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Abstract: We present an ADHMN:-like construction which generates self-dual string
solutions to the effective MS5-brane worldvolume theory from solutions to the Basu-
Harvey equation. Our construction finds a natural interpretation in terms of gerbes,
which we develop in some detail. We also comment on a possible extension to stacks of
multiple M5-branes.

1. Introduction

There is a close link between certain supersymmetric D-brane configurations and clas-
sical integrability as found in the self-dual Yang-Mills equation and its dimensional
reductions. For example, the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction of
instantons [1] finds a full interpretation within the gauge theoretic description of DO-D4-
brane bound states, see e.g. [2] for a review. Similarly, Nahm’s extension [3-5] of the
ADHM construction to the case of monopoles, the ADHMN construction, is reflected in
the effective description of D1-branes ending on D3-branes [6,7]. In both constructions,
one starts from a Dirac operator and constructs the instanton and monopole solutions
from its zero modes in a straightforward manner. The Dirac operator in turn is fully
determined by solutions to a matrix equation in the ADHM case and solutions to the
Nahm equation, i.e. the dimensional reduction of the self-dual Yang-Mills equation to
one dimension, in the ADHMN case.

It is clearly interesting to look for such a link between integrable field theories and
brane configurations also in M-theory. The obvious starting point here is a configura-
tion of M2-branes ending on an M5-brane, which is obtained from the D1-D3-brane
configuration describing monopoles via T-duality and taking the M-theory limit. For
this configuration, Basu and Harvey [8] suggested a new Nahm-type equation, in which
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the Lie algebra structure is replaced by a 3-Lie algebra.! This Basu-Harvey equation
passed many consistency tests and in particular, it led to the remarkably successful
Bagger-Lambert-Gustavsson (BLG) model [10,11] and its close relative, the Aharony-
Bergman-Jafferis-Maldacena (ABJM) model [12]. We therefore assume that the Basu-
Harvey equation is indeed the appropriate substitute for the Nahm equation.

In this paper, we propose a completion of the picture: We present a Dirac operator
built from solutions to the Basu-Harvey equation and demonstrate how its zero modes
can be used to construct solutions to the self-dual string equation, which is the analogue
of the Bogomolny monopole equation in the case of the M2-M5-brane configuration.
We hope that this construction can help to understand the structures which underlie an
effective description of multiple M5-branes.

Note that an earlier approach to an ADHMN construction for self-dual strings was
suggested by Gustavsson [13]. There, the author worked on an auxiliary space obtained
from the loop space LR*, described by the coordinates o*'(t) = x*(1)%"(r) —
xV(1)xH (1), where x*(tr) € LR*. He then split the auxiliary space up into two by
grouping these six coordinates into pairs of three using the "t Hooft tensors. Eventually,
he proposed to identify self-dual strings with a pair of monopoles living in each of these
two new auxiliary spaces. Our construction, however, is different: We start from a gerbe
over S, which we transgress, together with the self-dual string equation, to a principal
U(1)-bundle over the loop space £S3. The resulting self-dual string equation is different
from the pair of Nahm equations used in [13].

Throughout the paper, we shall try to be mostly self-contained and to give detailed
motivation for our constructions. In Sect. 2, we present some mathematical background
on gerbes before we begin our discussion in Sect. 3 by reviewing the standard ADHMN
construction. Section 4 contains the discussion of our extension of this construction to
self-dual strings and we conclude in Sect. 5. An Appendix reviews metric 3-Lie algebras
and introduces the notion of compatible representations of their associated Lie algebras.

2. Gerbes with Connective Structure

In the following, we review the necessary definitions of a Hitchin-Chatterjee gerbe with
connection; readers familiar with this notion can skip this section. We will focus on
gerbes over S3, as these will motivate our generalization of the ADHMN construction.
Our discussion follows mainly [14] and [15], see also [16] for a standard reference on
gerbes as well as [17]. We also found the webpages of nLab? to be helpful.

2.1. FromU(1)-bundles to gerbes. Consider a principal U(1)-bundle P over a manifold
M andletUd = {U;}be acover of M. The bundle P can be defined by transition functions
which are Cech cocycles3 lgij] € H! (U, C>®(S1)). We can now introduce a connection
V on P by specifying a Cech 1-cochain of u(1)-valued one-forms A; such that on over-
laps U; NUj, wehave A; — A; = dlogg;j. AsdA; —dA; = 0, the curvature F := dA
of the connection V is globally defined. It forms a representative of the Chern class of P
and we have F ¢ H 2(M , 7). Conversely, given a curvature two-form F € H 2(M VAR

! Basu and Harvey actually suggested a matrix algebra closely related to the 3-Lie algebra A4. The useful-
ness of general 3-Lie algebras in this context was first observed in [9].

2 http://ncatlab.org/nlab/show/HomePage.
3 The dependence on the cover is removed as usual by taking direct limits.
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repeated application of the Poincaré Lemma yields a transition function on any overlap
U; N U; representing the class [g;;].

Note also that H! (M, C®(S')) = H2(M, Z), which follows from the long exact
cohomology sequence of the short exact sequence

2wix
0 — Z — C°[R) = ¢>®(sH — 1, 2.1)

the fact that C*°(R) is a fine sheaf (implying Hi(M,C*>®(R)) = 0), and the standard
isomorphism between de Rham and Cech cohomology groups.
Gerbes over manifolds are generalizations of U(1)-bundles in that they correspond to

Cech cocycles [g; ikl € H2(M,C>(S")) or equivalently to elements of the cohomology
class H3(M, 7).

2.2. Local gerbes. It will be sufficient for us to work with surjective submersions
obtained from open covers* of manifolds. That is, if 4/ = (U;) is an open cover of
a manifold, we consider the associated disjoint union of patches,

Yy .= 1{G, x)|x € Ui}, (2.2)

together with the surjective submersion 7 : Yz, — M with 7 (i, x) := x. We will also
need the ordered, p-fold intersections of (not necessarily distinct) patches

Y = Oyl = - = ()} C Y (2.3)

We denote by 7; : YL[{p LN YZEIP ! the obvious projection by dropping the i™ patch.
Note that on the YL[{p ], we have the usual Cech de Rham double complex

0 — QM) 7> Q(vy) > @iy s 2.4)

where § = Zle (—DP _lrri* is the standard Cech differential (in additive notation).
Although we are working with the abelian sheaf C°°(S'), we switch to multiplicative
notation in the following.

