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Abstract: A BV algebra and a QP-structure of the degree 3 is formulated. A QP-struc-
ture of degree 3 gives rise to Lie algebroids up to homotopy and its algebraic and
geometric structure is analyzed. A new algebroid is constructed, which derives a new
topological field theory in 4 dimensions by the AKSZ construction.

1. Introduction

A BV algebra and a QP-structure has been motivated by the structure of the Batalin-
Vilkovisky formalism of a gauge theory [1,2] and is its mathematical formulation [3,4].
In case of a topological field theory of Schwarz type, a BV formalism has been refor-
mulated to the AKSZ formulation, which is a clear construction using geometry of a
graded manifold [5,6]. Application to higher n + 1 dimensions has been formulated and
new topological field theories in higher dimensions have been founded by applying this
construction [7–9].

In n = 1, a classical QP-structure is equivalent to a Poisson structure on a manifold
M and is also a Lie algebroid on T ∗M from the explicit construction. This is the con-
struction of a Poisson structure by the Schouten-Nijenhuis bracket in a classical limit.
The topological field theory in two dimensions constructed by the AKSZ formulation [6]
is the Poisson sigma model [10–12] and the quantization of this model on disc derives
the Kontsevich formula of the deformation quantization on a Poisson manifold [14,15].

In n = 2, a classical QP-structure is a Courant algebroid [16–19,32]. The topological
field theory derived in three dimensions is the Courant sigma model [20–23].

However structures for higher n, more than 2, have not been understood enough apart
from BF theories.

In this paper, we analyze the n = 3 case. A QP-structure of degree 3 leads us to a
new type of algebroid, which is called a Lie algebroid up to homotopy. The notion of
this algebroid is defined as a homotopy deformation of a Lie algebroid satisfying some
integrability conditions. We will prove that a QP-structure of degree 3 on a N-manifold
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(nonnegatively graded manifold) is equivalent to a Lie algebroid up to homotopy. This
QP-structure defines a new natural 4-dimensional topological field theory via the AKSZ
construction.

The paper is organized as follows. In Sect. 2, a BV algebra and a QP-structure of
degree 3 are formulated. In Sect. 3, a QP-structure of degree 3 is constructed and ana-
lyzed. In Sect. 4, examples of QP-structures of degree 3 are listed. In Sect. 5, the AKSZ
construction of a topological field theory in four dimensions is formulated and examples
are listed.1

2. QP-Manifolds and BV Algebras

2.1. Classical QP-manifold.

Definition 2.1. A graded manifold M is by definition a sheaf of a graded commutative
algebra over an ordinary smooth manifold M.

In the following, we assume the degrees are nonnegative.
The structure sheaf of M is locally isomorphic to a graded commutative algebra

C∞(U )⊗ S(V ), where U is an ordinary local chart of M, S(V ) is the polynomial alge-
bra over V and where V := ∑

i≥1 Vi is a graded vector space such that the dimension
of Vi is finite for each i . For example, when V = V1,M is a vector bundle whose fiber
is V ∗1 : the dual space of V1.

Definition 2.2. A graded manifold (M, ω) equipped with a graded symplectic structure
ω of degree n is called a P-manifold of degree n.

In the next section, we will study a concrete P-manifold of degree 3.
The structure sheaf C∞(M) of a P-manifold becomes a graded Poisson algebra. The

Poisson bracket is defined in the usual manner,

{F, G} = (−1)|F |+1ιX F ιXG ω, (2.1)

where F, G ∈ C∞(M), |F | is the degree of F and X F := {F,−} is the Hamiltonian
vector field of F . We recall the basic properties of the Poisson bracket,

{F, G} = −(−1)(|F |−n)(|G|−n){G, F},
{F, G H} = {F, G}H + (−1)(|F |−n)|G|G{F, H},

{F, {G, H}} = {{F, G}, H} + (−1)(|F |−n)(|G|−n){G, {F, H}},
where n is the degree of the symplectic structure and F, G, H ∈ C∞(M). We remark
that the degree of the Poisson bracket is −n.

Definition 2.3. Let (M, ω) be a P-manifold of degree n. A function � ∈ C∞(M) of
degree n + 1 is called a Q-structure, if it is a solution of the classical master equation,

{�,�} = 0. (2.2)

The triple (M, ω,�) is called a QP-manifold.

We define an operator Q := {�,−}, which is called a homological vector field. From
(2.2) we have the cocycle condition,

Q2 = 0,

which says that the homological vector field is a coboundary operator on C∞(M) and
defines a cohomology called the classical BRST cohomology.

1 Very recently, Grützmann’s paper appears which has overlaps with our paper [24].
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2.2. Quantum QP-manifold.

