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Abstract: We consider the 2D inviscid incompressible irrotational infinite depth water
wave problem neglecting surface tension. Given wave packet initial data of the form
eB(ea)e'*® for k > 0, we show that the modulation of the solution is a profile traveling
at group velocity and governed by a focusing cubic nonlinear Schrddinger equation, with
rigorous error estimates in Sobolev spaces. As a consequence, we establish existence of
solutions of the water wave problem in Sobolev spaces for times of order O (¢ ~2) pro-
vided the initial data differs from the wave packet by at most O (¢3/2) in Sobolev spaces.
These results are obtained by directly applying modulational analysis to the evolution
equation with no quadratic nonlinearity constructed in Wu (Invent Math 117(1):45-135,
2009) and by the energy method.

1. Introduction

The mathematical problem of two dimensional water waves concerns the evolution of an
interface separating an inviscid, incompressible, irrotational fluid, under the influence of
gravity, from a region of zero density (e.g., air) in two dimensional space. It is assumed
that the fluid region lies below the air region. Assume the fluid is infinitely deep and
has density 1, and that the gravitational field is g = (0, —1). At¢ > 0, denote the fluid
interface by X (¢) and the fluid region by 2 (¢). If surface tension is neglected, then the
motion of the fluid is described by

Vi+v-Vv=g¢g—-Vp
Q), t >0,
[divv:O, curlv =0 on£2(t), 1 =
p=0 on X(1),
(v, 1) is tangent to the free surface (X (), t), (1.1)

where v is the fluid velocity, p is the fluid pressure.

* The authors are supported in part by NSF grant DMS-0800194.
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Assume further that the interface X (¢) is parametrized by z = z(«, t), where @ € R

is the Lagrangian coordinate, i.e., z;(«, ) = v(z(o,t),1). Let a = gn ol 1 e where

n= |’ Z“I is the unit outward normal of 2 (7). We know from [14] that (1.1) is equivalent
to the following complex system on the interface:

21t —iaZa = —, (1.2)
(I -9z =0, (1.3)

where $) is the Hilbert transform associated to the fluid region 2 (¢):

J (B, Dzp(B, 1)

1
Sften = i Y —oo 2, 1) —z(B, 1)

dp.

In this paper we consider the modulation approximation to the infinite depth water
wave equations (1.2)—(1.3), i.e., a solution which is to the leading order a wave packet1
of the form

o + € B(ea, et, €2t)e' ket (1.4)

It is well-known (cf. [8,10]) that if one performs a multiscale analysis to determine
modulation approximations to the finite or infinite depth 2D water wave equations, one
should expect to find that the amplitude B is a profile that travels at the group velocity
determined by the dispersion relation of the water wave equations over time intervals of
length O(e"), and evolves according to a nonlinear Schrédinger equation (NLS) over
time intervals of length O(e~2). The first formal derivations of the NLS from the 2D
water wave equations was obtained by Zakharov [17] for the infinite depth case, and by
Hasimoto and Ono [7] for the finite depth case. In [5], Craig, Sulem and Sulem applied
modulation analysis to the finite depth 2D water wave equation, derived an approximate
solution of the form of a wave packet and showed that the modulation approximation
satisfies the 2D finite depth water wave equation to leading order. Finally, we mention a
recent work [12] which justifies NLS as the modulation approximation for a model that
captures some of the main features of the water wave equations.

A rigorous justification of the NLS from the full water wave equations would bring us
one step closer to understanding qualitative properties for wave packet-like solutions of
the water wave equations from that of solutions to NLS on the appropriate time scales.
Rigorous justifications of the KdV, KP, Boussinesq, shallow water and various other
asymptotic models from the full water wave equations have been done in [1,6,11]. As
was noted in [5], the reason that a justification for NLS has not been given is that the
longest existence time in Sobolev spaces for the water waves equation demonstrated
thus far have been on time scales of the order O(e~!), for data with Sobolev norms of
the order O (¢). However these times are too short to distinguish the NLS behavior of the
wave packet from simple translation of the initial wave packet at group velocity. Since
there is no existence result in Sobolev spaces on the necessary time scales, an attempt to
justify NLS as a rigorous modulation approximation to the water wave system on that
scale has not been made.

1 The standard notion of a wave packet is a perturbation of a sinusoidal wave (x, € B sin (kx + wt)) with
B varying slowly. Notice that (1.4) differs from the standard one by 0(€2). As will become clear in our
derivation, taking (1.4) as our leading order is more natural for our formulation of the water wave equations,
and it greatly simplifies our calculations.
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Let Ug f = f o g, and for k : R — R a diffeomorphism we introduce the notation

¢i=zok ', U D =aU7', UP = (8} —iad,)U !,
bi=uok”',  U'Ady :=ad, U, (1.5)
Dy = (3 +bdy), U'H=9U" P =D}—iAdy.

In [15], Wu showed that for any solution z of (1.2)—(1.3), the quantity IT := (I —$)(z—2)
satisfies the equation

P(Mok™ )y =-2 [Dtg, Hgi +ﬁ_i} deDiC

o o

1 D¢, 1) — DS (B, D) _
i ( (@) — (B0 ) (& —0dp
_ 4 / (D¢ (e, 1) — DS (B, D)) (SE (e, 1) — SE(B. 1))

B (1) — C(B, D)2
+g/(ch(a,t)—DtC(ﬁ,t)
™ cla, 1) —¢(B. 1)

dp DL (B, 1)dp

2
) 3p3L(B. 1)dP. (1.6)

and furthermore there is a coordinate change «, such that in this coordinate system,
Eq. (1.6) contains no quadratic nonlinear terms. Using this favorable structure and the
method of vector fields, Wu further proved the almost global well-posedness for the
full water wave system (1.2)—(1.3) for data small in the generalized L? Sobolev spaces
defined by the invariant vector fields. However, the wave packet data eB(ea)ek® (for
B sufficiently smooth and localized) has slow decay at infinity, and in terms of the
generalized Sobolev norms used in [15] these are at least of size 0(e~Y%). In terms of
the standard Sobolev norms they are of size O (€'/?). Therefore the standard L? Sobolev
spaces suit our purposes better.

As is suggested by the work of [9], in justifying the modulation approximation for a
nonlinear system it is advantageous if the nonlinear system contains no quadratic nonlin-
ear terms. We therefore use Eq. (1.6) to perform the multiscale analysis. In fact, we will
use a slightly different change of variables « than that given in [15]. Upon performing
this multiscale analysis, we derive an approximate wave packet-like solution £ which
satisfies the transformed equations (see (2.7)—(2.8) below) with a residual of size O (Y.
The special structure of (1.6) then allows us to obtain bounds for the error r = ¢ — 5
between the true solution and the approximate solution on the appropriate time scale in
Sobolev spaces.

We will see in the course of the multiscale analysis that the envelope of the leading
term of { — « obeys a focusing cubic nonlinear Schrédinger equation which is glob-
ally well-posed in sufficiently regular Sobolev spaces. This implies that the approximate
solution ;: is eternal.? This fact, along with the a priori bounds on the remainder r, allows
us to show existence and uniqueness of solutions of the system (1.2)—(1.3) on the proper
O (e72) time scales,’ for initial data which is no more than O (e3/2) away from a wave

2 In this paper, the global wellposedness of the NLS is only used to guarantee that the approximate solution
7 is defined on [0, .7 /€2] for an arbitrarily chosen 7.

3 More precisely, we show that solutions of (1.2)—(1.3) exist on [0, 7/ €2], for the same .7 in the previous
footnote.
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packet € B(ea)e*® in Sobolev space. A rigorous justification of wave-packet approxi-
mations to solutions of the water wave system is then obtained in this special coordinate
system k. Upon changing variables, we obtain appropriate wave-packet approximations
to water waves in Lagrangian coordinates. Finally, by introducing some further restric-
tions on the initial data, we justify an Eulerian version of the asymptotics.

2. Derivation of the Main Equations

2.1. The governing equations of the 2D full water wave problem. In this section we
introduce our notation as well as collect for future reference the main equations and for-
mulas from [15] that we will use. We first recall the definition of the Hilbert transform
'H,, associated to the interface determined by a curve parametrization y (a) : R — C :

_ 1 = vpB)
mi@= o S

We adopt the following notations for Hilbert transforms associated to specific curves:
$ is the Hilbert transform associated to z already defined, 7 is the Hilbert transform
associated to ¢, and H is the flat Hilbert transform associated to the line y («) = «.
In general, the Hilbert transform 7, satisfies the convention H,, 1 = 0 and the identity
’H)z, = Iin L?. Let  be a domain in R?, with dQ parametrized by y («), o € R, oriented

clockwise. We know f(-) = F(y(-)) € L%(R) is the trace of a holomorphic function F
in Q if and only if (/ —'H, ) f = 0. The celebrated result of [4] (see Theorem 2.1) states
that H,, is bounded on L? provided that y satisfies the chord-arc condition: There exist
constants v, N > 0 so that

f(B)dp. .1)

vl — Bl < ly(@) —y(B)| < Nle — B| foralla, B € R. (2.2)

We will frequently use the properties of the Hilbert transform given in Lemmas 2.1
and 2.2 of [15] which for convenience are recorded here. Note that in the sequel we will
often be suppressing the dependence on ¢.

Proposition 2.1 (cf. Lemma 2.1 of [15]). Suppose that z(«, t) has no self-intersections
at time t € [0, Ty] and satisfies z;,z4 — 1 € CL(0, Tol; HY). Then for all functions
f e C'R x [0, To]) having the property that f,(a,t) — 0 as |a| — oo we have the
identities

[0:, H1f = [Zz,ﬁ]f—a, [ade, H]f = [aza,ﬁ]:—a, (9, o /2a] =0,

o o 1 - 2
(02, 91f = [z”,m'zi 20z, o0 —/ (M) F5(B)d.

o T z(a) — z(B)
2 . B fio 1 a(a)—zt(ﬂ))z
(07 — a0 91/ = 2Lz, DI — — (Z(a) ) ) PO
- - _ 2
(=) (it Za) = 2zers 915 + 20z, 9102 — L / (M) Z,5(B)dB.
Za g T z(a) — z(B)

Remark. Observe that if we change variables via x each formula above has a corre-
sponding formula in which z is replaced by ¢, 9 is replaced by Dy, $) is replaced by H,
etc.



Rigorous Justification of Modulation Approximation to Water Wave Problem 821

Proposition 2.2 (cf. Lemma 2.2 of [15]). Let Q2 C C be a region whose boundary 92
is parametrized by y (), oriented clockwise. Then the following hold:

() Iff=H,fandg ="H,g, then[f, H,]g =0.
(2) Forall f,g € L>(3Q), [f, Hy1Hyg = —[Hy f, Hy g

With these preparations, we give the change of variables used to convert (1.2)-
(1.3) into a more suitable equation for our purposes. Originally, in [15], the change
of variables ¥ was introduced using a Riemann map ®(z,7) : Q() — P_ which
for each ¢ mapped the fluid region €2(¢) to the lower half plane, and then defined by
o+ z(a,t)+7Z(a, t) — h(a, t), where h was taken to be o — ®(z(«, 1), t).

However, the only property of & that was used was that it was a real-valued trace of
a holomorphic function defined on €2 (¢) with A («, ) — z(«, 1) — 0 as |a¢| — oo. This
idea was already used in the 3D setting to prove global existence of solutions to the 3D
water wave problem [16]. We use it here by choosing to set

1
hie, 1) = 2o, 1) = (T +H)U +8) 7 @l 1) —Z(a, 1),

where 8 = 99 is the double layer potential operator associated to the curve z. It is easy
to see from the definition that 4 is a real-valued trace of a holomorphic function in ().
Then the change of variables is defined by

(e, 1) = z(a, 1) +z(a, 1) — h(a, 1)
1
=Z(o, 1) + 5(1 +9)(I + 8z, 1) — Z(a, 1). (2.3)
Our choice of « then gives us the crucial identity

1
I=9C—-k)==(UI=9) (5(1 +9) I+ Rz - Z)) =0, (2.4)

and from this it follows immediately in the new coordinates that

(I =H)C —a)=0 2.5)
and
Mok™ = ~M)(& ~0) = ~H)(E —a). (2.6)
We denote
fi=t—a

the perturbation of ¢ from the rest state «. Then from (1.6) and (2.4) we have that
solutions z also satisfy the system

P —H)E =G, (2.7)
(I —H)E =0, (2.8)

where as in (1.6) the cubic nonlinearity G is

G:=-2 |:D,§, H{i +ﬂzi] daDiC

o

L (D,;(a) — DL (p)
i @) —2(B)

2
) (p(B) — Cp(B)) dB. (2.9)
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We will also need the equations corresponding to the time derivative, which by virtue
of (1.3) and a derivative D; to (2.7) are given by

(D,2 —iAdy)Di(I — H)§ = D;G + [P, D;1(I — H)&, (2.10)
(I —H)D,z = 0. (2.11)
An explicit formula for D;G is

NS R 1.
DG = -2 Dtg,Hé_—+HE— 0g D¢ —2 DICvH;__J"H—_ aaDt{'

a o o

2 Dit(a) — Di(B))>
— dgD d
* ( {@ —Z(B) ) pDiL(P)dp

2 [IDig(@) = DB
- = — dagD d
m/ T —cpp PP
WA / (Dig (@) = DL (B)(DFE (@) — D¢ (B))
n (¢ () = ¢(B))?

2
+g/ (Dg(a) -~ Dtc(ﬂ)) 34D, (BB

i

dpIC(B)dp

™ c(@) —¢(B)

4 [ (Dit(@) — DB’
—— IR dp. 2.12
n/( C(@) —<(B) ) pRL(P)dp @12

We also have the following formulas for b and A in terms of ¢ (cf. Proposition 2.4 of
[15] for a proof. From the proof, it is clear that (2.8) and (2.11) together implies (2.13)
and (2.14).):
Ea -1
(I —H)b = —[Dsg, H]§—, (2.13)

o

(I-H)A=1 +i[D,2§,H]§°‘§_ ! +i[ D¢, H]a”’ ’C. (2.14)

o o

The commutator in the right-hand side of (2.10) can be rewritten using
a
[P, DI — H)E = U, (?t) i Ay (I — H)E, (2.15)

and is controlled using the following formula (cf. (1.9) and (2.32) of [15] for a deriva-
tion):

+ 2i [Dtg, H]

_ .
{ —H)(AEXUK‘1 (%)) = 2i[ D}, H]a"‘f’§ - 90 D;’¢

D DBy 1z
=/ ( o ;(28{)(@) e 10

We also record Proposition 2.7 of [15]:

d¢(2b — D¢ Co—
(I —H)Db = D¢, H]% _ D2 H)E ;

1 Dit(@) — Dic(B)\* ~
— — DdgB. 2.17
i ( (@ =) ) Cp®) = Dap. 2D
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To estimate terms involving time derivatives of singular integral operators we record the
following:

Lemma 2.1. Suppose that T f = [ K (a, B35 f (B) dp. Then
(DLTIf = [+ b, + @)K @ §) 35 B) .
Proof We have
(DL T1f = @+ b@Be) [ K@ Pfa(8)dp ~ [ Kia $3sDif (B)dp
= [ @+ b + 1K @ 5115 6)
+ [ K ) (b6 8)138) + Disp(B) 93D, 8) dp

= /(3z +b(@)do +D(B)I)K (e, B) fp(B) dB

as desired. O

Denote the Fourier transform on R by

A 1 o0 .
fx) = —/ fl@e " da.
27 J_ o
For s € R we have the usual Sobolev spaces
H = {f € ’®) : | fllas = I+ FOll2 < o0}
and the homogeneous Sobolev spaces
H ={f € L°®R): | fllg = I1-1°fOllz2 < 00},

Also for s € N we define WS = {f e L : Béf € L*®, j =1,...,s}, with
| fllwsoe = Z;zo 184 L. A well-known consequence of the Sobolev embedding

theorem is that H* is continuously embedded in W* —1.0 for ¢ > 1. Given a Banach
space X, let C([0, T']; X) be the space of all f € R x [0, T] so that t — | f(¢)|x is
continuous on [0, T']; equip C ([0, T]; X) with the norm

. .= max t < OQ.
Il flleqo,m;x) max If®lx

In the rest of the paper, we make the following

A Priori Assumption. Let s > 6, and let ¢ be a solution to the water wave system
(2.7)—(2.8)—(2.11) on some time interval [0, To] satisfying for 0 < t < Ty the bounds

S(To) := I&a — lcqo, o1 H5) + 1D S e o, 701; Hs) < 8- (2.18)

First we choose 6 > 0 sufficiently small so that ¢ satisfies the chord-arc condition (2.2)
and A > 1/2 (cf. [15]). In the course of the paper we will need to choose § smaller still.



824 N. Totz, S. Wu

In order to use the formulas (2.13), (2.14), (2.16) to get estimates for b, A and
U: !(a;/a) in H® we use the following lemma, whose proof is essentially that of Lemma
3.8 and Lemma 3.15 of [15]:

Lemma 2.2. Let s > 4, and suppose that ¢ satisfies (2.18). Then there exists a constant
C depending on S(1y), so that for all real-valued f we have the following estimates:

M) N fllas < CIU =H) fllas,
@ Wfllas = CIU =H) (FAL,) llas-

2.2. The boundedness of singular integral operators in Sobolev space. In order to esti-
mate the terms arising from the water wave equations in the last section, we must show
that operators of the form

A@—-AB)  FB
S1(A, d 2.19
4. )= /H vi@ = 7,8 n@ —nB) 219

and

Aj@) = A;(B)
S2(A, d 2.20
2(A, f) = /]‘[1 @) PP (2.20)

are bounded in Sobolev space. For these singular integrals to be well-defined we insist
that the y; each obey the chord-arc condition (2.2). Our starting point is the celebrated
results of Coifman, Meyer, McIntosh and David, expanded upon by Wu, which bounds
these singular integrals in L.

