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Abstract: The present paper deals with the question of representability of nets of
C*-algebras whose underlying poset, indexing the net, is not upward directed. A partic-
ular class of nets, called C*-net bundles, is classified in terms of C*-dynamical systems
having as group the fundamental group of the poset. Any net of C*-algebras has a canon-
ical morphism into a C*-net bundle, the enveloping net bundle, which generalizes the
notion of universal C*-algebra given by Fredenhagen to nonsimply connected posets.
This allows a classification of nets; in particular, we call injective those nets such that
the canonical morphism is faithful. Injectivity turns out to be equivalent to the existence
of faithful representations. We further relate injectivity to a generalized Cech cocycle of
the net, and this allows us to give examples of nets exhausting the above classification.

Using these results we have shown, in another paper, that any conformal net over S'
is injective.
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1. Introduction

A net of C*-algebras is a covariant functor from a poset, considered as a category, to
the category of unital C*-algebras having faithful *-morphisms as arrows. Actually, this
structure is not a net unless the poset is upward directed; it is, rather, a precosheaf of
C*-algebras, however we prefer to maintain the term net throughout this paper, according
to the convention used in algebraic quantum field theory. The present paper addresses the
analysis of nets over posets that are not upward directed and, in particular, the question
of their representability on Hilbert spaces.

The basic idea of the algebraic approach to quantum fields over a spacetime is that the
physical content of the theory is completely encoded in the relation linking observables
measurable within a suitable region of the spacetime to that region ( [1,4,8,30,32,38]).
Mathematically this is expressed by a net of C*-algebras defined over a poset given as a
suitable set of regions of the spacetime ordered under inclusion. Two physical inputs are
imposed on this net: causality and covariance under spacetime symmetries, if there are
any. This is what is called the observable net. Quantum systems, like for instance quan-
tum fields with particle spectra, are described by certain representations of the observable
net on a Hilbert space. Some remarkable results in this direction are [5,20,21].

The set of regions indexing the observable net must be chosen to best fit the topolog-
ical and the causal properties of the spacetime and the global symmetries. In Minkowski
space this is the set of double cones, which turns out to be upward directed under inclu-
sion; so the net embeds in the inductive limit C*-algebra (the colimit). Symmetries on the
net lift to the inductive limit, and (covariant) representations of the inductive limit yield
(covariant) representations of the observable net. However, when one deals with theo-
ries over curved spacetimes, where nontrivial topologies are allowed, or over the circle
S, the appropriate set of regions is not upward directed any more,! see [13,29,42]. So
the question of the existence of representations arises.

A similar problem arises in geometric group theory ([9,27]). Any simple complex of
groups is a net of groups over its set of simplices ordered under opposite inclusion, and
the realizability of the complex, namely the existence of an embedding into the colimit,
is equivalent to the existence of a faithful representation of the net (the analogue of a
Hilbert space representation, see below). Neverthless the powerful results obtained in
this context seem to be very far from applicable to the nets arising in quantum field the-
ory, mainly because the posets involved are finite and, in many applications, the groups
are finitely generated.

1 An upward directed poset is simply connected; the first homotopy group of the spacetime is isomorphic
to that of the poset indexing the net, see [42]. About the definitions of homotopy and cohomology (homology)
of a poset, see the above-cited reference and [39,40].
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The question of representability, initially approached by Blackadar in terms of gen-
erators and relations ([11,12]), has been considered in the context of quantum field
theory by Fredenhagen, who generalized the inductive limit C*-algebra to posets that
are not upward directed introducing the universal C*-algebra of a net, characterized by
the property that representations of the net (those that we call, in the present paper,
Hilbert space representations) lift to representations of the universal C*-algebra ([25,
28]). Symmetries of the net lift to the universal C*-algebra, which reduces to the induc-
tive limit when the poset is upward directed. The advantage, apart from that of dealing
with a single algebra rather than a net, is that some of the symmetries and representa-
tions of the observable net may be realized in the universal C*-algebra, see for instance
[19,26,33].

Nevertheless we consider this approach unsatisfactory, for two main reasons. The
first one is that the universal C*-algebra may be trivial, but there is no result connecting
the nontriviality of the universal C*-algebra to intrinsic properties of the net itself. The
second one is that the universal C*-algebra is too restrictive, since it does not take the
fundamental group of the poset into account.? Two recent papers, [17] and [14] (see also
[6]) illustrate the problems that arise. In particular, in [14] quantum effects due to the
topology of the spacetime have been studied. Guided by Roberts’ cohomology [37,38],
the authors introduced a different notion of representation for a net of C*-algebras, that
we use here and call representation in the sequel. These induce a representation of the
fundamental group of the poset; generalize the above notion of Hilbert space represen-
tation in the sense that the two notions coincide when the poset is simply connected;
describe, as representations of the observable net over a spacetime, charges affected by
the topology of the spacetime. Nevertheless, these representations do not, in general,
admit any extension to the universal C*-algebra.

The present paper answers the above two questions and is organized as follows. We
begin by giving a combinatorial construction of nets of C*-algebras over arbitrary posets
(8§3.2). Afterwards we focus on a particular class of nets, the C*-net bundles, giving a
classification in terms of C*-dynamical systems carrying an action of the fundamental
group of the poset (§3.3). The importance of net bundles is that any net defines a C*-net
bundle called the enveloping net bundle, which is the codomain of a canonical morphism
from the given net. This gives a first answer to the above questions, since the enveloping
net bundle takes into account the topology of the poset and reduces to the universal
C*-algebra when the poset is simply connected. We distinguish nets between nondegen-
erate, whenever the enveloping net bundle is nonvanishing, and injective, whenever the
canonical morphism is faithful (§3.4). Injectivity turns out to be equivalent to the exis-
tence of faithful representations (§4). We give an intrinsic description of injective nets
in terms of a generalized Cech cocycle. This allows us to find examples of nets exhaust-
ing the above classification: degenerate nets, nondegenerate but noninjective nets and
injective nets having no Hilbert space representations (so, the universal C*-algebra is
trivial but we have an embedding into the enveloping net bundle, §5).

Finally, we stress that this paper is followed by a second one ([44]), in which the
ideas of the present work are used to prove that any (covariant) net over the standard,
nondirected base of S! has faithful (covariant) representations, a scenario of interest in
conformal field theory.

2A geometric invariant appearing in the context of Yang-Mills theory is the 2-homology of the spacetime,
see [3]. In the language of algebraic quantum field theory, we have 2-cycles yielding central elements of
the universal *-algebra of the net of perturbative quantum fields (see [33, App. A]). We also mention the
2-cohomology defined by the electromagnetic field over the Minkowski spacetime ([34, §4]), which, in spite
of simply-connectedness, is nontrivial since has coefficients in a net.
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2. Preliminaries

We introduce basic notions of posets, some motivated by algebraic quantum field theory,
and some related algebraic structures. In particular we discuss the fundamental group
of a poset in terms of a related simplicial set.

2.1. Posets. A poset is anonempty set K with an order relation <, that is, < is a binary
relation which is reflexive, antisymmetric and transitive. We shall denote the elements
of K by Latin letters o, a. We shall write a < o to indicate thata < o and a # 0. A
poset K is said to be upward directed if for any pair 01, 02 € K there is 0 € K with
01,02 < 0. The dual poset of K is the set K ° having the same elements as K and order
relation <° defined by a <° oif, and only if, 0 < a. We say that K is downward directed
if K° is upward directed. A subset C € K is said to be contained in a € K whenever
o < a forall o € C and in this case we write C C a.

A morphism from K to aposet P is an order preservingmapf : K — P:f(o) < f(a)
whenever o < a, and we say that it is an isomorphism if it is injective and surjective. We
shall denote the set of automorphisms of a poset K by Aut(K). A group G is a symmetry
group for K if there is an order preserving left action G x K > (g, 0) — go € K, that
is, if there is an injective group morphism from G to Aut(K).

The next definition is a key notion for posets used in algebraic quantum field theory.
A causal disjointness relation for a poset K is a symmetric binary relation L such that

aloand 0<o0o = alo.

If K is endowed with a causal disjointness relation L and G is a symmetry group for K,
we always assume that G preserves _L; this amounts to saying that

alo <<= galgo,

forany g € G.

In algebraic quantum field theory, the main object of study is the observable net: an
inclusion-preserving mapping from a set of regions K of a given spacetime manifold to
the class of C*-algebras [30]. So the poset structure of the set K, ordered under inclu-
sion, enters the theory. In general this set of regions K is a base for the topology of the
spacetime manifold, consisting of open, connected and simply connected subsets of the
spacetime. If the spacetime has a global symmetry group, then one considers only bases
stable under its action.

In Minkowski space M*, K is the set of double cones, the symmetry group is
the Poincaré group, and the causal disjointness relation is spacelike separation. This
poset is upward directed under inclusion. For arbitrary 4-dimensional globally hyper-
bolic spacetimes M, K is the set of diamonds [14,42], which is stable under isometries,
and the causal disjointness relation is induced by the causal structure of the spacetime.
This poset is not upward directed when M is not simply connected or when M has
compact Cauchy surfaces. For theories on the circle S!, K is the set of connected open
intervals of S! having a proper closure; the symmetry group is Diff (S') or the Mobius
subgroup; the usual notion of disjointness between sets is the causal disjointness relation.
This poset is not upward directed either.
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2.2. A simplicial set for posets. We introduce a simplicial set associated with a poset
and, in particular, discuss the notion of the fundamental group of a poset in terms of this
simplicial set. The standard symbols 9; and o; are used to denote the face and degener-
acy maps. The symbols 9;; and o;; denote, respectively, the compositions 9;0; and ;0.
References for this section are [38,40].

We consider the simplicial set X, (K) of singular simplices associated with a poset
K, introduced by Roberts in [38]. A brief description of the set X, (K) of n-simpli-
ces is the following. A 0-simplex is just an element of K. Inductively, for n > 1, and
n-simplex x is formed by n + 1, (n — 1)-simplices dyx, ..., d,x and by an element of
the poset |x|, called the support of x, such that |9;x| < |x| fori = 0, ..., n. We shall
denote O-simplices either by a or by o, 1-simplices by b, and 2-simplices by c. Given a
1-simplex b the opposite b is the 1-simplex having the same support as b and such that
dob = 01b, 01b = 9yb.

Composing 1-simplices one gets paths. A path p is an expression of the form
by % -+ % by, where b; are 1-simplices satisfying the relations dpb;_; = 091b; for
i =2,...,n. We define the O-simplices 0 p := 91b; and dpp := 9dpb,, and call them,
respectively, the starting and the ending point of p. The support of a path p is the subset
| p| of K whose elements are the supports of the 1-simplices which compose the path. By
p :a — a we mean a path starting from a and ending at a. A path p : 0 — oiscalled a
loop over o. The opposite of pisthe pathp : @ — a definedby p := by *---xb,.If g is
a path from a to a, then we can define, in an obvious way, the compositiong* p : a — a.

Any poset morphism f : K — P induces a morphism between the corresponding
simplicial sets. Given o € Xo(K), we let f(0) € Xo(P) be the image of o by f. Induc-
tively, for n > 1, given an n-simplex x of K we define f(x) as the n-simplex of P with
faces 9;f(x) := f(0;x) fori = 0, 1, ...n, and support |f(x)| := f(|x|). This, clearly,
induces a mapping between the corresponding set of paths: f(p) := f(b;) *- - - xf(by) *
f(b1) is a path of P for any path p of K of the form p = b, % --- % by * by.

A poset K is said to be connected whenever for any pair o, a of O-simplices there is
a path p : 0 — a. In the present paper we shall always consider pathwise connected
posets. In a pathwise connected poset we can define path frames: fix a 0-simplex o,
the pole, a path frame P,, with respect to o, is a choice for any O-simplex a of a path
P(a,0) - 0 — a such that p, ,) is homotopic (see below) to ¢, the trivial loop over o
which i.e. the degenerate 1-simplex ogo. We shall always denote the opposite P, ) of
the path P(a,o0) in P, by P(o,a)-

A deformation of a path p is a path obtained either by replacing two subsequent
1-simplices dpc * dac of p by 9;c, or by replacing a 1-simplex dic of p by dyc * dac,
where ¢ € ¥,(K). Two paths p and g are homotopy equivalent, written ~, if one can
be obtained from the other by a finite sequence of deformations. We shall denote the
homotopy class of a path p by [p]. We then define the first homotopy group of K, with
base point 0 € ¥y (K), as

7{(K):={p:0o—o0}/~, [p]l-lq]l:=I[p*ql

Note that, if f : K — P is a poset morphism, then the induced mappings between
the set of paths (see above) preserves homotopy equivalence. So, by setting

t(p) =[E(p]. [pleni(K),

one has that f, : 77 (K) — ]Tf © (P) is a group morphism. Now, since we consider only
pathwise connected posets, the first homotopy group does not depend, up to isomor-
phism, on the choice of the base point; this isomorphism class, written 71 (K), is the
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Sfundamental group of K. We shall say that K is simply connected whenever 1 (K) is
trivial.

It turns out that a poset K is simply connected if it is upward directed, because there is
a contracting homotopy [38], but also if it is downward directed because the fundamental
group of a poset and that of its dual are equivalent [40]. A useful result is the following
(see [42]): when K is a base of neighbourhoods of a space X consisting of arcwise and
simply connected subsets, 1 (K) is isomorphic to the homotopy group 1 (X). This has
important consequences for the present paper.

