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Abstract: We solve a class of boundary value problems for the stationary axisymmetric
Einstein equations involving a disk rotating around a central black hole. The solutions
are given explicitly in terms of theta functions on a family of hyperelliptic Riemann
surfaces of genus 4. In the absence of a disk, they reduce to the Kerr black hole. In the
absence of a black hole, they reduce to the Neugebauer-Meinel disk.
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1. Introduction

Two of the most famous solutions of the stationary axisymmetric Einstein equations
are the Kerr black hole and the Neugebauer-Meinel disk. The former was discovered
by Kerr in 1963 [13] and the latter by Neugebauer and Meinel in the 1990s [21-23].
In this paper, we construct analytic solutions of a class of boundary value problems
(BVPs) for the stationary axisymmetric Einstein equations which combine the Kerr and
Neugebauer-Meinel spacetimes. Thus, the BVPs considered involve a finite disk of dust
rotating uniformly around a central black hole. In the limit of a vanishing disk, the
solutions tend to the Kerr black hole. In the absence of a black hole, they reduce to the
Neugebauer-Meinel disk. The constructed disk/black-hole systems are given explicitly
in terms of theta functions on a family of hyperelliptic Riemann surfaces of genus 4.
Given the importance of the Kerr and Neugebauer-Meinel solutions, we believe that the
class of solutions presented here could also be of interest. We emphasize, however, that
the new solutions involve a disk whose inner rim starts right at the event horizon of
the black hole, whereas a physically correct BVP would allow for a small gap between
the disk and the horizon. Thus, we expect the presented solutions to involve some dust
particles traveling at superluminal speeds near the horizon.

The general analysis of rotating relativistic bodies is exceedingly complicated because
it involves the study of free BVPs for the Einstein equations, which are nonlinear partial
differential equations in four dimensions. However, in cases where the surface of the
body is known and the motion is stationary and axisymmetric (a reasonable assumption
in many astrophysical situations), the physical problem gives rise to a BVP for a single
integrable equation in two dimensions—the celebrated Ernst equation. The integrability
of the Ernst equation implies that powerful solution-generating techniques are at hand.
Thus, through the application of suitable nonlinear transformations, new stationary axi-
symmetric spacetimes can be generated from already known ones. Furthermore, a large
class of solutions of the Ernst equation can be given explicitly in terms of theta functions
on Riemann surfaces [18]. In this way, it is possible to write down a large number of
exact analytic solutions to the stationary axisymmetric Einstein equations and to study
them using the methods of algebraic geometry cf. [17].

Nevertheless, for the solution of a concrete BVP, the power of this approach is often
limited. Indeed, although a large class of exact solutions can be produced, the problem
of determining the particular solution within this class that satisfies the given BVP is
in general a highly nonlinear problem. It is therefore remarkable that Neugebauer and
Meinel in the 1990s were able to solve explicitly, using constructive methods, the BVP
corresponding to the physically relevant situation of a rotating dust disk. The structure of
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an infinitesimally thin, relativistic disk of dust particles which rotate uniformly around
a common center was first explored numerically by Bardeen and Wagoner 40 years ago
[3], who also pointed out that “there may be some hope of finding an analytic solution”
[2]. Bi¢ak notes in the comprehensive review [4] that the subsequent construction of such
an analytic solution by Neugebauer and Meinel represents “the first example of solving
the BVP for a rotating object in Einstein’s theory by analytic methods.” Let us point
out that since the Neugebauer-Meinel solution can be written in terms of theta functions
on Riemann surfaces of genus 2, it belongs to the general class of solutions introduced
in [18] and can therefore be analyzed by means of algebro-geometric methods. On the
other hand, the Kerr black hole is the most famous example of a stationary axisymmetric
spacetime and has had an immense impact on the development of general relativity and
astrophysics (see e.g. [5]).

The approach in this paper is primarily inspired by the work of Neugebauer, Me-
inel, and collaborators [24], but also by a novel method for the analysis of BVPs for
integrable PDEs which has been developed by Fokas and his collaborators within the
past 15 years. A central development in the theory of nonlinear PDEs in the second
half of the 20th century, and continuing to the present, has been the introduction of the
Inverse Scattering Transform (IST). This technique was put forward in the famous 1967
paper [11] in connection with the Korteweg-de Vries (KdV) equation and the range of its
applicability began to unfold with the investigation of the nonlinear Schrodinger (NLS)
equation [ZS]. One of the most important later developments in this area has been the
generalization of the IST formalism from initial-value to initial-boundary value prob-
lems introduced by Fokas [8,9] and subsequently developed further by several authors
cf. [10]. The Fokas method consists of two steps: (a) Construct an integral representation
of the solution characterized via a matrix Riemann-Hilbert (RH) problem formulated
in the complex k-plane, where k denotes the spectral parameter of the associated Lax
pair. Since this representation involves, in general, some unknown boundary values, the
solution formula is not yet effective. (b) Characterize the unknown boundary values by
analyzing a certain equation called the global relation. In general, this characterization
involves the solution of a nonlinear problem; however, for certain so-called linearizable
boundary conditions, step (b) can be solved in closed form.

In arecent work [20] steps (a) and (b) were implemented for the class of BVPs of the
Ernst equation corresponding to a thin rotating disk of finite radius. In particular, it was
found that the boundary conditions of the particular BVP corresponding to the uniformly
rotating Neugebauer-Meinel disk are linearizable. The present paper is to some extent
a continuation of [20]: The main novel observation is that the BVP which combines
the Kerr black hole boundary conditions with those of a uniformly rotating disk is also
linearizable.

Physically, disk/black-hole systems are important as models for black hole accretion
disks in the context of active galactic nuclei and X-ray binaries [1]. Accretion disks are
flattened astronomical objects made of rapidly rotating gas which slowly spirals onto
a central gravitating body. Accretion onto a black hole is generally assumed to be thin
and axisymmetric (see e.g. [25]) and many of the most energetic phenomena in the
universe have been attributed to the accretion of matter onto black holes. In particular,
active galactic nuclei and quasars are believed to be the accretion disks of supermassive
black holes. We refer to [1] and references therein for more information on the physical
aspects of black hole accretion disks. Our approach here is mathematical and we do not
investigate any possible physical relevance of the presented solutions. In particular, we
will refer to the disk as a ‘disk of dust’ although the assumption that the disk stretches
all the way to the horizon presumably forces some of the dust particles to travel at
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superluminal velocities. We mention in this regard that the BVP corresponding to a dust
ring with finite inner radius (i.e. the BVP obtained by inserting a small gap between
the horizon and the innermost dust particles) is believed to not be exactly solvable. In
fact, the calculations in [14] suggest that it is impossible, even in the Newtonian limit,
to obtain explicit solutions describing a self-gravitating dust ring around a central point
mass.

The manuscript is organized as follows. In Sect. 2, we formulate our disk/black-hole
BVP and write down its full solution in terms of theta functions. In Sect. 3, we consider
a particular example. In Sects. 4-7, the derivation of the solution is presented in several
steps. In Sect. 8, we consider the singularity structure of the solution and its depen-
dence on various parameters. In the Appendix, we consider the relationship between the
solution derived here and the general class of solutions of the Ernst equation studied in
[19,15].

2. Disk/Black-Hole Systems

In this section we introduce the Ernst equation, formulate the BVP corresponding to a
dust disk rotating uniformly around a central black hole, and present its solution in terms
of theta functions.

2.1. The Ernst equation. The metric of a stationary axisymmetric vacuum spacetime
can be written in the Weyl-Lewis-Papapetrou form

ds®> = e 2V [ez" (dp* +d?) + p2d<p2] — 2V (dr +ady)?, (2.1)

where p > 0 and ¢ € R are Weyl’s canonical coordinates and ¢, ¢ are chosen so that
0; and 9, are the two commuting asymptotically timelike and spacelike Killing vectors,
respectively, cf. [26]. The metric functions 2V a, and e* are functions of p and ¢
alone. Following standard practice, we introduce a real-valued potential b by

ap, = pei4Ub;, ar = —pei4pr. (2.2)

It can be shown that the Einstein field equations for the metric (2.1) reduce to the fol-
lowing single nonlinear PDE in two dimensions for the complex-valued Ernst potential
f=eY +ib:
r+f !
T LA AL =fi+f;. p>0, (eR (2.3)

The real part of f will be denoted by ¢V despite the fact that it may take on negative
values.
We also need the concept of a corotating frame. Given 2 € R, we define the coordi-

nates (o', ¢/, ¢, t') corotating with the angular velocity £ by
ol=p, =t ¢=e-—Q, =1

In these new coordinates, the metric (2.1) retains its form and the corotating metric
functions Ugq, aq, kq are related to U, a, k via

Ve = U [(1 +Qa)? — Q2p2e™Y ] : (2.4a)
(1 - Qag)e?’e = 1+ Qa)e?Y, kq—Ug=«K—U. (2.4b)
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Fig. 1. The exterior domain D of a disk of radius pg with the black hole horizon stretching along the imaginary
axis from —iry toiry

The Ernst equation retains its form in the corotating system and we denote the corotating
Ernst potential by fq := e*Y? +ibg.

2.2. The boundary value problem. We now formulate the BVP for the Ernst equation
(2.3) which corresponds to a finite dust disk rotating uniformly around a central black
hole. The formulation involves five parameters: the radius pg > 0 and angular velocity
Q € R of the disk; the ‘radius’ r; > 0 and angular velocity €2;, € R of the black hole
horizon; and the (necessarily constant) value of the corotating metric function ¢>Y2 on
the disk. We will henceforth work with a complex variable z = p +i¢ and write f(z)
for f(p,¢).!

Let D denote the exterior of a finite disk of radius pg > 0, i.e. D consists of all z € C
with strictly positive real part which do not belong to the interval [0, po], see Fig. 1. The
horizon of the black hole stretches in the z-plane along the imaginary axis from —ir; to
ir1. We consider the problem of finding a function f such that:

e f satisfies (2.3) inD. (2.6a)
e f(z) = f(2) (equatorial symmetry). (2.6b)
e f(z) > las |z|2 — oo (asymptotic flatness). (2.6¢)

° %(i ¢) =0 for all|¢| > r; (regularity on the rotation axis).

e fa(p £i0) = V2™ for 0 < p < po (boundary condition on the disk).  (2.6d)
o 2V (0 — (0 for 0 < |¢| < r1(boundary condition on the horizon). (2.6e)

The boundary conditions (2.6d) and (2.6e) are the boundary conditions correspond-
ing physically to a uniformly rotating dust disk and a rotating black hole, respectively,
cf. [24]. If one sets r; = 0 in (2.6) (i.e. one removes the black hole), then the solution
of the obtained BVP is the Neugebauer-Meinel disk rotating with angular velocity 2.
If one sets pg = 0 in (2.6) (i.e. one removes the disk), then the solution of the obtained
BVP is the Kerr black hole rotating with angular velocity €2,.

I In general, given a function A (p, ¢), we will suppress the dependence on z and write h(z) for h(p, ¢)
even when £ is not analytic.
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Fig. 2. The Riemann surface X, presented as a two-sheeted cover of the complex k-plane with five branch
cuts when Re k4 < ¢. The contours y and I'* are also shown

2.3. The solution. The formulation of the BVP (2.6) involves the five independent
parameters po, €2, r1, 2, and the constant value of e2Y2 on the disk. However, it turns
out that the condition that the solution be nonsingular at the rim of the disk imposes
one relation among these parameters, so that the class of solutions is parametrized by
only four parameters. It is convenient to adopt a parametrization in terms of the four
parameters pg, r1, w2, and wa, where wy and wy are two real quantities related to the
other parameters via Eqgs. (5.9) below. For a given choice of these parameters, the cor-
responding solution f* of the BVP (2.6) can be written in terms of theta functions on
the family of Riemann surfaces {X,},cp defined as follows: Let ky, k1, ..., ka, ks € C
denote the eight zeros of w? (k) + 1, where

w4k4 + w2k2 + pg(wz — w4,03)

wik) = @

2.7)

ordered so that k;, j =1, ..., 4, have negative imaginary parts and so that
Rek; < Reky < Reksz < Reky.

Since these eight zeros are symmetrically distributed with respect to the origin, we have
—k1 = kg and —kp = k3. Foreach z = p+i¢, X; is defined as the hyperelliptic Riemann
surface of genus 4 consisting of all points (k, y) € C? such that

4
v = (k+in)k —i2) [ [tk — k) k — kj). (2.8)
j=1

together with two points at infinity required to make the surface compact. We introduce
branch cuts in the complex k-plane from kj tok;, j = 1,...,4, and from —iz toiz, see

Fig. 2. Fork € C=cu {oo}, we let k* and k~ denote the points which project onto k
and which lie in the upper and lower sheet of X, respectively. By definition, the upper
(lower) sheet is characterized by y/k> — 1 (y/k> — —1) as k — oo.

In view of the assumption of equatorial symmetry (2.6b), we will in the sequel always
assume that ¢ > 0. We will also, for the sake of definiteness, assume that

0 < Reks < r; < Reky. (2.9)
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Moreover, we assume that { # Re k3 and ¢ # Re k4, so that no branch cuts overlap (the
solution for { = Rek;, j = 3, 4, can be obtained by continuity).
For n complex numbers {a;}], we let [ai, ..., a,] denote the directed contour

U’};% [aj,aj+1]. We let y denote the contour on X, which projects to the contour

[r1,Rek; +€, k3 +e]U ks — e, Reks — €, Reka+e, ko + €] U [ka—e, Reko—e, —rq]
(2.10)

in the complex k-plane, where € > 0 is an infinitesimally small positive number, and
which lies in the upper sheet for Re k < ¢ and in the lower sheet for Re k > ¢. We define
I"'* as the contour in the upper sheet of ¥, which lies above the segment ' = [—i g, ipo].
The contours I'* and y are shown in Fig. 2 in the case when Re k4 < ¢.

