1)
or (D) Ap = —(d*d +dd*). (7.2)

Here D and d are the maximal and minimal exterior derivative operators, respectively,
discussed in Sect. 3. They act on p-forms.

For both kinds of boundary conditions we are going to write simply Hj(M) (or
Hi(M; A' ® £) when clarity demands) for the form domain of Ay or Ap, namely
the domains, respectively, of the quadratic forms Qy or QO p in (4.32) and (4.33). This
defines two distinct notions of H;. Thus, writing A for either the absolute or relative
Laplacian Ay or Ap, Remark 4.10 allows us to write the Sobolev norm as

leollm, = 11— 220l 24 (7.3)

in both cases. We remind the reader that Remark 4.10 shows that a form w € W{(M)
is in the Neumann version of Hy(M) if and only if w;or, = 0 and is in the Dirichlet
version of Hy (M) if and only if w;,, = 0.

Throughout this section we will write d for the exterior derivative with the under-
standing that this represents the maximal or minimal version, in agreement with the
boundary conditions.

Recall that we are dealing with a product bundle and may therefore apply this defi-
nition to A itself.

In the next section we will separate out the nonlinear terms in the parabolic equa-
tion (2.14) and reformulate it as an integral equation in a more or less standard way. A
natural abstract setting for producing solutions to the integral equation may be found,
for example, in [58, Chap. 15]. But we are going to use the following modified path
space within which to seek solutions in order to get some precise regularity at the same
time.
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Notation 7.2 (Path space). Let 0 < T < o0. Denote by &7 the set of continuous
functions

C:[0,T] > HI(M)
such that ||C(#)]lco, |dC(t)]lco and ||d*C (t)||co are finite for each ¢ > 0 and

1/4|

00 > ICll, = sup_ {ICONman + IO N

0<t<T
+ 4 (JdCO o+ I COI) | T4

Notice that the last two terms are well defined because the boundary conditions on
C (1) agree with the choice of d as a minimal or maximal operator.

Theorem 7.3. Let Ay € H\(M) and suppose that B > ||Aollm,(m). Then there exists
T > 0 depending only on B such that the integral equation (7.9) has a solution in Pr.
The solution is unique in 2. Moreover the solution is strongly differentiable fort > 0
as a function into L>*(M). Fort > 0, C(t) is in Z(A) and (2.14) holds. Further, the
solution lies in C®((0, T) x M; A' @ ¥).

7.1. The integral equation and locally bounded strong solutions. We will prove Theo-
rems 7.3 and 2.13 in this section.

We are going to operate mostly with the integral form of Eq. (2.14) as follows. Writing
B = Bc =dC + (1/2)[C A C], we can compute that

d¢B +dcd*C = (d*d +dd*)C — X (C), (7.5)
where X is the first order nonlinear differential operator on ¢ valued 1-forms defined by
— X(C) = —[CLB]+ (1/2)d*[C AC]+[C,d*C], C:M — A'®@¢t (7.6

The term dcd*C in (7.5) contributes the term dd™* to the second order operator on the
right, thereby making the operator on the right elliptic. Without this term the equa-
tion (2.14) would be only weakly parabolic.

The terms in X (C) which are cubic in C involve no derivatives of C while the terms
which are quadratic all involve a factor of one spatial derivative of C. We may write this
symbolically as

X(C)=C>+C-dC. (7.7)
X (C) contains all the nonlinear terms in Eq. (2.14), which can now be rewritten as
C'(t) = AC(1) + X(C(1)), C(0) = Ao, (7.8)

wherein A is given by (7.1) or (7.2).
Informally, Eq. (7.8) is equivalent to the integral equation

t
C(t) = e A+ / e AX (C(0))do. (7.9)
0

The regularity lemma, Lemma 7.9, will show that (7.9) implies (7.8).
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Lemma 7.4. Let C(-) € &Pr. Define

F(o)=C(0)*+C(0)-3C(0), (7.10)
and define Fj(o) similarly for paths C;, j = 1,2. Let 2 < q < 00. Suppose that
ICllz, < R and ||Cjllo, < R. Then there are constants ay, ..., a4 independent of

C(), q, Rand T such that, for0 <o < T,
_ 1_1 _
IF@)lly <o P2 ((R3a)) + 0~ (Ray)), (7.11)

_ 1_1 _
IFi(0) — Fa(@)lly <o P27 C) — Call o, {(R2a3) + 0~ V4(Rag)}.  (7.12)

Proof. In the interpolation inequalit p < Z/ b },g @b for 1 < a < b choose
p q y

a=2b=qtofind || flly < I1/13'1 . Take f = [0C(0)] to deduce

2 1-2
18C(0)lly < 19C @)/ 0C (o) 15 */?

1-Q2/q)
2 —
< Ic@I? (a7 1€l 7,)

< o~ B/HU=2/9) ”C”'@T ,

from which follows
IC(0) - 3C(0)llg < clC(@)llalldC(0) g < o~/ 3a™CHU=De |7,

Thus the term C (o) - dC (o) in F (o) is correctly estimated by the second term on the

right of (7.11). Now choose @ = 6, b = 3¢ to find || f |35 < ||f||é/q I £1l5s @/® and take
f =1C(0)] to deduce

IC@)31ly < {IC@) 34}
< HIC@NIFPC )15 PPy

< AHwNC@) )PP 0V Clp) DY
— CZ{K(2/4)0.—(1/4)(1—(2/11)) IC Il 2, }3’

which completes the verification of (7.11) with a; = ¢? max (x>, 1). The proof of (7.12)
proceeds the same way but for differences in this cubic polynomial. 0O

Remark 7.5. We will need to use some heat kernel estimates for the absolute and relative
Laplacians on a compact n-dimensional Riemannian manifold with smooth boundary.
If A denotes either of these Laplacians then ¢4 is given by an integral kernel K, (x, y),
and "2 K, (x, y)|+t(”+1)/2|gradx K;(x, y)| is bounded on any finite interval 0 <t < T.
See [45, Prop. 5.3] for a proof.

It follows by interpolation that, in three dimensions, given 7o € (0, 00), there is a
constant ¢; depending only on 7y such that,for 1 <g < p <ocoand0 <t < T,

”efA”q_)p < Clt*(3/2)((1/11)*(1/l7))’ (7.13)
8¢ g p < 1t /2 CDWO=W/P) - withd = dord = d*, (7.14)
le" oy g, < c1t™ 2, (7.15)

Equation ((7.15) actually follows directly from the spectral theorem.) In particular, each
of the following are bounded by ¢; = ¢1(Tp) for 0 < ¢ < Tp.

3/4, tA 1/4y tA 1/4y tA
T P P S e [ PR M e EY- ey (7.16)
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Lemma 7.6. Let 0 < Ty < oo. There is a constant ¢y depending on Ty such that, for
any T € (0, To] and any connection form Ag € Hi (M), the path [0,T] > t — Co(t) =
' Ag lies in Pr and

ICo( Iz, < collAoliay - (7.17)

Proof. Since e'4 is a contraction in the H; norm (7.3), we have ICo)la, < llAollH,-
Furthermore, by (7.16),

1/4 1/4 A 1/4 A
Y4 Co) oo = 11" Aplloe < t* 1€ 6= o0l Aol < c1& || Aol 1, -

Writing 9 = d or d*, the last two terms in (7.4) are dominated for the path Cy(-) in
accordance with the inequalities

19Co(1)lloo = l13€" Aolloo < lle"* 2 o0 ll Aollz, < c1t™ 4[| Aol
Multiply by 3/4 and add to the previous two inequalities to arrive at (7.17). O

Lemma 7.7. Let0 < T < oo and 0 < « < 1. There is a constant cr o such that, for all
e >0,

I — De* oy, < s~ I %, for0<s<T, (7.18)
(€2 = et 3oy oo < 8D‘s_%_°‘cf,a for0<s<T. (7.19)

Proof. LetE = (1 — A)/2 and let b > 0. We assert that there are constants ¢, and Ch.T
such that

IE72(1 — e4)|laa < 6%4 and | E®e*2|pmn < s7b8p 7 (7.20)

for all ¢ > 0 and the specified ranges of & and s. The first follows from the spectral theo-
rem for — A and the inequalities (1 +x) % (1 —e %) = (1+&71y)™¥(1 —e ™) < %4,
which hold for all x > 0, wherein we have put y = ex. The second follows similarly
from the inequalities (1 + x)be™* = (1+s1y)lbe < s_béb,T, wherein we have put
y =sx.
Defining 2b = 1 + 2« in the second line below, we see that
1" = De A2y, = B = De* 2, 12
< IE72(@* = Dla—al EMe 2o

< (6%} (s % 1),
which proves (7.18). Choosing next b = o, we see that
€2 — el 2 oo < 1€/ m o | ET2 (€4 — Do E¥* e/ 15
< fers MM e cu Hs/2) e 1),

3/4|

where c7 = sup_ <7 53/4[|e/P2|»_, o < oo in three dimensions by (7.16). O
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Lemma 7.8 (Holder continuity). Suppose that C(-) € P and |C|lz, < R. Let 0 <
a < 1/4andlet0 < a < T. Define

t
o(1) = / A (0)do. (7.21)
0
Then there is a constant c> depending only on a and o and on R and T such that

lo@) = p(M)lloo + (1) = p( Iy < c2(t =1)* fora<r <t <T. (7.22)

If, moreover, C () is a solution to the integral equation (7.9), then[a, T) > 0 — F(0) €
L?(M) is Holder continuous of order .

