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Abstract: In this paper, we prove a maximum principle for a frequency localized

transport-diffusion equation. As an application, we prove the local well-posedness of the
supercritical quasi-geostrophic equation in the critical Besov spaces B;O_’ g‘, and global

well-posedness of the critical quasi-geostrophic equation in ngo’ g foralll <g < oo

Here Bgo 4 1s the closure of the Schwartz functions in the norm of B, .

1. Introduction
In this paper, we consider the two dimensional quasi-geostrophic equation

90 +A% +v-VO=0 in(0,7T) x R2,
0 ™2 (1.1)

0(0) =6" inR~,

where o € (0, 1], the real-valued function (¢, x) denotes the potential temperature of

the fluid. The velocity v of the fluid is determined by the Riesz transforms of 6:

v=(—hA"'9,0,A7'0) = (—R20, R10).

A fractional power of the Laplacian A is defined by

AT(E) = 61" F &),

where fdenotes the Fourier transform of f.

The quasi-geostrophic equation is an important model in geophysical fluid dynamics,
which is a special case of the general quasi-geostrophic approximation for atmospheric
and oceanic fluid flow with small Rossby and Ekman numbers. We may refer to [9,19]
for more details about its background in geophysics. The caseso > 1, = land o < 1
are called subcritical, critical and supercritical respectively.
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Due to the deep analogy between the Eq. (1.1) with « = 1 and the 3D Navier-Stokes
equations, there are many mathematicians devoted to the study of the quasi-geostrophic
equation. In the subcritical case, Constantin and Wu [10] proved the global existence
of the smooth solution. In the critical case, Constantin, Cordoba, and Wu[8] proved the
global existence of smooth solution for small periodic initial data. Recently, Kiselev,
Nazarov and Volberg [18] proved the same result for arbitrary smooth periodic initial
data. Caffarelli and Vasseur [3] established the global regularity of weak solutions asso-
ciated to the initial data in LZ(R?). In the supercritical case, whether smooth solutions
of (1.1) develop the singularity in finite time is still an open problem. We may refer to
[11-13] and references therein for some relevant results.

In this paper, we are concerned with the well-posedness problem of (1.1) in the crit-

ical spaces. It is easy to find that if 6 is a solution of (1.1), then 6, def A2 1o (A%, ax)

is also a solution. A functional space X is said to be critical if |6, ||x = ||6|/x for any
A > 0. Obviously, the homogeneous Besov space Bz/ prl= “*(R?) is a critical space for
any p, q € [1, oo]. Let us review some known well- posedness results. Chae and Lee [4]
proved the global well-posedness for small initial data in the critical Besov spaces BZIE“.
Cordoba-Cordoba [14], Ning [17] studied the well-posedness in the Sobolev spaces
H,s >1—a,a € [O 1]. Wu [22,23] established the well-posedness in the Besov
spaces Bs S > 1—a,p= 2N Recently, by establishing the generalized Bernstein’s
mequahty, Chen, Miao and Zhang [7] proved the global well-posedness for small initial
data in the critical Besov space Bz/p+1 *(R?) for (@, p, q) € (0, 1] x [2, 00) x [1, 00),
and the local well-posedness for large initial data. By obtaining some regularization
effects, Hmidi and Keraani [16] also proved the similar well-posedness results including
the well-posedness in the limiting space B, | N B | for s > 1 — «. Very recently,
Abidi and Hmidi [1] proved the global well- posedness for the critical quasi-geostrophic
equation with large initial data belonging to BO y (R?). Here BO 1 (R?) is the closure of

the Schwartz functions in the norm of the homogenous Besov space B 1(Rz)
This paper is devoted to the well-posedness of (1.1) in the 1nhomogeneous critical

Besov spaces B1 2‘ forO < o < 1,1 < g < oo, which have a certain vanishing property
at infinity. That is,

B;O_ o 1s the closure of the Schwartz functions in the norm of Béo_,g.

The key point of the proof is to establish the following maximum principle for the
frequency localized transport-diffusion equation.

Theorem 1.1 (Localized Maximum Principle). Let 6, v, f be smooth functions with
Aj0(1) € Co(R?) fort > 0 and j > 0, and let 0 be a solution of the equation

A0 +v-VA;B+A"A;6 = f.
Then there exists a positive constant ¢ independent of 0, v, f, j such that for a.e. t > 0,

3ul1AjBlloc + 2712600 < Il flloo-

Here Co(R?) denotes the set of the continuous function vanishing at infinity, and A jis
the frequency localization operator (see Sect. 2).
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Remark 1.2. By using the generalized Bernstein’s inequality, Chen, Miao and Zhang [7]
established the following inequality:

AN 2Ol +cp2 11800, < 1£llp,

for2 < p < oo, here ¢, — 0as p — oo. However, it seems difficult to adapt the
method of [7] to the case when p = oo.

As an application of Theorem 1.1, we obtain the well-posedness results of (1.1)
by means of the Fourier localization technique and Bony’s decomposition. It should

be pointed out that since the Riesz transform R; is not bounded in Bgo’ g We need to

use a subtle commutator estimate (Lemma 6.2) and the fact that R;A_10 € Co(R?) if

0 e éé; g‘ (see Remark 2.8) in order to deal with the velocity v.

Theorem 1.3. Let 0 < o < 1, 1 < g < oo. Assume that the initial data 6° belongs to
B;o_g‘ Then there hold

(a) Ifq < oo, there exist T > 0 and a unique solution 6 to (1.1) satisfying
d . ~
0 e Er ¥ cqo, 11 B N LLBL,.

Moreover, let T* be the maximal existence time of 0, then there exists an absolute
constant n > 0 such that if T* < oo, then

liminf(T* — )24 |[VO@) | go > 7.