Definition 2.4. A graded manifold is called a quantum BV-algebra if it has an odd
Laplace operator �, which is a linear operator on C∞(M) satisfying �2 = 0, and the
graded Poisson bracket is given by

{F, G} = (−1)|F |�(FG)− (−1)|F |�(F)G − F�(G), (2.3)

where F, G ∈ C∞(M).

If n is odd, a P-manifold (M, ω) has the odd Poisson bracket. If an odd P-manifold
(M, ω) has a volume form ρ, one can define an odd Laplace operator � (see [25]):

�F := 1

2
(−1)|F |divρ X F .

Here a divergence divρ is a map from a space of vector fields on M to C∞(M) and is
defined by

∫

M
divρ X Fdv = −

∫

M
X (F)dv,

for a vector field X on M. The pair (M,�) is called a quantum P-structure. An odd
Laplace operator has degree −n.

Definition 2.5. A function � ∈ C∞(M) with degree n + 1 is called a quantum
Q-structure, if it satisfies a quantum master equation

�(e
i
�

�) = 0, (2.4)

where � is a formal parameter. The triple (M,�,�) is called a quantum QP-manifold.

From the definition of an odd Laplace operator, Eq. (2.4) is equivalent to

{�,�} − 2i��� = 0. (2.5)

If we take the limit of � → 0 in (2.5), which is called a classical limit, the classical
master equation {�,�} = 0 is derived. Since �2 = 0,� is also a coboundary operator.

This defines a quantum BRST cohomology. Let O′ = Oe
i
�

� ∈ C∞(M) be a cocycle

with respect to �. The cocycle condition �(O′) = �(Oe
i
�

�) = 0 is equivalent to

{�,O} − i��O = 0. (2.6)

The solutions of (2.6) are called observables in physics. In the classical limit, (2.6) is
{�,O} = QO = 0. O reduces to an element of a classical BRST cohomology.

3. Structures and Homotopy Algebroids

In this section, we construct and analyze a classical QP-structure of degree 3 explicitly.
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3.1. P-structures. Let E → M be a vector bundle over an ordinary smooth manifold
M . The shifted bundle E[1] → M is a graded manifold whose fiber space has degree
+1. We consider the shifted cotangent bundle M := T ∗[3]E[1]. It is a P-manifold of
degree 3 over M ,

T ∗[3]E[1] →M2 → E[1] → M,

where M2 is a certain graded manifold.2 The structure sheaf C∞(M) of M is decom-
posed into the homogeneous subspaces,

C∞(M) =
∑

i≥0

Ci (M),

where Ci (M) is the space of functions of degree i . In particular, C0(M) = C∞(M):
the algebra of smooth functions on the base manifold and C1(M) = �E∗: the space of
sections of the dual bundle of E .

Let us denote by (x, q, p, ξ) a canonical (Darboux) coordinate on M, where x is a
smooth coordinate on M, q is a fiber coordinate on E[1] → M, (ξ, p) is the momen-
tum coordinate on T ∗[3]E[1] for (x, q). The degrees of the variables (x, q, p, ξ) are
respectively (0, 1, 2, 3).

Two directions of counting the degree of functions on T ∗[3]E[1] are introduced.
Roughly speaking, these are the fiber direction and the base direction.

Definition 3.1 (Bi-degree, see also Remark 3.3.3 in [18]). Consider a monomial ξ i p j qk

on a local chart (U ; x, q, p, ξ) of M, of which the total degree is 3i +2 j +k. The bidegree
of the monomial is, by definition, (2(i + j), i + k).

This definition is invariant under the natural coordinate transformation,

x ′i = x ′i (x1, x2, ..., xdim(M)),

q ′i =
∑

j

ti j q j ,

p′i =
∑

j

t−1
i j p j ,

ξ ′i =
∑

j

∂x j

∂x ′i
ξ j +

∑

jkl

(
∂t−1

jl

∂x ′i
tlk +

∂tkl

∂x ′i
t−1
l j )p j qk,

where t is a transition function. Since T ∗[3]E[1] is covered by the natural coordinates,
the bidegree is globally well-defined (See also Remark 3.2 below.)

The space Cn(M) is uniquely decomposed into the homogeneous subspaces with
respect to the bidegree,

Cn(M) =
∑

2i+ j=n

C2i, j (M).

