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Abstract: We establish a limiting absorption principle for some long range perturba-
tions of the Dirac systems at threshold energies. We cover multi-center interactions with
small coupling constants. The analysis is reduced to studying a family of non-self-adjoint
operators. The technique is based on a positive commutator theory for non-self-adjoint
operators, which we develop in the Appendix. We also discuss some applications to the
dispersive Helmholtz model in the quantum regime.
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1. Introduction

We study properties of relativistic massive charged particles with spin-1/2 (e.g., elec-
tron, positron, (anti-)muon, (anti-)tauon,...). We follow the Dirac formalism, see [17].
Because of the spin, the configuration space of the particle is vector valued. To simplify,
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we consider finite dimensional and trivial fiber. Let v > 2 be an integer. The movement
of the free particle is given by the Dirac equation,

3
iha—‘f — Dpo, in L2(R3; C%),

where m > 0 is the mass, ¢ the speed of light, / the reduced Planck constant, and

3
D, :=cha- P +m02/3 = —ichZakE)k +mc2,3. (1.1)
k=1

Here we set @ := (o1, @2, «3) and B := 4. The «;, for i € {1, 2, 3, 4}, are linearly
independent self-adjoint linear maps, acting in C2, satisfying the anti-commutation
relations:

oo +Oljot,' = 281"]'1@21), where i,j € {1, 2, 3,4}. (1.2)

For instance, when v = 2, one may choose the Pauli-Dirac representation:

o 0 aj _ Id(cu 0
oe,—(ai 0) and ,3_( 0 _Ide), (1.3)

0 1 0 —i 1 0
where 0] = 1 o) 2=\ o and o3 = = E

fori =1, 2, 3. We refer to [66, App. 1.A] for various equivalent representations. In this
paper we do not choose any specific basis and work intrinsically with (1.2). We refer to
[53] for a discussion of the representations of the Clifford algebra generated by (1.2). We
also renormalize and consider i = ¢ = 1. The operator D,, is essentially self-adjoint
on C° (R3; C?) and the domain of its closure is ' (R3; C2"), the Sobolev space of
order 1 with values in C?”. We denote the closure with the same symbol. Easily, using
Fourier transformation and some symmetries, one deduces the spectrum of D,, is purely
absolutely continuous and given by (—oo, —m] U [m, 00).

In this Introduction, we focus on the dynamical and spectral properties of the
Hamiltonian describing the movement of the particle interacting with n fixed, charged
particles. We model them by fixed points {a;};=1,.., € R3" with respective charges
{zi}i=1,...n € R". Doing so, we tacitly suppose that the particles {;} are far enough
from one another, so as to neglect their interactions. Note we make no hypothesis on the
sign of the charges. The new Hamiltonian is given by

(1.4)

acting on CSO(R3\{a,~},~:1 ,,,,, 2 C2V), with a; # ajfori # j. The y € Ris the coupling
constant. The index ¢ stands for coulombic multi-center. The notation V (Q) indicates
the operator of multiplication by V. Here, we identify L?(R3; C*") ~ L?(R%) @ C?",
canonically. Remark the perturbation V, is not relatively compact with respect to D,,,
then one needs to be careful to define a self-adjoint extension for D,,. Assuming

Z:=ly] max (jzil) < V3)2, (1.5)
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the theorem of Levitan-Otelbaev ensures that H, is essentially self-adjoint and its
domain is the Sobolev space %1(]1%3; (Cz"), see [2,45,49,51,52,50] for various gen-
eralizations. This condition corresponds to the nuclear charge O{;IZ < 118, where

oy ' = 137.035999710(96). Note that using the Hardy-inequality, the Kato-Rellich the-
orem will apply till Z < 1/2 and is optimal in the matrix-valued case, see [66, Sect. 4.3]
for instance. For Z < 1, one shows there exists only one self-adjoint extension so that
its domain is included in .5#’1/2 (R3; CZV), see [58]. This covers the nuclear charges up
to Z = 137. Whenn = 1 and Z = 1, this property still holds true, see [23]. Surprisingly
enough, whenn = 1 and Z > 1, there is no self-adjoint extension with domain included
in.71/2 (]R3; (CZ"), see [74, Theorem 6.3]. We mention also the work of [68] for Z > 1.

In [58], one shows for Z < 1 that the essential spectrum is given by (—oo, —m] N
[m, co) for all self-adjoint extensions. For all Z, one refers to [30, Prop. 4.8.], which
relies on [74]. In [29] one gives some criteria of stability of the essential spectrum for
some very singular cases. In [4], one proves there is no embedded eigenvalues for a
more general model until the coupling constant Z < 1. For all energies in a compact
set included in (—oo, —m) N (m, o0), [30] obtains some estimates of the resolvent.
This implies some propagation estimates and that the spectrum of H, is purely abso-
lutely continuous. Similar results have been obtained for magnetic potential of constant
direction, see [70] and more recently [64].