In order to define theta functions associated with X, we need to introduce a basis of
the first homology group H; (%, Z) of X.. Since the Riemann surface X, depends on z,
there are three qualitatively different cases to consider:

(1) The cut [—iz, iZ] lies to the right of [k4, k4] (i.e. Reks < ¢).
(2) The cut [—iz, iz] lies between [k3, k3] and [ky4, k4] (i.e. Rek3 < ¢ < Reky).
(3) The cut [—iz, iz] lies to the left of [k3, k3] (i.e. 0 < ¢ < Rek3).

For these three cases, we let {a}, b; }‘]‘.:1 be the canonical basis of Hj(X,, Z) shown in
(1), (2), and (3) of Figs. 3, 4 respectively. Thus, for j =1, ..., 4, a; surrounds the cut
(k;, k 1, whereas b enters the upper sheet on the right side of [—iz, iz] and exits again
on the right side of [k}, /Ej].

We define {w); }? as the canonical basis of the space of holomorphic one-forms on X,
dual to {a;, b;}. Then

/a)i=8i,', /a),‘=B,'j, l',jzl,---,4a
aj ’ b

J J

where B is the period matrix associated with the cut system {a;,b;}. We let o =

(w1, w2, w3, w4)T. The 4 x 4 matrix B is symmetric and has a positively definite imag-
inary part. The associated theta function ® (v|B) is defined by

(1T T
OWlB) = > Zri(ENTENANTY) Q2.11)
NeZ4

We let wp g denote the Abelian differential of the third kind on X, which has two simple
poles at the points P and Q with residues +1 and —1, respectively, and whose a-periods
vanish, i.e. fa, wpo =0forj=1,...,4

We can now state our main result.
Theorem 2.1. Solution of the disk/black-hole BVP Let pg, r1, wa, ws be strictly positive
numbers such that (2.9) holds. [The requirement that the solution be singularity-free

imposes further restrictions on these parameters, see Sect. 8.] Let the function h(k) be
defined by

h(k) = %m (\/w(k)z - w(k)) . kel =[—ipoipol. 2.12)
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Fig. 3. The homology basis {a;, b; }‘]‘ on the hyperelliptic Riemann surface X, of genus g = 4 in the case of
(I)Rekg < ¢,(2)Reks < ¢ <Rekyg,and 3)0 < ¢ < Rek3

Fig. 4. Three-dimensional picture of the hyperelliptic Riemann surface ¥; in the case when Re kg4 < ¢
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Define the z-dependent quantities u € C* and I € R by

u:/ hw+/a), I=/ hwoo+oof+/woo+oof. (2.13)
r+ y r+ y

Then the function

f@) = ° (u _ sz_’ w|B> el (2.14)
O (u+ %, wlB)

satisfies the BVP (2.6) with the prescribed values of po and ry, and with the values of
Qn, @, and e*V2*0 given by

N ) :
1 wy e + 2w4§2he 2Ua+0) _ ,2Uo (1 Q2 )

Q= — s Q= _
" Qhor w4e2Vo + 29% Q
(2.15)

)

where apo,r € R denotes the (necessarily constant) value of the metric function a on
the horizon and e*Y0 € R denotes the real part of f(+i0). Explicit expressions for the
constants apor and f(+i0) are presented in Propositions 2.4 and 2.5 below.

Moreover, define the z-dependent quantity L by

1 dh ! +
L = —3 /1“ dKld_k(Kl)/r h("Z)leﬂc; (K2)+/F+ f1a)7r1+‘7rr—sgn(g‘—rl)/r+ hw’f’f

L.
+2 GIE)I}) (/yl(e) O_pt - sgn(¢ —ry) o Optyr 21n e) , (2.16)
where y1(€) denotes the contour y with the segment covering [—r1, —r| + €] removed,
y2(€) denotes the contour y with the segment covering [r1 — €, r1] removed, and the
prime on the integral along T indicates that the integration contour should be deformed
slightly before evaluation so that the pole at k» = k1 is avoided.> Then the metric func-
tions *Y, a, e** of the line element (2.1) corresponding to the Ernst potential (2.14) are
given for z € D by

ol " w|B
eZU(z)Z&el’ az)=ag — Jo O+ [, a)+‘_,Z w|B) — 0w | e,

Q(u) 0(0) Q0O + [ w|B)

(2.17a)

iz
@ = K0®(M|B)®(u +.["‘Z w|B)eL (2.17b)
O0|B)O([5, wB)

where Q(v) is defined by

&) " w|B)® " oIB
0() = ©+ [ olBO@+ J;z ol ) sect (2.18)
OWIB)OW+ [ wlB)

and the two constants ag, Ko € R are given explicitly by Egs. (2.26) and (2.27) below.

2 The result is indepedent of whether the contour is deformed to the right or to the left of the pole.
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Remark 2.2. 1. The function h(k), k € TI', is well-defined by the right-hand side of
(2.12), because w2+1>0and vVuw2+1—w>O0fork eT.

2. Unless stated otherwise, all integrals in this paper along paths on Riemann surfaces
for which only the endpoints are specified are assumed to lie within the fundamental
polygon obtained by cutting the Riemann surface along the given cut basis. This
implies that some integrals will depend on the particular choice of the a;’s and b;’s
within their respective homology classes. It is convenient to fix the a;’s and b;’s
so that they are invariant under the involution k* — kF. For { > Reky, this is
accomplished by fixing>

by =iz, kal" Ulks,iZ]7s  bj =bjs1 Ulkjer, kj1" Ulkj kjal™, j=1,2,3,

and by lettinga;, j = 1, ..., 4, be the path in the homology class specified by Fig. 3
which as a point set consists of the points of X, lying directly above [k, k 1. This
implies the important symmetry w (k™) = —w (k™). For £, with 0 < ¢ < Re k4 and
for other Riemann surfaces below, we will assume that an analogous fixing of the
cut basis which assures @ (k*) = —w (k™) has been made.

3. The limit as € — 0 of the expression within brackets on the right-hand side of (2.16)
always exists and is finite because of the pole structure of O_pt _po and Dty

4. The assumption that r; satisfies (2.9) is made for simplicity and is not essential. The
relevant formulas in the case when (2.9) does not hold can be obtained from those
presented here by analytic continuation.

2.4. Axis and horizon values. Of particular interest are the values of the Ernst potential
and of the metric functions on the regular axis {i{ | ¢ > r1} and on the black hole horizon
{i¢]10 < ¢ < r1}. In the limit p — 0, the Riemann surface X, degenerates since the
branch cut [—iz, iZ] shrinks to a point. Thus, the values of f on the ¢-axis are given in
terms of quantities defined on the Riemann surface ¥’ defined by the equation

4
v =[]k =k — k. (2.19)
Jj=1

i.e., ¥’ is the Riemann surface X, with the cut [—iz, iZ] removed.
We introduce a canonical cut basis {a;., b;}? on X’ according to Fig. 5 and let o’ =

(o], 0}, wg)T denote the dual basis of holomorphic one-forms. We let B’ denote the asso-

ciated period matrix and introduce the short-hand notation ®'(v) := ®(v|B’), v € C3,
for the associated theta function.

Let ' denote the ¢-dependent contour on ¥’ which projects to the contour (2.10) in
the complex k-plane and which lies in the upper sheet for Rek < ¢ and in the lower
sheet for Rek > ¢. Define the ¢-dependent quantities u’ € C3, I’ € R, and K’ € C by

-

’r_ ’ ’ ’r_ ’ / ’r_ /

u —/ how +/ w, 1 —/ ha)oo+oo_+/ Dyt oo K —/ Wprp—-
r+ y/ r+ V’ ky

(2.20)

3 For two complex numbers z; and z», [z1, z2]" and [z1, z2] denote the covers of [z}, z2] in the upper
and lower sheets of X, respectively.
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Fig. 5. The cut system {a}, b’/. }321 on the degenerated Riemann surface %’ of genus g = 3

Let y* denote the contour on ¥’ with the same projection onto the complex k-plane as
', but which lies entirely in the upper sheet, and define J’ € R by

’ /
fr‘+ hw;+{— + fy/ 60{4,{_, &>y,

J = rf
Jr+ ha)’§+§_ + frl_‘ +f)i+) a)’;,,g_, 0<¢<ry.

2.21)

The prime on the integral along y* indicates that the path should be deformed slightly
before evaluation, so that it avoids the pole of the integrand at k = ¢*. It is irrelevant for
the formulas below if this deformation is performed so that the pole lies to the right or to
the left of 1, since these two choices yield values of J’ which differ by a multiple of 27
and J’ only appears exponentiated. In the same way, the value of J’ changes by irrelevant
multiples of 27 if loops surrounding ¢+ are added to the contour from ry tory.

Proposition 2.3 (Solution on the regular axis). The behavior of the solution (2.14) near
the regular axis {i¢ | ¢ > r1} is given by

Flo+if) = fGO+0(@D,  p—0, ¢>r, (2.22)
where
W — [ ) —OW - [T el K

N - ! ¢ >r. (223)
@’(1,[/+f;>iJ w/) _ @/(u/_’_f;io a)’)e—J/—K’

f@o) =

The behavior of the metric functions ¢*V, a, and e* in (2.17) near the regular axis is
given by
20O = UMD+ 0(p?),  alp+io) = 0(p?),
KPTO =1+ 0(%,  p—>0, ¢ >r,
where
. @/(u/)Z [@/(Iof_ w/)Z_@/(fof_ w/)26—2K/i|
2V — ‘ ‘ e >

@/(0)2 [@/(u/+f§0f7 w/)2_®/(u/+fc°f7 w/)Ze—ZJ’—ZK’]
(2.24)
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Define the constant Lo by
1 dh ' / + / /
Lo = —E/Fd/q%(/q)/r h(KZ)wKT'ﬁ_ (k3) +/r+ hw—rf,—rf — /1~+ hw’f'ﬁ_

1
+= lim / o . —/ @, —2lne), (2.25)
2 e—=0 oG] TN 0] i

where y1+ (e) denotes the contour y* with the segment covering [—r, —r| + €] removed,
and y; (¢) denotes the contour y* with the segment covering [r; —e¢, r1] removed. Define
the constants ag, Ko € R by

Ow +2 [ o) R
agp = —2i I8 e tim (Rela o) (2.26)
O'(u') R—o0
@/(0)2 .
0= W@ 0, (227)

where the right-hand sides are understood to be evaluated at some ¢ > r;.* Define the
¢-dependent quantities L" and M’ by

1 dh
L = ——/ d/q—(/q)/ h(k)' ,(K;)+/ ho' ,+/ ho', _
2 Jr+ dk I+ Kk r+  Th r+ "N

1
+— lim o _+ o, _—2lne —/ ho'o._, 0<? <y,
2 6%0(/1,1/“) _rl+'_r1 /}/2/(6) r1+r1 ) r+ ¢ ¢ !

and

1 -
M’:—lim(/ a)’{+{_—21ne—ln4—m' , 0<¢<r, (229
G-~

where y{ (¢€) denotes the contour y with the segment covering [—r{, —r| + €] removed,
and Vz/ (¢) denotes the contour y’ with the segment covering [r; — €, r1] removed.

Proposition 2.4 (Solution on the horizon). The behavior of the solution (2.14) near the
black hole horizon {i¢ |0 < ¢ < r1} is given by

flo+i0) = fGH+0(p*). p—0. 0<¢<ry, (2.30)
where
OW— [T o= W— [T o+ & el =K
fe) = - J - J - fi K 0<t <.
@’(u’+f§°,o a/)—(~)’(u’+f§°f> a)’+f;_ el +K'
2.31)

The behavior of the metric functions eV, a, and €* in (2.17) near the black hole
horizon is given by

4 Their values are independent of the choice of ¢ > ry.
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2UPHO — 22U 4 0(p?), a(p+iC) = aner + O(p?),

) (2.32)
eZK(p+l§') — eZKhor + 0(p2)7 0 — 0’ 0 < C <r,
where
1ol N2
puio Wt o)
@/(0)2
O ([ )2 —0([ w)le K g
x — Js {i_ = —— /" (233)
8/(14/"'[{7 a)/)2 _ ®/(M/+f§7 60/+f§7 a)/)2621 +2K
O W +2 [ e 0y o
Apor = ao + N _§ - 2671 M ’
W + f;_ ') (@/(f;f )2 — @/(f;f w/)ZefZK’)
(2.34)
ow+ [l W)
¢PHor = —K0¥61 L (2.35)

@/(0)2
Moreover, ajor and e*tor are constants independent of 0 < { < ry.

By taking limits in the above formulas we can find the values of f at the origin
z = +i0 and at the point z = irq, where the regular axis meets the horizon.

Proposition 2.5. Solution at z = +i0 and z = ir] The value of the solution (2.14) at
z =iry is given by
o'W~ [T o),
flir) = —————1—¢'°F
e (u' + frf ')

= - (2.36)

Define the value of J' at £ = 0 by

’ + 1
J0e—o = hao) o + : + !
=0 = | 0o _ . ] @oro—
r Y

where the primes on the integrals indicate that the contours should be deformed slightly
before evaluation so that they pass to the left of the pole at k = 0*. Then the value f (+i0)
of the solution (2.14) at z = +i0 is given by the right-hand side of (2.31) evaluated at
¢ =0.

