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Abstract: In our recent paper “The variational Poisson cohomology” (2011) we com-
puted the dimension of the variational Poisson cohomology H$% (V) for any quasiconstant
coefficient £ x £ matrix differential operator K of order N with invertible leading coeffi-
cient, provided that V is a normal algebra of differential functions over a linearly closed
differential field. In the present paper we show that, for K skewadjoint, the Z-graded Lie
superalgebra H % () is isomorphic to the finite dimensional Lie superalgebra H (N ¢, S).
We also prove that the subalgebra of “essential” variational Poisson cohomology, con-
sisting of classes vanishing on the Casimirs of K, is zero. This vanishing result has
applications to the theory of bi-Hamiltonian structures and their deformations. At the
end of the paper we consider also the translation invariant case.

1. Introduction

The Z-graded Lie superalgebra WY (ITV) = @p=_; W of variational polyvector
fields is a very convenient framework for the theory of integrable Hamiltonian PDE’s.
This Lie superalgebra is associated to an algebra of differential functions V), which is
an extension of the algebra of differential polynomials Ry = F [uE”) li=1,...,¢ ne

7] over a differential field F with the derivation 9 extended to Ry by au§") = u§"+1) .
Everywhere in the paper Z, stands for the set of non-negative integers.

The first three pieces, W} for k = —1, 0, 1, are identified with the most important
objects in the theory of integrable systems: First, WY{" = IT1(V/dV), where V/dV is the
space of Hamiltonian (or local) functionals, and where IT denotes the parity reversal,
therefore I1()//dV) is an odd subspace of WY (ITV). Second, W' is the Lie algebra
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of evolutionary vector fields

L oo
0 Y4
Xp = ZZ(&”P,-)W, P eVt
i

i=1 n=0

which we identify with V. Third, W™ is identified with the space of skewadjoint £ x ¢
matrix differential operators over V endowed with odd parity.

For ff, fg e WY, X, Y € Wy, and H = H(d) € W™, the commutators are
defined as follows (as usual, f denotes the canonical map V — V/dV):

[[f. [gl=0, (1.1)
(X, [f1=[X(f), (1.2)
[X,Y]=XY -YX, (1.3)

8
(H, [f1= H(a)é, (1.4)
[Xp, Hl = Xp(H(3)) — Dp(d) o H(d) — H(3) o Dp(d). (1.5)

Here % is the variational derivative (see (3.4)), Dp is the Frechet derivative (see (3.7)),
and D*(9) denotes the matrix differential operator adjoint to D(9).

The formula for the commutator of two elements K, H of W (the so called Scho-
uten bracket) is more complicated (see (3.17), but one needs only to know that conditions
[K, K] =0, [H, H] = 0 mean that these matrix differential operators are Hamiltonian,
and the condition [K, H] = 0 means that they are compatible.

There have been various versions of the notion of variational polyvector fields, but
[Kup80] is probably the earliest reference.

The basic notions of the theory of integrable Hamiltonian equations can be easily
described in terms of the Lie superalgebra WY (ITV). Given a Hamiltonian operator H
and a Hamiltonian functional [h € V/3V, the corresponding Hamiltonian equation is

du

E:[H,fh], u=Wy,...,up. (1.6)

One says that two Hamiltonian functionals [k and [h are in involution if
((H, [h1], [h2] = 0. (1.7)

(Note that the LHS of (1.7) is skewsymmetric in f hi and f h», since both are odd ele-
ments of the Lie superalgebra WY*'(ITV)). Any [h; which is in involution with [h
is called an integral of motion of the Hamiltonian equation (1.6), and this equation is
called integrable if there exists an infinite dimensional subspace €2 of V/dV containing
[k such that all elements of €2 are in involution. In this case we obtain a hierarchy of
compatible integrable Hamiltonian equations, labeled by elements v € Q:

du

— =[H, w].
di [H, »]

The basic device for proving integrability of a Hamiltonian equation is the so-called
Lenard-Magri scheme, proposed by Lenard in the early 1970’s (unpublished), with an
important input by Magri [Mag78]. A survey of related results up to the early 1990’s
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can be found in [Dor93], and a discussion in terms of Poisson vertex algebras can be
found in [BDSKO09].

The Lenard-Magri scheme requires two compatible Hamiltonian operators H and K
and a sequence of Hamiltonian functions f h,, n € Z,, such that

[H, fhn] = [K, fhn+1]» n € Ly. (1.8)

Then it is a trivial exercise in Lie superalgebra to show that all Hamiltonian functionals
f h, are in involution (hint: use the parenthetical remark after (1.7)). Note that to solve
this exercise one only uses the fact that K, H lie in W, but in order to construct
the sequence [h,, n € Z,, one needs the Hamiltonian property of H and K and their
compatibility.

The appropriate language here is the cohomological one. Since [K, K] = 0 and K
is an (odd) element of W}, it follows that we have a cohomology complex

(W) = @ W™, ad K),
k>—1

called the variational Poisson cohomology complex. As usual, let Z¢ (V) = EBkz 1 Zf(

be the subalgebra of closed elements (= Ker(ad K)), and let B (V) = @~ _, B’I‘( be
its ideal of exact elements (= Im(ad K)). Then the variational Poisson cohomology

O =2y V) /By (V) = P H.,
k>—1
is a Z-graded Lie superalgebra. (For usual polyvector fields the corresponding Poisson
cohomology was introduced in [Lic77]; cf. [DSK11]).

Now we can try to find a solution to (1.8) by induction on n as follows (see [Kra88]
and [O1v87]). Since [K, H] = 0, we have, by the Jacobi identity:

(K.[H, [h]] = —[H, [K, [h,]], (1.9)
hence, by the inductive assumption, the RHS of (1.9) is —[H, [H, f hy—11], which is
zero since [H, H] = 0 and H is odd. Thus, [H, fhn] € ZIO(. To complete the nth step of

induction we need that this element is exact, i.e. it equals [H, f hy+1] for some f Npal.
But in general we have

[H, fhn] = [K, fhn+l] + Zn+l, (1.10)

where 7,41 € ZIO( only depends on the cohomology class in H(,)(.

The best place to start the Lenard-Magri scheme is to take f hp=Cope Z 71, a cen-
tral element for K. Then the first step of the Lenard-Magri scheme requires the existence
of [hy such that

[H, Col = [K, [hi]. (1.11)
Taking a bracket of both sides of (1.11) with arbitrary C; € Zlgl, we obtain
[[H, Col, C1] =0. (1.12)

Thus, if we wish the Lenard-Magri scheme to work starting with an arbitrary central
element Cy for K, the Hamiltonian operator H (which lies in Z Il(), must satisfy (1.12)

for any Cy, C; € Zgl. In other words, H must be “essentially closed”.
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It was remarked in [DMSO05] that condition (1.12) is an obstruction to triviality of
deformations of the Hamiltonian operator K, which is, of course, another important
reason to be interested in “essential” variational Poisson cohomology.

We define the subalgebra EZ% (V) = ;.| € Z];< C Zx (V) of essentially closed
elements, by induction on k > —1, as follows:

2 =0, €2k ={ze 2k |z, 2" cezk ), ke,

It is immediate to see that exact elements are essentially closed, and we define the
essential variational Poisson cohomology as

EHE (V) = EZ5 (V) [ By (V).

The first main result of the present paper is Theorem 4.3, which asserts that
EHY (V) = 0, provided that K is an £ x £ matrix differential operator of order N
with coefficients in Maty,¢(F) and invertible leading coefficient, that the differential
field F is linearly closed, and that the algebra of differential functions V' is normal.
Recall that a differential field F is called linearly closed [DSK11] if any linear homo-
geneous differential equation of order greater than or equal to 1 with coefficients in F
has a nonzero solution in F.

The proof of Theorem 4.3 relies on our previous paper [DSK11], where, under the

same assumptions on K, F and V, we prove that dim¢ (H’%) = (,ﬁg), where C C F
is the subfield of constants, and we constructed explicit representatives of cohomology
classes. We assume everywhere that C has characteristic 0.

In turn, Theorem 4.3 allows us to compute the Lie superalgebra structure of H$ (V),
which is our second main result. Namely, Theorem 3.6 asserts that the Z-graded Lie

superalgebra H% (1) is isomorphic to the finite dimensional Z-graded Lie superalgebra

H(N¢, S), of Hamiltonian vector fields over the Grassmann superalgebra in N¢ inde-
terminates {&; }lN:l] , with Poisson bracket {&;, §;} = s;;, divided by the central ideal C1,
where S = (s;;) is a nondegenerate symmetric N¢ x N matrix over C.

We hope that Theorem 4.3 will allow further progress in the study of the Lenard-
Magri scheme (work in progress). First, it leads to classification of Hamiltonian opera-
tors H compatible to K, using techniques and results from [DSKW10]. Second, it shows
that if the elements z,4+1 in (1.10) are essentially closed, then they can be removed.

Also, of course, Theorem 4.3 shows that, if (1.12) holds for a Hamiltonian operator
obtained by a formal deformation of K, then this formal deformation is trivial.