In this paper we are interested in uniform estimates of the resolvent at threshold
energies. The energy m is called the electronic threshold and —m the positronic thresh-
old. In Theorem (1.2), we obtain a uniform estimation of the resolvent over [—m — §,
—m] U [m, m + 8], see (1.8) and deduce some propagation properties, see (1.9). One
difficulty is that in the case n = 1 and z; < 0, it is well known there are infinitely
many eigenvalues in the gap (—m, m) converging to the m as soon as y # 0 (see for
instance [66, Sect. 7.4] and references therein). This is a difficult problem and, to our
knowledge, this result is new for the multi-center case. There is a larger literature for
non-relativist models, e.g., —A + V in LZ(R"; C). The question is intimately linked
with the presence of resonances at threshold energy, [43,25,57,63,69]. We mention also
[14] for applications to Strichartz estimates and [19,20] for applications to scattering
theory. We refer to [8,9] for perturbations in divergence form and to [36,37,67] for some
more geometrical settings. We also point out some low energy results in the context of
non-relativistic quantum electrodynamics, [26,27].

Before giving the main result, we shall discuss some commutator methods. The first
stone was set by C.R. Putnam, see [61] and for instance [62, Theorem XIII.28]. Let H
be a self-adjoint operator acting in a Hilbert space .77. One supposes there is a bounded
operator A so that

C :=[H,iA], > 0, (1.6)

o

where “>" means non-negative and injective. The commutator has to be understood
in the form sense. When it extends into a bounded operator between some spaces, we
denote this extension with the symbol o in the subscript, see Appendix A. The operator
A is said to be conjugate to H. One deduces some estimation on the imaginary part
of the resolvent, i.e., one finds some weight B, a closed injective operator with dense
domain, so that

sup  S(f. (H—z2)7Lf) < 1BfI>
R()eR,J(z2)>0
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This estimation is equivalent to the global propagation estimate, c.f. [46] and [62, The-
orem XIII.25]:

/R||B—1e'"”f||2dt <2/ I

One infers that the spectrum of H is purely absolutely continuous with respect to the
Lebesgue measure. In particular, H has no eigenvalue. To deal with the presence of
eigenvalues, the fact that A is unbounded and with the 3-body-problem, E. Mourre had
the idea to localize the estimates in energy had the idea to localize the estimates in energy
and to allow a compact perturbation, see [56]. With further hypotheses, one shows an
estimate of the resolvent (and not only on the imaginary part). The applications of this
theory are numerous. The theory was immediately adapted to treat the N-body prob-
lem, see [60]. The theory was finally improved in many directions and optimized in
many ways, see [1] for a more thorough discussion of these matters. We mention also
[31,34,32] for recent developments. As we are concerned about thresholds, Mourre’s
method does not seem enough, as the estimate of the resolvent is given on an interval
which is strictly smaller than the one used in the commutator estimate. In [13] one gen-
eralizes the result of Putnam’s approach. Under some conditions, one allows A to be
unbounded. They obtain a global estimate of the resolvent. Note this implies the absence
of eigenvalue. In [25], in the non-relativistic context, by asking about some positivity
on the Virial of the potential, see below, one is able to conciliate the estimation of the
resolvent above the threshold energy and the accumulation of eigenvalues under it. In
[63], one presents an abstract version of the method of [25]. To give an idea, we shall

compare the theories on a non-optimal example. Take H := —A + V in L?(R?), with V
being in the Schwartz space. Consider the generator of dilation A := (P-Q+ Q- P)/2,
where P := —iV. One looks at the quantity

[H,iA]lo —cH = -2 —c)A — Wy (Q), where Wy (Q) := Q- -VV(Q)+cV(Q),

with ¢ € (0,2) and seeks some positivity. The expression Wy is called the Virial of
V. In [25], one uses extensively that Wy (x) < —c(x)~* for some «, ¢ > 0 and |x|
big enough. In [63], one notices that it suffices to suppose that Wy (x) < 0 and to take
advantage of the positivity of the Laplacian. We take the opportunity to mention that
it is enough to suppose that Wy (x) < ¢’|x|~2, for some small positive constant ¢/, see
Theorem C.1. Observe also that these methods give different weights. For instance, [25]
obtains better weights in the scale of (Q)* and [63] can obtain singular weights like
|Ql, see Appendix B. Finally, [25] deals only with low energy estimates and [63] works
globally on [0, oc). We also point out [39] which relies on commutator techniques and
deals with smooth homogeneous potentials.

In this article, we revisit the approach of [63] and make several improvements, see
Appendix B. Our aim is twofold: to treat the dispersive non-self-adjoint operator and to
obtain estimates of the resolvent uniformly in a parameter. At first sight, these improve-
ments are pointless from the standpoint of the Coulomb-Dirac problem we treat. In
reality, they are the key-stone of our approach.

