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Abstract: Let M be a smooth Riemannian manifold. We show that for C! generic
f e Diff' (M), if f hasahyperbolic attractor A 7 then there exists a unique SRB measure
supported on A y. Moreover, the SRB measure happens to be the unique equilibrium state
of potential function ¥y € o (A y) defined by ¥ r(x) = —log|det(Df|EY)|,x € Ay,
where E¥ is the unstable space of T, M.

1. Preliminary

Let M be a smooth Riemannian manifold. Assume m is the volume measure of M
induced by Riemann metric. Denote by &, the probability atomic measure supported on
x € M. For any C! diffeomorphism f and ergodic measure f, the statistical basin of
w is defined as

n—1

1
B = x e M fim 3" g0 = [ pdu.ve e COn)
k=0

—1
1S
= {x EM:nli)ngO;ZBka = u},
k=0

and its elements are called generic points of p. If m(B(u)) > 0, we call u an SRB
measure.

The theory of SRB measure has been extensively studied since it was introduced
by Sinai, Ruelle and Bowen in the early 1970’s. The classical SRB theory says that,
if dynamical systems admit sufficient differentiability and hyperbolicity, then they do
have SRB measures. A particular example will be C¥* hyperbolic attractors, where
k=1,2,3,...and 0 < o < 1. In this situation, we have both existence and uniqueness
of the SRB measure that is supported on such an attractor (see, for instance, [1,8]).
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With abundance of results in the case of high differentiability, people are curi-
ous whether the theory maintains for “most” f € Diff! (M). Towards this question,
Campbell and Quas obtained the following C! generic result for circle expanding maps
(see [2]).

Theorem (Campbell, Quas). Let E' denote the set of C' expanding maps of the unit
circle S' onto itself. Assume m is the normalized Lebesgue measure over S'. Then for
generic T € EY there is a unique SRB measure wr, withm(B(ur)) = 1.

In this paper, we push forward the above result to the setting of C! hyperbolic attrac-
tors: Let fo be a C! diffeomorphism of M. Assume there exists a compact invariant
transitive hyperbolic set A f), and an open neighborhood €2 O A g, so that fo(R) c Q
and (;~o fé (2) = A y,. By stability theory of an isolated hyperbolic set (see [7]), there

exists a C! neighborhood I of fy, so that for any f € U, the f-maximal invariant set
of 2, denoted by A ¢, is also hyperbolic. Moreover, for each f € U there is a unique
homeomorphism 77 : Ay, — Ay thatis C? close to id| A f,, with

f|Aforf :rfof0|Af0.
The main result of the paper is

Theorem A. There exists a generic set U’ in U with the following property: for any f €
U', there is a unique SRB measure W supported on A ¢, with m(B(u r) N Q2) = m(£2).
Moreover, | ¢ depends continuously in weak*-topology on f € U'.

The proof of Theorem A is formulated through Sects. 3, 4. It basically follows
Bowen’s convention of equilibrium state thermodynamical formalism developed in [1].
Thus we give in Sect. 2 a partial review on related concepts and results of this topic.

Notation Hypotheses:

1) Forany f € U, denote by Ej‘\f <) Ej\f = UxeAf EY @ E7 the hyperbolic splitting
for Ta M, and u = dim Eﬁ‘\f.

2) For compact metric space X and continuous map 7 over it, denote by M (X) the
set of Borel probability measures on X, by M(X; T) the set of T-invariant Borel
probability measures on X, and by £(X; T') the set of T-ergodic Borel probability
measures on X.

3) For any compact C! submanifold A C M, denote by Ty A the tangent space of A
at x, by T A the tangent bundle of A, and by m 5 the volume measure induced by
submanifold immersion.

4) For any finite set A, denote by fA the cardinality of A.

2. A Partial Review on Thermodynamical Formalism

Most contents of this section can be found in [1,3 and 9].

Let X be a compact metric space, and T be a continuous map over it. We call such a
pair as (X, T) a topological dynamical system.