A local bundle gerbe over a manifold M is given [14] by a pair (P, Yz;), where
Yy — M is a subjective submersion obtained from a cover ¢/ and P — Y, 1 is a
U(1)-bundle, together with a compatible bundle gerbe multiplication. The latter can be
seen as the analogue of the tensor product of U(1)-bundles.

The bundle gerbe multiplication w yields the following smooth isomorphism of
U(1)-bundles over Y131

w: i (P) @ nf(P) — 75 (P). (2.5)
Given an element on YZEIZ] as (i, j, x), where x € U; N U}, we have explicitly

w5 x),21) @ ((J, k, x), 22) > (G k, x), 212280k (X)) (2.6)

4 This means that we restrict ourselves to local or Hitchin-Chatterjee gerbes.
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for some g;jr € C 2(U, C>°(S")). We now demand that this multiplication is associative
in the following sense: Denote by Py, y, the fibre of P over the point (y1, y2). Then the
diagram

Py vy @ Py vy @ Pyy vy —> Py yy @ Py yy
{ { 2.7
Py .y, ® Py, y, - Py, yy

commutes for any (yi, y2, v3, y4) € Y. This is the case exactly if 8(g) = 1,
i.e. g is a cocycle, as one readily verifies. The role the first Chern class plays for
U(1)-bundles is taken over by the Dixmier-Douady class for gerbes, which corresponds

to H2(M, C*(SY)) = H3(M, 7).

2.3. Connective structures on gerbes. Consider a principal U(1)-bundle with connec-
tion over a manifold M with open cover U = (U;). Its curvature F is a globally defined
2-form, the connection corresponds to a u(1)-valued one-form on each patch U; and on
overlaps U; N U}, we have transition functions f;;. The relations between these are

F=dA; onU; and A; —A; =dlog fi; onU; NU;. (2.8)

On gerbes, we shift these objects by one form degree or, equivalently, by one degree
in their Cech cohomology. That is, we have a global curvature 3-form H, two-forms B;
on the patches U;, one-forms A;; on the intersections U; N U; and functions A;jx on
triple intersections U; N U; N Uy, all taking values in u(1). Up to obvious equivalences,
we can start from H and construct the other objects by the Poincaré Lemma, trading
form degree for Cech degree. Explicitly, the relations between these are

H:dB,' OIIU,', B,'—BjZdAij onUiﬂUj, (29)
Ajj — Ajg +Ajp =dhijp onU; NU; NU. ’
If H e H3(M, Z), then g;jx = exp(ih;jx) is a Cech cocycle. The one-forms A;; are
interpreted as giving rise to connections on the U(1)-bundle over Yg ] defining the gerbe
and A is called a bundle gerbe connection. The two-forms B; are called a curving for
A, and the combined data (A, B) yields a connective structure on the gerbe (P, Yz¢).

2.4. Gerbesover S3. Considernow M = S and let the sphere be covered by two patches
U = {Uy, U1} containing the north and the south pole, respectively. The intersection
Up N Uy can be identified with the space S? x (—1, 1). As a gerbe is primarily defined
by a U(1)-bundle over YZE{Z 1 we see that gerbes over S3 correspond to U(1)-bundles over
S2. At cohomological level, this is reflected in H>(S%, Z) = H3(S3,7Z) = 7. We can
pull back the whole U(1)-bundle over 52 including its connection A and curvature F.
As there are no triple intersections of elements of I/, there are no further constraints.
Together with a partition of unity ¥ 1 € Up,1, Yo + 1 = 1 on Up N Uy, we can define
two-forms By = Yo F on Uy and By = —y| F on Uy with By — B; = F on UyN U; and
B is thus a curving for A. The corresponding curvature H is globally defined and it is
givenby H = dyg A F and H = —dy; A F on Uy and U, respectively. Using Stokes
Theorem, the integral of H over S3 reduces to the integral of F over S2, confirming
H e H3(S3,7).
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2.5. Transgression and regression. A transgression map is a map between cohomology
classes on different spaces, which are the base spaces of a common correspondence
space in a double fibration. We will be interested in a transgression 7 from a smooth
manifold M to its loop space LM := Map(S', M), which actually extends from the
cohomology to differential forms. The transgression map 7 : QK(M) — Q= 1(LM) is
based on the following double fibration:

LM x S!
1}/ \Pr
LM.
Here, ev is the obvious evaluation map of the loop at the given angle and pr describes
the projection from £M x S! onto £M. The transgression map amounts to the pull back
along ev and the push forward along pr, thatis 7 = pr!oev*, cf. [16]. Identify now the
tangent space to the loop space of M, T LM, with the loop space of the tangent space
to M, LT M. Note that there is a natural element x(t) € LT M, which appears in the

transgression map as follows: Given k vector fields (vi(7), ..., v(7)), vi(t) € TLM,
and w € QKL (M), we have

e
M (2.10)

(Tw)x(i1(), ..., (1)) :=/ dtrw(i(t), ..., v (r), x(1)), xeLlM. (2.11)
Sl

We now embed the loop space LM into path space PM. Here, composable paths
induce the notion of composable vector fields and consequently onto differential forms,
cf. [18]. If we restrict ourselves to functorial forms, which are the forms respecting
composability, then there is an obvious inverse map, sometimes called regression:

_ .1 - -
(T 0)x)(v0, V1, -, ) = lim —wyy g, (D1, - .., D), (2.12)
=0T

where v; € TM and x € PM such that x(0) = vy and v; € LT M are extensions of
the v;, which are constant along the path. More details on transgressions can be found
e.g. in [16] and [19]. This map will allow us to translate the result of an ADHMN:-like
construction on loop space £S> back to S3.