As a direct by-product of the method, we obtain some new results for dispersive
Schrodinger operators. The following V; term corresponds to the absorption coefficient
of the laser energy by the material medium absorption term in the Helmholtz model, see
[42] for instance.
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Theorem 1.1. Let n > 3. Suppose that Vi, Vo € L (R"; R) satisfy:

(H1) VV;, Q-VVi(Q), (0)(Q - VV)2(Q) are bounded, for i € {1,2}.
(H2) There are ¢y € [0,2) and ¢ € [0, 42 —c1)/(n — 2)2) such that

/

Wix) == x - (VV)(x) + 1 Vi (x) < % forall x € R",
X

and
Vo(x) >0 and —x-(VVa)(x) >0, forallx e R".

On C°(R"), we define H :== —A + V(Q), where V := Vi +iVs. The closure of H
defines a dispersive closed operator with domain 7> (R"). We keep denoting it with H.
Its spectrum is included in the upper half-plane. The operator H has no eigenvalue in
[0, 00). Moreover,

sup 1017 H =2 +iw NI < . (1.7)
r€[0,00), u>0

Note we require neither smoothness on the potentials nor that they are relatively
compact with respect to the Laplacian. We refer to Appendix C for further comments,
the case ¢; = 0 and a stronger result.

We come back to the main application, namely the operator H, defined by (1.4).
As the Dirac operator is vector-valued, coulombic interactions are singular and as we
are interested in both thresholds, we were not able to use directly the ideas of [25,63].
Indeed, it is unclear for us if one can actually deal with the threshold energy and keep
the “positivity” of something close to the quantity [H,,,1A] —cH,,, for some self-adjoint
operator A. We avoid this fundamental problem. First of all we cut-off the singularities
of the potential V. and consider the operator H)'fd = D;, +yV in Sect. 2. We recover the
singularities of the operator by perturbation in Proposition 4.1. In Sect. 2.1, similarly to
[21], we make explicit the resolvent of H%4 — 7 relative to a spin-down/up decomposi-
tion. This transfers the analysis to the one of an elliptic operator of second order, A, -,
see Sect. 2.1. The drawback is that this operator is dispersive and also depends on the
spectral parameter z. We bypass the latter difficulty by studying the family {A;, v ¢}sce
uniformly in £. In Sect. 2.2, we explain how to deduce the estimation of the resolvent
of H},’d having the one of A, , ;. In Sect. 3, we establish some positive commutator
estimates for A, , ; and derive the sought estimates of the resolvent, see Theorem (3.1).
For the last step, we rely on the theory developed in Appendix B. The main result of this
Introduction is the following one.

Theorem 1.2. There are k, 5, C > 0 such that

sup 1Koy~ '(H, —r—ie) Q)| < C. (1.8)

[A|[m,m+8], e>0,|y|<k
In particular, Hy, has no eigenvalue in £m. Moreover, there is C' so that
sup / (@)~ e Ex(H,) f11%d1 < C'lI f1%, (1.9)
lyl=« JR

where L = [—m —§, —m]U[m, m+8] and where E7(H,, ) denotes the spectral measure
of Hy.
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A more general result is given in Theorem 4.1. In Theorem 4.2 we discuss the weights
(P)!/21 Q| and in Remark 4.2 the weights | Q|. If one is not interested in the uniformity
in the coupling constant, using [30], one can consider all § > 0 and deduce (1.8). The
propagation estimate (1.9) refers to Kato smoothness and it is a well-known conse-
quence of (1.8), see [46]. Using some kernel estimates, one can obtain (1.8) directly for
the free Dirac operator, i.e., y = 0, see for instance [66, Sect. 1.E] and [48]. One may
find an alternative proof of this fact in [41] which relies on some positive commutator
techniques.

In this study, we are mainly interested in long range perturbations of Dirac operators.
Concerning limiting absorption principle for short range perturbations of Dirac operators
there are some interesting works such as [15] for small perturbations without discrete
spectrum or [10] for potentials producing discrete spectrum. These authors were mainly
interested in time decay estimates similar to (1.9). In the short range case, the limiting
absorption principle is a key ingredient to establish Strichartz estimates for perturbed
Dirac type equations see [11,16]. For free Dirac equations there are some direct proofs,
see [22,55,54]. Time decay estimates such as (1.9) or Strichartz are crucial tools to
establish well posedness results [22,55,54] and stability results [10,11] for nonlinear
Dirac equations.