Since C2,0(M) = �E and C0,2(M) = � ∧2 E∗, we have

C2(M) = �E ⊕ � ∧2 E∗.
2 In fact, M2 is E[1] ⊕ E∗[2], which is derived from the result in the previous sentence of Remark 3.2.
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Remark 3.2. The P-manifold T ∗[3]E[1] is regarded as a shifted manifold of T ∗[2]E[1].
The structure sheaf is also a shifted sheaf of the one on T ∗[2]E[1]. In particular, the
space C2i, j is the shifted space of Ci, j on T ∗[2]E[1].
For the canonical coordinate on M, the symplectic structure has the following form:

ω = δxiδξ i + δqaδ pa,

and the associated Poisson bracket has the following expression:

{F, G} = F
←−
∂

∂xi

−→
∂

∂ξ i
G − F

←−
∂

∂ξ i

−→
∂

∂xi
G + F

←−
∂

∂qa

−→
∂

∂ pa
G − F

←−
∂

∂ pa

−→
∂

∂qa
G,

where F, G ∈ C∞(M) and
−→
∂
∂φ

and
←−
∂
∂φ

are the right and left differentiations, respec-
tively. Note that the degree of the symplectic structure is +3 and the one of the Poisson
bracket is −3. The bidegree of the Poisson bracket is (−2,−1), that is,

{(2i, j), (2k, l)} = (2(i + k)− 2, j + l − 1),

where (2i, j)... are functions with the bidgree (2i, j).

3.2. Q-structures. We consider a (classical) Q-structure, �, on the P-manifold. It is
required that � has degree 4. That is, � ∈ C4(M). Because C4(M) = C4,0(M) ⊕
C2,2(M)⊕ C0,4(M), the Q-structure is uniquely decomposed into

� = θ2 + θ13 + θ4,

where the bidegrees of the substructures are (4, 0), (2, 2) and (0, 4), respectively. In the
canonical coordinate, � is the following polynomial:

� = f 1
i
a(x)ξ i q

a +
1

2
f2

ab(x)pa pb +
1

2
f3

a
bc(x)paqbqc

+
1

4! f4abcd(x)qaqbqcqd , (3.7)

and the substructures are

θ2 = 1

2
f2

ab(x)pa pb,

θ13 = f 1
i
a(x)ξ i q

a +
1

2
f3

a
bc(x)paqbqc,

θ4 = 1

4! f4abcd(x)qaqbqcqd ,

where f1 − f4 are structure functions on M . By counting the bidegree, one can easily
prove that the classical master equation {�,�} = 0 is equivalent to the following three
identities:

{θ13, θ2} = 0, (3.8)
1

2
{θ13, θ13} + {θ2, θ4} = 0, (3.9)

{θ13, θ4} = 0. (3.10)
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The conditions (3.8), (3.9) and (3.10) are equivalent to

f 1
i
b f2

ba = 0, (3.11)

f 1
k

c
∂ f2

ab

∂xk
+ f2

da f3
b

cd + f2
db f3

a
cd = 0, (3.12)

f 1
k

b
∂ f 1

i
a

∂xk
− f 1

k
a
∂ f 1

i
b

∂xk
+ f 1

i
c f3

c
ab = 0, (3.13)

f 1
k [d

∂ f3
a

bc]
∂xk

+ f2
ae f4bcde − f3

a
e[b f3

e
cd] = 0, (3.14)

f 1
k [a

∂ f4bcde]
∂xk

+ f3
f [ab f4cde] f = 0, (3.15)

where [b c d · · · ] is a skewsymmetrization with respect to indices b, c, d, . . ., etc.

3.3. Lie algebroid up to homotopy. In this section we study an algebraic structure asso-
ciated with the QP-structure in 3.1 and 3.2.

Definition 3.3. Let Q = θ2 +θ13 +θ4 be a Q-structure on T ∗[3]E[1], where (θ2, θ13, θ4)

is the unique decomposition of �. We call the quadruple (E; θ2, θ13, θ4) a Lie algebroid
up to homotopy, or in shorthand, Lie algebroid u.t.h.

We should study the algebraic properties of the Lie algebroid up to homotopy. Let us
define a bracket product by

[e1, e2] := {{θ13, e1}, e2}, (3.16)

where e1, e2 ∈ �E . By the bidegree counting, �E is closed under this bracket. The
bracket is not necessarily a Lie bracket, but it is still skewsymmetric:

[e1, e2] = {{θ13, e1}, e2},
= {θ13, {e1, e2}} + {e1, {θ13, e2}},
= −{{θ13, e2}, e1} = −[e2, e1],

where {e1, e2} = 0 is used. A bundle map ρ : E → T M which is called an anchor map
is defined by the following identity:

ρ(e)( f ) := {{θ13, e}, f },

where f ∈ C∞(M). The bracket and the anchor map satisfy the algebroid conditions
(A0) and (A1) below:

(A0) ρ[e1, e2] = [ρ(e1), ρ(e2)],
(A1) [e1, f e2] = f [e1, e2] + ρ(e1)( f )e2,
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where the bracket [ρ(e1), ρ(e2)] is the usual Lie bracket on �T M . The bracket (3.16)
does not satisfy the Jacobi identity in general. So we should study its Jacobi anomaly,
which characterizes the algebraic structure of the Lie algebroid u.t.h. The structures
θ13, θ2 and θ4 define the three operations:

• δ(−) := {θ13,−}: a de Rham type derivation on � ∧· E∗,
• (α1, α2) := {{θ2, α1}, α2}: a symmetric pairing on E∗, where α1, α2 ∈ �E∗,
• �(e1, e2, e3, e4) := {{{{{θ4, e1}, e2}, e3}, e4}: a 4-form on E .