3. Example

Before presenting the derivation of the solution presented in the previous section, we wish
to consider a concrete example. In this regard we note that all the quantities appearing in
Sect. 2 can easily be computed explicitly using standard results for Riemann surfaces.
In order to find the canonical basis {a)l-}‘l1 and the period matrix B, we start with the
holomorphic one-forms {n; }? defined by
i—1
=X y‘”‘, i=1,...4 (3.1)
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The 7n;’s form a noncanonical basis of holomorphic differentials (see e.g. [6]). Defining
the two 4 x 4 matrices A and Z by

(A—l)i,:/ - z,-,~=/ e =14 (32)
aj bj
we find

w = An, B=AZ. 3.3)

The one-form wy+oo— 0N X is given explicitly by

Kk < ktdk
Oogrog = ——— + D / — o, (3.4)
y -1 \Wa; Y
J_
whereas the one-form a)’§+ (- on ¥’ is given by

/ Y @Hdk Y (¢")dk /
Wpype = —— o, (3.5)

T k- 0)y'(k) Z o, (k=¢)y'(k) /

For k’s which lie some distance away from the branch cuts, the value of y in (2.8) can
be evaluated according to

(z. k") (k+')‘/k_izli[(k kj) E-h o pee
s = l —Kj s s
i ¢ kviz IV k—k

where the branches with strictly positive real part are chosen for the square roots. For
k € [—iz,iz] and € > O infinitesimally small, we have

—iz 4 k—k;
k—k; I keC:
k+iz )]1;[1( s ©

y(z, (k+e)") = (k+iz) (—i ‘k

similar expressions are valid when k € [k, k 71. Using formulas of this type, itis straight-
forward to numerically evaluate all the expressions presented in Sect. 2. In fact, the theta
functions are particularly suitable for numerical evaluation, because the strictly positive
imaginary part of B implies that only a small number of terms in the sum (2.11) have to
be included. In this way, we have verified for several examples all formulas of Sect. 2
to high precision.

3.1. Numerical data. Here we consider the particular example for which

1
wy = 3, Wy = —. (3.6)

1
= 1’ B
£0 rl 3 10

Numerically, we find

k1 ~ —0.95 — 5.48i, ko ~ —0.21 — 0.95i.
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Fig. 6. The real and imaginary parts of the solution (2.14) for the choice of parameters specified in (3.6)

Re[f] Im([f]

02F
-0.05 |

. . ,
=P —0.10F
—0.15F

—0.20

-0.4
-0.25L

Fig. 7. The values of f in the equatorial plane { = 0" for the choice of parameters specified in (3.6)

Re[f] Im([f]
03F _oah
02F _0al
0.1 05
.
1 2 3 4 5 6 7 [y
-0.1 07
02 038
-03 L L L L L L L [
Vo 2 3 4 5 6 7"

Fig. 8. The axis and horizon values of f for the choice of parameters specified in (3.6)

Thus, (2.9) is satisfied and we compute
Q= 0.055, Q,=0.14, f(+i0)~—-0.17,  f(ir) ~ —0.94i,
and
ap~ —18.17, Ko~ 943, ™ ~ —93.46.

The real and imaginary parts of f are shown in Fig. 6. Note that the real part of f is
continuous but not smooth at the endpoints £ir; of the horizon. Moreover, as expected,
the imaginary part of f has a jump across the disk. The values of f in the equatorial
plane ¢ = 0% are shown in Figs. 7, 8.

The metric functions ae?V and > are shown in Fig. 9. Note that ae?Y = 0 on
the regular part of the axis. Moreover, e = 1 on the regular axis and ¢ = ¢2<hor
on the horizon. Figure 10 shows the real parts of the corotating potentials fo and fq, in
the equatorial plane and along the ¢ -axis, respectively. In accordance with the boundary
conditions (2.6d) and (2.6e), ¢2U2 is constant along the disk and ¢?Y2n vanishes along
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Fig. 9. The metric functions ae?U and €2 for the choice of parameters specified in (3.6)
Re[fo] Re[fon]
020 0.05
0.15F 0.04
0.10f 0.03f
0.0sf 0.02f
1 2 3 4 5 6 7 oot
—0.0sf 0.00 : : ¢
05 1.0 L5
-o.10t -0.01L

Fig. 10. The real parts of the corotating potentials fq and fq, in the equatorial plane and along the ¢-axis,
respectively

the horizon. It can also be verified to high accuracy that the metric functions a and «
defined by (2.17) satisfy the appropriate equations, i.e. (cf. [17])

i,O P -
a, = e4—UbZ and «; = 26_4Uf2f1’ (3.7)
and that
dag
vl |z=p+io =0, O<p<po. (3.8)

Equation (3.8) implies that the imaginary part of fq is constant along the disk in accor-
dance with (2.6d).

4. Spectral Theory

We now turn to the proof of the results of Sect. 2. The proof will proceed through four
main steps, presented in Sects. 4, 5, 6, and 7, respectively. The first step consists of
analyzing the Lax pair for Eq. (2.3) and formulating two matrix Riemann-Hilbert (RH)
problems: one main RH problem (which can be formulated for any choice of boundary
conditions) and one auxiliary RH problem (which can be formulated because the bound-
ary conditions of the BVP (2.6) are linearizable). In the second step, we show that these
two matrix RH problems can be combined into a single scalar RH problem. The third
step consists of solving this scalar RH problem explicitly in terms of theta functions.
In the final fourth step, we prove Propositions 2.3-2.5 concerning the behavior of the
solution near the ¢ -axis; this step will follow from a study of the theta function formulas
of Theorem 2.1 in the limit p — 0.
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4.1. A bounded and analytic eigenfunction. The elliptic Ernst equation (2.3) admits the
Lax pair

chz(Z,k) = U(z, k) ®(z, k), @D

Dz(z, k) =V(z, k)P(z, k),

where the 2 x 2-matrix valued function ®(z, k) is an eigenfunction, k is a spectral
parameter, and the 2 x 2-matrix valued functions U and V are defined by

_ 1 VE Aﬁ) _ 1 ( [z %ﬁ) N
U_f+f()‘fz fo ) V_f+f i £ ) Ma k) = k+iz’

We write the Lax pair (4.1) in the form

dd=W®& where W :=Udz+Vdz. 4.2)

0 1 0 —i 1 0
91=1\1 o) 2=\ o) %B=\o -1)

Suppose f is a solution of the BVP (2.6). Following the same procedure as in [20], we
define a solution ®(z, k) of (4.2) with the following properties:

Let

e For each z, ®(z, ) is a map from the Riemann surface S, to the space of 2 x 2
matrices, where S; is defined by the equation

Az_k—iZ
T k+iz’

We view S; as a two-sheeted covering of the Riemann k-sphere endowed with a
branch cut from —iz to iz; the upper (lower) sheet is characterized by A — 1
(A —> —1)ask — oo.

o satisfies the initial conditions

lim [®(z. k)1 = (}) lim [®(z, k)] = (_11), keC, @3

where, for a 2 x 2-matrix A, [A]; and [A], denote the first and second columns of
A, respectively.
e @ obeys the symmetries

Dz, k") = 3@ (2, k)oy, Pz, kT) = 01@(z, ko3,  keC. (4.4)

e @ is analytic for k € S; away from the set T* U T~ U {—rli, rli}, where I'* and
'~ denote the coverings of I' = [—ipo, ipo] in the upper and lower sheets of S,
respectively.

We emphasize that ®, in general, has singularities (simple poles) at the points k* for
k = —r; and k = r;. These poles arise since the Lax pair (4.1) is singular at points
where ¢V = 0. Physically, the points at which ¢?Y vanishes make up the boundary of
the ergospheres of the spacetime (within these surfaces there can be no static observer
with respect to infinity). To see that ¢2V = 0 at z = irj and z = —ir, we note that
the metric function a vanishes identically on the regular axis (cf. [26]). Thus, evaluating
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(2.4a) at p = 0, we find Uq(i¢) = U(i¢) for ¢ > r1. The boundary condition (2.6e)
together with the continuity of fq imply that e?V(%) — 0as ¢ | ry.

In addition to the eigenfunction ®(z, k), we will also need its corotating analog
®q(z, k). This eigenfunction satisfies the Lax pair equations (4.1) with f replaced by
fq and the initial conditions (4.3) with ® replaced by ®¢. The eigenfunctions ¢ and
dg, are related by [24]

Doz, k) = Aoz, Pz, k), ke&., (4.5)
where
Aoz k)= (1 +Qa)l— Qe Yoz +itk +iz)Qe 2V (h(z, k)o1 — Doz (4.6)

and I denotes the 2 x 2 identity matrix. The corotating eigenfunction g, (z, k) is defined
analogously.

4.2. The main Riemann-Hilbert problem. Evaluation at p = 0 of Eq. (2.4a) with Q
replaced by 2, yields

VO = 2UGEO (1 4 Qua(if))?, 0<C <r. (4.7)

Note that ¢2U < 0 along the horizon, which lies inside the ergosphere. Thus, in view of
the boundary condition (2.6e), we find that @ = ay,, on the black hole horizon, where
apor 1S a constant given by

ahor = —1/2y,. (4.8)

The next proposition expresses the values of ® on the ¢-axis in terms of two spectral
functions F (k) and G (k). We let f1 denote the value of f atz = iry.

Proposition 4.1. The values of ® on the ¢-axis can be expressed in terms of two spectral
functions F (k) and G (k) as

OGc, k) = (f?)f)_l 1) Ak), ¢>r, keC, (4.92)
(i, k) = (fgf)_l 1) Ti(k)AK), O0<¢<r, keC, (4.9b)
dGr, k) = (fgf)_l 1) (ko A(k)yoy, —ri <t <0, keC, (4.9c)
O, k) = (fgf)_l 1) olA(k)or, ¢ <-r, keC, (4.9d)

where the 2 x 2-matrix valued functions A(k), Ty (k), and T>(k) are defined by
A(k) = (ggg (1)) ke, (4.10)
Tl(k)=m(2(k_r_‘gzzh_if‘ 2(k—r1§§2h+if1)’ ke, @.11)

Ty(k) = T (—k), keC.
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The functions F (k) and G (k) have the following properties:
e F and G are unique functions of k € C, i.e. viewed as functions on S; they satisfy
F(k™) = F(k™), Gk*)=Gk ), keC. (4.12)

o F(k) and G(k) are analytic for k € @\(F Ulry, —r1}).
e Under the conjugation k — k, F and G obey the symmetries

F=Fk), Gk =-Gk), keC. (4.13)
o [n the limit k — oo,
Fy=1+0(1/k), Gk =0(/k), k- oco. (4.14)

Proof. For z = i¢, » = 1 for all k on the upper sheet of S;. The axis values of ® are
thus determined by integration of the equation

dd = Wi, kH)o, (4.15)
where
e L faf df)
W@, k )_—f+f(df df ) (4.16)

Since the real part of f vanishes at z = =iry, Eq. (4.15) breaks down at ¢ = =£ry.
Integration of (4.15) for ¢ in each of the four intervals (—oo, —ry), (—r1, 0), (0, r1), and
(r1, 00) yields

A

oGic k= (L6 1 )m(k), ¢>r, ke,

fae -1
oy (fGED 1 A
cI>(l§,k)—(f(l.§) )k, 0<g<n, keC,
N PAU ! _ ¢
D@L, k )_(f(ig) 1)Uk, - <8 <0, keC,
N PAUS ! _ A
(g, k) = (f(i;“) L) v, g<-n, ket
where the matrices Uj(k), j = 1, ..., 4, are independent of ¢. The initial conditions
(4.3) imply that Uy = A for some functions F' (k) and G (k). This establishes (4.9a). The
value of @ at z = —i oo is obtained from the value at z = i oo by integrating W ® along a

large semicircle at infinity. During this integration k changes sheets. Thus, using (4.9a)
and the fact that W ® vanishes for large z, we compute

. - . e {1 1\ (1 Gk
A, P@H) = Im @ k) = Im o3 ko1 = (1 —1) (0 F(k))'
(4.17)

This shows that Uy = o1 A(k)o and proves (4.9d).
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We now use continuity of the matrices ® and ®q, at the points z = =%ir; to find
U, and Us. Let f, denote the value of f at z = —iry. The conditions that ® (i, k*) be
continuous at { = ry and { = —ry are

(fj _11)(A(k)—U2(k))=0 and (fj jl)(olA(k)m—Us(k»:o,
(4.182)

respectively. In view of Egs. (4.5), (4.6), and (4.8), the conditions that ®g, (i, k™) be
continuous at { = ry and { = —ry are

[(2 _11) 2is2h(k—r1)(_11 8)]A(k>=2iszh(k—r1)(_ll 8)Uz(k),

(4.18b)
and
[(z _11)+2i9h(k+r1)(_11 8)}01A<k>o—1 =2i9h<k+r1>(_11 8) Us(h).
(4.18¢)

respectively. The top and bottom rows of each of the four matrix equations in (4.18) are
linearly dependent since f1 and f> are purely imaginary. Combining the four bottom
rows into two matrix equations, we find

/ -1 _ fi —1
(f1+2iQh(k—"1) —1) A(k)_(ZiSZ(k—rl) o)UZ(")’

(fz+2i52h(k+r1) —1) 1Ak = <2i52h(k+r1) 0 ) U3 (k).

Using that f; = — f> in view of the equatorial symmetry, we deduce from these equa-
tions that U (k) = T1(k)A(k) and U3 (k) = T»(k)o1A(k)or, where T7 and T, are given
by (4.11). This proves (4.9b) and (4.9c).