Forany ¢ € C(X) (¢ is usually called a potential function), the topological pressure
of ¢ (w.r.t T) is defined by

P(T;¢) = sup {hM(T)+/X¢>dM},

neM(X:T)
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where h,(T) is the measure theoretical entropy of 7" with respect to . If the topological
entropy

WT)= sup h,(T) < oo,
neM(X;T)

then |P(T; ¢)| < oo for any ¢ € C°(X). In this situation, P(T;-) : C%(X) — R has
the following elementary properties (see Theorem 9.7 of [9]):

1. (Continuity) For any ¢', ¢" € C°(X),
IP(T;¢") — P(T;¢")| < 16" — ¢"llcocx)- 2.1
2. (Convexity) For any ¢’, ¢” € C°(X)and0 <7 < 1
P(T;1¢" + (1 —=1)¢") <tP(T; ¢ )+ (1 = 1) P(T; $").
As a consequence of convexity, for any ¢, ¢ € C%(X), and 1] < 1o < 3, we have

PTi¢+0p) —P(Ti¢p+he) P(Ti¢+03¢) — P(T:¢+119)

R 2.2
Hh — 11 13 — 11 2.2)

and

P(T:¢+he) - P(Ti¢p+tig) P(Ti¢+139) — P(T:¢+0¢)

2.3
Hh —1 13— 1 2.3)

In particular, taking 1 = 0, (2.2) implies that (P(T'; ¢ + t¢) — P(T; ¢))/t monotoni-
cally decreases as t — 0*. Moreover, taking r, = 0, (2.3) implies that (P(T; ¢ + t¢) —
P(T; ¢))/t,t > 01is bounded from below. Thus lim;_,o+(P(T; ¢ + tp) — P(T; ¢))/t
exists, and equals inf,~o(P(T; ¢ +tp) — P(T; ¢)/t. We denote the limit by 7(T'; ¢, ¢),
ie.,

PTigp+i9) = PT9) _  PTi¢+tp) —PT5¢) )

t t—0% t

©(T;¢,9) = ;gg

Lemma 2.1. Assume h(T) < oo and ¢ € CO(X). Then
1. Forany ¢ € C°(X),
(T ¢.9) =z —t(T; ¢, —¢). (2.5)
2. ©(T; ¢, ) : C%X) — R is continuous. More precisely, for any ¢, ¢" € C°(X),
[T(T: ¢, ¢") —t(T: ¢, 0" < ¢ — ¢"llcocx)-

Proof. Let t; = 0 and take the limit as t; — 07, respectively 13 — 0% in (2.3). Then
the first statement is clear by definition of 7 (7'; ¢, ¢).
The second statement is straightforward by (2.1) and direct computation. O

Lemma 2.2. Assume h(T) < oo and ¢ € CY(X). Then

1. ©(T;-, @) : CO%X) — R is upper semicontinuous.

2. Forany ¢ € CO(X), ift(T; ¢,9) = —t(T; ¢, —@), then ©(T; -, @) is continuous
at ¢.
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Proof. Upper semicontinuity of 7(T; -, ¢) is clear from the first “=" of (2.4). For the

o . L. .
second statement, let ¢y — ¢, then upper semicontinuity of 7(7'; -, ¢) gives

limsup ©(T'; ¢, ) < ©(T; ¢, ¢),

k— 00

and

limsup ©(T'; ¢, —¢) < ©(T; ¢, —9).

k—o00

Therefore, if ©(T'; ¢, ¢) = —t(T; ¢, —¢@), we have

(T ¢9,0) = —1(T; ¢, —p) < —limsup t(T; ¢r, —¢) =1ikminf—r(T;¢k,—</))
—00

k—o00

(2.5)
< likm inf ©(T; ¢, ¢) <limsupt(T; ¢x, 9) < T(T; P, ¢).
— 00

k— 00

Then the above “<” must all be “=". In particular,

1ikminf ©(T; ¢k, ) = limsup ©(T'; ¢, 9) = (T ¢, ),
—00

k—o00
thus limg— 00 T(T; ¢, ¢) = T(T; ¢, ¢). O

An equilibrium state of ¢ (w.r.t. T) is a T-invariant probability measure v satisfying

P(T; ¢) =hv(T)+/ pdv.
X

A tangent functional to P(T; -) at ¢ is a finite signed measure p on X such that
PTig+9) = PTi9) = [ gdn. Vg e )
X

Let Eq(T; ¢) be the collection of equilibrium states of ¢ w.r.t. T, ¢ (T'; ¢) be the collec-
tion of tangent functionals to P(T’; -) at ¢.

Lemma 2.3. Assume h.(T) : M(X; T) — R is upper semicontinuous. Then for any
¢ € C(X), Eq(T: ¢) = 1(T; ¢).