The paper is organized as follows. In the second section we reduced the analysis
of the resolvent of the Dirac operator perturbed with a bounded potential to the one of
family of non-self-adjoint operators. In the third part, we analyze these operators and
obtain some estimates of the resolvent. In the fourth part, we state the main results of
the paper. For the convenience of the reader, we expose some commutator expansions
in Appendix A. In Appendix B, we develop the abstract positive commutator theory.
At last in Appendix C, we give a direct application to the theory in the context of the
Helmholtz equation.

Notation. In the following 91 and J denote the real and imaginary part, respectively.
The smooth function with compact support are denoted by C2°. Given a complex-valued
function F, we denote by F'(Q) the operator of multiplication by F. We mention also
the notation P = —iV. We use the standard (-) := (1 +| - |?)1/2.

2. Reduction of the Problem

In this section, we study the resolvent of the perturbed Dirac operator
Hﬁd := Dy, +yV, where V := v ® Idc2y and v bounded. (2.1)

In Sect. 4, we explain how to cover some singularities. Due to the method, we will
consider only small coupling constants. We will show the limiting absorption principle

sup Ko~ HY —r—ie) Q) = C, (2.2)

[X|€lm,m+5], e>0, |y |<k

for some k > 0. We notice this is equivalent to

sup K~ HY =1 —ie) Q)| < C. (23)

r€[m,m+68], £>0, |y|<«

Indeed, by setting o5 := ojara3c4 and using the anti-commutation relation (1.2), we
infer

as(Dp+yVyas' = —Dy+yV.
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Note that a5 is unitary in the Sobolev spaces 7% (R3; C*"), for s € R. This gives
as@(Dy +yV)as ' = ¢(— (D —yV)), forallg € C(R; C). (2.4)

Finally notice that (Q) commutes to «s.

2.1. The non-self-adjoint operator. Here, we relate the resolvent of (2.1) in a point
z € C\R with the one of some non-self-adjoint Laplacian type operator A, , ., chosen
in (2.8). We fix a compact set Z being the area of energy we are concentrating on. In the
next section, we explain how to recover a limiting absorption principle for H},’d over Z
given the one of Ay, .y 7.

We consider a potential v € L (R?; R), not necessarily smooth, satisfying
lvllee <m/2 and Vv e L¥[R3RY). (2.5)

In particular, (v(Q) —m — z)~! stabilizes ' (R3; C?") for all z in C\R.

Since = w4 satisfies (1.2), we deduct that 8 has the eigenvalues £1 and the eigen-
spaces have the same dimension. Let P* be the orthogonal projection on the spin-up
part of the space, i.e., on ker(8 — 1). Let P~ := 1 — P*. Since a; satisfies (1.2), for
Jj €{1,2,3}, we get Pioszi = 0. We set:

ozj+» = P"jP~ and a; = P~a;P*, forje{l,2,3}.
They are partial isometries:
(@) =a;, afa; =P* and ojaf =P, forje{l,2,3}.

The anti-commutation relation (1.2) gives:

ai_a;+aj_ozi+=26in,‘P_ and ot;raj_+a}rai_ =268 jP", fori,je{l,2,3}.

(2.6)

We set Cly. := PEC?". In the direct sum C”. @ CY, with a slight abuse of notation, one
can write

ﬁ—( 0 _Id@) and a‘,—(a'_ g ) forje{l.2.3}

J

We now split the Hilbert space . = L?(R>; C?") into the spin-up and down part:
H =@ A, where #F = L*(R>; CY) ~ LR, C"). (2.7
We define the operator:

1
= + . —_— - .

Apyz = Pm—v(Q)+za P +v(0Q) (2.8)
onCZ° (R3; CY). Itis well defined by (2.5). Itis closable as its adjoint has a dense domain.
We consider the minimal extension its closure. We denote its domain by Din (A.0.2)
and keep the same symbol for the operator. It is well known that even for symmetric
operators one needs to be careful with domains as the domain of the adjoint could be
much bigger than the one of the closure. In the next proposition, present this problem in
our non-symmetric setting.
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Proposition 2.1. Let z € C\R such that R (z) > 0. Under the hypotheses (2.5), we have
that

Drin(Amv.2) = DA% o) = AR CY) and Aoz = Al -

m,v,z

Proof. We mimic the Kato-Rellich approach and compare A, , . with the more conve-
nient operator A, := (1/(m + z))Al,o,o. Its domain is %2 (R3; CY) and its spectrum is
{(m+72)t |t €0, 00)}. We now show there is a € [0, 1) and b > 0 such that

18717 < a|Acr| bR, 2.9)

holds true for all f € C2° (R3, CY), where

_ L S CARR A0 R
_(m—v+z)AZ 1(m—v(Q)+z)2a P+v(Q).
Since ||v|loo < m/2, N(z) > 0 and J(z) > 0, we infer ap := |[v/(m — vV +2)|l0 < 1.