The properties of F and G are proved as in [20]. O

The functions F (k) and G (k) jump across ' = [—ipg, ipg]. Let F*, Gt and F—, G~
denote the values of F' and G for k to the right and left of I, respectively. It follows as
in [24] (see also [20]) that

O (z,k) = d*(z,k)D(k), keT*; & (z,k) = d*(z, k)1 D(k)oy, kel
(4.19)

where the jump matrix D is given in terms of F* and G* by

-1
_(F*(k) O F=(k)y O
D(k) = (G+(k) 1) (G(k) 1k (4.20)
For a given z, Eq. (4.19) provides the jump condition for a matrix RH problem on

the Riemann surface S, satisfied by @ (z, k). We will refer to this as the main RH prob-
lem.> In general, given both the Dirichlet and Neumann boundary values for a BVP for

5A complete formulation of this problem also involves specifying residue conditions at the four points
:I:rljE as well as a normalization condition.
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the Ernst equation, it is possible to determine the spectral functions F' and G, compute
the jump matrix D, and then obtain the Ernst potential f from the asymptotics of the
solution of the main RH problem. However, for a well-posed problem only one of these
boundary values is specified. In our analysis of (2.6) we will therefore instead use the
global relation and the symmetry of the boundary conditions to formulate an auxiliary
RH problem from which F and G can be determined.

4.3. The global relation. The equatorial symmetry of the solution f of (2.6) implies that
the spectral functions F (k) and G (k) satisfy an important relation. Recalling the axis
values (4.9) of @, the following proposition is proved in the same way as Proposition
4.3 in [20].

Proposition 4.2. The spectral functions F (k) and G (k) defined in Proposition 4.1 satisfy

TiA+ (o1 A (O T = Dot A_(k)o AZ (ko T, ', kel 4.21)

where A(k) is defined in terms of F (k) and G (k) by Eq. (4.10) and Ay denote the values
of A to the right and left of T, respectively.

Equation (4.21) is referred to as the global relation.

4.4. Linearizable boundary conditions. In general, the global relation alone is not suf-
ficient for determining F and G. However, for boundary conditions satisfying sufficient
symmetry, so-called linearizable boundary conditions, there exist another algebraic rela-
tion satisfied by F' and G. The boundary conditions specified in (2.6) turn out to be
linearizable. Indeed, recalling the axis values (4.9) of @, the following proposition is
proved in the same way as Proposition 5.3 in [20].

Proposition 4.3. The spectral functions F (k) and G (k) satisfy the relation
(B~'A7 o103 AB)(T1 Avo AT T
= —(T1 A+ A7 T )Y (B 'A70105AB), keT, (4.22)

where we use the short-hand notation B and A for

; Q
B = (ﬁzgg _11) A= Ag(+0, k) = (1 = Q—h) T+ikQe 2V (o) — Tyos.

(4.23)

4.5. The auxiliary Riemann-Hilbert problem. Combining the relations (4.21) and
(4.22), we can formulate a RH problem for the 2 x 2-matrix valued function M (k)
defined by

. —G(k) F(k) A
M(k) = A(k)alA (k) = 1—G(k)? G(k) y k e C. (424)
F (k)
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Proposition 4.4. Suppose f is a solution of the BVP (2.6). Let fi := f(ir1) € iR
denote the value of f at z = iry. Then the spectral functions F (k) and G (k) are given
by

F(k) = M),  Gk)=Mnk), keC,
where M is the unique solution of the following RH problem:

o M(k) is analytic for k € C\(T' U {—r1, r1}).
e Across T, M(k) satisfies the jump condition

Sk)M™ (k) = —M*(k)S(k), keT, (4.25)

where M* and M~ denote the values of M to the right and left of T, respectively,
and S (k) is defined by

Stk)=T1;"'B"'A7'0103ABTr01, keT. (4.26)
e M has the asymptotic behavior
M)y =01+01/k), Kk — oo. (4.27)

e The entries of M have simple poles at k = r{ and k = —ry. The associated residues
are given by

_I(-n ! _L( A —|f1|2)
Rr?SM(")—a(—fﬁ fl)’ R?FM(")‘a(fl/fl “n )4

where
da+ .
“= ‘ rr, 2V 00 (4.29)

and d* /dt denotes the right-sided derivative.

Proof. We deduce from (4.21) and (4.22) that the function M defined in (4.24) satisfies
the jump condition (4.25). The asymptotic behavior (4.27) follows from the properties
of F and G.

By evaluating the first symmetry in (4.4) at the branch point iz and taking the limit
as z approaches the regular axis, we find (cf. Egs. (2.63)—(2.64) in [24])

FQ) = — . Gy=mIUO (4302)
Re f(i¢)’ Re f(i¢)’ ’ )
_ IfaoP? _ —ilm f(i¢) B
F(()—m, G = Re /(7)) ¢ < —r. (4.30b)

The poles of F and G arise since Re f(i¢) = 0 at { = =£ry. Equations (4.30) together
with the equatorial symmetry of f yield

1 2
Res F (k) = —, Res G(k) = ﬁ, Res F (k) = —lf;l, Res G (k) = —ﬁ,
r o r1 o —r o o

—ry

where « is given by (4.29). The residue conditions (4.28) follow immediately from these
relations.
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In the last step of the proof, we show that M»; (k) does not have poles at the possible
zeros of F, despite the form of (4.24). We first extend the definition (4.26) of S(k) to

allk € Cby
Sty = T ' B~ ' Aq(+i0, kM) o103 Aq(—i0, k) BTao;. 4.31)
This definition is consistent with (4.26). Indeed, since f is equatorially symmetric,
Ao k) = Aq(z, —k"), (4.32)

sothat A = Aq(+i0, k™) = Aq(—i0, k™) for k € I". We claim that the matrices S and
M satisfy

w(SM)=0, keC. (4.33)
Indeed, the same type of argument used to prove Proposition 4.3 shows that the function
R = @5 (p+i0, k)o103Pa(p — i0, k)
is independent of p. Evaluation at p = 0 using the axis values yields
R = AT T BT AL (+0, ko103 Aq(—i0, k) BTr01 Aoy
Evaluation at p = pg yields
TrR =0.

The preceding two equations imply (4.33). It follows from (4.33) that G — 1 must vanish
whenever F has a zero. O

The auxiliary RH problem presented in Proposition 4.4 can be used to determine the
spectral functions F and G. These spectral functions can then be used to compute the
jump matrix and to set up the main RH problem. However, in analogy with linearizable
BVPs for other integrable PDEs, we expect that the jump condition of the auxiliary RH
problem can also be substituted directly into the main RH problem with the result that
the unknown quantities in the main RH problem disappear. In fact, an example of this
mechanism was observed by Neugebauer and Meinel in the case of a rigidly rotating
disk. They discovered that the analogs of the main and auxiliary RH problems can be
combined into a single scalar RH problem from which the Ernst potential f can be
directly recovered, see [24]. It turns out that a similar approach can be adopted in the
present case—in the next section, we will combine the main and auxiliary RH prob-
lems with respective jump conditions (4.19) and (4.25) into a scalar RH problem on the
Riemann surface X, introduced in Sect. 2.
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5. A Scalar Riemann-Hilbert Problem
We let the scalar-valued function w(k) be defined by
1 N
w(k) = —Etr(S(k)), k e C,
and define two 2 x 2-matrix valued functions £ and Q by

L(z,k) = ®(z, )01 d Nz, k), ke,

and

Qz, k) = —@(z, HAK) 'SKAK) P (z, k) —wk), keS..

Lemma 5.1. The functions L, Q, and w have the following properties:
e The traces and determinants of Q and L satisfy

rQ=0, tL=0detlL=-1 detQ=—1—w?
Q can be alternatively written as

Oz, k) = ®(z, k)01 Ak) 'Sk A(k)o1 D (z, k)~ + w(k)L.

Q and L admit the symmetries
Oz, k™) = —03Q(z, kNo3,  L(z,k7) = 03L(z, kT)o3.

J. Lenells

(5.1)

(5.2)

(5.3)

(54)

(5.5)

(5.6)

Q has no jump across T, whereas L satisfies the following jump conditions across
+

r=:
Q+whl_ =L (Q+wl), kel 5.7)
(Q—whl_ =—L(Q—wl), kel . '
e QL = —L0O; in particular, tr(QL) = 0.
o Let Lop = L21911 + L20971. Then
£, — L3, +w?) = 03, (5.8)
e w has the form
w4k4 + w2k2 + wo
w(k) = .
k2 — rl2
where wy, wa, wo are real coefficients explicitly given by
B 2Q2Q2 5o
W4 = _62U0(Q—Qh)2’ ( . a)
1y — | fol2(Q — Qi) + f2QUQ — 2Qp) +4ifir1 Q2Q, + Q7 (4r7Q% — 1)
20200 (Q — Q)2 ’
(5.9b)

1 . 3 ) .
wo = —W (—2lb() (fl — 2lfl rlgh + fl +217‘1§2h)

1ol (2 = 4ifir1n — 420 + 1) + fi' + 12+ 4ifiriQu — 4r19E)

(5.9¢)

where fy and f1 denote the values of f at z = +i0 and z = iry, respectively.
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Proof. The first three properties in (5.4) are immediate from Egs. (5.1)—(5.3). The fourth
property follows since

det(S) = —1
and
det @ = det(—PA™ (S +wDAD ™) = det(S + wl) = det S — w?.
Using (4.33) and the definitions of A and M, a computation shows that
AN S +wDA = —1 A" (S + wl) Ao.

Using this identity in the definition (5.3) of Q, we find (5.5).

The symmetries (5.6) follow from (5.2), (5.3), and (5.5) together with the first sym-
metry in (4.4).

By (4.19) and (4.20), ®A~! and ®o;A~" do not jump across I'* and ', respec-
tively. It follows from the expressions (5.3) and (5.5) that Q does not jump across r+.
For k € I'*, the definitions (5.2) and (5.3) of £ and Q show that

(O_+wDl_ = —-D_A"'SA_od-' = —d_A"'SM_A_d~'  (5.10)
and
— L9y +wl) = D,01A7'SA O] = D AT ML SA 0L (5.11)

Using that ®A~! does not jump across I'* together with the jump condition (4.25), we
see that the right-hand sides of (5.10) and (5.11) are equal. Similarly, using (5.5), the
fact that ®o; A~! has no jump across I'~, and (4.25), we find the jump across I'~. This
proves (5.7).

Since M is tracefree and tr(SM) = 0, we deduce that MS + SM + 2wM = 0. In
view of the definitions of Q and L, this implies QL = —LQ.

Equation (5.8) follows by direct computation using the identity tr(QL) = 0 and the
four properties in (5.4).

The last statement concerning the form of w follows from (4.31) and (5.1) by direct
computation. O

The condition that M does not jump at the endpoints of I" implies that tr S(&ipp) = 0,
ie.

wo = pj (w2 — wapp). (5.12)
In particular, the function % (k) defined in (2.12) vanishes at the endpoints of I".

Lemma 5.2. There exist points {m j}‘l1 C C such that

8 £ 2202 1}k —mj)

Q1 (k) = - -
20 = TR T - @ =)

(5.13)
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Proof. By (5.6), Qo is a unique function of k, i.e. Q21 (k*) = Qo (k™). Thus (k> —
r12) Q> is an entire function of k € C. The existence of {m }‘1t satisfying (5.13) therefore
follows if we can show that

2
8f Q2

e Gr @ —ant: TO®), koo G149

*k* =) Qo (k) =

As k — 00, we have

d(z, k) = }‘ES _11)+0(1/k), Ay =1+0(1/k), k— oco. (5.15)

Thus, by (5.3) and (4.31),

JE 1 0 0 ]E 1 —1
** — 1O k) = — ( 1) 840202 ( ]) — wak*T+ 0(K%)
F U\ Giear /N T

_ 42°Q; (f —F 2F
C(f+ Do+ fo@—e2\ 2f  f-

f) K+ 0K, k- oco.
(5.16)
The (21)-entry of this equation yields (5.14). O

Define four points {kj}‘}zl cC by

5 wi [Ti=) (k —kj)(k — k))
w + 1= .

(k2 —r)?
We assume that the k;’s are ordered as in Subsect. 2.3. Let S’Z denote the double cover
of the Riemann surface S, defined by adding cuts [k, k;], j = 1, ..., 4, both on the
upper and lower sheets of S;. Thus a point (k, £X, £u) of S‘Z is specified by giving a
point k € C together with a choice of sign of A and of

4
p=|[Jk—kptk—kp.

j=1

We specify the sheets so that A — 1 (A — —1) as k — 0o on sheets 1 and 2 (sheets

3 and 4), and u ~ Kt (u ~ —k*) as k = oo on sheets 1 and 3 (sheets 2 and 4). As k

crosses the cut [—iz, iZ], A changes sign whereas the sign of ¢ remains unchanged. As k

crosses any of the other cuts, u changes sign whereas the sign of A remains unchanged.
Consider the function H defined by

Loy — LovVw? + 1 .
H b= 222V W 7 o5 (5.17)
Lo+ LoV w? +1

where [:22 = L1911 + £291. We fix the sign of the root vw? + 1 in (5.17) by
requiring that vw? +1 = —wak? + O(k) as k — oo™. Since wy > 0, this implies
that Vw2 +1 > 0 for k € I'*. The eigenfunction ® of the Lax pair (4.1) satisfies
det ® = —2¢2V F (k) (see Eq. (2.65) in [24]), so that the entries of £ may have poles at
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the points which project to the zeros of F (k) in the Riemann k-sphere. However, H has
no singularities at these points. Therefore, in view of (5.8), the possible zeros and poles
of H belong to the set in S‘Z which projects to {£r} U {mj}?, and if H has a double pole
at (mj, A, ), then it has a double zero at (mj, A, —p), j =1,...,4.