In the following we shall also use the nerve N.(K) of K. Considering the poset
K as a category (taking the elements of K as objects and the inclusions as arrows), a
0-simplex of the nerve is an object of this category; a 1-simplex is an arrow; an n-sim-
plex is a composition of n arrows. The nerve can be realized as a subsimplicial set of
2. (K). Clearly O-simplices of the nerve are nothing but that O-simplices of Xo(K).
For n > 1, the elements of N,,(K) are those elements x of X, (K) whose vertices
xt= 0012---(i—1)(i+1)--(n— D)X, for i =0, 1, ..., n, satisfy the relation

0

x0 <!

T<o<a" = xl

<X
In the following, by (ao) € N;(K) we shall mean the 1-simplex of the nerve with
d1(ao) = o and dp(ao) = a; clearly @ > o and |(a0)| = a.

Finally, we introduce a notion of continuity for symmetries of a poset, which is mainly
used for posets arising as a base for the topology of a space as those introduced in §2.1.
Some preliminary observations are in order. Let G be a symmetry group of the poset
K. Extend the action of the group from the poset K to the simplicial set X, (K) and
hence to paths, as done above for morphisms of posets. It is clear, from the definition of
symmetry of a poset, that p ~ g if, and only if, gp ~ gq. So g, : n{(K) — nfm(K)
is a group isomorphism. Now, a continuous symmetry group is a topological symmetry
group G of K such that, for any path p and ag, a; € K with dpp < ag, 91 p < aj, there
is a neighbourhood U, of the identity ¢ € G such that gdpp < ap, go1p < aj, and

(a, gdop) * gp * (0, g01p) ~ (a, dop) * p * (0, 91 p) (2.1)

for any g € U,. In this equation (o, gd; p) denotes the 1-simplex of the nerve having
g0 p as 1-face and o as O-face, that is, 9 (o, gd; p) = gd1 p and dy(0, gd1 p) = o, and
(0, gd1 p) denotes the opposite of the 1-simplex (o, go; p).

The meaning of (2.1) is that, in the limit g — e, the path gp becomes homotopic to
p, up to rescaling the starting and the ending points. Examples of posets having a con-
tinuous symmetry group are those described in §2.1, arising as a base for the topology
of a G-space.

3. Abstract Nets of C*-Algebras

We develop the abstract theory of nets of C*-algebras over posets, focusing on those
aspects of the theory involving the question of representability of nets. We define some
basic notions concerning nets of C*-algebras and give several examples motivating these
definitions. Apart from the examples coming from the algebraic quantum field theory,
we give new examples of nets of C*-algebras over any poset.

The first important result concerns a particular class of nets, those that we call C*-net
bundles, which are classified in terms of C*-dynamical systems having as group the first
homotopy group of the poset. The importance of this result relies on two related facts.
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The first one is that, as we shall see in §4, this result implies that any C*-net bundle can
be faithfully represented. The second one is that any net of C*-algebras has a canonical
morphism into a C*-net bundle, the enveloping net bundle. So the existence of faithful
representations turns out to be equivalent to the faithfulness of the canonical morphism.
Nets satisfying the latter property are called injective.

3.1. Basic definitions. A net of C*-algebras (A, j)k is defined by a poset K, a corre-
spondence A : 0 — A, associating a unital C*-algebra A, to any o € K, the fibre
over o, and a family j,, : A, — Ap, with a < o, of unital faithful *-morphisms, the
inclusion maps, satisfying the net relations

Joa © Jae = Joe> e<ac=xo.

Whenever the inclusion maps are all *-isomorphisms we say that (A, j)g is a C*-net
bundle. If P C K, then restricting A and ; to elements of P yields a net called the
restriction of (A, j)k to P, that we denote by (A, j)p.

Remark 3.1. Some observations are in order.

1. According to the above definition, a net of C*-algebras is a pre-cosheaf of C*-alge-
bras. We are adopting the practice in algebraic quantum field theory of calling these
objects nets of C*-algebras even if it properly only applies when the poset is upward
directed.

2. The term net bundle derives from the fact that, as indicated in [40], these objects
are fibre bundles over posets where geometrical concepts like connections and their
curvatures can be introduced and analyzed. Moreover, when K is a good base for
the topology of a space X, the category of net bundles is, in essence, a (non-full)
subcategory of the category of bundles on X in the usual sense [40].

3. Note that, when we have a C*-net bundle (A, j)k,each j,,,a < o,isinvertible, and it
makes sense to consider the inverses j,, ~1 To be concise we will write Jao ‘= Joa -1,

A morphism (¢, f) : (A, )k — (B,1)p of nets of C*-algebras is a pair (¢, f),
where f : K — P is a morphism of posets and ¢ is a family ¢, : A, — Br), 0 € K,
of *-morphisms fulfilling the relation

@0 © Joa = If(0)f(a) © Qa, a < o.

We say that (¢, f) is a unital morphism whenever all ¢, are unital, and faithful on the
fibres whenever ¢, is faithful for any 0. Moreover, we say that (¢, f) is a monomorphism
if f is injective and ¢, is faithful for any o; it is an isomorphism if f and ¢,, for any
o0, are isomorphisms. There is an obvious composition rule between morphisms: given
(Y,h) : (B,1)p — (C, y)s we define

(Y, h)o (9, f) = op,hof) : (A )k — (C, s,

leading, in an obvious way, to the category of nets of C*-algebras. We shall mainly deal
with nets over a fixed poset K where we shall denote morphisms of the form (¢, idx)
by ¢ (idg is the identity morphism of K).

The constant net bundle with fibre the C*-algebra A is defined as the constant assign-
ment .AZ = A, 0o € K, with inclusion maps jgo ;= idyp for all 0 < 0; we say that
the net is frivial if it is isomorphic to a constant net bundle. Applying the reasoning of
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[39,40] it can be proved that when K is simply connected every C*-net bundle (A, j)g
is trivial; in §3.3 we shall give a proof using dynamical systems. Finally, we say that a
net vanishes if it is isomorphic to the null net bundle, that is, the C*-net bundle having
fibre {0}.

Remark 3.2. Tt is easily seen from the above definitions that a net is a functor from a
poset, considered as a category, to the category of unital C*-algebras having unital faith-
ful *-morphisms as arrows. Other types of nets can be obtained by changing the target
category, as follows.

A net of Hilbert spaces (H, U)k is given by the correspondence assigning Hilbert
spaces H,, o € K, and a family of isometries U,, : H, — Hy, 0 < a, fulfilling
Ueo = Ueq Uyp, 0 < a < e. When each U,, is unitary we say that (H, U) is a Hilbert
net bundle.

A net of locally compact groups (G, j)k is defined assigning locally compact groups
Gy, 0 € K, and continuous group monomorphisms Ju, : Go — G4, 0 < a, fulfilling
Jeo = Jea © Jaos 0 < a < e. We say that (G, j)k is a group net bundle whenever each
Jao 1S an isomorphism.

Let G be symmetry group of K in the sense of §2.1. A net of C*-algebras (A, j)k
is G-covariant if for any g € G there is a family o : A, — Ago, 0 € K, of *-isomor-
phisms such that

oeg,'a ol = af,’g, g, heq, (3.1)

and
8 — 8 < 392
®p O Joa = Jgoga © %a, a =o. (3.2)

Let (13,1, B) be a G-covariant net. A morphism ¢ : (A, )¢ — (B,1)k is said to be
G-covariant whenever 5 o ¢, = ¢g, 0 a5, Yo € K, g € G. When G is a continu-
ous symmetry group of K (see (2.1)) we assume that the action o on a covariant net
(A, j, @)k is continuous. This amounts to saying that if {g;}a is a net in G converging
to the identity of the group, then for any o € K, and for any a € K with a > o, there
exists A, € A such that g;0 < a forany A € A with A > A, and

Ja gr0 © @5 (A) = Jao(A)l = 0, VA € A,. (3.3)

We stress that this notion of continuity is intended for posets arising as the base for the
topology of a topological space acted upon, continuously, by a group (see §2.1). In these
cases, one can easily see that when the poset is upward directed this notion of continuity
reduces to the usual notion in algebraic quantum field theory (see [30]).

Finally, when K is endowed with a causal disjointness relation L, we say that a net
of C*-algebras (A, j)k is causal if, for any o1, 0, < o with o L 03,

[]001 (A1), Joo, (A2)] = 0 holds (3.4)

forany A € A,, and A, € A,,, where [, -] denotes the commutator.
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3.2. Examples. Many of the examples of nets of C*-algebras arise as models of quan-
tum fields over a spacetime, mainly via the Weyl quantization of the phase space of a
classical field. For any spacetime mentioned in §2.1 (the Minkowski space, the circle
S', or an arbitrary globally hyperbolic spacetime) there are causal nets, over a suited
poset (see §2.1), which are covariant with respect to the symmetries of the spacetime.
For these examples we refer the reader to [1,7,13,15,22,26,30,46]. We also quote [16]
for generally locally covariant nets over globally hyperbolic spacetimes, and [2, 15] for
examples of nets over the lattice Z".

In all the mentioned examples the representability problem does not arise: the nets
are represented on the physical Hilbert space of the model.? However, in order to study
model independent aspects of a theory one is led to consider abstract nets of C*-alge-
bras. Apart from the cases, like the Minkowski space, where the poset indexing the net
is upward directed (see §2.1), there is no result about the existence of representations
for these nets; in these cases the existence of a representation is a working assumption.
This motivates our investigation.

Important examples of nets outside the context of quantum field theory come from
geometric group theory: as stated in the Introduction, any simple complex of groups is
a net of groups ([9,27,31,45]). Examples are also the systems of C*-algebras and the
systems of groups underlying the notions of the (generalized) amalgamated free product
[10,11,35,36].

In the next subsections we provide new examples of nets. In particular, we give a
combinatorial construction of nets of C*-algebras over arbitrary posets. These nets turn
out to be covariant when the posets have a symmetry group. Aspects related to the causal
structure will be discussed in a future work [18].

3.2.1. Nets of groups of loops. We introduce a way of deforming a path of a poset which
turns out to be weaker than that underlying the homotopy equivalence relation. This new
deformation allows us to construct examples of nets of discrete groups (in the present
section) and of C*-algebras (later) over any poset.
Let p, g be two paths with the same endpoints. We say that g is a w-deformation of
pif
(1) either ¢ is obtained by inserting into p a degenerate 1-simplex;
(2) or by replacing two consecutive 1-simplices dygc * dyc of the path p by 9;c, where
¢ € N2(K) (a2-simplex of the nerve);
(3) or g can be obtained by replacing two consecutive 1-simplices b * b of the path p
by 0001b.

Two paths with the same endpoints are w-equivalent if one can be obtained from the
other by a finite sequence of w-deformations.

This is an equivalence relation weaker than homotopy since any pair of w-equivalent
paths are also homotopy equivalent. The following example points out the difference
between these two relations. Consider a 1-simplex b € X1(K), and the associated path

pb = (|b[dob) * (1b]31D),

where (|b]01b) is the 1-simplex of the nerve of K (see §2.2) having 1-face 915 and O-face
|b|; while (]b|dpb) is the opposite in X1 (K) of the 1-simplex of the nerve (|b|dpb). Then

3 For instance, models obtained by Weyl quantization are, in general, represented on a Fock space. More
in general, in these models the net embeds into the C*-algebra associated with whole phase space. Faithful
representations of this algebra induce faithful representations of the net.
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b is homotopic to py: the relations

docp := (|bldob), acp := (|b|d1b), dicp :=b, |cp| := D],
define a 2-simplex ¢, of X, (K). However
b~y pp < beN(K).

In fact if b does not belong to the nerve of K, then ¢, does not belong to the nerve of
K, and this implies that b ¢, pp. Conversely if b belongs to the nerve, then dob = |b|.
So (|b]dgb) = opdpb (the degenerate 1-simplex associated with the O-face of b) and
b = (|b|01b). Therefore ¢, € No(K) and b ~,, p by property (2) of the above defini-
tion.

Now it is easily seen that w-equivalence is compatible with the composition of paths
and with the operation of taking the opposite of a path. This allows us to associate two
groups with any o of K. The first group is defined as the quotient set of the set of loops
over o with respect to the w-equivalence:

Ao ={p:o—>0} ~y. 3.5)

The product is defined as [ply, - [¢lw = [p * qlw. We call this group the w-group of
loops over o. The second group is the subset of A, defined by

A, :={[ply € A1(0) | 3g € [ply such that |g] < o}, (3.6)

with the same product as A,. In words Aé is the subset of those elements [ p],, of A, for
which there is at least one path in the equivalence class of [p],, whose support is con-
tained in o. This is a subgroup because composition of paths whose support is contained
in o leads to a path supported in 0. We call Alo the w-group of loops supported in o.

The next step is to prove that these groups form nets of discrete groups. Given an
inclusion o < a, define

rao([Plw) := [(a0) * p* (@0)]w,  [plw € A1(0). (3.7)

Here (ao), as above, is the 1-simplex of the nerve associated with the inclusion o < a;
instead (ao) is the opposite, in X1 (K), of (ao) (see the preliminaries).