Proof. See Theorem 9.15 of [9]. O

Lemma 2.4. Assume h.(T) : M(X; T) — R is upper semicontinuous and ¢ € C°(X).
Then the following statements are equivalent:

1) gEq(T;¢) = 1.
2) w(T;¢,9) = —1(T; ¢, —¢), Yo € CO(X).
3) Foranyv € Eq(T, ¢), we have fgodv =t(T; ¢,p),Vp € CO(X).
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Proof. Consider “1) = 2)” first. Assume #Eq(T; ¢) = 1. Suppose J¢’ € CY%(X) so
that ©(T; ¢, ¢') # —t(T; ¢, —¢’). Then by (2.5) ©(T; ¢, ¢') > —1(T; ¢, —¢'). We
claim that for any a € [—t(T; ¢, —¢'), T(T; ¢, ¢')], there exist v € Eq(T; ¢) so that
J ¢'dv = a.In fact, consider (¢’) the one-dimensional linear space generated by ¢’. We
define the linear functional A : (¢') — R by A(t¢/) = ar. Then the first “=” of (2.4)
yields

P(T;¢+1¢)) = P(T;¢) = 11(T; ¢, ¢)) = at = At¢)), 2.6)
P(T;¢ —1¢)) = P(T; ¢) = 12(T; ¢, —¢) = —at = A(=1¢)), ‘

fors > 0. This implies that the graph of A is under the graph of P(T; ¢+-)— P(T'; ¢)| (@)
Applying the Hahn-Banach theorem and due to convexity of P(T; ¢ +-) — P(T; ¢),
we canextend A to A € CY(Xx)*, so that A(t¢') = at, and the graph of A is under the
graphof P(T; ¢ +-) — P(T; ¢), i.e.

P(T:¢+¢) = P(T; ¢) = A(p), Vo € CO(X).
Let v be the signed measure associated to A by the Riesz representation theorem, then
v € t(T; ¢),and by Lemma 2.3, v € Eq(T; ¢). Clearly, [ ¢'dv = a.
Therefore, for arbitrary —7(T; ¢, —¢’) < a1 < ay < ©(T; ¢, ¢’), there must

be vi,vo € Eq(T; ¢), so that fgo’dvl = ay and [¢'dvy = ap. This contradicts

fEq(T; ¢) = 1.
For “2) = 3)”, let v be arbitrary equilibrium state of ¢. Viewing it as tangential
functional, we have

P(T;¢+tp)— P(T; ¢) > /t(pdv = t/(pdv, Yo € CO(X). 2.7)

Dividing (2.7) by ¢ > 0, respectively ¢+ < 0, and taking limit as + — 0%, respectively
0, we obtain

T ¢,9) = /wdv > —1(T; ¢, —¢), Yo eC'(X). (2.8)
Then if ©(T; ¢, ¢) = —1(T; ¢, —¢) for any ¢ € c%(Xx), (2.8) yields

/sodv =1(T;¢,9), Yo eC'X).

“3) = 1)”is trivial. O

Corollary 2.5. Assume h.(T) : M(X; T) — R is upper semicontinuous. Denote by
R C CO%X) the set of potential functions that have unique equilibrium state. Then R is
a Gs setin CO(X).

Proof. Let {¢;}; be a countable and dense subset of CcY(X). By Lemma 2.4 and 2) of
Lemma 2.1, R can be represented as

R= (¢ eC'X) | 1(T:¢.0) = —1(T: . —p1)}.
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Since T(T; ¢, ;) > —t(T; ¢, —¢;),
{p e COX) | T(T; b, i) = —(T5 ¢, —9i)}
= (¢ € COX) | «(T; ¢, 0) +T(T; ¢, —0) < &}

e>0
= tg e COx) - in PO ¥ 100+ PAi@ —19) Z2PT:9) _
__s>0 "1>0 t
= U € COX): P(T: ¢ +191) + P(T5 ¢ — 1) — 2P(T: §) < 1),
e>01>0

This implies that R is Gs. O

Remark 2.6. In fact, one may go further to prove that R is a dense G set in C°(X), see
Corollary 9.15.1 of [9].

Under the condition of Corollary 2.5, for any ¢ € R we denote by jy the unique
equilibrium state of ¢.

Corollary 2.7. 1y depends continuously in weak*-topology on ¢ € R.