Proof. Taking0 <a <r <t < T, we may write

r t
o(t) — p(r) = / (eU—’)A— l)e(r_”)AF(o)do+ / =DAF(5)do. (1.23)
0

r

We need to estimate the H; norm and L* norm of each of these two integrals. In all
four integrals we will use (7.11) with ¢ = 2, namely

IF(@)l2 < (RPay) +o *(R*ay), 0<o <T, (7.24)

from which follows, ¢4, 7 = sup,<, .7 [[F(0)[2 < oo. Using (7.18) and (7.19) with
e=t—rands =r — o, as well as (7.15), we find

o) — p(r)la,

,
< /0 1™DA — 1" =DA) I F(0)lado

t
+ / e~ 2, g do sup [ F(o)l2
;

a<o<T
< (t—r)cra /0r<r —0) T F(0)llado + /t(r —0)"2do car
r
<@t —r%;3+ @t —r)'e.
Equation (7.24) shows that c3 < oo if o < 1/2. Similarly, by (7.19) and (7.16),
o) = p(r)lloo

)
< / 1D 1) =DA, I F(0)]ado
0

t
+ / e 200 sup [IF(0)2
r

a<o<T
r 3 t
< (t = 1)era / (r — ) 1 F (o) ldo + / (t — o) Medo cur
0 r
<(t—r)cs+ @t —r)c.

In view of (7.24), the constant c5 < oo if « < 1/4. This proves (7.22).
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Now (7.22) shows that the integral term in (7.9) is Holder continuous on [a, T')
into L>® N H; in the sum norm. So is the term e’ AAO, as one sees from the inequal-

. 1
ities [|(e'? — "M Aolla, < (t = r)*r 27 CrallAollz and [[(¢'* — ") Agllo <

(t — r)“r_%_“CT,a [lAgll2, which follow from (7.18) and (7.19), respectively. Hence
[a,T) 2 0 — C(o) € L*® N H; (M) is bounded and Holder continuous of order «.
Therefore the term C(o) - dC (o) in F(o) is Holder continuous into L2(M) while the
term C(o)> is Holder continuous into L% (M) and therefore into L?(M). O

Lemma 7.9 (Strong solution). Suppose that C(-) is a solution to the integral equa-
tion (7.9) lying in Pr. Define p(t) by (1.21). Then, fort > 0, p(t) € 2(A) and is
strongly differentiable as a function into L>(M). Moreover

o' (t) = Ap(t) + F(1). (7.25)

In particular C(t) € Z(A) fort > 0. C(-) is strongly differentiable on (0, T) into
L2(M), and the differential equations (7.8) and (2.14) both hold.

Proof. Fora < s < t define
S
ps(1) = / " F (o) do.
0
Since t —o >t —s > 0 for all o in the integrand, p () is in Z(A) and
N
Aps (1) =/ A" AF(o)do fora <s < t.
0

We are going to show that Ap,(¢) converges in L*(M)ase =1t —s | 0and in fact
uniformly for ¢ € [a,b] C (0,T). Observe first that if a < s; < sp < ¢ then, for
0 < a < 1/4, and with ¢7 denoting the Holder constant for F (o) on [a, T) into L>(M),
2 F(o)—F(t
/ 1@ — oyaet-oa ZOZEO
s I—o
IIF(G)—F(t)Ilzd
———~do
t—o

1A / ¥ A (F () - Ft)dolls <

1 1

52
< / (=) A1,
s1

52
5/ c7(t —0)* ldo — 0
\

S1

as s1 < s2 both increase to ¢, and uniformly for ¢ € [a, b] C (0, T'). Therefore,
| ACos, (1) — ps, (D)) ]I2

52 52
= ||/ A2 (Hdo +/ A=A (F (o) — F(t))do ||
S1 S1

< 1" 4R F @)l +o(1) - 0
as s;1 < s2 1 t. Moreover, since F(¢) is continuous on [a, T') into L*(M), we may
conclude that ¢ F(t) — F(t) — 0 uniformly for ¢t € [a, b]. Clearly py(t) — p(t) in
L*(M) as s 1 t and uniformly for t € [a, b]. Since A is a closed operator it now follows
that p(t) € Z(A) and t — Ap(r) is continuous into L2.
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To prove (7.25) observe that for 0 < r < 7y <t we have
t r
p(t) —p(r) = / "R (0)do +/ (™A _ =N F(5)do
r 0

1 t
=/ eU"AF (tg)do +/ U=DA(F (o) — F(tg))do + ("4 — Dp(r)

r r

t
= AL — 1) F(1) +/ e"=A(F(0) — F(tg))do + ("% — Dp(r).

r

Divide by t — r and note that as t — r | 0 one has
(1= ~'ATHE" A — 1) F(19) — F(t9),

while
t t
=) / =B (F(o)— Flig))dol2 < (1 — )~ / |F(0)—F(i)]lado — 0.

Moreover
(=7 = Dp(r) = ¢ =) TTATH T = DAp(r) > Ap()

because r — Ap(r) is continuous into L2. This proves (7.25).

Now C(1) = e'®Ag + p(t) by (7.9) and (7.21). Both terms are in the domain of
A for t > 0 and both are differentiable on (0, T) into L2(M). The equation C'(¢) =
AC(t) + F(t) now follows from (7.25). We may rearrange the terms in (7.8) to deduce
that the differential equation (2.14) holds. We will show explicitly in the next corollary
that Bc () € Wi (M), which is implicit in (2.14), the rearranged version of (7.8). O

Corollary 7.10 (Boundary conditions). Under the hypotheses of Lemma 7.9, DC (t) and
D*C(t), resp. dC(t) and d*C(t), are in Wi (M) for t > 0 in the Neumann, resp. Di-
richlet cases, as is also B¢ (. Moreover, C satisfies the following respective boundary
conditions fort > 0,

(N) C(t)norm = 07 (DC(Z))norm = Oa (BC(t))norm = Os (726)
(D) C()ran =0, (@C(t))1an =0, (Bc@)ian =0, (@ C())an =0.  (7.27)

Proof. Writing d for both the minimal and maximal operators, we see that in both cases
C(t) € 2(d*d)N 2(dd*) fort > 0 by Lemma 7.9. We may apply Proposition 3.5 with
A = 0 and therefore B = 0. Take w = C(¢) in that proposition. Since C(t) € 2(d*d)
we have C(t) € Z(d) while dC(t) € Z(d*). But also dC(t) € Z(d) by (3.13) in case
(N) or by (3.14) in case (D). Therefore dC(t) € 2(d*) N Z(d). By the Gaffney-Fried-
richs inequality (2.22) it now follows that dC(¢) € W1 (M). The same argument applies
to d*C(t), upon use of (3.15) and (3.16) since C(t) € Z(dd*). Thus d*C(t) € W) also.
Further, since C(¢) is bounded for each r > 0 and in Wy, it follows that [C(¢) A C(¢)]
is in Wy and so, therefore, is B¢ (). This proves the first assertion of the corollary.

Concerning the boundary conditions (7.26) and (7.27), there is a slight difference
in the two cases and we will therefore distinguish between the minimal and maximal
operators d and D in a repeated application of Lemma 3.4.

In case (N), since C(t) € Z(D*) N Wy, (3.12) shows that C (t),0rm = 0. Since also
DC(t) € 2(D*) N Wy, (3.12) also shows that (DC(#)),orm = 0. But (Bc())norm =
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(DC () norm + (1/2)[C(t) A C®)Inorm = 0+ [C()norm N C(t)] = 0. This establishes
(7.26).