In the conclusion of the paper we discuss the other “extreme” — the translation invari-
ant case — when F = C. In this case, we give an upper bound for the dimension of %,
for an arbitrary Hamiltonian operator K with coefficients in Mat;¢(C) and invertible
leading coefficient, and we show that this bound is sharp if and only if K = K9, where
K is a symmetric nondegenerate matrix over C. Since any Hamiltonian operator of
hydrodymanic type can be brought, by a change of variables, to this form, our result
generalizes the results of [LZ11,LZ11pr] on K of hydrodynamic type. Furthermore, for
such operators K we also prove that the essential variational Poisson cohomology is
trivial, and we find a nice description of the Z-graded Lie superalgebra HY .

2. Transitive Z-Graded Lie Superalgebras and Prolongations

Recall [GS64,Kac77] that a Z-graded Lie superalgebra g = @, _; g« is called transi-
tive if any a € gi, k > 0, such that [a, g_] = 0, is zero. Two equivalent definitions are
as follows:
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(i) There are no nonzero ideals of g contained in EBkzO Ok-
(i) Ifa e ggissuchthat[...[[a, Col,C1],...,Ck] =O0forall Cy,...,Cr € g_1,
thena = 0.

If a Z-graded Lie superalgebra g = @,. _, gk is transitive, the Lie subalgebra gg acts
faithfully on g_1, hence we have an embedding go — gl(g—1).

Given a Lie algebra g acting faithfully on a purely odd vector superspace U, one calls
a prolongation of the pair (U, g) any transitive Z-graded Lie superalgebra @~ _; g«
such that g_; = U, go = g, and the Lie bracket between go and g_; is given by the
action of g on U. The full prolongation of the pair (U, g) is a prolongation containing
any other prolongation of (U, g). It always exists and is unique.

2.1. The Z-graded Lie superalgebra W (n). Let A(n) be the Grassmann superalgebra
over the field C on odd generators &1, ..., &,. Let W(n) be the Lie superalgebra of all
derivations of the superalgebra A (n), with the following Z-grading: for k > —1, Wi (n)

is spanned by derivations of the form &;, ... &;, % In particular, W_1(n) = (3%)7:1 =

[1C", and Wy (n) = (&; %xﬁj:l =~ gl(n).Itis easy to see that W (n) is the full prolonga-

tion of (I1C", gl(n)) [Kac77]. Consequently, any transitive Z-graded Lie superalgebra
g= EBkz—l gk, with dime g1 = n, embeds in W (n).

2.2. The Z-graded Lie superalgebra ﬁ(n, S). LetS = (Sij)?,j:1 be a symmetric n X n
matrix over C. Consider the following subalgebra of the Lie algebra g/(n):

so(n, §) = {A € Mat ,(C) | ATS + SA = 0, Tr(A) =0}. @2.1)

We endow the Grassmann superalgebra A(n) with a structure of a Poisson super-
algebra by letting {&;,&;}s = s;;. A closed formula for the Poisson bracket on A (n)
is

- af dg
(foghs = (=DPDT D sy
ijz=1 7 0 0g
We introduce a Z-grading of the superspace A(n) by letting deg(§;, ... &) = s — 2.
Note that this is a Lie superalgebra Z-grading A (n) = 2;32 A (n) (but it is not an
associative superalgebra grading). Note also that A_>(n) = C1 C A(n) is a central
ideal of this Lie superalgebra. Hence A(n)/C1 inherits the structure of a Z-graded Lie
superalgebra of dimension 2" — 1, which we denote by H (n, S) = Z;il Hiy(n, S).

The —1° degree subspace is H_{(n, §) = (§)"_, ~ TIC", and the ot degree sub-
space Ho(n, S) = (£;§;)7 ;_, is a Lie subalgebra of dimension (5).

Identifying I:I:1 (n, S) with T[IC" (using the basis &;, i = 1,...,n)and ﬁo (n, S) with
the space of skewsymmetric n x n matrices over C (via§;§; — (E;; — E};)/2), the action
of Hy(n, S) on H_{(n, S) becomes: {A, v}s = ASv. Note that, if A is skewsymmetric,
then AS lies in so(n, S). Hence, we have a homomorphism of Lie superalgebras:

H_1(n,S) ® Hy(n, S) — NC" @ so(n, S), (v, A) — (v, AS). (2.2)

Lemma 2.1. The map (2.2) is bijective if and only if S has rank n or n — 1.
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Proof. Clearly, if S is nondegenerate, the map (2.2) is bijective. Moreover, if S has rank
less than n — 1, the map (2.2) is clearly not injective. In the remaining case, when S has
rank n — 1, we can assume it has the form

00
S:(O T)’ (2.3)

where T is a nondegenerate symmetric (n — 1) X (n — 1) matrix. In this case, one
immediately checks that the map (2.2) is injective. Moreover,

so(n,S):{(g IZT) ‘Bec‘f, AEso(n—l,T)}.

Hence, dim¢ so(n, §) = n — 1+ (*;") = (4) = dim¢ Ho(n, §). O

Proposition 2.2. If S has rank n or n — 1, then H(n, S) is the full prolongation of the
pair (C", so(n, S)).

Proof. For S nondegenerate, the proof is can be found in [Kac77]. We reduce below

the case rk(S) = n — 1 to the case of nondegenerate S. If rk(S) = £ = n — 1, we can

choose a basis (1, &1, ..., &), such that the matrix S is of the form (2.3). Define the map
s : H(n,S) - W(n), given by

14

es(fE1, .. ) = {f,-}s = (=PI D" =

i,j=1

of 8

05 08; (2.4)

0
<Ps(f(§1,~-~,§z)n)=f(%'1,~-~,%'z)%-

Itis easy to check that ¢g is an injective homomorphism of Z-graded Lie superalgebras.
Hence, we can identify H (n, S) W1th its image in W (n).

Since (pS(H 1(n, S)) =TIC" = W_(n), the Z-graded Lie superalgebra (pS(H(n S))
(hence H (n, §)) is transitive. It remains to prove that it is the full prolongation of the
pair (H_;(n, S), Ho(n S)). For this, we will prove that, if

X = fo—+2ﬁ € Wi(n),

with f; € A(n), homogenous polynomials of degree k + 1 > 2, is such that

[ X], [ae X] € ps(Aicin,S)  Vi=1,...¢ @5)
an a&;
then X € <p5(1-1k (n, S)). Conditions (2.5) imply that all fy, ..., f¢ are polynomials in
&1, ..., & only, and there exist g1, ..., g¢, polynomials in &1, ..., &, such that
0
Ui _ (_yypon Zt g’ 2.6)

08
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foreveryi, j € {1,...£}. Onthe other hand, the condition that X € <p5(ﬁk (n, §)) means

that there exists 4, a polynomial in &1, .. ., &, such that
Y an

fi = (=DPOIN gy — 2.7)
l ,Z;‘ "o

To conclude, we observe that conditions (2.6) imply the existence of & solving Eq. (2.7),
since H (¢, T) is a full prolongation. 0O

Remark 2.3. The notation H (n, S) comes from the fact that, if S is nondegenerate, then
the derived Lie superalgebra H(n, S) = {H(n, S), H(n, S)} = @2;3_1 Hi(n, S) has
codimension 1 in H(n, §), and it is simple for n > 4.

3. Variational Poisson Cohomology

In this section we recall our results from [DSK11] on the variational Poisson cohomol-
ogy, in the notation of the present paper.

3.1. Algebras of differential functions. An algebra of differential functions ) in one
independent variable x and £ dependent variables u;, indexed by the set I = {1, ..., ¢},
is, by definition, a differential algebra (i.e. a unital commutative associative algebra with
a derivation 0), endowed with commuting derivations » (n) :V— V,foralli € I and

n € Z4, such that, given f € V (n) f =0 for all but ﬁn1tely many i € [ andn € Zy,,

and the following commutation rules with 9 hold:

[a a]— 9 3.1)
Bugn) 7 8u§n71) ’ '

where the RHS is considered to be zero if n» = 0. An equivalent way to write the identities
(3.1) is in terms of generating series:

> (n)oa—(z+8)oZZ Bu(") (3.2)

nely nelsy

As usual we shall denote by f +> [ f the canonical quotient map V — V/3).
We call C = Ker(d) C V the subalgebra of constant functions, and we denote by
F C V the subalgebra of quasiconstant functions, defined by

f={fev|%=owe1,nez+}. (3.3)
u;

It is not hard to show [DSK11] that C C F, 9F C F, and F N3V = 9F. Throughout
the paper we will assume that F is a field of characteristic zero, hence so is C C F.
Unless otherwise specified, all vector spaces, as well as tensor products, direct sums,
and Hom’s, will be considered over the field C.
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One says that f € V has differential order n in the variable u; if » (n) # 0 and

af
o fm)

The main example of an algebra of differential functions is the ring of differen-
tial polynomials over a differential field F, Ry = F [u(n)|i e I,n € Z,], where

=0 forall m > n.