Remark that δδ �= 0 in general. Because the degree of the pairing is −2, it is C∞(M)-
valued. The pairing induces a symmetric bundle map ∂ : E∗ → E which is defined by
the equation, (α1, α2) = 〈∂α1 , α2〉, where 〈− ,−〉 is the canonical pairing of the duality
of E and E∗. Since 〈α , e〉 = {α, e}, we have

∂α = −{θ2, α}.
By direct computation, we obtain

1

2
{{{{θ13, θ13}, e1}, e2}, e3} = [[e1, e2], e3] + (cyclic permutations),

and

{{{{θ2, θ4}, e1}, e2}, e3} = −∂�(e1, e2, e3).

From Eq. (3.9), we get an explicit formula of the Jacobi anomaly,

(A2) [[e1, e2], e3] + (cyclic permutations) = ∂�(e1, e2, e3).

In a similar way, we obtain the following identities:

(A3) ρ∂ = 0,
(A4) ρ(e)(α1, α2) = (Leα1, α2) + (α1,Leα2),
(A5) δ� = 0,

where Le(−) := {{θ13, e},−} is the Lie type derivation which acts on E∗. Axioms (A3)
and (A4) are induced from Eq. (3.8) and (A5) is from Eq. (3.10).

The fundamental relations (3.11)–(3.15) correspond to Axioms (A1)–(A5):3 Thus,
the notion of the Lie algebroid up to homotopy is characterized by the algebraic prop-
erties (A1)–(A5). One concludes that

The classical algebra associated with the QP-manifold (T ∗[3]E[1],�) is the space of
sections of the vector bundle E with the operations ([·, ·], ρ, ∂,�) satisfying (A1)–(A5).

In the next section, we will study some special examples of Lie algebroid u.t.h.s.

Remark 3.4. If the pairing is nondegenerate, then the bundle map ∂ is bijective and then
from (A3) we have ρ = 0.

Remark 3.5 (Higher Courant-Dorfman brackets). We define a bracket on C∞(M) by

[−,−]C D := {{�,−},−},
which is called a Courant-Dorfman (CD) bracket. It is well-known that [, ]C D is a Loday
bracket ([26]). Since the degree of the CD-bracket is−2, the total space of degree i ≤ 2,

C2(M)⊕ C1(M)⊕ C0(M),

3 Actually, Axiom (A0) depends on (A1) and (A2).
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is closed under the CD-bracket, in particular, the top space C2(M) = �(E ⊕∧2 E∗) is
a subalgebra. If θ2 = 0, the CD-bracket on E ⊕∧2 E∗ has the following form,

[e1 + β1, e2 + β2]C D = [e1, e2] + Le1β2 − ie2δβ1 + �(e1, e2),

where β1, β2 ∈ � ∧2 E∗. This CD-bracket is regarded as a higher analogue of Courant-
Dofman’s original bracket (cf. [16,17]). We refer the reader to Hagiwara [27] and Sheng
[28] for the detailed study of the higher CD-brackets.

4. Examples and Twisting Transformations

4.1. The cases of θ2 = θ4 = 0. In this case, the bracket (3.16) satisfies (A0), (A1) and
the Jacobi identity. Therefore, the bundle E → M becomes a Lie algebroid:

Definition 4.1 ([29]). A Lie algebroid over a manifold M is a vector bundle E → M
with a Lie algebra structure on the space of the sections �(E) defined by the bracket
[e1, e2] for e1, e2 ∈ �(E) and an anchor map ρ : E → T M satisfying (A0) and (A1)
above.

We take {ea} as a local basis of �E and let a local expression of an anchor map be
ρ(ea) = f i

1a(x) ∂
∂xi and a Lie bracket be [eb, ec] = f3

a
bc(x)ea . The Q-structure �

associated with the Lie algebroid E is defined as a function on T ∗[3]E[1],

� := θ13 := f 1
i
a(x)ξ i q

a +
1

2
f3

a
bc(x)paqbqc,

which is globally well-defined. Conversely, if we consider � := θ13, the classical master
equation induces the Lie algebroid structure on E .