Set M := ||[(at - Vv)(-)/(m — v(-) + z)2||oo. Take ¢, ¢’ € (0, 1),

IBAIP < (1 +0ad | Aur |+ (1 + 1) ‘ L T o pp @) 2
< 40 Bt + 2 oy W e
< (avergee) o]+ (e 2 =l Jisie.

By choosing ¢ and &’ so that the first constant is smaller than 1, (2.9) is fulfilled.
Now, observe that since %tz > 0, || B(A,+u) " !|? < a+bu=2for u > 0.Fix pug > 0
such that || B(A; + o) ~'|| < 1. Then (1 + B(A; + j9) 1) is bijective. Noticing that

(Id + B(A; +10) ") (Az + 120) = A,z + Ko,

we infer that A, , . + o is bijective from 2R3 CY) onto L?(R3; CY). In partic-
ular Dpin(Apv.z) = H2(R3: CY). Directly, one has Dyin(Ay,v,z) C D(A”; .z and
Apvz C A* - (lnclusmn of graphs). Take now f € D(A*

va) Since Ay, y 7 + 1o 1S
surjective, there iS g € Dpin (A v.z) so that

(A +10)8 = (A, =+ 1o) -

In particular, (A* +1o)(f —g) = 0. As Ay, vz + 1o 1S surjective, we derive that

mv,z
ker(A::, v g"‘,U«O) {0}. In particular f = g, Dmin(Am,v.2) = D(A;:1 v g) and Ay y ; =
A o

mv,z°

As a corollary, we derive:

Lemma 2.1. The spectrum of A, y,; is contained in the lower/upper half-plane which
does not contain z. In particular, ¢ + z is always in the resolvent set of A, ., for any
celR
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Proof. Take now f € #*(R?; CV). Since
—3@)
(m —v(Q) +%(2)” +3(2)?

is of the sign of —J(z). Since A, ; is a closed operator having the same domain of its
adjoint, the spectrum of A, , . is contained in the closure of its numerical range, see
Lemma B.1. O

S(fo Dz f) = (e - Pf, a - Pf),  (2.10)

We give a kind of Schur’s Lemma, so as to compute the inverse of the Dirac operator,
see also [21,43].

Lemma 2.2. Suppose (2.5). Take z € C\R such that R(z) > 0. In the spin-up/down
decomposition H = FH+ @ H°~, we have (H}’d -7l =

Ay, +m — Z)_l

1
— 4 P(Apystm—2)"!
m— (@ iz [Bmustm =)
(A +m—z)_la+-P;
e m—v(Q)+z
1 — -1 _+ 1 1
— @ P(Apystm—2) ot P -
m—v(Q)+z m—v(Q)+z m—v(Q)+z

Remark 2.1. The operator (H}3d —z)~lisbounded from L2(R3; C?") into .71 (R3: C?V).
However, this improvement in the Sobolev scale does not hold if one looks at the matri-
cial terms separately. There is a real compensation coming from the off-diagonal terms.
First note that o™ - P(Apy p; +m — z)"'a* - P is a bounded operator in L>(R3; C")
and a priori not into (R3; C"), with s > 0. Indeed, a* - P sends Lz(R3; C") into
H7VR3; CY), then (A p; +m —z)~! to 1 (R3; CY) and the left &~ - P sends it
again into L?(R3; C"). On the other hand, the term (Apmyz+m— z)~! is bounded from
L?(R3; CY) into s# 2(R3; CY), which is much better than expected.

Proof. Let f e L*(R3;C?"). By self-adjointness of H}’d, there is a unique ¥ €
SV (R3; C?) such that (Hlbd — z)¥ = f. We separate the upper and lower spin com-
ponents and denote f = (fy, f-) and W = (Y, Y_) in I = H#+ @ 7~ . We rewrite
the equation (D,, + V(Q) — 2)¥ = f to get:

[0“. Py +mys + 0(Q)Vrs — 294 = [, @.11)

a - Py —my_+v(Q)Y- —zyp = f_.

From the second line, we get (v(Q) —m — 2)¥_ = f_ — o~ - Pyy. Since z is not
real, we can take the inverse and infer _ = (v(Q) —m — 27! (f— —a™- Pyry). Since
v_eH I wecan applyittoa™- P and obtain a vector of LZ(R3; CY).Now,since f_isin
L%(R3; C”) and since (v(Q)—m—z)~ ' isbounded, we have a™- P (v(Q)—m—z) "' f_ €
AN R3: CY) and since (v(Q) —m — 2)"la™ - Py isin L>(R3; CY), we rewrite the
system:
1
m—v(Q)+z f-

- g @ P 1)
W__m—v(Q)+z a - Py — f).