It is clear that A4, : A, — A,. Moreover, it is easily seen from the definition that
Aao - AIO — Afl. Now, for any [g]w, [Ply € A, We have

rao([Plw) Xao([q)w) = [(a@0) x p x (@0)]y - [(a0) x g * (a0) ]y
= [(a0) * p * (a0) * (a0) * q * (a0)ly
= [(610) * p kg ox (%)]w = )\ao([p * CI]w),

because of property (3) of the definition of w-deformation. Moreover for any inclusion
e<o0<a,

Lao(Roe([Plw)) = [(a0) * (0€) * p x (0€) * (a0)lw = [(ae) * p * (ae)lw = Aae([Plw),

forany [p]ly € A., because of property (2) of the definition of w-deformation. Finally if
[plw € Aqg,then[(ao)* px(ao)ly, € Ao foro < a,and Ay, ([(@0) * p*(ao)ly) = [Plw.
This proves that A4, : A, — A, is a group isomorphism making (A, A)x a net bundle
of discrete groups and (A, 1)k a net of discrete groups.
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Remark 3.3. In general the triple (Al, M)k 1S is not a net bundle. For, it is enough to
consider inclusions 0, 0 < a such that 0 and o0 are not related. In this case one can easily
construct elements of Ala not belonging to the image of Af) by Ago-

Assume that K has a symmetry group G. Extend the action of the symmetry group
from the poset K to the simplicial set X.(K), and hence to paths, as done in §2.1 for
morphisms of posets. Note that p ~,, ¢ if, and only if, gp ~,, gg for any g € G. This
is quite obvious from how g is defined on paths. Therefore,

g+([plw) = lgrlw, [plw € Ao, (3.8)

is well defined, and g« : Ay — Ay, and gy : Ai) — Ai,o are group isomorphisms.
Moreover, given o < a we have

8x(Aao([plw)) = g«([(a0) * p * (@0)]w) =[g(ao) * gp * g(0a)lw = Ag(ao)(&+([Plw)),

for any [ply € A,. Summing up, we have the following result.

Proposition 3.4. Let K be a poset.

(i) Then (A, M)k and (A', M)k are, respectively, a net bundle and a net of discrete
groups with a monomorphism i = (A', \)x — (A, M)k defined by the inclusions
ip: Af) — A,

(ii) If K has a symmetry group G, then i : (A, \)x — (A, M)k is a monomorphism
of G-covariant nets.

Proof. Tt is clear that the mapping i : Af) — A, defined by i,([plw) = [plw, With

[ply € AIO, is a monomorphism. Moreover g, o io([ply) = [gPlw = igo([gPlw) =
igo 0 &«([plw) for any [p],, € Aﬂ,. This completes the proof. O

3.2.2. Nets of C*-algebras from nets of discrete groups. In the present section we make
use of the functor assigning the group C*-algebra to construct nets of C*-algebras starting
from nets of discrete groups.

Let G be a discrete group and C*(G) denote the (full) group C*-algebra; this is a un-
ital C*-algebra defined as the enveloping C*-algebra of the convolution algebra £ (G).
The unital *-algebra C(G) of those functions f : G — C which are a finite linear
combination f = zg f(g) 84 of Kronecker delta functions is a dense subset of 2Y(G).
In particular &g * 5 = 8gp.

Given a group morphism o : G — H, forany f € C(G) let

G(f) =D F(®)8p(s)-

This defines a morphism & : C(G) — C(H) in the £!-norm. Moreover it is an isometry
(isomorphism) when o is injective (is an isomorphism). Therefore & lifts to a continu-
ous morphism from £!(G) into £' (H). By the universality property of the enveloping
C*-algebra there exists a unique morphism C*(o) : C*(G) — C*(H) such that

C*(c)otlg =ty oo,

where ¢ denotes the embedding of the ¢! algebra into the enveloping C*-algebra. There-
fore, the mapping

C*: G C*(G), or C"o)
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is a functor. When o is a group isomorphism C*(o) is, clearly, a *-isomorphism, nev-
ertheless we are interested in the case where o is simply a monomorphism, and for a
locally compact group C*(o) is not injective in general. On the other hand, assuming
that G, H are discrete we find that for every unitary representation 7w of G there is an
isometry V € (7, ind(1) o o), where ind () is the representation of H induced by 7 4
(see for instance [24]). By the definition of the enveloping C*-algebra, and the rela-
tion between the unitary representations of a locally compact group and non-degenerate
representations of the £! algebra, C* (o) is a faithful *-morphism.

The functor C* allows one to construct in the obvious way a net of C*-algebras
(€9, C* Nk, C(G)o = C*(Go), C* (N0 = C*(Joo), 0 < 0" € K, starting
from the net of discrete groups (G, 7). Clearly, (C*(G), C*(y))k is a net bundle when
(G, )k is a net bundle, and this yields the following result.

Proposition 3.5. Given aposet K, let (A', 1)k and (A, M) g be the net of discrete groups
defined in §3.2.1. Then (C*(A!), C*(M)k and (C*(A), C*(A))k are respectively a net
of C*-algebras and a C*-net bundle, and

C*(i) : (C*(A"), C*())k — (C*(A), C* M)k

is a unital monomorphism. If K has a symmetry group G, then all the above nets and
morphisms are G-covariant.

Proof. The first assertion follows as C* is a functor. In a similar fashion, to prove covari-
ance we note that by Prop.3.4 the two nets of groups are G-covariant, and, given g € G,
define

cg :=C*(g") : C*(A)y — C*(A)go,

where g* 1 A, — Ag, is defined in (3.8). It is easily verified that this makes our nets
G-covariant, as desired. O

Remark 3.6. With the applications to algebraic quantum field theory in mind, this is
a promising result: it allows us to construct nontrivial examples of covariant nets of
C*-algebras over any spacetime, taking as poset a suitable base of neighbourhoods for
the topology of the spacetime encoding the causal structure and the global symmetry
of the spacetime, as indicated in the preliminaries. However, this result, as it stands, is
not complete. In fact, the above nets are not causal. Furthermore, if G is a continuous
symmetry for the poset (2.1), then the action of G on the net of C*-algebras defined in
Prop.3.5 is not continuous according to the definition given in §3.1. This is so because
w-equivalence, used to define the groups of loops, is weaker than homotopy equivalence.
These gaps are filled in [18].

3.3. The holonomy dynamical system. We now focus on net bundles. We shall see that
the fibres of a net bundle are acted upon by the homotopy group of the poset. This in
turn will lead to an equivalence between the category of net bundles over a poset and
that of 77 (K)-dynamical systems for any 0 € K. We shall work using morphisms over
different posets, a scenario that will appear in the forthcoming paper [44] and is useful
in generally locally covariant field theory ([16]).

4 We are grateful to A. Valette for drawing our attention to this fact, and to a counterexample when the
groups involved are not discrete.
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We start by making some preliminary definitions. Let (A, G, @) and (B, H, 8) be
C*-dynamical systems; a morphism from (A, G, «) to (B, H, ) is a pair (, p) where
n:A — Bisa*-morphismandp : G — H is a group morphism satisfying the relation

noag=Ppgo¢. geq. (3.9)

We say that (7, f) is an isomorphism when 7 is a *-isomorphism and f is a group iso-
morphism. When G = H we shall denote morphisms of the form (», idg) by 7.
Now, consider a net bundle (A, 7)x and define

Jb = Jaoblb| © Jiplayhs b € Xi(K), (3.10)
where jypp| 1= lellao »- Since the inclusion maps are isomorphisms, we have a field
21(K) 3 b — jp € Iso(Ayp, Agpp),
satisfying the /-cocycle equation
Jooe © Jore = Jaje» € € Xa(K), (3.11)

where Iso(Ay, 5, Agyp) is the set of *-isomorphisms from Ajy,, to Ajyp. Extend this
1-cocycle from 1-simplices to paths by setting j, := jp, o --- © Jp, © jp, for any path
p = by *---%xbyxby. Then the 1-cocycle equation implies homotopy invariance, that is,
Jp = Jg Whenever p ~ g (see [42]). In this way, fixing an element o of K and defining
A, = A, yields the action

Jx 1 (K) = AutAy,  Jiip) = Jp, [plem](K). (3.12)

We call (Ay, 77 (K), jx) the holonomy dynamical system associated with the net bundle
(A, J)k. A different choice of the base element o leads to an isomorphic dynamical
system. If (¢, 1) : (A, Nk — (B,1)s is a morphism, there is an induced morphism
fo i) (K) — nf(o)(S), and defining

(¢ £2) 1 (Aw 70K, 1) = Buo 117 (S), 1), e 1= o,
yields a morphism of dynamical systems, in fact
P50 Ju[pl = Do © Jp = U.(p) © o = Lufilp] © Ps-

Remark 3.7. Just acomment on the terminology: as said before, a net bundle can be seen
as a fibre bundle over the underlying poset; the fibre over o is nothing but the algebra
A,, and the inclusion maps ; define a connection of the fibre bundle. So, for any loop p
over o, the automorphism j, is the parallel transport along p for the connection j, i.e.,
the holonomy.

Now, we want to prove that the mapping
(A Dk = (A, 7 (KD, J5) (3.13)

is bijective up to isomorphism. Thus we have to find an inverse (up to isomorphism). To
this end, we fix a path frame P, := {p(4,0),a € K} over o € K (see §2.2) and, given
the dynamical system (A, 77 (K), ), define

Uy dia = Ap(, z*(ad)*pa.n] € AutA , a<a, (3.14)
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where, by convention, p(, z) denotes the opposite Pz o) of p(z,0). Observe that

Us,aa © Ax,ae = Ap, 5 x(@a)*p(a,o)l © Xpo.a*@e) pe,ol

= a[p(o,&)*(Z‘a)*P(a.o)*P(a.a)*(ae)*p(e.o)]

= O p.ax@a)=@ae)xpe.ol = ¥ [p(a)*@e)pe,o]

= Ox e
where we have used the homotopy equivalence of the paths involved. So (A, o)k,
where A, is the constant assignment A, , := A for any a € K, is a C*-net bundle. We
call (A4, ay)k the net bundle associated with the dynamical system (A, 7{(K), ). It
is easily seen that a different choice of path frame leads to isomorphic net bundles.

Passing to the level of morphisms requires more attention. Consider a poset mor-
phism f : K — §. Take a path frame P, in K, and choose, in S a path frame Pf/(o) =

{q(a £(0)), @’ € S} whose elements satisfy the condition

qd@),t) =f(Pwoe), ack.

So, this path frame is an extension of the image f(P,) of P, to S. Such an extension
exists since no other restriction is imposed on a path frame but that g(t(,),f(0)) be homo-
topic to the degenerate 1-simplex oof(0). Since gt (o).f(0)) = [ (P(0,0)), this condition is
automatically fulfilled because poset morphisms preserve homotopy equivalence (see
§2.2).

Given a morphism (1, f;) : (A, 77 (K), o) — (B, nlf(”)(S), B) of dynamical sys-
tems, we construct the net bundle (B, f.)s using Pf’( o) a8 above.’ Define Nsa ‘= 1,
Va € K, giving

Nx,a © Ax.aa = 1 © X[ p, 2 x(aa)p,) = ﬂf*[ﬂ(o‘a)*(ﬁa)*l’(a_(»)] ° 1 = Bif(@)f(a) © Nx.a-
Thus 7, is a morphism of net bundles. We are ready to prove that the mapping
(A, (K), @) > (As, ai)k (3.15)

is, up to isomorphism, the inverse of (3.13). This amounts to showing that the dynamical
system (A, 7{(K), ) and the net bundle (A, ;) are, respectively, isomorphic to the
dynamical system (A, 7 (K), o4s) and to the net bundle (A, js)k defined with
respect to a fixed pole o and to a fixed path frame P, of K. In the first case, by construc-
tion we have A, = A, = A forall a € K, and, for any loop g over o of the form
q="byx---%xby,
Usx [q] = Xx,q = Xp(o a0bn) *0n* D3y by 0y *P(0.99b1) ¥01%P @1 b1.0)] = XP0.0)%q%P(0.0)] = ¥lqls
thus (A, 77 (K), 04s) = (A, 7 (K), @). In the second case, we define the family of
*-isomorphisms

Ta = Jpoa - Aa > Aoy a €K; (3.16)

to prove that t defines an isomorphism 7 : (A, )k — (Asx, Jox) kK, W€ cOmpute
Ta © Jae = Jpe.ayx(ae) = Jpo.ayx(@e)«pee.oy © Jpo.e)
= ]*v[[’(o,u)*(ae)*p(e,o)] o -]p(o,e) = Jxx,ae © Te,

and this shows that t preserves the net structures, as desired. Thus we have proved:

5 We consider only morphisms of the form (7, f) where fy is the extension of a poset morphismf : K — §
to the corresponding homotopy groups. This suffices for our purpose.
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Proposition 3.8. There exists a correspondence, bijective up to isomorphism, between
net bundles over a poset and dynamical systems having as group the first homotopy
group of the poset. In particular, the category of net bundles over K with morphisms
(¢, idk) is equivalent to the category of C*-dynamical systems with group w{ (K), for
some o € K, with morphisms (n, idnfr(,()).

Proof. The first part of the statement has already been proved. The second part, the
categorical equivalence, follows directly from the above calculations. O

The preceding analysis has a wider scope than that indicated in Prop. 3.8. In algebraic
quantum field theory one deals with nets of C*-algebras over a poset associated with a
fixed spacetime. Thus considering morphisms of nets between different posets means
dealing with nets defined over different spacetimes. This is part of the more general
framework of the generally locally covariant quantum field theories [16]. However, this
topic would lead us too far from the mainline of the paper.

Corollary 3.9. If K is simply connected then any net bundle (A, j)k is trivial.