In case (D), since C(t) € 2(d) N Wy, (3.11) shows that C(t);,, = 0. And, since
d*C(t) € 2(d) N Wy, (3.11) also shows that (d*C(t));4, = 0. This proves two of the
equalities in (7.27). Taking now w = C(¢) in Proposition 3.5 we see that (3.14) implies
dC(t) € 2(d) and, since dC(t) € Wi, (3.11) shows that (dC(¢));a, = 0. Finally,
(Be)tan = (dC(0))an + (1/2)[C@)tan A C()tan] = 0. O

Proof of Theorem 7.3. Let Ag € H1(M), choose Ty = 1 in Lemma 7.6, and let ¢ be as
described in that lemma. Choose R > 2c¢g|| Aol g, For C(-) € &1 define

t
W(C)(t) = ' Ag +/ e""AF(o)do, 0<t<T. (7.28)
0

We will show that for 7' sufficiently small, W takes
Prr={C e Pr:|Cllep, =R} (7.29)

into itself and is a strict contraction on this set. Zr g is non-empty by Lemma 7.6 for
any T < 1. Observe first that, by (7.11) with g = 2, we have, for0 <t < T <1,

t t
/ e~ AF (o) || gy do < / e 2y g, |1 F (o) l2do
0 0
t
5/ (t — o) 2 {(Ray) + o V4 (R*an)}do,  (7.30)
0
while, for any g € [2, o],
t t
/0 e~ 4AF (0)|lsodo < /0 eyl F (o) |l gdo
1 11
5/ (t — o) 2D PG D((R3a)) + o V4 (R2a)ldo (7.31)
0
by (7.13) and
t t
/ 8" AF (0) | odo < / 182 ;00| F (0) | gdo
0 0
4 11
< ¢g.00 / (t — o) CPRO=U/26=CPG=D (R + 0 V4 (R?a)}  (1.32)
0

by (7.14). Although these inequalities are valid for any ¢ € [2, oo], nevertheless, for
g = 3, the last integrand has a non-integrable singularity, (r — o)™, and for ¢ < 3
it is even worse. Moreover for ¢ = oo two of the four integrands in (7.31) and (7.32)
contain the non-integrable singularity o ~!. But use of any ¢ € (3, oo) will yield usable
estimates and in fact will yield the same ¢ dependence of the integrals. For simplicity
we will use g = 6 in these estimates.

The six explicit o integrals in (7.30)—(7.32) may all be done by substituting o = tr.

1 1
Choosing ¢ = 6 in (7.31) and (7.32), so that o~ 3DG=g o~1/2, and keeping in
mind the three different powers of ¢ dictated by the definition (7.4), one arrives at six
integrals 7% f(;(t — o) PoVdo = c(g,lg,,,t”‘s’ﬂ’)’ which are all finite with the choice
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qg = 6. Choosing § = 0 for (7.30), 6 = 1/4 for (7.31) and 6 = 3/4 for (7.32) and
adding, we find

t t
/ ||e““’>AF(o>||H.dG”1/4/ e @l
0 0
t
e / 8¢~ F (@) lloodo < 1" {egar R} + 1" 4{coar R2).
0

Hence, in view of (7.17), and taking the supremum over ¢ € [0, T], we find
IW(O)ll 2, < collAolla, + T (c1oR?) + T *(c11 RY). (7.33)

Thus for T sufficiently small, depending on R, the second and third terms on the right
add to at most R — co|| Ao || i, . Therefore W takes &r r into itself.

For two elements C; and C in &7 g the estimate (7.12) yields, just as in the pre-
ceding estimates,

IW(C1) = W(CIlp, < IC1 — Call o, AT *(c16R?) + T (c17R)},  (7.34)

since the term e’2 A cancels in the difference. The coefficient of |C; — Ca || 4 ., may be
made less than 1/2 by choosing T sufficiently small, depending on R. The map W has
therefore a unique fixed point in 27 g.

Suppose now that C is another solution to (7.9) in P7. Let R| = ||é || 2. Then
Ry > R. Choose T1 < T corresponding to R as in the argument following (7.34) with
R replaced by R;. By what has just been proven we have uniqueness of solutions to (7.9)
in 27, g,. Since C, restricted to [0, T1], is in 2?7, g, it follows that C and C coincide
on [0, 71]. We may now apply the same argument on the interval [77, 277] (using the
same R) to conclude that C coincides with C on the entire interval [0, 2T1]. And so on.
This proves uniqueness of solutions to (7.9) in Zr.

Now Lemma 7.9 shows that the solution C (¢) to the integral equation (7.9) is actually
a solution to the differential equation (7.8). We may therefore apply [58, Prop. 3.2, page
289] to conclude that the solution C(-) is in C®((0, T) x M; A' @ ¥). Rearranging the
terms gives (2.14). O

Proof of Theorem 2.13. Choose T € (0, co) as in Theorem 7.3 and denote by C(-) the
solution to the integral equation (7.9). Then C(-) lies in &7 and is therefore a continu-
ous function from [0, T') into Wy. Equation (7.9) shows that C(0) = Ag. Corollary 7.10
proves that B¢ () and d*C(¢) are in Wy for ¢ > 0, which is the claim a) in Theorem 2.13,
and proves as well that C(-) satisfies all the required boundary conditions, (2.15), resp.
(2.16). For t € (0, T) Lemma 7.9 shows that C(¢) is strongly differentiable into L2(M)
and that the differential equation (2.14) holds. The smoothness of C(-) is proved in The-
orem 7.3. The boundedness of 73/4|| Bc ) llo, required in condition f) of Theorem 2.13,
follows from the fact that C(-) lies in 7. Indeed, the norm definition (7.4) shows that,
forr € (0,7),

P Bewylloo < /*HIAC () [loo + (c/2)IC (1) 112}

= HdC 1) |l + 14 (c/2) @4 C (1) 00)?
< [Cllg, +t"*(c/DICI, - (7.35)
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Concerning uniqueness of solutions for the parabolic equation (2.14), a stan-
dard proof of existence and uniqueness for a semilinear parabolic equation may
be found in [58, Chap. 15, Sect. 1]. It is based on a simpler path space than the
space Y7, defined in (7.4), that we have been using and relies on simpler esti-
mates: Let 7 = {C(-) € C([0,T); Hi(M)) : supo<, .7 |CO)llH,m)y < oo} If
Cc() € @T then F (o) (see (7.10)) is a continuous function into L3/2(M) because
C(0) e L® L. L% c L2(M) while C(¢) - 3C(0) € L - L? ¢ L3*(M). Moreover
le' s py = 1e®P 22 gy x NP2 a2, 12 = O™ 127 1) by (7.15) and

(7.16). Since 3/4 < 1 the integral equation (7.9) has a unique solution in P fora given
Ao € H; and small enough T'.

Thusif C(-) € ,@T and is in addition strongly differentiable into L?(M) and satisfies
(7.8) then the identity

t t
C(t)—e’AC(O)z/ (d/do)(e(’_")AC(a))doz/ =DAE (5)do
0 0

shows that C (-) satisfies the integral equation (7.9) and uniqueness then follows. The last
integrand is an integrable function into H; because F : [0, t] — L3/ 2(M ) is continuous,
as we have seen above. The solution to (7.8) is unique, therefore, under the hypothesis
that it izs continuous and bounded on [0, T') into H; and strongly differentiable on (0, T')
into L-. O

Remark 7.11. At the price of a more complicated proof we have used the smaller space
27 in our existence proof instead of the simpler space 27 In order to derive the local
boundedness condition (2.8), our use of the smaller space &7 seems unavoidable. The
local boundedness will be an essential ingredient in our uniqueness proof for the weakly
parabolic Yang-Mills heat equation.

7.2. An apriori estimate for the parabolic equation. The apriori estimates in Sect. 6
have parallels for the parabolic equation. But they get rapidly more complicated for the
parabolic equation as the order of the inequality increases. We will need the following
lowest order estimate. It will not artificially decompose the nonlinear terms in (2.14), as
does the method of the previous subsection.

Lemma 7.12. Assume that C (-) satisfies the conclusions of Theorem 7.3. Then || B¢ () ll2
is non-increasing on [0, T) and in fact

t
IBewl3 +2 /0 %) B I2ds = 1 Boll2 (7.36)

In particular,

IBc@ll2 < l1Boll2- (7.37)

Proof. For ease inreading define B(t) = Bc (). Fort > 0, B(t) is in the domain of . ©

and therefore in the domain of the square of this operator, by (3.15) and (3.16), since
[B1B] = 0. In fact these identities show that (dém)z,ﬂ(t) = B(t)-B(t) = 0 for both (N)
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and (D) boundary conditions. Moreover B(-) is smooth on (0, T) x M by Theorem 7.3.
The following computation is therefore justified for ¢ > 0:
(1/2)d/dn B3 = (B (1), B(1)
= (dc()C' (1), B(1))
= (C'(n), deyB(®))
= _(dzkj(;)ﬂ(t) + dC(t)d*C(f)» dz‘(l)ﬁ(t))
= —|ld¢ B3 — @*C(1), () B1))
= —lldg B3
Since C(+) is continuous on [0, ') into W N L*(M), Bc () 1s continuous into L%(M)

on [0, 7). We may therefore integrate the last equality over [0, 7] to deduce (7.36) and
(7.37). O

8. Short Time Existence and Uniqueness for the Yang-Mills Heat Equation

In this section we will prove the short time existence portions of Theorems 2.5 and 2.7
along with uniqueness. The space H; refers to either of the quadratic form domains
defined in Remark 4.10 and used in Sect. 7, with the H| norm given by (7.3). d4 repre-
sents the minimal or maximal operator, in agreement with the boundary conditions.