(a+-P%a_-P+U(Q)+m—z) Yy = fr+a*t- P

m—v(Q)+z
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To conclude it remains to show that A, , ; +m — z is invertible in B(.¢ L =1, soas
to invert it in the system. Using (2.10), we have |3 (u, (Ap v,z —2)u)| > C||14||2%1 . Then
(Ao +m = 2ull 1 = cllull 1 and [(Apyyz +m —2)*ull o1 = cllull 1 hold.
Thus, Ay ; — 7 is bijective from 7! onto #~!. O

2.2. From one limiting absorption principle to another. The main motivation for the
operator A, ., is to deduce a limiting absorption principle for H},’d starting with one
for A,y v,7. Consider the upper right term in Lemma 2.2; the basic 1dea would be to put

by force the weight (Q)~! and to say that all terms are bounded. However, we have that
1

(0O) M Amp+m—2" Q) (@)t P(O)T ————.
m—v(Q)+z

bounded from LAP for A,y ; unbounded

One needs to take advantage to seek an estimate on a bounded interval of the spectrum.
Therefore, we start with a lemma of localization in the momentum space and elicit a
solution in Lemma 2.4. Note also that one may consider Iz < 0 by taking the adjoints
in the next two lemmata. We shall also use estimates which are uniform in the coupling
constant, due to Proposition 4.1.

Lemma 2.3. Set 7 C R a compact interval. Let V be a bounded potential and k > 0.
There is an even function ¢ € C°(R; R) such that the following estimations of the
resolvent are equivalent:

sup
NzeZ,3z>0,|y|<k

(@) o YDy +yV(Q) = ol PO | < o0,

(2.12)

swp (@7 D+ V(@ =0 Ne@- PO <00 213)

NzeZ,Iz>0,|y|<k

sup
NzeZ,3z>0,|y|<k

(@7 D+ yV@ =0 | <00 @14

Proof. Ttis enough to consider Iz € (0, 1]. Set J :=7Z x (0, 1] X [—«, k], H, := - P
and H, := D, +y V. We choose ¢ € C2°(R) with value in [0, 1], being even and equal
to 1 in a neighborhood of 0. We define ¢g(-) := ¢1(-/R) and pg := 1 — ¢g.

We first notice that (Q) € C!(H,), see Appendix A. There is a constant C > 0 so
that

(@) fra - Pf) = (- PAAQ) )l = [(fs (- VIV < CIFIP (2.15)

holds true for all f € C c><>(]R3 C?V). This is usually not enough to deduce the C' prop-
erty, see [28]. We use [35, Lemma A.2] with the notations A := H,, H = (Q),
X,n(x) := @(x/n) and with Z := C"O(IR3 C?"). The hypotheses are fulfilled and we

deduce that (Q) € C'(H,).
By the resolvent equality, we have:

(Hy —2) "' or(Ho) (Id + W (Ho — 2) " 'Gr(Hs,))
= (Ho — 2) ' Gr(Ho) — (Hy — 2) ' or(HOW (Ho — 2) " '¢r(H,), (2.16)
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where W := yV + mf. Note that the support of g vanishes as R goes to infinity. We
have

Q) (H, — 2) ' @r(Ho)(Q) 'l < O(1/R), uniformly in (z,y) € J.
Indeed, if we commute with (Q), the part in (H, — 2) " Vgr(H,) isa O(1/R) by func-

tional calculus. For the other part, Lemma A.2 gives

I(Q), (Ho — 2) ' @r(H)HUQ) 'l < O(1/R?), uniformly in (z, y) € J.

Remembering V is bounded and choosing R big enough, we infer there is a constant
c € (0, 1), so that

IW(Q)(H, — 2) "' $r(H.)(Q) || < ¢, uniformly in (z, y) € J. (2.17)

We fix R and choose ¢ := @g. We now prove the equivalence. Observe that (Q) ™' ¢(H.)
(Q) is bounded, since (Q) € C'(H.,). One infers directly that (2.14) = (2.13) = (2.12).
It remains to prove (2.12) = (2.14). Thanks to (2.17), we deduce from (2.16) that:

(0)"Y(H, —2)7'3(H)(Q) !
=((0)""(Ho — 7' ¢(Ho) ()™
—(0)'(Hy — )7 p(H ()™ W(Q)(H: — 2)7'¢(H)(Q) ™)

x (Id+ W(Q)(H, — ) '¢(H)(0) ") . (2.18)

Note that the last line and the right part of the second line of the r.h.s. are uniformly
bounded in (z, y) € J by (2.17). We multiply on the left by the bounded operator
(Q)’lgo(Ho)(Q). The first term of the r.h.s. is bounded uniformly by functional calcu-
lus. For the second one, we use (2.12). We infer:

sup (@)~ p(Ho)(Hy = 7 p(H) ()| < oo,
(z,y)eJ
Doing like in (2.18), on the left-hand side, we get

sip (@)1 G(H) (Hy — ) p(H)(0) | < oo (2.19)
(z.y)ed

Finally, to control (Q)~'¢(H,)(H, — z)~'$(H,)(Q) ™", we multiply (2.18) on the left

by the bounded operator (0)~'@(H,)(Q) and deduce the boundedness using (2.19).
O

Lemma 2.4. Take k € (0, 1] and a compact interval T C [0, 00). Suppose (2.5) and
that

sup
NzeZ,3z€(0,1], |y =<k

Q)7 Az tm =710 <00 (220)

hold true. Then, we have

sup (0)7'(Dy +71(Q) @l —)71(0) | <00, @21)