Proof. If K is simply connected then 7{(K) is trivial and hence only trivial 77 (K)-
actions occur. On the other hand, by construction, the net bundle associated with a
dynamical system with trivial action is clearly trivial. O

The above result applies analogously to other categories than that of C*-algebras, for
example, the category of Hilbert spaces or topological groups.

Example 3.10. Let f : 77 (K) — G be a continuous group morphism (here 7{(K’) has
the discrete topology). If (A, G, «) is a dynamical system, then there is an induced net
bundle (A, (« o f),) k. In particular:

(1) The unitary group U(d), d € N, acts on the Cuntz algebra Oy, thus every unitary
representation of 77{ (K') induces a net bundle with fibre O.

(ii) Let (V, w) be a symplectic space and f : 77(K) — Aut(V, w) a group morphism.
Since the symplectic group Aut(V, @) acts by automorphisms on the Weyl algebra
W (v,w), we conclude that f defines a net bundle with fibre Wy ).

3.4. The enveloping net bundle and injectivity. As we saw in the previous section net
bundles can be efficiently classified in terms of dynamical systems and contain interest-
ing geometric information, thus it is of interest to characterize those nets of C*-algebras
admitting an embedding into a C*-net bundle. In a certain sense, this is a slight gen-
eralization of the problem of characterizing those nets admitting an embedding into a
single C*-algebra, as for example the Fredenhagen universal algebra [25]. In the present
section we shall show that any net of C*-algebras defines a C*-net bundle, the enveloping
net bundle, carrying a canonical morphism lifting any representation of the initial net.
We then define to be injective those nets whose canonical morphism is faithful.

Let (A, j)k denote a net of C*-algebras. Given o € K, we let 7{0 be the free unital
algebra generated by the set of symbols

{(p,A)|dop=0, A€ Ay} (3.17)
This is indeed a *-algebra: the adjoint is defined on generators by
(p, A" == (p, AY), (3.18)

and extended by anti-multiplicativity and anti-linearity to all of A,,.
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We now add some additional relations. The first set of relations are of algebraic
nature:

(p,A)-(p,B) = (p,AB), (3.19)
(p,aA+BB)=a(p,A)+B(p, B), (3.20)
(p,1) =1, (3.21)

which hold for any path p, for any A, B € Ay, , and for any «, 8 € C. The next two
relations encode the net structure and the topology of the poset. The first one is isotony:
givena > a,

for any path p : @ — o and A € A,. The second is homotopy invariance: if p ~ q then
(p, A) = (g, A). (3.23)

With an abuse of notation, we again denote the *-algebra obtained by imposing these
additional relations by A,.
Now, we want to make the family {.4,} into a net. To this end, given 0 < 0, we define

750(17’ A) = ((50) * P, A) ) (p7 A) € -/Tlt)v (324)

and extend it by multiplicativity and linearity to all of A,. It is easily seen that o0 -
A, — Aj is a well defined *-morphism, which, by homotopy invariance, is invertible.
Moreover, given o0 < 0 < e and (p, A) € A,, by homotopy invariance we have

Jei © J30(Py A)=75((00) * p, A)=((e0) * (00) * p, A)=((e0) * p, A) =] ., (P, A).

This proves that (A, 7)k is a net bundle of *-algebras.
We now introduce a norm making (A, 7)x a C*-net bundle. Given o € K, for any
W e A,, we define

W1 := sup [z, (W)l , (3.25)
T

where the sup is taken over the set of morphisms 7 : (71, Tk — (B, 1)k taking val-
ues in C*-net bundles. If ||W|| = 0 then for every 7 and 6 > o we have ||7,(W)| =
250 0 o (W)l = |75 © J5,(W)II; thus [[75,(W)Il = 0 and [-|| is well-defined with
respect to the inclusion maps 75,. Clearly || - || is a seminorm for .A,. The completion of
the quotient of A, by the ideal of null elements, is a C*-algebra that, with an abuse of
notation, we again denote by .4,. This yields a C*-net bundle (A4, 7)x that we call the
enveloping net bundle of (A, J)k.

Proposition 3.11. Given a net (A, j) g of C*-algebras there is a unital morphism
€: (A Dk = (A Dk,
satisfying the following properties:

6 We note the close relation between the algebra A, and the fundamental group of a complex of groups
(cfr. [31])
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(i) let (¢, h), (0, h) be a pair of morphisms from the enveloping net bundle to a C*-net
bundle, if (p,h) oe = (0,h) o€, thenp = 6;

(i) for any morphism (Y, f) from (A, j)g into a C*-net bundle (B, 1)s there is a
unique morphism (I/IT, f) : (Z, Tk — (B, 1)s such that (Y, f) = (wT, f)oe.

Proof. Giveno € K, let
€(A) 1= (10, 4), A€A, (3.26)

where ¢, is the trivial loop over o. Properties (3.19, 3.20, 3.21) imply that €, : A, — A,
is a unital *-morphism. Moreover, for 0 < o0 and A € A; we have

€00 Jo5(A) = (o, Jo5(A)) = (1o * (00), A)
= ((00), A) = J5(t5, A) = J 5 0 €5(A),

where isotony and homotopy invariance have been used. Thus the collection € =
{€,, 0 € K} is a unital morphism from (A, j)g into (A, 7)k. Since, for any mor-
phism 7 from (A, 7)x into a C*-net bundle, the composition 7 o € is a morphism from
(A, )k into a C*-net bundle, [[€,(A)|l = supz |75 0 €,(A)[| < sups [T, (A)]| = A,
so €, extends by continuity to all of .4, proving the first part of the statement.

(i) Let (¢, h), (0, h) : (4, 7))k — (C, y)p be apair of morphisms as in the statement,
where (C, y) p is a C*-net bundle. Given o € K, let p : a — o and A € A,. Using the
definition of €, and of the inclusion maps (3.24),

wo(p, A) = (@0 ij)(Lav A) = (yh(p) 0 @q)(ta, A)
= (Yh(p) © Pa © €a)(A) = Yn(p) © b 0 €4)(A) = 0,(p, A).

So ¢, = 6, because they coincide on the generators of .710.
(ii) Given a morphism (¢, f) : (,i, Nk — (B,1)s, where (B, 1)g is a C*-net bundle,
define (wT, f) on the generators of A, as follows,

v (P, A) == 11p) 0 Va(A), A€ A, (3.27)

It easily follows from this definition that w(,T preserves isotony and homotopy invariance,
and that waT (p, A) € Bio), since Y : Aq — Br(q). Extend WJ by multiplicativity and
linearity to all of A,. Note that

Ul 0 T05(@. A) = Y] ((00) % 4, A) = t((0)sq) © Va(A)
= If(0)f(3) © U(g) © Ya(A) = tf(0)f @) © wg (g, A);

moreover, 1//0T 0€,(A) = WJ (to, A) = ¥, (A). Uniqueness follows from (i), completing
the proof. O

In the following we shall refer to the morphism € : (A, j)x — (A, 7)k defined by
Eq. (3.16) as the canonical morphism of the net into its enveloping net bundle, and to
Prop. 3.11 as the universal property of the enveloping net bundle. This property char-
acterizes the enveloping net bundle up to isomorphism. In particular, it implies that any
C*-net bundle is isomorphic to its enveloping net bundle.

It is clear from the definition that the enveloping net bundle of a net may vanish,
i.e., the seminorm (3.25) may be zero for every W. On these grounds we introduce the
following terminology.
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Definition 3.12. We say that a net of C*-algebras is degenerate if its enveloping net
bundle vanishes, and is nondegenerate otherwise. A nondegenerate net of C*-algebras
is injective if the canonical morphism is a monomorphism.

Injectivity is the central notion of the present paper. As we shall see in §4.2, injectivity
for a net of C*-algebras turns out to be equivalent to the existence of faithful represen-
tations. So from now on our main task shall be to understand what conditions on a net
are necessary or sufficient for injectivity.

The next result shows that the enveloping net bundle is the object that we were look-
ing for: an object uniquely associated with a net of C*-algebras which takes into account
the topology of the poset and reduces, in the simply connected case, to the universal
algebra defined by Fredenhagen.

Lemma 3.13. Given a net (A, j)k, if K is simply connected, then there is a canonical
isomorphism

o (A Dk — (A", Dk,

where (A’, j") g is the trivial net with fibre Fredenhagen’s universal C*-algebra A". In
particular, if K is upward directed A" is isomorphic to the C*-inductive limit of (A, J)k.

Proof. K being simply connected, p is defined at the *-algebraic level observing that:

(1) the generators of A, are the same as the generators of A", since (p, A) = (g, A)
for any pair of paths p, g : a — o0; (2) the relations (3.19)—(3.22) are the same as those
defining A" (see [25]). O

Remark 3.14. Let G be a symmetry group for K and (A, j)x a G-covariant net (see
§3.1). Define, forany p : a — oand A € A,,

@y(p, A) = (gp,ai(A), ge€G. (3.28)

Then it is easily seen that & yields an action on (7{, 7) k , making it G-covariant, and that
€ is a G-covariant morphism. Furthermore, assume that G is a continuous symmetry
group of K (in the sense of (2.1)), and that the action « of G on (A, j)k is continuous
(see §3.1). The action & of G on the enveloping net bundle is continuous too. It is enough
to prove this on the generators of the fibres of the enveloping net bundle. Consider a net
{g.} converging to the identity of the group G. Given o, leto > o. Forany p :a — o
and A € A, we have, using (p, A) = Jp o €a(A) and (3.28),
”76@»0 o E§A (pv A) - 760 o (ps A)”

= T540 0T 0T 0 €a(A) = T50 0T 0 €al( A

= [T 560 © Tep © TS 0 €a(A) = T30 0T 0 €a(Al

= ”755’10 o jgp o 6g)wtl o ag)\ (A) - 7[)0 o 71) O €q (A)”

Now, take @ > a. Since g, a are eventually smaller than @, using the above relation we
have

||76g;»0 o E§A (pv A) - 760 o (ps A)”
= 5410 0 Tap © €apa 0 A" (A) =T 0T 0 €alA)]
— — g — —
= ”J(é,gm)*gp*m O Jagua ©€gra © O‘a)L (A) — ‘]((A’,O)*P*W ©Jaa©€a V]|

— 7 N N 81 _ = . .
- ||J(5,gx0)*gp*(ﬁ,gxa) 0 €430 Jagia©l (A) J(é,o)*p*(ﬁ,a) 0€;0 Jaa(A)l
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By continuity of the G-action on K (see (2.1)), the paths (0, g,0) * gp * (a, gra) and
(0, 0) * p * (a, a) are homotopic. So that

||75g)ho Oagk(pﬂ A) - 7[)0 o (p’ A)”
= 7 6.0y priaa) © €a © Jagra © ai (A) — T G.oyspaa) © €a © Jaa(A)l
< agaoed (A= jaa(A,

which goes to zero as g, — e because of the continuity of «. This proves that « is
continuous.

We have just seen that if a net is covariant then the enveloping net bundle is covariant too.
A property of a net not in general inherited by the enveloping net bundle is causality.
This is clear from the definition, since all fibres of the net are involved in defining a
single fibre of the enveloping net bundle.

We conclude by showing the stability of injectivity under morphisms faithful on the
fibres (see §3.1), and the functoriality of the enveloping net bundle.

Proposition 3.15. The following assertions hold:
(i) Toanymorphism (m,f) : (A, )k — (B, 1) p there corresponds a morphism (1, f) :
(A, Dk — (B,7)p satisfying
(m,f)oe =€ o (m, 1), (3.29)

where € and € are, respectively, the canonical morphisms of the nets (A, )k and
(B, 1) p into the corresponding enveloping net bundles. If (w,f) is faithful on the
fibres and (BB, 1) p is injective, then (A, )k is injective too.

(ii) Assigning the enveloping net bundle yields a functor from the category of net of
C*-algebras to the category of C*-net bundles.

Proof. (i) Given o € K, define

@, Do(p, A) := (E(p), 1a(A) ,  (p, A) € A,. (3.30)

Clearly (7, f),(p, A) € Ef((,). To prove that (3.30) is well defined, we consider a < a
and compute

(7, D)o(p * (aa), A) = (f(p * (aa)), n,(A)) = (f(p) * f(aa), 7,(A))
= (f(p), 1r@)f) © Ta(A)) = (£(p), 75 © Jaa(A))
= (@, Do(p, Jaa(A)) ;

thus (3.30) is well-defined at the level of isotony. Passing to homotopy invariance, we
note that if p, g : a — o are homotopic then f(p) is homotopic to f(g), and we have
(f(p), ma(A)) = (f(q), w4(A)). This proves that (3.30) is well posed. If o < o, then by
homotopy invariance
Tt @)to) © (T, Do(p, A) = (£(0)f(0)) * f(p), ma(A)) = (£:(00) * p, wa(A))
= (7,1)5((00) * p, A) = (7, )5 0 J5,(p, A).

Observing that

(7, 1) 0€p(A) = (T, D)o (to, A) = (tf(o)s o (A)) = gf(o)(T[o(A)) = gf(a) o (m,1),(A),
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for any 0 and A € A,, Eq. (3.29) follows. Finally, if (i, f) is faithful on the fibres and
(B, 1) p is injective, the r.h.s. of the above equation is the composition of faithful mor-
phisms for any 0; s0, € is amonomorphism. (ii) Clearly (7’ o 7, f'of) = (?, ')o (T, f),
and this concludes the proof. O

This proposition and Prop. 3.5 imply that the net (C*(A!), C*(1))x, given in §3.2.2,
is injective.