Proof. By 3) of Lemma 2.4, we have [ ¢dug = ©(T; ¢, ) for any ¢ € C(X). Thus
it is sufficient to prove for any ¢ € CO(X ), T(T; -, @) is continuous at ¢, and this is
derived from 2) of Lemma 2.2.

Denote by d : X x X — R the distance function of X. Call E C X, (n, €) sepa-
rated, if whenever x, y are two distinct points in E, one can find 0 < i < n — 1 with
d(T'x,T'y) > s.

Lemma 2.8. Given ¢ > 0 and € CcY(x), foreachn € N, let E,, C X be an (n, €)
separated set, and |1, € M(X) be defined by:

eSn¥ () n-l

Hon = Z > er S S Z‘ST’X’

xeE,

where S, = Z:l:_ol ¥ o T!. Assume Un; — W in weak*-topology, then p € M(X; T)
and

1
hu(T) + Wdu > lim sup — log Z oSV

n;
— i
i—00 xEE%

Proof. See part (2) of proof of Theorem 9.10in [9]. O

3. Generic Properties of P(f|As;¥ ) and Eq(f|As;9¥5) for f € U
For any f € U, we define ¢ € CO(Af) by
Yr(x) = —log|det(DfIEY)|, x € Ay.

With preparations in the previous section, we are going to study P(f|A ;¥ f) and
Eq(f|Ay; ¢ ) for generic f € U. Indeed, since f|A f is expansive, the entropy map

h(fIAp) s M(Ay; fIAf) > R
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is upper semicontinuous, thus 2(f|A f) < oo (see Theorem 8.2 of [9]). Then all the
results presented in the previous section hold in this situation.
Recall that by classical SRB theory, if f € U4 N Diff? (M), we have

P(fIApidp) =0, BEq(fIAf;i¥p) =1 (3.9)

Indeed, this is another presentation of the Ruelle-Pesin formula (see [4]). The next
proposition says that this property holds for “most” f € U.

Proposition 3.1. 1. Forany f e U, P(fIAys;¥r) =0.
2. There exists a generic subset U’ C U, so that forany f e U, 8Eq(f|Af; ¥y) = 1.

Proof. We introduce a continuous map & : i/ — CY(A fo) defined by @ (f) = Ypory.
By invariance of topological pressure under conjugation, we have

P(fIAg; ¥ ) = P(folAfys (), Eq(fIAy; Yp) =rp Eq(folAgy; @(f)).
(3.10)

For the first statement, let f be an arbitrary diffeomorphism in ¢, and { fi}x be C2

1
diffeomorphisms so that fj N f. Therefore

P(fIAs:¥p) = P(folApi @(f)) = lim P(folA g ®(fi))

. (3.9
= lim P(filAp:¥p) = 0.
k— 00

For the second statement, abusing the notations in Corollary 2.5, we denote by R
the set of potentials in C°(A fo) that have unique equilibrium state w.r.t. folA . Let
U = &~ (R). Clearly, for any f' € U/, BEq(f'|Ap rp) = 1.

By Corollary 2.5, R is a G set, thus U’ is a G set in U. Moreover, by (3.9),
U N Diff?(M) C U'. This implies that I/’ is dense in /. O

In the sequel, for any f € U’, we denote by s the unique equilibrium state for v
w.r.t. f|A y. Derived directly from (3.10) and Corollary 2.7, we have:

Corollary 3.2. 11 r depends continuously in weak*-topology on f € U'. O
Corollary 3.3. u f is ergodic (w.r:t f).

Proof. Let uy = fS(Af;flAf) ndn(u) be the ergodic decomposition of u r, where
neMWM(Ays; fIAf)) withn(E(Ar; fIAf)) = 1. Therefore by Theorem 8.4 of [9],

0= hy, (f1A )+ / Wrdpy = / (U (FIA ) + / W rdpydn().
A 3 Af

(3.11)

(AgsfIAf)

By (3.9), hy (flAf) + fAf Yrdp < 0, and “=" holds if and only if © = . Then
(3.11) implies that u = ,uf for n a.e. . Thus p s is ergodic. O
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4. Volume Estimate of B(u ) N @ for f € U’