3. The ADHMN Construction

In the following, we give a lightning review of the ADHMN construction [3-5] and its
D-brane interpretation [6,7]. This will fix our notation and provide reference points for
Sect. 4.

3.1. Monopoles from DI-branes ending on D3-branes. Consider a stack of kK D1-branes
ending on a stack of N D3-branes in type IIB string theory where the worldvolumes of
the branes extend into R!-? in the following way:

o 1 2 3 4 5 6 .
DI x X . 3.1
D3 x x x X
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Adopting the perspective of the D3-branes, the ground state of this system is effectively
described by time-independent BPS configurations to A" = 4 super Yang-Mills theory
with gauge group U(N). The bosonic fields of this theory consist of a gauge potential
A, and six scalar fields ®! [ =4,...,9. We concentrate now on configurations in the
gauge Ao = O for which all fields but A;,i = 1,...,3,and ® := ®° vanish. The BPS
equation for these fields is given by the Bogomolny monopole equation, which is the
dimensional reduction of the self-dual Yang-Mills equation F = % F on R* (the equation
describing an instanton) to R:

F=+V® or Fjj=¢juVi®, I}, k=1,...,3. (3.2)

Note that @ is a harmonic function on its domain D € R3 due to the Bianchi identity.
Solutions to the Bogomolny equation with appropriate boundary conditions® carry a
topological charge which is called the monopole number.

From the perspective of the D1-branes, the system is described by the Nahm equation

i = L yi xk

dsX = 25 [X/, X*], (3.3)
where the® X! = —X' are functions on Z = R>? with values in u(k). This equation
is the dimensional reduction of the self-duality equation with gauge group U(k) to one
dimension after choosing the gauge Vy = %

The transition between Egs. (3.2) and (3.3), or rather between the spaces of solutions
to these two equations, is done by a certain Fourier-Mukai transform known as the Nahm
transform. The latter maps self-dual gauge potentials on a four-torus to self-dual gauge
potentials on the dual torus. In our special case, we are — roughly speaking — dealing
with tori with one and three radii being infinite, respectively, and the remaining radii
zero, making the two tori dual to each other. In the following, we will focus on the
construction of solutions to the Bogomolny monopole equation from solutions to the
Nahm equation. This construction is also known as the ADHMN construction.

3.2. Constructing monopoles. We will be mostly interested in Dirac monopoles, for
which the stack of D1-branes ends on a stack of D3-branes, which are all at the same
position x® = 0. The D1-branes’ worldvolume is thus Z = R>°. More commonly, one
studies non-singular SU(2)-monopoles, for which the D1-branes are suspended between
two D3-branes at x® = —1 and x® = +1 and thus 7 = (—1, +1). Let W"*2(2) c L%*(2)
be the Sobolev space’ of functions on the interval Z, which are square integrable up to
their n' derivative. Let furthermore X' € C®(Z,uk)),i =1,...,3,beasolution to the
Nahm equation (3.3) satisfying certain boundary conditions, on which we will comment
below. From these, we derive a Dirac operator ¥, : W'?(7) @ C> ® CF - w%2(I) ®
C? ® C* together with its adjoint ¥; : WO2(7) ® C?> @ C*¥ — (W12(7) ® C*? ® Ch*,
which read as®

d . . _ d . .
X75=—]la +0' ®iX' and ¥ ::]la +o' ®iX"'. (3.4)

5 amounting to the fact that the value of the Yang-Mills-Higgs action functional evaluated at the solution
is finite, cf. [20].

6 Throughout the paper, we will use the notation X := X T to avoid overdecorating symbols.

7 One often finds the notation H" = W2, which we avoid here as we label cohomology groups by H".

8 We identify W!2(Z) ® C2 ® CK with its dual (W!-2(Z) ® C% @ Ck)*.
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Here, the o are the usual Pauli matrices with o/ = &% and X! € u(k) with X! = —X’.
Consider now the differential operator Ay := ¥, ¥. One easily checks that the condi-
tions [A;, 0! ®@1;]=0,i =1,...,3,and A; > Oas well as A; = A, are equivalent to
the X’ forming a solution to the Nahm equation. Introducing the space R? with euclidean
coordinates x’, we can shift the iX’ by x’1;, while preserving the properties of Ay:

d D oi e d D i
Vsx = —]ld—s +0' Q@ (X' +x'1y) with ¥,y = ]la +0' @ (X' +x'1y), 3.5)
Asy :=VsxVsx >0 and [Agx,0' @ 1] =0.

This shift is usually called a twist of the Dirac operator, as it reflects the twisting of the
original gauge bundle by the Poincaré line bundle in the underlying Nahm transform.

Consider now the orthonormalized zero modes ¥ x o € W9%2(T) @ C? ® Ck of the
operator W .

Vsx¥srw =0, a=1,...,N, N =dimc(kerVj,). (3.6)

We arrange them into a k x N-dimensional matrix v , which satisfies
]lN = / ds st,xl/fs,x- (37)
A
Using this matrix, we define a gauge potential and a Higgs field on a subset of R3 by

-9 _ -
Ay :=/ds Ysx—Vsx and P := —1/ ds ¥rg v S s x. (3.8)
T dxt T

Note that the Green’s function G (s, t) of Ag x with Ag x G, (s, t) = —8(s — 1) is well-
defined because of the positivity of A, . We therefore have a projector Py onto the
orthogonal space of kerW y,

Pr(s, t) = WS‘XGX(S5 t)ﬁt,x =—-0(s—1)+ ws,xl/_ft,m (3.9

satisfying Py (s, )Y, » = 0 and P2(s, 1) = [ dr Py(s, r)Py(r, ) = Py(s, ). One can
now plug the fields (3.8) into the Bogomolny equation (3.2). After using (3.9) to rewrite
the result as double integrals over s and ¢, one readily verifies that (3.8) forms a solution
to the Bogomolny equation by direct computation, cf. e.g. [21]. An analogous calculation
is presented in detail in Sect. 4.4

The boundary conditions we mentioned above have to guarantee that dimc
(ker¥, ) = N, the number of D3-branes. This is the case, if the solution X' has a
simple pole at the finite boundaries of Z with its residue forming an irreducible repre-
sentation of SU(2), see e.g. [20] for more details.