4. States and Representations

We study states and representations of nets of C*-algebras providing sufficient conditions
for the existence of states (representations), and of invariant states (covariant representa-
tions) when the poset is endowed with a symmetry group. Furthermore, we show that for
anet of C*-algebras, injectivity is equivalent to the existence of faithful representations.
Aspects of the decomposition of representations are studied in Appendix A.

4.1. States. We relate states of a C*-net bundle to those of the corresponding holono-
my dynamical system. This will allow us to prove that, when the homotopy group of
the underlying poset is amenable, any nondegenerate net has states, which are invariant
whenever the net is covariant under an amenable symmetry group.

A state of a net of C*-algebras (A, j)g is a family w := {w, , 0 € K}, where w, is
a state of the C*-algebra A,, fulfilling the relation

Wy = Wq O Jao, 0 =d. 4.1)

We shall denote the set of states of (A, j)x by S(A4, J)k.
It is easily seen that if (¢, f) : (B,1)p — (A, )k is a unital morphism and w is a
state of (A, j)k, then the composition w o ¢ defined by

(wo@)o =wr0)0¢o, 0E€P, 4.2)

yields a state of the net (B, 1) p. Another property easy to verify is the following. When
(A, J)k is a C*-net bundle then, by (4.1)

Wg = Wy © Jp, pi:a— o. 4.3)

Our first result relates states of a C*-net bundle to invariant states of the corresponding
holonomy dynamical system.

Lemma 4.1. The set of states of a C*-net bundle is in one-to-one correspondence with
the set of invariant states of the associated holonomy dynamical system.

Proof. Consider the holonomy dynamical system (A, 7{(K), j«) defined with respect
to o € K (3.12). Let w be a state of a C*-net bundle (A, j)k. Then wy := w, is an
invariant state of (A, w7 (K), j«). In fact by (4.3) we have that

Wy O Jx [p] = Wo O Jx,[p] = Wo O Jp = Wy = Wy,

for any [p] € #{(K). Conversely, let ¢ be an invariant state of (A, 7{(K), J«). Take
a path frame P, := {pw.,0), a € K} and define a state on the associated net bundle
(A, Js) k (see §3.3) by

. (3.14)
Pra = PO Jxx,p = @O Jx[po.o)xp*P@a.o)] — P © Jx[pxpa,ols ack,
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for some path p : a — o, where the fact that p(, . is homotopic to the trivial loop over
o has been used. Since ¢ is j-invariant forevery g : a — o wehave ¢4 o = @0 Juu p =
© O Jux, pxg © Jrk,g = @ © Jux,q» SO that the family ¢, := {@y «} is well-defined (note in
particular that ¢ , = ¢). For the same reason we have

Px,a © Jxx,aa = P O Jxk,p © Jxx,aa = P © Jsx,px(a,a) = Px,a

for any a < a, thus ¢, € S(Aux, Jxx) k. Composing ¢, with the isomorphism 7 :
(A, Nk = (Asx, Jxx) k defined by Eq. (3.16) yields a state of (A, j)k.

Finally, we prove that these mappings are the inverse of one another. Given a state @
of (A, j)k, we have

(w**of)aZw**,aofazw*o]**,pofa:w*ofoojpzwoojpzwa7

for some path p : a — o, where we have used the fact that 7, = id, (see Definition
3.16) and Eq. (4.3). Conversely, if ¢ is a state of the holonomy dynamical system, then
(Px 0 T)x = (P 0 T)p = Px0 O Ty = Px,0, because, as observed above, ¢, , = ¢
completing the proof. O

We now are ready to give the main result on the existence of states for nets of C*-
algebras.

Proposition 4.2. Let K be a poset with amenable homotopy group. Then any nondegen-
erate net of C*-algebras over K has states.

Proof. Since a nondegenerate net has a nonvanishing enveloping net bundle it is enough,
by (4.2), to prove the statement when (A, j)g is a C*-net bundle. This follows by the
previous lemma, since any C*-dynamical system with an amenable group has invariant
states. O

Let now (A, j,@)x be a G-covariant net. A state ¢ € S(A, j)g is said to be
G-invariant whenever

(pgooa§ =@, YoeK, gegG.
The next result gives conditions for the existence of G-invariant states.

Proposition 4.3. Let G be an amenable group. Then the following assertions hold:

(i) Any G-covariant C*-net bundle having states has G-invariant states.
(ii) If the fundamental group of K is amenable, then any nondegenerate G-covariant
net over K has G-invariant states.

Proof. (i) Let (A, j, ®)g be a G-covariant C*-net bundle and w € S(A, j)k. For any
o€ K and A € A,, define

fAg) = wgo0af(A), geG.

It is clear that fOA € L*(G) for any 0 € K and A € A,. Moreover the mapping

A, 3 A — ) € L®(G) is linear and positive. We also note that the following two
relations hold:

HOA
fleW = A o <a, (%)

al (A
froW = (fAy,, hed, (%)
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where ( fOA)h means the right translation of foA by A. In fact, forany A € A, and g € G
we have

ao A
£ () = 000 (@ (Jao(A)) = ga(Jgago @5 (A)) = weo(al (A)) = [ (2),
proving (x). Moreover, for any A € A, and g, h € G we have

43U () = ol (@ (A)) = wgno(@S" (A) = fAgh) = (fMn(g).

proving (xx). Now, let 1 be a right invariant mean over L°°(G). Define

0o(A) == n(fH, AeAy

this is a state over A,. Moreover, the collection ¢ := {¢, , 0 € K} is a G-invariant state

of (A, 7). in fact by the relation () ¢, 0 joa(A) = u(f3" V) = (f) = @o(A). On
the other hand, by the relation (k) it follows that

al'(A)

Ono 0 @l (A) = n(f2) = (M) = n(f) = @o(A),

where the invariance of u has been used. -

(i) Since 7r{ (K') is amenable, by Proposition 4.2 the enveloping net bundle (A, 7) g
has states. Applying Rem.3.14 we conclude that (A, 7)g is G-covariant with an action
o satisfying

Egoeozegooag, Yoe K, geG.

Applying (i), we conclude that (A, 7, @) has an invariant state @, thus defining ¢, :=
@, o €, for any o € K, yields an invariant state of (A, j)g.

4.2. Representations. We now study representations of nets of C*-algebras. We relate
representations of a C*-net bundle to those of the corresponding holonomy dynamical
system, and representations of a net to those of the enveloping net bundle. This leads to
the equivalence between injectivity and existence of faithful representations. Injective
nets defined over a poset with amenable fundamental group, and an amenable symmetry
group, have covariant representations. We also characterize those nets having Hilbert
space representations and those nets having a trivial enveloping net bundle.

Let (A, j)k be a net of C*-algebras. A representation of (A, j) is a pair (7, U),
where 7 is a family of Hilbert space representations 7, : A, — B(H,), 0 € K and U
is a family of unitaries U, : B(H,) — B(H,), 0 < a, called inclusion operators, such
that

Uuo € (7o, 4 © Jao), 0 =a, (4.4)
and
Uea Ugo = Uy, 0=<a=o. 4.5)

The representation (57, U) is said to be faithful if 7, is a faithful representation of A4,
for any o € K. A Hilbert space representation of (A, j)k is a representation of the
form (7, 1) (here we assume that every Hilbert space H,, o € K, coincides with a fixed
Hilbert space H whose identity is denoted by 1).
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Remark 4.4. In the context of the algebraic quantum field theory a representation of a
net of C*-algebras usually means what we call a Hilbert space representation. The first
time a representation, in the sense of the present paper, appeared was in [23]; the recon-
struction of a state of an algebra associated to a region of a spacetime from a family
of states of its subregions yielded a collection of representations and unitary operators
satisfying the above relations. This structure has been promoted to the rdle of a repre-
sentation of a net of C*-algebras in [14] (and called a unitary net representation) where
its topological content was analyzed and where, in particular, its role in the description
of charges induced by the topology of a spacetime was pointed out.

With the above notation, it is easily seen that U,, = 1, for any o € K. Since unitar-
ies U are invertible, we define U,, := U, for any o < a. Note that the pair (H, U),
‘H := {H,}, defines a Hilbert net bundle, and (4.4), (4.5) imply that (;r, U) yields a
morphism

w: (A, )k - (BH,adU)g, (4.6)

where (BH, adU)g is the net bundle with fibres B(H,), 0 € K, with inclusion maps
adU,,, 0 < a, defined by the adjoint action. So a representation can be seen as a mor-
phism from the given net to the C*-net bundle defined by a Hilbert net bundle. Both the
concrete C*-net bundle and the Hilbert net bundle are trivial in the case of Hilbert space
representations.

An intertwiner between two representations (7, U) and (r/, U’) of (A, j)k is a fam-
ily of bounded linear operators T := {7, : H, — H, , 0 € K} suchthat T, € (n,, 7)),
and

TyUp =U,, T, a <o. 4.7)

When all T, are unitaries we shall say that T is a unitary intertwiner. Two representations
(7, U) and (t/, U’) are equivalent if they have a unitary intertwiner. A representation is
said to be topologically trivial whenever it is equivalent to a Hilbert space representation
(the motivation of this terminology will soon be clear). Finally, a representation (i, U)
is said to vanish whenever 7,(A) = 0 foranya € K and A € A,.

We can always assume that a representation (7, U) is defined on a fixed Hilbert space
(see [14] for details). For any 1-simplex b define Uj, := Upyypp| Ujp|a,n, SO We have a
unitary Uy, : Hy,p, — Hyyp. Extend U from 1-simplices to paths in the usual way,

Up :=Up, -+ Up, Up,, p=>byx---byxb. 4.8)

Afterwards, fix a path frame P, and define 776/4 ():=U Plo.ay Ta U Plao) witha € K (note
that ) = 7,) and U, := Uy, ., Use Up, ,, With a < e. Then the pair (7', U’) defines
a representation of the net (A, ) into a fixed Hilbert space; the family 7, := U, .
with a € K, is a unitary intertwiner from (7, U) to (zr/, U’). On these grounds, unless
otherwise stated, we assume from now on that all representations are defined on a fixed
Hilbert space.

The topological content of a representation (7, U) can be easily seen by consider-
ing the associated Hilbert net bundle (7, U). The same reasoning used in defining the
holonomy dynamical system (§3.3), yields a group morphism

Uy : t{(K) = U(H), 4.9)
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where U (H) is the group of unitary operators of the Hilbert space H. Explicitly, one
extends U to simplices as above and observes that the mapping U : ¥1(K) — Uj €
B(H) satisfies the 1-cocycle relation Uy, Uz, = Uj, for any 2-simplex c. So U, in
turn, defines a representation U, of the fundamental group of K. We shall call U, the
holonomy representation associated with (z, U).

We list the following results from [14], which can be proved as in §3.3:

(1) If two representations are equivalent then the corresponding representations of
1 (K) are equivalent.

(i) If K is simply connected then any representation is equivalent to a Hilbert space
representation.

These two points explain the term ’topologically trivial representation’.
The first task is to relate representations of a net to those of the enveloping net bundle.

Lemma 4.5. Any representation of the net (A, J)k extends uniquely to a representa-
tion of (A, J)k, and this yields a bijective correspondence between representations of
(A, 7)k and representations of (A, J)k-

Proof. Let € : (A, j))k — (A,7)k be the canonical morphism. For any represen-
tation (o, V) of the enveloping net bundle, the pair (o o €, V) defines a representa-
tion of the net. Conversely, by (4.6), any representation (77, U) of (A, j)x defines a
morphism 7 : (A, j))k — (BH,adU). By Prop. 3.11 there is a unique morphism
(A, TNk — (BH,adU), defined by Eq. (3.27), such that 71 o€ = . This
completes the proof. O

We note that the extension of a faithful representation of a net to the enveloping net
bundle need not be faithful.

The next result relates representations of C*-net bundles to covariant representations
of the associated dynamical system.

Lemma 4.6. Representations of a C*-net bundle are, up to equivalence, in bijective cor-
respondence with covariant representations of the corresponding holonomy dynamical
system.

Proof. We give a sketch of the proof since the reasoning is similar to that of the proof
of Lemma 4.1. By (4.6), we have that every representation (77, U) of (A, j)k defines
a morphism 7 : (A, j)x — (BH, adU). Thus, by Prop.3.8, we have the morphism of
dynamical systems

Ty Ay = B(H), 4 0 Ju[p) = adUsy [p) 0 4, V[pl € 77 (K), (4.10)

i.e., 7T, is a covariant representation of (A, 7110 (K), J«). Conversely, given a covariant
representation (1, V) of (A4, m7(K), jx) on the Hilbert space H then, again by Prop.3.8,
we can define the net bundle (B(H)., adV,)k and the morphism

Ny : (A**7 ]**)K — (B(H)x, adVy)k.

Since (Ayx, Jsx)k 18 isomorphic to (A, j)k, composing with 1, gives the desired rep-
resentation. O

After this the relation between injectivity and the existence of faithful representations
follows easily.
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Theorem 4.7. The following assertions hold.

(i) A net of C*-algebras is injective if, and only if, it has faithful representations.
(ii) A net of C*-algebras is nondegenerate if, and only if, it has nonvanishing repre-
sentations.