Now we carry on to compute, for any fixed f € U’, the volume of B(u r) N Q. Our aim
is to derive estimate

m(B(uyp) N Q) =m(2) (4.12)
through the thermodynamical properties

P(fIApip) =0, Eq(fIAg:¥p) ={nyl. (4.13)

Recall that if we consider a local unstable manifold A, by Bowen’s standard technique
developed in [1], one can obtain the following estimate:

ma(B(uyp) N A) = ma(A) (4.14)

from (4.13). Then, when f is of C? class, by an absolutely continuous holonomy map
derived by stable foliation of Ay, one can transfer (4.14) to every u-dimensional C !
compact submanifold that is transverse to stable foliation (in the sequel, we call them
u-transversal C' compact submanifold or u-TCSM in abbreviation). Observe that € can
be foliated by a smooth family of u-TCSM’s. Thus applying Fubini’s Theorem, one can
integrate (4.14) over this family to obtain estimate (4.12).

However, for f € Diff! (M), the above holonomy map is, in general, not absolutely
continuous (see [6]). Our strategy in this situation is to generalize Bowen’s technique
for every u-TCSM in €2 to obtain (4.14). More specifically, we will prove:

Lemma 4.1. Let A C Q2 be au-TCSM. Then ma(B(juy) N A) = ma (D).
As an immediate consequence of Lemma 4.1 and Fubini’s Theorem, we have:
Proposition 4.2. m(B(u ) N Q) = m(2). O

Then Proposition 4.2, Proposition 3.1, Corollary 3.2 and Corollary 3.3 jointly accom-
plish the proof of Theorem A.

Now we only need to prove Lemma 4.1. To illustrate the argument in a simple case,
we first prove the lemma for those A’s so that:

case *) forany i € N, fiAﬂA:Q)andfiAﬂAsz).

The proof of the general case is very similar.
Before the formal argument, we need the following preparative lemma:

Lemma 4.3. Let A C Q be a u-TCSM. Then,

1. Given Cy > 0, there exist 5y > 0, so that for any i, j € N and any compact disk
D C f'A,

diam(D) < §; = mfiA(D) <dC.
2. Given Cy > 1, there exist 8, > 0, so that foranyi € Nandany x € fiA,y e fIA,
d(x,y) <8 = Cy ' < |det(Df T, f' D) - | det(DS Ty f/ M) 7" < Ca,
where d (-, -) is the distance function of M.

Proof. The detail of the proof is omitted. The key observation is that, due to A-lemma
(see p. 82 of [5]), f'A “Cl—converges” to Ay asi — oo. Thus we can apply the

argument of compactness over A ¢ U | J;~¢ f ‘A O
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4.1. Proof of Lemma4.1 for Case *). For A of case *), we consider the positive invariant
set&=ArU UizO f!A and potential ¥ € CY(E) defined by

Yr(x), ifxeAy;

lﬁ(x)= i . i .
—log|det(Df|T, f'A)|, ifxe f'A,i=0,1,2,....

By definition of case *), one sees that ¥ is well defined.

By A-lemma, E is a compact set, thus (E, f|E) is a topological dynamical system.
Furthermore, (., f 2 =A f» which implies that any invariant measure on E must
be supported on A y. Then the thermodynamical properties for f|A y with potential ¢
can be handed to f|E with potential . Therefore, by (4.13) and upper-semicontinuity
of h.(fIAf) : M(Ay, fIAf) — R, we have

[I)P(fIE;w)=O, Eq(fl1E;v) ={ur},

4.15
2) h.(f1E) : M(E, f|E) — R is upper semicontinuous. ( )

For any r > 0, let IC, C M(E; f|E) be defined by
(v € M(E: F12) 5 h(f12)+ | pdvz 1),

Then by 1) of (4.15), ﬂr>0 K = {ur}. Furthermore, by 2) of (4.15), K, is closed in
M(E; f|8), thus closed in M(E). This implies M (E)\X, is open in M(E). There-
fore by local compactness and local convexity of M (E), M(E)\K, can be covered by
a countable family of open sets {V;}; in M (E), so that each V; is convex, and the closure
of V; is contained in M (E)\K,.

For any W C M(E), let AW, n) and A(W) be defined by

1
AV, n) = A — 8 i ,
W.n)={xe nzfxevv}

ni—1

1
AW)={xeA: lim — Z 8 priy € W, for some{n; };}.

i—o00 n;

It is easy to see that AOWV) C (1,29 U;=, AW, i) whenever W is open.

i>n
Claim. ForanyV € {V;};,ma(A(V)) = 0.