By the symmetries (5.6), we have

Loalk, Ay ) = Loa(k, =2, ), Loy(k, A, ) = —Lag (k, =, o).

Therefore
1

H(k,)»,li)=m-

Similarly, we have H(k, A, u) = 1/H (k, A, —u). Consequently, H — 1/H whenever
k crosses one of the cuts of the two-sheeted Riemann surface X, defined by (2.8). We
can therefore view H as a single-valued function on ¥, with the values on the upper
sheet given by the values of H on sheet 1 of S‘Z, and the values on the lower sheet given
by the inverses of these values.

5.1. Formulation of the scalar RH problem. We want to formulate a scalar RH problem
in terms of the complex-valued function ¥ (z, k) defined by

Wz, k) = @, kes,. (5.18)

However, since log H is a multi-valued function on ¥, this definition of i needs to
be supplemented by a choice of branches for the logarithm. We will fix a single-valued
representative of ¥y on X, by introducing cuts which connect the zeros and poles of H.
Across these cuts ¥ will jump by multiples of 2rri /y. The problem is that even though
(5.8) implies that all zeros and poles of H lie in the cover of the set {1} U {m }‘1‘, the
exact distribution of these zeros and poles is not known. It is therefore not clear at this
stage how to make a consistent choice of branches.

We address this problem by considering the limit in which the solution f approaches
the Kerr solution. For a solution near the Kerr solution, we can utilize the Kerr expres-
sions for F and G to compute H explicitly to first order. This will give us the correct
choice of branches in the Kerr limit and by continuity this choice extends also to more
general solutions.

The Ernst potential for the Kerr black hole rotating with angular velocity €2, and
with a horizon stretching from—ir; to ir| is given by

fkerr _ Ri.e 0 + R_e'® —2r;
Rie= 8+ R_eid +2p’

where Ry are defined by

Ry =/ (Er1 — )%+ p?,

and the parameter 6 € (—m /2, 0) is related to 2, by

_ l'f‘lkerr(l + (flke}’r)Z)
2ri (1= (ff))

flerr = itan(8/2).



612 J. Lenells

Table 1. The change A arg H in arg H as k traverses each of the cycles in the cut basis {a;, b j}‘}: 1

Cycle Aarg H Cycle Aarg H
ai —4r by —8r

ap —4r by —8

a3 4 b3 —127
ay 4 by —4r

The value at the origin is given by

kerr cos(d) — 1
0 cos(8) +1°

We consider adding a slowly rotating disk to the Kerr solution. Using the Kerr values for
fo and fi, we compute wa, wy, wo according to (5.9) with Q@ < 1. The branch points
{k; }‘11 are found by solving the equation w?+1 = 0. As Q — 0, k; and k4 tend to infinity,
whereas ky and k3 approach finite values. The spectral functions F' kerr (ky and Gk (k)
are given explicitly by (cf. Sect. 2.4 in [24])

290 (k2 — rd) +2iQ fFk — (ffer)?

errr k) = ,
® 2Q5 (k2 —rd)
Grerr oy — ZiSan — DU
2Q7 (k2 —rd)
For definiteness, we consider the example of r| = 1/2 and § = —1/2. Assuming that

z=p+i¢ withp < land ¢ > 1, we compute Q and L to first order by substituting the
axis values (4.9a) for ® together with the values of the Kerr solution into the right-hand
sides of (5.2) and (5.3). We find that H has double poles and double zeros at the points
in the sets

- - - 4 o+ 4 + o+ T
{m|,m,,—r,m3,my,r{} and {ml,mz,—rl,m3,m4,r1 1,

respectively. As Q@ — 0, m; — kj and m4 — k4, whereas m» and m3 converge to
values close (but not equal) to k; and k3, respectively. Let {a;, b j}‘lt be the particular
cycles on X, specified in Remark 2.2. As k traverses each of these cycles, the argument
of H changes by the amount A arg H according to Table 1.

A choice of branches for log H consistent with the above properties is obtained by
introducing cuts on X, according to Fig. 11. The introduced cuts run from the poles of
H to the zeros of H. Letting (log H)* and (log H)~ denote the values of log H for z just
to the right and to the left of a cut, respectively, we have (log H)* +4xi = (log H) ™.
An overall choice of branch is made by requiring that log H — 2log f as k — oo™,
where an appropriate branch is chosen for log f, see Eq. (5.20) below.

For this choice of branches, we have log H(k™) = —logH(k™), k € C. Conse-
quently, ¥ (z, k) is a unique function of %, i.e.

vz k) =y k), keC.

We therefore view 1/ (z, -) as a function ¢ - C.

Proposition 5.3. Let r be defined by (5.18) with the choice of branches for log H spec-
ified above. Then the function ¥ (z, -) : C — C has the following properties:
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my my

Fig. 11. The additional cuts introduced on X in order to make log H a single-valued function

o (2, k) is analytic for k € C\ [r U (uf}zl[m,-, kj]) U {:I:rl}].
e Across T, ¥ (z, k) satisfies the jump condition

2, («/1+w2—w
n

y(z, k%)

V(2 k) =y (z, k) + ) kel, (5.19)

1+w2+w

where " and ~ denote the values of Y to the right and left of the cut, respectively.
° Acros:v the directed intervals [kj,m;), j = 1,2; [mj, k;], j = 3,4, [r1, k3], [k3, k2],
and [ko, —r1], ¥ (z, k) satisfies the jump condition

- N 4mi
V(2 k) =v (2, k) + S

o Ask — mj, j =1,2, ¥ (z, k) satisfies

¥(z, k) = logtk —mj), k—mj, j=12.

2
y(z, m})

o Ask — mj, j =3,4, ¥(z, k) satisfies

-2
P k) = ——

logtk —mj), k—mj, j=34.
y(z,m3)

e Ask — —ry, ¥(z, k) satisfies

2
Y(z, k) = ————log(k +r1), k— —ri.
y(Z, _rl)

o Ask — ry, ¥ (z, k) satisfies

Yz, k) = log(k — ry), k— rq.

vz, r{)
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o Ask — kj, j=1,...,4 ¥(z k) satisfies

N
V@=L ks k. j=1....4,
y

where y = y(z, k") for k just to the left of the cut [kj,m;] for j = 1,2, and just
to the left of the cut [mj, k;] for j = 3,4 and is analytically continued around the
endpoint kj so that y = y(z, k™) to the right of the cut.

o Ask — oo,

v — 21055“) + 01/, k= oo (5.20)

Proof. We first show that i satisfies the jump condition (5.19). Algebraic manipulation
of (5.7) using the identity tr(QL) = 0 and the properties in (5.4) shows that the functions

Loy and Loy = L£21Q11 + L22Qay satisfy

Lote = —2wlon— + (1 +2w?) Lo, +
~ ~ kel™, 5.21
{ Looe = (142w Lo —2w(l +w?) Lo, G20
Loty = 2wl + (1 +2w?) Lo, _
A A kel™. 5.22
[ Lops = (1+2wH Lo +2w(l +w?) Lo, ©22)

Thus

2 _
o (_V“ww

+2
—— ) H.(k), keTl%*
w w

Equation (5.19) follows from here since 1 + w?>0and vV1+w2+w>0fork eTl.
The behavior as k — +£r; and k — m follows since H has double zeros at —ry,
m}f,j = 1, 2, and double poles at ry, m}f,j =3, 4.
In order to find the behavior of v as k — 0o, we note that, by (5.15),

- - -1
L’,(Z,k+)=(§ _11)01@ _11) +0(/k), k= oo

Thus, by (5.16),
4(1+ f2) Q@2
(f + Hfo+ fo)(Q — Q)2

Since Vw2 + 1 = —w4k? + O(k) as k — oo™, we find

Loz, k") = — K+0®k), k— oo.

H(z, k) = f(2?+0(1/k), k— oo.

Therefore

log H N 2log f

5 +0(1/k%, k- .
y
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5.2. Solution of the scalar RH problem. The solution of the scalar RH problem presented
in Proposition 5.3 is

Yz, k) = i/ Lln (\/1 +w(k)? — w(k’))
L Jr k)

y(z, k) (k" —
2 4

dk’ dk’
+2 z ( k/+) (k/ _ k) - 2 Z ( k/+)(k/ _ k)
= [kj,m IBAYS =3 [kjm;] yz,

(/ / / ) L kes.,
ksl Jska]  Jika,—r1/) Y@k )(k k)’

(5.23)
where we used that

ln( 1+w2+w):—ln(vl+w2—w), keTl.

By deforming contours, we can replace the last three integrals on the right-hand side of
(5.23) with an integral along y, where y is the contour on X, defined in Sect. 2. We
define two divisors £ and 9t on X.. R is defined by

4
= > kj. (5.24)
j=1

whereas 91 is defined as the sum of the points in X, which lie above the set {m ; }‘1‘ and
which are double poles of H, i.e.

M =m| +m; +m3 +m3. (5.25)
We can then write (5.23) as

vz, k) = 2/ Lk)ln(\/1+w(k’)2—w(k/))
r+

y(z, k(K

m dk’ dr’
Y LR -
g Y K)K —k) y Y(z, kKN (K —k)

where the integrals are contour integrals on X; and the prime on the integral from £ to
N indicates that the paths of integration do not necessarily lie in the complement of the
cut basis {a;, b;}. In view of (5.20), this leads to

RUYSYIS k*dk k*dk
log f = / - —/ h(k)—— —/ - (5.26a)
r+ y y Y
M =1 gk k”‘ldk k" ldk
= [ hk) + ., n=1,...,4, (5.26b)
R y r+ y y Y

where 4 (k) is defined by (2.12).

Remark 5.4. Although Eqgs. (5.26) were derived under the assumption that the solution
is a small perturbation of the Kerr solution, they are valid more generally. Indeed, the
crucial facts used in the derivation are that H has a double pole at 7| and a double zero at
—r{, and these properties are preserved under a continuous deformation. It is conceivable
that the double poles of H that make up 9t will change sheets under such a deformation
so that (5.25) has to be modified, but the resulting Eqgs. (5.26) remain unchanged.
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6. Theta Functions

In this section we derive explicit expressions for the Ernst potential f and the metric
functions ¢V and a in terms of theta functions.

6.1. Explicit expression for the Ernst potential. We will show that the right-hand side of
(5.26a) can be expressed in terms of the theta function on X_. We will first assume that
the integration paths from R to 9 in (5.26) lie in the fundamental polygon determined
by the cut basis; later we will see that the result is the same also when this is not the
case.

Let {n; }‘}:1 denote the noncanonical basis of holomorphic one-forms on ¥, defined

in (3.1) and let A be the matrix defined in (3.2). Then the canonical basis is v = An.
Let u, I € C* be defined by (2.13). Applying A to (5.26b), we find

m
u =/ w. (6.1)
R

Using that

for some vector y € C*, Eq. (5.26a) yields
m
f =e fﬁ Bootoo— +1, (62)

where the terms involving y cancelled because of (5.26b). Formula (2.14) for f will
follow if we can prove that

@(u—ff;w)
®(u+fffz_a))’

where ®(v) := @(v|B). Let /) and /) denote the j™ columns of the 4 x 4 identity
matrix / and the period matrix B, respectively. Then

M
e fﬁ Pootoo™ =

(6.3)

Ow+eY|B) = O®B), O@+rP|B)=e27W+3BDQW|B), veC*
(6.4)

The Jacobian Jac(X;) of X is defined as the complex torus C*/LL, where L is the
discrete lattice generated by the ¢/)’s and the 7 (/)’s. We define the map ¢ : &, — C*
by

k
w(k)=/ w, keX

—iz
with the contour fixed to lie within the fundamental polygon. Then ¢ composed with
the projection C* — Jac(X,) is the Abel map with base point —iz. We write M =

Zj'=l M;j, where, for j = 1,...,4, M; =m7 or M; =m;.LetIC=<p(ﬁ) e C* An
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argument following pp. 322-325 in [6] shows that K projects to the vector of Riemann
constants in Jac(X;). Thus the functions

O(p(P) — ¢(R) + K)
O(p(P) — (M) +K)’

P e X, (6.5)

and
4 P
e Zintho- oMy pew (6.6)

both have simple poles at the points of 2 and simple zeros at the points of K. Moreover,
the general identity ([6], p. 67)

R
/a)RS:Zni/ w;j, j=1,...,4, R,SeX, (6.7)
b; N
implies that as a; is traversed the functions (6.5) and (6.6) both get multiplied by 1

—2mi

M
and as b; is traversed they both get multiplied by e J&" @i Hence their quotient is a

constant and we deduce that
= S Sl om _ B(@(P) — p(R) + K)B(p(c0™) — @(M) + K)

= . (6.8)
O(p(P) — (M) + K)O(p(00™) — ¢(R) + K)
Using the identity
R oot
/ Wootoo— =/ WRS, R,SeXx,, (6.9)
S 00~
and the fact that K = ¢(R), evaluation of (6.8) at P = oo* yields
_ M
o O(p(00")0 (p(007) = [310)
e S Qoo = o . (6.10)
0 (¢(00") - [ w) Blp(0)
Our choice of the cut basis {a;, b;} implies that
@(00™) = —p(co™) modulo a-periods. (6.11)

Thus, since ® (v) is an even function, we arrive at (6.3).