NzeZ,Iz>0,|y|<k
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Proof. Set H, := o - P and J := 7 x (0, 1] x [—«, x]. By Lemma 2.3, it is enough
to show (2.12) for a chosen ¢. Since ¢ is even and constant in a neighborhood of 0,
by setting ¥ (-) := @(+/]- ), we have ¢ € C>°(R) and that ¢(H,) = ¥ ((« - P)?). In
particular, we obtain ¢(H,) stabilizes .= and have the right to let it appear in spin
decomposition of the resolvent of H of Lemma 2.2. We treat only the upper right corner
of the expression as the others are managed in the same way. We need to bound the term:

—1 IR B 1 -1
(0) o(H)(Apmyv+m—2)" « Pm —0(0) +Z¢(HO)<Q>
= (Q) ' p(H)(Q) (Q) " (Amyv+m—2" Q)

+ 1 —1
(Qart- P H D)

The middle term is controlled by the hypothesis. Thanks to (2.15), one has that [¢(H,),
(Q)] is bounded; hence the first term is bounded. For the last one, we commute:

1
(Q)a* P———————(Ho)(Q) ™"

m—yv(Q)+z
_ + . 1 —1 —1
=(0) [a P, m—yu(0)+2 +J (Q) (Q)p(Ho)(Q)
1 —1 + . —1
+<Q>—m = 0(0) + 2 (0) (Q)a™ - Po(Ho)(Q)™ .

We estimate uniformly in (z, y) € J.By (2.5), we get |[{(Q)(m — yv(Q) +2) 7o)
is bounded as (Q) commute with v. By (2.5), we also obtain that || (Q)[a* - P, (m —
yv+2)~11(Q) || is also controlled. At last, it is enough to consider (Q) 0 (Ho)( o) !,
which is easily bounded by Lemma A.2 for instance. O

We come to other types of weights. Motivated by the non-relativistic case, see Theo-
rem C.1, we are interested in singular weights like | Q|. But, as noticed in Remark 4.2, the
operator | Q| -LH bd _ 2)~1 0|7 is even not bounded. Therefore, we enlarge the space
in momentum and try the first reasonable weight, namely (P y17210|. Given z € C\R
and using the Hardy inequality, one reaches

Py ol (HY —v =27 Mol
< IPYTHPLI- PO I - ICHY —v =27 Pl
< C1O)E)/I3R)I.
By interpolation, one infers
Py 2 QI (HY! — v — 271 QITHP) T2 < Co)(2)/13(2)] < o0.

The upper bound seems relatively sharp in z. However, under the same hypotheses as
before, we obtain:

Lemma 2.5. Take k € (0, 1] and a compact interval T C [0, 00). Suppose (2.5) and
that (2.20) hold true. Then, there is C > 0 so that

sup
NzeZ,3z>0,|y|<k

(P)"' 21017 (D + yv(Q) ® Idcas —z)_1|Q|_1<P>_1/2” =¢

(2.22)
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Proof. It is enough to consider 3z € (0, 1]. Set H, := D, + yv(Q) ® Idc2y and
J :=Ix(0,1]x[—«,«].Let f = (f+, f-), with fo € CSO(R3\{O}; CY).Lemma?2.2
and (2.5) give a constant C > 0, uniform in (z, y) € J, so that:

IA

(.6t =27 7)) = 4211242 1017 Az +m = 71017
< (l1e1s)? + l1gle* - Pon = v@) + 7 -
10l - Pon —v(@) +D 7 £-|)

c(lheiss? + [101a* - P +1£-17).