0 (u(")) ("+1) . Other examples can be constructed starting from R, by taking a local-
ization by some multiplicative subset S, or an algebraic extension obtained by adding
solutions of some polynomial equations, or a differential extension obtained by adding
solutions of some differential equatlons

The variational derivative 2 iV V¢ is defined by

8
S > (- a)"a ];) (3.4)

du;
L =ym

It follows immediately from (3.2) that ) C Ker 2 T
A vector field is, by definition, a derivation of ) of the form

X= > P,,, (), Pin€V. (3.5)
iel,nel,
We denote by Vect()) the Lie algebra of all vector fields. A vector field X is called
evolutionary if [3, X] = 0, and we denote by Vect’ (V) C Vect(V) the Lie subalgebra
of all evolutionary vector fields. By (3.1), a vector field X is evolutionary if and only if
it has the form

= > (8”P) (n), (3.6)
iel,nely

where P = (P;);c; € V¢, is called the characteristic of Xp.
Given P € V!, we denote by Dp = ((Dp)l'j (3))i jel its Frechet derivative, given

by

P _,
(Dp)ij@) = D 3 9" (3.7)
nels
Recall from [BDSKO09] that an algebra of differential functions V is called normal if
we have » ‘?m) (V ) =V, foralli € I,m € Z,, where we let

a
Vi == {f € V‘ % =0 if (n, j) > (m, i) in lexicographic order]. (3.8)
ou;
J

We also denote V.0 = Vin—1.¢, and Voo = F.

The algebra R, is obviously normal. Moreover, any extension ) can be further ex-
tended to a normal algebra. Conversely, it is proved in [DSK09] that any normal alge-
bra of differential functions V is automatically a differential algebra extension of R;.
Throughout the paper we shall assume that V is an extension of R,.

Recall also from [DSK11] that a differential field F is called linearly closed if any
linear differential equation,

anu™ + - +ay’ +agu =0,

withn > 1, a9, ...,a, € F, a, # 0, has a nonzero solution in F.
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3.2. The universal Lie superalgebra WY*(I1V) of variational polyvector fields.
Recall the definition of the universal Lie superalgebra of variational polyvector fields
WYa(IT1V), associated to the algebra of differential funtions ¥ [DSK11]. We let

o
WVaT(HV) — @ W]z/ar’
k=—1

where W™ is the superspace of parity k' mod 2 consisting of all skewsymmetric arrays,
i.e. arrays of polynomials

P = (P icGo M), oep (3.9)

where P, i, (Ao, ..., ) € VI[Ao, ..., Al/(0 + Ao + - -+ + Ag) are skewsymmetric
with respect to simultaneous permutations of the variables A, ..., Ax and the indices
0,5 ik. By V[Ao, ..., Ak]/(@ + Ao + - -+ + Ax) we mean the quotient of the space
V[Ao, - .., Ak] by the image of the operator d + Ao + - - - + Ag. Clearly, for k = —1
this space is V/dV and, for k > 0, we can identify it with the algebra of polynomials
VI[Xo, ..., Ak—1] by letting

A=—do— -+ —Ak—1—0,

with 9 acting from the left. We then define the following Z-graded Lie superalgebra
bracket on WY¥'(ITV). For P € W;* and Q € W, , with —1 < h < k + 1, we let

[P, 0]:= POQ — (=)"* M QO0P, where POQ € W)™ iszeroif h =k —h = —1,
and otherwise it is given by

(POQ), i CGosee i) = D sign(o) D

.....

o €Sk jel,nel,
Pjivnitysicty Qo+ Aotk—n) + 0, Ao (k—h+1)s - - - s Ao (k) >
0
(=Ao©) =+ — Ag(k—h) — 3)"WQ1'U(O> ,,,,, iotomy Ao (0)s -+ s Aak—h))s  (3.10)
u

where S, ;. denotes the set of h-shuffles in the group Si+1 = Perm{0, ..., k}, i.e. the
permutations o satisfying

c0)<---<ok—h), otk—h+1)<---<o(k).

The arrow in (3.10) means that 0 should be moved to the right. Note that, by the skew-
symmetry conditions on P and Q, we can replace the sum over shuffles by the sum over
the whole permutation group Si.1, provided that we divide by A!(k — h + 1)!. It follows
from Proposition 9.1 and the identification (9.22) in [DSK11], that the box product (3.10)
is well defined and the corresponding commutator makes WY¥(ITV) into a Z-graded
Lie superalgebra.

Remark 3.1. In [DSK11] we identified W' (I1V) with the quotient space Q°(V) =
Q*(V)/9R2°(V), where 2°()) is the commutative associative unital superalgebra freely

generated over )V by odd generators Qi(m) = Sufm), i € I,m € Z,, and where 0 :
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Q°(V) —> Q°(V) extends 8 : V — V to an even derivation such that 89i<m) = Qi(m+]).
This identification is given by mapping the array

mo,..., My m m
P = ( Z fio,(.J..,lk k)\’ 0 ')\'kk). . € W/gar

i0,...,ik €l

to the element

Z Z f‘l:’)'l()vnlwmkg(m()) . gi(kmk) c Qk+l(v)

el mo,.meZe
(It is easy to see that this map is well defined and bijective.) Here [ denotes, as usual, the
quotient map Q°(V) — Q°*(V)/0R2°*(V) = Q°*(V). We extend the variational derivative
to a map

Z ( a)n (n) Qk+1 (V) s Qk+1 (V),
nely
by lettmg (n) act on coefficients (€ V). Furthermore, we introduce the odd variational

u;

denvatlves

5 5
g = 2 ("o ok L QM V) - QA
! nely

Then the box product (3.10) takes, under the identification W (ITV) ~ Q°(V), the
following simple form [Get02]:

5P 8Q
POQ =
0 ; 80; Su;’

We describe explicitly the spaces W for k = —1, 0, 1. Clearly, WY{" = V/aV.
Also Wy = V! thanks to the obvious identification of V[1]/(d + A) with V. Finally,
the space V[A, 1]/(9 + A + ) is identified with V[A] >~ V[d], by letting © = —9 acting
on the left and A = 9 acting on the right. Hence elements in W' correspond to £ x ¢
matrix differential operators over V), and the skewsymmetry COIldlthIl for an element of
W' translates into the skewadjointness of the corresponding matrix differential opera-
tor (i.e. to the condition H;‘i (0) = —H,;(0), where, as usual, for a differential operator

L@) = >, 1,0", its adjoint is L*(3) = >, (—3)" o l,). In order to keep the same
identification as in [DSK11], we associate to the array P = (Pij (A, u))i jer € Wy,
the following skewadjoint £ x ¢ matrix differential operator H = (H,' 5 (8))1' jer where

Hij(A) = Pji(A, —A — 0), (3.11)

and 9 acts from the left.
Next, we write some more explicit formulas for the Lie brackets in WY (IT)). Since
S_1k =¥ and Sgs1k = {1}, we have, for [h € V/0V = WY and Q € W'™:

LRy Qlig,.iv(h0s - s M) = (=DFLQ, [hlig i oy -+ Ak)
= (=D Qg @ 20 )

Jjel

S (3.12)
8uj'
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In particular, [ [h, [ f]1=0for [ f € V/3V.For Q € V' = W™ we have

[0, [h] = —[[h, O] = /Q,8 — [Xo(h), (3.13)
jel

where X ¢ is the evolutionary vector field with characteristics Q, defined in (3.6). Fur-
thermore, for H = (H;; (8))1 jer € WY (via the identification (3.11)), we have

Sh
[H. [h]=H@)5 V" (3.14)

Since Sp x = {1} and Sk x = {(«, 0, . k)}a o> We have, for P € Yt = Wy and
Q c anr

[P, Olig,...ix R0y - - - A) = Xp(Qig...iy (R0, - -+, A1)
k

, 0P,
=2 2 Qo (ka0 ) (he — ) 8
a=0 jel,neZ, 'Ol du

In particular, for Q € V¢ = Wy, we get the usual commutator of evolutionary vector
fields:

[P, O], =Xp(Qi) — Xo(P),
while, for a skewadjoint £ x £ matrix differential operator H () € W™, we get
[P, HI(3) = Xp(H(3)) — Dp(d) o H(®) — H(9) o D}(d), (3.15)

where, in the first term of the RHS, X p (H (9)) denotes the £ x £ matrix differential oper-
ator whose (i, j) entry is obtained by applying X p to the coefficients of the differential
operator H;;(9). In the last two terms of the RHS of (3.15), Dp denotes the Frechet
derivative of P, defined in (3.7), and D7} is its adjoint matrix differential operator.