(b) If g = oo and ||90||B;O—go < €q for small enough €, then there exist T > 0 and a
solution 0 to (1.1) satisfying

d ~
0 cEr @ L0071 BL2) nILBL .
Moreover, the solution is unique under the following extra assumption:

sup lim ||6]] _ 1 < €.
t<T €0 L2(t—€,t;B2 )

(c) Ifoy € ngo’q, q < oo fors > 1, then the solution 6 has the higher regularity, i.e.
6 € C(0.T']; BY, ).
forany T' < T*.
Remark 1.4. For 1 < g < oo, there holds

. i(1— 1 0 _cole

lim Hz“ D (1) A6 ”°°H =0, w;t)=1-e¥",

t—0 04

which ensures that the estimates we obtained are uniform in the short time. However, it

seems impossible for ¢ = oo. This is the reason why we assume that the initial data is
small in Theorem 1.3 (b).
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By using the argument of modulus of continuity introduced by Kiselev, Nazarov
and Volberg [18], we also establish the global well-posedness for the critical quasi-
geostrophic equation.

Theorem 1.5. I[fa = 1 and 1 < g < 00, then the solution 0 obtained in Theorem 1.3 is
global in time.

Remark 1.6. Due to the inclusion relation:

o o
,CLBéO_,g for 1 <p<o0,1=<gqg=<o0,

2,
Blf’q
Theorem 1.3 is an improvement of the well-posedness results given by [7] and [16].

Throughout this paper, C stands for a positive constant which may be different from
line to line. We denote by || - ||, the norm of the Lebesgue space L” (R?).

2. Preliminaries

First of all, we introduce the Littlewood-Paley decomposition. Choose two nonnegative
radial functions x, ¢ € S(R?), supported respectively in B = {& € R?, |£| < 4/3} and
C = (¢ e R?,3/4 < || < 8/3} such that

XE+D e e =1, £eR%.

Jj=0

Leth = F'gand h = F~'y. The frequency localization operators A; and S; are
defined by

Aif =@ ID)f =22f'/ hQIy) f(x = y)dy for j =0,
RZ

$if =x@ID)f = X =2 [ @Iy f—pdy. and
l<k=j—1
Aif=Sofs Ajf=0 for j<-—2.

With our choice of ¢, it is easy to verify that

AjAf =0 if |j—kl =2 and

e (2.1)
Aj(Sk—1fAef) =0 if [j—kl=5.
In the sequel, we will constantly use Bony’s decomposition from [2]:
uv = T,v+ Tyu + R(u, v), 2.2)

with
T, =Y Sjiqubjv, Rw.v)= D Ajubjuv.
7 1j/—jI=1

With the introduction of A, let us recall the definition of Besov space, see [21].



Maximum Principle and the 2D Quasi-Geostrophic Equation 109

Definition 2.1. Let s € R, 1 < p,q < oo, the inhomogeneous Besov space B;’q is
defined by

By ={f e S®):11lsy, < oo}
Here

def
Iflsy, =

ISIA -
21851 1),

We denote by B;, q the completion of the Schwartz functions under the norm || - || B3, -

Besides the usual space-time space L‘; B;,, 4> We also need the Chemin-Lerner-Besov
space L’;BZ’ ¢» Which is defined as the set of all distributions f satisfying

def
”f”L’;B]S,# =

27185 f o1
From Minkowski’s inequality, it is easy to find that

Li(By ) S Lj(B},) if r<q and L[(B,) SL{(B},) if r=>gq.

< Q.
1z

Lemma22.let]l < g < oo0,0 e R If f € égo,q N BZ, , for some s < o, then
fe Bgo’q.
Proof. 1:ake x(x) € Cg° with x (x) = 0 for |x°| < I,and let xp(x) = x(x/M). Thanks
to f € B, . itis easy to verify that Sy f € BZ, , and for fixed N,
(X = xm (x))Sn fliBg,, — O,
as M — +o0o. On the other hand, since f € Bgo’ q and g < oo, there holds
(A= Sn) fllsg,, — 0.
as N — +oo. Thus,
Ixs )SN f = fliBg,,, = (1 =Sn) flig,,, + 11 = xm(x)SN fliBg,,, — 0.
by letting M — 400, then N — +00. The lemma is proved. O
Lemma 23 [5]. Let 1 < p < g < +00. Assume that f € LP(R2), then for any
y € (NU {0})?, there exists a constant C independent of f, j such that
supp/ € {IE] < Ag2/} = 17 flly < C2/PGD) 1y,

suppf C {A12) <[] < A22) = |1 fll, < €277 sup 18 £l .
[Bl=lyI

Next we recall a result of the fractional integral operator.
Lemma 2.4 [14]. Let 0 < o < 2, and 6 € S(R?). Then there holds

R2 |x —y|7

with cg > 0.
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Following the proof of Lemma 2.3 in [24], we can obtain

Lemma 2.5. Let m(£§) be a homogeneous function of degree o with o > 0. Define
d ix-
k0¥ [ mex@eae.

where x € CSO(R2) with suppx C {& : |&] < 2}. Then there holds
K@) < C+|xh~>7
In particular, if f € L?(R?) with supp fC {&€ : |&] <2}, we have

m(D) fllp = Clfp

forany 1 < p < oo.

Remark 2.6. Thanks to Lemma 2.5, we have
1A% fliBs,, < Cllfllpsze,

foranyo > 0,5 € R, g € [1, <.

Let us conclude this section by recalling the BMO and VMO spaces. A locally inte-
grable function f is said to belong to BMO if the inequality

1
5 [ 170 = faldx < 4

holds for all balls B; here fz = |B|™! fB fdx. Itis well-known that
R;: L — BMObut R; : L A L*°.

Let VMO be the closure of Co(R?) in the norm of BMO. We have the following properties
about VMO space (see [20], p. 180).