Proof. We choose arbitrary C; > 0,C> > 1, and determine §; = €1(Cy, A), 5 =
£2(Ca, A) by Lemma 4.3. Let § = min{é;, 82}. Moreover, choose 0 < & < § so that
forany x,y € M,d(fx, fy) < 6 whenever d(x, y) < ¢. For each n € N, select E,, an
(n, &) separated set that is maximal in A(V, n). For each x € E,, let B, ((x) = {y €
A:d(f'x, f'y) <&,0 < i <n—1}. Due to maximality, A(V, n) C U, e, Bu.e(x).
Then

ma(A(V, ) < D" ma(Bue(x) = Y / dma(y)

xeE, x€E, ns (x)
Z/ H | det(Df|T ponsiyy f* A~ dm g (v)
x€E, f (Bn £(x)) i=0
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< CE Y SO (F (B e (1))
xek,
<CiCy Y e, (4.16)
xeE,

where S, = 370 ¥ o f'.
Now we apply Lemma 2.8 to (8, f|8), ¥ and {E,},. Foreachn € N, let

PN Zaf’w

and {v,,}; be a subsequence converging to some v in weak*-sense. Then Lemma 2.8
gives

1
limsup —log >~ &%V < h,(f|8 )+/ vdv. (4.17)

n;
i—00 xeEy,

Observe that v, is a convex combination of {1 "~/ I8 fixs X € Ep},and 1 Sl fix €

V for any x € E,. By convexity of V we have v, € V, thus v = lim; o vy, € V C
M(E)\L,. Then by definition of IC;, i, (f|E) + f: Ydv < —r. Therefore

1
lim sup — log Z S o _p, (4.18)

n;
— i
i—00 xeEy,

Clearly, (4.18) holds for any {n;}; such that v,, converges. Substituting n; in (4.18)
by n,

1
lim sup —logmA(A(V n)) < —r. 4.19)

n— oo

Combine (4.19) with (4.16),

lim sup — 10g ma(A(V, n)) < lim sup ~ log Z ¢SV 1 1og €y

n—o00 n—o0

xek,
< —r +log Cs. (4.20)
Let C, — 1, we have
1
limsup —logma(A(V, n)) < —r. 4.21)
n—oo N
Then, given 0 < o < r, there exist C > 1, so that
ma(A(V, n)) < Ce™ "=, (4.22)

Note that A(V) C ﬂnZO Uizn AV, i) because V is open,

ma(A(V)) <11msupZmA(A(V i) <hmsupZCe r=0)i = 0. (4.23)

n—o00 —> 00
i>n i>n

This ends the proof of the claim. 0O
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As a consequence of the claim,

ma(AMENK)) < D ma(AV)) =0,

then by mr>0 Kr = {Mf}7
ma(AMEN\{ush) = }%MA(A(M(E)\’Q)) =0.

Clearly, wehave A = A(ME)\{u s DUB(u)NA) and AMEN\{u rDN(B ()N
A) = (). Thus

ma(B(up) N A) =ma(A) —ma(AMEN\{nr}) = ma(A). (4.24)

This completes the proof of Lemma 4.1 for case *). O

4.2. Proof of Lemma 4.1. Now we are going to apply the above argument in the general
case. Note that the crucial point in the previous proof is that we “naturally” extend v s to
¥, in the sense that {| A is “compatible” with volume measure on A. However, without
the assumption in case *), such an extension may be unrealizable. For example, assume
there exists x € AN Ay sothat T, A # EY, ¥ (x) should equal —log | det(Df|EY)| if
x is referred to a point in A ¢, while ¥ (x) must be — log | det(Df|T, A)| if x is consid-
ered contained in A, and | det(Df|EY)| # | det(Df|T,A)| in general. Similar problem
happens when there exists y € A N f'A with TyA # Ty f1A.