Theorem 8.1. Let Ay € H{(M) and suppose that B > ||AollH,(m). Then there exists
T > 0, depending only on B, and a continuous function

A():[0,T) — Hi (M) with A(0) = Ag (8.1)
such that
a) B(t) € H{(M) for eacht € (0, T), (8.2)
b) A(t) is a strongly differentiable function into LZ(M) on(0,7), (8.3)
o) Alt) = —d;’;(t)B(t), (8.4)
1) "4 B() | so is bounded on (0, T). (8.5)

The previous theorem will be deduced from the following theorem, which makes
precise the informal procedure described in Lemma 2.14.

Theorem 8.2. Suppose that C(-) is a solution to (2.14) satisfying conditions a), b), c)
and f) of Theorem 2.13 with T < oo. Let 0 < ¢ < T and, for each x € M, denote by
g:(t, x) the solution to the ordinary differential equation

(d/d)ge(t,x) = (d*C(t, x)ge(t, x), e <t <T, ge(e)=1Iy. (8.6)
Then g € C*([e, T) x M; K). Define
Ac() = C* W = ge()TICge (1) + 8 () dge (), e <t <T. (87
Then A, € C®¥([e, T) x M; A' ® ) N H{(M). There exists a continuous function
A 0. T) — Hi(M:; A ®®) (8.8)
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such that the curvature B(t) of A(t) is in Hy for t > 0 and the strong L? derivative
A'(t) exists for all t > 0. Furthermore

sup [[A@) — Ae(D)llg, —> 0 ase |0, (8.9)
e<t<T
sup t'2|A'(t) — AL(D)||;2 — O ase | O, (8.10)
e<t<T
sup t'2||B(t) — Be(t)|l, — O ase | 0, (8.11)
e<t<T
and sup 4| B(t) — Bo()]loo — 0 ase | 0. (8.12)
e<t<T

Moreover A(-) satisfies all the conditions of Theorem 8.1.

Notation 8.3. Ifu(x) € End ¥V foreachx € M we will write ||u]lco = Sup,epy l14(X) llops
where the subscript op denotes the operator norm. In case u is a functioninto ¢ C End 7V
the operator norm and the € norm are equivalent and we will not distinguish between
them. Compare Notation 2.1. Although all products of ¢ valued forms have been, until
now, commutator products, as e.g. in (7.6), we will need to estimate more general oper-
ators on ¥ in the following.

Corollary 8.4. The functions g, converge to a continuous function g : [0, T) x M —
K C End "V in the sense that

sup [lg(#) — ge()lloc > 0 ase | 0, (8.13)
e<t<T

and sup ||h(t) — go(t) ‘g (Ollw,omy — 0 ase |0, (8.14)
e<t<T

for some continuous function h : [0, T) — Wi(M; A' @ ¥). Here g(0) = Iy and
h(0) = 0. A is given by

A(t) =g~ 'C(r)g(t) + h(2). (8.15)
The proofs of these two theorems and corollary will be given at the end of this section.

Remark 8.5. Since g (t) is given fairly explicitly by (8.6) in terms of the solution C(-)
to the parabolic equation (2.14), it would seem natural to prove (8.13) and (8.14) first,
from which (8.9) would follow easily. But we have not been able to find a direct proof of
the estimates on g, (f)~'dg. () needed for proving (8.14). Instead we will prove (8.13)
and (8.9) first, using apriori estimates from Sect. 6.

8.1. g estimates. The following computations, observed by Zwanziger, [60], Donaldson
[9] and Sadun [46], underlie the procedure described in Lemma 2.14. Throughout this
subsection d and d* act on all smooth forms on M. Boundary conditions on forms will
be described explicitly when appropriate.

Lemma 8.6. Let C € C®((a, b) x M; A'®%). Foreachx € M, let g(t, x) be a solution
to the ordinary differential equation

g, x)gt, x) ' =d*Ct,x), te(a,b). (8.16)
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Define
C8(t,x) = g(t, x)"'C@t, x)g(t, x) + g(t, x)"'dg(z, x). (8.17)
Then
(g 'dg) = g7 '(dd*C)g and (8.18)
(€8 =g 1 (C' +dcd*C)g. (8.19)

Let A(t, x) = C8(t, x) and assume that C satisfies (2.14) over the interval (a, b). Then
A1) +d;‘;(t)BA(,) =0 on (a,b), (8.20)
and further,

A1) = =g dE ;) Bey)g (). (8.21)

Proof. The easily verifiable identity (g~ 'dg)’ = ¢~ '{d(g'g~")}g proves (8.18), given
(8.16). Writing V = g’g~! we can compute

(€8 =g HC' +1C, g'g g+ (g 'dg)
=g HC'+[C,V]+dV)g,

which is (8.19) when (8.16) holds. In particular, if C' + dcd*C = —d. B¢ over (a, b)
then (8.19) shows that A’ = g_l(—déBc)g = —d B4. Here we have used the usual
gauge transformation identities, B4 = g~ '(Bc¢)g and diBs = g_l(déBc)g when
A=C8 0O

Lemma 8.7 (Boundary conditions for g). Suppose that C(-) € C*°((0, T)) and satisfies
the differential equation (d/dt)C = —(dBc +dcd*C) on (0, T) along with one of the
two boundary conditions (2.15) or (2.16). Define g. by (8.6) and let

he(t) = ge() ™ dge(r), e <t <T. (8.22)
If C satisfies the Neumann boundary contition (2.15), then

(N)  he@norm =0, e<t<T, (8.23)
and if C satisfies the Dirichlet boundary condition (2.16), then

(D) he()an =0, e=<t<T. (8.24)
In particular, he(t) € Hy in both cases.

Proof. Since g.(¢) = I it follows that h.(e) = 0. It suffices, therefore, to show that
the normal, respectively tangential, component of /(¢) is zero on [e, T'). The identity
(8.18) shows that A/, (1) = g (1)~ Y{dd*C (1)} g (t) and therefore it suffices to show that
the normal, respectively tangential, component of dd*C(¢) is zero fore <t < T.

In case (N) we have, by (2.15), C()porm = 0 and (Bc))norm = 0. From the
first equality it follows that C'(¢),orm = 0O and from the second equality it fol-
lows, with the help of (3.20), that (dé(,)BC(t))norm = 0. Therefore (2.14) shows
that (dC(t)d*C(t))norm = 0. Hence (dd*c(t))norm = _[C(t)7 d*c(t)]norm =
—[C () norm, d*C(t)] = 0. This proves case (N).
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In case (D), we have (d*C(t))ian = (d*C®))lspmy = 0 by (2.16). Therefore
(dd*C(t))1an = 0 by (3.19) (with A = 0). This proves case (D).

Since h(t) € C°°(M) and satisfies the right boundary conditions it is in H; in both
cases.

Although this proves the lemma, it may be worth noting that in case (D) the defining
equation (8.6) already shows directly that g..(f)|sp = 0 because d*C(r)|yp = 0. Hence
g:(t) = Iy on dM and therefore its tangential derivative, /. (f)wp 1S zero. O

Corollary 8.8 (Boundary conditions for A;). Define A (t) by (8.7). Then A (t) €
H{ (M) in both Neumann and Dirichlet cases, fore <t < T.

Proof. Since A.(¢) is in C*°(M) and C(¢) satisfies the right boundary conditions, the
definition (8.7) shows that we need only prove that g, (t)’ldgs(t) satisfies the correct
boundary conditions. But this is the assertion of Lemma 8.7. O

Lemma 8.9. Define g : [, T) — K as in (8.6). Then

sup [lgs(®) — gs(t)lloc >0 asO0O <8 <e 0. (8.25)

e<t<T

Moreover there is a unique function g € C([0, T) x M; K) such that g(0) = Iy and
such that, for each a € (0, T), g, converges to g uniformly on[a, T) x M.

Proof. For ease in reading let V (¢, x) = d*C(t, x). All the estimates that need to be
made are pointwise in x. For each x € M, V (¢, x) is a continuous function on (0, T")

into ¢ and fOT IV (s)lloods < oo by (7.4). We will suppress the x dependence in the

following. If 0 < 8 < & then the function [e, T) > f > gs(t)gs5(e) ! satisfies the initial
value problem (8.6), and consequently,

8s(1) = ge()gs(e), e=<t<T. (8.26)

Since g (¢) is unitary it follows that

llgs(®) — ge@llop = llgs (&) — Iy llop, e =<t <T. (8.27)
But

& &
lgs(e) = Iy llop = II/(S 85(8)dsllop S/a [V($)lloods — 0 ase | 0. (8.28)

This proves (8.25). The existence of a uniform limit g over each set [a, T) x M now
follows and the limit is clearly independent of a. Moreover letting | 0 in (8.28) shows
that ||g(e) — Iy |lco < fos IV (s)]loods, and therefore g is continuous on all of [0, T) x M

if definedtobe Iy att =0. O

8.2. A estimates. Our goal in this section is to show that the smooth forms A, (¢) and
B, (t) converge in strong senses as ¢ |, 0. Since A, (-) isin C*°((e, T)) x M), all of the
apriori estimates derived in Sects. 5 and 6 are applicable in this subsection.