Theorem 2.1 (cf. [4,3] and [15]). Both ||Si(A, f)ll;2 and |S2(A, )|l ;2 are bounded

by
m
C [T 1A% 1x, 1l
j=1
where one of the Xo, X1, ..., X, is equal to L? and the rest are L. The constant C
depends on ||ygllLe, [ly{llee, - . 1Vl Loe.

Observe that the kernels of the operators S; and S are functions of differences of the
form F (fi(a) — f1(B), ..., fu(@) — fu(B)). When the differential operator (9, + dg)
acts on such differences of functions, it yields another function of the same kind, e.g.,
the Chain Rule becomes

(0o + ) F (f1(e) = f1(B). ..., ful) — fn(ﬁ))=2(3iF)(3a +0p)(fi(@) — fi(B)).

i=1

The other rules of differential calculus hold as well. Hence acting on kernels of S; or S»
with m factors by (dy + dg) yields another kernel which is a sum of terms of the same
type with m + 1 factors. This allows us to cleanly prove the following
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Proposition 2.3. Let n > 3 be given, and suppose that (2.2) holds. Then

m
1S2(A, Pl < € [T 1A%y, 171124

j=1
where for all j = 1,...,m the Banach spaces Y; = H"™ L or W=2% and 7 =
H" or W1 Moreover, the constant C = C (||8ayj — g1, j=1,..., m)

Proof. Write S»f = [ K(«, B) fs(B)dB. To exploit the observations preceding the
theorem, we expand 9d); S» f using the Binomial Theorem applied to ((9 + dg) — 9p)":

uS2fle) = (';) / (—1)7 3 +3p)" 7 9} K (. B) f5(B)dB
j=0

4 n n—j J
=3 (%) [ @t ko) pra.
=0

After applying routine calculus identities, we see that (9, + Bﬂ)"_«/ K (a, B) yields a sum
of terms, each of which is another kernel expressible in the form (2.20). Now we apply
Theorem 2.1 to estimate each term in L.

We proceed by cases. Since n > 3, it suffices to consider the cases where j = 0
and j = 1; in all other cases one can estimate however one pleases using Theorem 2.1.

If a difference of the form Ag.n_l)(a) — A;n_l)(ﬁ) or y;n_l)(a) — 7/].("_1)(,3) occurs in
some kernel, estimate this difference in L2; observe that only one of these can occur in
a given singular integral since n > 3. If a difference of the form A;")(oe) — A;") (B) or

y;") () — )/j(”)(ﬂ ) occurs in some kernel, split the integral into a difference of singular
integrals of the form S and estimate using Theorem 2.1. O

3. The Formal Multiscale Calculation

The goal of this section is to derive a formal solution to the system (2.7)—(2.8) which is
to leading order a wave packet. Since we want our approximation to remain bounded for
times on the order O (¢ ~%), we calculate this formal solution using a multiscale analysis.
As mentioned in the Introduction, we expect from similar formal derivations of modu-
lation approximations to the water wave equations that the amplitude of the wave packet
is a profile which travels at the group velocity of the water wave operator, and evolves
according to a nonlinear Schrédinger equation.

To effect this multiscale analysis, we must first formally expand the Hilbert transform
‘H appearing in the water wave equations. In particular, we must intepret how the flat
Hilbert transform 7 acts on multiple scale functions of the form F(ea)e’*® for k # 0.

3.1. Formal expansion of the Hilbert transform. Understanding the system (2.7), (2.8)
depends on understanding the Hilbert transform 7. Since our first goal is to seek a
perturbation expansion

fla)=a+E=a+» "tM (@t e),

n=1
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we must find a corresponding development of H into a formal power series
H=Ho+eH) +e*Ha+---

To predict what the terms of this series ought to be, we heuristically expand the kernel
of H in a formal power series as follows:

o (—1)m! E@) —£B)Y
Hf =Hof + . / 5B (—) dB. (3.1)
nZ:; nii o —

B

Equating like powers of € on the right-hand side of this last expression suggests the
following formulas for H;:

] (V@) — ¢
H1f~—;/fﬂ(? @

= 12V, Hol fus

1 @ (q) — @
al fﬂ(ﬂ)(; (@) —¢ (ﬂ))d/3

and for Ho:

Hof :

a—p

1 D@ - Y
—%/fﬂ(ﬁ)(T dp
2) 2)
1 / f(ﬂ)(M)dﬂ
B
(@) (@)
__/f(ﬂ)g_m(; (@) - Z (ﬁ))dﬁ

(€)) (1) 2
/fﬂ(ﬂ)((q (@) — Cﬂ(ﬂ)) )dﬁ

= [¢@, Hol fu — ¢V, Hol(g} 1>fa)+ D eV, Holl fowr  (3.2)

and so we define the approximate Hilbert transform
H = Ho +eH1 + 62H2.
If H acts on a multiple scale function f («g, @1) = f (o, €x), then we have the expansion
H=HO+eHD +2HP + 0(),
where
HOf=Hof.  HOF =1V Holoa, f.
Hf =160, Holdw, £ +1¢?), Holda, f
—[¢ D, Ho1Z ) ug f + %[;“), (¢ V. Hollog, f. (33)
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Later we will need to estimate the operator
H—H=MH-Hy)+H; —H),

where HE is the Hilbert transform associated to the curve given by the approximation

. We will see that for our purposes it suffices to develop the approximate solution ¢ to
the third order:

Z’(a, H=o+ eg“(l)(ot, 1)+ 62;‘(2)(05, 1)+ E3§(3) (a, 1).

Hence we record the following formula as a first step towards analyzing HE —H:

Lemma 3.1. (HZ —H) f can be written as the following finite sum of singular integrals:

nipi+napr+m

~ ~ 3.
ot g = E@-E®) &®
@—p7 (E@-2®)
y / (" @) — ") (£ @) — ()"

(a — Byp1+patl

i

C
FBrap+> =
S

¢ (B) f (B)d. (3.4)

where S = {(ny,ny,m, p1,p2) : nipr+mpr+m > 3,0 < py+py <2,0 <
ni, na, m < 3} and Cp, p, are constants depending only on p1, pa.

Proof. First observe that with an integration by parts we have the formulas

(n
tPB) (@) — O
Hlf_ o /f(ﬂ)(;s W@ -t (;3>)Ch3

B (@ —pB)?
and
@
(B (D@ -2
_ 1 d
Haf = —pv /f(ﬁ)( - o ) 5

1 D@ — DB\ B D) —cVp)
‘E/f(ﬁ)( «= P «p  @pr )"

Now we repeatedly apply the identity
1 N 1 CORR 02
(=8B «=F w—p(E@ L)
S0 as to arrive at the identity
~ - 2
L1 kw-ip | (f@-iw)
fa)—t) a—p  (@=p)7 (@—pB)>
~ - 3
(E@-Ep)
@=p? (C@-ip)

(3.5)
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The last of these terms is of size O (€3). As for the rest, if we arrange Eﬁ B/ (g: (oc)—g: (,8))
in powers of € up through €2, we see that

BB 1
(@ —¢B) a—p
e(”?é”(ﬁ) (W@ - ¢<1><ﬂ>)

a—p (@ — p)?
ez(géz)%) (D@ )
a—p (@ —pB)?
W@ =) (;,g“w) (D) - ;m(ﬁ)))
a—B a—fB (a — B)?
+0(€).

All of the terms here up through order O (¢?) precisely comprise H, and so vanish upon
subtracting . The remaining O (e?) terms consist of a finite number of terms which
can be written explicitly in the form

o (€ @) = £ (B (£ (@) — ¢ 2D ()
ZS:CPI»PZG 1P1 202 ( (a _)ﬂ)f]l+p2+l ) é’é )(IB)7

where § = {(n1,n2,m, p1,p2) : mipr+mpa+m > 3,0 < pr+pr <2,0 =
ni, na, m < 3} and C), ), are constants depend only on py, p>. O

3.2. The action of Hy on multiscale functions. As we saw in the last section, the oper-
ators appearing in the power series expansion of the Hilbert transform of the interface
can be written in terms of the flat Hilbert transform

1 £(8)
Hof = l_p.V./ 5 dg.

T o —

It is known that Hj is a Fourier multiplier with Fourier symbol ﬂo(é ) = —sgn(§).
However, it still remains to be seen how to interpret the action of Hy on a multiscale
function f = f(«, ex) as a multiscale function.

Since we are interested in the modulation approximation of the water wave problem,
we will choose the leading order of our approximation to be a wave packet of the form
B(ea)e!*® for k > 0. Hence the formal calculation depends upon understanding the
action of o on such wave packets. Since the amplitude of B(ea)e* is slowly varying
for small €, we heuristically expect for k 7 0 that

Ho (B(ea)eik“) ~ B(ea)Ho (eiko‘) = B(ea) sgn(k)eik“,
where ~ indicates an error depending on €. The following result confirms this intuition.

We adopt the usual practice of assuming, unless otherwise stated, that a constant C may
denote different constants in the process of deriving an inequality.
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Proposition 3.1. Let k # 0 and s, m > 0 be given. Assume € < 1. Then if f € H**™,
m—1/2

km

€

I(Ho — sgn(k)) f (ea)e™™ || s < C IS Il s s

where the constant depends only on s.

Proof. Tt suffices to consider the case k > 0, since the case k < 0 follows by com-
plex conjugation and the fact that Ho = —Ho. We first derive a bound for ||9} (I —

Ho) f (ea)ek®|| ;2. We calculate that
) 1/2
d%')

12
2d§/
€

— . o0 1 (& —k
195 (1 — Ho) f (ecr)e™ |2 = (/ (i&"(1 - Sgn(E))gf(ET)

—k 1. 2 1/2
2(/ E+Rb)"=f (é) dg)
oo €’ \e
_k - - /¢
2(n+m)—1 2m | Ap+m 2
52(/_006 €] oy f(e)

) 1/2
< 2e”+’"‘/2(sup ISI’")(/ a/m\f(é) ﬁ)
E<—k € €
n+m—1/2
< Zk—m”aZerfHLZ-

But since € < 1, we have for any m > 0 that

s
1 — o) £ (ea)e™ |l s < € D 11951 — Ho) f (ear)e™™ | 2
n=0
S _n+m—1/2
= Cz k—m||3¢’)¢1+mf||L2
n=0
em—1/2
<C
- km
m—1/2

105" f 1l a5

<C

< Co— [ fllson.

O

As a consequence we may freely assume in the multiscale calculation that H for-
mally treats the amplitude of the wave packet B(ea)e’*® as a constant when k # 0.
However, note that in the case k = 0 we can at best say that

Ho(f(e))(a) = (Ho f)(ea),

and so these must be retained as functions of the slow variable &y = e whenever they
occur in the multiscale calculation.

We record an immediate consequence of this result that will be used frequently in
the multiscale calculation.
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Corollary 3.1. Lets > 1,m > 0, ¢ < l and f, g € H*™ (R), and suppose that k, [ are
given so thatl # 0, —k, and sgn(l) = sgn(k +1). Then

. . _ 1
ILf (e)e™, Holg(ea)e™ || s < Ce™ 12 ( + —) £ Wl pgsom Nl g | prsom .

(k+0ym " fm

3.3. The multiscale calculation. We are now prepared to find an approximate solution £
to the four Egs. (2.7)—(2.11) which is to leading order a wave packet, where G is given by
(2.9). Our approach will be to derive an approximate solution to the system (2.7)—(2.8)
having residual O (e*) with a multiscale analysis and then verify that this approximate
solution also satisfies (2.10)—(2.11) up to a residual of size O (e*). We begin by seeking
a perturbative ansatz for (2.7)—(2.8),

Cla,t) =a+ Ze”((”)(a, t,€).

n=1

In order to construct an expansion that is valid on times on the order O (e ~2), we intro-
duce multiple scales

to=1, t =¢t, bh=¢€t, oy=0a, a =eaq,

and so we seek a solution of the form

o0
l(a,t) =« +ZE"C(n)(Olo, ai, to, 1, 1),

n=1

which formally satisfies the original equations up to terms of size O (¢*).

Before we begin solving these equations, we expand the auxiliary quantities and
operators in powers of €. In particular we must determine the expansions in € of the
quantities

o0 o0 o0
b:Ze”b,,, A:Ze"An, GzZe”Gn.
n=0 n=0

n=0

Notice that since b and A — 1 are of quadratic order and G is of cubic order, it follows
that

bo=b1=Ay=A1=Gy=G; =G, =0.

We will also show in the sequel that A, = 0 and by = b (1, 11, 12); the linear operator
associated to the water wave equation thus has the multiscale expansion

D} —iAdy = (87 — iay) + €200, — i0a)
+€2(20y 0y, + 0 + 25201 ay) + O(€7). (3.6)
Recall that we also have the formulas for the multiscale expansion of the Hilbert trans-
form given by (3.3).

We will find explicit formulas for b, b3 and G3 in the course of the analysis. In what
follows we will repeatedly use the fact, justified by the last section, that
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Ho(f (@1)e*™) = sgn(k) f(@1)e’ ™ + O(e*), &k #0, (3.7
and hence that

[f(a)e™ ™ Holg(ar)e™ = 0(e*) whenever sgn(l) = sgn(k +1), I,1+k # 0.
(3.8)

We are now ready to expand (2.7)—(2.8) in powers of €. Collecting like terms yields

a hierarchy of systems that allow us to successively solve for the holomorphic trace

%(1 + Ho)¢™ and the antiholomorphic trace %(1 — Ho)¢™ of the ¢™’s in the lower
half plane. The terms of order O (¢) in (2.7)—(2.8) yield the system

(0 — i0ay)(I — Ho)¢ ™V =0, (3.9)

(I —Ho)c™P =o. (3.10)

Because we are interested in solutions which to leading order are given by wave packets,
we assume an ansatz concentrated in Fourier space about the fixed wave number k£ > 0:
¢V = Bi(ar, 10, 11, 12)e™ + B_(a1, t0. 11, t2)e” .

Injecting the above ansatz into (3.10) forces B = 0 by (3.7). Similarly substitut-
ing this ansatz into (3.9) yields the condition (8,% + k)B; = 0, which implies that
By(ay, 19, t1, 1) = B(ay, 11, tz)ei“)to, where we have introduced the wave frequency w
which satisfies the water wave dispersion relation

> =k. (3.11)
Thus we take as our solution
¢V = B(ay, 1, n)e'?, (3.12)

where we have introduced the phase ¢ := koo + wty.
Moving to the 0(62) terms from (2.7), we have by (3.12) and using (3.8) that

(B = 10a) (I = H0)¢'® = = (0 — i) (~H )z D
— (20101 — 100,)(I — Ho)¢ )
= —4iw(B;, — ' Byy)e'?, (3.13)

where o’ = dw/dk is the group velocity of the wave packet. If we want (I — Ho)¢®
to be uniformly bounded for all time we must insist that the right-hand side of (3.13) be
equal to zero in order to avoid secular terms. Therefore we choose

B(ay, 11, ) = B(a) +o't1, 1) := B(X, T), (3.14)
where o’ = dw/dk is the group velocity. The O (€2) terms from (2.8) yield the equation
(I =Hoe® =He®
=12, Hole{h
= ik(I —Ho)|BI*. (3.15)
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An obvious choice seems to be C(z) = ik|B |2 + By (o, 1y, tz)ei¢. However such choice
leads to unavoidable secular growth in the O (¢?) level. Instead, we find that taking ¢ ®
so that (I — Ho)z® = 0 avoids such secular growth. Hence we take

1 _
c® = 5ik(l — Ho)|B|?. (3.16)

Before we move on to the O (€3) system, we must first derive formulas for by, A3 and
G3. Substituting the expansion of ¢ into the formula (2.13) we see immediately upon
collecting like powers of € that by = b1 = 0. Therefore we have

1
(I — Hoyba = —[¢", HolZy,) = —ke(I — Ho)|BI,
and so since b, is real-valued we conclude that

by = —kw|B|>. (3.17)

Similarly, using (2.14) we have immediately that .[4; = 0 and that

—(1 . —(1 .
(I = Ho) Az = il £, HolCh, +i168) Holdh ey = —ikady (I — Ho) BI* =

whence A, = 0 as claimed.
Finally we derive from (2.9) a formula for G3:

s 1 (@@=l ®) (V@ -3V B) i
@ = _/ @ pP Cupo () 4P
(D (1) 2
(§ (Ol) - ,3())2 (8)) X C,;(l))(ﬂ)dﬁ
= I] + 1.
Using (3.7) and (3.8) yields
> (@@ -a"®) (V@ -"®) i
> (@ @-a®) (@ -t"®) n
- ;/ (@ — B) loﬁoﬁo('g) dp
2 (@@= ®) e B 0
_E/ @—p Cuop (P) 4P
G ® (e -2"®) )
- “h ¢ (B)dp
3 (1 _+M
= L0 / S s Y
i —B)

~2K°1E " Hol (6 M?)
=0.
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Similarly, we simplify

2 / V(@) — 2V (p))?
L =—
b (@ —pB)?