Proposition 2.7. (1) Let ® € S(R?), fRZ ®ddx = 1. Suppose that f € BM O, then

f e VMO ifandonly if f x®, € Co(R?) forallt > 0, and || f — f %D, ||pymo — 0
ast — 0.
() If f € Co(R?), then R; f € VMO fori =1,2.

Remark 2.8. If f € égo’q foralls € R, ¢ € [1, 0], then R;A_; f € Co(RH)NC>®(R?).
Indeed, since f € BS A f € Co(R?). Thanks to Proposition 2.7 (2), RiA_1 f €

00,q°
VMO, which together with Proposition 2.7 (1) implies R;A_1 f € Co (R?). On the other
hand, RiA_1f € C <>Q(JRZ) is a direct consequence of Lemma 2.3.
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3. A Frequency Localized Maximum Principle
We consider the transport-diffusion equation

90+ A“0 +v-V0O = f. 3.1
We have the following parabolic maximum principle.

Proposition 3.1 (Maximum principle). Let v be a smooth vector field and f be a smooth
function. Assume that 6(t, x) is a solution of Eq. (3.1) with 6(t) € Co(R?). Then there
holds

t
10 llco — 10(0)lloo S/O If (D) lleod.

In the case when v is a divergence free vector, the inequality was proved in [14]
by using the positivity lemma. Here we generalize it to a general vector v. To prove
Proposition 3.1, we need the following classical lemma.

Lemma 3.2. Let f (¢, x) be a smooth function on [0, +00) X R2 with f(@) € Co (Rz)for
allt > 0. Then %IIf(t)HOo exists for a.e. t > 0 and

d
Ellf(t)lloo = (3 f)(t, xp)sign(f (1, x1)),

here f(t, x;) = £ f(t)|loo and sign x is a sign function of x.

Proof. Givent > 0, for all 1 € R such thatz + & > 0, we have
NfE+Mloo =1 fOllocl =N fE+h) — f®)lloo
5( sup |97 f(T)lloo + 2 sup ||f(f)||oo)|h|.
T€E >0

[0,7+1]

Thus, g(1) < || £ (1)lloo is a Lipschitz function in ¢ > 0, and then g'(r) = || (1) loo
exists fora.e. t > 0.

For every h > 0, since f(z,x) is a smooth function with f(¢) € CO(RZ), there
always exists a point x;4j, € R? such that | f(t +h, x)| reaches its maximum at x;,j, that
isg(t+h) = |f(t+h, x;p)|. Then we can find a sequence h, — 0 such that x,4p,, — X;
and g(¢) = | f(¢, x;)|. Assume that f (¢, x;) > 0 (The case when f (¢, x;) < 0 can be
similarly proved) and g’(¢) exists. Thus, for n big enough,

If@+h)llee — I f Ol f+hn, Xen,) — [, X0)
hn B hn
< f(t+hn»xt+hn) - f(tv-xt+hn)
= hn

— 0 f(t, x1)

as n — 0o, which implies that

d
771 Dlleo = 0 f (1, x1). (3.2)
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On the other hand, we have

If @+l = N f Ol [+ hn, x0) = fE x0)
h - h

— 0 f(t, x1)

as n — 0o, which implies that

d
Ellf(f)lloo > 0, f (1, x1),

from which and (3.2), we conclude that

d

—I\f@ =0; f(¢t, x;).

g1 Dl = 01 £ (2, x1)
This finishes the proof of Lemma 3.2. O

Proof of Proposition 3.1. Dueto® € Co(R?), without loss of generality, we may assume
that there exists a point x; € RR? such that 6(z, x;) = [|6(t)|leo. Then VO(z, x;) = 0. By
Lemma 2.4, we have

A"H(x,):Ca/ 6() — 0)

R2 X — >
Thus, it follows from Lemma 3.2 that

OO0 lloo = (3:0) (1, x;)
= —v(t,x;) - VO, x;) — A0t x) + [, x0) < |1 f (D)oo

which implies Proposition 3.1. O
Next, we consider the frequency localized transport-diffusion equation
N0 +v-VA;O+AYA0 = f. (3.3)
The following maximum principle plays a key role in the proof of Theorem 1.3.

Theorem 3.3 (Localized maximum principle). Let 6, v, f be smooth functions with
A;0(1) € Co (Rz)fort > 0and j > 0, and let 0 be a solution of (3.3). Then there exists
a positive constant ¢ independent of 0, v, f, j such that for a.e. t > 0,

Al + 27N A6l < |1 f L.
The proof of Theorem 3.3 is based on the following localized positivity lemma.

Lemma 3.4. Let

8
S|§|S§} .

W

d ~
AY e e Co®) gl = 1 supp T C (€ -

Suppose that g € A and |g(x0)| = |lgllz~ = 1 for some xo € R%. Then there exists a
constant c independent of g such that

sign(g(x0))A%g(xo) > c.
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Proof. We prove the lemma by the contradiction argument. Assume that there exist
{gn} C Aand x,, € R? such that

lgn(x)l =1, ¢p = A%gn(xn) — 0.

Let t;, be a translation operator defined as 75, ¢(x) = g(x + h). It is easy to verify that
7, A%g(x) = A%7;8(x). For the sequence {ty,g,}, there exist a subsequence {Txnk &}
and g € L such that |7x,, & (0)| = 1 and 7y, gn, — g in L. Since

supp F(tx,, gn ) () C{§: 7 < 5] = 71,

Blw
W | oo

we have suppg C {£ : % <& < %} and for any x € R?,
Ta 8 (X) = F L) # (T, ) (¥) = g ().