With a view toward applying the Gaffney-Friedrichs inequality (2.22) (with A = 0
in that inequality), we are going to make estimates in the next few lemmas of ||[dw||2
and ||d*wl|| for several different choices of w.

All four lemmas in this section depend on the apriori estimates of order two in Sect. 6.
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Lemma 8.10. Define Cy4(-, -) as in Corollary 6.4. Then

t
/ AL()lads < Ca(t, | Bol2), &<t <T, (8.29)

&
[Ac@®)lla < IC(e)lla+ Ca(t, | Boll2), €<t <T, (8.30)
and Be(®)ll2 < l1Boll2, e=<t<T. (8.31)

Proof. Since A, is a solution to (2.6) over the interval (e, T'), we may apply (6.25) over
the interval [¢, T') to find f; | AL(s)llads < Ca(t — &, ||Ba,(e)ll2) fore <t < T. Since
C4 is monotone in both arguments and || B4, ) ll2 = |Bce)ll2 < [ Boll2, (8.29) follows.
The derivation of (8.30) from (8.29) is similar to the derivation of (6.21), considering
that A, (¢) = C(e). Further, || Be(t)[2 = llge(t) "' Beyge(Dll2 = I1Bell2 < 1Boll2
by (7.37), proving (8.31). O

Lemma 8.11. As 0 < § < ¢ | O the following limits hold:

T
/ | A5(s) — AL(5)]lads — O, (8.32)
&
sup [|[As(t) — Ac(D)]la — O, (8.33)
e<t<T
sup [|[As(t) — Ae(D)]2 — 0, (8.34)
e<t<T
sup || Bs(t) — B:(t)ll2 — 0. (8.35)
e<t<T

Proof. To prove (8.32) observe that gauge transformations relate well to the forms A’
in that

Aj(s) = (Ad gs(e) "HALGs), s>¢ (8.36)
because —Ajg(s) = d}y \Basis) = (Ad gs (e)")d:gg(s)BAs(s). Therefore

t t
/ IA5(s) — AL () llads =/ I(Ad gs(e)™" — Ie) AL (5) llads

=< llgs(e) = Iy llowCa(t, || Boll2),

from which (8.32) follows.
To prove (8.33) we may again use the identity A.(¢) = C(¢) + fgt Al (s)ds to find

t t
[As() = Ae()lla=[C(8) — C(8)+/8 Af;(S)dS—/ AL (s)ds 4

& t
=IC®) - C(E)II4+/(3 IIAé(S)|I4dS+/ IA5(s) — Az () lads.

The first term goes to zero as § < ¢ | 0 because C(-) is continuous into H; and therefore
into L*(M). The third term goes to zero uniformly for ¢ € [e, T') by (8.32). The middle
term is equal to f; ||dé(s) Bc(s)llads by (8.21) and goes to zero because the integrand is

integrable over [0, T') by (8.29). Replace L* by L? in this proof to arrive at (8.34).
Now

I Bs(t) — Be(t) 2 = (Ad gs(t) ™" — Adge(t) ") Bewllz < | Ad gs(e) — Illos |l Boll2
by (8.27). Thus (8.35) now follows from (8.28). O
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Lemma 8.12. As 0 < § < ¢ | 0 the following limits hold.

sup 12| A5() — AL()ll2 — O, (8.37)
e<t<T
sup 13/8||Bs(t) — B(1)|la — O, (8.38)
e<t<T
sup [|d*(As(1) — Ae(1))]l2 — O, (8.39)
e<t<T
sup [|d(As(t) — Ae() ]2 — 0. (8.40)
e<t<T

Proof. Since As(5) = C(§) we may apply the apriori estimate (6.7) to As(¢) on the inter-
val[8, T) tofind (1 —=8) | A5 (1) 13 < C1(t=3, | Bcs)ll2). By (8.36) A5 (1) 2 = 1AL (1) ]2
for0 < 8 < e <t while | Besyll2 < |Boll2 by (7.37). Since C (-, -) is nondecreasing
in both arguments we find (r — 8)||A/s(t)||% < Ci(t, | Boll2). We may now let 6 | O to
find

t2ALD) 2 < Ci@, 1Boll)' 2, e <t <T. (8.41)

The assertion (8.37) now follows from the inequality t1/2||Aé(t) — A2 <
IAd gs(e)™" — Ielloot 2 ALz < | Ad g5(e) ™" — IllooC1 (T, || Boll2) /2.

To prove (8.38) observe that (t — 8) || Bs (1) |2 < C3(t =8, | Bcs)l2) < C3(t, || Boll2)
by (6.8) applied over the interval [8, T). Since || Bs()|l¢ = |Ad gs(e) ") Be(t)||l6 =
| Bs(t)]l6, we canlet § | Oto find ¢|| B, (t)||% < C3(t, || Boll2). Interpolation between L2
and L* now gives, in view of (8.31),

4 3/4 4
3 Be0)lla < 1B @3B < I1Bolly*C3t, 1 Boll)Y®. (8.42)

Hence
_ 1/4
/3 Bs(t) — Be(1) 14 < |Ad gs(e)~" — Iellooll Bolly *C3(z, | Boll2)*/®,  (8.43)

which proves (8.38).
To prove (8.39) observe that, since A.(s) is a C* solution to the Yang-Mills heat
equation (5.1), the argument giving the identity (6.29) gives

t
d*Ag(t) =d*C(e) +/ [Ag(s) - AL(s)]ds, (8.44)
because A.(¢) = C(¢). Using (8.44) for both ¢ and § we find
d*{As(t) — Ac(O}ll2 < [1ld*{C(6) — C(e)}l2 +/(S I[As(s) - A5()]ll2

13
+/ I[As(s) - Ag(s)] — [Ae(s) - Ap()]ll2ds.

The first term on the right goes to zero as 0 < § < ¢ | 0 because C(-) is continuous
into H;. The second term goes to zero because ||As(s)||4 is bounded, by (8.30), while
|AS(s)ll4 = ||dé(S)BC(S)||4, which is integrable over (0, 7') by (8.29). The third term
goes to zero as 0 < § < ¢ | 0 in view of (8.30), (8.33), (8.29) and (8.32), which show
that || A5 (s)||4 is bounded, that || As(s) — Az (s)|l4 goes to zero uniformly in s over [e, T'),
while [|A,(s) |4 is bounded in L' (e, T) and || A}(s) — AL(s)|4 goes to zero in L' (e, T).
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To prove (8.40) we use again the identity dA;, = B — (1/2)[A: A A¢] to arrive at
ld{As(@)—A:@O}2 < [|Bs(@)—Be (D) ll2+(1/2)[[As () A As(D)]—[Ae (@) A Ac(D)]]]2-

The first term on the right goes to zero uniformly for ¢t € [e, T] by (8.35) while the
second term goes similarly to zero by virtue of (8.30) and (8.33). O

Lemma 8.13. There is a non-decreasing continuous function Ce : [0, 00)3 = [0, 00),
depending only on the geometry of M, such that

t'2(IldBs ()12 + ld* B (1)112) < Co(t, | Bolla, C(e)llw,) e <t <T. (8.45)

Moreover, as 0 < 6 < ¢ | 0 the following limits hold:

sup t!/2)|d(Bs(t) — Be(1)) |2 — 0, (8.46)
e<t<T

sup t1/2||d*(Bs(t) — B:(1)) ] — O. (8.47)
e<t<T

Proof. The Bianchi identity and (8.20) yield, respectively,

dBg(t) = —[A: (1) N Be(1)], (8.48)
d*Be(t) = —AL(t) — [As(t) 2B (1)]. (8.49)

Therefore,

t'2{|ld B (1)||2 + [|d* B (1) |1}
< t'"{|I[Ac(®) A BeO]1ll2 + 1AL 12 + I[Ae (1) 2B ()12}
<t 2{IAL@) 2+ 2¢) A () 14| Be (1) |14}
< Ci(t, |Boll2)'* +2c (I Ac () lla) ' /21 B (1) |14
< Cs(t, | Boll2. 1C @)l ) (8.50)
for some continuous function Cg, by virtue of (8.41), (8.30) and(8.42).
Using the identity (8.49) for ¢ and § we may write
1/2]1d* (Bs (1) — Be(1))l2
< t'2|A5(0) — AL 12 + "2 [As (1) 2Bs ()] — [Ae (1) 3B (1)]]l2.
The first term goes to zero uniformly for ¢ < ¢t < T by (8.37). The second term goes

similarly to zero by combining (8.30), (8.33) with (8.38) and (8.42). A similar argument
applies to 1'/2||d (Bs(t) — B (t))||> by using (8.48). O

Theorem 8.14. There exist non-decreasing continuous functions C7,Cg, Co from
[0, oo)2 — [0, 00) such that

1Al < Cr(t IC@) ), e <t <T, (8.51)

2 Be)llm, < Cs(t IC@)|my), <t <T, (8.52)

4 Be()llow < Co(T. [ICllp,), &<t <T. (8.53)
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Moreover, as 0 < & < ¢ | 0 the following limits hold.

sup [|As(t) — Ae ()|, — O, (8.54)
e<t<T
sup "% Bs(t) — Bo(t) ||, — O. (8.55)
e<t<T
sup 1274 Bs(t) — Be(t)]loo — 0. (8.56)
e<t<T

Proof. Apply (6.19) to the smooth solution A, over [¢, T) and recall that A.(¢) = C(g).
We find that ||A; () ||z, ) < Cs5(t — &, |C() 1, (M), € <t < T. The monotonicity
of Cs in its first argument now yields (8.51) with C7 = Cs.