Now suppose the integration paths from £ to 97 in (5.26) do not lie within the fun-
damental polygon. Then there exist integer vectors p, g € Z* such that equations (6.1)
and (6.2) get replaced by

w+Bp+qg and
R

U= /m f — e_ J}E”tm Dot oo~ _Zj!:l Pj jbj woo*oo*"'l’
respectively. However, a computation using (6.4), (6.7), and (6.10) shows that the terms
involving p and g cancel, so that f is still given by (2.14).

‘We can now complete most of the proof of Theorem 2.1; the derivation of the formula
for 2 will be postponed to the Appendix. We first establish the formulas in (2.15): The
expression for €2;, follows from (4.8); the expression for €2 follows by solving (5.9a)
for 2 recalling that e?0 < 0 and w4 > 0; and the expression for 22+ follows by
evaluating (2.4a) at z = +i0.
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6.2. The metric functions e’V and a. Using formula (2.14), which was established in the
previous subsection, the expression for the metric function ¢V in (2.17) can be derived
as follows cf. [15]. Since the entries of u are purely imaginary, I € R, and ®(v) = O (v)
forv e C* ([17], p. 203), Eq. (2.14) yields

P @(u—ff?z_a))_'_@(u—fi?o_a))

B _ el. (6.12)
Ou+ [, o) O+ [ o)

Let E(P, Q) denote the prime form on .. Applying Fay’s identity ([17], p. 205)
E(P3, P\)E(P2, Py) P P
Oflv+ w)O|v+ w
E(P3, Py)E(P,, P1) Py Py
E(P3, P)E(Py, Py) Py P
+ Ofv+ o)O(v+ o)
E(P3, P4)E(Py, P) Py Py

Ps Py
=®(v)®(v+/ a)+/ a)), ve(C4,
Py Py

with (Py, P>, P3, Py) = (i7Z, oot, —iz, 007) to (6.12), we find

2Q(O)®(v+/lza))@(v+/_OO w)—@(v+/_lzw)®(v+/oo a))
:@)(v)@(v+/lza)+/oo a)), (6.13)
oot iz

where

1 E(—iz,iz)E(ocot, 0o~
0 = 2 Ei—iz, oo)_)gE(ooJf, iZ;’
and we used that (Lemma 3.12 in [17])
E(—iz, 00N E(@{iz,007)
E(—iz, 00 )E(iZ, 007)

By Proposition 3.11 in [17], Q(0) can be written as in (2.18). Letting v = u + ff; w=
u— [% oanddividing by ©(u + [ )0 + [T ), Eq. (6.13) yields

20(0) ®(M)?(u+fi;iz a))_ - ®(u+fl.§°ia)) = ®(u+ff?% a))‘ (6.14)
OWw+ [%, @O+ [T w) Ou+ [T ) Ow+ [ o
Equations (6.12) and (6.14) lead to the expression for €2V in (2.17).
By (5.7) in [16], we have
® oo oo
(a —ap)e’V =—p @+ f”z “r ’ZI_Z @) -1]1, (6.15)
0000w+ [ w)

where ag € R is a constant determined by the condition that @ = 0 on the regular axis.
In view of the expression for €2U, this yields the expression for the metric function a
given in (2.17a). An alternative derivation of Eq. (6.15) is presented in the Appendix.
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Fig. 12. The axis-adapted homology basis {a, l;j}‘}:l on X,

7. Axis and Horizon Values

In this section we consider the limits of the formulas in Theorem 2.1 as z approaches a
point on the ¢-axis. As p | 0, the Riemann surface X, degenerates since the branch cut
[—iz, iz] shrinks to a point. This type of degeneration of a Riemann surface is analyzed
in Chap. IIT of [7]. In order to utilize the results of [7], we introduce an axis-adapted cut
basis {a;, 15]-}‘}:1 on X, by

1 0 0 —1
a AT 0\ [a 01 0 -1
GRS [IRESIE (.

00 0 —1

The axis-adapted cut basis is displayed in Fig. 12 in the case when ¢ > Re k4. Note that
aq surrounds the collapsing cut [—iz, iZ].

According to the transformation formula for theta functions (Eq. (12) in [7]), there
exists a constant ¢y independent of v and B such that

O(®|B) = co®(v|B) (7.1)

whenever # = A~'v = Av. We define i and I as the analogs of u and I in the
axis-adapted basis, i.e.

a:/ h&)+/5), i=/ hc:)oo+oof+/a>woo7.
r+ y r+ y

Since @ = Aw, we have i = Au. Since
Wootoo— = d’)oo*oo* - 27'[1'67)4,

we have I = I — 27iiis. Thus, introducing the shorthand notation O(v) := O(v|B),
the Ernst potential (2.14) can be expressed in terms of the axis-adapted basis as

o — [ @
f(z):Me

—2ﬂiﬁ4+1~ (7 2)
= o ~ . .
O® + [, @)
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Let X/ denote the degenerated Riemann surface defined in (2.19). According to [7], we
have the following expansions as p |, 0O:

1
Oj=wj+0(pY), j=123 01— 5w +0(pH, (3

. - ¢
Bij — B+ 0(p"). i.j=123 Bu— [ oj+0(p, i=123,
-
(7.3b)
. 1 M’ )
By=—Inp+—+0(p"), (7.3¢)
Tl Tl

where M’ € C is a constant. The path of integration from ¢~ to ¢* in (7.3b) must be
chosen as the limit of the cycle b4. For example, for Rek3 < ¢ < Reky, this path is
[, k4]~ Ulkg, ¢1*. Whether this path lies within the fundamental polygon on %’ depends
on the particular representatives of the homology cycles a} and b;..

7.1. Values near the regular axis. We first consider the case when z approaches a point
on the regular axis. We define ¢ € C* and ¢’ € C? by

oo~ oo~
c :/ o, :/ . (7.4)
ky ky

Lemma 7.1. The following limits hold as z approaches a point on the regular axis (i.e.
as p — Owithr; < ¢):

i = (b]t/)+0(,02), c= (,C(/)+0(pz), (7.52)

2mi 2mi

oYl o / oV I > '\, J =K' 2
= O lu — o |-0fu — w e + 0(p”),

(7.5b)

)

(:)(ﬁ +/_L:7 ca): @’(u’+/oo w/)—®/(u/+/fo w’)e—”—K’+0(p2),
(1)
)

(7.5¢)
ofa+ /oo )= © (u’+/oo a)’)+ e (u +/+007 w’)eJ’K’ +0(0Y),
| (7.5d)
© (u +/ @)= OW)+pp+0(p®).  OG)=06'W)= o+ 0.
h (7.5¢)
O(u +/7’L:7 & +/:f w) = —%@)'(u/ +2c)e ! 2K ML o1, (7.5f)

where B € C is a constant and v', K', J', and M’ are defined in (2.20), (2.21), and
(2.29). The equations obtained from (7.5) by replacing i, u', and J' by 0 everywhere
are also valid.
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Proof. The expansions in (7.5a) follow immediately from (7.3a). We will also show
(7.5b); the proofs of the other expansions are similar. We first assume that { > Re k4. In
order for the argument of the theta function to have a finite limit, we shift the integration
limit from —iz to k4. Our choice of the cut system {@;, b;} implies that

007 ~
/ @ =c+ Br+s, (7.6)
_iz

where r, s € R?* are defined by

r=1(0,001/27, s=(0,0,0,—1/2)7. (7.7)
Therefore,
el ~ ~
@(ﬁ _/ (;)) — @(ﬁ —c— él" —5) = Z e27‘[i(%NTBN+NT(ﬁ—C—Br—S)). (7.8)
iz NeZ?*

Using (7.7), we can write the right-hand side of (7.8) as
Z 62771'(% Zij:] NiBiij+%B44N4(N4—1)+Z?:1 BiyN; (N4—%)+Zi3:1 N; (ﬁi—Ci)+N4(ﬂ4—C4)+%N4)
NeZ?*

In view of (7.3c), only the terms with N4 = 0 and N4 = 1 give nonzero contributions in
the limit p — 0. Equations (7.3) and (7.5a) imply that the subleading terms, which also

receive contributions from the terms with Ny = —1 and N4 = 2, are of 0(,02). We find
(:)(ﬁ B /OO_ (I)) _ Z eZ?Ti(%N/TB/N/—%N/T ffj w/+N’T(u/—c/))
—iz N'eZ?
ot / U ’ / ’ ’ .
. Z ezm'(%N/TB’N#%N/T JEZ N e ))+J —K'+mi +0()
N'eZ3
1 e L N
=0\u - - —/ - u/—c/+—/ e/ K 1 0.
2 Je- 2 Je-
(7.9)

Since

1 e oo™ 1 e oo
c'+§/ w’:/ o, c’—z/ a)’=/ o', (7.10)

this proves (7.5b) in the case when ¢ > Re k4.
Similar arguments apply when ¢ < Reks or Reks < ¢ < Reky. For example, if
Re ks < ¢ < Reky, then Eq. (7.6) gets replaced by

w_ ~
/ ®=c+ Br+t,
—iz

where

r 11 1 1\’
r=1(0,0,0,1/2)", = 373737 5) (7.11)
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Letting ¢’ = (—1/2, —1/2, —1/2), this leads to the following analog of Eq. (7.9):

_ oo~ 1 st
® IZ—/ o)=0 u’—c'—E/ o -t
—iz -
1 ¢ e
—@’(u/—c’+§/ w’—z’)e’ K100, (7112

Taking into account that, for Re ks < ¢ < Reky,

I oo™ I oo~
c’+—/ a)’+t’=/ o, c’——/ w’+t’=/ o, (7.13)
2 Je- - 2 /.- o+

we again arrive at (7.5b).

Lemma 7.2. Let Q be given by (2.18). As p — Qwithry < ¢,

- 2 - 2
Ou) = m ®/(u/+/_ a)’) —®/(u/+/+ a)/) e~2) 2K +O(,02).

(7.14)

The behavior of Q(0) as p — 0 is given by the expression obtained by replacing u’ and
J' with zero in the right-hand side of (7.14).

Proof. In view of (7.1), the expression for Q(u) is invariant under the change of cut
basis from{a;, b;} to {a;, b;}, i.e.

O+ [, @6+ [T @)
Owoéa+[% o

Ou) = (7.15)

Utilizing the limits of Lemma 7.1, we find (7.14). O

By applying the results of Lemma 7.1 to formula (7.2) and using that ¢! = el =2miits —

' 4 O(p?) as p — 0, we find that f is given by (2.22) near the regular axis. The

expression (2.24) for 2V on the regular axis follows by applying the results of Lemma 7.2
to the equation e?V = %e’ . The limiting behavior a = O(p?) follows from (6.15);

the fact that the terms of O(p) vanish in the expansion of a is most easily seen from
(2.2). The behavior ¢ = 1 + O(p?) near the regular axis follows from (2.17b) and
the condition that x = 0 on the regular axis; the fact that the terms of O(p) vanish
in the expansion of e2¢ is most easily seen from (3.7). This completes the proof of
Proposition 2.3.

7.2. Values of ag and Ky. The constant aq is determined by (6.15) and the condition
that a = 0 on the regular axis. We find

pe=2U Ou +fff; w+ i;"* o)

= hm iz
p=0 00) QWO+ [, w

aop ¢ >r.
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Substituting into this equation the expression (2.17a) for ¢V and passing to the axis-
adapted basis, we find

~ o~ o0~ 0T ~
a0 = lim o . O 'tfjiz “’l: jz “’)ezmm—i'
=0 Q(0) O®@+ [7. d)
By Lemmas 7.1 and 7.2, this yields

Q' (0)* O'(u' +2¢ T
ap = — © W +2C) w12k (716

(o en?—e( a>’)2e—21<’)2 o'w)

Expression (2.26) for ag is obtained by letting ¢ — oo in (7.16). Indeed, since

e (0)*
lim © =1

— 00 oo™ oo™ ’ 2
¢ (®/(f§’ w/)z _ @/(f§+ a)/)2672K )

and u’, ¢/, I’ are independent of ¢ > rq, we find

®/ / +2 / ’ ’ ’
= — 2 W2 (i M2k (7.17)
W)

The constant M’ is given by®

1 (&—x)*
M’ = = lim / @, _—2Inx —Ind—mi }.
2X—>0 (;_x)— §§

The combination M’ + 2K’ remains finite in the limit { — oo and we find
1 R
: / / . / .
ChJEO(M +2K) = ERILIE;O —/R_ Wyroo- —2INR—Ind —7i | . (7.18)

Equations (7.17) and (7.18) imply (2.26).

The constant K in (2.17b) is determined by the condition that ¢ = 1 on the reg-
ular part of the axis. In order to compute Ko we first rewrite (2.17b) in terms of the
axis-adapted cut system. Note that

a)_rlﬁ_rl— =Cb_r-l+’_rlf — 27TZCZ)4, a)rii-r; :(Z)ri"rf —277,'1.6:)4, a)KTKr 25)1(?'/(; — 27Tld)4
(7.19)
. dh
Since [r. dki gt 1) = 0, we find
N iz~ - - ~
2~ Ky OO + f_iz ) ef% S dict ey foe M2, - )+ frs ho_+ - - ha =
~ ~ E .
OO &)
14 ~ ~
5 lime_. [2) _— @4+ ——2Ine
X€2 € O('[Vl(é) 7r;r,7rl -[VZ(G) T )’ ; > r.

Taking the limit as p — 0 of this expression, we find (2.27).