Proof. (i) (<) follows by Prop.3.15.i. (=) By the previous lemma it suffices to show
the existence of faithful covariant representations for the dynamical system associated
with the enveloping net bundle. But this is true for any dynamical system, completing
the proof of (i). A similar reasoning leads to the proof of (ii). O

We discuss the existence of Hilbert space representations. Let (A, G, «) be a C*-
dynamical system. A G-invariant representation is a representation = of A such that
moag = m forany g € G. Let J g be the G-invariant ideal of A generated by the
elements A — az(A) for A € A and g € G; then we have the following result:

Lemma 4.8. A C*-dynamical system (A, G, &) has nontrivial G-invariant representa-
tions if, and only if, the ideal JAG is proper.

Proof. (=) If 7 is an invariant representation, then J AG lays within the Ker (). (<) If
J g is proper, then the quotient A= A/ J g is not trivial, and since J g is G-invariant,

the action « hfts to an action @ on A. However this action is trivial according to the
definition of J¢ - So take a faithful representatlon o of A and define m(A) = U(A) for

any A € A. Then 7 o az(A) = o(ag(A)) = cr(A) =mn(A)forany A € Aand g € G,
completing the proof. O

We are ready to provide a necessary and sufficient condition for the existence of
Hilbert space representations.
Proposition 4.9. An injective net of C*-algebras (A, j)k has nontrivial Hilbert space
K
representations if, and only if, the ideal J— i (K) is proper, where A, is the holonomy

dynamical system of the enveloping net bundle.
Proof. Follows straighforwardly from the previous lemma and from Lemma 4.6. O

Examples of injective nets where this ideal fails to be proper will be given in §5.1.

We now want to characterize those nets having a trivial enveloping net bundle. To
this end, let us introduce the following notion. A representation (;r, U) of anet (A, j)g
is said to be quasi (topologically) trivial whenever for any o € K the relation

Up € (79, 7), p:o— o0, 4.11)

holds. This means that the coupling between the analytical and the topological content
of a quasi-trivial representation is ‘artificial’, and can be completely removed from this
representation. More precisely, let (;r, U) be a quasi-trivial representation. Take a path
frame P, = {p(a,0), a € K}, and define

o, :=adU o g, ack.

P(o,a)
Then (o, 1) is a Hilbert space representation of the net. In fact given a < a, by (4.11)
we have
040 Jga = adUp(M) OTl; 0 Jagag = adUp(o_&> o adU,;a o T,
= adUp,, ; «(@a) © Ta = adUp, ,, 0 adUp, , xp, 2 x(@a) © Ta
=adU,,,, o7y = 04.
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So, any quasi-trivial representation defines in a natural way a Hilbert space represen-
tation. However these two representations are not, in general, equivalent. In fact con-
sider the unitary 7 defined by 7, := Upuwo»a € K. Then T, € (o4, 7,) for any
a € K, but T does not intertwine the inclusion operators since Uzy Ta = Ua.a)xp,.,) =
T Up, 2 %(@.0)%piaoy which is different from 7, unless the holonomy representation
defined by U is trivial. It is not surprising that to any Hilbert space representation
(o, 1) of a net one can associate a quasi trivial representation carrying a nontrivial rep-
resentation of the fundamental group. In fact, extend o to the representation (o1, 1) of
the enveloping net bundle and consider the covariant representation (6*T , 1) of the hol-
onomy dynamical system (A, m{(K), J ). If the homotopy group has representations
V taking values in the commutant (0*T , O’*T ), then the pair (0*T , V) is still a covariant
representation of the dynamical system. Turning back to the net, this yields a quasi trivial
representation of the net not equivalent to (o, 1).
We now characterize those nets whose enveloping net bundle is trivial.

Proposition 4.10. The enveloping net bundle of a nondegenerate net is trivial if, and
only if, the net has only quasi trivial representations.

Proof. (=) Let (7, U) be a representation of a net (A, j)k wiLh trivial enveloping net
bundle. Let (T, U) be the extension of this representation to (A, 7) k. Because of triv-
iality 7, = idju for any o € K and for any loop p over o. Therefore ady, o noT =

710T °Jp= ng . By the definition of 7, the quasi-triviality of (7, U) follows.

(<) Consider the holonomy dynamical system (A,, 7{(K), 7). Let p be a faithful
representation of the crossed product A, x 77 (K). p defines a covariant representation
(p, UP) of the holonomy dynamical system and this, in turn, defines a representation
of the enveloping net bundle, Lemma 4.6, and so a representation of the net (A4, j)g,
Lemma4.5. Since only quasi trivial representations of the net are allowed, U, [’;7] € (p, p)
for any [p] € n{(K).So po7J, [, = adU[’;] o p = p for any [p] € n{(K). Since p is
faithful 7, 1, = idj* for any [p] € 7{(K), and the proof follows. 0O

The next result relates representations and states.

Lemma 4.11. For any C*-net bundle (A, j)k, the following properties are equivalent:

(i) (A, )k has states.
(ii) There is a representation (7w, U) of (A, J)k on a Hilbert space H and a family of
nonzero vectors Q2 = {2, € H} such that
Upa2q = Qp forall o < a.
(iii) The holonomy dynamical system (A, 77 (K), J«) admits a covariant representa-
tion with an invariant vector.

Proof. (i) = (ii) Let w be a state of (A, j)x. Given o € K, let (7,, H,, 2,) be the
GNS representation associated with the state w, of the algebra A,. For any inclusion
0 < a define

Uaoro(A)2 := 114 (Jao(A)) R, Ac A,.

4

7 If for instance o, isirreducible (see Appendix A), then 7r1”(1() must have 1-dimensional representations.
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A routine calculation shows that the U,, : H, — 'H, are unitary operators with
Uuo o(-) = 4 © Jao(+) Uyp. Moreover

Uea Ugomo ()20 = UeaTa(Jao ()R = Ta(JeaJao ())2e = UeoTo (+)€20.

Clearly, by definition we have U,,Q, = Q4. (ii) = (iii) Define 7, : A, — B(H) as
in (4.10) and consider 2, € H. Then the condition U,,2, = 4, 0 < a, implies that
Up2, = 2, for any loop p over o, where U, is defined in (4.8). (iii) = (i) Let (n, V)
be a covariant representation of (A, n{’ (K), J«) on the Hilbert space H and ¢ € H be a
V-invariant vector. We consider the representation (1, Vi) of (A, J++)k constructed
as in Lemma 4.6 and define ¢,(A) := (£, n4.4(A)), A € Ay g = Ap,a € K. By
V-invariance of ¢, and covariance of (1., Vi), we find

$a © ]**,&a(A) = (¢, (n*,a o ]**ﬁa(A))f) = (V*,éaé‘v Nx,a (A)V*,Zzaé‘) = @q(A).

Thus ¢ is a state of (A, J«) k. and composing with the isomorphism with (A, j)g
yields the desired state. O

We conclude the section giving an easy consequence of the above results in the setting
of G-actions. Let G be a symmetry group for K and (A, j, ®)x a G-covariant net. A
G-covariant representation of (A, j, o) is arepresentation (7, U) of (A, j) g such that
the underlying family of Hilbert spaces H := {H,} is endowed with unitary operators
rs:H, — Hgeo, & € G, 0 € K, satisfying the relations

rk,r§ =158, ¢.heG, ock,
adl'§ o7, = 7gp 0 01, g€G, o€k, (4.12)
FgUﬁongogoFga 0<o0, g€G.

Notice that when (77, U) is topologically trivial, I" induces a unitary representation of the
symmetry group, since the inclusion operators U,,, are constant. Furthermore, recall that,
when G is a continuous symmetry group of the poset, we assume, by convention, that
the G-action on the net is continuous (see §3.1). Similarly, under these circumstances
we assume that for any G-covariant representation (i, U, I'), T is strongly continuous.
This amounts to saying that if {g,} A is a netin G converging to the identity of the group
then, for any 0 € K and a € K with a > o, there exists 1, € A such that g0 < a for
any A € A with A > X, and

1Uago T3 Q2 — Q| >0, VR € H,. (4.13)
We have the following result.

Proposition 4.12. Let K be a poset with amenable fundamental group and G an amena-
ble symmetry group of K. Then every injective, G-covariant net of C*-algebras over K
has a G-covariant representation (v, U, I'). In particular, if G is a continuous symmetry
group of K, then T is strongly continuous.

Proof. Let (A, j, a)k beinjective. Then by Rem. 3.14 it suffices to look for G-covariant
representations of the enveloping net bundle (A, 7, @) ¢ . Now, by Prop. 4.3.ii (A, 7, @) x
has a G-invariant state ¢, which, by Lemma 4.11, induces a GNS representation 7. Since
¢ is G-invariant, setting

T (To(T)R0) = (g0 0 @5 (T)Rgo, T € Ay,
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for o € K and g € G, we easily find that 7 is G-covariant. Finally note that if G is a
continuous symmetry group of K, then the action « is continuous by assumption (see
§3.1). As observed in Remark 3.14, the action & of G on the enveloping net bundle is
continuous as well. Using this, a routine calculation shows that I' is strongly continuous.

5. Injectivity

Injectivity has been related to "outer properties” of the net: the existence of embeddings
into C*-net bundles or, in particular, the existence of faithful representations. In the
present section we analyze how injectivity relates to ’inner properties’ of the net. More
precisely, our aim is to find conditions on the net itself, which are either necessary or
sufficient for injectivity. We shall discover that injectivity imposes a cohomological con-
dition on the net. This will allow us to provide examples of degenerate nets, noninjective
nets, and of injective nets having no nontrivial Hilbert space representation (for a further
example of this last case see Ex. A.9). A remarkable result is that any C*-net bundle
over S whose Cech cocycle is globally defined is trivial.

Our aim is to introduce a simplicial set which will serve for defining the Cech
cocycle mentioned above. To begin with, let K be a poset, and S, F nonempty subsets
of K. We shall write F < S whenever any element of F is smaller than any elements
of S. We now are ready to define the simplicial set X3 (K): for n > 0, an n-simplex
is a string (F'; on+1, On, - . ., 01) Where 041, 0y, ..., 01, are elements of K, called the
vertices of the n-simplex, and F is a nonempty subset of K, called the support of the
n-simplex, satisfying the relation F < {041, 0y, ..., 01}. This simplicial set is sym-
metric since the string whose vertices are a permutation of the vertices of an n-simplex
(F; 0p41, 0p, ..., 01) and whose support is F is an n-simplex as well. As usual 2, (K)
will denote the set of n-simplices.

We denote the set of symmetric subsimplicial sets D, of X2(K), with D; C X7(K)
for any i, by Sub(X? (K)). Note that Sub(X? (K)) is closed under finite or infinite union,
and finite or infinite intersection, if not empty. Elements of Sub(X; (K)) are, for instance,
25 (S) for any nonempty subset S C K.

For any O-simplex (F, o) of Dy, we define the C*-algebra

*’45 = C*{]oa(Aa) |a e F} - .AD.

Definition 5.1. Let (A, j)k be a net of C*-algebras and D, € Sub(X3(K)). A (gener-
alized) Cech cocycle of (A, j)k defined over Dy is a family ¢ := {({5) | (F;0,0) € D}
of *-isomorphisms

¢k oAb - AL Y(F;0,6) € Dy,
satisfying, for any 1-simplex (F; 0, 0), the relation
$3y © Joa = Joas  Va € F. (5.1)

Before showing the relation to injectivity, it is convenient to draw some interesting
consequences of the above definition. First, the defining relation implies that ¢ satisfies

0oy © Loy = Chors (Fi01,00,03) € Da, (5.2)

and

—1
(b0 =000, + (Fio1,00) €Dy (5.3)
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The first relation, the cocycle equation,® follows observing that

F F _ +F _ _ +F
403()2 o é‘()zul o -]010 - ;‘0302 o 1020 - JUSU - g()}(}] o -]010’

for any o € F, where we have applied (5.1). A similar reasoning leads to the sec-
ond relation. Second, the Cech cocycle reduces to the inclusion maps when defined on
1-simplices (F'; a, o) such that o < a, that is

EaFo = Jao | Af,
as an easy consequence of Eq. (5.1).
Lemma 5.2. Any net (A, j)x has a unique Cech cocycle.

Proof. Existence. Take a pair 01,02 € K having a common minorant o. Consider
%7 ({o1, 02, 0}). Any 1-simplex of X7({o1, 02, 0}) has the form (0; a,a) with a,a €
{o1, 02}. Then, it is easily seen that the collection ¢ := {;aoa ,a,a € {oy,0}}, where

Cfa 2 Jao(Ao) = Jao(Ao), é“,fa 0 Jao(A) = Jao(A), VYA €A,
is a Cech cocycle defined over X3 ({01, 02, 0}).

Uniqueness. Let ¢%, o € A, be the collection of all Cech cocycles of the net defined,
respectively, over DY, o € A. Set

¢ =c2f i (Fi6,0) € DY.
The definition is well posed: if (F;0,0) € DY N Df for @, B € A, then by (5.1),
g;‘(;F ° Jou = Joa = g“fo’F 0 Joa, forany a € F. So ;ga’F = g“fo’F, because they coin-
cide on the generators of the algebra AL". Therefore ¢ is a Cech cocycle defined over
UweaD$. O

We have established the existence and the uniqueness of the Cech cocycle of a
net. Moreover, it is clear by the above proof that Uyecp DY is the largest element of
Sub(X23(K)) where the Cech cocycle is defined.

Definition 5.3. Let (A, 1)k be C*-net. We shall refer to the largest element of
Sub(X2(K)) where the Cech cocycle of the net is defined as the the domain of the
cocycle; we shall say that the cocycle is globally defined if the domain equals X3 (K).