Y (2[@5”, Hol (632 — e, 12", Holl ;;Bm)

3¢g (Brap

—( —(1
= 21280, Hol @ T + 18", 12D HOIT g

= 2k3Be'? (I + Ho)|B|*> — 2k° Be'*Hy| B|?
= 2k’B|B|?¢'?.
In summary,
G3 = 2k°B|B|*e™?. (3.18)

We can now arrange the O (€3) terms of (2.7), and using (3.12) and (3.16) along with
(3.17), (3.18) and (3.8) arrive at the equation

@By = i8a) (I = Ho)E® = —(0 — i8ay) (=H)¢® = @ — i) (~HP)g D
— (20193 — 0 ) (I —H0)E P — (201094, — 0y ) (—H ) D
— (2043, +07 +2b201y D) ([ —H0)¢ D+ G5
= — (2043, + 0f +2b2dyy0e)) (I — Ho)¢ D + 2k B| B|?e'?
= —2w(2iBy — 0" Bxx + k*wB|B|*)¢'?, (3.19)

where o” = d’w/dk>. To supress secular growth we now insist that the amplitude B
satisfy the focusing cubic nonlinear Schrédinger equation®

2iBr — 0" Bxx + k*>wB|B|* = 0. (3.20)
With this choice made we solve (3.19) by taking (I — H)¢® = 0.
Finally, the 0(€3) terms from (2.8) yield the equation
(I =Hoe® =H¢@ + HP O
—(1) = —2) 77 —(1) 77
=2V H ot @ + 127, Horel) + 17V, Holeld

— —_— - l e I3 H,
0 HAE D) + 270, 7, Fonell,

2
= (I — Ho)(BBx) — k*Be™"®(I1 + Hy)|B|*> + k*Be "*Hy| B|?
= —k*B|B|*¢™" + (I — Ho) (BBx) . (3.21)
Hence we choose
1, o _
@ = _§k23|B|2e—'¢ + E(1 —Ho) (BBy). (3.22)

Now that we have constructed an approximate solution  to Egs. (2.7)—(2.8), we claim
that ¢ also solves the system (2.10)—(2.11) up to an 0(64) residual. First we notice that

4 Observe that this equation agrees with the equation derived in [5] when one formally lets the depth of the
fluid tend to infinity.
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(2.10) is obtained by applying a derivative D; to (2.7), therefore it is clear that ¢ solves
(2.10) up to an 0(64) residual. Now we consider (2.11). By (2.8) we have that
(I =H)Dit = (I = H)Dy(¢ — )+ (I — H) Dy
= [D:, HI(C —Ol) + (I —H) D

— (D S

o

+ (I —H)b.

Hence to show that g: satisfies (2.11) up to an 0 (€%) residual it suffices to show that our
approximation of b satisfies (2.13) up to a residual of size O (e*). Hence we need only
choose b3 so that

- ﬁo)b3 H(l)b

[0 HO]C(I) [anE“, ol P

[aoz(” D1elh — 19, c ! Hole?
—3 " HolelD + 10,8 Hollel
= —%iw(z — Ho)(BBx)

—iwk®Be (I — Hy)|B|?
+iw(I —Ho)(BBy)
—iwk?Be™ (I +'Hy)|B|?

_ _ 1— _ .
=iw(l — Ho) (BBX — 5BBX) —2iwk?B|B*¢?.  (3.23)

In summary, we have shown that Egs. (2.7)—(2.8)—(2.10)—(2.11) are satisfied up to a
residual of size O (e*) by the approximation

(=« +ec® +62§(2) +63§(3)
- 1 _
= a+eBe'? +?Sik(l = Ho)| B

+E3 (_%kZE|B|Zel¢ + %(1 _ ﬂo) (EBX)) s (324)

where B = B(e(a + 't), €2t) = B(X, T) satisfies the NLS equation
2iBr — o"Bxx +k*0B|B|* =0
From (3.23), enforcing the reality condition on b3 yields

l; = bo+e€by + 62b2 + 63b3
= e*(—kw|BI*)

N 3 o
e3<m (2iwk23|3|2el¢) + Zio(BBx — BBy) — JioHo(BBx + BBX)).
(3.25)
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We also define
Ai=Ag+ed +e2 4, =1 (3.26)
and
G:=Go+€eG|+€2Gr+€G3 = €Gs. (3.27)
Corresponding to this approximate solution (3.24) we introduce
E:=(—a
as well as
D, =0, +bdy, P:=D>—iAd,. (3.28)
We then have the formulas for the difference
D, — D, = (b —b)dy (3.29)
as well as for
D} = D} = (Dy(b = b)) du + (b = b) (Dyde + 0,51 (3.30)

and so
P_P= (D,(b — b —i(A— jt)) 3 + (b —b) (D,E)a + aab,) . (330
For future reference we also include the following calculation.

Proposition 3.2. Let 7, b, A be as above. Then

(1) P& =0(),
2) [P, HIE = O(e).

Proof. The proof of the first statement is straightforward. For the second, observe that by
(3.8)wehavethat HV ¢ = H@ ¢ (D = 0(e*). The O (¢) term s [8[%—1'80{0, Holc™M =
0. The 0(62) terms are

[07 — iy, Hol¢® + [0 — iy, HV1e W + 12078y, — i04y, Holg ",

which vanish by virtue of the above observation, (3.12), (3.14), and (3.16). Finally, the
O(€3) terms are given by

[0 — i0ay» Hol¢ ™
+[02 — iy, HP1c @
+[02 — i0uy, HP 12D
+[20,,01, — 10, Holz®
+[20,0 0, — 19, H P12V
+[281, 3y, + 87 + 25290y D1y, Holt V.

For the same reasons as for the O (e2) terms all of the above are immediately seen to
vanish except for the last, which by (3.17) is given by
20b2, Holtsy, = 2k°1IBI?, HolBe'® =0,

by (3.8). O
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Now we have shown that the approximation ¢ depends on B and By, where B satis-
fies the NLS equation (3.20). To be certain that the forthcoming objects are well-defined,
we appeal to the following global well-posedness result for NLS:

Theorem 3.1 (cf. [2,13]). Let m > 1 be given, and suppose that By € H™ is given.
Then there exists a unique solution B € C ([0, 0c0); H™) to (3.20) with initial condition
B(0) = By.

Fix s > 6, .7 > 0. For the rest of the paper we assume that By € H°*’, and
hence by the above theorem that B € C([0, 00), H**") with 1Bllcqo. 7). m+7) =<

C(|Boll ygs+7, 7). If we calculate ¢ and D,z from B € H**7 through (3.24), we see
by counting the maximum number of derivatives that fall on B that we have the bound

|(5.Dig. DY) | < CIBoll . T)eV2. (332)

C([O,y);HHﬁ x H5+4 % H.y+2) -
For the rest of the paper, we choose € < €q for €g < 1 sufficiently small depending on By
so that ¢ satisfies the chord-arc condition (2.2). Along with the a priori assumption (2.18)
using an appropriately small choice of § > 0, this implies that the singular integrals in
the next section are well-defined.

4. Estimates of the Remainder

Now that we have derived a formal approximation of the solution ¢ to the system (2.7)—
(2.8)—~(2.10)—(2.11), we can consider the size of the remainder r = ¢ — Z’ Our basic
approach is to expand the known equations for ¢ and formulas for quantities defined in
terms of ¢ given in § 2 by writing ¢ = r +, and thereby find the appropriate governing
equations from which we will derive energy estimates for r.

In § 4.1 we derive from (2.7)—(2.8)—(2.10)—(2.11) new equations in terms of quan-
tities related to . Many functions and operators will arise in these equations that we
need to study before we can estimate them appropriately. In particular we devote § 4.2 to
studying the remainder between the true and approximate Hilbert transforms introduced
in § 3.1

To clearly describe the respects in which we consider quantities to be small, we adopt
the following terminology: we say a term is of n™ order (with linear, quadratic, cubic
having the typical meaning) if the term consists of n small factors.

Alternately, given a Banach space X with norm || - ||x, we say that a term f € X
as being O(€”) in X when there exists a constant C so that || f||lx < Ce”. If we use
the notation O (¢”) without mentioning a norm explicitly, we mean size in the physical
sense O (€") as we have used in § 3. Since we ultimately seek bounds in Sobolev spaces
H?, we introduce the special notation that f € H® is O(e"), which means that f is
O(€™) in H, where the index s will be clear from context.

We ultimately plan to control all of our quantities in terms of r, and D;r in Sobolev
space, and so we need some idea of how large we expect r, and D;r to be in terms of €.
Since we are only interested in the leading term of the approximation, it is a suitable goal
to seek a remainder which is of physical size 0(€?), and in the L? sense to be O(e>/2).
Therefore, we expect here that r, and D;r should be O(3/?).

In § 4.3 we bound in H* the remaining quantities appearing in the cubic nonlinearities
of the equations of § 4.1 by terms involving the quantity

1/2
ES? = rallgs + IDirl s,
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which we expect to be 0 (€3/?). We will then show that for € < €y with €y chosen
sufficiently small, the quantity E is bounded above by the quantity

N

DD N7, + 1D |7, (4.1)
n=0

Where5
P 2( ) an o:=-(- )( (I —H)é — DI — )5)

Then we will construct from the governing equations of p and o an energy £ which
bounds the quantity (4.1) from above.

We then use these estimates to show that the cubic nonlinearities of the remainder
equations of § 4.1 are O(e’/?). Having done so, we derive in § 4.5 an energy inequality
which roughly reads d€ /dt < O(e”). Heuristically, an inequality of this type is suitable
since on time scales on the order O (¢ ~2) this implies £ is of size 0(€3), as we would
like. We then go on to rigorously derive a priori bounds of £ on O (¢ ~2) time scales.

4.1. The derivation of the equations for the remainder. Here we derive the equations
governing the evolution of the quantities

1 1 3 -
pi=sU=Hyr and o:=0-H) (Dt(l — H)E — D(I — H)s) . (42)

Our goal in this section is to manipulate the nonlinearities of these equations so that they
will be in a suitable form for showing they are of size O(€’/?). For example, from (2.11)
we have

(I = H)D;F = —(I —H)D,Z — (I — H)(D, — DT + (H—H)DE.  (43)

We will show in § 4.2 that the operator norm of H — H on H* is of size 0(63/2), and
in § 4.3 that the function b — b is of size O(e3/?). Hence the right-hand side of (4.3) is
of size O(e>/?).

We now give the equation for the remainder corresponding to (2.7). In decomposing
the right-hand side of this equation, we keep two goals in mind. First, we must split the
terms in such a way as to arrive at G so as to cancel the O(e3) contribution from G.
Next, we must whenever possible avoid estimating terms formed by P acting on com-
plicated terms, so as to reduce all estimates whenever possible to those already derived.

5In constructing a quantity which corresponds to the time derivative of p, we choose the quantity o as
opposed to the more straightforward choice D; p because the latter quantity loses derivatives in the energy
estimate.
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Specifically we expand using Proposition 2.1 as follows:

PU—-H)r=G—PU—-H)E
=G+[P, H]§—(1—H)P§

1 Dit(@) — DB\ -
=G+2[D D& — — d
-2 H]ca & z/( L)~ ¢(B) ) wp(P)ap
—(I = H)(P —P)E — (I — H)PE
1 Dit(@) — DL\ -
=G+2[D D& — — d
+2[ Dy, H]C & m/( 2@ —2(B) ) §p(B) dp

—(I —H)(P —=P)E+ (H — H)75§ — (I —H)PE

Dig(a) — D,:(ﬁ))2 -
G—G)+2[D;c, H - — d
= ( ) +2[Di¢, ] D& /( tw @) B
—(I —H)(P —P)E+ (H — H)PE — [P, HIE +€*R

where €*R := G — P(I — H)E is the residual arising from the approximate equation
corresponding to (2.7).
Note that at most five® derivatives of B are taken in R through the term 8127-(2{(3),

and so R € H® provided B € H**. Similarly, at most seven derivatives of B are taken
in D; R through the term 8,37{(2){(3), and so D,R € H* provided B € H**'.
The only term that is not immediately of size O 2) is 2[D;¢, H]?—ZDté . As in the

calculation (2.13) et. seq. of [15], we exploit the fact that Dté is almost holomorphic.
Using (2.11) and Proposition 2.2 allows us to rewrite this term as

o o

N Y
2[Dy¢, H]é' D =2 |:th H{— +H§ ] 0o D1 —2[Dy 2, 'H]E—(D;C—D;a—Dﬂ’)

o

=2[D,§,H§i+ﬂ%]8 D,E+2[ D¢, H]E +2[Dy¢, H] * D,r.

o o o

To see that the last of these terms is acceptably small, we again apply Proposition 2.2 to
see that

2[Dyg, H]g D;r = [(I +H)Dyg, H]E Dir = [Dy¢, H]——(l —H)Dir, (44)

o o o

which is now easily seen to be O?) by (4.3). Thus our equation for p is now

2Pp = (G — G)— (I —H)(P — P)é + (H—H)PE — [P, HIE

1 — 1 ~ = ba a7 80!Dtr
+2 [Dtc, H{— + HE—} 0u D& +2[Dy2, H]E— +2[D;¢, H]

o o o

L/ (Dw:(a) - DiL(B)
i @) —£(p)

Note that the terms on the right-hand side of (4.5) are cubic, and so a priori there may
be contributions of size O(e/2). However, we will show later that all such contributions

2
) E5(B)dB +€*R. (4.5)

6 Observe that, despite the appearance of formulas (3.3), since the operators | and 7> can be written as
singular integrals as in (3.2), they do not lose derivatives due to Proposition 2.3.
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arise as terms depending only on £ and e of physical size O (¢3); moreover, these putative
terms will be shown to vanish by multiscale calculations.

Next we derive the evolution equation for o. First we calculate that

PU —H)D(I —H)§ = =[P, HID/(I —H)§ + (I —H)PD,(I —H)§
9a D} (I — H)E

= —2[Dy¢, H] :
1 Diz(@) — Diz(B)\*

— g D; (I — d

i ( c(@) —¢(B) ) p DT = TOZ(B)p

+(I =[P, DU —H)é + U —H)(D:G)
3o DX(I — H)E

= 2D
L [ (D@ =D

— dgD;(I —H d

i ( {@) — ¢(B) )" (1= TOSRP

+(I — H)iU, (%) du (I — H)E
+(I — H)(D,G).
Similarly we have
P — H)D,(I — H)E = —[P, H1D,(I — F)E + (I — H)PD,(I — )&
0w DD, (I — H)E

= —2[D,¢, H] :
1 Dit(@) — DB\ .. ~ - -

— gD (I —H d

+m‘/( ) —2(B) ) p Dl = TOS(H)dp

+(I — H)PD,(I — H)E
3 Dy Dy (I — H)E

= —2[D¢, H] :
1 D¢ (a) —th(ﬂ))z - -
— gD (I — H d
mi ( (@ —cpy ) PPUTTOSONE

+(I = H)(P = P)Dy(I — H)E —i(I — H)bodo (I — H)E
+(I — H)(D;G) + (I — H)e*(D,R).
Subtracting these two equations then gives the desired evolution equation for o:

BQDIG

4Po = =8[D:¢, H]

o

4 (ch(oo — D)
i {a) = ¢(B)
+(I — H)iU, - (%) o (I — H)E

2
) op(B)dp

—(I —H)(P — P)D,(I — T)&
+i(I — H)bgde (I — H)E
+(I — H)(D;G — D,G) — (I — H)e*(D;R). (4.6)
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The right-hand side of (4.6) is O(¢/?) provided we can show that the right-hand side
of (4.6)is O(e”/ 2). The formula (2.16) implies that the third term on the right-hand side
of (4.6) is of size O(e”/?). Before we can show that the rest of the terms are appropriately
small, we must study the quantities appearing on the right-hand side of these equations
further. We will see that estimates for these quantities presuppose a satisfactory bound

for the difference H — #, and so estimating this operator in Sobolev space is our first
task.

4.2. Estimates for the difference operator H — H. While the operator H is well suited
for multiscale calculation, it remains to be seen how H compares to our original Hilbert
transform H corresponding to the true solution ¢ of the water wave system. To do so,
we will bound the operator ‘H — H in H*. This entails decomposing it as

H—H=MH-H)+H; —H),

where 'Hg: is the Hilbert transform corresponding to the approximate interface ¢. If we
apply Proposition 2.3 to the formula of Lemma 3.1 for (Hf —H) f, we have a choice of

whether to estimate f using the L> norm or the L> norm.” Depending on the choice,
we get the following two estimates:

Lemma 4.1. Let s > 4 be given. Then we have the bounds
I(Hg = FO fllus < CENfllus and [|(Hz = H) fllms < CE2| fllwsoe,

where the constant C = C (||B||Hx+2).
The analogous result for the first sum in the decomposition is
Lemma 4.2. Let s > 4 be given, and suppose (2.18) holds. Then for all t < Ty,
I(H =He) fllas < Clirallgs—1llfllas and (K =Hz) fllas < Cllrallgs-1Lf lws.ee,
where the constant C = C(S(Typ), || B|| gs+2)-

Proof. We use the fact that this operator can be written in two different ways using
integration by parts:

—r(B)
(H —H:) _—/1 ( ) B
2 e+ 2 )—C(ﬁ) JoBIp
1 rs(B) Zp(r(a) — r(B))
- — - - dp.
'/(;(a)—:(ﬂ) (§(a)—§(ﬂ))(§(a)—§(ﬂ)))f(ﬂ) g

Now consider the n™ derivative of the first formula. If all n derivatives fall on f, then
we can pass to an integral of the second form above via integration by parts. Such an
integral can then be bounded in L? by either

C (&(T0), 1Bl gne2) Irell g2l flln— or € (&(To), IIBll gnez) llrall g2l f llwn.oe.