3.3. Abelian monopoles from the ADHMN construction. Letus now come to the case of
Dirac monopoles. The corresponding ADHMN construction is standard and found, e.g.
in [22]. First, consider the simplest case N = k = 1 and Z = R>?, i.e. one DI-brane
ending on a single D3-brane at’ x® = s = 0. Solutions to the Nahm equation are just
constants specifying the position of the monopole in the D3-brane, and we thus put

9 One readily verifies that one can easily accommodate a translation s — s + sq in the construction.
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X' = 0. The adjoint of the Dirac operator X_7$, y = ]l% + x'o! has the following two
normalizable zero modes:

VR /vl _ix2 R—x3 [/ 3
w+=e"’RL(x lx) and ¢ =e R a (x +R), (3.10)

xl—ix2 \ R —x? xl+ix2 \xl+ix?

where R = x’x’. Recall that the Dirac monopole should actually be regarded as a gauge
configuration on a sphere encircling the position of the monopole. The two solutions v,
and _ correspond to the description of this configuration on the two standard patches
of $? containing each one of the two poles at x> = R and x*> = —R. For 1/, we obtain
the following fields from (3.8):

ot amd oAt — (2122 o (1-2)0). ean
- 2R FT 2 (xl +x2)2 R)’ R)T .

They satisfy the Bogomolny equation, as one easily verifies. The zero mode y_ yields
an analogous solution which for |x3| # R is related to the above solution by a gauge
transformation.

Next consider k = 2, N = 1, i.e. a stack of two D1-branes ending on a single
D3-brane. A solution X’ to the Nahm equation is found from the ansatz X' = f(s)T'
with f € C®°(R>%) and T € su(2), and we obtain

i

. 1 . . _.
X = —-T with T/ = Z— _— (3.12)
S

Note that X’ has indeed a simple pole at s = 0, and the Pauli matrices o’ belong
to an irreducible representation of su(2). Therefore this solution can be interpreted as
describing a polarization of the points of the worldvolume of the two D1-branes into
fuzzy two-spheres with radius f(s) and prequantum line bundle'® O(1).

The dual of the Dirac operator corresponding to the solution (3.12) reads as

- d . o'l .
Ws,xzﬂa"'o'l@(—g +x’112). (3.13)

For simplicity, let us restrict ourselves to the point x3 = R and compute only the Higgs

field &:

Ve = /5eR50,0,0, D7, @ = —%. (3.14)

We get the right radial behavior and, because we started from two monopoles, the Higgs
field has twice the magnitude as that of a single Dirac monopole.

10 For k D1-branes, the prequantum line bundle of the fuzzy sphere is O(k — 1).
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4. An ADHMN Construction for Self-Dual Strings

4.1. The self-dual string or M2-branes ending on M5-branes. We now want to lift the
D1-D3-brane configuration (3.1) to a configuration of a stack of M2-branes ending on
M5-branes in M-theory. For this, we first have to T-dualize along one direction trans-
verse to both D1- and D3-branes, yielding a D2-D4-brane configuration. Subsequently,
we choose an M-theory direction along which we can wrap the M5-brane corresponding
to the D4-brane:

MO0 1 2 3 4 56

M2 x X X

M5 x X X X X X “.1)
b Sy

Im. o 1 2 3 @ 56 - IB 0 1 2 3 4 56

D2 x X X < DI x X

D4 x x x x X D3 x x x X

Note that here, we embedded the target space of string theory, R!-?, into that of M-theory,
R119 a5 the hyperplane x* = 0. In the following, we will restrict our discussion to the
cases for which we have reasonable worldvolume theories, i.e. to the cases of a single
M2-brane ending on a single M5-brane, N = k = 1, and the case of two M2-branes
ending on a single M5-brane, N = 1, k = 2.

The equations of motion of a single M5-brane can be derived in a number of ways, e.g.
by the doubly supersymmetric approach to super p-branes or by analyzing the dynamics
of the Goldstone modes arising from the symmetry breaking of the 11d supergravity
action by the presence of the M5-brane, see e.g. [23] for a review. From analyzing the
Goldstone modes, we learn that the fields on the M5-brane are given by five scalars &'
together with a self-dual two-form potential B, such that H := d B = xH. The doubly
supersymmetric approach was pursued for example in [24], where also the appropriate
BPS equation corresponding to a stack of M2-branes ending on a single M5-brane as in
(4.1) was given:

1 1
Hos, = ZBMCD, Hyp = ZSWMBGCD, w,v,p,0=1,...,4, 4.2)

Here, ® = ®° is a function which is harmonic on its domain D € R* due to the Bianchi
identity. We therefore have ® = ®p+ > » ‘x+ with D = R*\{y p), where y,, are the

D ‘2
singular points of ® corresponding to positionglof M2-brane boundaries. Because of the
self-duality of H and the string-like shape of the naive boundary of the M2-brane on the
M5-brane, this configuration is known as the self-dual string soliton. Note that & ~ %,
contrary to the case of the D1-D3-brane system, where we had ¢ ~ %.

From the perspective of the M2-branes, an effective description was not available
until Basu and Harvey proposed an extension of the Nahm equation [8]. They suggested
that the field content is given by four transverse scalars X*, which take values in a 3-Lie
algebra!! A. Basu and Harvey then postulated essentially the following extension of the
Nahm equation (3.3):

d

1
d_X" = ys*‘””“[xv, XP, X7], X" eA, (4.3)
) !

11" The definition of a metric 3-Lie algebra is found in Appendix A.
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which can be justified by SO(4)-invariance and dimensional analysis: Recall that s and
X" correspond to & ~ riz and x", respectively, in the self-dual string equation (4.2).

4.2. The Basu-Harvey equation from a twisted Dirac operator. Let us now motivate
a Dirac operator suitable for an extended ADHMN construction for the M2-M5-brane
system by following the Dirac operator of the D1-D3-brane system through T-duality
and the lift to M-theory.