Finally, we write Eq. (3 10) in the case when 4 = 1. Since S1 x = {(0, .7 ., &, a)}
and Sp—1 x = {(, B,0,.7..7. k)}o <a<p<i> W have, for a skewadjoint matrix differen-

tial operator H = (H,](B))l el € WlVaI (viatheidentification (3.11)) andfor P € kafl'

k
[H, Plig....ix (Gos - 2) = (=D > > (—1)°

jel,neZy a=0
o
0P o (Ao, -7 Ak) k
x( et (ha +3)"Hjjy(ha) + D (=1F
a”j B=a+1

bl /3 1,3 ta()\a)
XP' ‘5}:} ) ()\a+)»13+a,)\,0, ...... )»k)_>( )\, —)\,/3 8) W . (316)
u

J
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In particular, if K = (K;;(9)) € W, we have [K, H] = [H,K] = KOH +

i,jel
HUOK, where
dHig.i (h1)
(KOH)ig,i00, 0020 = > (L G 4 0) K (12)
jel.neZ, du;
aHzl 12 ()&2) BHZQ 10()\0)

(ho + )" K j i (Ro) + (A +)" ju(M)) (3.17)

]

Remark 3.2. Given a skewadjoint matrix differential operator H = (H;;(d)), we can
define the corresponding “variational” A-brackets {-, -}z : V x V — V[A], given by
the following formula (cf. [DSKO06]):

(3.18)

hgd= 3 ) H(h+ )= h =0
i,jel,mnely uj

af
7

One can write the above formulas in this language (cf. [DSK11]).

Proposition 3.3. Assuming that F # C, the 7Z-graded Lie superalgebra WY (I1V) is
transitive, hence it is a prolongation of the pair (ITV 3V, Vect? (V).

Proof. First, we show that W;*" acts faithfully on W¥§" = V/0V, viaEq. (3.13). Namely,
we have to show that if

Sh
2 J0i5 =0 (3.19)

jel

n+l
for every fh € V/aV, then Q = 0. For that it suffices to take & = ':;Tgo, where n > 0
and ¢ € F. In this case, Eq. (3.19) reads me?(p =O0foralli e I,n>0, p € F.If
@' # 0for some ¢ € F, then ¢ is transcendental over C, hence F is infinite dimensional
over C. Taking n = 0 it is easy to deduce that Q; € F. But then, taking n = 1 it follows
that Q; = O for all i € I, as we wanted. (Note that, when F = C, this claim is false, as
the example Q = (u El)) ._, shows. We thank the referee for pointing this out.)

Next, we note that, if H (8) is an £ x ¢ matrix differential operator such that H (3) 5, ‘Sf =
0 for every f € V, then H(d) = 0 (cf. [BDSKO09]). Indeed, if H(9) has order N and

H;j(d) = Zfzv o hij:nd" with some £;;.y # 0, then letting f= (_1)M (uE-M))z, we have
3 M) and, for M sufficiently large, ~ (2M+N) (H () au) = hij;n # 0 (here

Su = Sk J u
we are using the assumption that ) contains Ry). The claim follows immediately by this

observation and Eq. (3.12). O

3.3. The cohomology complex (WY (ITV), 8g). Let K = (Kl,(a))l el € W) be

a Hamiltonian operator, i.e. K is skewadjoint and [K, K] = 0. Then (ad K)? =

0, and we can consider the associated variational Poisson cohomology complex

(WY (TV), ad K). Let Z3(V) = @po_, 2%, where 2% = Ker (adK|anr), and
k
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By (V) = @2, Bk, where Bf, = (ad K)(W}™,). Then Z§ (V) is a Z-graded sub-
algebra of the Lie superalgebra WY (ITV), and B% (V) is a Z-graded ideal of Z3 (V).
Hence, the corresponding variational Poisson cohomology

o0
Hy V) = €D H. My = 2§ /Bk.
k=—1

is a Z-graded Lie superalgebra.

In the special case when K = (K,- j(a))i jel has coefficients in F, which, as in
[DSK11], we shall call a quasiconstant £ x £ matrix differential operator, formula (3.16)
for the differential §x = ad K becomes for P € W™, k > 0,

Ok Pig,....ixt A0y - - -5 Ak)

o

k OP o« (ho,. ., M)
=D D YDt (e +0)" K iy Org). (3.20)
jel,neZy a=0 8“]‘

In fact, as shown in [DSK11, Prop.9.9], if K = (K,-j(a))iyjel is an arbitrary quasi-
constant £ x ¢ matrix differential operator (not necessarily skewadjoint), then the same
formula (3.20) still gives a well defined linear map dx : W™, — W%, k > 0, such
that 8% = 0. Hence, we get a cohomology complex (WY¥(ITV), k). As before, we
denote Z;‘( = Ker (5K |kaar), B],‘< =0k (kaﬂrl) and H];< = Zf(/B][‘(.

For example, Hg' = Zg' = {[f € V/oV ‘ K*@0)%L = 0}, which is called
the set of central elements (or Casimir elements) of K*. Next, we have (see [DSK11,
Sect. 11.3]):

0 * 8f 0 14 * *
BY = {K (a)—} . 29 = {P eV ‘DP(B)OK(B) —K (8)oDP(8)}.
Sul fev
Furthermore, given P € Yt = Wy, the element g P € W)™, under the identifica-
tion (3.11) of W with the space of £ x £ skewadjoint matrix differential operators,
coincides with

8k P = Dp(d) o K(3) — K*(3) o D’%(d). (3.21)

Hence, By = {Dp(d) o K(0) — K*(3) 0 D}5(9)} . Finally, Z¢ consists, under
the same identification, of the ¢ x £ skewadjoint matrix differential operators H (9) for
which the RHS of (3.17) is zero.

Remark 3.4.1f [ f, [¢ € V/3V, we have [ [ f, [¢] = 0 and

o iK*(&)S—g).

5
[SKff’fgl—[ff,Sng]=f(—£1<*(a)£_8u 8u

Hence, the differential 6 in (3.20) is not an odd derivation unless K (9) is skewadjoint.
In particular, the corresponding cohomology H% (V) does not have a natural structure
of a Lie superalgebra unless K () is a skewadjoint operator.
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3.4. The variational Poisson cohomology H(W ¥ (I1V), 8k ) for a quasiconstant matrix
differential operator K (9). Let ) be an algebra of differential functions extension of
Ry, the algebra of differential polynomials in the differential variables uy, ..., u; over
a differential field F. Let K = (K,-j (8))1.’].61 be a quasiconstant £ x £ matrix differ-
ential operator of order N (not necessarily skewadjoint). For k > —1, we denote by
A];( C W™ the subset consisting of arrays of the form

(Z[Pj,iow.,ik()”ov-~-s)~k)14j])i o (3.22)

el 0seees irel

where [x] denotes the cosetof x € V[Ag, ..., Ax]modulo (Ag+- - -+Ax+3)V[Ag, ..., Ak,
satisfying the following properties. For j, i, ..., ix € I, P}, ....i, (Ao, - .., Ax) are poly-
nomials in A, . .., Ax with coefficients in F of degree at most N — 1 in each variable
Ai, skewsymmetric with respect to simultaneous permutations of the indices iy, . . ., ik,
and the variables Ao, ..., Ag, and satisfying the following condition:

k+1 o

—1* P A0s oADK (Ag) =0
pCD o8 G0 T DK i () (3.23)
a=0 jel

mod (Ao + -+ Ags1 + ) F[Ao, - ..\ Aks1l.

For example, A}l consists of elements of the form >, JPjuj € V/3V, where
P € F* solves the equation

K*(3)P = 0.

In fact it is not hard to show that A}l coincides with the set ZEI of central elements of
K* (see Lemma 4.4 below).

Next, A% consists of elements of the form (> jer Pi@u J)ier € V8 = Wi, where
P = (Pi i (8))1. jer is a quasiconstant £ x ¢ matrix differential operator of order at most
N — 1, solving the following equation:

K*(d) o P(d) = P*(d) o K(d). (3.24)

The description of the set A}{ is more complicated. Given a polynomial in two
variables P(A, (1) = Y m o ComA™ 1" € FlA, pul, let P10, p) = 30 (=1 —
)" i, and P*2 (1, p) = ZrIZ,nzo(_M — 0)"* ¢ A™. Then, under the identification
of W with the space of skewadjoint £ x £ matrix differential operators given by (3.11),
A}( consists of operators H = (Hij (8))1.’/.61 of the form

Hij(\) = =D~ PO+ 0, Mug,
kel

where, for i, j, k € I, Pyj(A, u) € F[A, u] are polynomials of degree at most N — 1
in each variable, such that Py;; (A, ) = —Pyj; (1, A), and such that

D (KGOt s+ ) PujacCh 1) + Py, 34 1+ )Kj 61
hel
PO 0,0 Kni () =0,

Theorem 11.9 from [DSK11] can be stated as follows:
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Theorem 3.5. Let V be a normal algebra of differential functions in £ differential vari-
ables over a linearly closed differential field F, and let C C F be the subfield of
constants. Let K(9) be a quasiconstant £ x £ matrix differential operator of order
N with invertible leading coefficient Ky € Matyx¢(F). Then we have the following
decomposition of ZII‘( in a direct sum of vector spaces over C:

zk =A% o B,

Hence, we have a canonical isomorphism HE ~ A’;. Moreover, A];( (hence H% )isa
vector space over C of dimension (,ﬁg)

Recall that, if K is a skewadjoint operator, then H% (V) = @ _, H];( is a Lie
superalgebra with consistent Z-grading. In Sect. 5 we will prove the following

Theorem 3.6. Let V be a normal algebra of differential functions, over a linearly closed
differential field F. Let K (9) be a quasiconstant skewadjoint £ x £ matrix differential
operator of order N with invertible leading coefficient Ky € Matgy¢(F). Then the
Z-graded Lie superalgebra H% (V) is isomorphic to the Z-graded Lie superalgebra
H (NZ, S) constructed in Sect. 2.2, where S is the matrix, in some basis, of the nonde-
generate symmetric bilinear form ( -|- )([)( constructed in Sect. 5.1.