7 Respectively, we estimate one of the factors of a slow variable e« in the L or L2 norm. The difference
of €!/2 between the two estimates of Lemma 4.1 is due to the fact that the difference between the L and L2
norms of a function of a slow variable eq is of order €!/2
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If at least one derivative falls on the logarithm, then we have a kernel of the form

(45 )log(l L@ —r(ﬂ))zm(a) —r(B)  (r(@) = r(B)(Ga(@) = L5(B)
“r t@) —¢(B) @) =¢(B) (@) — B (@) —C(B))

This yields a singular integral which can be bounded in H" by either

C (ST = gmes) Il st 1o on
C (ST0). 18 = Ul ) Irall 111 f w1
The proposition follows by summing these bounds n =0, 1,...,s. O
Combining these lemmas yields the

Corollary 4.1. Let s > 4 be given, and suppose that (2.18) holds. Then for all t < Ty,

I(H —FO) fllas < CE + lrgll s f las,
I(CH —FO) fllas < CE + lIrgll sl £ llws.oo,

where C = C (&(Ty), || Bl s+2).

We will also need to estimate the operator D;(H — 7:(). To do so, it will suffice to
consider the commutator [D;, H — H].

Proposition 4.1. Let s > 4, and suppose that (2.18) holds. Then ||[D;, H — H) fllas <
C(€* + Irallgs—1 + I Derllg)|| f | s, where the constant C = C (S(To), || Bl ys+4).

Proof. We decompose H — H=(H- HE) + (Hg — 'H) and estimate each term sepa-
rately. We begin with the latter operator and apply Lemma 2.1 to (3.4). Using the product
rule, this results in a sum of singular integrals whose numerators are products of differ-
ences involving the functions &, ¢™, D,&, D;¢™, n = 1,2, 3. Then using the identity
D;g = (b — b) 8o + D, g, we can further split these terms until we arrive at a sum of
kernels whose numerators are products of differences involving the functions

E, ¢, D&, D™, b—b)E, b-bilM, n=12,3.

In order to estimate the terms (b — b)g that arise here for g = &, ¢, notice that
(2.18), along with (2.13) and Lemma 2.2, shows that

(b — b)galls < Cllb — bllpsllgallwsee < C (S(To)) l|gellws.oe-

The resulting kernels have the properties that (1) each has at least three factors in
its numerator of size at most O (¢) in the sense of L°°, (2) each has the same number
of factors in the numerator as in the denominator. In estimating this sum of singular
integrals we always estimate f in L so as not to lose any half-powers of €. In doing
so, the largest number of derivatives of B that appears is in D, Z; a time derivative will
fall on By in the formula for ¢ which by (3.20) is equivalent to a term with three
derivatives on B. The result is the bound C(&(Tp), ||B||HS+3)63 | flgs.
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Next, using Lemma 2.1, we explicitly write the kernel

(D M~ H;1f

1 Dir(@) — Dir(B)  (r(@) — r(B) (D, (a) — DiZ(B))
=— [ /5B — e - dg,
i t(@) —£(B) (@) = (BN (@) = £(B))

and appealing to the crude bound of b — b above now implies the proposition. O

Corollary 4.2. Let s > 4 be given, and suppose that (2.18) holds. Then

Dy (H —H) fllgs < C(€ + lrall s + 1D L)L £l s + 11 Ds f 15,

where the constant C = C (G(To), ||B||H.y+3).

4.3. Formulas for remainders of b and A.3 Applying the energy method to the remainder
equations (4.5)—(4.6), we expect to obtain bounds on the quantity:

1/2
E? = rallms + | Dir |l s. 4.7)

However in (4.5)—(4.6), the quantities b — b, A — A, etc., arise as coefficients of the
operators P — P and D, (P — P). Moreover, such energy estimates would give bounds
on the quantities D;9}; p and D;d};o, not directly on the quantities r, and D;r. So in the
following subsections we must perform the following tasks:

(1) Bound b — b in terms of E; and €.
(2) Bound D;(b — b) in terms of Ej, €, and a small multiple of thr.

(3) Bound A — A in terms of Ej, €, and a small multiple of D?r.

(4) Bound D?r in terms of E, € and a small multiple of A — A, and thus bound D?r,
A — Aand D;(b — b) appropriately by E, and € alone.

(5) Show that D;p and D;o are equivalent to D;r and D,zr, respectively.

Since b and A are intended to be power expansions in € of b and .A up to at least quadratic

terms, we expect that the differences b — b, D;(b— l;) and A — A will be of size O,

Step 1. Controlling b — b by Eg and €. In order to use (2.13), we write
(I —H)b—b)y=(U—Hb+(H—Hb—(I—-H)b.

By the multiscale calculation, the residual quantity

I
(I — Fb + D¢, H12%

o

8 In this paper, we call differences such as b — I;, A— .[\, etc., remainders of b and A, etc.
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consists only of terms O (e*). The largest number of derivatives of B appearing in this
residual is through the term HzD,§(3), where three derivatives fall on B. Hence this
residual is bounded in H® by C (|| B|| Hs+3)€7/2. By Corollary 4.1, we have

2 ~
I(H = F)bllgs < (€ + E) bl
< C(3 + EVHe
< C(eEl/2 + 65/2),
where C = C(S(Tp), || B|| gs+3). Observe that in the last step we have relaxed the esti-

mate so that every term is of the optimal size O(e/?).
It now suffices to consider the difference

—[D:¢, H]i_a"'[Dt{ H]‘sE = —[D; ,H]i—“ — (D, — Dy)¢, H]i—“
To = 1 1
_[Dl§7 H]_ - [Dt§9 H]EO( (_ - “’_)
got {a ;a
- Eq
—[DzC,H—H]E—

Estimating each of these terms in H* using Proposition 2.3, we sum the bounds under
the assumption of (2.18) to find by Corollary 4.1 that for s > 4:

b —bllys < CE? + CeEN? +€5/2)
+CE/EY? +€) + Cllb— bl s (5 +€)
+CeEsl/ + Ce(e3+ES1/2)el/2
<cC (E +eEN 4 5/2) +Cllb — bl s (€ + ),

and so choosing €( and § so that the coefficient C (e + ) of ||b — b| s on the right-hand
side is less than % for all € < ¢ yields the bound

b —bllgs < C(E +eEV? 4 5/2), 4.8)
where the constant C = C(S(Tp), || B|| s++). From this bound and (3.25) we also have

1Bl < € (B2 +€¥2). 4.9)
Step 2.. Controlling D;(b—b) by Ey, €, and a small multiple ofD,Zr. To control D, (b—b),
we write
(I =)Dy (b —b) = (I = H)Db — (I = ) D)
+(H — ) Db — (I — H) (b — b)dyb.
By Step 1 and Corollary 4.1 we have that

(I — H) (b — b)dybllgs < C(Es +€EY? + &5/
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and
I(H — H)Dibllgs < C(€+EJ) () < CeE} + &5/,

where the constant C depends only on G(7p) and || B|| gs+4. To estimate the remaining
terms we appeal to the formula (2.17):

3¢ (2b — D¢ Cy—
(I — H)Dyb = [ Dyt m({_@ _ D2, He L
1 Dit(@) — DB\ ~
. — 1)dB.
+m‘/( (@ —<(B) ) €pt®) = Lap

By a multiscale calculation, the term (I — H)D;b has the property that the residual
quantity

00(2b — DT)  are - T —1

(I —H)D;b — [DyZ, H];— [DF¢, HI ;
~ ~ ~ ~ 2
1 (D@ -DiBY =
—— T Cp(B) — 1P
i ( C@) —Z(B) ) g

is of size O(e*). Therefore it suffices to estimate the difference between each term in
(2.17) with its approximate analogue. We may estimate the first such difference crudely,
since by Step 1 we have that

by -~~~ by
[DIC,H]? —[D:ig. Hl=

o S

H*

<~ ~ by
+||[Drg, H]=—

o

[Dl§7 H]

(b —b)q
¢

o

by
+ [DtC,H]g—

H* H*
< C(Es +€EY? + 52 + C863/% 4+ Cel/265/2
< C(E; +€E? + 3%,

HS

where the constant C depends only on &(7p) and || B|| ys+4, and where we estimated the
commutator [D;¢, H]?—z term-by-term. The estimate of the difference
DT~ - - Dl

o té‘ _ [sz,H] oz~ t{

o o

[D:¢, H]

proceeds by decomposing in the same manner as in Step 1, and yields the bound C (E; +
eEV 45 o
Next, by writing D;¢ = D;r + (b — b)¢, + D; ¢, the remaining singular integrals
1 (Dt;(oo — Dyt (B)
mi () = ¢(B)

1 (b,E(oo — D/Z(B)

2
) T p(B) — dp

i

2
—— 2 - (€g(B) — 1d,
Z@) —(B) ) £pP) = Dap
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/2

are controlled in H* with Proposition 2.3 by C(E; + € E V2 4 €5/ 2). Finally we address

the difference

- [D?Z, H]g

o o

Ca

[D?¢, H]>-—

Again decomposing in the fashion of Step 1, we arrive at a sum of commutators all

controlled in H® by C(E; + €Ej; V2ies) %) except for two commutators. The first is

Z(x_l

o

[D?r, H]

which is controlled in H* by (E}/* + €)||D?r || s The second is

Ca

o

(D — D))¢, HI

=[(Di6 =) &t b= b) (Dida+0.D:7) 1] S,
which has been expanded using (3.30), and is controlled in H® by

C8||Dy(b — b)| s + C(Es +€EV? 4+ €5/%).
Summing all of these estimates, we therefore have for § chosen sufficiently small that

ID(b—b) |5 < C(Es+€E)* +2) + C(Ey> + )| D¥rllgs.  (4.10)

Step 3. Controlling A — A in terms of Ey, €, and a small multiple of Dt2r. Since A =1
by (3.26), it suffices to control A — 1 in H®. The right-hand side of the formula (3.26)
consists of terms that are almost the same as those in the formula (2.17) for D;b, and so
the same methods of estimation will apply. However, from § 3.3 we know that Ay = 0,
and so we will want to decompose the right-hand side of the formula (2.14) so that it is
easily seen that the pure O (€2) contribution vanishes. From (2.14) we have

(I —H)(A—1) =i[D?¢, H]g‘)‘ -1 +i[ Dy, H]a uDit

o o

=11+ D.

Decomposing the difference corresponding to I as in Step 2, we have

0o D
[Dt{, H]

— SC(EX+EESI/2+65/2),
Sa e

HS

where C = C(&(1p), || B|| ys+)- The difference corresponding to /1 is decomposed as
follows:

[D7¢. H] i — D¢, H]E—“ D7, H]i—“+[(D2 DY, H]ff‘

o o o o

+[D?E,H](i—“ — S—"‘)+[D2; H— H]2% é”‘

o o é‘oz
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Note that in the expression ng:, five derivatives fall on B through ¢ ), and so we need
five extra derivatives on B to bound D,ZE in H*. Using Step 1 and Corollary 4.1 then
gives

B, 72z ok
[D7¢, H]{—“ — (DXL, HIZE

o o

< C(E; +€E\? + 52

HS

+C (e+ E) (1DFrllas + 1016 = B) s )

where C = C(S&(Tp), || B|| ys+s). Now since a multiscale calculation shows that the
function
e 0D e -
(5.8, 2L 4 1527, 7y e

L %

consists only of terms of order O(e?), the highest number of derivatives appearing is
through the term H»32¢® which contains five derivatives of B. This residual is thus

controlled in H* by C(|| B| Hs+5)65/ 2. Combining these estimates, we can choose € and
d sufficiently small so as to arrive at the following estimate for A — A:

1A= Al = € (Eg+ B+ /) 4 C (€4 EZ) (1D s + 1D (b = Bl ).

Now using Step 2 and possibly choosing § and €y smaller still allows us to give the
following preliminary bound for A — A:

IA— Allgs <C (Es +eEV? 4 65/2) +C (e + E‘J”) 1D llgs. (4.11)

Step 4. Bounding thr in terms of Es, €, and a small multiple of A — A. We start by
deriving a formula for thr. Changing variables via U,.-1 in (1.2) yields the equation
P¢ = —i and so decomposing as & = £ +r yields

Pr = —i — Pa — PE
—i — (Dib —iA) — (P — P)E — P&
= —Dib+i(A—1)— (P —P)E — PE,

and so
D?r —iry =i(A— 1)(1+&,) — (D> — D?) — PE — D,b. (4.12)

By Proposition 3.2 we have ||75§~' |75 < Ce>/? with the constant depending on &(Tp)
and || B|| ys+s. Next, using Step 1, (3.30) and (4.11) gives

I(DF = DDE s < CellDib = bl + Ce (Es +€E} +12)

< C?+8)|Dr |y +C (ES +eEN 4 65/2) .
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We also have

ID:bll s < IDi(b — )l s + 11(Dy — Db s + Ce™'?
< C(€"?+8)|D2r| s + C(Ey +€E* + /7).

Finally we have from (4.11) that
IA= D&l < € (Eo+ B+ €52) +Ce' P+ 9)IDFr s
Combining these estimates through (4.12) gives
1D = irellus = € (Es+ B>+ €72) + Ce 2+ )| Dl e
Hence we can choose € and § sufficiently small so that
1Dl < rallis +C (Es +€ By + €52
< C(E{* + €77, (4.13)
where the constant C depends only on &(7p) and || B|| ys+5. Then we immediately have
IA = Allgs < C(Eg +€E{* +&5/?%) (4.14)
by virtue of Step 3, as well as
1D (b — b) || s < C(Ey +€E}> + /) (4.15)
from Step 2. From this last inequality we have
ID:bll ks < C(Es +€Ey? +€2), (4.16)
Note that from (4.12), applying (4.14), (4.16), we also have the estimate
Iralls = C(Eg +€Ey?) < CIDrllgs +Ce¥?,
and hence if we choose § and €( sufficiently small, we conclude that

1/2
E{? < CUIDirll s + |12l ms +€/2). (4.17)

Step 5. Showing that D;p, o and D;o are equivalent to ry and D;r. In the sequel we
will show that the energy constructed from the equations of § 4.1 is bounded below by
the sum

A
DDzl + 1D 2.
n=0

Therefore, this energy will control E; provided we can show that E; is bounded above
by this sum. We will show that this is the case with the following three claims:
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Claim 1. For s > 4 we have, for § and € < ¢( chosen sufficiently small, that
IDirlls < Clio s + C@ +€) g + Ce™?
and
lollms < CE? +Ce¥2,

Proof of Claim 1. Denote . = L1D,(I — H)& — %[),(I — H)E. First consider the
difference

D,r — j = D[E el %D[(l —H)%‘
- o~ 1 -~ -~ o~
—D;€ + EDI(I - H)é
—(D; — D&
= %D,(H+7T()$
- o~ 1 -~ -~ o~
—Dt§+§Dt(l—H)§
—(b — b)&,. (4.18)

By Step 1 we have that || (b — b)éallys < C(E; + ¢EV? + €5/2), and by a multiscale
calculation we have that ||Dt$ — §D,(I — 'H)§||H: < Ce>/%. The final term can be
expanded as

1 o o
—Dz(H+H)§——[DzC H]§—+ [Dig, H]§—+ (H+H)Dé.

o

Decomposing these terms as in Step 1 yields a sum of terms all bounded in H* by

C(Es+ eES1 / 2). The only terms which are not immediately O(e>/?) after this decompo-
sition are

—wiﬁ?+<mem

™

whose leading O (¢2) term is

1 1
—@ﬂmm%-#kﬁ—

Hence, we have
IDir — g < C(Es +€EY? +€5/2).
We can further write

1
Dir — o = Dyr — 5(1 —H)I

1 — 1 —
5(1 — H)D;r + E(H + H)D;r

+%(1 - H)(Dﬂ" — j)
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which by virtue of (4.3) and the above bound on D;r — .# yields
IDir — o llps < C(Es +€Ey* +65/2).
Hence for sufficiently small § and € the claim follows. O

Claim 2. Given s > 4, then for § and € < € chosen sufficiently small we have for all
n=20,1,...,s that

N
ID?rlls < C > ID 3o |2 + Cle +8)Ey + e
n=0
and
N

S IDdloll 2 < CE? + ce™2.

n=0
Proof of Claim 2. First note that for everyn =0, 1, ..., s we have

3"D>r — D,;3"0 = 3" (D*r — Dyo) — [b, 8! 104.

The latter term can be easily estimated by C (ESl 2 4 &3 2)2 using the product rule,
Claim 1, and Step 1. Therefore it suffices to bound thr — D,o in H*. Again denote

7 = LD,(I = H)e — D,(I — H)E, sothato = %(I — 'H).#. We first write

thr — Do

1
D?r — S Dl = H).S

1 — 1 — 1
EDT(I —H)D,r+§Dl(H+H)Dtr+§D,(I _H) (Dtr _ﬂ)

1 _ 1 _ 1 )
ED,(I —H)D,r + 5D,(H +H)D,r — 5[D,;, H]g—a(Dtr — )

+%(1 —H) (Dfr - D,J) .