6 Expressions of this type are considered in [28].
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7.3. Values near the black hole horizon. The limits as z approaches the black hole hori-
zon have a slightly different flavor than those considered in the previous subsection,
because ii4 diverges as p | 0 with 0 < ¢ < ry. In fact,

1 P’
fig=——1Inp+—+0(», pl0, 0<¢<r, (7.20)
Tl Tl

where

1 1
P’:-/ hps, - + 7 lim (/ w’§+{_+21ne+ln4),
2 Jr 220 \Uyne

and y’(¢) denotes the contour y’ with the segments which lie above the interval
[¢ — €, ¢ + €] removed.” Note that

APM _ ' 0 < <. (7.21)

Lemma 7.3. The following limits hold as z approaches a point on the black hole horizon
(iie.asp — Owith) < ¢ <ry):

~ 00 1 oo™ / / /
® ft—/ 10} == -0’ u'—/ o el 2M K
—iz P +
007 §+ ’ ! ’
+0’ (u/ —/ w/+/ w/)ezj —2M'-2K :| +0(1), (7.22)
. _
oo™ oo™ ¢ e
( ): ®’(u/+/ w/)— ®/(u/+/ a)/+/ w’)el +K 0(,02),
5 00~ 00~ 00~ c* —
e ﬁ+/ o)l=0 u/+/ o ) +6 u/+/ a)/+/ o eJ+K+O(p2),
iz Je- - Je-
. L & ) J-M
=——0|u+ o' e +5+0(p),
0 _

~ {+ ! !
A@@) = o (u’+/ a/)e’ M L5+ 0(p), (7.23)

» oo~ oo~ oo™
® ﬁ+/ J)+/ o)=0 u’+2/ o )+ 0(p),
—iz iz -

where § is a constant.

Proof. We prove (7.22) in the case when Rek3 < ¢ < ry; the proofs of the other
identities are similar. For Re ks < ¢ < ry,

(:)(ﬁ—/oo d)):(:)(ﬁ—c—ér—t),

7 For 0 < ¢ < rq, the contour y’ contains the covering in the upper sheet of [¢ — €, ¢] and the covering in
the lower sheet of [¢, ¢ +€].
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where r and ¢ are defined in (7.11). We can write the right-hand side as
Z e2ﬂi(Z?,,-:1 NiBiyNj+ BaaNa(Na 1)
NeZ*
Xezm(z;; t'?;4N,'(N4—%)+Z?=| N; Gii; —ci)+Na(iia—ca) =3, N1t1+%N4)
The factor involving the divergent quantities Bas and ii4 is
eZni(%éMN4(N4*1)+N4’Z4) _ pN4(N473)eN4(N471)M’+2N4P’(1 " 0(,02)).
Thus the diverging terms are of O (p~2) and arise when N4 = 1, 2. We find

ol _/OO_J) _ _Lezp’—K/ Z ezni(%N’TB/Nw%N’T f{‘f w’+N’T(uLcLz/))
—iz 102 N'eZ3
€Z
, , , AL NT RNt 3T (S N T
+i262M+4P 2K Z e27rz(2N B'N'+35N .[:7w+N (u'—c t))+0(1)'
P N'eZ?
Using (7.13) and (7.21), we find (7.22). O

Lemma 7.4. Let Q be given by (2.18). As p — Owith0 < ¢ < ry,

1ot 00" N2 () 00T ¢t N2 2T+2K'
2@(14 +f4“’ ') @(u+f¢, a)+f§,a))e

- . +0(p"),
Q) ®/(u/+f;_ w/)2621/72M’ (07)
(7.24)
O ([ W) —O([T o)2e 2K
0(0) = Je Je +0(p?). (7.25)

® (0)2

Proof. By applying the limits in Lemma 7.3 to (7.15), we find the statement for O (u).
The limit of Q(0) is obtained as in the case of the regular axis, since the diverging factors
involving ii4 are not present.

By applying the limits of Lemma 7.3 to Eq. (7.2), we find that f is given by (2.30)
near the horizon. Similarly, the behavior of ¢?Y near the horizon follows by apply-
ing Lemma 7.4 and the expansion (7.20) to the equation ¢*V = %e‘h fia+l The
expression for aj,, is established by applying the results of Lemmas 7.3 and 7.4 to the
axis-adapted version of (6.15).

We next show formula (2.32) for the behavior of ¢2 near the horizon. Equation
(3.7) implies that the terms of O(p) in the expansion of €% vanish, so we only have
to determine the leading term. Suppose 0 < ¢ < ry. Then, recalling (7.19) and using
that fr+ dkq %(/q) = 0, we can write L as defined in (2.16) in terms of axis-adapted
quantities as

L= /dfq—(/q)/ h(Kz)C?)KTKI—(K;)+/ h&)—rf,—rf-i-/ h‘br;’r(
r+ r+
1
+— lim (/ DO_+ - +/ Ot~ — 2]116) — 27'[1'/ hog — 2miug.
220y T e M r+
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In view of (7.20) and (7.21), we find

el = p2e M=V L 0(p), p—0, 0<¢ <ry,
where L’ is defined by (2.28). Applying this expansion together with Lemma 7.3 to
the expression for ¢ in Theorem 2.1, we arrive at (2.32). This completes the proof of
Proposition 2.4.

We conclude this section by proving Proposition 2.5. As { | r1, we have e~
whereas ¢X” tends to a bounded constant. The expression (2.36) for f1 := f(ir) there-
fore follows immediately from (2.23). Similarly, the statement in Proposition 2.5 regard-
ing fo := f(+i0) follows by taking the limit p | 0 in (2.31).

’
50

8. Parameter Ranges

In this section we consider the singularity structure of the solution (2.14) and its depen-
dence on the four parameters pg, 11, w2, and wq.

8.1. Singularity structure. The solution f presented in (2.14) is continuous but not
smooth at the point z = =%iry, where the regular axis meets the horizon. Moreover,
Im f has a jump across the disk. Away from these points f is smooth except possibly at
points in the set where the denominator of (2.14) vanishes. Physically, we are interested
in solutions which are singularity-free away from the disk and the horizon. A complete
characterization of the singularity-free solutions involves determining for which choices

of po, r1, wa, wy the set {z eD| O+ ff; w) = 0} is empty. We will not complete
this analysis here, but we will indicate how a large class of singularity-free solutions can
be constructed starting with parameters corresponding to a Kerr background.

In Subsec. 5.1, the Kerr solutions were parametrized in terms of the parameters 7; > 0
and —7/2 < § < 0. However, since the map

2 b4

Ssz_tan(Ssin(S'( 2’0)_>R>0 ®.1)
is one-to-one, we may also adopt a parametrization in terms of r; > 0 and wy =
2/(tan§sind) > 0. Let frk]‘;;; denote the unique Kerr solution corresponding to the
parameters r; > 0 and wy > 0. Moreover, let f denote the solution in (2.14) corre-
sponding to some strictly positive parameters pg, r1, w2, wq. Then f — fr]‘fuﬁz’ aspg | 0
and wy | 0 with 1, wy held fixed. Indeed, consider perturbing a Kerr background solu-
tion f*¢’” by adding a small disk of radius po rotating with angular velocity €2. In the
limit pg | 0 and © | 0, the jump contour I'* in the RH problem disappears and Ag
reduces to the identity matrix. Thus, the BVP (2.6) reduces to the Kerr black hole BVP
and the perturbed solution f approaches f*¢' in this limit. Substituting the Kerr values

of fo and f; and letting 2 | 01in (5.9), we find that

(fécerr)2 -1 B 2
2 frerr tandsing’

wo — 0, and wyq — 0, (8.2)

as the Kerr background is approached. This leads to the relation (8.1) between § and w».
In view of (5.12), the vanishing limiting value of wy is achieved by letting pg | 0.
Thus, for small values of wy > 0 and pg > 0, the solution f corresponding to
{po, r1, w2, wa} is a small perturbation of the Kerr background solution f,"l%; . In par-
ticular, f is singularity-free for sufficiently small perturbations. By increasing w4 and
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—02f

Fig. 13. The dependence on wy of the parameters 2y, €2, e2Uo = Re f(+i0), and e2U20 = Re fa(+i0) for
the example specified by (8.3)

po, larger perturbations of the background are obtained until the construction eventually
breaks down and the solutions become singular. In this way, a large class of singular-
ity-free solutions can be constructed. Numerical data suggest that given strictly positive
values of the parameters py, 71, and wy, there exists an interval [0, w}'“*], wy'** > 0,
such that all solutions f corresponding to {pg, 71, w2, ws} with wy € (0, wy'*") are
free of singularities. In the following subsection, we illustrate the general situation by
considering a typical example.

8.2. Dependence on ws. We let

w,y = 3, (8.3)

| =

po=1, rn=

and consider the solution f given in (2.14) corresponding to {pg, 71, w2, wa} as wg > 0
varies. We find that the solution is free of singularities for 0 < ws < wj®,
where wj'“* ~ 0.27051. The example presented in Sect. 3 corresponds to taking
wyg = 1/10. The dependence on wy of several parameters is displayed in Figs. 13
and 14. The parameter w4 is analogous to the variable p used in [24] to parametrize the
Neugebauer-Meinel solutions and Figs. 13 and 14 are the analogs of Fig. 2.9 in [24]. To

see how the solution f becomes singular as wy increases beyond w}'“", we note that as

w4 < wy'®* increases, the ergosphere of the solution f grows larger and larger until it
eventually, in the limit w4 1+ wj'**, envelops all of spacetime. As w4 increases beyond
wy'™* a singularity of f enters the domain D at z = +oo and moves inward along the
positive real axis. The graph of the singular function Re f for wy = 1/2 > wjy'** is

shown in Fig. 15.
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Fig. 14. The dependence on w4 of the parameters by = Im f(+i0) and f1 = f(iry) for the example specified
by (8.3)

Fig. 15. The graph of Re f for wy = 1/2 > w}'**. The disk and the black hole are too small to be visible
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Appendix A. Condensation of Branch Points

In this Appendix we show that the Ernst potential (2.14) is related via a certain limiting
procedure to the class of solutions of the Ernst equation studied in [19, 15]. By applying
this limiting procedure to the formula for the metric function ¢ given in [15], we will
also establish the expression (2.17b) for ¢* and so complete the proof of Theorem 2.1.
The limiting operation involves partially degenerating a Riemann surface by letting
branch points coalesce along the curve I'* and at the points £r;. The construction of
new solutions of the Ernst equation through this type of ‘condensation’ of branch points
along curves was first described in [19].

Let f)z be a Riemann surface of genus g > 4 obtained by adding g — 4 branch cuts

{LE;, Fj]}ij to X;. Let £ = —iz. Then f)z is defined by the equation

g—4

4
P=k-k =5[]tk —kntk—k) [ [k - Entk — F.

i=1 i=1
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Let {a;, b j}§:1 be the cut basis on iz which is the natural generalization of the basis
{a;, b.,'}‘lt on X, ie. for j =1,...,4,a; surrounds the cut [k;, l;j]; forj=5,...8,4;
surrounds the cut [E;_4, Fj_4]; the cycle b ; enters the upper sheet on the right side of
[—iz,iz] and exits again on the right side of [k}, 12,-] for j = 1,...,4 and on the right
side of [Ej 4, Fj 4] for j =5, ..., g. For simplicity, we will assume that { > Re k4.
Let o = (o1, ... ,c?)g)T denote the canonical dual basis and let (:)(121) = @(ﬁ)“ﬁ’) be
the associated theta function. Let p, g € C8 be vectors which are indepedent of z and
which satisfy the reality condition B p +¢q € R&. The theta function with characteristics
P, q € Ré is defined by

N N A~ i(L,TRh e
@[5] (ﬁ|B)=®(ﬁ+Bp+q|B)e2”’(2” B’ Gr0) 5 e,
Then
é)[ﬂ )
—_—— (A1)
A p 00~ A
®M(f5 @

is a solution of the Ernst equation (2.3) and the corresponding metric function e

given by
o[wslt)urs

OOO(f @)

f:

2k is

X = K (A.2)

where Ko € C is a constant determined by the condition that ¢2¢ = 1 on the regular
axis [19,15].
We choose

Ey = —r1 —ie, Fi = E, E; =r —ie, F, = Ey,

where € > 0 is a small number, and define the Riemann surface iz of genus 6 by

4 2
P=Gk—-&k -]k —k)k —k) [ [k — Ed)k — F).

i=1 i=1

In other words, i)z is obtained from X, by adding two short vertical cuts centered at —r
and rq, respectively. The cut basis {a I3 b j}?‘:l is shown in Fig. 16.

The condensation of branch points will now proceed in two steps: In the first step, we
let the branch points E 2, F]+2, j=1,..., g —6condense along the curve I". In doing
this, the Riemann surface E degenerates to Z and the Ernst potentlal f approaches
a solution f defined in terms of theta functions on % .- Intuitively f has a disk, but no
black hole. In the second step, we let ¢ — 0. Then >, degenerates to X, and we will
find that f approaches the solution f in (2.14).