To prove (8.54) apply the Gaffney-Friedrichs inequality (2.22) with A = 0 and
w = As — Ag. The inequality (8.54) then follows from (8.34), (8.39) and (8.40).

The Gaffney-Friedrichs inequality (2.22), with A = 0 and with w = B,(t) gives

(/DB (D)1, < tlldBe()3 +t1d*Be ()13 + Antl| B ()3

This, along with the inequality (8.45) and || B;(¢)|l> < || Boll2, proves (8.52).

Similarly, the Gaffney-Friedrichs inequality (2.22), with A = 0 and with ® =
Bs — By, proves (8.55) in view of (8.46), (8.47) and (8.35).

Since 13/4|B.(1)llc = 13/*|Bc(lloo the inequality (7.35) proves (8.53) with
Co(T, [ICllz) = lICll 2, + T1/4(C/2)IIC|I?@T-

Finally, for ¢ <t < T, we have £3/%||Bs(t) — Be(t)|loo < |Ad gs5(¢) — Il00 Co
(T, ICll 2, ), which goes to zero uniformly for ¢ € [¢, T') by (8.28). O

8.3. Proof of Theorems 8.1 and 8.2. If 0 < a < T then (8.54) shows that A¢|[, ) is
uniformly Cauchy in Hj norm as € | 0. The limit is clearly independent of @ > 0 and
defines a continuous function A : (0, t) — Hj, being a uniform limit of continuous (in
fact C®) functions on each interval [a, T'). Define A(0) = Ag. We need to show that
the so extended function is continuous at + = 0. Since C(-) is continuous on [0, T') into
Hi, given a > 0, there exists y > 0, such that a) SUPo</<y |Ag — C(t)||n, < « and, by
(8.54),b)sup, -, .7 lAs(t) —Ag (1) |p, < 2if0 <& <& < y.Supposethat0 <1y < y.
Then ||[Ag—C (1) ||n, < abya).Lettingd | 0inb) shows that || A (o) — Ae (t0) ||, < e if
& < to. Takee = 1. Then || A(t0)— Aol g, < [IA(t0)—As o) | 1, +IC(t0)— Aol o, < 2a.
This proves the existence of a continuous function A : [0, T) — H;j (M) taking the cor-
rect initial value, A, and defined as the limit, in the sense of (8.9), of the C* functions
Ag i [e, T) = Hi(M). In particular (8.1) holds.

Now (8.37) shows that, for each a > 0, the derivatives A’g(t) converge uniformly on
[a, T), as functions into L2(M). It follows that A(7) is a strongly differentiable function
on (0, T) into L>(M), as required in (8.3), and that A’(r) = L? limit of A’ (t) for each
t > 0. In fact, letting 6 | 0 in (8.37) proves (8.10).

The curvature B(t) of A(t) is well defined because A(t) € H;(M). Since, for each
t > 0, Ag(t) converges to A(¢) in H; by (8.54) it follows that B (¢) converges in L2
to B(¢). But (8.55) shows that, for each t > 0, B.(¢) is Cauchy in H; norm as ¢ | 0.
Hence B;(t) converges in Hj norm to an element in Hy, which is also the L? limit, B(t).
Thus B(¢) isin H; for each t > 0, as required in (8.2), and || B¢ () — B(t)|| g, — O for
each t > 0. Therefore d* B, (¢) converges to d*B(r) in L? while also B (f) converges
to B(t) in L*. Hence [A,(t)1B,(t)] converges to [A(t)sB(t)] in L? in view of (8.33).
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Therefore d;’;g(t)Bg (1) converges in L to dj(t)B(t) for each t > 0. It now follows that
A(t) = —d;’;(t)B(t) for 0 <t < T, as required in (8.4). Furthermore, taking the limit
in (8.55) as § | O proves (8.11).

A similar argument, based on (8.56), shows that, for each # > 0, one has || B;(¢) —
B(t)|loo = Oase | 0. In particular, (8.5) follows from (8.53). Moreover, (8.12) follows
from (8.56) by letting 6 | 0. This proves Theorems 8.1 and 8.2. O

8.4. Proof of Corollary 8.4. Fore <t < T define
he(t) = ge(1)"'dge(t) and Co(t) = go(1) ™' C(1)ge (0).
Since
he(t) = A (1) — Ce (1), (8.57)
we have [|h:(t)ll6 < [[Ae ()]l + |C(2)ll6. Hence

he@lle < k(1Ae () llEy + 1C Ol H)
= k{C1 @t ICEN ) +ICll2, )

by (8.51) and (7.4). Moreover, from (8.54) and (8.25) we find
sup [lhs(@) —he(t)lle <« sup [[As() — Ae(D) |,

e<t<T e<t<T
+ sup [|Cs(t) — Ce()lle — O, (8.58)
e<t<T

as 0 < 6 < e | 0. We assert that
sup [|Cs(t) — Ce(t)||lg, >0 as0<d<e|0. (8.59)

e<t<T

It suffices to compute derivatives for some local orthonormal frame field ey, ez, e3. We
have V;Cs(t) = (Ad gs (t)_l)VjC(t) +[Cs(t), (hs(t), ej)] and therefore, denoting by
| - l2 an L? norm over a coordinate patch, we find

IV (Cs(t) = Ce®) 12 < |Ad g5(t) — Ad ge(D)llo I V;C(D)]l2
+ [{Cs(1) — Ce (D)}, hs(1){ej)]ll2
+ [[Ce(0), {hs (1) — he (1)} (ej)]ll2-

As0 < § < e | 0, the first term goes to zero, uniformly for e <t < T, by (8.25), since
IV;C) 2 < ICll,. Since ||hs(t){e;)llc < Ilhs(t)|l¢ remains bounded as § | 0 and
uniformly so over ¢t € [e, T), while ||Cs(t) — Cc(?)|l3 < |Ad gs(€) — I || l|C(®)|I3 —
0 uniformly over [&, T') because ||C ()3 is dominated by |C(¢)||g, < [ICll%,, the
second term also goes to zero uniformly over [e, T'). The third term is dominated by
IC@®3llhs(t) — he(t)]l6, which goes to zero uniformly over [e, T) by (8.58).

Upon adding the contributions to ||Cs(¢) — Cg(t) ||%_Il from finitely many coordinate
patches that cover M the assertion (8.59) follows. From (8.59) and (8.54) we deduce
that

sup ||hs(t) —he(Dllg, < sup [[As(t) — Al + sup [Cs(t) — Ce ()|l my

e<t<T e<t<T e<t<T

—0 as0<d<elO. (8.60)
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Thus, for each a € (0, T'), the h, converge uniformly over [a, T') in H; to a function h
which is clearly independent of a and defines a continuous function on (0, 7') into Hj.
Now (8.57) shows that, for 0 < § < ¢ < t, we have

Ihs(@) — he @, < [1As(1) — Ae Ol + 1Cs () — Ce() I By -
We have shown that all three differences converge as § | 0 and we may conclude that
1A (1) = he Ol = [AG) — AcOlH, +1C (1) = Ce () 1 -

Take t = ¢. Since g.(¢) = Iy on the fiber ¥ we have h.(¢) = 0 and C.(¢) = C(¢) and
therefore ||h(e)ll g, < ||A(e) —C(e)| u,. But A(e) and C(e) both converge to Ag in Hj.

Hence ||h(e)||g, — 0 as e | 0. Thus & is continuous on [0, T') into H; if one defines
h(0) = 0. The identity (8.15) now follows for each ¢ > 0 by taking the L*(M) limit in
87 ase | 0. Att = 0 Eq. (8.15) just asserts that Ag = Ag because i£(0) = 0 and, by
Lemma 8.9, g(0) = Iy. This completes the proof of Corollary 8.4.