All of the terms except the last are appropriately bounded in H*, by (4.3), Lemma 2.1,
Claim 1, and Proposition 2.3. Hence it suffices to estimate thr — D;.% in HS. We have
by (4.18) that

D*r — D,.J = %Df(?—”ﬂ)s
J 1 -~ -~
=Dy(Di& = 5 DI = H)é)
—D;((b — b)&y).

The last two terms are controlled by C(E; + eEsl/2 +¢>/?) by Step 1, (4.15) and by a
multiscale calculation. Using Proposition 2.1 we can write

D2(H + F)E = [D. H]i—"‘ +2[ Dy, Hy e

o o

2
) £5(B)dp + DT, ﬁ]?—“

o

1 (D,aa) — Dit(B)
i @ —¢(B)
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oz A1 [ (o0 itn
z i (@) —¢(B)

o

2
) &p(B)dp
+(H +H)D?¢.

Now we effect the usual decomposition of all of these terms. The terms which are not
of size O(e%/?) are

—() 77 =) 77 1 =
Ez[;totov HO]CO(((I)) + 262[(1() ’ HO]CO(togQ + EZH é‘tgté
—() 77 —(1) 77 1 =) 7 1
= T HolelD +2€2120)  Holeson + €, Hole

=0.
This completes the estimate of the term thr — D,.7, and hence the claim. O
Claim 3. Given s > 4, for § and € < ¢ chosen sufficiently small, we have for all
n=20,1,...,s that

S
172
1Dl = €Y IDgpl 2+ C (Ey+ By +e57).
n=0

Proof of Claim 3. First observe that we can write

1 1 1 o
Dir — EDz(I —H)r Dir — 5(1 — H)Dyr + E[Dté"H]r_

g

1 — 1 — 1 Ta
5(1 —H)Dtr+§(H+H)Dtr+E[D[§9 H]é__av

and thus
n n n 1 n 1 n
0y Dir — D0, p = 0, Dir — EaaDt(I —Hr — E[b’ 9,10, (I — H)r

- 1 1 .
= 82 (z(] _H)D[V‘F §(H+H)D,r + E[Dtg, H]r—)

Ca
33 () ) it -0n).

J

Taking the L? norm of this equation, using (4.3) and summing over n = 0,1,...,s
yields

)
1Dl < € D7D pll 2+ C (Ey+ B +52),
n=0

and so the claim follows. 0O
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Summary of estimates Hence we have shown that for s > 4, there exists an ¢y > 0 and
a § > 0 so that if (2.18) holds, then for all 0 < € < €, the quantity b is bounded in H*

by C(Esl/2 +€3/2), and the quantities
b—b, A—A  Di(b—b), Db

are bounded in H® by C (ES + eESI/2 + 65/2), where the constant C depends only on
&(Tp) and || B]| ys+7. It is also useful to note that under the same conditions,

Iball grs—1 < 16 = Bllgs + 1ball go—1 < C(Ey +€ES> +&5/7). (4.19)

Finally, from Step 4 we have that for § and €( sufficiently small,

1/2
C1(IDyrll s + |1 D2 rll s — €/%) < E{/* < Co(IDir | s + | D2rllms +€7/%); (4.20)

from Step 5 and (4.17) we have that for § and €( sufficiently small,

N
1/2
E? < C> (Dol 2 + 1D || 12) + Ce¥/2,

n=0 4.21)

N
lollas + I Deoll s + D 1D 3o || 2 < CE{* + Ce32,
n=0

4.4. The estimates of the cubic nonlinearities in the equations for the remainder. Now
that we have satisfactory estimates of the remainders of the auxiliary quantities, we can
show that the right-hand sides of (4.5) and (4.6) are sufficiently small to provide suitable
energy estimates. We begin by controlling the quantities appearing in the right-hand side
of (4.5).

Proposition 4.2. Let s > 4 be given. Then there exist €q, 8 so that if (2.18) holds, then
forall e < €,

IPolls = C (B +eby+ B +77),
where the constant C = C(&(Tp), || Bl gs+7)-
Proof. By (4.5) we must estimate the terms
(G —G) = (I = H)(P = P)E + (H — H)PE — [P, HIE

+2 [D,;, H{i +ﬁ_i} 9 DiE +2[Dy2, ﬂ]?—“ +2[D,¢, H] a"‘ED’r

o o o o

L/ (D,c«x) — DL (p)
i C(@) —¢(B)

We estimate these terms in steps. We make the blanket assumption that all constants C
may depend on &(7p) and || B|| gs+7-

2
) E5(B) dp.
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Step 1. We collect in this step terms with immediate bounds. We have already seen
though Proposition 3.2 that ||[P, €| zs < Ce’/?. We also have by Corollary 4.1 that

| = FyPEllas < Ce + EYIPE I = € (B +€72).
By (3.31) and the estimates we obtained in Sect. 4.3, we have
I = H)(P = P)Ells < C (¢Ey+ B 472,

Next,

— duy(b—Db
[sz,H](z—)

o

be — by
= [Dig, Hl=

o

H [D;¢, H] = +

o HS

HS
<cC (EY”2 + e) (ES +eE? 4 65/2)

<C (ES/2 +eE, +2EN? +e7/2) ,

HS

where as usual we estimated the former term with Proposition 2.3 and the latter term
crudely in H*. By (4.3), (4.4) and Corollary 4.1 we have

B
HZ[DIC, H]_—D,r

o

— Oy _
[D;¢, H]E_(I — H)D;r

HS H o Hs
<C (Eg/2 +e) (ES +6E;/2 +65/2)

<C (Ef/2 +eE, +2EV & 67/2) .

Step 2. Next we consider the integral

1 (DzC(Ot) — D3 (B)

2
— g dB.
i (@) — ¢(B) ) 56 (B) b

Since this integral is cubic, the only way it will contribute a term larger than O(¢’/?) is
if it contributes a term independent of r of order O (€3). To see that this does not occur,
we decompose the integral in the same way as in Step 2 of § 4.3.
Decomposing the differences in the numerator of the integrand by writing
Di¢ = Dyr + (b= b)ou + Dit
yields a sum of integrals depending on r or b — b which are controlled in H* by

c (eEs +62E§/2) ,

as well as the following integral:

1 (D@ — DB
wi @) = ¢(B)

2
) E5(B) dp.
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Next, decomposing the differences in the denominator of this integral via the identity

1 __ §(a) —§(B)
(@ —=¢B) a=p (@ —=Lp)(@—=p)

yields a sum of integrals controlled in H® by

ce (B + 1)

along with the integral

~ ~ ~ ~ 2
1 [ D@ — D, .
—/( (@ “ﬂ)) E(B) dp.
i oa—p

Expanding D, and &, in powers of € and collecting like powers yields a sum of integrals
controlled by Ce’/? except for the leading term of size O (e®) given by the integral

¢ r(w@-a"®Y o
;/(7 S, (B)dp

= 26 [ tgl)v HO](CtE)B()CD((l)) € [Ctﬁ)l)v [{tf)l)7 HO]]{()E(l)())(Oa

which is also controlled by Ce’/? by Corollary 3.1.

Step 3. 'We turn to the term

[Dtg H—+H }8 D&

/ (Dz{ (@) — Dig(B) (3¢ (a) — IE(B))
¢ (@) = ¢(B)I?
Decomposing the differences in the numerator of the integral as in Step 2 yields a sum of

singular integrals. All but one of these singular integrals depends on r and are controlled
in H® by

dp D& (B) dB.

C (eEs + €2ES1/2 + 67/2) .

The remaining singular integral is given by

aﬂi)tg dﬂ,

2 / (Dig (@) — Dig () (36 (@) —IE(B))
T (@ — B)?

of which the leading term is isolated by expanding =a+eW +e20@ 4203,
yielding

2, /(z;<”<a> & BNEED (@) — 3¢ D)) ()

(a _ ﬂ)2 lOﬂO(ﬂ) dﬁ
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By the same calculation in § 3.3 showing that the /; term of G3 vanished, we see that
this leading term is actually O (¢*) by Corollary 3.1. Therefore only terms of size O (¢*)
appear, and so we have that

H [D,g H—+H ]8aD,§ < C(eE;+2EN? + 1%,

é‘“ ga

HS

Similarly, the same method of decomposition allows us to expand G in the same
way, until the leading term of the part of the decomposition that is independent of r
is apparent. However, this leading term of size O(e?) is by construction equal to G,
with which it cancels. Therefore G — G and hence the whole right-hand side of (4.5) is

bounded in H* by C(E;"* + €E, + 2E;> +7/%). 1
Next we consider the right-hand side of (4.6).

Proposition 4.3. Let s > 4 be given. Then there exist €y > 0 and § > 0 so that if (2.18)
holds, then for all € < ¢,

1Po || s §C< E)? 4 ¢E, +E) 7/2)
where the constant C = C(6&(To), || Bl gs+7)-

Proof. Tt suffices to show that the following terms are O(e’/ 2y:

—8[Di ¢, Hl——

0o Dro +i/ (ch(a) — D:Z(B)
e i ¢(a) —¢(B)
+(I — H)iU, - (3) du(I — H)&

a
—(I = H)(P = P)D,(I — H)é
+i (I — H)bgdo (I — H)E
+(I — H)(D;G — D;G) — (I — H)e*(D;R)
=h+bh+L3+14+ 15+ 1+ I7.

2
) op(B)dp

Clearly || I7]| s < Ce’/? and || I5]|gs < Ce’/2. By (3.31), and the estimates of § 4.3 we
have that

sl s < C(Eg +€EY? +5/?)e

< C(E3/ +eEg + 62E1/2 + 67/2).

Using Lemma 2.1 along with Proposition 2.3, we can decompose D;G into a sum of
singular integrals as in Step 2 of § 4.3. Each of these integrals can be bounded by
C(ES/2 +eEg+ ezEsl/z) except for b,é, which has leading term of size O (€%); but then
I is O(¢’/?). Similarly, if we effect the usual decomposition on the right-hand side of
the formula (2.16), we see that the only term not of size O(e>/ 2) is the term

. 1 - 1 M
€221 (160 Pl sy + 164 HolEquny ) = 0
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and hence that |I3]lps < C(EY* + €E, + €2EV* + €7/2). By Step 5 of § 4.3 and

Proposition 2.3 we estimate I as
1/2
IBlms < CES™ +&)llous
< C(E? + X(EV? + /7

< C(E)? +€Es+ PR+ 777,
The only term left to estimate is /. We first write

9y D 9y D?
9 b, H122 LoDy, H)

o o §a

9y (D;o — D?
2D, H] Su(Dyo = DiT),

and by Step 5 of § 4.3 we have that the latter term is bounded by C(Eg’/2 +eE; +€2E; 24
€’/2) in H*. Next we have
3o D? 1 1 — 3, D?
2[Dyg, H] “C A [Dtg, H{— + H_—} 3o DFr — 2[ D2, H] “E el

o o o

o

and the former term is bounded in H® by C(E;Q’/2 +eEg + ezEslﬂ). Of the latter term

we write using Proposition 2.1 that

— aanr — — Bathr — Oy )
2[Di¢, H]— =[(I +H)D;¢, H] z = [D:¢, H1=—U — H)D;r.

o o o

Finally, we have by (4.3) that

_ — 0qD,
(I = H)D?r = [Dyg, HI

o

+D, (= = H)D,E = (1 = F)(D; = D) + (H = FOD:E) .

Therefore || (I —H) D?r || ys < C(Es+e E)/?+€5/2), from which the proposition follows.

O

4.5. Construction of the energy for the remainder. Inthis section we construct the energy
corresponding to Eqgs. (4.5) and (4.6). We then show that this energy obeys a differential
inequality which yields a priori bounds on a O(¢~2) time scale. The energy so con-
structed will control the quantity ||D,r||%_1s + ||D,2r||%{;, and hence by (4.17) it follows
that for sufficiently small energies also yields suitable bounds on Ej.

Bounds on the equations for the derivatives We must first show that the nonlinearities
in the corresponding equations for the derivatives are appropriately bounded in L2.

Proposition 4.4. Let s > 4 and 1 < n < s be given. Then there exist g > 0 and § > 0
so that if (2.18) holds, then for all ¢ < €q, if ® = p, o, then

[P3Ol,2 < C(E}* +€Es + 2E,* +7/%),

where C depends only on S(Ty) and || B|| gs+7.
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Proof. Let ® = p, o as above. Observe that for any n > 1 we can write

n
PO = opPO — > 01/ [3,. P13] ' ©.
j=1
Using the identity
[80, P1 = {80 (Dib — i (A — 1))} 8 + 256 D, e, (4.22)

we rewrite as

n
PO = 8. PO — > oL (ao, (Db —i(A— 1))8({@)
j=1

n
—2> " 00 (bu D13]©).
j=1

Now using the identity

J
D3 = 8Dy — > 817 [0, D13}
=1
. J .
= 09)Di — > 87 (badl) (4.23)
=1
we have by the product rule, Steps 2 and 3 of § 4.3, (4.19) and Proposition 4.2 that for
alll <n <y,
1P, ®ll2 < CIIPO| s
+C|IDib — i(A = Dl 10O s-1
+Cl[ball gs-1 (1D Ol s + 10Ol pgs-1)

<cC (E?/2 +eE, + 2BV + 57/2) ,
where the last inequality follows from Step 5 of § 4.3. O

Construction of the energy and the energy inequality. Now that we have shown that
the equations for the derivatives of the quantities in (4.5) and (4.6) also have O
nonlinearities, we can construct the energies corresponding to these equations. Since the
principal operator of (4.5) and (4.6) is P, we can use the same construction given by
Lemma 4.1 of [15] to construct our energy; we record this lemma here for convenience.

Proposition 4.5 (cf. Lemma4.1 of [15]). Suppose that a function ® € C°([0, T1; H/?)n
Cl([0, T1; L?) is given satisfying PO = 4. Define

&(t) == / %w,@(a, D2 +i0(, )0y, t)da.

Then

/A (@D,® ,14K (%)|D,@|2da.
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Moreover if ® is the trace of a holomorphic function on Q ()€, i.e., if ® = %(1 —-H)O,
then

/i@@ado{ = —/i@@ado{ > 0.

For brevity, we introduce the quantities
o™ :=d"p and o™ :=dl0. (4.24)

We cannot use the second part of Proposition 4.5 directly for n > 0 since p and ¢
need not be the trace of a holomorphic function on €2(¢)¢. Hence we further introduce
the notation

o — %(1 )™ + %(, FH)P™ = g 4 R,

" | (4.25)
o™ = S = Hyo ™ + S+ Hyo™ = ™ 4+ W,
Consider now the case 0 < n < s. Define
1 _
£,(1) = / 10 p™P +ip™e do (4.26)
and
1
Fot) = / Z|D,a(”)|2 +ic™E" da. (4.27)

We must show that the parts contributed by " to the energy inequality by the parts of
these terms that are antiholomorphic in €2 (t)C are at most of size O ().

Observe first that we can write
1
R = ST +H9p
1< . .
—8"(1 HHU = Hyr — 2 > 05 Lo 119"

j=1

1< . ag,p
— n—j _ _—
=-3 Zlaa [co — 1, H] o (4.28)

and so R™ is bounded by C(E, + €EL’? + €3/2) in L2. Writing ™ = p™ — R® in
&p yields
1 .
= [ 1D i de i [ R S ROG + ROR de

Differentiating this with respect to ¢ and integrating by parts yields
dé&,

= [ 2 (0o - ZUt (2) 106" d

(n) (n)

+23 / RWEW 1 o™MRY 4 RORY da. (4.29)
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We want to show that the right-hand side of this inequality is O(e). By Proposition 4.4
and (2.16) it is clear that the first integral is O(€?), and so it suffices to show that the
second integral is of size O(ed).

The arguments for handling the first two terms rely on the fact that ¢ and R are
almost orthogonal in L2, and so the arguments showing these terms are small are similar

to each other, so we will only consider the term Rt(")q_bgl). We have
3 R™

n 1 n ! " z
R = S+ R = S0+ HOR + L6, M1~ —.
o

and since the latter term is O(e/?), it suffices to consider only the former term.
Likewise, recalling that the adjoint’ H* of the Hilbert transform satisfies the iden-
tity H* f = —¢oH(f/Ca), the identity [H, 0y /o] = O of Proposition 2.1 implies that

doH = —H*9,, and so we can write 527) as

—(n)

o, —a (I —H)d"p = -(1 +HOHIp.

But now, using the usual L? pairing10 (, ), we have
<(1 +HR™, (1 +Ho 5 > (HR(’” (I +HH5 >

+ <R§"), HU+H )a{;”ﬁ>

1 ) )
S(H+PR".5,).
Therefore

(n)
/ R™G da / — W (H+HYR™ dor + / qb(")[g,,H] ? da,

o
and so these integrals are bounded by
CE(E)? +e)(Eg+€E) + 9% < C(E2 +€E)? + 2Eg + €7/,
From (4.28), estimating as usual gives the bound of RS and R in L2 of C (Es+¢ E, 2y
and C(Es+€E sl 2 4e/ 2, respectively. Summing these bounds, we have that (4.29) reads
dé&,

< C(E2+€E)? +®Es + "2 E{™).