Let us consider the case that the bundle is a vector space on a point. A Lie algebroid
over a point g→ {pt} is a Lie algebra g. The P-manifold over g→ {pt} is isomorphic
to g∗[2] ⊕ g[1] and the structure sheaf is the polynomial algebra over g[2] ⊕ g∗[1],

C∞(M) = S(g)⊗
·∧

g∗.

The bidegree is defined by the natural manner,

C2i, j (M) = Si (g)⊗
j∧

g∗.

The Q-structure associated with the Lie bracket on g is

θ13 = 1

2
f a

bc paqbqc ∼= 1

2
f a

bc pa ⊗ (qb ∧ qc), (4.17)

where p· ∈ g, q· ∈ g∗ and f a
bc is the structure constant of the Lie algebra.
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4.2. The cases of θ2 �= 0 and θ4 = 0. In this case, the bracket induced by θ13 still
satisfies the Jacobi identity.

We assume that g is semi-simple. Then the dual space g∗ has a metric, (·, ·)K−1 ,
which is the inverse of the Killing form on g. The metric inherits the following invariant
condition from the Killing form:

(Lpq1, q2)K−1 + (q1,Lpq2)K−1 = 0, (4.18)

where Lp(−) is the canonical coadjoint action of g to g∗. Equation (4.18) is a linear
version of (A4). Thus, we obtain a Q-structure,

� := kab pa pb +
1

2
f a

bc paqbqc, (4.19)

where kab pa pb := (·, ·)K−1 .

4.3. Non Lie algebra example. We consider the cases that the Jacobi identity is bro-
ken. Let (g, [·, ·], (·, ·)K ) be a vector space (not necessarily Lie algebra) equipped with
a skewsymmetric bracket [·, ·] and an invariant metric (·, ·)K . The metric induces a
bijection K : g→ g∗ which is defined by the identity,

(p1, p2)K = 〈K p1 , p2〉.

We define a map from g∗ to g by ∂ := K−1 and define a 4-form by,

�(p1, p2, p3, p4) := ([[p1, p2], p3] + cyclic permutations, p4)K .

Remark 4.2. The 4-form above is considered to be a higher analogue of the Cartan 3-form
([p1, p2], p3)K .

Axioms (A0)–(A4) obviously hold on g. We check (A5). It suffices to show (3.10).
Let us denote by {−, p1, p2, . . . , pn} the n-fold bracket {. . . {{−, p1}, p2}, . . . , pn}.
We already have (3.8) and (3.9). From {θ13, {θ13, θ13}} = 0 and (3.9), we have
{θ13, {θ2, θ4}} = 0. Since {θ13, θ2} = 0, this is equal to {θ2, {θ3, θ4}} = 0 up to sign.
This gives {{θ2, {θ3, θ4}}, p1, . . . , p5} = 0 for any p1, . . . , p5. From {θ2, p} = 0, we
have

{θ2, {{θ3, θ4}, p1, . . . , p5}} = 0.

Since K−1 = −{θ2,−} is bijective, we get

{{θ3, θ4}, p1, . . . , p5} = 0,

which yields the desired relation {θ3, θ4} = 0.

Proposition 4.3. The triple (g, ∂,�) is a Lie algebra(oid) up to homotopy.
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4.4. Twisting by 3-form and the cases of θ2 = 0 and θ4 �= 0. We introduce the notion
of twisting transformation by 3-form before studying the cases of θ2 = 0. Given a
Q-structure � and a 3-form φ ∈ C0,3(M), there exists the second Q-structure which is
defined by the canonical transformation,

�φ := exp(Xφ)(�), (4.20)

where Xφ := {φ,−} is the Hamiltonian vector field of φ. The transformation (4.20) is
called a twisting by 3-form, or simply twisting. By a direct computation, we obtain

θ
φ
2 = θ2,

θ
φ
13 = θ13 − {θ2, φ},
θ

φ
4 = θ4 − {θ13, φ} +

1

2
{{θ2, φ}, φ},

where �φ = θ
φ
2 + θ

φ
13 + θ

φ
4 and Xi≥3

φ (�) = 0. The twisting by 3-form defines an
equivalence relation on the Q-structures.

We notice that θ2 is an invariant for the twisting. If θ2 = 0, then θ13 is an invariant
and

θ
φ
4 = θ4 − δφ,

where δφ = {θ13, φ}. This leads us to

Proposition 4.4. The class of Q-structures which have no θ2 is classified into
H4

d R(
∧· E∗, δ) by the twisting by 3-form.