J. Lenells

630

Fig. 16. The homology basis {d;, b j}?=1 on the Riemann surface XVJZ

A. 1. The first degeneration. Let

p=(p,meCl xREO  4=0,

where the components of the vector m € R8¢~ satisfy 0 < mj<1/2,j=1,...,g—6.
, & — 6, in which the branch cut

We consider the limit E;.2, Fjyo — «j, j = 1,.
[Ej+2, Fji2] shrinks to a point «; € I'. In this limit, (cf. Eq. (7.3))
o)

R . . U N
(a)1 S e a)g) — (an y ... G, %a)l{rkl—, ey %w’(;—()’{g—é
L . “
Bl’j—>Bl], l,J:l,...,6; Bi,j+6_)/ J)i, i:l,...,6, j:l, .,g—6,
<
. 1 [
Bis6,j+6 = 7 Or=  Lj=1,...,8—6, i #];
2mi KT L
J
N 1 .
Bj+6,j+6= Eln|Ej+2_Fj+2|+0(1)v J = 17 ?g_6
For two points P, Q € f)z, we have
. 0 (1 NT B T, 10~ (1. Th T 0 A~
) |:6)j| (/ C:)) _ ( Z ean(zN BN+N'([p w+Bp)))€2m(2p Bp+p! [ w) (A4)
P
NeZs
Letting N = (N,n) € Z°x 75 ®and using that p = (p, m), we find that the factor in the
sum on the right-hand side involving the diverging quantities B¢ j+6,j = 1,..., g—6,
is
e?‘[i Z;’:? nj(n; +2mj)éj+(,.j+6 )

1/2 by assumption, all terms in the sum in (A.4) approach

Consequently, since0 < m; <
= 0. We infer that the sum on the right-hand side of (A.4)

zero except the ones with n

converges to
el 8
] / w+ m/ o+Bp|. (A.5)
Carsm [
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We let the «;’s condense onto the curve I with a density determined by the measure
dm (k) defined by

1dh
dm(k) = —EE(K)dK, kel

where 4 is the function defined in (2.12). Then, integrating by parts and using that &
vanishes at the endpoints of I", we find

g—6 K}' s
ij/ &)—)/dm(/c)/ =1, (A.6)
j=1 K_; r K~

where it € C° is defined by

= / ha.
I‘+
Combining (A.4)-(A.6), we find

Q 3 0 . .
Bl [ o

where L is defined by

o 1 dh ! +
L = —5 rdKlﬁ(Kl) . h(KZ)wKTKf(Kz)’

and the prime on the integral along I" indicates that the integration contour should be
deformed slightly before evaluation so that the pole at k> = « is avoided.’

Applying this formula to (A.1), we arrive at the following limit of f :

el, (A.8)

where I € R is defined by

v w+
1 :/dm(l()/ J)K*'K_ :/ h(j{)oo+oo_.
r 00~ r+

Moreover, applying Eq. (A.7) to the expression for ¢ in (A.2), we find

2k K

N E.
L OO+ [ D)
e —>e2'(=K0—_fS

ot oLl dm) £ (A.9)
OOO(f; o)

8 The result is indepedent of whether the contour is deformed to the right or to the left of the pole.
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where K| is a constant independent of z. For some constant C, we have
_ [‘P Wez
e T =C | —— PeXx,,

because both sides have simple poles at £, simple zeros at £, and are analytic elsewhere
on X,. Hence,

3 i pP—E
v+—=— -:10 —_—
/SwKK /K_ W g P_¢

It follows that the last exponential factor in (A.9) is independent of z and can be absorbed
into K. Thus,

K+

P ETI+2WIZ .

L OO+ [Fa)
X = KOM& (A.10)
OOO(ff @)

A. 2. The second degeneration. We now consider the degeneration of f)z as the cuts
centered at =7 collapse. In the limit e — 0,

. . 1 1
(Cl)], .. .6()6) —> (Cl)], ... 4, %w—ff'v—ﬁ_’ %a)rrrl— )

. B B P
B = (BlT Bz) + 0 (e7),

where B is the period matrix on X, the 4 x 2 matrix Bj is defined by

-t
B = w/ o,
- I

and the 2 x 2 matrix B; is given by

.
1 1 Ty
—(ne+c) 5= fﬁ_ ORI

Br=1, - |
2mi f—rf wr?’rl_ E(IHE +ce)

where ¢, c_ € C are constants. Moreover,
Jreho
v 1
u — ﬁfl‘* hw_’f'v—rf
1
ﬁff‘*‘ hwr;’rl_
We have
v 0 27i l1\V1T1_1V31\v/+/(/T(V+fQV+1§“) 27i l“Tl_lV3V+VT(V+fQ D)
®p p é)_zemz u+)p wo+Bp emzp p+p’ (u+)p o
0 = .
P

NeZb
(A.11)
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Letting N = (N,n) € Z* x 7% and choosing, for some 0 < « < 1/2,
p=1(0,0,0,0,a, —),

the same type of argument that led to (A.5) shows that all terms in the sum approach 0
as € — 0 except those withn = 0.
It follows that the sum in (A.11) converges to

0 —rf T
®(u+/ a)) where u:/ ho+o / —/ .
P r+ =ry r

On the other hand, the rightmost exponential factor in (A.11) can be written as

(1 sT B, xTov. 1O ~ v v v
el (7 pT Bp+pT ik [F w)) et (Bss—2Bsg+Beo)

Xea Jr+ hw—rf',—rf —o [+ hwrrr(+a j[? w—"T-—’f — j[Q wrrrr .
Applying these formulas to (A.8), we find
. Ow+ [ )
— f= #d, (A.12)
O+ [

where

-t
1 =/ hWootoo— + O / —/ Wootoo—-
r+ —ry T

The contours in the integrals [ rrl and fr " are the limits of the cycles bs and bg, respec-
- 1

tively. By deforming these contours, we find that

-t rf - ol
- Wootoo— = Wootoo™ s w— w = w,
—ry T y -ry ry y

1

where y is the contour on X, defined in Sect. 2. Therefore, in the limit« — 1/2, u and
I become exactly the u and I of Theorem 2.1 and the solution f in (A.12) becomes the
Ernst potential in (2.14). This provides the promised link between the solutions in [19]
and the solution presented in this paper.

By applying the same limiting procedure to Eq. (A.10) we will determine the corre-
sponding metric function ¢?¢. We have

2 g
C o . 2 a(c++c,—j 7a)+7)
i (Bss—2Bse+Bes) E20( e - N (1+ 0(e)), e — 0.

Hence, for the quotient in (A.10) we find

L OO+ [fd) OWOW+[fw) , , w2 .
= € e |

N
1"

OOO(f; &) OOO(ff v)
_ 1E _1
xel™ MOt I b 2 ke e (14 o(ey).

(A.13)
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This expression vanishes in the limit ¢ — 0. However, this behavior is compensated
by the fact that the constant Ko diverges as € — 0, so that the limit of % is finite and
non-zero. The last exponential factor on the right-hand side of (A.13) can be absorbed
into Ko. Indeed, the same type of argument that we used to find (A.10) shows that
this factor is independent of z. The constants c, and c_ are given by the expressions
obtained by replacing ¢ in the right-hand side of (2.29) with r; and —ry, respectively.
Letting « — 1/2 and using that

(—ri—8)* (r1=8)* T
lim / a)_+_—+/ w,+,— —4Iné —2/ O+ -
§=>0\ J(=r —8)- T (r1—8)— 1 - I

1
=2 lim w - — w+-—2Ind ),
8—0 (/m @ T /1/2(5) i )

we infer that the limit of ¢2* is given by (2.17b).

We finally point out that formula (6.15) for the metric function a can be derived in
a similar way. Indeed, the metric function a corresponding to the solution f in (A.1) is
given by [15]

A p A p o0~ A o007 A
®[q}(0)® |:qi|(f5 o+ [ b

0(0)6 [lq’} (2 @6 [ﬂ T

@—ap)e’’ = —p —1],

where

O »O(F @)

00) = ————
OOO([; &)

An application of the above limiting procedure to this expression yields (6.15).

References

[1]
[2]
[3]
[4]

[5

=

[6

)

[7

—

[8

=

[9

—

(10]

Abramowicz, A., etal: Theory of black hole accretion discs. Edited by M. A. Abramowicz, G. Bjornsson,
J. E. Pringle. Cambridge: Cambridge University Press, 1999

Bardeen, J.M., Wagoner, R.V.: Uniformly rotating disks in general relativity. Astrophys. J. 158,
L65-L69 (1969)

Bardeen, J.M., Wagoner, R.V.: Relativistic disks. I. Uniform rotation. Astrophys. J. 167, 359-423 (1971)
Bicak, J.: Selected solutions of Einstein’s field equations: their role in general relativity and astrophysics.
In: Einstein’s field equations and their physical implications, Edited by B. G. Schmidt, Lecture Notes
in Physics, Vol. 540, Berlin: Springer-Verlag, 2000, pp. 1-126

Chandrasekhar, S.: The mathematical theory of black holes. Reprint of the 1992 edition, Oxford Classic
Texts in the Physical Sciences, New york: The Clarendon Press Oxford University Press, 1998

Farkas, H. M., Kra, L.: Riemann surfaces. ond edition, Graduate Texts in Mathematics 71, New York:
Springer-Verlag, 1992

Fay, J. D.: Theta functions on Riemann surfaces. Lecture Notes in Mathematics 352, Berlin-New York:
Springer-Verlag, 1973

Fokas, A.S.: A unified transform method for solving linear and certain nonlinear PDEs. Proc. Roy. Soc.
Lond. A 453, 1411-1443 (1997)

Fokas, A.S.: Integrable nonlinear evolution equations on the half-line. Com. Math. Phys. 230,
1-39 (2002)

Fokas, A. S.: A unified approach to boundary value problems. CBMS-NSF regional conference series
in applied mathematics, Philadelphia: SIAM, 2008



Boundary Value Problems for the Einstein Equations 635

(11]
[12]
[13]
[14]
[15]
[16]
(171
(18]

[19]

[20]
[21]
[22]
(23]
[24]

[25]
[26]

[27]

(28]

Gardner, C.S., Greene, J.M., Kruskal, M.D., Miura, R.M.: Method for solving the Korteweg-de Vries
equation. Phys. Rev. Lett 19, 1095-1097 (1967)

Griffiths, P., Harris, J.: Principles of algebraic geometry. New York: Wiley-Interscience [John Wiley &
Sons], 1978

Kerr, R.P.: Gravitational field of a spinning mass as an example of algebraically special metrics.
Phys. Rev. Lett. 11, 237-238 (1963)

Klein, C.: Counter-rotating dust rings around a static black hole. Class. Quantum Grav 14, 2267-
2280 (1997)

Klein, C., Korotkin, D., Shramchenko, V.: Ernst equation, Fay identities and variational formulas on
hyperelliptic curves. Math. Res. Lett. 9, 27-45 (2002)

Klein, C., Richter, O.: Physically realistic solutions to the Ernst equation on hyperelliptic Riemann
surfaces. Phys. Rev. D 58, 124018 (1998)

Klein, C., Richter, O.: Ernst equation and Riemann surfaces. Analytical and numerical methods. Lecture
Notes in Physics, 685. Berlin; Springer-Verlag, 2005

Korotkin D., A.: Finite-gap solutions of stationary axisymmetric Einstein equations in vacuum, Theoret.
and Math. Phys. 77, 1018-1031 (1989)

Korotkin, D. A., Matveev, V. B.: On theta-function solutions of the Schlesinger system and the Ernst
equation. (Russian) Funkt. Anal. i Pril. 34(4), 18-34, 96 (2000); translation in Funct. Anal. Appl. 34(4),
252-264 (2000)

Lenells, J., Fokas, A.S.: Boundary value problems for the stationary axisymmetric Einstein equations:
a rotating disk. Nonlinearity 24, 177 (2011)

Neugebauer, G., Meinel, R.: The Einsteinian gravitational field of the rigidly rotating disk of dust.
Astroph. J 414, L97-1.99 (1993)

Neugebauer, G., Meinel, R.: General relativistic gravitational field of a rigidly rotating disk of dust: Axis
potential, disk metric, and surface mass density. Phys. Rev. Lett. 73, 2166-2168 (1994)

Neugebauer, G., Meinel, R.: General relativistic gravitational field of a rigidly rotating disk of dust:
Solution in terms of ultraelliptic functions. Phys. Rev. Lett. 75, 3046-3047 (1995)

Meinel, R., Ansorg, M., Kleinwichter, A., Neugebauer, G., Petroff, D.: Relativistic figures of equilibrium.
Cambridge: Cambridge University Press, 2008

Pringle, J.E.: Accretion discs in astrophysics. Ann. Rev. Astron. Astrophys. 19, 137-162 (1981)
Stephani, H., Kramer, D., MacCallum, M., Hoenselaers, C., Herlt, E.: Exact solutions of
Einstein’s field equations. Second Edition. Cambridge: Cambridge University Press, 2003

Zakharov, V.E., Shabat, A.B.: Exact theory of two-dimensional self-focussing and one- dimensional
self-modulation in nonlinear media. Soviet Physics-JETP 34, 62-69 (1972)

Yamada, A.: Precise variational formulas for abelian differentials. Kodai Math. J. 3, 114-143 (1980)

Communicated by P.T. Chrusciel



	Boundary Value Problems for the Stationary Axisymmetric Einstein Equations: A Disk Rotating Around a Black Hole
	Abstract:
	1 Introduction
	2 Disk/Black-Hole Systems
	2.1 The Ernst equation
	2.2 The boundary value problem
	2.3 The solution
	2.4 Axis and horizon values

	3 Example
	3.1 Numerical data

	4 Spectral Theory
	4.1 A bounded and analytic eigenfunction
	4.2 The main Riemann-Hilbert problem
	4.3 The global relation
	4.4 Linearizable boundary conditions
	4.5 The auxiliary Riemann-Hilbert problem

	5 A Scalar Riemann-Hilbert Problem
	5.1 Formulation of the scalar RH problem
	5.2 Solution of the scalar RH problem

	6 Theta Functions
	6.1 Explicit expression for the Ernst potential
	6.2 The metric functions e2U and a

	7 Axis and Horizon Values
	7.1 Values near the regular axis
	7.2 Values of a0 and K0
	7.3 Values near the black hole horizon

	8 Parameter Ranges
	8.1 Singularity structure
	8.2 Dependence on w4

	Acknowledgement.
	Appendix A. Condensation of Branch Points
	A. 1. The first degeneration
	A. 2. The second degeneration

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