If we try to apply the same argument to F;, as we just did to &,, we find that < ” has an
extra half-derivative than can be controlled by the energy, since F,, consists of quantltles
with one time derivative more than the quantities comprising &,. Now

dFn _ [ 20 (p=mp m)_ L,-1(% )2
7 —/Z.‘h (D[U Po )— ‘/_4UK (E) |DIO‘ | dO{,

9 The adjoint 7* of a linear operator 7T : L% — L2 is defined by [ fT*(g)da = [gT(f)da for all
- L2
figelL”.
10 Here we use the real inner product (f, g) = [ f gda for f, g € L.
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which by Step 5 of § 4.3 and Proposition 4.4 implies

dF,
dt

< C(E}+€E)? +EE +PE)? + 9.

Hence we need only show that the quantity , itself is bounded below by || D;o ™ ||i2

up to a term of size O(d), forn =0, ...,s. By writing o™ = 1//(") + 8™ we can use
Proposition 4.5 to estimate

1
Fn =/—|D,a(n)|2+io(")8l(1")doc
A
1 )2 WS | ™ cmg®
> 71|D,a [“da — | | v'"'S,” +S¢, +SS, da|.
Now, as with R, we can rewrite
w1 o Our g j=1
S :_5(1+H);aa [;a—l,H]C—aaa o,

1 Z , O
SM = —5 U =M Do g — 1, H]g_—"a(-;—la.
j=1 “
From the above formula for ¥ we see that w&") has one more spatial derivative than

the energy provides. However, if we integrate by parts and use Step 5 of § 4.3, we can
estimate

1 _ _ _
Fp > /Z|D,a<">|2da - ‘/ Y WS _ sy 4 s g

1
> /Z|D,a(")|2d(x — CS(EV? + 5172

1
> /Z|Dt0(")|2doc — C8(E; +€).

If we set

N
E=D(En+F) (4.30)
n=0
and if we choose § sufficiently small, then we have by (4.21) that

EV? < ceV? 4 S,

Thus if we choose € and § still smaller, we have from the inequality

s
ds, dF,
2. ( @t d,n) < C(EX+€E)? + EE, +PE? + 65)
n=0

that the following lemma is demonstrated:
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Lemma 4.3. Let £ be defined as in (4.30). Then there exists an g > 0 and a § > 0 so
that if (2.18) holds, then there is a constant C = C(€q, 6) so that for all € < €,

() EJ? < CEee,
) € < C(E*+eE32+ 26+ 672612 1 €5),

where the constants C depend only on €y and §.

A priori bounds on the remainder energy. Now we can derive a priori bounds from the
energy inequality derived in the last section.

Proposition 4.6. Lets > 4, 7, B € H s+7 pe given, let €q, § be given. Let Ty be a time
so that (2.18) hold. Suppose further that £(0) = Moe>. Then there is a possibly smaller
€0 = €0(T, My, 8, || Bol| pys+7) s0 that for all 0 < € < €y and 0 < t < min(Tp, € >.7)
we have E(t) < Ce3, where the constant C = C(T, My, 3, 1 Bol| gs+7)-

Proof. Let Cy be the constant appearing in Lemma 4.3. Define S(T') = supy, 1 £(?).
Then for any T € [0, min(Tp, € ~>.7)] we have for all ¢ € [0, T'] that

d
d—f(t) < Co (520) + €832y + £y + 72V () + ef’)

<G (S(T) +eS(T)V2 + 62) E(t) + Co(e72S(T)/? + €5).

Solving this differential inequality for 0 <t < T gives

72 12, .6
"28(T)'? + € )eCO(S(T)+eS(T)1/2+62)t

£0 = (5(0) S +eS(T) P+

and so taking the supremum over [0, T'] gives for all T < min(7p, €7 2.7) that

67/28(T)1/2+€6 12,2
S(T £ Co(S(T)+eS(T)!/2+e*)T 431
(= ( ( )+S(T)+eS(T)1/2+62)e (4.31)

We now begin a continuity argument. Let M| be the positive root of the equation
%e‘3c09M1 = Mo+ /M +1.If S(min(Ty, e 2.7)) < M€ then we are done. If not,
let T* < min(Ty, € “2.7) be the first time at which S(T*) = M;e3. Choose € so that
eoM7 < 1. Then we have from (4.31) that

5 7 6
S(T* < (5(0) + 61‘/[—21"'6)6C0(M163+M65/2+62)627
- €

(Mo + /My + 1)e3€07 &3

1
—M1€3,
2

IA

IA

which contradicts the definition of 7*. 0O
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5. Long Time Existence of Wave Packet-like Solutions

We would like to show that for wave packet-like data, the solution of the water wave
system (1.2)—(1.3) exists on the 0(6_2) time scale, and is well approximated by the
wave packet whose modulation evolves according to NLS. Thus far we have found a
globally existing approximation Z, as well as a suitable a priori bound on the energy of
the remainder  for O (e ~2) time scales. Since ¢ does not in general satisfy the water
wave system, the wave packet data (;: (0), D, g: 0, ﬁtzg: (0)) cannot be taken as the initial
data for the water wave system (1.2)—(1.3).

In what follows, we will show that there is data for the water wave system that is
within (9(63/ 2) to the wave packet (g: 0, th 0), ﬁtzf (0)). Moreover for all such data,
the solution of the system (1.2)—(1.3) exists on the O (€~2) time scale. The a priori bound
on r gives the estimate of the error between ¢ and the wave packet ¢ on the order O(e3/2)
for time on the O (e~?) scale. The appropriate wave packet approximation to z is then
obtained upon changing coordinates back to the Lagrangian variable.

5.1. Construction of appropriate initial data. Notice that we can parametrize the initial
interface z = z(-, 0) arbitrarily, and that we are only concerned with such data that
Za(-,0) — 1 is O(e'/?). For any initial interface that is a small perturbation of the x-
axis in this sense, (-, 0) : R — R is a diffeomorphism (cf. Lemma 5.3). Hence we
may without loss of generality assume that z = z(-, 0) is initially parametrized so that
k(a, 0) = «, and hence that z(-, 0) = ¢ (-, 0).

In order for (£0. vo, wo) = (£(0), D;£(0), DF£(0)) = (2(0), ;(0), z1(0)) to be data
for a solution z of the water wave system (1.2)—(1.3), we must enforce the compatibility
conditions (I — H)vo = 0 and wo := i Agdygo — i, with the formula for A given
through (2.14) by

. dko . 92 V0
(I — Hey) (Ao — 1) = i[wo, Hepl =2 +i[vo, Hepl ——., (5.1)
aaCO aa§0
where &g := &y + . We therefore define the manifold of initial data for (1.2)—(1.3) or
for (2.7)-(2.11) by

o* = {(&o, vo, wo) : (|Dal"?£0, v0, wo) € HV/? x H* x H¥*1/2,
&0 = Hegrabo, (I — Hegra)Vo =0, wo = iAo(dubo + 1) — i}

with A defined by (5.1).

In the remainder of this section let s > 6 and k& > 0 be fixed, and let an arbi-
trary initial envelope By € H**’ be given. By Theorem 3.1, for any .7 > 0 there is a
B € C([0, 71; H**") which solves (3.20) with initial data B(0) = By. Using (3.24)
we can construct, using this B, an approximate profile g: € C([0, Te~2]; H**®) satis-
fying (3.32) which solves Eqgs. (2.7)—(2.8)—(2.10)—(2.11) up to a residual of size 0(eh),
provided the initial profile  (0) is calculated through By.

As we observed above, we cannot simply take (€(0), D,E 0), 13?2 (0)) as our initial
data for (2.7)—(2.11), as these may not be in the manifold .7*. Since we found in Proposi-
tion 4.6 that a (9(63/ 2) error is acceptable, we construct data for (¢ —«, D;¢, thg) which
lie in the manifold .<7*, and which are also O(e%/2) away from (£(0), D, (0), D?Z(0)).
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Lemma 5.1. For sufficiently small €o(|| Bo| gs+7) > O, there exist functions & € H 5+6
and vy € H** with ¢o = o + & such that for all € < € the following properties hold:

(1) & = 5(1+Hg)E0),

) &0 — E(0)[| ys+s < C(l|Boll gs+7)e>?,

(3) v == 5(I +Hg)) Di £ (0) satisfies [[vo — Di & (0)]| ysss < C(|| Boll yss7)€*,

(4) for (&9, vo) as constructed in parts (1) - (3), wy := i Ay0x o — i, with Agy calculated
by (5.1) satisfies ||wo — €(i@)>¢ D (0)]| ysss < Ce/.

Proof. We prove Part 1 by an iteration argument. Define a sequence of functions
gn(a,t),n = —1,0,1,... along with y,(e,t) := o + g,(c, t) by setting g_; = 0
and forn > —1,

1 — -
gne1 = 5 (1+Hy, )5 (0). (5.2)

Observe first that go = (I + Ho)&(0) and so [|goll ys+s < C (|| Boll gs+7)€/?. Next, as
in the proof of Lemma 4.2, we can write

1 (80 = 91 D@ ~ &0 — 81 D)
=7 = [t (14 ST B ) s
Py L)

n@ =B @ — BN @ — 71 (B)

e
x f(B)dp.

From this formula and Proposition 2.3 we have the estimate

I(Hy, = Hy ) fllgsse < C (Ignll gssss 1gn—1llgs+6) Ign — gn1llgsss | f Il psso

if we can show that y,, and y,,_1 obey the chord-arc condition. However, there indeed
exists some § € (0, %] so that if || g, || gs+6. l|gn—1ll gs+6 < 8, then y,, and y,_ satisfy
the chord-arc condition and the operator norm ||H,, — Hy, | gs+6_, gs+o < Cillgn —
8n—1| gs+s, where Cy is a universal constant. Choose €p so small so that C; ||§(0) | gs+6 <

8 and ||goll ys+s < 38.
It now suffices to prove the following statement by induction: For every n > 0,

1
lgn+1 — gnll gs+s < 55”811 —gn-tllgsts  and gl gste < 8.

By our choice of €y we have already shown the case n = 0. If we assume the above
statement is true for all integers k = 0, 1, ..., n, note that

1 — — -
gn+1 = gull rses = SN (Hy, = Hy, )E O sss

1 — — -
E”Hyn - HV}L—I ”H”G—>H5Jr6 : ”$(O)||HS+6

IA

1
=< §5||gn - gn71||HS+6y

from which the induction statement follows immediately.
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To prove Part 2, we note that since ||£q|| s+6 and €Ol ps+6 do not exceed §, we can
estimate that

8 1 .
150 = @)l gs+6 = S (1 = Hey)E (0) [l s+

2

1 >3 7 < — ~
< QII(H;O — Hz 0)E Ol ggsso + 1 = Hz ))& ()| s
< 8]1€0 — E(0) || o6 + CE/?

from which Part 2 follows. Since the construction of vy is determined by o, Part 3 is
now shown in the same way as was Part 2 once we observe that [)tE(O) € H*** and ﬁ;o
is bounded from H*** to H***.

We now prove Part 4. By the definition of wg we have

wo — €(i)*¢ D (0) = iAgdato — i — e(iw)*¢ D (0)
= i(Ao — Do +i (duto — €ih)cV(0).

Since we are assuming &y and vg are constructed as above, we can write vg = (v —
(i)t M (0) +e(iw)c M (0) € H™ and 8,60 = (060 —€(ik) D (0)) +€ (k)¢ (0) €
H** in the above formula for Ay — 1. As usual, we can isolate the O (¢2) leading term and
see that it vanishes by a multiscale calculation, and what remains gives us the estimate

Ao — 1l sss < C% + Cellwo — € (i) VD (0) | goss.-

But then we have by the above that ||wg — e (iw)>¢ D (0) | o+t < C €3/2 for a sufficiently
small choice of €g. O

Definition. We call (&, vy, wo) a Bo-admissible initial data if (§y, vy, wo) € <7 and
there is a constant C depending only on || By || gs+7 so that

1/2 . 1/2 (1) 1) (1) 3/2
|4Da1 20, v0, wo) = (€Il 2e V), e O, echon| s e
Recall from (4.30) that
N
E=D (En+Fn)
n=0
N
< CO DG plT2 + 1D 172) + 11D ol o + 103 -
n=0
It is clear that for Bp-admissible initial data, we have
£(0) < Cé>. (5.3)

5.2. Long-time existence of ¢ and z. In this section we will make rigorous the existence
and uniqueness of the solutions z and ¢ on the appropriate O (¢ %) time scales. We begin
with the following local well-posedness (cf., [14,15]):

Theorem 5.1. Let n > 5 be given. Suppose that initial data &gy, vo, wo are given so that
802(0) — 1 = dy&g is in H"™1/2, 7,(0) = wq is in H"™'/2, 7,,(0) = wo is in H"; &,
vo, wo satisfy the water wave system: i.e. Vg = Hz)Vo, and wo = iagdyz(0) — i for
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some real valued function ag. Suppose further that 7(0) = o + &y(a), @ € R defines a
chord-arc curve: i.e. there exists v > 0, such that

o+ &o(a) = B —Eo(B)| = vl = BI,  foralla, p €R.

Then there exists a Ty > 0 so that the system (1.2)—(1.3) with initial data z(0) = &y+a,
2:(0) = vo, 74+ (0) = wo has a unique solution z(a, t) for t € [0, Ty] with the property
that there exist constants C = C(Ty, ||194&0 | gn-1/2, |voll gn+i/2, lwollan, v) and p > 0,

1za = L, zes ze) (g0, 7o) =172 x En1/2 Y
< C (19«0l ggn—172 + llvoll gv1/2 + llwoll 7 ) »

and |z(a, t) — z(B, 1) = ula — Bl foralla, B € R, t € [0, Tp].
Moreover, if T* is the supremum over all such Ty, then either T* = oo or

_a-p )= o, G4
Z(a1 t) - Z(ﬁ’ t)

Given this result, we take any Bp-admissible initial data (&g, v, wg) € </° and
use Theorem 5.1 to construct a solution z = z(«, t) on the time interval [0, Tp] with
(za(t) — 1, 2:(t), 21 (1)) € H® x H*' x H*1/2_ Using this solution we construct the
change of variables

lim 'ty 2 n ny + Su
[/,T*(H(Zz ze)lcqo,1, B x H") a#lz

K =2+%(1+@)(1+R)*1(z—2)

on [0, Tp] as in § 2. In order to use this change of variables to control ¢ in terms of z,
we need the following elementary calculus lemma.

Lemma 5.2. Letn > 3, let f € H", and let y € H" be given with y'(a) > c¢o > 0 for
allae € Rand ||y’ — 1| gn-1 < M. Then

M) foyliez = Cleall flz2
@) Wfoylun = CM,collfllan

Proof. First we have

12 12
If oyl = (/|foy|2da) _ (/|f|2‘i—°,‘) < %ufnu

which proves (1). To prove (2), first observe that

13a(f o)z = I ov)¥ Il 2
< Clco)lly Il llfll 2
< Clco)(L+1ly" = U2l f'lIL2-

Now let n > 3 and let 2 < j < n be an integer. By the chain and product rules there
exist polynomials p; ;(y', ..., yU=D) of total degree!! at most j such that

j
03 (for)=(f ey '/ =D+ D(fPoy)pr i .o yV D).
=2

11 This is meant to include both algebraic multiplicity and the number of differentiations. For instance, the
term f”(f')? has total order 4.
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The lemma follows upon estimating the first term with f/ oy in L* and 8(S,j 71)()/’ -1
in L2, and the remaining terms with ) o y in L? by (1) and prjinL®. O

To use this lemma to change from the ¢ quantites back to the z quantities, we need
control of k, — 1 in terms of z, — 1 in HS.

Lemma 5.3. For n > 3, if ||z — llcqo. 1157 s sufficiently small, then |k, —
Ueqo.ro1mam < Cllza — leqo, o) H7)-

Proof. Differentiating (2.3) with respect to o« we get

(I +8) Y z-2)
Za ’

ke =1 =Gy — 1)+ %(1 +9)0,I+8) ' z—2)+ %[Za -1, 9]

Now the lemma follows from Lemma 2.2 and the H” boundedness of the operator §.
O

Since we have chosen initial data that is O(e!/ 2), by Theorem 5.1 there is an interval
[0, To], such that for all ¢+ € [0, Tp], both ||z () — 1||gs and ||z,(¢)||gs are of order
O(e'/?). Also by Lemma 5.3 we have that ||k, — 1] gs is of order O(e!/?). Then for
€ < €y we can choose €g > 0 so small that ||xy — 1||zo < % and ||kq — 1]lgs < 1.
Applying Lemma 5.2, we can choose ¢ sufficiently small so that

Z
Z(t) — s < C | == —1
Ko Hs
< Cliza — Ulgs + Clikg — 1l zs
1
<=6
-2
and
_ 1
DL (Ol st = lze 0ok @)l st < 50

for all times ¢ € [0, Tp], where 6 is the quantity required by (2.18). This now justifies
the a priori bound (2.18) on [0, Tp]. Since we now legitimately have such a bound, all of
the work through Proposition 4.6 now holds on [0, 7p] for § and €y chosen sufficiently
small. We are now ready to prove the main

Theorem 5.2. Let s > 6 and k > 0 be given. Let By € H**', and 7 > 0 be given.
Denote by B(X, T) the solution of (3.20) with initial data B(0) = By, and let ¢V be
defined as in (3.12). Then there exists an €g = €o(|| Bo|| gs+7) > 0 so that for all € < €
the following holds: there exists initial data (&g, vy, wo) € <7° for the system (1.2)—(1.3)

satisfying
(1 Da|"/2€0, vo, wo) — (€| Dy |2c D (0), €21 (0), €5 O || prosisa s pront y v < Moe/?,

andfor all such initial data, there exists a possibly smaller €y = 60(||Bo||2Hs+7, 7, My) >
0so that the system (1.2)—(1.3) has a unique solution z (o, t) with (|Da Y2z — ), z4, z,,)

in the space C([0, Te~2]; H*V/2 x HS*' x H'*1/2) satisfying

1(Za (1) = 1, iz (2), D2E(t)) — (2P (), €V (0), €2V ) s s x s

< CIBollygs+7, T, Mo)e>'? (5.5)
forall0 <t <e27.