5. AKSZ Construction of Topological Field Theory in 4 Dimensions

5.1. General theory. In this section, we consider the AKSZ construction of a topological
field theory in 4 dimensions.

For a graded manifold N , let N |0 be the degree zero part.
Let X be a manifold in 4 dimensions and M be a manifold in d dimensions. Let

(X , D) be a differential graded (dg) manifold X with a D-invariant nondegenerate mea-
sure μ, such that X |0 = X , where D is a differential on X . (M, ω,�) is a QP-manifold
of degree 3 and M|0 = M . A degree deg(−) on X is called the form degree and a degree
gh(−) on M is called the ghost number.4 Let Map(X ,M) be a space of smooth maps
from X to M. |− | = deg(−) + gh(−) is the degree on Map(X ,M) and called the total
degree. A QP-structure on Map(X ,M) is constructed from the above data.

Since Diff(X ) × Diff(M) naturally acts on Map(X ,M), D and Q induce homo-
logical vector fields on Map(X ,M), D̂ and Q̌.

Two maps are introduced. An evaluation map ev : X ×MX −→M is defined as

ev : (z,�) �−→ �(z),

where z ∈ X and � ∈MX .
A chain map μ∗ : �•(X ×M) −→ �•(M) is defined as μ∗F =

∫
X μF , where

F ∈ �•(X ×M) and
∫
X μ is an integration on X by the D-invariant measure μ. It is

an usual integral for the even degree parts and the Berezin integral for the odd degree
parts.

4 The ghost number gh(−) is the degree | − | on M in Sect. 2.
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A (classical) P-structure on Map(X ,M) is defined as follows:

Definition 5.1. For a graded symplectic form ω on M, a graded symplectic form ω on
Map(X ,M) is defined as ω := μ∗ev∗ω.

We can confirm that ω satisfies the definition of a graded symplectic form because
μ∗ev∗ preserves nondegeneracy and closedness. Thus ω is a P-structure on Map(X ,M)

and induces a graded Poisson bracket {−,−}on Map(X ,M). Since |μ∗ev∗|=−4, |ω| =
−1 and {−,−} on Map(X ,M) has the degree one and an odd Poisson bracket.

Next we define a Q-structure S on Map(X ,M). S is called a BV action and consists
of two parts S = S0 + S1. S0 is constructed as follows: Let ω be the odd symplectic form
on M. We take a fundamental form ϑ such that ω = −dϑ and define S0 := ιD̂μ∗ev∗ϑ .
|S0| = 0 because μ∗ev∗ has degree−4. S1 is constructed as follows: We take a Q-struc-
ture � on M and define S1 := μ∗ev∗�. S1 also has degree 0.

We can prove that S is a Q-structure on Map(X ,M), since

{�,�} = 0,⇐⇒ {S, S} = 0 (5.21)

from the definition of S0 and S1.
A quantum version is

�(e
i
�

�) = 0⇐⇒ �̂(e
i
�

S) = 0, (5.22)

where �̂ is an odd Laplace operator on Map(X ,M). The infinitesimal form of the right
hand side in (5.22) is {S, S}−2i��̂S = 0, which is called a quantum master equation. 5

The following theorem has been confirmed [5]:

Theorem 5.2. If X is a dg manifold and M is a QP-manifold, the graded manifold
Map(X ,M) has a QP-structure.

Definition 5.3. A topological field theory in 4 dimensions is a triple (X ,M, S), where
X is a dg manifold with dim X |0 = 4,M is a QP-manifold with the degree 3, and S is
a BV action with the total degree 0.

In order to interpret this theory as a ‘physical’ topological field theory, we must take
X = T [1]X . Then we can confirm that a QP-structure on Map(X ,M) is equivalent to
the AKSZ formulation of a topological field theory [6,13]. We set X = T [1]X from
now.

In ‘physics’, a quantum field theory is constructed by quantizing a classical field
theory. First we consider a Q-structure {·, ·} and a classical P-structure S such that

{S, S} = 0.

Next we define a quantum P-structure �̂ and confirm that

�̃(e
i
�

S) = 0.

Finally we calculate a partition function

Z =
∫

L
e

i
�

S,

on a Lagrangian submanifold L ⊂ Map(X ,M). Quantization is not discussed in this
paper.

5 Discussion for an odd Laplace operator is too naive. In general, the quantum master equation has an
obstruction expressed by the modular class [30]. We must regularize an odd Laplace operator and a quantum
BV action.
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5.2. Local coordinate expression and examples. A general theory in the previous sub-
section is applied to the local coordinate expression in Sect. 3.1 and a known topological
field theory in 4 dimensions is obtained as a special case and a new nontrival topological
field theory is constructed. Let us take a manifold X in 4 dimensions and a manifold M
in d dimensions. Let E[1] be a graded vector bundle on M . We take X = T [1]X and
M = T ∗[3]E[1].