Here ¢ € C§°(R?) satisfies ¥ (€) = Lin {¢ : 3 <[] < §}. Moreover, g € C° N L™,
|g(0)] = 1, and ||g||L = 1. In addition, g # +1. Otherwise, g = f‘l(w) xg=0
since fRZ F 1) (x)dx = ¥ (0) = 0. By Lemma 2.4 and the Fatou Lemma, we find
that

g0) —g(y)

sign(g(O)Ag(0) = Cusign(z(©)) [ SO
R2 |l

Ty, 8 (0) — T, 8y (V)
[y 24a

< Cysign(g(0)) lim

- dy = sign(g(0)) lim ¢, = 0.
k—o00

k—o00

Since g # +£1, the above inequality contradicts the fact:

g(0) —g(y)

sign(g(0)A°g(0) = sign(z(©)) [ S0
r2 |yl

dy > 0.

This completes the proof of Lemma 3.4. O

Proof of Theorem 3.3. Since 0; def AT CO(RZ) for j > 0, there exists a point
X;,j € R? 5o that 10, x:, ;)| = [10j(1)llc > 0. By using a scaling argument and
Lemma 3.4, there exists a positive constant ¢ independent of j and 6 such that

sign(0; (x;, ) A0} (x;, ) = c27¥1|6;]|oo-
Then we get by Lemma 3.2 and (3.3) that

0110 () lloo = sign(0;(xz,;))(3:0;)(t, X1, )
= sign(0; (x;, ;) [—vt, x,, ) - VO (1, x0,7) — A“Oj(t, x,. ) + f(t,x;5)]
< =270, ) lloo + L (D)o

where we used V0, (¢, x; ;) = 0 in the last inequality. O
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4. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3. To construct the approximate solution, we
need the following lemma.

Lemmad.1. Letv = (—R> f, R1 f) with f € L?Bgfq, and 6° € BS qfors = 3. Then
the transport-diffusion equation

6(0) — 60, A.1)

[3,9+A“9+U-V9 =0,
has a unique solution 0 € C([0, T]; égo’q).
Proof. Since 0° € Bgo > We can choose 89" € S(R?) such that as n tends to oo,

0,n 0 K
0" — 0" in By .

Then we solve (4.1) with the initial data 6%" and obtain a sequence of solutions 8" €

C([0, T1; H°*?). Since H**? < BS_ .0 € C([0, T]; BS, ;) On the other hand, from
Step 1 in the proof of Theorem 1.3 (espemally (4.2) and (4 5)) we can infer that

1
0, j
16" zoe Bs,,, < 167" I8, , +/0 1272104, v] - VO llsolleadT,

from which and Lemma 6.2 (6.5), we infer that

t
0,
16"z s, < 16°" 5, +C /O (V0" el £ lms,, + 190l 16" s, , ) d
0, ~ ~
< 10" Is,, + CHIVO oLl fllgpeps, , + CLIVOILz Lo 16" Eo0 g, , -
Here we also used ||f||L°°Bgoq < ||f||Loch . Noticing that
V6" llLzeroe < ClO"zeops,,,» NVVILeLe = CllfIzeeps, -
we obtain
ny - 0,n - n -
16" zo gy, , = 167" IIBs, + CEIS N zops, MO I Eeo s, »
which implies
0" — 0 in C([0,T]; Bgo’q).
Thus 6 € C([0, T]; B, ). O

Proof of Theorem 1.3. We divide the proof into several steps.
Step 1. A priori estimates. We assume that 9(¢, x) € Co(R?) is a smooth solution of
(1.1). Set 0; © A6 for j > —1, then ; satisfies

30 + A% +v-VO; = —[Aj,v] - V6.
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First of all, we get by Proposition 3.1 that

t
10-1(Dlloo = ||991||oo+/0 I[A-1, v]- VO Ledz. (4.2)

We infer from Lemma 6.2 (6.4) that

t
/0 A1, 0] - VOl LedT < 1270 [A_j, v] - VOl 1 poc lles
< C|Vvl|_, —«|VO|_, -
< ClIVol, - V0

25~ %
LiBxojg

2
< CIOI, | g

t7700.q

Thus we deduce that

I6-1@)lleo < 162, oo + CIOIZ, , 5. (43)

1 Doo,g

Thanks to Theorem 3.3, we get for j > 0,
3110 1o + 2716 ll0o < LA, v] - Voo,
from which and Gronwall’s inequality, we infer that
16, () lloo < €2 100100 + e 5 1A}, V] - VO|oo. (4.4)

Here the convolution is defined as

t
fxg(n) =/ f@—s)g(s)ds.
0
Using (4.4) and the Young’s inequality, we get for | <r < oo and j > 0,

L 1
216l Lrre < Coj(@)7 (1691l + Cll[A, v] - VOl (4.5)

where w; (1) def el Multiplying by 2/=%) on both sides of (4.5), and then
summing over j, we obtain

(-2 g
22]‘1( "/)ng” re
j=0

i(1— 1 i(1—
< ClI2Z7" 0,07 167z lles + 27 NA ), 0] - VOl 1 e llea. (46)
While due to Lemma 6.2 and Remark 2.6, we have

1274 [A, 0] VOl lles < CHOI2 e
L

tBOqu
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which together with (4.3) and (4.6) gives for 1 <r < oo,

1
T 0 T
1017, g1er = CA+1)16°0 51 o+ C(L+10)]6]12 .t 4.7
I i — =
101, 1-g < 121816l + CJ127C Daoj ()2 169 5 leo
t Poo,q

L 2
+CA+IDNO07) | o

a
2
t Doo,q

(4.8)

Step 2. Approximate solutions and uniform estimates. We construct the approximate
solutions of (1.1) by solving the following linear system:

8[0(k+]) + Aae(k+l) + U(k) . Ve(k+l) — 0,
v®) = (=R0®, R16W), (4.9)
%D (0) = Sk40?,

for all k > 0. Here we set (09, v©@) = (A_;0° A_;v9). Since 6% (0) € ng%,q
for any so(for example, we take so > 3), we infer from Lemma 4.1 that the solution
0% e C([0, +00); ng,q) for k > 0. Then a similar argument as leading to (4.7) and
(4.8) ensures that

1
16D, proar < CA+17) 6% 1
t Poo,q

+C(1+tr)||9<">||~ g 104D, g (4.10)
tBooq x ocq
1 _ 1
||9<k+”||-23 g < 128160 + C12T D (1) 2 69| oo o
OOq
+Ca+oY) =g 16Vl o5 (4.11)
t 00‘1 0,9

Noticing that for 1 < g < oo,

lim Hzf“ D1 (1)2 ) 16° |°°H

and ||90||BH, < ¢ for ¢ = oo, then by a standard induction argument, (4.10)-(4.11)
00,9
ensure that there exists 7 > 0 such that

0O < (90 ot 2), p® ¢ < Cep,
I ”LQBolc,q/ <Cll ”Bolo,q € 61 - 72518 Ceo 4.12)

L; 00,q
fork>0and0 <t <T.
Step 3. Convergence and existence. In this step, we assume that 0 < ¢ < T < 1. Set

500 — gD _ g 5y — (kD) _ (6.

Then (86X, §v%) satisfies

[ 3,800 + A%80® 4 y®) . v5e0) 4 5y®) . vok+D) =,

800 (0) = Agy36°. “.13)
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Taking A; on both sides of (4.13), we obtain

3A;80% + A*A;80% +v® v 50W
= —[2;, 007 V80® — A;(sv® . vkt

Noticing that A_;A;4360° = 0, we get by Proposition 3.1 that
. (4.14)

t
1A-1860 ()]0 < / A1, v®P1-v80® + A_1 (50D . vk | dr

Exactly as in the proof of (4.6), we can obtain

1
q

> 2 se e,

j>0
< Cllaka®ll gy, + € [27 1185, 01 Voo @l o |
+C Hz—f'snaj(av(k) ACUTIPN B (4.15)
From (4.14) and (4.15), we deduce that
18611, 53
< Cllakatl g, + € 27771085, 01 V8O Py |
(4.16)

—J k k+1
e ERAINIOCR LT

< s < 1, we get by Lemma 6.2 and Remark 2.6 that

Taking s such that 5
27700, 01 930y, < ORI, g 00O g @)
! e ooa Bo%q
and by Lemma 6.1 we have
Hz—J'SnA,-(av(") IOk 1 Hz
< CIsv @I, 5 10“ I, 1o
L? Bwq Booq
< C(I8-180® lrzeroe + 136V Ly 5 JIO* DI g @19
tBooq 00,9
From (4.16)—(4.18), we infer that
1861, o < 27K 60 41y
IBOOq o
k+1
+C Z ||9<’">||~ §(||A_15v<’<>||L;mLoo + ||66<k>||zzz m) (4.19)
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It remains to estimate || A_18v®|| oo/ . In order to do this, we take R;A_1(i = 1,2)
on both sides of (4.13) to obtain

G RA_180% + v ® VR, A_180% + A*R;A_150%
= —[RiA_1,v0]-V80® — R A_ (50v®) . vok+D)y,

from which and the fact that Rl-A_19(k) € Co (RZ), we get by Proposition 3.1 that
2
1821800 = 3 [ RB1 001 V86 e
—1J0

2 t
+ Z/ IR A1 (S0P - vo**HDy| odr. (4.20)
— . J0

Firstly, from Lemma 6.3 and s < 1, we infer that
t
JRIETSRER I
0

t
=C /0 (122186100 D7 14,6Vl + D 186Vl 80D 1 ) a7
j>4 lj—Jj'1=<6

<ClIso®| , o, ||9<">||~
L B

0,9

421

% .
0,9
Secondly, from Lemma 2.5 and Bony’s decomposition (2.2), we can deduce that

IR A1 (80 - VOED) oo =R VA (BvD8 5 D) oo < Cll A1 G0N D) g
= € (221 T8 D)oo + 1821 Ty 80 ®) oo + 161 RO, 5010
= C (18180 ool 2,6“* Voo +115;-16%Dlooll 250V 1 )

j=4
+C D0 180" sl 280 .
li=Jj1=1

which implies that
t
/ IRiD1 (5 - voED) | Ldr
0

2
0,q 0,9

<Clsv®|_, o ||9<k+“|| g
LB

(k) (k) (k+1)
= (60 ||L;<>Loo+||89 ||ZZB%_.Y)||0 I, s (422)

1 200,q t700.q

Summing up (4.20)-(4.22), we obtain

k+1
1A 1800 ()]l < C D ||9<"’>||~ g (ua_lav(")nLgoLw + ||89<">||Z2335),

2 Q.
m=k 0.4 ! 4
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which together with (4.19) gives

1861, 5 + 181800 @)oo = C2HH 60
t

1—
00,q |Boc,g

q 1t P00.q

k+1
(m) (k) ) "
+CZk||9 2515 (||A_16v lzgore0 + 1166 ||Z232_s). (4.23)
m=,

The above inequality and (4.12) ensure that §®) and A_;v® are two Cauchy sequences

in L2(0, T; Bgo,‘;) x L L. Thus, there exists a limit 6 (¢, x) such that as n — oo,

6% — 9 in L*0,T;B,),

(4.24)
A_pv® — Av in LPL™,

with v = (= R0, R16). Then by (4.12) and interpolation, we get forany o < 1 — 3,

6" — 0 in L*0.T;BZ ). (4.25)
~ -2 .
and6 € L"(0,T; By g ) N LZ(O, T; Bgqu) for 1 <r < oo with

0 2
o, s = € (16°515 +3) . 161, g < Ceo (4.26)

t Poo.q 0,9

With (4.25) and (4.26), a standard limit argument will ensure that (6 (¢, x), v(¢, x)) sat-
isfies (1.1) in the sense of distribution.