From now on our purpose will be to characterize the domain of the Cech cocycle
of the net and to establish the relation to injectivity. Part of the information about the
domain of the Cech cocycle is transmitted under an embedding. This is the content of
the next lemma.

Lemma 5.4. Let  : (A, Nk — (B,1)g bea monomorphism. Then the domain D of
the Cech cocycle & of (B, 1)k is contained in the domain the Cech cocycle of (A, J)k.

8 This cohomology generalizes the Cech cohomology for the dual poset introduced in [40].
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Proof. Given (F; 0,0) € D; we have
F _&F _ _
550 0 Yo 0 Joa = %-50 0loa © Ya =154 °© Ya = Y50 Joas

for any a € F, where we have used Eq. (5.1). So (6 o ¥,)(AL) = ¥5(AL). This and
the uniqueness of the Cech cocycle, implies that the composition

vl ot oy, (Fi6,0) € Dy,
is the Cech cocycle of the net (A, 7)., and the proof follows. O

We now make a first step toward the understanding of the rdle played by the Cech
cocycle in the theory.

Lemma 5.5. Let (A, j)x be a C*-net bundle and let D, be the domain of the Cech
cocycle. Then given (F; 0,0) € D| we have

¢l = Jsa©Jaon Va€F, (5.4)
and
Jazo © Joai = Jars © Joay» Vay,a € F. (5.5)

Proof. First of all note that Af = A,, forany F < o, since we are considering a C*-net
bundle. Then the first relation derives directly from (5.1). Using the first relation we have
Joa; © Jajo = Jéar © Jazo» fOr any ay, ap € F, and the second relation follows.

The second equation looks like a triviality result for the C*-net bundle. In particular,
when the Cech cocycle is globally defined, this result asserts that the 1-cocycle defined
by j, giving the action of the homotopy group of the holonomy dynamical system (see
(3.11)), does not depend on the support of the 1-simplex: j, = j; for any pair of 1-sim-
plices such that 8;b = 9;b for i = 0, 1. We shall see soon that any C*-net bundle over
S! having a globally defined Cech cocycle is indeed trivial.

We now start analyzing the relation between injectivity and the Cech cocycle.

Lemma 5.6. Let (A, j)k be a net of C*-algebras and P C K pathwise connected and
such that (A, ) p has a faithful Hilbert space representation. Then X3 (P) is contained
in the domain of the Cech cocycle of the net (A, J)k.

Proof. By hypothesis there exists a C*-algebra A(P) (the universal one) and unital
faithful *-morphisms v, : A, — A(P), with o € P, such that ¥, o j,7, = V¥, for any

0 < 0. Now, given (F; 03, 01) € X7 (P),forany ay, ..., a, € F, define
Cg[;;l (]olal(Al) c 0 Joray (An)) = Jora, (Ay)--- Josray, (Ap), (5.6)
where A; € A, fori = 1,...,n, and extend gém by linearity to all the *-algebra

generated by j,,4(Ay) as a varies in F. To prove that g“fza , is isometric we make use of
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the v,’s as follows:

”]ozal (Al)]ozaz (A2)--- Joray, Al
= |0, (J02a1 (A1) Jorar (A2) =+ Josay, (An)) l
= ”(l[’oz o Juzm)(Al) (1/f02 o .]02(12)(A2) ce (%2 o ]ozan)(An)”
= ”¢a1 (Al)waz (AZ) o %n (An)”
= 1Yo, © Joja1) (A1) (Vo; © Joyar)(A2) -+ (o, © Joya,) (An)l
= |lYo, (Jolal (A1) Jorar (A2) *+ Joya, (An)) I
= |l Jorar (A1) Joyar (A2) * + * Joya, (An) |-

The same reasoning applies to finite linear combinations, hence §£ o, €xtends by conti-
nuity to a *-isomorphism from A/ to AL that, by definition, fulfills (5.1). O

01

The following consequence of Lemma 5.6 will be useful to determine whether a
given net is injective (see Example 5.8).

Corollary 5.7. Let (A, j)k be an injective net. Then X3 (P) is contained in the domain
of the Cech cocycle for any connected and simply connected subset P of K.

Two observations are in order. First, the above result applies to C*-net bundles since
any C*-net bundle is injective by definition. Second, even if any poset K is covered by
the set of its connected and simply connected subsets, the Cech cocycle of an injective
net may not be globally defined since X (S) U X2 (P) may be smaller than X3 (S U P),
for any pair S, P of nonempty subsets of K. In fact, if thereareo € S\ P,a € P\Sanda
nonempty subset F' of SU P with F' < {o, a}, then the 1-simplex (F'; a, 0) € Z7(SUP)
but (F; a,0) ¢ X7(S) U X7 (P).

5.1. Examples. To illustrate the results of the previous section we give examples of
injective, nondegenerate and degenerate nets. Afterwards we make some conjectures
concerning the domain of the Cech cocycle and injectivity of the nets, and, finally, give
interesting examples of nets coming from complexes of groups.

Example 5.8. We consider the poset B with elements {m, o, a, x, y} and order relation
m < o0,a < x,y, so there is a minimum m and two maximal elements x, y. This poset
is simply connected since it is downward directed (see preliminaries), so a net (C, j)p
can only have Hilbert space representations.

A class of nets over B can be defined in the following way. Take a proper inclusion
A C B of unital C*-algebras and y € autB3 leaving .4 pointwise fixed; then we have
the net (C, J)p,

Cn=A C,=C=C=C, =B,
Jom = Jam = the inclusion, (5.7)
Jyo =Vs Jxo = Jxa = Jya = IdB.

Let us consider the 1-simplex (F; x, y), F := {a, o}; then we have B = Cf =C, =
Cy = f and any *-morphism ¢ : ctF - Cf such that ¢ © jyo = Jxos £ © Jya = Jxas
can be regarded as a *-endomorphism of B fulfilling

oy =idp, ¢ =1idp.
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Clearly, the previous equations are coherent if, and only if, y = idg. In this case
(F; x, y) is in the domain of the Cech cocycle of (C, j)p and we have faithful Hilbert
space representations, which, as can be easily seen, are Hilbert space representations of
the amalgamated free product B * 4 B, that turns out to be the universal C*-algebra of
the net.

We now assume y # idg and consider a Hilbert space representation  : (C, j)p —
B (H), which is necessarily not faithful because the 1-simplex (F'; x, y) does not belong
to the domain of the Cech cocycle. Then, requiring coherence with (5.7) is equivalent
to ask that® there is a representation I1 : B — B(H) suchthat [1 =7, =7, =7y, =
Ty = Ty 0 Jyo = Il o y, i.e. that any element of the type

y(I)-T, T eB, (5.8)

is in ker IT. This characterizes Hilbert space representations of (C, ) g, and in the fol-
lowing lines we discuss two particular cases. (i) Take a unital C*-algebra M and define

A::[(A O),AEM], B := My (M), y::adV,V::(O 1)68.

0 A 1 0
-1 0 1 0

so the identity | = (y(E) — E )2 is in the kernel of any Hilbert space representation of
(C, j) B, which therefore is degenerate. (ii) Take a compact Hausdorff space X, a proper
closed subset W C X and a C*-algebra M with unit 1. Define

A:=C(X), B:=CX, M), y:=adV,

Then we have

where V : X — M, V € B, is a continuous map taking values in the unitary group and
such that V(x) = 1 forall x € W and V(x') ¢ M N M’ for some x’ € X — W. We
have

(y(T)—=T}x)=0, YT €B, x e W,

so (5.8) generates a proper ideal 7, of B contained in the one of M-valued continu-
ous maps vanishing on W. Thus there are non-trivial Hilbert space representations of
(C, J)B,labeled by representations of /.7, . We conclude that (C, ;) p is nondegenerate,
but also not injective.

The next is an example of an injective net having no Hilbert space representations
(see Ex. A.9 for a further example in a geometrical context).

Example 5.9. The poset we consider is obtained from the one of the previous exam-
ple by removing the minimum, so it is given by C, := {a, o, x, y} with order relation
a,o < x,y.Wecall C, a2-cylinder, a terminology that will be clarified in [44]. One can
easily see that this poset is not simply connected and that the homotopy group is Z. We
consider the net (C, )¢, defined by restricting on C; the net considered in the case (i)
of Example 5.8. Clearly, (C, j)c, is a C*-net bundle (hence it is injective), because there
are no compositions of inclusions in C2 and jxo, Jxas Jyo> Jya are one-to-one. Never-
theless, for the same reason as in case (i) of Example 5.8, (C, j)c, has no Hilbert space
representations and this implies that its universal C*-algebra is trivial, i.e. C* = {0}.

9 The authors thank an anonymous referee for illustrating the following argument.
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We now analyse the relation between injectivity and the domain of the Cech cocycle
in the opposite sense, and ask whether a net is injective on subsets of the poset associ-
ated with the domain of the Cech cocycle. We have no general result, however it is our
opinion that the following assertions should hold. First, given a nondegenerate net, if
the Cech cocycle is defined on 2 (P) for any CONnected and simply connected subset
P of the poset, then the net should be injective. If the Cech cocycle is globally defined,
then the net should have faithful Hilbert space representations. Second, a C*-net bundle
is trivial if its Cech cocycle is globally defined.

The next is an example supporting the first assertion.

Example 5.10. We consider the 2-cylinder C; := {0, a, x, y} of the previous exargple.
Let (A, j)c, be a net of C*-algebras. Assume that this net has a globally defined Cech

cocycle. Then in particular we have a *-isomorphism §y{§’a} : io’d} — Ai,o’a} such that

C;i’a} O Jxe = Jye> QE;’“} O Jye = Jxe, € =0,4. (5.9)

{o,a}

Denoting a copy of A} "’ by C yields the diagram

'Ay
/g};(,a)
Aa

By (5.9), the desired Hilbert space representation is obtained as a representation of the
amalgamated free product A, ¢ A,.

Ay
N
C
4
Ao

A proof of the first conjecture seems being far from being reached. The above exam-
ple suggests that it may be related to the “realizability” of the generalized amalgamated
free product of C*-algebras, [10]. The next result supports the second assertion.

Lemma 5.11. Any C*-net bundle over S' having a globally defined Cech cocycle is
trivial.

Proof. Let (A, j)7 be a C*-net bundle over S I (ie., Z is the set of open connected
intervals of §' whose closure is properly contained in S'). The homotopy group of Z
is the same as that of S!, i.e. Z. We now consider a path in Z, defined as follows. Let
x,y € T be such that x Uy = S! and x N y has two connected components a and o
respectively. Clearly a, o € Z. Consider the 1-simplices b1 and b, defined by

|b1| :=x, 01b1 :=a, dpb1 := o0, |b2| =y, d1b2 :=0, dpb :=a.

The path b, * by is a loop over a which is not homotopically trivial and whose image
under the isomorphism 71 (Z) =~ 71 (S') is the generator of 71 (S 1. Asa consequence,
(A, )z is trivial if the isomorphism jp,+p, generating the holonomy of (A, y)z is the
identity. Now, since the Cech cocycle is globally defined, it is defined, in particular,
on the 1-simplex ({x, y}; a, 0). By using Eq. (5.5) (within Lemma 5.5) we have that
Jox © Jxa = Joy © Jyas SO Jbyxby = Jay © Jyo © Jox © Jxa = id 4,, where the homotopy
equivalence of the paths b, x by and (ya) * (yo) * (xo0) * (xa) has been used.




688 G. Ruzzi, E. Vasselli

Note that also when a net has a globally defined Cech cocycle, the Cech cocycle of the
enveloping net bundle may not be globally defined. In fact, in algebraic quantum field
theory there are examples of nets having both faithful Hilbert space representations and
faithful representations carrying a nontrivial representation of the homotopy group of
the poset which are not quasi trivial (see [14,6]). So, by Prop. 4.10, the enveloping net
bundle is not trivial.

In conclusion we present interesting examples of injective and degenerate nets com-
ing from geometric group theory.

Example 5.12. The triangle poset is a set T of seven elements {m, A, B, C, X, Y, Z}
ordered as follows: m < A, B,Cand A,B < X,B,C <Y and A,C < Z. T is down-
ward directed, so it is simply connected. Any net of groups (G, y)r over T is a triangle
of groups and, by the functor C* (§3.2.2), a net of group C*-algebras (C*(G), C*(y))k is
associated with (G, y)7. By the properties of functor C*, the net (G, y)7 embeds in the
colimit group if, and only if, the net (C*(G), C*(y)) ¢ embeds in the universal C*-alge-
bra C*(G)". Gersten and Stallings ([45]) gave sufficient conditions for the existence of
this embedding in terms of angles associated to a triangle of groups. However, they also
gave an example of a triangle of groups which does not satisfy these conditions and has
a trivial colimit: take H,, := 1 the trivial group, Hy := (a), Hp := (b) and H¢ := (c)
the free groups of one generator, Hy := (a, b| b = aba‘l), Hy := (b, cl = bcb_l)
and Hz := (a, cla* = cac‘l). Taking the inclusion of groups as inclusion maps we get
a net of groups (H, i)x. The colimit of this net is the Mennicke group M(2,2,2) =
{a.b,c|b®> =aba™', ¢ =bcb™!, a* = cac™') which is known to be trivial. So, the
corresponding net of group C*-algebras is degenerate.