Our starting point is the Dirac operator HB -1 (fs +0' ® (X' +x'1y) in type IIB
string theory. Going from a chiral theory to a non-ch1ral one (type IIA), it is only natural
to replace the Pauli matrices with the generators y* of the Clifford algebra'?> CI(R*).
Such a Dirac operator was suggested e.g. in [25], and here we choose:

d . o
sl,é =—Q® ]lkd— +yhy @ (X —ix'),
s (4.4)
1A _ d 4 i
x —V5®]lkd—+7/ Yy ® (X —ix'),
where )/5 = yly?y3y* One readily verifies that A% := Wa¥!% > 0 and
[AiI g y*¥]1 = 0 amounts again to the X’ satisfying the Nahm equatlon (3.3). Note,
however, that we have dim(kerﬂ{‘;‘) = 2dim(kerX7HB) as the Dirac operator acts
reducibly:
B
0
A :
sx = ( ax WIIB) (4.5)

To lift (4.4) to M-theory, recall that solutions X* to the Basu-Harvey equation (4.3),
which will play the role of our Nahm data, take values in a 3-Lie algebra .A. We therefore
expect the M-theory Dirac operator WISV[ to act on elements of a space C*@EQ@ W2 (R>0),
where £ is a space related to the 3-Lie algebra .A. There are now essentially two possi-
bilities for the choice of £: an analogue of the carrier space of the adjoint representation,
i.e. £ = A, and an analogue of the fundamental representation, i.e. £ = C¢. Both pos-
sibilities, when followed through, yield construction mechanisms for self-dual strings.
However, a future extension to the non-abelian case seems to work only with the lat-
ter possibility, and we will therefore choose £ = C¢, following closely the original
ADHMN construction.

The 3-Lie algebra A comes with an associated Lie algebra of inner derivations, which
we denote by g 4. Let p be a faithful representation of g 4 that is compatible with the
3-Lie algebra structure as described in Appendix A and let C? be its carrier space. For
example, g4, admits the following compatible representation with d = 4:

1
D (ey, ep) = Ey“ﬁys;, ¢ eCh, (4.6)

where the ey, « = 1, ..., 4, form an orthonormal basis of the 3-Lie algebra A4. Dimen-
sional analysis as well as SO(4)-invariance then naturally lead us to the (untwisted)
Dirac operator

d 1 _ d 1
M = —ys— + —pP" DO (XH, X)) with M = y5s— + =y DWW (X*, XV).
s st oY ( ) with /¢ stV ( )
(4.7)

12 Our conventions are {yH, yV} = +281V.
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Here, "V = %[y“, y']l, X* € A and DW (X", X") is the inner derivation
D(X", XV) € g4 in the representation p. The Dirac operator WISV[ thus acts on elements
of C* ® C¢ @ W!2(R>0). The differential operator AM := WM™ reads explicitly as

d\? 1 d
M_ _1( S e v o)y gy
Al = ]l(ds) +2y5)/ dsD (X", X%

1
+ V! DO (X, XD (X, XP), (4.8)

and a straightforward calculation shows that the condition [A?A, y*] =0forall u,v =
1, ..., 4 amounts to the Basu-Harvey equation (4.3).

The key issue in extending the ADHMN construction to self-dual strings is the appro-
priate twist of the Dirac operator. It is clear that twisting has to amount to adding a term
y* atb’ to ¥M, where the vectors a and b must have the same dimension as x.

Recall that the two-form potential B, which we want to construct and which describes
together with the Higgs field ® the self-dual string, actually belongs to the connective
structure of a gerbe. Using a transgression map, we can switch from the gerbe to a
U(1)-bundle over loop space and perform our construction there. A regression map can
take us back to the gerbe picture afterwards. Similar to a Dirac monopole corresponding
to a vector bundle over S? instead of R, we expect here a gerbe over S instead of
R*. The transgression map therefore takes us to loops on §3, which we describe as
embedded in R* by the cartesian coordinates x**. We thus have loops x*(7) satisfying
xH(T)xH(r) = R? and x*(7)i*(r) = 0, where R is the radius of S° c R* and
xHt () = %. We also impose the following (gauge) condition on the parameter-

ization of our loops: x*(7)x*(t) = R2. Now there is an obvious twist of the Dirac
operator:

d 1 . .
M =53+ v (ED‘M(X“, X") - lx“mx”(r)) . (4.9)

Note that the Nahm data (X*) is not extended to Nahm data on the circle parameterized
by 7. Moreover, note that the twist naturally reflects the fact that x(r) € £S>: The
antisymmetrization of x*(7)x"(t) eliminates a possible component of X" (t) parallel to
x* (7). The condition that A?ﬁlx(r) = V2 )¥s.x(r) COMmMutes with all the y*" is again
equivalent to the X* satisfying the Basu-Harvey equation (4.3).

4.3. The self-dual string on loop space. Now that we have a Dirac operator connected to
loop space, we need to use a transgression map to translate the self-dual string equation
H = xd® to loop space, as well. Although there is no Hodge star operation due to the
loop space having infinite dimension, one can use the transgression map and its inverse
to lift the Hodge star on R* to an operation on £R*. The self-dual string equation in
(4.2), as an equation on three-forms, reads as:

3
H= (gwpaax—ncb) dx A dx” A dx?. (4.10)



524 C. Sdmann

The transgression map 7 now maps H € Q3(R*) to F := T(H) € Q*(LR*) according
to

FE(Vi, Vp) = /Sl dt Fpu (x () Vi (x(0)) V5 (x(7))

= /S‘ dt Hpp (x (1)) V' (x (1) V) (x (1)) 2 (1), (4.11)
where V, V5 are elements of 7 LR*. Equation (4.10) translates correspondingly into

/Sl d Hywp (x (1) V{ (x (1)) V5 (x(1)) ¥°(7)

8
= /Sl d7 evpe Vi (2(0)) V5 (x(2)) fcp(f)/dQ 5o (o) Y@, (412)