Let (σμ, θμ) be a local coordinate on T [1]X . σμ is a local coordinate on the base
manifold X and θμ is one on the fiber of T [1]X , respectively. Let xi be a smooth
map xi : X −→ M and ξ i be a section of T ∗[1]X ⊗ x∗(T ∗[3]M), qa be a section
of T ∗[1]X ⊗ x∗(E[1]) and pa be a section of T ∗[1]X ⊗ x∗(T ∗[3]Ex [1]). These are
called superfields. The exterior derivative d is taken as a differential D on X . From d, a
differential d = θμ ∂

∂σμ on X is induced.
Then a BV action S has the following expression:

S = S0 + S1,

S0 =
∫

X
μ (ξ i dxi − pa dqa),

S1 =
∫

X
μ ( f 1

i
a(x)ξ i q

a +
1

2
f2

ab(x) pa pb +
1

2
f3

a
bc(x) paqbqc

+
1

4! f4abcd(x)qaqbqcqd).

Nonabelian BF theory. Let � be a Q-structure (4.17) for a Lie algebra g. ξ i dxi = 0,
since M = {pt}. If we define a curvature Fa = dqa − 1

2 f a
bcqbqc, a Q-structure is

S =
∫

X
μ(− pa Fa),

which is equivalent to a BV formalism for a nonabelian BF theory in 4 dimensions.

Topological Yang-Mills theory. We take a nondegenerate Killing form (·, ·)K for a Lie
algebra g and consider the Q-structure (4.19). A topological field theory constructed
from (4.19) is

S =
∫

X
μ (− pa Fa + kab pa pb).

This is equivalent to a topological Yang-Mills theory,

S = −1

4

∫

X
μ kab Fa Fb,

if we delete pa by the equations of motion.

Nonassociative BF theory. Let us take a non Lie algebra (g, [·, ·], (·, ·)K ) in Sect. 4.3. If
we take M = {pt} and M = g∗[2] ⊕ g[1], (g, [·, ·], (·, ·)K ) leads a QP-structure with
degree 3. In the canonical basis, it is expressed as

f 1
i
a(x) = 0, f2

ab(x) = K ab,

f3
a

bc(x) = f a
bc, f4abcd(x) = K−1

ae f e
f [b f f

cd],

where K ab = (pa, pb) is nondegenerate and [pa, pb] = f c
ab pc is a nonassociative

bracket and does not satisfy the Jacobi identity. The AKSZ construction derives a new
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nontrivial topological field theory in 4 dimensions. A BV action S has the following
expression:

S =
∫

X
μ(− pa dqa +

1

2
K ab pa pb +

1

2
f a

bc paqbqc +
1

4!K
−1
ae f e

f [b f f
cd]qaqbqcqd)

= −1

4

∫

X
μ(Kab Fa Fb +

1

3!K
−1
ae f e

f [b f f
cd]qaqbqcqd).

It is easily confirmed that {S, S} = 0.

Topological 3-brane on Spin(7)-structure. Let (M,�) be an 8-dimensional Spin(7)-
manifold. Here � is a Spin(7)4-form, which satisfies d� = 0 and the selfdual condition
� = ∗�. A Spin(7) structure is defined as the subgroup of GL(8) to preserve �. The
Q-structure on (T M,�) is given by

� = ξ i q
i +

1

4!�i jkl(x)qi q j qkql . (5.23)

The BV action S for (5.23) defines the same theory as the topological 3-brane analyzed
in [31].

6. Conclusions and Discussion

We have defined a BV algebra and a QP-structure of degree 3. A QP-structure of degree 3
has been constructed explicitly and a Lie algebroid u.t.h. has been defined as its algebraic
and geometric structure. A general theory of the AKSZ construction of a topological
field theory has been expressed and a new topological field theory in four dimensions
has been constructed from a QP-structure.

Quantization of this theory and analysis of a Lie algebroid u.t.h. will shed light on a
super Poisson geometry and a quantum field theory. They are future problems.

Acknowledgements. The first author (N.I.) would like to thank the Maskawa Institute for Science and Cul-
ture, Kyoto Sangyo University for hospitality. We would like to thank to referees for their useful advice. The
authors would like to thank Klaus Bering, Maxim Grigoriev, Camille Laurent-Gengoux, Yvette Kosmann-
Schwarzbach, Kirill Mackenzie, Dmitry Roytenberg, Alexei Sharapov, Thomas Strobl and Theodore Voronov
for their comments and discussions.