Remark 3.7. The subspace A% (V) = @13171 .A’;( is NOT, in general, a subalgebra of the

Lie superalgebra Z3 (V). We can enlarge it to be a subalgebra by letting .Zl';( C Z];( be the
subset consisting of arrays of the form (3.22), where P; j;,....i, (Ao, . . ., Ax) are polynomi-
alsin Ao, ..., Ak with coefficients in F of arbitrary degree, skewsymmetric with respect
to simultaneous permutations of the indices i, . . ., i, and the variables A, ..., A, and

satisfying condition (3.23). Then, clearly, A% (V) ~ A% (V) / (.A;< (V) N By (V)). For
example, it is not hard to show that

A nBY = {SO)K®) |5*3) = S@®)},

so that, A% is a Lie algebra, {S(3)K (3) |S*(3) = S(9)} is its ideal, and, by Theorem
3.6, the quotient is isomorphic to the Lie algebra so(N¥{).

Remark 3.8. If N < 1, then .A;( (V) is a subalgebra of the Lie superalgebra Z3 (1), i.e.
in this case the complex (W'¥"(ITV), ad K) is formal (cf. [Get02]). However, this is not
the case for N > 1.

4. Essential Variational Poisson Cohomology

In this section we introduce the subalgebra of essential variational Poisson cohomology
and we prove a vanishing theorem for this cohomology.

4.1. The Casimir subalgebra ZI}I C V/0dV and the essential subcomplex EWY¥ (ITV).
Throughout this section we let V be an algebra of differential functions in the variables
ui, i € I,and we denote, as usual, by F the subalgebra of quasiconstants, and by C C F
the subalgebra of constants. Let K = (K;; (8))i,je , be a Hamiltonian £ x £ matrix dif-
ferential operator with coefficients in V. In other words, we can view K as an element
of W such that [K, K] = 0, hence, we can consider the corresponding cohomology
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complex (WY¥(I1V) = @kz_l Wy, ad K). Recall from Sect. 3.3 that we have the
Z-graded subalgebra Z% (V) = @szl Zlk( of closed elements in WY#'(ITV), and,

inside it, the ideal of exact elements B (V) = @k>71 B’I‘{. The space ZI;I of central
elements is, in this case,

sC
2z = {C e V/av‘ [K.C] ( - K(a)a—) - o}. 4.1
u
We call an element P € W™ essential if the following condition holds:

[...[(P,Col,C1],....C] =0, ¥Co,...,Cr € Z¢". 4.2)

We denote by EW)* C W™ the subspace of essential elements. For example, EWY{ =
0 and EW*" consists of elements P € V¢ such that Ik P% = 0 for all central elements

C e Zgl. Furthermore, EW" consists, under the identification (3.11), of skewadjoint
£ x £ matrix differential operators H(9d), such that

8C 6Cy 1
—H@)— =0, VCi,Cre Z; .
/ Su (€)] Su 1,02 € Zp
Let EWY™ = .| EW™. This is a Z-graded subspace of W**(ITV), depending on
the operator K (9). Finally, denote by EZ% (V) = P> € Z];( the Z-graded subspace
of essentially closed elements, i.e. 52;‘( = Zl;( NEW.

Proposition 4.1. (a) EWY* is a Z-graded subalgebra of the Lie superalgebra
WYS(ITV). Consequently £Z% (V) is a Z-graded subalgebra of EW.

(b) Exact elements are essentially closed, i.e. By (V) C E2Z%(V), hence they form a
Z-graded ideal of the Lie superalgebra £Z¢ (V).

Proof. Let P € EW* and Q € 5W,2’irh, withO < h < k,andlet Cp,...,Ci € ZEI.
Using iteratively the Jacobi identity, we can express

[... [P, 2], Col, C1l, ..., Ci]

as a linear combination of the commutators of the pairs of elements of the form
[...[[P,Cil. Ciy), ... Ciyy ] and  [...[[Q, Ci ], Ciyyy ], ..., Gyl

where s is either 4 or i + 1. In the latter case the first element is zero since P is essential,
while in the former case the second element is zero since Q is essential. Hence, [P, Q]
is essential. The second claim of part (a) follows since £Z% (V) is the intersection of
EWYd and Z% (V), which are both Z-graded subalgebra of WY¥(ITV).

For part (b), given the exact element [K, P], where P € EW},, and given
Co, - ,Cr € Zz", we have, using again the Jacobi identity,

[...[l[[K, P], Col, Cil, ..., Ckl = [K, [...[[P, Col, C1], ..., Ckll = O.
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So, we define the essential variational Poisson cohomology as

EHY (V) = €D EM, where EM = EZi /By
k>—1

Clearly, this is a Z-graded subalgebra of the Lie superalgebra H% (V) = H(W'™
(ITV), ad K).

Remark 4.2. Let H(9) be aHamiltonian operator compatible with K (9),1i.e.[K, H] = 0.
Suppose that the first step of the Lenard-Magri scheme always works, namely for every
central element C € ZEI there exists [h € V/dV such that [H, C] = [K, [h]. Then
H is essentially closed. Indeed, [[H, C], C1] = [[K, [h],Ci] = [[h,[K,Ci]] = 0
for every C, C; € ZI}I. This is one of the reasons for the name “essential”, since only
for the essentially closed operators H the Lenard-Magri scheme may work. Conversely,
suppose H (d) is an essentially closed Hamiltonian operator, i.e. H(d) € £2 ,1( Then,
for every central element C € ZI}I, it is immediate to see that there exists f heV/oV

and A € SZ[O( such that [H, C] = [K, fh] + A. If the first essential variational Poisson
cohomology is zero, we can choose A to be zero, which means that the first step in the
Lenard-Magri scheme works.

4.2. Vanishing of the essential variational Poisson cohomology. In this section we prove
the following

Theorem 4.3. IfV is a normal algebra of differential functions in £ differential variables
over a linearly closed differential field F, and if K () is a quasiconstant £ x { matrix
differential operator of order N with invertible leading coefficient Ky € Matgy¢(F),
then EHY (V) = 0.

In order to prove Theorem 4.3 we will need some preliminary lemmas.

Lemma 4.4. Let V be an arbitrary algebra of differential functions. Let K (3) : V¢ —

V¢ be a quasiconstant £ x £ matrix differential operator with invertible leading coefficient

Ky € Matyy o (F) Then:

(a) Ker(K(2)) = Ker (K(9)| ).

(b) The map % © VYV — V¢ restricts to a surjective map % : ZIEI —
Ker (K (3)| z)-

(c) If, moreover, V is a normal algebra of differential functions and 0 : F — F is
surjective, then we have a bijection % : Zgl 5 Ker (K (9) ’ ]_-g).

Proof. For part (a), we need to show that, if F € V¢ solves K (3)F = 0, then F € F*.
Suppose, by contradiction, that F ¢ F*. We may assume, without loss of generality, that
Ky = 1, and that the first coordinate F; has maximal differential order, i.e. Fy, ..., Fy €

Vui and Fi ¢ V1, for some i € I, n € Z,. Then — %5 (K()F), = 225 0,
’ ’ du; ou;

a contradiction. Next, we prove part (b). The inclusion %(Zgl) C Ker (K (8)] ]__e)
immediately follows from part (a). Furthermore, if P € Ker (K (8)| ]_-e), then C =
f > Puj € ZEI is such that % = P. Hence, %(Z;l) = Ker (K(3)|]__,3), as desired.
Finally, for part (c), if V is normal, we have by [BDSKO09, Prop.1.5] that Ker (% :

V/aV — VY = F/3F, hence, if 3F = F, we conclude that £ : V/aV — V'is
injective. O
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To simplify notation, let Z := Ker (K (9)). Under the assumptions of Theorem 4.3,
by part (a) in Lemma 4.4, we have Z C F*, and by part (c) we have a bijection