Two observations about this example are in order. First, note that (C*(H), C*(i))r
is a degenerate net of C*-algebras having a globally defined Cech cocycle (this can be
easily seen). Second, it is interesting to analyze the réle of the minimum m. Consider the
poset T\{m} obtained by removing m from T. Any net of C*-algebras over T\ {m} is
injective since any such a net (A, j)7\(») admits faithful representations. To prove this
we use an idea due to Blackadar ([11]). Let k be a cardinal greater than the cardinality of
the algebra A, for any element a of 7\ {m}. Then we set 7, as the tensor product of the
universal representation of A, times 1,. The trick of the cardinality implies that 77, o j4,
is unitarily equivalent to m, for any inclusion a < o. So, choose such a unitary operator
Vao for any inclusion o < a. Then, since in 7"\ {m} conpositions of inclusions are not pos-
sible the pair (77, V) is a faithful representation of (A, ;)7\ (). Applying this result to the
example of Gersten and Stallings, we have that the net (C*(H), C*(i)) 1\ () is injective
and that the net (H, i)\ () has faithful representations. However, (C*(H), C*(i)) 1\ (m)
has no Hilbert space representations, because any Hilbert space representation of this
net can be easily extended to a Hilbert space representation of (C*(H), C*(y))r and
this, as observed before, is not possible.

6. Comments and Outlook

We list some topics and questions arising from the present paper.

1. The examples of nets of C*-algebras defined by groups of loops, §3.2, might have
interesting applications in algebraic quantum field theory. They are model indepen-
dent and are constructed using only the principles of the theory. These examples
are incomplete (see Remark 3.6); neverthless, generalizing the ideas of the present
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paper, a model-independent construction of causal and covariant nets of C*- algebras
over spacetimes is given in [18]. These nets admit, in the cases of Minkowski space-
time and of S!, representations which are continuously covariant with respect to the
symmetry group of the underlying spacetime (the Poincaré group and the conformal
group respectively). It seems that there should not be obstruction to generalize these
results to other spacetimes.

2. The present paper poses some new questions, in particular whether an injective net
with a globally defined Cech cocycle has faithful Hilbert space representations. The
existence of Hilbert space representations is equivalent to proving that a suitable
ideal of the fibre of the enveloping net bundle is proper (Prop. 4.9). So, one should
find a relation between the Cech cocycle of the net to this ideal. Examples where
this ideal is not proper have been given in §5.1.

3. An application of the results of the present work is given in [44], where it is shown
that any nontrivial net over S', the spacetime of chiral conformal quantum field
theories, is injective.

4. Finally, we stress that nets of C*-algebras defined over a (base for the topology of
a) space X carry topological information even when they are not net bundles. In
fact, it can be proved that every net is a precosheaf of local sections of a canonical
C*-bundle (in the topological sense). This result, and its consequences, is the object
of a forthcoming paper ([43]).
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Yasuyuki Kawahigashi for his warm hospitality. We also would like to thank all the operator algebra group of
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A. Elementary Properties of Representations

In this appendix we give some basic properties of representations of nets of C*-algebras.
We will give particular emphasis to the fact that these can be conveniently described
in terms of the covariant representations of the dynamical system associated with the
enveloping net bundle of the given net.

More precisely, let (A, ;) x beanet of C*-algebras and (A, 7) x denote the enveloping
net bundle (see §3.4); then by Prop. 3.8 we have a dynamical system (Z*, 77 (K), 7).
where A, := A, for some fixedo € K. A representation (77, U) g of (A, j)g extends,
by Lemma 4.5, to a representation (nT, U) of (7\, 7)k which, in turn, yields the nf(l()—
covariant representation

2l A= B(H,). Us:7{(K) — UH) (A1)

(see Lemma 4.6). We shall keep the above notation throughout the appendix.

A.l. Decomposition of representations. Let (H, U)k denote a Hilbert net bundle. Then
the C*-net bundle (BH, adU) g is defined, and we say that a family T = {7, € B(H,)}
is a section of (B'H, adU) g whenever the following relations are fulfilled:

adU;,(T,) = T;, Va < a.
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We denote the set of sections of (BH,adU)x by X(BH,adU)g; this is a unital
C*-algebra under the natural *-algebraic structure

T+T :={T,+T)}, T*:={T}}, TT :={T,T)},

and C*-norm defined by ||T'|| := ||T,]||, where 0 € K is fixed. (Since K is pathwise
connected, for every a € K thereis apath p : a — o, so that |1, || = ||[adU..p)(To) || =
171l

Lemma A.1. X (BH, adU)g is isomorphic to the C*-algebra of operators in B(H,)
that are invariant under the holonomy representation

adUy : w{ (K) — AutB(H,). (A2)

Proof. If T € X (BH, adU)g, then it easily follows from the definition of the holon-
omy representation (4.9) that T, is adU,-invariant. On the converse, fix a path frame
Py ={pw,0), a € K}.It T, € B(H,) is adU,-invariant, define

T, := adUp(ayo)(T,,), ack.

For any inclusiona < a we have thatadUz,(T,) =adUp,, , 0ad{U,, ., Uao Up, ., }(T5)
= adUp , (To) = Tj, by adU,-invariance. Thus T is a section and the lemma is
proved. O

Now, let (r, U) be a representation of (A, j)x over the family of Hilbert spaces
‘H := {H,}, so that (H, U)g is a Hilbert net bundle. We define

Y, U) :={T € ¥(BH,adU)k : T, € (n4, 74),Va € K}, (A.3)

this is clearly a C*-algebra. Given the covariant representation (A.1), we also define the
C*-algebra

(o, 7wy = el 2]y T € B(H,) 2 adUs 1) (T) =T , ¥p € 77(K)}.
It is clear that changing o € K we get a C*-algebra isomorphic to (n*T, nf)U.

Proposition A.2. Let (A, j)g be a net of C*-algebras. Then for any representation
(r, U) of (A, J)k there is an isomorphism (]T*T, JT*T)U ~ ¥ (mw, U).

Proof. We pick a path frame P, = {p(.0), a € K} and define a map
Bl aly > T, U), Bw), :=adUy, ,(w), acKk.

The above map has image in X (77, U) since, for all a < a,

ﬂ(w)& U&a = P(a,o) w Up(o,é) U&a = U&a adU(&T)*p«.{.l)) (w)
= Uaa [adUP(?un) ° adU*,[mo.a)*@*ﬂ(a,o)]} (w) = Uaa 24U, (w)
= UzaB(W)a,

and, forall T € A,,a € K,

B(w)a ma(T) = adUp,, , (w) 7a(T) = adUp,, , (w) 7} (ta, T)

P(a,o)
= adUp(a.n) (w jTLI (p(o,a)v T)) = adUP(avo) (nJ (p(o,a)v T) w)
=7} (ta, T)adUp, ,, (w) = 74(T) B(w)q.
Finally, B is obviously an isometric *-morphism, and defining g'(T) = T,, T €
¥ (m, U), yields an inverse of .
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Definition A.3. A subrepresentation of (7w, U) is given by a family H' := {H), € Ha}a
of wy-stable Hilbert subspaces such that Uz, H,, = H%, Va < a.

Corollary A.4. Subrepresentations of (w, U) are in one-to-one correspondence with
projections of (JT*T, 712:)(/.

Proof. By the previous proposition it suffices to check projections of X (rr, U). If H’
is a subrepresentation of (7, U) then for each a € K we define E, € B(H,) to be the
projection of H, on H,,. Clearly E, € (774, 7,), and since Uz, Eqv = Uzav = Ez Uzqv
forallv € H,,, we conclude thatadU;, E, = E;,a < a.Conversely, if E = E?=FE*¢
Y (wr, U) then we define H; := E,H,,a € K, and check that H' is a subrepresentation
of (m,U). O

Letl, € 71* denote the identity; clearly 1, is invariant under the ”10 (K)-action, thus,

by covariance, JT*T (1,) € (nf , n*T )u- This yields a subrepresentation of (;r, U) which,
by construction, is unital and whose complement is a null representation. We say that

(r, U) is non-degenerate whenever nf (1,) is the identity of B(H,); note that in this
case each m,, 0 € K, is a non-degenerate Hilbert space representation.

We say that (7, U) is irreducible whenever it does not admit non-vanishing subrep-
resentations. By the previous corollary, the irreducibility of (r, U) is equivalent to the
condition

(], why ~C.

Note that irreducibility of (;r, U) does not necessarily imply irreducibility of the repre-
sentations ,,a € K.

Cyclic vectors. Let us consider, for each a € K, the concrete C*-algebra generated by
{adU) omz(Az), p:a— a} € B(H,)

coinciding, by Lemmas 4.5 and 4.6, with JTaT (A,). We fix 0 € K as usual, consider
v € H, and, given the path frame P, := {pw.,0) ,a € K}, define the closed vector
spaces

U%v := closed span{U,Up, v, p:a—a}, a€K.

The space U%v is independent of the choice of path frame, since a different path frame

Py = {Pa.0) »a € K} yields U,Ujp U psiia oyt Upiao V- We then define the
family H, of Hilbert subspaces

(a,O)U =
Hyq = n,j(J_éta)U“v, ack.
Elementary computations show that
na(Aa)Hv,a - HU,01 U&aHv,a = Hv,dy Va < a,
proving the following result:

Lemma A.5. Let (7, U) be a representation of (A, J)k. Giveno € K and v € H,, the
pair (|, Uly,) yields a subrepresentation of (w, U).

Definition A.6. Let (7, U) be a representation over the family of Hilbert spaces H and
0 € K.Thenv € H, is said to be cyclic for (rr, U) whenever H, . = H, foranya € K.
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Proposition A.7. Let (r, U) be a representation of the net (A, j) k. Then cyclic vectors
for (r, U) are in one-to-one correspondence with cyclic vectors for the induced crossed

product representation mj X Uy : Ay ¥ n(K) — B(H,).

Proof. Let v € H, be cyclic for (;r, U). Since p,, is homotopic to the trivial loop we
conclude that U%v = {Upv, p : 0 — o}, thus H,, = {713(.7\{,) Upv, p:o— o},
and the condition H, , = H, is clearly equivalent to the desired cyclicity condition
for rr*T x Uy. Conversely, assume that v € H,, is cyclic for n*T X Uy. Then the above
argument implies that H, = H, ,, and since each U, : Hy o — Hy, p : 0 — a, is
unitary, we conclude that H, , = H, , for any a € K, as desired. O

Corollary A.8. Any non-degenerate representation (v, U) is a direct sum of cyclic rep-
resentations.

Proof. Tt suffices to perform the direct sum decomposition of JT*T x U, O

A.2. Vector states. We start with a preliminary remark on representations. Let (A, j) g
be a net of C*-algebras and 7 := {7, : A, — B(H,)} a family of unital representations
on the family of Hilbert spaces H = {H,}. We say that (7, U) is a quasi-representation
whenever U is a family of isometries fulfilling

Uoa € (714,76 0 Joa), Ueo =Ueq 0 Uy, Ya <o =<e.

It is easily verified that the pair (H, U) g defines a net of Hilbert spaces.

The GNS construction. Let w be a state of the net of C*-algebras (A, j) k. Then the GNS
construction yields a family H := {H,} of Hilbert spaces with maps v, : A, — Ha,
a € K, and a family of representations

Ta t Aa = B(Ha), {na(T)}{Ua(T/)} = Ua(TT/), VT, T'e Aq,
having cyclic vectors v, := v(l,) € H,. Each j;, defines the isometry
Uza : Ha — Ha, Uzqua(T) :=v7(jaaT), T € Ay, a <a,

and hence a quasi-representation (7, U) of (A, j) k. Note that v := {v,} is a section of
(H,U)g,ie. Uzyvg, = v; foralla < a.

Vector states. Let (A, j)k be anet of C*-algebras and (7, U) a representation. A vector
state is given by a family v := {v, € H, ||v|| = 1} such that v; = Uz,v,, a < a. This
induces the state w, (-) := (vq, ‘v4), a € K.

A representation does not necessarily yield vector states, indeed this happens if and
only if the underlying Hilbert net bundle H has sections. In the following we give an
example of net of C*-algebras having representations but no (vector) states.

Example A.9. Let T'), denote the free group with n generators and A, := C,([,,) the
C*-algebra of bounded continuous functions w.r.t. the Haar measure. We denote the left
translation by

MiTpx Ay = Ay, g8, A AgA =1 A,. (A4)

Since I';, is not amenable, there are no I',,-invariants states of A,. Now let M be a space
with w1 (M) = I, (for example, the n-bouquer) and K a good base for the topology
of M. Fix 0 € K, so that n{(K) =~ T, and define (A, As)g as the C*-net bundle
associated to the dynamical system (A, 77 (K), 1) (3.15). By Lemma 4.1 we conclude
that (A4, A+) ¢ does not have states.
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Projective states. Let (A, )k be a net of C*-algebras and (77, U) a representation over
the Hilbert net bundle (M, U) k. Assume that there is a subnet of Hilbert spaces (£, A) of
(H, U)g withrank 1. This means that there is a family v = {v, € H,} of normalized vec-
tors generating the subspaces £, € H,, a € K, such that, with A = {35, € T, a < a},
we have

UzaVa = Agavz, a < a.

In this scenario, the state w € S(A, J)k, wq := (vq, ‘V4), a € K, is well defined, and
we say w is a projective state of (A, j) g defined in (H, U)g . The following result is an
immediate consequence of the remarks at the beginning of this appendix.

Proposition A.10. Let (A, j) g be a net of C*-algebras and (w, U) a representation
over the family of Hilbert spaces H. Then projective states defined in (H, U)g are in
one-to-one correspondence with rank one projections of (U, Uy) € B(H,).
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