Next, we prove 6 € C([0, T], é;; g‘) for 1 < g < oo. Thanks to the definition of
Besov spaces, we have

16(r) — O(t/)”Béc‘.Z < { Z + Z (2j(1_“)||9j(t) _ Qj(t/)”oo)q}l/q.
J<N jzN

Let € > 0 be arbitrarily small. Since § € L Béofg, there exists N > 0 such that

. qy1/q
{ D (2/“‘0‘)”9,»@) — 9,-(z’)||oo) } <e. 4.27)
j=N
On the other hand, from Eq. (1.1), we obtain

{ Z (2f(1—(x)||9j(t) _ ej(t,)”oo)q}l/q

Jj<N

< { > (2/“—“) /ﬂt = A% — A V@)Hoods)q}

Jj<N

1/q

1
<c2?Nie =11z (191 e 0] e [|V]eo nl
< | RN IIL%U,J;B;MZ) I IlLtzBolo‘q2 vl zoo g1

<e, (4.28)
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for |1 — ¢’| small enough, which together with (4.27) implies the continuity of (). For
o < 1—«a, we have

16% ) —6)llsg,, < { >+ (2/’0 16 @) - 0; (r)noo)q}l/q_

J<N j=N

Since 0 € L"QB1 "‘ and 6% is bounded in L""Béo fI‘, there exists N > 0 such that

[> (@100 - 6,00) "} < camvi-en <

J=N

Similar to the proof of (4.28), we get by (4.24) and (4.25) that

[> 71000 - 6,00) )" < 1600 — 6l

j<N
+Cx (169 = Olp2 gy + 105D = vliz2py ) <e.
for k large enough. Thus,
0% — 0 in C((0.T1]: B,,).

which together with Lemma 2.2 implies 6 € C([0, T]; B ).

Step 4. Uniqueness. Assume that 61, 0, € Er are two solutions of (1.1) with the same
initial data. Set

80 =6, —0;, Sv=uvy—v.
Then (86, §v) satisfies

9,660 + A%30 + vy - V3O +6v - VO, =0,
80(0) = 0.

A similar proof of (4.23) gives for § < s < 1,

180117, 95 + 18100l zeps

00,9

2

Z||9"||~ -8 (nA 180|500 + 1661, )
— Ny L?B

7
t P00,q

which implies 660 = 0, i.e. 8] = 6;. In the case of ¢ = 0o, we need the following extra
assumption:

sup hm o1

t<T €~

[2(1—e1;Bl5%42) = €0-
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Step 5. Blow-up criteria. We follow the proof of Proposition 5.2 in [1]. From the local
existence theory and especially (4.8), we see that if 7% < oo, then there exists a positive
constant 7 such that

a4 .
liminf [ (T* = D3 IA-16() e + D @} (T* = 0279026, (1)1
t—>T%* - J
J

q
i 2 * jq(l1—a) X q
—lltrngI;f E w; (T" —1)2 10 (@llce = n,
J

where we used the fact that ||6(7)||co < [|6(8)]|co for 6 > O such that
lim (T* = )2 | A-16(1) [0 = O.
t—T*

While, thanks to Lemma 2.3, we get

q . q .
n = liminf (D 0} (0 = 027010, + D 0 (77 =240~ 19, (1) 1% )
J=N j>N
< lim inf ((T* — 329N 0=9) 19 (8)(|%, + 27N VO (1) OO).

t—T*

Choosing judiciously N, we obtain the desired result.

Step 6. Persistency of regularity. In this step, we will prove (c). A similar argument as
leading to (4.6) and Lemma 6.2 ensures that

t
1011 zee s, , = 16°11 5., +/0 1275 I[Aj, v] - VOllsolleadT
t
< 16°l5s,, +C/ (IVvlloo + VOl 101l foo gy, AT (4.29)
0 :

Then Gronwall’s inequality gives

- 0 C v VO|loo)d
101 s, < 16711, e DUV I=HTOIxIT,

which is equivalent to

1
In(e+ 017, ) < Ine+ 16055, ) + C/ (1V0]loc + 196 | s0)d .
' 0
For any N € N, we have by Lemma 2.3 and Remark 2.6 that

IV0lloo + IVOlloo < D (1A V0lloo + 14 VOloo) + D~ (12 V0lloo + 14,V ]0o)
J<N >N

<C D 28010+ D 27701,
j<N j>N
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log(e+ll0lIzoo ps )

Then, taking N such that 2_N(S_1)”9”Z,°°Bgoq <1 (ie, N = W), we
obtain '

/ (IVVlleo + IVOlleo)dT < Z/ 2146 codT +1

J=N
< CllOlg e+ 10l 7oy, ) +1-

Thus we have

Ine + 16| zeo s, ) = Ine + 1611 s,,) + Clolz) gy, nle + 1101 feeps, )+ C1.

Since g < oo and § € L B/ ., we can choose ¢ small enough such that

00,q°?

1
ol < —.
I ”LllBolc,q =5
Thus, 6 € Z?o B, 4- A standard continuity argument concludes that 6 € LOo B 4

Then 6 € C([O, T*), Boo’ q) from the proof at the end of Step 3. This completes the
proof of Theorem 1.3. O

Remark 4.2. If the initial data 0° € Bgo g fors > 1 —a, there exist 7o > 0 and a unique
solution 6 of (1.1) such that

0 € C((0. Tol; BL, ) N Ly, B

This remark can be deduced by following the proof of the existence and uniqueness part
of Theorem 1.3.

Let us conclude this section by establishing the higher regularity of the local solution
of (1.1).