To overcome this problem, we introduce the framework of the Grassmann bundle, in
which the previously mentioned 7 A and EY (respectively, Ty A and T, f A) are forced
apart. In precise words, let 7 : G(M, u) — M be the u-dimensional Grassmann bundle
over M. For any V C TM a u-dimensional linear subspace, we write [V] to denote
the corresponding element in G(M, u). The topology of G(M, u) is determined by the
distance function

3([V], [V']) = min{l(y) + Zaqvp(V, Py V)|y : [0, 1] — M is piecewise smooth
with y (0) = 2([V']), y (1) = n([V]D},

where [(y) is the length of y, P, the parallel translation along y, and
Zrqvy(V, P, V) Zsup{flv —v'| [v e V,v" € PV, vl = []V] = 1}.
Under this topology 7 : G(M, u) — M is a continuous map.
Let f : G(M,u) — G(M, u) be a homeomorphism defined by
fIVI=IDf (V).
Then f o = 7 o f. Let potential { € C%(G(M, u)) be defined by

~

Y ([V]) = —log|det(Df|V)].

Proof of Lemma 4.1. Still as in case *), we consider E = Ay U [J;~ f ' A. Moreover,
define the following sets of G(M, u) that are related to E: B

Ap= U ED A= JmaAl

xXeAy xXeA

o]

[\f U U f’A
i>0
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Clearly, T maps A f A and 2 respectively onto A ¢, A and E. In particular, ﬂIA r
Af — Ay is ahomeomorphism. Then by upper semicontinuity of 4.(f|A ), h.( f | [\f)

is upper semicontinuous. Moreover, since (1& om)|Ay = ¥y, by (4.13) and invariance
of topological pressure,

P(fIAf;9) =0, Eq(fIAs¥) =iy}, (4.25)

where [i 5 = (7'[|Af)
By A-lemma, E is a compact set, thus (&, f |8) is a topological dynamical system.

Furthermore, ;- fig = A s. Then for a similar reason mentioned before (4.15), we
have -

[1) P(f1&) =0, Eq(fI€: ) = {iis). 4.26)
2)h(f|u) M(u f|u)—>IRlsuppersemlcont1nu0us ’

For any r > 0, let K, C M(&; f|&) be defined by
(6 € MCE: 12 ho(F1B)+ [ b= =),

Then by 1) of (4.26), (,.o K = {/i 7). Furthermore, by 2) of (4.26) K, is closed in
M(E; f| £), thus closed in M(Z). This implies M(E C )\I& is open in M(E). There-
fore by local compactness and local convexity of M(u) M(u)\’(: can be covered by

a countable famlly of open sets {V, }i, so that each V, is convex, and the closure of V, is

contained in M(E )\IC,.
In the sequel, for any x € A, we write X to represent [Ty A] for simplicity. For any
W C M(E), let AWV, n) and A(W) be defined by

n—1
AW, n)={f €A —Zsm e W),
i=0
l l’ll'—l
A(W) (feA: llg(r)l()ﬂ— Z(; foni); € W, for some {n;};}.

Claim. For any Ve Wi ma@(AW))) =0.

Proof. Again, we choose arbitrary C; > 0, Cy > 1, determine §; = €1(C1, A), 5 =
82(C2, A) and 6 = min{d1, 6>} by Lemma 4.3, and choose 0 < ¢ < § as in case *) For
eachn € N, select E,, an (n, ¢€) separated set (w.r.t. f) that is maximal in n(A(V n)).
We write E,, = {X : x € E,}, then E is (n, €) separated (W.r.t. f) For each x € E,,
let Bo(x) = {y € A : d(fix, f'y) < &0 < i < n— 1}. Due to maximality,
T(A(W,n)) C Usxeg, Bn.e(x). Then similar to (4.16),

ma(@(AW,n))) < D ma(Bue(x)) < C1CY Z ST, (4.27)

xeE,

where S,0 = 3770 ¥ o f1.
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Now we apply Lemma 2.8 to (8, f |8), v and E,,. With same argument as in between
(4.17) and (4.21), we have

1 N
lim sup — logma (7 (A(V, n))) < —r, (4.28)

n—oo N

which implies, as in (4.23), that
ma(@(AV))) = 0. (4.29)
This ends the proof of claim. O

As a consequence of the claim,

ma(@(AMENK)) <D ma(a(AWi) =0,

then by (), K, = {ir})
ma@AMEN)) = lim ma(x(AMENK)) =0,
Moreover, it is easy to check that

T(AMENAFD) = AMEN ).
Then similar to (4.24),

ma(B(p ) N A) = ma(A) — ma(AMEN{urh)
= ma(A) — ma(@(AMENLFD)) =ma(d).  (4.30)

This completes the proof of Lemma 4.1. O
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