(0)

where 5xv(g)x Klo) = 8“6(@ — o). The transgression map 7 also takes the two-form

potential B € Q2(R*) to a gauge potential A € Q'(LR*), which acts onto V e TLR*
according to

A(V) = /1 dr A, (x()) VF(x(1)) = /1 dr B,y VH(x(7)) 2"(1). (4.13)
N N

Note that since dS' = ¢, transgression is in our case a chain map:
F:=8A=6T(B)=7T(dB)=T(H), (4.14)

where §f := [dt Bx‘fl—f(r)(Sx“(t) is the loop space!? differential. Here, we will consider
a different gauge potential A such that

Fiy = 0,4, — 0 A,, (4.15)
where 3, = [dps—r— ) ,L Ik This guarantees that we obtain a field strength F' corresponding

to a transgressed 3-form H.
Putting everything together, we arrive at the following equation on loop space:

0
/w(x(f)) A/A(x(":)) = S/vaaxp(f)ax_aq)(x(f))~ (4.16)

We call (4.16) the loop space self-dual string equation and we will find solutions to this
equation via a generalization of the ADHMN construction involving the Dirac operator
we constructed above.

In the following, we suppress the integral over S!, as we have done in (4.16); all our
equations already hold in this form.

13 Differential calculus on loop spaces can be made precise within the context of diffeological spaces or as
done by K.-T. Chen, cf. e.g. the references in [26].
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4.4. Constructing self-dual strings. Our construction proceeds now in the obvious way,
cf. Sect. 3.2. Consider the Dirac operator defined above, where we use again the com-
patible representation p of g 4 with d-dimensional carrier space:

W CeClewh (@) - C*'eC' @ W), I=(0.00). (4.17)

We pick one of the normalizable zero modes of X7M x(r)> denote it by ¥y v (7).

- /I ds Ty (o) Ys.aco. @.18)

and introduce the following fields on loop space:

B} 3 . B}
A/L(x(f)) = / ds ws‘x(r)ax_ﬂl//s,x(r) and ®(x(7)) = _l/ds 1ps,)c(r) s 1ps,x(r)-
4.19)

We will now show that these fields solve indeed the loop space self-dual string equation
(4.16) if the X* which determine the Dirac operator WIS\’[ ) satisfy the Basu-Harvey equa-

tion. Recall that in this situation, the differential operator AM sx(o) - WISV[X (t))VS *(0) isa

linear combination of 1 and y5 (1 e. 1t commutes with any y*"). In order to have a Green’s
function GMT) (s, t) with AS x(D) x(r) (s, 1) = —&(s—t), we also require this differential

operator to be invertible. To verify this, consider an arbitrary ¥ € C* ® C¢ ® W2(T)
with (¢, ¥) > 0, where (-, -) is the obvious combination of hermitian scalar product on
the complex vector spaces and the L?-norm over W !:2(Z). Taking into account that the
Nahm data satisfies the Basu-Harvey equation, it remains to show that

2
(Kﬁ, (— (i) + l{7/’”, Y1 ® T’”Tp")xﬁ) > 0, (4.20)
ds 2

where TH := (3D®) (X*, X") — ix!#(1)x"(1)). Note that T*" = —TH" and that
there is no v such that'* 7V, = 0 for all 1, v. We can simplify (4.20) further to

2 (T,LLVI/[ lel//) +2 (1 ,uvaTpaw IS;LVKATKAw)
’ 2 2
1
—4 (Tf“w, yszel“’p” Tﬂw) > 0. (4.21)

Next, we decompose ¥ into eigenvectors ¥+ of ys ® 1, with eigenvalues 1. These
eigenspaces are obviously orthogonal. Because of [ys @ 14, TH"] = 0, T*"/4 belongs
to the same eigenspace as ¥+. Relation (4.21) now reduces to

1 1
(TMVI//.,. _ z8;},1},0(7 TpUI//.,., T;va+ _ ES;LUKATKAw+)
1 1
+ (T“%/f_ + EeW"TP” v_, THy_ + zeW“TW/f_) >0, (4.22)

14 The representation p is faithful and x(t) € £S3.
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which holds true if (1, ¥) > 0, because the 7" do not have a common kernel. There-
fore A?’Ix @) is invertible and has a Green’s function, which leads again to a projector,

cf. (3.9):
Phey(s. 1) i= WA 0 Gl (. D (1) = =8(s = ) + Vs o Vixiy.  (4.23)

where we switched to the notation (v, Ay) = ¥ Ay for convenience. For the same

reason, let us also temporarily drop the explicit x (7)-dependence and write x for x(7)
8

as well as 9, for [ doy2;. We have

Fuv = [ @5 Guuiodu,
= / ds / de @) (e — PIGM s, 07") duyu
_ / ds / dr ¥ (yw)'cKGM(s,t)y%eA _ y”")'c"GM(s,t)y“)”ic)‘) Vi (4.24)
Recall that the Green’s function commutes with the y#¥ and y5. Together with the
identity

[y ", y " 885t = —2e,0p0 ¥ T ys P X6, (4.25)

we thus arrive at

Fuv = —Eppo / ds / di s (207 ysGM s, 0573 vy
= —isupai? [ ds [ ar (0 (vl — RGN 0RY) 1,
wys (vt = WGM (5. 0F) 3,91

= _isuvpo)'fp / ds (801/_/s) sy + &S 0o Y
= swp(,fcpaa o, (4.26)

thus verifying that the fields (4.19) indeed solve the loop space self-dual string
equation (4.16).