8.5. Uniqueness of solutions.

Theorem 8.15. Let T < oo. Let A1(-) and A>(-) be two locally bounded strong solutions
to (2.6) on the interval [0, T') and having the same initial data in Wi(M). Assume that
either
(N) Bj(O)norm =0 forj=1,2 and t >0 (8.61)
or (D) Aj(t)tan =0 forj=1,2 and t > 0. (8.62)
Then Ai(t) = Ay(t) on [0, T).
The proof depends on the next lemma.
Lemma 8.16 (An identity). Suppose that A| and A, are two strong solutions satisfying
either (8.61) or (8.62). Then, fort > 0,
(d/dD]A1(1) = A2 (D)5 = =2IIB1(1) — B2(0)13
— (B1(@) + Ba(1), [(A1 () — Aa()) A (A1 (7)) — Aa())])- (3.63)
Proof. Consider first the Neumann boundary condition (8.61). In this case the heat equa-
tionis A’(s) = —D% (S)B(s) wherein D denotes the maximal operator defined in Sect. 3
and D;‘;(S)B(s) = D*B(s) + [A(s)1B(s)], which is in L%(M) because B(s) and A(s)
are both in Wy and B(s),orm = 0. Since Z(D) D W we may integrate by parts in the
third line below.
(1/2)(d/dD]| A1 (1) — Ax(D)[5 = (A} — A), Aj — Ar)
— (=D} Bi + D} B>, Aj — Ay)
= —(B1, Da,(A] — A2)) + (B2, Dy, (A — Ap)).
(8.64)
But

Dy (A1 —Ay) = D(A; — Ay) +[A1 A (A — Ap)]
= B — By — (1/2)[A1 AN A1+ (1/2)[A2 A A2] +[A1 A (A1 — A2)]
=B — By + (1/2)[(A1 — A2) A (A1 — A2)].
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Defining @ = (1/2)[(A| — A2) A (A1 — Ap)], we find, similarly, that D4, (A| — A2) =
By — B, — a. Hence

(1/2)(d/dD]| A1) = A2(D)]l3 = =(B1, By — By +) + (B2, By — By — )
= —||Bi — B2|3 — (B1 + B2, @),

which is (8.63).

Next, consider the Dirichlet boundary condition (8.62). In this case the heat equation
is A'(s) = —d; ©) B(s), wherein d is the minimal covariant exterior derivative operator.
By (8.62) we have (A1(t) — A2(¢))tan = 0. Since A1 (t) — Az (¢) is also in Wy, it is
in the domain of d by (3.11). We may therefore integrate by parts, as in (8.64), to find
(1/2)(d/d1)[| A1 (t) = A2(D)||3 = —(B1, da, (A1 — A2)) + (B2, da, (A1 — Ay)). The rest
of the proof is the same as the Neumann case, with D replaced by d. O

Proof of Theorem 8.15. By (8.63) we have
(d/dD)|| A1 (t) — A2 ()13 < |(B1 + Ba, (A — A2) A (A] — A2))
< (I1Bi®)lloo + B2 lloo)cl| A1 (1) — A2 ()5

Here, for the first time, we need to use the assumption that the two solutions are locally
bounded. By condition e) in Definition 2.2 we have, for some b € (0, T) and a5 < oo,

*Bj()oo <as/2 for0 <t <b, j=1,2.

Hence
(d/dn)| A1 (t) — Ay ()13 < ast™*| A1 (1) — Ax(0)]3. (8.65)

Since fob t73/%dr < oo and ||A1(0) — A2(0)|l2 = 0, Gronwall’s Lemma now shows
that |A1(#) — Ax(?)]l2 = 0 for 0 < ¢ < b. (For example (8.65) shows that
(d/dnte=*s!"" | A (1) — A2(1)]I2} < 0.)Now if [0, a] is a maximal interval of equality
and a < T then, taking the origin now at ¢ = a, condition d) in Definition 2.2 shows
that || B (t)|lc are both bounded on any finite interval [a, b] C [a, T) and therefore
(t —a)**|B i (t)lloo is bounded on [a, b]. The preceding step in the proof now shows
that A| = A, on [a, b] and thereforea =T. 0O

Remark 8.17. Hong and Tian [24] have considered the Cauchy problem for the Yang-
Mills heat equation interacting with a € valued scalar field ¢ over a complete open
three dimensional manifold. The flow equation is the gradient flow for the functional
|| B ||% +||dag ||§. In the absence of the second term the flow equation reduces to the pure
Yang-Mills equation (2.6). The flow equation for the combined system is weakly para-
bolic, just as in the pure Yang-Mills case. The method we used to prove uniqueness can
be used for this combined system also. The seemingly fortuitous identity (8.63) extends
to a similar identity for the combined system, namely

@/dn) (1410 = 42013 + 161 (1) = $2(0)13)
= —2|Bi — Ball3 — (B + B2), [(A1 — A2) A (A} — A))])
—2llda,¢1 — dayd2ll5 — 2((da, 1 + da,d2), [A1 — As, 1 — o). (8.66)

Since Hong and Tian operate in the C* category, their solutions are automatically locally
bounded. The uniqueness proof given above applies, therefore, to their case as well, in
the C®° category.
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Remark 8.18. The weak parabolicity of the Yang-Mills heat equation is responsible for
uniqueness under imposition of only two boundary conditions on the three component
form A(#), as already noted in Remark 2.10. It is potentially illuminating to see how the
previous proof of uniqueness for the weakly parabolic equation translates to the para-
bolic case and why it should require three boundary conditions on the three component
form C(¢). It is indeed possible to carry out the preceding proof for the parabolic case,
although it is a little more complicated. While it sheds some light on the comparison of
uniqueness proofs we will not pursue it further.

9. Long Time Existence

Here we complete the proof of Theorems 2.5, 2.7 and 2.12.

We will need the growth estimate (6.19) for strong solutions. But the proof of (6.19)
given in Sect. 6.2 relies on existence of derivatives, e.g., B'(¢), which have not been
proven to exist for a strong solution. We are therefore going to construct approximations
of a given strong solution by a sequence of smooth solutions, locally in time, using the
parabolic equation (2.14) and its partial gauge transforms A, described in Sect. 8.

9.1. Covariant regularization of locally bounded strong solutions.

Lemma 9.1 (Local regularization). Suppose that A is a locally bounded strong solution
over [0, T) for some T < oo. Let0 <t < T and define § = supy;, |A(s)|lw,. Then
there exists T > 0, depending only on B, such that, for any interval [a, b] C (0,1t] of
length b — a < t, there exists a sequence A, of smooth solutions over [a, b] such that

sup {IIAn(S) — A llw, + 14,(5) = A/l .2

a<s<b
+1IBn(s) — B(s)llw, +||Bn(S)—B(S)||oo} -0 9.1
asn — oQ.

Proof. The constant § is finite because A : [0,T) — W, is continuous. By Theo-
rem 2.13 there exists T > 0 such that, for any #y € [0, T'), a solution C(-) to (2.14)
with initial value A(#y), exists over [f, fp + 7). Suppose then that [a, b] C (0, ¢t] and
that b < a + . Choose tg € (0, a) with b < tg + t. Then [a, b] C (t9, to + T) and the
solution C(-) to (2.14) over [f9, ty + T), with C(#9) = A(%p), exists over [fg, b], at least.
Define the usual gauge transforms A, of C over [fy + €, b] as in (8.7). By Theorem 8.2
the smooth solutions A, converge as ¢ | 0 to alocally bounded strong solution on [#y, b]
with initial data A(#y). Therefore, by the uniqueness theorem of Sect. 8.5, the solutions
A, converge to A itself. The sense of convergence is specified in Theorem 8.2 in (8.9),
(8.10), (8.11) and (8.12). In particular, choosing ¢ = 1/n, it follows from these that
(9.1) holds because a — 1o > 0. O

Corollary 9.2. For any locally bounded strong solution A(-) on [0, T),

a) | B()|\2 is non-increasing on [0, T).

b) For 0 < s < T the Sobolev inequality (5.9) holds for 2 < p < oo and the Sobolev
inequality (6.3) holds.

c) The gauge invariant apriori estimates (6.5), (6.6), (6.8) and (6.11) hold.

d) The apriori estimates (6.20) — (6.23) hold.
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Proof. Assume that A(-) is a locally bounded strong solution on [0, T').

For the proofs of a) and b), if 0 < s < T pick ¢t € (s, T) and choose T > 0 as in
Lemma 9.1. Choose an interval [a, b] C (0, ] of length b —a < t witha < s < b, and
choose a sequence A, of smooth solutions over [a, b] as in the lemma. By (5.9) there
holds, for the given s,

1B2 )13 = €2(14, )13 + 2p (B 1 Ba()13). 92)

where A, (B)is givenin (2.21). By Lemma9.1, A}, (s) convergesto A’(s) in L?(M), while
B, (s) converges to B(s) in Wi (M) and in L*° and therefore in LP (M) for2 < p < oo.
Hence 4, (B, (s)) — Ap(B(s)) for all p > 2. Letting n — o0 in (9.2) proves (5.9) for
strong solutions for 2 < p < oco. Now || B, (-)||2 is non-increasing on [a, b] by Theo-
rem 6.2 and therefore || B(-)||2 is non-increasing also on this interval. Thus ||B(o)||> is
non-increasing on any interval [a, b] C (0, t] of length less than t, and, being continuous
at o = 0, is therefore non-increasing on [0, ] for any t < 7. Now (6.3) follows from
(5.9) and the monotonicity of A2 (B(s)) as in the original proof of (6.3). This proves the
assertions of Parts a) and b).