8 |~
— 2y — Z, 4.3
5 2K (4.3)
the inverse map being
h
Z> F=|: HZfﬁuiGZEI.
fe i
Lemmad.5. If Fy, ..., Fn¢ are elements of F t linearly independent over C, and sat-
isfying a differential equation
FN) = AgF+ AF' +---+ Ay FV 7D, (4.4)
for some Ay, ..., AN—1 € Matyx¢(F), then the vectors
F Fyne
Fy Fye
Gi:=|. A e FNt (4.5)
B(N=D) H(N=1)
Fy Fyy
are linearly independent over F.
Proof. Suppose by contradiction that
a1G1+ayGo+ - -+aneGye =0, 4.6)

is a nontrivial relation of linear dependence over F. We can assume, without loss of gen-
erality, that such relation has minimal number of nonzero coefficients ay, ..., aye € F,
and thata; = 1. Note that Eq. (4.6) can be equivalently rewritten as the following system
of equations in F*:

arFi+ayFo+---+aneFne =0,
a1F1/+a2F2/+~-~+aNgF1’w =0,

4.7)
a]Fl(Nil) +a2F2(N71) +--- +aN(F15;217]) = 0.
Applying a to both sides of Eq. (4.6), we get
aiGy+axGh+---+aniGly, +a G +a5Gy + - - +ay,Gne = 0. (4.8)

The vector a; G/1 + azG’2 +---+apnyg G}w is an element of FN¢ whose first £ coordinates
are a1 F| + ayF; + - - + an¢ F};,, which are zero by the second equation in (4.7), the

second £ coordinates are aj F 1(2) +an F2(2) +---+aneF 15,26) , which are zero by the third
equation in (4.7), and so on, up to the last set of £ coordinates, which are, by Eq. (4.4),

= Ao(alFl +arFr +--- +aN£FNE) +A1(a1F1/ +a2F2/+"'+aNZF1/V€)
+...+AN_1(a1F1(N—l)+a2F2(N—l) _'_,...|.al\](};']$]1>’—l))7
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which is zero again by Eqgs. (4.7). Hence, Eq. (4.8) reduces to
a/lGl +aéG2 +--- +a;\,£GN( = 0,

which, by the assumption that a; = 1 and the minimality assumption on the coefficients
of linear dependence (4.6), implies that all coefficients aj, ..., ayg are constant. This,
by the first equation in (4.7), contradicts the assumption that F1p, ..., Fy; are linearly
independent over C. O

Lemma 4.6. If P(0) is a quasiconstant m x £ (m > 1) matrix differential operator
of order at most N — 1 such that P(d)F = O for every F € Z = Ker (K(B)), then
P@©)=0.

Proof. Recall from [DSK11, Cor.A.3.7] that, if K(0) = Ko+ K10 +---+ KnoVN, with
K; € Matyy¢(F),i = 0,..., N and Ky invertible, then the set of solutions in Ftof
the homogeneous system K () F = 0 is a vector space over C of dimension NZ. Let
Fi,...,Fy¢ € F* be a basis of this space. Note that the equation K (0)F = 0 has
the form (4.4) with A; = —K,;lKi, i=0,...,N — 1. Hence, by Lemma 4.5, all the

vectors G, ..., Gyg in (4.5) are linearly independent over F, i.e. the Wronskian matrix
F P ... Fng
/ / /
W F| F, R
(N=1) (N—1) (N=1)
F, F, R
is nondegenerate. By assumption P(0)F; = --- = P(d)Fn¢ = 0. Hence, letting

P@) = Py+ P1d+---+ Py_19V~!, where P; € Mat,,»¢(F), we get
(Po. P Pyt )W =0,

which, by the nondegeneracy of W, implies that Py =, --- = Py_1 =0. O

Proof of Theorem 4.3. Let Q € A’k. Recalling Theorem 3.5 and Proposition 4.1(b), it

suffices to show that, if Q is essential, then it is zero. By the definition of Ak , we have,
in particular, that Q is an array with entries

jel
e VAo, .., Ml/(@+Xo+ -+ X)) VI[Ao, ..., Ak],

for some polynomials Pj ;, ... i (Ao, ..., Ak) € FlAo, ..., Ax] of degree at most N —1in
each variable A;. Recalling formula (3.12), we have, for arbitrary Cop, ..., Cy € V/3V,

§Co 8Cy.
["-[[Q’CO]7C1]7~"5C](]= Z /uij,io,...,ik(a()s"-’ak)M"'%v

(4.9)

Jsi0se.sig €l

8Cy
Sujg

ZEI. By Lemma 4.4, we thus have

where d; means 9 acting on .Hence, if Q isessential, (4.9)is zeroforall Cy, ..., Cy €

z /Mij,io ,,,,, i (00, - .., ) (F0)iy - - - (Fr)ip, =0,

Ji0,-ikel



856 A. De Sole, V. G. Kac

for all Fy, ..., F, € Ker (K(B)‘]_-[). Since all coefficients of the P;;, . ;’s and all
entries of the F;’s are quasiconstant, the above equation is equivalent to

i0,.., ik €l

Applying Lemma 4.6 iteratively to each factor, we conclude that the polynomials
Pjio,...iv (Ao, ..., Ar) are zero. O

Remark 4.7. By Remark 4.2, from the point of view of applicability of the Lenard-Magri
scheme for a bi-Hamiltonian pair (H, K), we should consider only essentially closed
Hamiltonian operators H (d). Moreover, by Theorem 4.3, if K(9) is a quasiconstant
matrix differential operator with invertible leading coefficient, an essentially closed
H (9) must be exact, namely, recalling Eq. (3.21), it must have the form

H(3) = Dp(d) o K(3) + K(d) o D3(d),

for some P € V¥, and two such P’s differ by an element of the form K (8)% for some
f feVv/ov.

Corollary 4.8. Under the assumptions of Theorem 4.3, the Z-graded Lie superalgebra
H% (V) is transitive.

Proof. By Theorem 4.3, if P € H’;( is such that [...[[P, Col, C1], ..., Cx] = O for

every Co, ..., Cy € Z,;l = HI_(I, then P = 0. This, by definition, means that % (V)
is transitive. 0O

5. Isomorphism of Z-Graded Lie Superalgebras 'H;( V) ~ ﬁ(N L, )

In this section we introduce an inner product (|- )x : F t x Ft — F associated to an

£x ¢ matrix differential operator K = (K;;(d)), jes» Whichis used to prove Theorem 3.6.

5.1. The inner product associated to K. Let F be a differential algebra with derivation
d, and denote by C the subalgebra of constants. As usual, we denote by - the standard
inner product on Ftie F-G = > FiGi e VforF,G e V!, where, as before,
I=A{1,...,¢}.

Consider the algebra of polynomials in two variables F[A, u]. Clearly, the map A+u+
d : F[r, u] — F[A, n]is injective. Hence, given P (X, i) € (A + u + 9)F[A, u], there
is a unique preimage of this map in F[A, i], that we denote by (A + . +3) "' P(A, ) €
Flx, pl.

Letnow K (0) = (K ij (8))1. jel be an arbitrary ¢ x £ matrix differential operator over
F. We expand its matrix entries as

iel

N
Kij(\) =D Kijiuh", Kijin € F. (5.1)
n=0

The adjoint operator is K *(d), with entries

N
K500 = Kji(=h—8) = > (== )"Kjin- (52)
n=0
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It follows from the expansions (5.1) and (5.2) that, for every i, j € I, the polynomial
Kij(u) — K;‘.‘l. (A) lies in the image of A + u + 9, so that we can consider the polynomial

(ot + )7 (Kij () = K5;(0) € FI, pul. (5.3)

Next, for a polynomial P (A, u) = ZZ,n:O P A" " € FA, ], we use the follow-
ing notation:

N
POs ) (bh=a f) (lu=08) == D pun(@™ )" ). (5.4)

m,n=0

Based on the observation (5.3), and using the notation in (5.4), we define the fol-
lowing inner product (-|-)x : F¢ x F¢ — F, associated to K = (K,-,-(a)) €
Matx ¢ (F[3]):

(FIG)k = D O+ p+ )" (Kij(w) = K3;(0)) (=3 Fi) (lu=aG ). (5.5)
i,jel

i,jel

It is not hard to write an explicit formula for (F|G) g, using the expansion (5.1) for
K,'j ()\.)I

N n—1

(FIG)k =D D> (,’;)<—a>"—1—m(m<,-,-;nama,->. (5.6)

i,jel n=0m=0
Lemma 5.1. For every F, G € VE we have
AF|G)k =F-K(0)G—G-K*()F.
Proof. It immediately follows from the definition (5.5) of (F|G)g. O
Lemma 5.2. For every K (9) € Matyy,(F[]) and F, G € F*, we have
(GIF)k+ = —(F|G)k.
In particular, the inner product (|- )k is symmetric (respectively skewsymmetric) if K
is skewadjoint (resp. selfadjoint).
Proof. By Eq. (5.5) we have
(GIF)ge= > G+ p+d) " (K — KjiW) (1h=0Gi) (lu=o F))
i,jel
== > O+pu+®) N (Kij) — K50) (1= F) (lu=2G j) = —(FIG)k .
i,jel
O
Following the notation of the previous sections, we let Z = Ker (K (8)) c F
Clearly, Z is a submodule of the C-module FE.