4.5. Explicit solutions. Let us now come to explicit solutions. We restrict ourselves
again to the cases N = k = land N = 1, k = 2, as we did for monopoles. For
k = 1, the Nahm data reduces to constants and we therefore put X** = 0. The equa-
tion Wx(r)l//& x(r) = 0 and the normalization condition (4.18) are enough to fix Vg (1)
completely. One finds altogether eight zero modes. Half of them are normalizable on
(0, 00), the other half is normalizable on (—o0, 0). The remaining four split into two
pairs, each giving the description on one of the two standard patches of S3. Recalling
that there was a doubling of the zero modes due to switching from Pauli matrices to
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generators of the Clifford algebra C! (R%Y), we restrict ourselves to the zero mode Vs, x ()
with 5V x(r) = ¥, x(z)- Up to normalization, we have:1?

i (R2 +a2xl — X152 — 4453 ¢ x3)'c4)

3 .1 ..2 4 .2_..] _ ] . 2 .3_..4
Vs x(o) Ne*st xX7(xX +1x%) +x7(x 1)6) (x' +ix7)(x ix™) 7 4.27)

0

and formulas (4.19) yield for the normalized zero mode:

i
P(x) = m,
—x3 23+ 1) + @ — 25+ X202+ (6H?)
A(x) _ )C4().C2).C3 +§1§4) 1—3}63()%.1)23 —.)2.2)'64) _‘xl(()'c3)‘2 + (x4)2)
n(x) —R2x* + B3 (k% — X2+ x%3 — X359 ’
R2x3 + %1 x% — x2x 1+ x%53 — 1354
(4.28)
where n(x) = —2iR*(R? — x%&! + x' %% + x*%3 — x3x*). These fields indeed solve the

self-dual string equation on loop space (4.16). Let us now switch to spherical coordinates
6',62, $) describing S* ¢ R* according to

x! = Rsin®6!sin 62 cos ¢, x2 = Rsin6' sin6? sin ¢,
x> = Rsin6? cos@l, x* = Rcos62.
In these coordinates, the field strength F of the above gauge potential A reads as
2isin@!sin?62(6%2dgp A dO' — 61 dg A d6% + ¢ do! A d62)

F = ’
V2 + 2012 +4(62)2 — (¢2 +2(61)2) cos(262) — 2¢2 cos(261) sin? H2
(4.29)

and the induced metric on S is given by
ds? = R?sin? 6% do' @ d6' + R do”> @ do” + R%sin’ 0 sin 02 d¢ @ dp.  (4.30)
We can now compute the regression H = 7! F of (4.29) back to S3 using formula
(2.12):
H = Flji_; g2_g j—o A sin6°d0’
—Flgi—g,62=1,9=0 N do?
+F g0 62=0,g=1 N sin @' sin #%d¢
= 6isin0'sin® 6% dO' A do? A dop, (4.31)
and one recovers'® the 3-form field strength of the self-dual string on S° C R*.

15 For brevity, we write x* for x*(t) and x* for x*(t).
16 Ty understand the above regression, it might help to perform the inverse operation and to compute the

transgression F = 7 (H). Recall the normalization condition |)€|2 =R%we imposed on the parameterization
of the loops.
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For the case k = 2, we start from the following solution to the Basu-Harvey equation:

e
Xt =L (4.32)
V2s

where the ¢, are the orthonormalized generators of A4. This solution can be interpreted
as each point of the worldvolume of the M2-branes polarizing into a fuzzy 3-sphere with
radius r ~ «/1 Plugging this solution into the Dirac operator, we can again calculate

the corresponding zero modes. As the computation is rather cumbersome in practice,
we restrict ourselves to the value of the Higgs field ® at x! () = x2(¢) = R, which we
then extend by SO(4)-invariance. The corresponding zero mode reads as

Ve (x) = 4R%/5e2R%5(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)7,  (4.33)

and formulas (4.19) yield a Higgs field with the right behavior,

D(x) = %. (4.34)

4.6. Reduction to the Nahm equation. To anchor our construction deeper within the
context of the BLG model and the ADHMN construction, let us describe how it reduces
to the corresponding construction for the D2-D4-brane system. For this, recall the reduc-
tion from the BLG model with 3-Lie algebra A4 to N' = 8 super Yang-Mills theory in
three dimensions with gauge group SU(2) as developed in [27]. The key here was to
give the scalar corresponding to the M-theory direction x” a vacuum expectation value:

,
(X') = ea = gvmea. (4.35)
p

where r is the radius of the circle on which x? is compactified, ¢ p is the Planck length,
gym the Yang-Mills coupling and e4 a chosen generator of A4. After a duality transform
of the gauge potential, the terms to leading order in gy yield the action of three-dimen-
sional maximally supersymmetric Yang-Mills theory.

In our case, we start by demanding that X? = X* = —Rey, in close analogy with
(4.35). We then pick a loop x(7) and a base point x(7g) such that i*(t9) = —R. From
our normalization of x(7), it follows that x'(zg) = 0 fori = 1,...,3 and from the
orthogonality x*(t)x*(7) = 0, we conclude that x*(19) = 0. That is, at 7o the loop
agrees with a circle around the M-theory direction. We consider now the Dirac operator

Is\f[x(r) at this loop with base point, thereby going from £S5 back to the correspondence

space £5? x S1 in the double fibration (2.10) with M = $3. To reduce it further to 3,
we have to evaluate it at the base point of the loop:

d 1 . .
Vine = —vsq; + 7" (EDWX“, X") — ucﬂ(r)x“(r))

d 1
= =yt (ED@)(X“, XY) — ix/‘(ro)x”(to))

d v .
= —ys3+ Ry (X‘“D(")(ea, eq) — ix’(ro)) . (4.36)
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Note that D(es, e4) = 0 and the inner derivations D (e, e4) in the representation p of
ga, with carrier space C* given in Appendix A form a (reducible) representation of
su(2):

[DP) (eq, e1), D\ (e, e2)] = eapy D (), ea), a, B,y =1,...,3. (437)

Also recall that s~!/2 ~ R for the self-dual string but s~' ~ R for the monopole. We
thus recognize the Dirac operator s{’? in (4.36). On the level of equations of motion,
the Basu-Harvey equation reduces to the Nahm equation according to

d 1 d . 1 . .
— XM = —glvPo XV XP X7l — —X' = —&UkR[XT, XN]. (4.38)
ds 3! ds 2

Eventually, note that A, (x(t)) = Bu,x” — RA;(10) and therefore the loop space
self-dual string equation reduces as follows:

a
R (x(10)).