For the proof of c) note first that, unlike the Sobolev inequality just proven for fixed
s, all four of the inequalities in Theorem 6.2 are global, in the sense that they involve
integrals over large intervals. To use Lemma 9.1 it will be necessary to partition the
large intervals into small intervals of length less than t and establish inequalities in each
interval which can be added up with appropriate cancellation of boundary terms. We will
illustrate the method by deriving the most complicated estimate, (6.8). Given a locally
bounded strong solution A over [0, T') and, given ¢t € (0, T'), pick t as in Lemma 9.1.
Suppose that [a, b] C (0,t] with b —a < t. Denote by A, a sequence of smooth
solutions as prescribed in Lemma 9.1. We may apply the inequality (6.13) to A, over
the interval [a, b] by taking the origin to be at a. Integrating (6.13) over [a, b] we find

b

eI AL @) I515 + / e V"B, (s)l3ds < 0. 9.3)
a

Here ¢,,(s) = 2 f; M (By(0))do asin (6.1). Before letting n — oo we need to elimi-

nate || B, (s)|| %, which we have no control over (at the present time.) To this end multiply
(9.3) by «2 and use (6.4) in the integrand to find

b
K2 VAL () 1515 + / e VO Al (5)|12ds

a

b
< «? / e V10 (By ()| A (5)I13ds. (9.4)

By Lemma 9.1 A/ (s) — A’(s) in L?>(M) uniformly in s over [a, b] and A2(B,(s)) —
A2(B(s)) uniformly also. It now follows from Fatou’s Lemma that ||A’(s) ||% <
liminf,_ o [| A, (s) ||é and the same argument applies to the entire integral on the left of
(9.4), considering that v, (s) converges uniformly on [a, b] to ¥} := 2 fas M (B(o))do.
Since, by Part a), A2(B(a)) < 1o, we arrive at

§ b 5 b s
e Vel A'(s) 1315 + / e Va||A'(s)lIZds < k*ho / e Val|A'(s)3ds.

a a
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Now let 0 < o < t.If [a, b] C [0, t], then, using & + ¢ = S fora < s, we can
multiply the last inequality by e~¥ to deduce that

b b
GV NGB+ [ VIS < [ e IAGIRDs. 05)
a a
Since the exponential factors no longer depend on a, (9.5) allows for cancellation of
the boundary terms thus: Partition the interval [o, #] into small intervals, choosing o =
ap < ay < --- < a, =t with each interval of length less than 7. Taking a = a;_1 and
b = aj in (9.5) and summing from j = 1 to n we get cancellation of differences on the
left and arrive at

t ! :
e IO - 1@ B) + [ AN <o [ V1A )1

o (e

which, upon multiplying by eV, gives

1 t
A 013+ / A )3 = ke’ 4 @)]3 + Ao / 114 (5)3ds |
o o
By (6.3), which we already know holds for strong solutions by Part b) of this corollary,
wehave | B(t)]|2 < «2||A’(t)[13+x210]| BolI3. Adding this to the last displayed inequality
gives exactly (6.16), which, as before, implies (6.8).

For the proof of Part d) observe that, among the inequalities (6.20)—(6.23), the only
one relying on more smoothness than is available from the definition of strong solutions
is (6.23), because of its dependence on (6.27), which contains third spatial derivatives of
A on the left side. But the integrated identity (6.29) is clearly derivable from Lemma 9.1

by adding finitely many identities of the form d*A(0)|Z = fab[A(s) - A’(s)]ds to arrive
atd*A(t) — d*A(r) = frt [A(s) - A’(s)]ds, and then letting r | 0. The rest of the proof
is the same as the earlier derivation of (6.23). O

Corollary 9.3. For any locally bounded strong solution A(-) over an interval [0, T') the
growth estimate (6.19) holds.

Proof. The proof of the inequality (6.19) depends on the validity of the inequalities
(6.20)—(6.23). These have been proven for locally bounded strong solutions in Corol-
lary 9.2, wherein the restriction that A € C*°((0, T')) was removed. The proof given of
Theorem 6.7 is now applicable to any locally bounded strong solution. 0O

9.2. Dirichlet and Neumann boundary conditions.

Proof of Theorems 2.5 and 2.7. Suppose that A(-) is a locally bounded strong solution
to (2.6) over [0, T') satisfying either Neumann boundary conditions, (2.9) and (2.10) or
Dirichlet boundary conditions, (2.11) and (2.12). If T < oo then by Theorem 6.7 there
is a number B < oo such that ||A(?)| g,y < B for0 <t < T. By Theorem 8.1 there
exists § > 0 such that short time solutions exist over [0, 28) if ||Ao|lg, < B. Apply this
theorem with Ag = A(T — §). Then we may conclude that there is a locally bounded
strong solution A(t) over [T — 6, T +4) such that A(T —§8) = A(T — §). From unique-
ness, Theorem 8.15, we know that A(t) = A(t)on [T —46, T). Hence A extends A to the
entire interval [0, T + §). We show now that the extended solution is locally bounded.
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For 0 < a < T, the condition (2.7) shows that || B ()lloc is bounded on [a, T'), and,
Since || B4 _g,g lloos™* is bounded for 0 < s < 28 by (8.5), it follows that, for the
extension A(-) to [0, T + §), one has sup, ., 745 | Ba@)llo < 00. Therefore A(:) is a
locally bounded strong solution on [0, 7 + §). Hence the maximal interval of existence
of a locally bounded strong solution is [0, 00).

The uniqueness portions of Theorems 2.5 and 2.7 follow from Theorem 8.15. 0O

9.3. Marini boundary conditions. The following lemma will be used to deduce Theo-
rem 2.12 from Theorem 2.5.

Lemma 9.4. Suppose that A € C>(M; A' ® ¥). Then there exists a function g €
C%(M; K) such that

(Ag)norm =0. (9.6)

Proof. For a point P € M let xp(s),0 < s < & be the geodesic in M starting at P
and normal to 0 M at P. Thus x;, (0) = —n, where n is the outward drawn unit normal
at P. We may choose ¢ > 0 so small that the map M x [0,2¢) 5 P,s — xp(s)
is a diffeomorphism onto a collar neighborhood U of M in M. Choose a function
h € CX([0, 2¢)) such that h(s) = s on [0, ). Define

. HOAMP iy~ n(s) e U
EI=N 1 ifyem-—u.

Then g is C?in U and, since g(y) = ex = Iy inaneighborhood of the inner boundary of
U, it follows that g € C*(M; K). Moreover dg(xp(s))/ds|s=0 = h'(s)|s=0(A,n)p =
(A, n) p. Therefore

(A®)orm(P) = g(P) " Apormg (P) + g(P) "' (dg(P), n)
= Anorm(P) — dg(xP (S))/dsls:O
=0.

O

Remark 9.5. The preceding lemma has an imprecise analog for Dirichlet boundary con-
ditions. Suppose that A is in C*°(M) and that B,,, = 0. Then, given a point P € dM,
there is a smooth function g : M — K such that (A8);,, = 0 in some neighborhood of
P in 0 M. Indeed, the connection form A;,; on d M has curvature form B;,;,, which is
zero. So Ayqy is locally, on 9 M, a pure gauge. That is, there exists a smooth function ¢
on a neighborhood of P € M such that A, = ¢_1d¢ on this neighborhood. Extend
¢ smoothly to a neighborhood U in M for which P € U N dM C domain ¢ and define
g = ¢_1 there. It is straightforward to verify then that (A8);,, = O on U N dM as
asserted. Moreover, choosing ¢ (P) = ex and U small, one can ensure that ¢ takes its
values in a contractible neighborhood of ex in K and therefore g can be extended to all
of M.

For a nontrivial bundle over M the boundary conditions By,or, = 0 and B;,, = 0 are
both independent of gauge choices, as opposed to A, y-m = 0 and Asy, = 0. This has
been observed and used by W. Gryc, [20], in his work extending the no-section theorem
of Narasimhan and Ramadas, [42], to manifolds with boundary.

Proof of Theorem 2.12. Suppose that Ag € C2(M; A' ® £). By Lemma 9.4 there exists
a function g € C>(M; K) such that Ay = Af) has normal component zero. Clearly
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Ao e C'(M) c W{(M). By Theorem 2.5 there exists a unique locally bounded strong
solution A(-) to (2.6) on [0, o) such that A(s)uorm = 0 for s > 0 and B(s)uorm = 0
for s > 0. Define A(s) = A(s)g_1 fors > 0. Since g € C2(M; K), A(s) is again a
strong solution and B($),orm = (E(s)g_l),m,m = 0. Of course A(s),orm need not be
zero for s > 0. However, the uniqueness portion of Theorem 2.5 applies, showing that
A(-) is the unique locally bounded strong solution with A(0) = Ao and B($)norm = 0
for s > 0.

O
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