Theorem 4.3. Assume that 6 is a solution of (1.1) on [0, T*) , as stated in Theorem 1.3
(). Then 6(t) € C([8, T™); ngo’q)for any 8 € (0, T*) and s > 0.

Proof. Thanks to Theorem 1.3 (a), 6 € LL.B ooq, thus 0 € L1 Bl 6 for any € > 0,
which together with Lemma 2.2 implies that for any ¢ < T, there ex1sts to € (0, &) such
that 6(1p) € B1 e . Then from Remark 4.2 and the uniqueness of the solution, we infer

that0 € L! (1o, To, B1 f]”‘) for some Ty > ty. Repeating the above argument again, we
can conclude that there ex1sts to € (0, §) such that the local solution 6 (#y) obtained in

Theorem 1.3 belongs to B Theorem 1.3 (c) will ensure that the solution 6 satisfies

0 € Cllto, T): Bt ).
For any 8 € R*, let us consider the equation

[ [t — 10)PO1+ A%(t — 19)PO +v - V(t — 10)PO = B(t — 19)P 16,
(t —10)P0i=s, = 0.
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In a similar way as (4.29), we get fortg <t < T*,

Iz — t0)9||200(;0,,;3;o’q)

t
< / 12718, ] (¢ = 1) V0l v T + CIO e 1o
to ’

t
< c/ (IV¥lloe + 190100) 1T = 10)6 111 1,1, 7 + Cl0] 7 1
) ! !

from which and Gronwall’s inequality, we infer that

C [I (IVllootI VOl )dT
1 = 000Nz rimL, ) < CHONze e oIV I=HT0

cflnel, dr
SCIIGIIZ?CB;C—_Ze 0 oo

where we used in the last inequality
Vvllee = ClIVuligo = Cllolig

Then we can get by an induction argument that

Clhnel, dr
0 oo ||(t—to)n9||z;>°3govq

Cc(n+2) [1 16 dt
<" VI 10151

I = 1)1 0l fe g, < Clr+ e
”9”35"3&5_3’

from which and interpolation, we can deduce that (t — #)?6 € L>® (to, t; Bgfo’q) for any
BeRYandr € [ry, T*). Thus 8 € C([8, T*); éfo,q). O

5. Proof of Theorem 1.5

This section is devoted to the global well-posedness of (1.1) with the critical dissipation.
‘We shall use the argument of modulus of continuity introduced by Kiselev, Nazarov and
Volberg[18]. Here we will only sketch the proof, see [1] for more details.

Let T* be the maximal existence time of the solution in the space C ([0, T™*); Bgo )N
L! 0, T*; B;O’q). Let A be a real positive number determined later and 77 € (0, T*).
We define the set

7 9f {T €T\, T*):Vt e [T1, Tl,x £y e R210(t,x) — 0(t, y)| < wx(|x — y|)},

where w : Rt — R* is strictly non-decreasing, concave, w(0) = 0, w'(0) < +o0,

limg 0+ " (§) = —o0 and wy (|x — y|) = w(A|x — y]|). First of all, if we take
-1 0
@~ (310" l0)
= ——F—[IVO(T1) |,
201600 *

then we can deduce from the maximum principal and the properties of w that 77 € I,
thus the set / is non-empty. From the construction, the set / is an interval of the form
[T, T). Now there are three possibilities:
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The first case is Ty, = T* and in this case we have the necessary T* = +o0 because
the Lipschitz norm of 6 does not blow up.

The second case is Ty € I which is impossible. In fact, using the higher regularity of
6(see Theorem 4.3), we can infer that there exists a§ > O such thatforall¢ € [T, T, +48],

0@z, x) = 0(t, y)| < wp(|x = y]).

Thus, we obtain that T, + § € I which contradicts the fact that 7}, is maximal.
The last case is Ty ¢ I. By the time continuity of 0, there exists x # y such that

O(Ty, x) —0(Ty, y) = wp(§), with & =|x —y|.
As in [18], we choose the continuous function w as follows:

w(§) ——E—Ei/z, when0 < § <34,
/
w'(§) = FaTogE/0) when & > §,

here §, y are small enough and satisfy § > y > 0. With this choice, it is shown in [18]
that

f(Ty) <0, where f(t)=0( x)—0(,y).

Thus, this scenario can not occur since f(¢) < f(Ty), YVt € [0, Ty]. This completes the
proof of Theorem 1.5. O
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6. Appendix
In this Appendix, we shall present the product estimate and commutator estimate in the

inhomogeneous Besov spaces. We can refer to Lecture notes [6, 15] for a more detailed
introduction.

Lemma6.1.Let1§q§oo,}=ri+%5l,pl,p2<0,p1+p2+1>0,andvbea

1
solenoidal vector field. Then there holds
lv- VOl gawn < Cllvll g g1 16172 grons
Proof. Using Bony’s decomposition (2.2), we write
v-VO =T, 8;0 + Tyov' + R(V', 8;0).
Thanks to (2.1), we have

Aj(Ti00) = D Aj(Sy_1v'diAp0).
1j'—jl<4
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From Lemma 2.3 and p; < 0, it follows that
1A (T30 <€ D 27" > [ Apvllooll Aj0lloo
lj'=jl<4  k<j'=2

< Yol D 114)6]o 6.1)
lj'—jl=4

Similarly, we have
Aj(Toov)y = D Aj(Sy—1(3i0)A "),
lj'—jl=4
From py < 0, Lemma 2.3 applied gives

1A (Toov)lloo <€ D D 218100l A j0]l 0o
[/ =jl=4k=<j'=2

< C2P0l g D 180l (6.2)
Ve
Since divv = 0, we have
AjR(viy 819): Z aiAj(AjlviAj//e)’