Lemma 5.3. If K(0) € Matyyx¢(F[d]) is skewadjoint, then (F|G)g € C for every
F,GeZ

Proof. Ttis an immediate consequence of Lemma 5.1. O
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According to Lemmas 5.2 and 5.3, if K(9) € Mat«¢(F[0]) is skewadjoint, the
restriction of (|-} g to Z C Ft defines a symmetric bilinear form on Z with values in
C, which we denote by

(1% =Clklz: 2xZ2—>C.
Lemma 5.4. Assuming that K(0) € Matyx¢(F[0]) is a skewadjoint operator and
P(0) € Matyy¢(F[0]) is such that K(d)P(d) + P*(3)K(3) = 0, we have
(P(OF|G)k +(F|P()G)k =0
forevery F,G € Z.
Proof. By Eq. (5.5), we have

(P FIG)g
= D rp+ ) (Kii(0) + KjxW) (In=o P () F) (1u=a G )
ij.kel
D0+ +d) " (Kij(w) + Kjr+ ) P 0) (1a=a Fi) (lu=a G )
i,j.kel

=>4+ 0) " (Pu (DK (10— PG+ 10Kk D) (1= F) (1= G )
ij.kel

In the last identity we used the assumption that K (d) P(d) = —P*(3)K (d). Similarly,

(FIP@)G)k = > (+p+0d)""
i,j,kel
x (= P+ ) Kij () + Pij () Kii V) (1a= Fi) (1u=0 G 7).

Combining these two equations, we get
(P(OFI|G)k +(FIP()G)k

= D7 G ((PuG) = P+ 0)Kiy (0
i,j,kel

(P () = P+ ) Kii ) (lizs F1) (= G ). (5.7)

We next observe that the differential operator Py; (A) — P (i +0) liesin (A + p +d) o
(FIr, uD[0], i.e. it is of the form

Pri(A) = Pi(u+3) = (h+p+9) 0 Qri(h, u+9),
for some polynomial Qy;. Hence,
+pu+N" (P — P+ ) Kij (1) (1u=aG ) = Qi (h, 0)Kij ()G,

which, after summing with respect to j € I, becomes zero since, by assumption,
G € Ker(K (d)). Similarly,

ot +3) " (Pj() — P+ W) Kii ) (Ih=a Fi) = Oxj (i, 3)Kyi (9) F;,

which is zero after summing with respect to i € I, since F' € Ker(K (9)). Therefore the
RHS of (5.7) is zero, proving the claim. O
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Proposition 5.5. Assuming that F is a linearly closed differential field, and that K () €
Maty ¢ (F[0]) is a skewadjoint £ x £ matrix differential operator with invertible leading
coefficient, the C-bilinear form ( -|- )([)( . Z x Z — C is nondegenerate.

Proof. Given F € F¢, consider the map Pr : F¢ — F givenby G > Pp(G) =
(F| G)(1)<' Equation (5.6) can be rewritten by saying that Pr is a 1 x £ matrix differential
operator, of order less than or equal to N — 1, with entries

N n—1

(PR @) =D D> (Z)(—a)"-l—m o FiKjjind".

iel n=0m=0

Suppose now that Pr(G) = (P|G)(1)< =0forall G € Z C F*. By Lemma 4.6 we get
that Pr(d) = 0. On the other hand, the (left) coefficient of 3V =1 in (PF); () is

N—-1
0=2.2 (Z)<—1>N“‘mFi(KN>ij = > FKni.

iel m=0 iel

Since, by assumption, Ky € Maty¢(F) is invertible, we conclude that F = 0. O

5.2. Proof of Theorem 3.6. Recall from Lemma 4.4 that ’H;l = ZEI is isomorphic, as
a C-vector space, to Z = Ker (K(B)), and, from Theorem 3.5, that dim¢ Z = N¥{. By
Corollary 4.3, the Z-graded Lie superalgebra H$, (V) is transitive, i.e.if P € HE k>0,
is such that [P, HEI] = 0, then P = 0. Hence, due to transitivity, the representa-
tion of H° on HI_(I = ZEI is faithful. Identifying Zgl ~ Z, we can therefore view
H(}( as a subalgebra of the Lie algebra g/(Z) = gly,. Recall, from Theorem 3.5 that
H% ~ A(I)< consists of elements of the form Q = (ZJ P;}(B)uj)iel e V¢, where
P) = (P,~ ]-(8))1.e / is an £ x ¢ matrix differential operator of order at most N — 1
solving Eq. (3.24). Moreover, by (3.13), the bracket of an element Q € H(}( as above
and an element C € Zgl = 'Hg] C V/dV, is given by

sC 6C
[0.C1= > /(Pf;-(a)u,-)—(S => /uiPl-j(m—.
i e duj

ijel

Hence, by the identification (4.3), the corresponding action of Q € H% onZ C Flis
simply given by the standard action of the ¢ x ¢ matrix differential operator P(d) on
F*. By Lemmas 5.2 and 5.3 and by Proposition 5.5, (-|- )(I)< is a nondegenerate sym-
metric bilinear form on Z, and by Lemma 5.4 it is invariant with respect to this action
of O € H(,)( on Z. Hence, the image of H(1)< via the above embedding H(,)( — gl(2),
is a subalgebra of so(Z, (|- )(I)(). Due to transitivity of the Z-graded Lie superalgebra
H% (V), it embeds in the full proloPgation of the pair (Z, so(Z, (| )(I)()), which, by
Proposition 2.2, is isomorphic to H(NZ, S), where S is the N¢ x N matrix of the
bilinear form ( -|- )%, in some basis. By Theorem 3.5, dim¢ H% = ([¥5), which is equal
to dim¢ Hy(N£, S). We thus conclude that the Z-graded Lie superalgebras H (V) and

ﬁ(NZ, S) are isomorphic.
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Remark 5.6. The same arguments as above show that, without any assumption on the
algebra of differential functions ) and on the differential field F (with subfield of con-
stants C), and for every Hamiltonian operator K (not necessarily quasiconstant nor with
invertible leading coefficient), we have an injective homomorphism of Z-graded Lie
superalgebras H$ (V)/EHY (V) — W (n), where n = dime (H )

6. Translation Invariant Variational Poisson Cohomology

In the previous sections we studied the variational Poisson cohomology ﬁ,’( (V) in the
simplest case when the differential field of quasiconstants 7 C V is linearly closed. In
this section we consider the other extreme case, often studied in literature — the translation
invariant case, i.e. when F = C.

6.1. Upper bound of the dimension of the translation invariant variational Poisson coho-
mology. Let) be a normal algebra of differential functions, and assume that it is trans-
lation invariant, i.e. the differential field F of quasiconstants coincides with the field C of
constants. Let K (9) be an £ x £ matrix differential operator of order N, with coefficients
in Maty,(C), and with invertible leading coefficient K .

For k£ > —1, denote by H* the space of arrays ( i0v iy (AOs < - o )‘k))io ’’’’’ el with
entries Pj, i, (Ao, ..., ) € C[Xo, ..., Ag], of degree at most N — 1 in each variable,
which are skewsymmetric with respect to simultaneous permutations of the indices
io, ..., ix and the variables Mg, ..., A; (in the notation of [DSK11], HE = 52]551). In
particular, H~! = C. Note that, for k > —1, we have

. ~1 NZ{
dimg H" = (k N 1). 6.1)

The long exact sequence [DSK11, Eq. (11.4)] becomes (in the notation of the present
paper):
0—>C—>7-(_1 L Hoﬂﬁoﬂ
R 7‘~lk ak Hk Hk Yk ,Hk+1 Qfer] Hk+1 Br+1 (6.2)
For every k > —1, we have dimc(HI;() = dim¢(Ker y¢) + dime(Im y;). By
exactness of the sequence (6.2), we have that dim¢(Im ;) = dime(Ker ax+1), and
dim¢ (Ker y) = dime(Im B;). Moreover, dimgc(Im 8—1) = 1 and, for k > 0, we

have, again by exactness of (6.2), that dim¢(Im B¢) = dim¢ HE — dime (Ker Br) =
dim¢ HK — dim¢ (Im o) = dime (Ker o). Hence, using (6.1) we conclude that

dime(Hy') = 1 +dime(Kerag) < NE+1, (6.3)
and, for k£ > 0 (by the Tartaglia-Pascal triangle),
. X . . NC+1
dime (Hy) = dime(Ker o) + dime (Ker o41) < o (6.4)

Recalling Eq. (4.1), we have Hy' = Zg' = {[f € V/aV| K@) = 0}. B
Lemma 4.4(b) we have a surjective map % D HE! x — Ker (K (9) | ct) Recall that, if V
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is a normal algebra of differential functions, we have Ker ( V- V‘f) =C+9dV

[BDSKO09]. It follows that Ker (£ Ker (& ~ C. Therefore,

Su ‘H;( ) Su ‘V/aV)

Hy' = [C® {[uA|A e Ker(Ko) C C*}.

where, u = (uy,...,uy), and Kg = K (0) is the constant coefficient of the differential
operator K (d). Hence,

dime(Hg") = 1 +dime (Ker Ko) = 1+ € — tk(Ko). (6.5)

In conclusion, the inequality in (6.3) is a strict inequality unless K (d) has order 1 with
Ko =0,ie. K(d) = S9, where S € Maty,,(C) is a nondegenerate matrix.