. B
Fp.v (x(7)) = S;vaaxp(f) E))C_‘Tq)(x(t)) - Fij (x(10)) = Eijk ﬁ
(4.39)
As the Higgs-fields for monopoles &, and self-dual strings P are related via &, =
R®yy, we recover the Bogomolny monopole equation.

4.7. Comment on non-abelian self-dual strings. One can easily extend the loop space
version of the self-dual string equation to the situation in which gauge and Higgs fields
take values in the adjoint representation of u(N):

0
Fu(x (1) ==V, Vy]l = 8ng)'c”(t)vgcb(x(r)) with V,, := FPm + A (x(1)).
(4.40)

One readily verifies that the fields (4.19), when constructed from appropriate matrices
of zero modes Y (), satisfy (4.40). Also the reduction procedure given in the previ-
ous section works in the non-abelian case. We therefore postulate that the non-abelian
version of the loop space self-dual string equation (4.40) is the appropriate description
of a stack of M2-branes ending on N M5-branes. It might be possible to translate this
equation back to S3 and thus to R* O §° via a regression and one might thus approach an
effective field theory for stacks of M5-branes. All this should be put within the context
of non-abelian gerbes and further consistency checks from a physical perspective are
in order, too. This, however, is beyond our scope here and we leave it to an upcoming

paper.

5. Discussion and Future Directions

We developed an ADHMN-like construction of solutions to the world-volume theory of
M5-branes corresponding to self-dual strings. This construction contains all the ingre-
dients of the usual ADHMN construction: One derives a gauge potential and a Higgs
field from the normalizable zero modes of a Dirac operator which is constructed from
solutions to certain BPS equations.
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The two-form B-field of the self-dual string belongs to a connective structure of a
gerbe over S° C R*, which can be mapped via a transgression to a connection on a prin-
cipal fibre bundle over the loop space £S>. We could therefore perform our construction
on £S3 by translating the self-dual string equation to this loop space. The resulting
equation is an ordinary gauge field equation and can therefore be rendered non-abelian.
We suggested that this is in fact a suitable BPS equation for an effective description of
stacks of multiple M5-branes.

We demonstrated how our construction is linked to the ordinary ADHMN construc-
tion by a reduction process and T-duality. We also constructed explicit self-dual string
solutions on £S53 using our algorithm and verified that the inverse of the transgression
map takes them back to self-dual strings on S> C R*.

It should be stressed that we therefore agree with the conclusion of [11]: The ability
of giving an extension of the ADHMN construction for self-dual strings (together with
the lack of sufficiently many finite-dimensional 3-Lie algebras to describe stacks of
arbitrarily many M2-branes) suggests that one should seek descriptions involving loop
spaces, or even better, gerbes.

There is now a wealth of directions for future study. First of all, the non-abelian
extension of our ADHMN construction should be interpreted in the context of non-abe-
lian gerbes and one should try to make sense out of the non-abelian equation on £S5 in
terms of fields on 3. Many details remain to be worked out in this case, as e.g. the exact
boundary conditions and the reduction of the number of zero modes of the Dirac oper-
ator. Second, a full generalization of the Nahm transform, possibly working on special
loop spaces of T3, should be developed. Simpler aims are to extend our construction to
the ABJM case!”, the case of the N = 2 models constructed in [30] as well as to the case
of the higher Nahm-type equations discussed in [31]. Studying noncommutative defor-
mations in this context would also be interesting. In the long term, it should be possible
to mimic the link of the ADHMN methods via monads to the twistor formalism (see e.g.
[20]) also for our construction. This would lead to twistor spaces for the description of
self-dual strings.

The fact that our construction fits nicely into both the mathematical and physical
contexts is exciting. It is therefore reasonable to hope that following the lines of research
proposed above will help to shed new light on the effective description of M5-branes.
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Appendix

A. 3-Lie algebras and representations. A metric 3-Lie algebra is an inner product space
(A, (-, -)) endowed with a trilinear, totally antisymmetric bracket [-, -, -] : AN A,
which satisfies the fundamental identity [32]

la,b,[c,d,ell =Ila,b,cl,d,e]l+[c, la,b,d] el +][c,d,la,b,ell, (A.1)

17 The corresponding Basu-Harvey equation was given in [28,29].
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and which is compatible with the inner product
([a,b,cl,d) +(c,la,b,d]) =0 (A2)

for all a, b, ¢, d, e € A. The inner derivations Der(A) are the linear extensions of the
maps D(a, b) := [a, b, -] with a, b, € A. Due to the fundamental identity, they form a
Lie algebra, the associated Lie algebra g 4,

[D(a, b), D(c,d)] > e =|a,b,]|c,d,e]l]l —[c,d,]|a,b,e]]
= [la, b, cl,d, e] +[c, [a, b, d], e]
= (D(la, b, cl,d) + D(c, [a, b, d])) > e. (A.3)

The most prominent example of a 3-Lie algebra is A4, which corresponds to R* with
standard basis ey, o = 1, ..., 4, together with the 3-bracket

lea, eg, ey ] = eapyses. (A4)

The euclidean scalar product, (ey, €g) = dup, is compatible with this 3-bracket and thus
A4 is a metric 3-Lie algebra. Its associated Lie algebra is g4, = su(2) x su(2). For an
exhaustive review on n-ary Lie algebras, see [33].

In our discussion, we need a representation p of the associated Lie algebra compatible
with the 3-Lie algebra structure in the sense that

p® (a,b) - D(p)(c’ d) — D('O)(C, d) - pD® (a,b)
= D")([a, b, c],d) + D) (c, [a, b, d]), (A.5)

where D) (a, b) denotes the inner derivation D(a, b) in the representation p. As an
example of such a representation, consider the spinor representation p of g4, on c4,

1
D) (eq, ep)¢ = Ey"‘"ysc, (A.6)

where ¢ € C* and y*f = %[y"‘, yP1 with ¢ being the generators of the Clifford alge-

bra CI(R?*) satisfying {y%, y#} = +28%F. Using this representation, we also find the
3-bracket of A4 as described in [11]:

leas e, ey] = [DP (eq, €p), vy 1 = apyses- (A.7)
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