866 N. Totz, S. Wu

Proof. Given our initial data, we have shown that there is some time interval [0, 7] on
which a solution to (1.2)—(1.3) exists with that initial data. We have also shown that for
sufficiently small €y the a priori bound (2.18) on ¢ holds and « satisfies ||xkq — 1|z < %
and |[ky — 1|lgs < 1 on [0, Tp]. Now assume that [0, 7*] is the maximum of such
intervals contained in [0, .7 € ~2]. We will show in what follows that 7* = T ¢~2. We
assume now T* < 7 e~2 for otherwise we are done.

First we have by (3.32), (5.3), the estimates in Sect. 4 and Proposition 4.6 that for all
t €[0, T*],

1D @) |15 + 1126 (8) = Ul s + 1D7E (@) s
<D ) a5 + 1€l a5 + D7 @)l 15
(D = DS ls + (D7 = DHE@) s
+C(EV2 4+ /%)
< Ce'l2. (5.6)
In particular, this estimate holds with a constant C independent of 7*.

In order to use this bound on ¢ to in turn control z, we would like to show that the
change of variables « can be constructed in terms of ¢ so that it is controlled inde-
pendently of 7*. This will imply that there are similar a priori estimates for z, and so
the long-time existence with appropriate regularity will then follow from the blow-up

criterion of Theorem 5.1.
We know « («, t) satisfies

k(e,0) =« 5-7)

[K,(a, 1) = bk (a, 1), 1)

with b determined through (2.13). Writing (5.7) in integral form, differentiating with
respect to «, and using Lemma 5.2 then gives the bound

t
ko (1) — Ul gs—1 < / 1 (e (2), Ol gs—1 (1 + e () = Ul 1) dT
0
< Ce' (14 o (1) = Ule o,y 1e-1)) -
Taking the supremum over 0 < ¢ < T™* and choosing ¢ sufficiently small then yield
e = Uleqo, o ms1) < Ce'/2, (5.8)

where the constant C depends on .7, and is independent of T*.
Now on [0, T*], we have that ¢ (x («, t), t) = z(«, t). Hence if we apply Lemma 5.2
we have for ¢ € [0, T*],
lza () — Ulgs—r + Nlze@ s + zee @l s

< € (I8 = U1 + Iica(®) = Higos + 1Dl + I1DFEO)12:)

< Cel?,

and that

oa—pf - 1
2@ —z(B)| T (1 = lIge = Ulzee) (1 — [l — 1l[£o)’

sup
atp
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where the constants C are independent of T*. Thus it follows by the blow-up crite-
ria given in Theorem 5.1 that we can continue the solution z to ¢ € [0, T7] for some
T; > T*.On the other hand, we can choose € so small that for € < ¢, the bounds Ce!/?
in (5.6) and (5.8) are small enough that there exist 7* < T, < Ti, so that on [0, T3],
kg — 1L < %, llke — 1| gs < 1 and the a priori estimate (2.18) holds. This contradicts
the maximality of 7*. Therefore we must have 7% = .7 ¢ 2 and the long time existence
of z follows. The error estimate (5.5) then follows from (5.3) and Proposition 4.6. O

There is still the matter of interpreting this result in more familiar coordinates. Chang-
ing variables by «, we can convert the estimates of the above theorem into estimates in
Lagrangian coordinates:

1 1
IGa — Ka» 260 220) — (€27 01, €2V 0 ke, €2 0 ) s s s < Ce/2. (5.9)

Calculating the asymptotic expansion of z, — 1, z¢, z;; now depends on understanding
k — a. From (5.7) we have that

'
ko, t) —a = / b(k(a, 1), T)dT.
0

Using our estimate of ||[ky — 1] gs < Cel/? and writing the integrand as b = (b — b) +
€2by + €b3 yields the following leading order expression:

'
ko, t) —a = —ka)ez/ |B|?(cax + €', €27)dT + O(e'/?). (5.10)
0

From (5.10), we can obtain and justify asymptotics for 9,3z, z; and z;; without any
additional restriction on the initial data. However, justifying the asymptotics for Rz, — 1
requires an understanding of the asymptotics for k, up to order O(e3/2), which is not
available merely from the estimates given in Theorem 5.2. We therefore leave open the
justification of the modulation approximations for %z, — 1. Note that the leading term
of the right-hand side of (5.10) can be as large as O(1) on times of order O0(e7?), and
so would contribute corrections to the asymptotic formula for %z, — 1.

6. Justification of an Eulerian Version

By imposing some additional mild restrictions on the initial data, we are able to obtain
justifications of the derivative in the space variable of the interface and the trace of the
velocity field on the interface in Eulerian coordinates.'? With further restrictions on the
initial data, we are able to justify the asymptotics for the profile itself. All these reduce
to obtaining an appropriate bound and, in the latter case, asymptotics for R¢ (¢, t) — o in
C([0, T €2]; L?), which can be achieved by introducing another quantity as follows.
Following the proof of Proposition 2.3 of [15], we introduce the velocity potential
@ (x, t) of the fluid in the domain €2 (¢) that satisfies VO = v. Let ¥ («, 1) = O (z(e, 1), 1)
be the trace of ® on the interface X (¢). If we write W = ok !, then the time derivative

12 1n this paper, we consider water waves with velocity tending to zero at the spatial infinity. In this frame-
work, in both the Eulerian and Lagrangian coordinates the linear water wave operator about the flat surface is

3,2 + | D|. Therefore the wave packets travel at the same speed in both coordinate systems.
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of the quantity A := (I — H)W is comparable to the imaginary part of ¢ through the
identity (cf. (2.46) of [15]):

ZaDtg
Cu

We also know by Proposition 2.3 of [15] that A satisfies an evolution equation of the
form

1
Dih=—(I —H)I() — F1DiL H] (6.1)

Pr = — I:thv Hé‘i +ﬁ%j| (Eathé-) + [Dté-,ﬁ] (Dt—aazl)tg)
#D,gIDie, M2~ 2Dig, 1P
! Dit(@) — Dic(B)Y
i DiZ(B) - d
+7‘[i/( (@) —¢(B) ) (D¢ (B) - ¢p(B))dB
o (6.2)

Since G, is of third order and depends only on ¢, — 1, D;¢, D,2§ , we expect that we can
construct an energy from this equation that allows us to bound D, by Ce!/2, provided
the initial energy is bounded by Ce. This is enough to control ||R¢(-, ) — «f ;2 and
justify an Eulerian version of Theorem 5.2. The details are given in Sect. 6.1 below.

However, with further restrictions on the initial data we can justify asymptotics for
the profile itself, and we will devote the remainder of Sect. 6 to this task. Specifically, we
will develop an approximate solution A to (6.2) to the desired order O (e*) and thereby
construct an energy for the remainder / = A — A. As was the case with the quantities
D;p and D,o, such an energy will bound the L? norm of D,l for 0(6_2) times. This
will allow us to justify asymptotics for the profile under reasonable restrictions on the
initial profile and the initial velocity potential restricted to the initial interface.

6.1. Justifying Eulerian asymptotics for derivatives of the profile. Our first task is to
prove the

Lemma 6.1. Suppose that the hypotheses of Theorem 5.2 hold. Suppose further that
&2 < Ce'/? and IvollL2(0)) = Ce'?, where vy is the initial velocity field. Then
IREC, 1) —all2 < CeV? forallt < Te 2

Proof. We begin by deriving conditions under which %(¢) — « is controlled in L. We
can construct the energy corresponding to (6.2):

1 _
L(1) = / Z|Dtx|2 +idhg.

Since X is the trace of a holomorphic function on 2(#), we have by Proposition 4.5 that
||D,)L||i2 < CL(t). Formula (6.1) provides the estimate

DAl 2 — 1T = )2

S IDir+ I = H)I@) .2

< CeN2,
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Clearly we also have ||(I — H)3I¢||;2 < C|l&]| ;2. However, by (2.8) and Lemma 2.2,
we conversely have that

1§02 < I = HOREN 22 + 136 1| .2
= (I = H)I& L2 + 19§ [l 2
= Clld — )&l 2
< CcL'?+ e,

Hence it suffices to show that £() is O (€) wheneverr < 7€ ~2. Now by Proposition 4.5
and Theorem 5.2 the energy L satisfies

% <celPL? v céle,

dt
therefore

drh/?

< celrycerLl?,
dt

Solving this inequality gives us that
sup  L)'? < cL)'/?+ce'/?.
0<t<Te2

Hence the question now reduces to asking which conditions on the initial data imply
that £(0) is O(¢). We first have that

/—|D,Ao|2da < CIDol2, < (ol 2 + CeS/2)2,

and so to control this part of £(0) it suffices to take ||&p|l ;2 < Cell2,

The second part of £(0) takes more work. Recall that our parametrization for the
initial data was chosen so that ¢ (0) = z(0). Let v, Ao, etc., be the initial values of ¥/,
A, etc., respectively. To estimate the second part of £(0), we follow the discussion of
initial data in Sect. 5.1 of [15]. Observe that we can choose a function E(y holomorphic
in ©(0) for which 9(Eg) o ¢y = Wy, specifically Eg o &y = (I + He) (I + IC;O)_I\IIO;
such a function will satisfy 9, Eg = V. Since we have the operator identity

I-H)—I+H)I+K) "'=—-U+H)IT+K)"'K,
it follows that
20 — 8o oo = —(I +Hg) I +Kgy) ' Kgy Wo.

Observe that we can control derivatives of W but not W itself; however, the expresswn
for K¢y Wo contains an extra derivative. Write zj = (1 — 7)o + ¢, SO Zo = ¢o and

zo = ¢o. Then by the Fundamental Theorem of Calculus we have

IC{O

1 — 1
E(HO +Ho) = _E(HZ(I) — Hzg)

1 1
—5/0 8. Hgdt

1 e
—5/0 B — 0. M) dr
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and so estimating this expression crudely gives the bound ||,y Woll 12 < Cll&o Iz lvoll 22

< Ce,and 50 |[Ag — Eg o Zollz2 < Ce as well. But then we can by Green’s Theorem
write

‘/ i)u()a,,lXQdOl +

<2 ‘/ duro(ho — B o £o)da

< Ce3/2+// Ivo(x)|>dx.
Q(0)

Hence if we choose [[Voll.2(q0)) =< Ce'/?, the lemma follows. O

/i(io £0)0a (E o go)da

We can now prove

Theorem 6.1. Let s > 6 and k > 0 be given. Let By € H* and T > 0 be given.
Denote by B(X, T) the solution of (3.20) with initial data B(0) = By, and let ¢V
be defined as in (3.12). Suppose that the initial interface ¥(0) is given by a graph
{(x, no(x)) : x € R}, the initial velocity is vy, the trace of the initial velocity, acceler-
ation on {(x, no(x)) : x € R} are vo, 1o, which satisfy the compatibility conditions as
stated in Theorem 5.1, and (1o, vg, wo) € H*' x H*' x HS*Y2 with the remainder
estimates

1(1Dx 1210, 00, 0) — €(3D: 22V (0), £V (0), £8P ON) Il gos12 prsvt c pgovi2
<, (6.3)

along with
Inoll,2 < C1e'/? and  |Ivoll 20 < Ca€'/. (6.4)

Then there exists an €y = €o(||Boll ys+7, 7, C1, C2) so that for all € < € the follow-
ing holds: There exists a solution to (1.1) for times 0 < t < T€~2 for which (1)
is given by a graph {(x,n(x,t)) : x € R,t > 0}, the trace of the velocity field on
{(x,n(x,1)) : x € R, t > 0} is given by v(x, t), and which satisfies

\ 1

17(0), 0() — e k9 V), & @)l a5 wms < CBoll g, T, Cr, Co)e??
forall0 <t < Te 2.
Proof. First, we will show that the initial data after being reparametrized by « !, is
Bp-admissible. Once we do, a solution z(«, ) exists as in Theorem 5.2. We must then
show that this solution can be, for possibly smaller €, written as a graph, and we must
give remainder estimates for this graph corresponding to the remainder estimates of ¢
in Theorem 5.2.

We begin by showing that the reparametrized data satisfies the hypotheses of Theo-
rem 5.2. Let yo(, 1) = o +ino(w, ). Let {o(a) = (yp o Kal)(a), where as in (2.3) we
define

1
Ko(@) =To(@) + 5 (I +Hy) (I + Kyo) ™ vo(@) — 7o (a)).

Then if we denote &y := {9 —« as usual, we have (/ —ﬁ;o)éo = 0. This implies that &y =
i(1+He)(I+K¢,) "' S&. By Proposition 3.1 we have ¢ (V' = i (1 +H)3¢ D +O(e3/?).



Rigorous Justification of Modulation Approximation to Water Wave Problem 871

For brevity, temporarily denote || - || := ||| Dg|"/? - || gs+,2. Then by Lemma 5.2 and
interpolation we have
150 — ez DO < i (1 +Hep ) +Kgy) ™" €0 — i(1 +Ho) eV (0)|| + €/
< 158 — 3 D O)[| + | (Hgy — Ho)Se¢ P (0)]| + Ce™?
< Clino = 3¢ PO+ Ce V(0 ok — ¢ V(O] + Ce2.
Since |||l gs+1 < Ccell? by hypothesis, |kg — o gs+1 < Cel/?, and so by the Mean
Value Theorem ||V (0) o kg — ¢V (0)|| < Ce!/2. But then || — ez (D (0)|| < Ce3/?

follows from |ng — Jez D (0)|| < Ce¥/2.
Letvg =vp o Ko_l, wo = g o Ko_l. By Lemma 5.2, we also have

lvo — €iwt V(O g1 < Ce¥2,
lwo + ek M (0)[| yss12 < Ce¥/2.
This gives Bp-admissible initial data, and so by Theorem 5.2 there exists a solution to
the ¢ system with justified asymptotics.
We must now show that we can give Eulerian estimates for the remainders of this

solution. Since ¢ and z parametrize the same interface X (¢), it suffices to write { = x+iy,
where

x =x(a, 1) = a+Né(a, 1), 65)
y =yl 1) = J&(a, ).

For sufficiently small €, X (¢) describes a graph by Lemma 6.1, and so we can invert to
solve for « = a(x, t). Then we wish to justify asymptotics of n(x, t) := y(x(x, 1), t).

The rigorous justifications of the asymptotics for ¢, — 1 and D, ¢ give rise to rigorous
justifications of the quantities 7, and v. The derivations of each are similar, and so we
will focus on 5,. By Theorem 5.2, we have a solution { = x + iy satisfying

I¥a (-, 1) — keRg D (-, Dllps < Ce?

for sufficiently small €y, and € < €g. Since x = «a(x,t) + RE(a(x, 1), 1), we have
immediately that [lay — 1{|ps < C €!/2. Changing variables then gives us

1ya(aC, 1), 1) = kefic D@, 0,0l < Ce¥2.
Moreover, since we would like to take advantage of asymptotics for oy (x) — 1, we write

(1) = 1 = =9 (@(0)arx ()
9 (@() — Ny (@(0)) @ () = 1)
9 (@) + (9 (@ ()N (@) = g (@(x)))

N (@(@) (o (0 + Ny (@) — 1)

from which we have the estimate

lorx () + DMEq (@()) — s < Ce¥/2.
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Next, we estimate the derivative of the graph 7,:
Iya(a(), ) = neC Ollay = lya(a ), Do, 1) — Dl ag
< [ya (@) g o () + R (@ () — 1l g
+C [l ya (e (D) 1125 1l o0
< ce?,
By the Mean Value Theorem and Lemma 6.1, we have that
19%¢ D (@), 1) = RV, 0l
< || B(ea(x) + €w't, €21) — Bex +€w't, €21) | s

+||B(EX +€(,(),t, Ezt)”WS,OC||€i(ka(x)+wt) _ ei(kx+wt)||[—[)§

< 1Bl lle(x) = x| s < Ce'/2,
Thus we have

112G, 1) — keRe VD Dlmy < IneCy 1) = vl Ol ms
+Hya (e (), 1) — keRe D (), Ol g
+let V@), 1) —ec V(¢ Dllgs < C2,

and with a similar argument we also have

oG 1) — eV ¢ )l s = CE¥2.

6.2. The multiscale calculation for W and %. We have two formal calculations to com-
plete. The first is to derive an expansion for the quantity W = v o k! of the form
U =eWD 420 4 3w 5o that it satisfies the transformed version of Bernoulli’s
principle (cf. (2.14) of [15]):

1
DV = —3(2) + 5|Dtc|2 (6.6)

up to the order O(e*). The second is to check whether A = (I — 7‘2)‘1’ satisfies (6.2) up
to the order O (¢*). We will repeatedly use the formula (3.24) for ¢ in the sequel.