Remark 6.1. The map oy : HE — Hk can be constructed as follows [DSK11]. Let P =
( i0seenrix (A0s <o Ak))io """" el be 1nH ie. Py, . i (Xo, ..., Ar) are polynomials of de-
gree at most NV — 1 in each variable A; with coefficients in C, skewsymmetric with respect
to simultaneous permutations in the indices iy, . . ., iy and the variables Ao, .. ., A¢.’ Then

there exist a unique element o4 (P) := R = (Rio,...,ik (Ao, .. Ak)) € H* and

a (unique) array Q = (Qj,il,...,ik A,y ..n, )»k))j’l.1 ’’’’’ el where Qj i i (A1, ..., Ak)
are polynomials of degree at most N — 1 in each variable, with coefﬁcwnts in C, skew-
symmetric with respect of simultaneous permutations of the indices iy, ..., i; and the
variables A1, ..., Ak, such that the following identity holds in C[Xg, ..., Ag]:

(ko+~--+kk)Pi0 ,,,,, iAoy o Ak) = Rig i (Ros - -5 Ak)

+Z( 1)"‘ZQJO’? (20, -0 M) K iy (R (6.6)

jel

Hence, Ker(ay) is in bijection with the space Xy of arrays Q as above, satisfying the
condition:

Z( 1)“ZQ o (s T MOK iy (ha) € Mo+ -+ A)CLAo, - - -, Akl
Jo10s ik

Jjel

For example, g = {Q € C* | K[ 0 = 0}, hence its dimension equals dim¢ (Ker o) =
dim(Ker Kg) = £ — rk(Kg) (in accordance with (6.5)). Furthermore, X consists of
polynomials Q(A) with coefficients in Matyy,(C), of degree at most N — 1, such that

KT (=000 = QT (=K (K).

Remark 6.2. 1t is clear from Remark 6.1 that, while in the linearly closed case, the Lie
superalgebra ‘H$% (V) depends only on ¢ and the order N of K (9), in the translation
invariant case 7 = C the dimension of % (V) depends essentially on the operator
K (9). Hence, in this sense, the choice of an algebra ) over a linearly closed differential
field F seems to be a more natural one. This is the key message of the paper.

In the next section we study in more detail the variational Poisson
cohomology ¥ , and its Z-graded Lie superalgebra structure, for a “hydrdynamic type”
Hamiltonian operator, i.e. for K(d) = S9, where S € Maty(C) is nondegenerate and
symmetric.
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6.2. Translation invariant variational Poisson cohomology for K = S9. Asin the previ-
ous section, let V) be a translation invariant normal algebra of differential functions, with
field of constants C (which coincides with the field of quasiconstants). Let S € Matyx ¢ (C)
be nondegenerate and symmetric, and consider the Hamiltonian operator K (3) = S9.
For k > —1, we denote by A*! the space of skewsymmetric (k + 1)-linear forms on
C%, i.e. the space of arrays B = (bio,_._, ,-k) totally skewsymmetric with respect

i0,..,ig €1’
to permutations of the indices io, ..., ix. For k > 0, we also denote by A’g*l the space
of arrays of.the form A. :'(a./vilﬁ---sik)j,il,...,ik <l \fvhlch E.II’G skewsymrpetrlc with respect
to permutations of the indices i1, .. ., iy, and which satisfy the equation
Zsioqjaj,il,izm,ik == Zajsio,iz,.--,iksjqir
jel jel

Clearly, dimc(A’§+1) = dimg (AFH!) = (kfrl) for every k > —1. For example, A = C,

Ay = A" = CY, A? is the space of skewsymmetric £ x ¢ matrices over C, and
A% = {A € Mat ¢ (C) | ATS + SA =0} = s0(¢, 5).

Given A = (a 5203 ik) € A§+2, we denote

Js0yeees irel

uA = ( 2 ,u]a]sl()w-’lk)io ,,,,, el € W™
jel

Let A* =P, A where
A= AT @ uA A e AK?) c WP, k> L

Theorem 6.3. Let V be translation invariant normal algebra of differential functions,
and let K(0) = S0, where S is a symmetric nondegenerate £ x £ matrix over C. Then:

(a) A®is a subalgebra of the Z-graded Lie superalgebra Zy (V), complementary to

the ideal By (V). In particular, we have the following decomposition of Z];{ ina
direct sum of vector spaces over C:

zk = Ao B,
(b)  We have an isomorphism of Z-graded Lie superalgebras (cf. Sect. 2.2):
HY (V) = A~ H(L+1,5),

where S is the (€ + 1) x (€ + 1) matrix obtained from S by adding a zero row and

column. In particular, dim¢ (H];() = (,lj_lz)

Proof. For B € AR we obviously have §x B = 0. Moreover, it is immediate to check,
using formula (3.20) for 8, that, if A € AK*?, then 6k (uA) = 0. Hence, A* C Z§ for
every k > —1.Next, we compute the box product (3.10) between two elements of A®. Let
BouA e A" @uAt*? = A" and Do uC e AF"1 g uA’?P”'2 = A" We have
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BOD = 0, uACID = 0, moreover, BOuC € A**! ¢ A% and uACuC ¢ uAlg+2 cA
are given by

(BUuC)jy, iy = z ‘, sign(o) 2 ,bj»io(k7h+1>,-~’ia(k)cj,io(o».-wia(kfh)’

oeS jel
h,k J (6.7)
(”AD”C)io,--», Z sign(o) z Uik, i (k—ps1)serico () € oo (0)semrio (k—h) *
oeShxk i,jel

We thus conclude that A* = P, _; AFis a subalgebra of the Z-graded Lie superalgebra
Z°(V) Cc w¥aEIy). B

Since S_1 x+1 = ¥, we have that A~10A® = 0. Moreover, S_1.x+1 = {1}. Hence,
ford®uCeCOuC=A'and B®uA e A @ uAlg’r2 = A*, we have

[B@uA,d ®uCl=BOuC) ® mADuC) € A* @ ual = A1
with entries

[B,uCl;,...iy = (BOuC);,.. i, = zbj,i],...,ikcj,
jel
(6.8)
[uA, uCli, .. iy = WAOUC);,, i, = Z Wid ji,....ixCj-
ijel

It is clear, from formula (6.8), that [B @ uA, uC] = 0 for every C € ¢t if and only
if A=0and B = 0. Hence A* is a transitive Z-graded Lie superalgebra.

Since [BX, Zgl] = 0, it follows, in particular, that A% N B’I‘{ =0 forevery k > —1.
Hence A coincides with its image in 'Hk (V), and A°® can be viewed as a subalgebra
of the Z-graded Lie superalgebra H$% (V) Therefore (by the Tartaglia-Pascal triangle)
dime HE > dime A% = (i:;) Since, by (6.4), dim¢ Hk < (i:;), we conclude that
all these inequalities are equalities, and that H®* (V) >~ A® are isomorphic Z-graded Lie
superalgebras.

To conclude, in view of Proposition 2.2, we need to prove that .A°® is the full prolon-
gation of the pair € so(€ + 1, S), where S is the “+ 1) x (£ + 1) matrix obtained
adding a zero row and column to S We have C*! = C @ €Y, and

— T
so(e+1,5)={(8 BA ) ‘B eCl. Aesoll, S)} ~ ' @ so(t, S),

with the Lie bracket of B@® A € C* @ so(¢, S) andd & C € C & C* given by
[B+A,d+C]=B-C®AC e Ca (. (6.9)

By definition, we have A° = Al @ uA% = C' @ u -so(t,S), and the action of
B®uA ecCl@®u-sot,S)ond ®uC e C®uC’ = A7, given by (6.8), is [B ®
uA,d®uC]; = B-C@uAC. Namely, in view of (6.9), itis induced by the natural action
of so(t+1, §) ~ Ct@so(t, S)onCHC’. Hence, A @A’ ~ (CHCHD(C Bso(n, S)).
Since A*® is a transitive Z-graded Lie superalgebra, it is a subalgebra of the full prolon-
gation of (C*!, so(£ + 1, 5)).

On the other hand, by Proposition 2.2 the full Erolongatlon of (C**!, s0(l + 1, S))
is isomorphic to H(+1,5),anddimg H +1,8) =241 — 1 = D1 dlmc Ak,

Hence, A® must be isomorphic to H “£+1, 5), as we wanted. 0O
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Corollary 6.4. Under the assumptions of Theorem 6.3, the essential variational coho-
mology EHY (V) is zero.

Proof. Tt immediately follows from the transitivity of the Z-graded Lie superalgebra
Hy (V). O

Remark 6.5. If S is a nondegenerate, but not necessarily symmetric, £ x £ matrix, we
still have an isomorphism of vector spaces H’;( ~ A* but H% (V) is not, in general, a
Lie superalgebra.

Remark 6.6. The description of H% (V), as a vector space, for K = S9 with § sym-
metric nondegenerate matrix over C, agrees with the results of S.-Q. Liu and Y. Zhang
[LZ11,LZ11pr].
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