References

1. Batalin, I.A., Vilkovisky, G.A.: Phys. Lett B 102, 27 (1981)
2. Batalin, I.A., Vilkovisky, G.A.: Phys. Rev D 28, 2567 (1983)
3. Schwarz, A.S.: Commun. Math. Phys 155, 249 (1993)
4. Schwarz, A.S.: Commun. Math. Phys 158, 373 (1993)
5. Alexandrov, M., Kontsevich, M., Schwartz, A., Zaboronsky, O.: Int. J. Mod. Phys. A 12, 1405 (1997)
6. Cattaneo, A.S., Felder, G.: Lett. Math. Phys 56, 163 (2001)
7. Park, J.S.: Topological open P-Branes. In: Symplectic Geometry and Mirror Symmetry, (Seoul 2000).

Singapore. World scientific, 2001, pp. 311–384
8. Severa, P.: Travaux Math. 16, 121–137 (2005)
9. Ikeda, N.: JHEP 0107, 037 (2001)

10. Ikeda, N., Izawa, I.K.: Prog. Theor. Phys. 90, 237 (1993)
11. Ikeda, N.: Ann. Phys. 235, 435 (1994) (For reviews)
12. Schaller, P., Strobl, T.: Mod. Phys. Lett. A 9, 3129 (1994)
13. Ikeda, N.: Deformation of Batalin-Vilkovsky Structures. http://arxiv.org/abs/math/0604157v2 [math.SG],

2006

http://arxiv.org/abs/math/0604157v2


330 N. Ikeda, K. Uchino

14. Kontsevich, M.: Lett. Math. Phys. 66, 157 (2003)
15. Cattaneo, A.S., Felder, G.: Commun. Math. Phys. 212, 591 (2000)
16. Courant, T.: Trans. A. M. S 319, 631 (1990)
17. Liu, Z.J., Weinstein, A., Xu, P.: Dirac structures and Poisson homogeneous spaces. http://arxiv.org/abs/

dg-ga/9611001v1, 1996
18. Roytenberg, D.: Quasi-Lie bialgebroids and Twisted Poisson manifolds. Lett. Math. Phys. 61, 123–137

(2002)
19. Roytenberg, D.: On the structure of graded symplectic supermanifolds and Courant algebroids. Contemp.

Math. Vol. 315, Providence, RI: Amer. Math. Soc., 2002
20. Ikeda, N.: Int. J. Mod. Phys. A 18, 2689 (2003)
21. Ikeda, N.: JHEP 0210, 076 (2002)
22. Hofman, C., Park, J.S.: Topological Open Membranes. http://arxiv.org/abs/[hep-th/0209148]v1, 2002
23. Roytenberg, D.: Lett. Math. Phys. 79, 143 (2007)
24. Grützmann, M.: H-twisted Lie algebroids. J. Geom. Phys. 61, 476–484 (2011)
25. Khudaverdian, H.O.M.: Commun. Math. Phys. 247, 353 (2004)
26. Kosmann-Schwarzbach, Y.: Lett. Math. Phys. 69, 61 (2004)
27. Hagiwara, Y.: J. Phys. A: Math. Gen. 35, 1263 (2002)
28. Sheng, Y.: On higher-order Courant Brackets. http://arxiv.org/abs/1003.1350v1 [math.DG], 2010
29. Mackenzie, K.: Lie Groupoids and Lie Algebroids in Differential Geometry, LMS Lecture Note Series

124, Cambridge: Cambridge U. Press, 1987
30. Lyakhovich, S.L., Sharapov, A.A.: Nucl. Phys. B 703, 419 (2004)
31. Bonelli, G., Zabzine, M.: JHEP 0509, 015 (2005)
32. Roytenberg, D.: Courantalgebroids, derived brackets and even symplectic supermanifolds, http://arxiv.

org/abs/math.DG/9910078

Communicated by Y. Kawahigashi

http://arxiv.org/abs/dg-ga/9611001v1
http://arxiv.org/abs/dg-ga/9611001v1
http://arxiv.org/abs/[hep-th/0209148]v1
http://arxiv.org/abs/1003.1350v1
http://arxiv.org/abs/math.DG/9910078
http://arxiv.org/abs/math.DG/9910078

	QP-Structures of Degree 3 and 4D Topological Field Theory
	Abstract:
	1 Introduction
	2 QP-Manifolds and BV Algebras
	2.1 Classical QP-manifold
	2.2 Quantum QP-manifold

	3 Structures and Homotopy Algebroids
	3.1 P-structures
	3.2 Q-structures
	3.3 Lie algebroid up to homotopy

	4 Examples and Twisting Transformations
	4.1 The cases of θ2=θ4=0
	4.2 The cases of θ2=0 and θ4=0
	4.3 Non Lie algebra example
	4.4 Twisting by 3-form and the cases of θ2=0 and θ4=0

	5 AKSZ Construction of Topological Field Theory in 4 Dimensions
	5.1 General theory
	5.2 Local coordinate expression and examples

	6 Conclusions and Discussion
	Acknowledgements.
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