6.2.1. Deriving the expansion of V. The O (¢) terms of (6.6) yield13
1 ~
v = -3 )

1.
= ——Be? +cc.
2i

from which we have

1.
v — 2—Be’¢ +cc.+CO(ag, ay, 11, 1).
w

13 Here c.c. represents the complex conjugate of the term immediately preceding it.
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Equating the 0 (€2) terms of (6.6) gives

2 H o~ 1 a
v =~ = 3@+ Sl P

1 1 _ 1
—w' ——Bxe'? +cc.— C\V — 3 ( ik(I —Ho)|B? ) + k|B?
20 2 2

1 . 1 1
(1 2 2
—@Bxe’¢+c.c.—C,] —§k|B| +§k|B|

1 .
—EBXe"b +c.c. — Ct(ll).

To avoid secular terms we set C) = 0 and so arrive at the solution

1 .
@ = —WBXe”” +c.c.+CYag, ar, 11, 1), 6.7)
LKW

and hence determine WD as

1 .
= 2—Be’¢ +c.c. (6.8)
w

Finally, we collect the O (€3) terms of (6.6) together to give the equation

3 2 1 ~ L (=D 2
‘pz(o) = _wt(l = lI't(z) - bz\l—f‘g})) - ‘g(§(3)) +0 (§t0 (Cz(l = é'tf) )))

) | N L =) (1
=0~ —hwl) 3¢+ 0@, o).

We calculate that W, = — oz Bxxe'? +cc.+ Cc? and W) = L Brei +c.c. Recall-

ing from (3.25) that by = —ka|B|* we also have byWl;) = —3ik?B|B|?e'? + c.c. As
for the remaining terms, we can write

| [
3¢ =3 (—EkZB|B|2e it 5 5 =Ho) (BBX))
1 : 1 —
= IszlBlze’d’ +c.e.+ 53( = Ho)(BBx)
1

as well as m(zl(ol);t(ll)) =% (—4iBBx) = 3 (§BBy), and so

—(1 1 ; I = = 1 —
—3C®) + Re(@y ¢V = —4—l_sz|B|2e”/’ +ec.— 23( — Ho)(BBx) + 53(BBy)

1 : v g
_ _Zk23|3|2e1¢ fec + ESHO(BBx)
1
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Summing these terms now gives

3 2 ! —(1)
v =~y ) —pul) 3@ @)+ 0T,
1
= —Bxxe'® +cc. —
8lk2 xx

. 1 — _—
—IkZB|B|Ze”7’ e+ ESHO(BBX)
1

1
o)
1 1 j
C? — —Bre'® +cc.+ =ik*B|B|%!? +c.c.
2w 2

1 1 3 anipi2).i @, &
= (—ﬁBT + — 12 —— Byx + —zk B|B| ) e e+ (_Cn + EJHO(BBx)
1 1 . 1 — —
= —— (2iBy———Bxx+3k*wB|B|* ) e ?+c.c. + ( —CP+=3Ho(BBx)
4iw 2kw 2
1 : 1 — —
== (21‘BT +20" Bxx + 3k2a)B|B|2) e +cc.+ (—C}f)+§sHO(BBX)).
iw
We must choose C® so that C;?) = wXHo(BBy). Therefore

1
c? = Ea)iHO(|B|2).

Since B satisfies the NLS equation 2i By — " Bxx + k*>wB|B|*> = 0, we have that

1/

3 3w
v = -
iw

. k2 )
Byxe'? — TB|B|26’¢ +ec =
1

and so we can take as our solution

3 k2 :
v® = _ T Bxxe'? + %BlBlze’d’ +c.c. (6.9)

Checking the evolution equation for .. Now we would like to use our expansion of W
to check to see whether (6.2) is satisfied up to terms of order O(e*). The O(¢) equation
that we must verify is

(8% — 105 (I — Ho) v = (at% — i84y)(I — Ho) ( Be'® +cc)

2 _ i
= (9 — laao);Bel(p
= 0’
as desired. Similarly, recalling that H" f = [¢™D, H] fu,, it is quick to see that the
O (€?) terms vanish as well:
(0 — 100y) (I — Ho)¥?
+(0p — 19y (—H)W D
+(20y 0y, — i100,) (I — Ho)W D = 0.
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For the O (e3) terms, we must investigate the sum

(0 — 10ay) (I — Ho) ¥
+(0p — 100y (—H )PP
+(@) — i9a) (= H2) WD
+(20y 8y, — 19y) (I — Ho) W@
+(201y 0y, — (0 ) (—H WD

+(207y 0y, + 7 + 2b20ydag) (I — Ho) W

875

where Gf) is the third term in the formal expansion of the cubic term G} in (6.2). We

have

2 . 3
I = (8~ i8y) |~ 55
=0

and

ip k2 2 ¢
Bxxe'¥ + —B|B|e
w

1 .
L= (a% — iaao)(_H(l)) (—meew) +cC.C. + C(z))

. 1 —
= (3 — i) (@(1 — HO)BBX)
=0.

We also have

1 .
Iy = 284y — i0,) (——Bxe’¢ + (I —Ho)c?

2ikw
—iw(I —Ho)IHo(BBx)
Ho(BBx) — Ho(BBx)
2i
= —%a)(l — Ho)(BBx + BBx)

—iw(l —Ho)

and
1 .
Is = (28)8y, — i00))(—H"D) (—Be’¢ +c.c.)
2w

: 1,
= (20,y0y, — zam)zzw(l — Ho)|B|?

1 —
Ew(l — Ho)(BBx + BBy).

)
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Moreover, since B satisfies the NLS equation (3.20),

1 .
Is = (2040, + 0 — 2kw|B|2a,Oaa0)53el¢‘

= (2iB; — o' Bxx + 2k’wB|B|*)e'?
= k*>wB|B|*¢'?.

The remaining terms are more involved. Recall the multiscale operator

HD £ =1cD, Holda, £ + 18P, Holowy £ — [V, HolZ Y By
1
216D 1V Holag, f.
Thus we first have
HPwD = [Be'?, Hy) ( Bxe'? +c. c)
. a7 2 1 . ip
+ zzk(l—Ho)IBI , Ho Elee +c.C.
, . 1 .
—[Be'?, Ho] (ikBe‘¢ (EineW’ + c.c.))
1 i ip 1 i
+E[Be ,[Be'?, Holl ——kae +c.c.
= [Be'?, Ho]( Bye~ ’¢‘)
—Ekw[Be“f’, HollBI?
1. , 1 — .
+=[Be'?, [Be'?, Holl (——kae’¢)
2 2
1 _
= —( —Ho)(BBx)
2w
1 ,
—Ekae“f)(I +Ho)|BI?
1 .
+§kae’¢H0|B|2
1 2 i¢p 1 n
= ——kwB|B|*¢'® + — (I — Ho)(BBx).
2 2w
But then
Iz = (3 — iday)(—HZHwD

= (3 — i) ( kwB|B|*e'? — —(1 — Ho)(BBX))
=0.
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Finally, we turn to calculating Gf). We have by definition that

1 —17 =
GY = - [Dt;, He +HE—} (P249)

= — 3y Dr ¢
+[Dt§»H](Dt§ E )+Dt§[Dt§vH]

o

dDiC

o

2
) (Di&(B) - Ep(B))dP.

—2[D,;,H]M'—W+i/ (Drs“(OO — DL(B)

Sa wi $(a) = ¢(B)
We simplify the formal leading terms of the commutators first. We have that

D HIE Ve ) = KwBel® (1 - Ho) B2

and

—1 i
P16 HolE = KwBe? (I — Ho)| BI2.

o
Also, since g“,f)l) . {t(020 = 0, the third commutator vanishes. We will write the leading
orders of the remaining terms as singular integrals to which we can apply the following
formula:

1 [ (g@) = g(B) (@) — h(p))
— / B f(Brdp

= [g, Hol(ho f) + [h, Hol(8a f) — [g, [h, Holl fa-

Since to leading order, gtgl) . o(lé) = ;Igl) 1+ 0@ = SR({IE)I)) +0(?) = %(gtgl) +
=

o ) + O(€2), we can rewrite the second singular integral above as

(D M av\°
1 Gy (@—=8, (B 1_q) M m=m,Loa o =)
;/(T EC"’ dp=I[&, ", Hol(C1aeS 1, )—E[é“;o &y s HollE gty -
Similarly, the leading order of the first singular integral is

— «— 57 o (B)dp

= 1", Hol @ ey — 17!

1 / ( @ @~ PN @ - E“)(ﬁ»)g(l
0]

—(1
Hol ) ey 120, 17, HoTlg D, -

By extracting the coefficients resulting from differentiation, the first terms of these two
expressions cancel each other. Therefore we are left with the following expression as
the sum of these singular integrals:

1 — —
— 16 16 Ho W g, + 164 18 ol

= kK>wBe'*Hy|B|> — k*wBe'? (1 + Ho)| B
= —k’>wB|B|?¢'?.
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Therefore, summing these calculations gives
Gy = KwBe'® (I + Ho)|B|* + K*wBe'* (I — Ho)| B|* — k*wB|B*¢'?
= k’wB|B|?¢'?.
Therefore we have at last that the O (¢3) terms sum to
1 — _
_Ew(l — Ho)(BBx + BBY)
1 — . .
o = Ho)(BBx + BBx) + k’wB|B|*¢'® — k>wB|B|*¢'®

which exactly cancels. Thus the development of W indeed satisfies (6.2) up to O (e").
Define

U =ew 1 20®@ 4 Sud (6.10)
as well as

A= —-H)W (6.11)

so that PA — Gf) = 0(e*).

6.3. Estimates of the remainder of A. Our goal here is to construct an energy from an
evolution equation for

l=Xx—A (6.12)

This will enable us to show that the quantity D,/ = D, (A — 1) is bounded in L. In turn,
we will control 7 in L2 for O (e~2) times.

6.3.1. Showing that D;l and r are comparable. Following the proof of Lemma 6.1, we
first show that r and (I — H)3J(r) are comparable in L2. First, since (I —H)§ =0by
(2.8), we have by the multiscale calculation of Sect. 3.3 and Corollary 4.1 that

(I = H)F = —(I — H)E = —(H — H)E — (I — H)E = O(¥?).
Hence we have

Irli2 < ClI = H)(r +P) 2 + ClIUT — H)I()]l 2
< C|(I —H)I(r) |2 + Ce>2,

and so

1

ol = C? < (I —=H)IM) 2 < Clirll 2 + Ce2. (6.13)
Turning to D,/ and r, we expand

Dyl = D;\ — DA
= DA — D;& — (D; — Dy)
= Dih — Dih — (b — b)Ay.
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Another multiscale calculation confirms that the residual quantity
Nl PP 1
Did+ (I = H)S@) + 1D, T, HIZ=

o

is of size at most Ce3/2 in L2. Hence, using (6.1), we have that D,/ = —(I — H)J(r) +
O(€3/?). But then this implies the bound

1
ol = Ce? < D2 < Clirll 2 + CeY>. (6.14)

6.3.2. The evolution equation and energy estimates for . We can write immediately
that

Pl =G; — (P —P)r— P
= (G, -G = (P-P)i—(Pi-GY)

from which we have by the usual decompositions and estimates that P! is controlled in

H® by C(ES/2 +ecEg + ezEsl/2 +€7/%) = 0(e7/%). We can now construct the energy

1 > =
ZlDt” +illyda

corresponding to the above evolution equation for /. Since / need not be the trace of a
holomorphic function in €2 (¢)¢, we cannot conclude that this quantity bounds || D,/ ||i2
above. Hence we decompose / as

1 1 — o+
l=-(I—-H)l+=-(I+H):=1"+I".
2 2
The energy
1 —
.i’(t):/z|D,l|2+il_lada

does bound || Dl ||i2 from above, by Lemma 4.5. We would like to show that . /dt <
Ce’. To do so, we write

1 . __
2t =/Z|D,l|2+illada —i/l—l‘; +IL, + T da = L (1) + L (1).

By Lemma 4.5 and (6.14), the time derivative of the first integral is
d
dt

We use the usual almost-orthogonality argument to address the terms of %5 (¢). Observe
that with a change of variables we have

ds d _
d—tz = (—i/l—z‘; +1M, +1+l‘;da)

< C"2|D 1|12 + CEX || Dil |7,

= —i / DT+ DY, + DT + 179D + 170, D1 +170,D,1 da

DAL+ DM, + DM, — 1D — XD —I3D,I dex

~e| —

=23 / DT, + DI, + DI de.
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We calculate that

l+

%(1+H)l
_ %(1 +HYR - D)
- _%(1 +H)(I — H)V

= —%(1 +H)(H — H)P,

from which we have [|I*||;1 < Ce>/2. Via Corollary 4.2 the same formula readily

implies that | D;*|;2 < C €2, and so we clearly have
/ DT da < C€.

The other two terms are controlled by exploiting their almost-orthogonality. Note that
D~ = %(I — H)D,l — %[Dtg, 'H]% and Z; = %(I —ﬂ*)ia. Since we have

loy = kg — A
W, -
= (I - H)“I”a - [Eou H]é'_ — Ag

o

_ R, D -
— ([~ HINEDi7) — [ H]@ ~ e,

we see that the only O (¢) terms contributed are (1 — Ho)m(Eﬁo”) — 0y (I = Ho)W M = .

Hence ||l,||;2 < C €3/2. But then we can rewrite the commutator as a term of third order
as follows:

lo - — Oy
D/, Hl— = | D, H— +H=— |1y — [D;Z, H]=I
[D:¢ ]Ca |: 79 §a+ z :| [D:¢ ]é'

@ o
= [D,{, Hl +ﬁ_i} ly — [D,g,ﬁ]ﬁ—“ (l+ — l(H+ﬂ)l) ,
te &4 la 2
and so ||[D;¢, H]%Ile < Ce’/?. Since N2 < Ce>/? as above, it suffices to estimate
the inner product
(I =H) D, (I =H o) = —(H+H)DL, (I = le)

= —2((H+H)D;l, 1)

< C2| Dyl .
For the second term, we have that D;/* = %(I + H)D,l + %[D,C, H]% and 7; =

%(1 + ﬁ*)ia. The commutator is estimated by ||[D:¢, H]%”m < Ce’/? as before.
Hence it suffices to consider

(I +H)D,l, (I +H ) = (I +H)D,l, (H* +H)l,)

o

= <2D,1+ —[Dy¢, H]éi, (H + ﬁ)*7a>

< C(| Dl 2 + €).
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Summing these estimates, we finally have that
A 5, 12 12, .2 2,3
70) <CE+e€"" L) +e“ L)) < Ce“(e” + Z(1))

whenever 0 < 7 < F ¢~ 2. Therefore

sup  Z(1) < C(Z0) +€).

0<t<Te2

Consequently

Irllco, 7e-21:02) < C(,,%(())l/2 +63/2).

6.4. Justifying the Eulerian asymptotics for the profile. With these preliminaries, we
can now prove

Theorem 6.2. Suppose the remainder hypotheses (6.3) hold, and moreover that the

stronger conditions hold:

o — €3¢V 2 < Ce¥?  and || @o(a +ino(@) — €w 'RV g < C2,
(6.15)

where @ is the initial velocity potential. Then there exists a possibly smaller €y so that
in addition to the conclusions of Theorem 6.1 holding, the profile n satisfies

In(t) — eS¢V @)l s < CUIBollyssr, T, Cy, C2)e™/?
forall0 <t < Te 2.

Proof. As in the proof of Lemma 6.1, it suffices to derive conditions under which
Z(0) = 0(e®). We will show that the quantity

1 _
20 = / I0|Dt10|2 +ilodgloda

is controlled by [|ro|| ;2 and [|®g 0 zg — e 'R¢ V| 121

‘We can control the first term
1
/A—Owtl(on2 < CIIDiol132 < Clliroll 2 +€¥/%)?

by (6.13).
To estimate the other term in .Z(0), observe that we can write [ in terms of ¥ — V7
as follows:

I=-H)V—(—-HWV¥
= —-H)(¥—¥)— (H—-HWT,

14 Ideally one would prefer, in keeping with the weaker conditions given in Theorem 6.1, to bound .Z’(0) by
some difference of the initial velocity fields of the true and approximate solution in the square-mean. However,
since these velocity fields are defined in different domains, we instead give this equivalent condition, which
is more straightforward to state.
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and the latter term is O(e>/?) by Corollary 4.1. Hence we expand our integral as usual:

/ ilodglodor = i / (10 — (= M) (W — %)) dalodo

i [ 8t = e w0 = ) (1 = (1 = ey (0 — ) )

+i /(1 — Hay) (Wo — W0) 3o (I — Hey) (Wo — Wp)da.

The first two of these integrals are 0(64),.since 0 (W — \IJ) = i)t(EaD,;“) — \ilo, is
O(€3/?). Therefore since H is bounded on H /2,13 it follows that

< I(®g o z0) — Ew_lmg(l) ||%_}1/2 +Cée.

‘/ iloaaZOd(x

Hence, if we choose the initial profile and the initial velocity potential ® to satisfy

Iroll2 = €2 and [(®g 0 20) — €™ 9ie Dl = €2,

then .Z(0) < Ce3, and so Supg<;< 72 IrOll2 < Ce3?aswell. O
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