VS EEHYIES LS|
from which and Lemma 2.3, it follows that

18R, 3:0)lloc < C > 27118 vlloo | A 1Bl
J"zi =31 =i"=1

< CVllgn, D 277140l (63)
J'zj=3

Summing up (6.1)-(6.3), we obtain
v VOl grysen < CM71 g1 1617 1o
Indeed, we have by the Young’s inequality for the series and p; + p2 + 1 > O that

127C AR, 8:6) loolles < Clvllggy I Y 2920027 DA 6o e
j'=j-3
< Cllvllggy, 161 yrvvn-
This finishes the proof of Lemma 6.1. O

Lemma6.2.Letl§q§oo,}:ri+%Sl,pl,p2<1,p1+p2>0,p1 > 0, and v

be a solenoidal vector field. Then there holds
122D A, 0] VOl oo Hler < CIVUIzn o1 190170 gor-1. (6.4)
t 00,9 t 00,49
Moreover, if v = (—Ra f, R1 ), we have for all s > 0,

1272118, 0 VIblloollen = € (1961l fllms,, +1V0llclOls,, ). ©65)
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Proof. We firstly prove (6.4). Using Bony’s decomposition (2.2), we write

(8,0 V10 = (8, T 10,0 + (8 (Tyev) = Tyn00')
+ (8RO 80) = RO, 0,4,0))

e e rr+111.

Firstly, in view of the definition of A ;, we write

=3 {Aj(Sk_lv CVAO) — Sp_1v - Ajvake}
k

= 2 22‘//h(2j(x—y))(Skflv(y)—Skflv(X))-VAkG(y)dy

lk—jl<4

1
= > 221/h(21y)/ y - VSi_1v(x + ty)dt - VA (y + x)dy,
- 0
lk—jl=<4

which implies

Moo < €277 D" 1VSk 10llool VAKO L, (6.6)
lk—jl=<4

from which and p; < 1, it follows that

[ e D1
t 04

< C |13 VSl IV A 72 o)
k—j|<4 P

< C|IVVll=r; po1=t IVO |51y pr—1. 6.7
< CIVVlz o1 190 - 6.7)

Similarly, we have

e = | (Aj(Sk_laiQAkvi) - Sk_lA,-al-eAkv")
k 00
< | D0 AJS18i0A0) = Si180i0 A0
k—jl<4 ~
+ Z Sk_lAjaiQAkvi
k>j+4 o
<27 > VAol V81l + CIIVA0lloc D 1Ak lec,

lk—j|<4 k> j+4
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from which and the assumption that pp < 1 and p; > 0, we infer that

a1

< C I VAW VS0 2

lk—jl<4 v

Jp1 .
+CIVO s ot |27 D 180000 ,)
k> j+4 04
< ~ _ ~ —
= C||VU||L;1 ng’ql ”VQHL?BQQI’

where we used Lemma 2.3 in the last inequality.
Since divv = 0, we can rewrite /11 as

111 = > {Aj(Akv CARVO) — Ao - AjAk,ve}
[k—jl<4;|k—k'|<1

+ Z divA ; (AgvAgd).
k>j+4;|k—k'|<1

Then a similar proof of (6.6) gives

e <27 > VAol VARG s
|k—jl<4;|k—k'|<1

+C27 > (1 Awlleoll ApBllcos
k> j+4;1k—k'|<1

which together with Lemma 2.3 and p; + p2 > 0 implies that

j —1
17N gz Yes < CIV Ul g g 1198 .
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(6.8)

(6.9)

Summing up (6.7)—(6.9), we conclude the proof of (6.4). Since the proof of (6.5) is

completely similar, here we omitit. O
Let us close this section by the following commutator estimate.

Lemma 6.3. Let v = (— Ry f, R1 f). Then there holds

IReA 1,0 V10lloo < CIA 10l D118 fllc+C D 1180000 2fr flloo-

>4 1j—j'1<6

Proof. Using Bony’s decomposition (2.2), we write

[ReA—1,v- V10 = [RA-1, Tl + (RS- (Tygv) = Ty rea_jov')

+ (RkA_lR(vi, a,-e)) R (v", a,-RkA_le)

v +111.
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We denote by K (x) the kernel of the operator VA _ R;. From Lemma 2.5, we have
IK(x)| < C+x])~.

Given 0 < § < 1, thanks to divv = 0, we have

oo =

/ K(x =) - (Sj_10(y) — Sj_10(x),6(y)dy H

j=4 00
1S;_10() — S;_1v(0)
SO RLCERES T =Y\ oy ldy
j=4 =yl 0
1S/-100) — Sj_1v()]
< Z/mx)nxﬁdx sup LA = 6
j<4 XF#y y
<CO IS~ 1 loollAj0llco- (6.10)
j<4

Here in the last inequality we used the fact that for j < 3,

1S;v(y) — S{Sv(x)l < Csup 1S; f(y) — Séf(x)l
xXF#y |x - y| XF#Yy |x - y|
< CIISj flles < C27°0S; flloo < CUISj fllos, (6.11)

which follows from the boundedness of R; on the homogeneous Holder spaces and
Lemma 2.3.

Similarly, from divv = 0 and the fact that [|Ajv]lec < CllAj flleo for j = 0, we
deduce that

1o =D

/K(x — ) (A00) — A;9())S;_10(dy H

j=4 o°
+ D 1S 1 (VRA DO o l1A vl oo
j>4
< CO IS 1 flloollA Bl + CIA 18l D114 flloo:  (6.12)
j<4 j>4
and
=] > K(x =) (Dju(y) — A o)A 6 (y)dy
J=&lj—-Jj1=1 00
+ Z IdivRE A1 (A juA j18) oo
J>41j=Jj'1=1
<C D 14 flloollAjblloo. (6.13)
lj=Jj'1=1

Summing up (6.10)—(6.13), we conclude the proof of this lemma. O
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