IA

Note that the Hardy inequality gives that || f_|| < 2 H |Qlat - Pf_ H . Then, by commuting
|Q| with o™ - P over CCOO(R3\{0}; C"), we find C’ > 0, so that:

_ _ _ 2 2
swp_|(. 1017 ¢, —a7NeI ) < ¢ (J1de P r P+ [Py e P f]),
@y)ed
for all f € 21 (R3; C?), since cx (R3\{0}; C?") is dense in .21 (R3; C2"). Here we
identify, L>(R3; C?") ~ L*(R?*) ® C?”. We now exchange the role of P, and P_.
Considering the operator

- ; +, _ : 2 3. v
o .Pm+v(Q)+za P —v(Q) in L“(R7; CY),

which leads to the same arguments as for A, _, . if one identifies C”. ~ CY, one obtains
also that

(r.101 at, - oo )| < ¢ (Jus P rP+ [Py o . 7).

for all f € AVR3; C). By interpolation, e.g., [7, Theorem 4.4.1 and Theorem
6.4.5.(7)], we infer:

2
)

(r1017 @, - 7o f)| = ¢ p) 2 ¢

forall f € 2R3 C?). O

3. Positive Commutator Estimates

In the previous section, we saw how to deduce some estimate of the resolvent for D,, +
V(Q) starting with some of A, , ;, namely (2.20). First, one technical problem is that
these operators depend on the spectral parameter; hence we will study a family of oper-
ators uniformly in the spectral parameter. Secondly, we are concerned about the interval
[m, m + 8] and we know that there is no such estimate above (m — &, m) as eigen-
values usually accumulate to m from below. Since the theory developed in Appendix B
gives some estimates for Nz € [0, 0co), we will perform a shift. Therefore, we study the
operator

Aoy e, uniformly in (v, &) € € = E(k, 8) 1= [—«, k] x [0, 8] x (0, 1]. (3.1
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Here we use a slight abuse of notation identifying C ~ R2. One should read R¢ €
[0, 8], J& € (0, 1] and |y| < k. Note the uniformity in the coupling constant is used in
Proposition 4.1.

To show (2.20), and therefore (2.14) with the help of Lemma 2.3, it is enough to
prove the following fact. Note we strengthen the hypothesis (2.5).

Theorem 3.1. Suppose that v € L (R3; R) satisfies the hypotheses (HI ) and (H2) from
Theorem 4.1. Then there are 8, k, Crap > 0 such that

sip (107 Aampne = 27"1017! = Crar. (3:2)

Nz>0,3z>0,(y,£)e€

We will show the theorem in the end of the section. We proceed by checking the
hypothesis of Appendix B. We recall (2.6) and fix some notation:

Si=A1p00=0a-Pa - P =—Ap ®ldcy in (R} CY) ~ #2(R?) ® CL,

and set .7 := ! (R3; CY), the homogeneous Sobolev space of order 1, i.e., the com-
pletion of 7! (R3; CY) under the norm | f||» := 15172 £]12. Consider the strongly
continuous one-parameter unitary group {W;};cr acting by:

(W, f)(x) = f(e'x), forall f e L>(R>; CY).
This is the Co-group of dilatation. Easily, by interpolation and duality, one gets
W,.7 C .7 and W, 25 (R, CY) ¢ #°(R3; CY), foralls € R. (3.3)

Consider now its generator A in L2(R3; CY). It acts as follows:
1
A=2(P-Q+Q:P)®ldcyon CX(R3; CY) ~ C(RY) ® CV.

By the Nelson Lemma, it is essentially self-adjoint on C>°(R3; CV).
In the next proposition, we will choose the upper bound « of the coupling constant
and state the commutator estimates.

Proposition 3.1. Let § € (0, 2m). Suppose that the hypotheses (HI) and (H2) are ful-
filled. Then there are c1, k > 0 such that

D(Aomye) = AR CL, (Damyne)* =By o5 3.4
[m(AZm,yv,S)a iA], — Cvm(AZm,yv,E) > 18 >0, (3.5)
FI(A2m,pv,0@)+i3E) = 0, FIS(A2m,po,0@)+inE)), 1A4le > 0, (3.6)

hold true in the sense of forms on 7 (R3; CY), forall (v, &) € €.

Proof. The first part of (3.6) follows from (2.10). We start with a first restriction on «.
We impose k < (2m — §)/||v||co- Hence,

8§ <2m—yv(-)+NE) <4dm, forall (y,&)ef. (3.7

In particular, 0 is not in the essential image of 2m — yv + N(&); Proposition 2.1 gives
(3.4).
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We turn to the commutator estimates. It is enough to compute the commutators in
the sense of the form on C2° (R3; CV), since it is a core for A ve and A,

. + 1 _ . .
[AZm,yv,Sle]z |:Ol Pma 'P,lAi|+]/[U,1A]
= 2a+. P;ai . P
2m —yv+§&
., 0V
—yo .P(2m—yv+é)2a P—y Q-Vu(Q). (3.8)

Then, we have [R(A2p,pv,£), 1A] — oM (Ao, pve) =

2m — yv+NR(E)
(2m — yv+R(E))” +3(&)?
. _ 2 X 2
et 0 - Vu(Q)((2m yv+2?($)) j(é) ) I
(2m — yv+R(E)” +3(5)?)
=y Q- Vu(Q) — cyyv(0).
16m? +1 c

3
Z(z—cv)mS—KHQ‘VU(Q)“ 5 S—K|QU|2 > 1S,

=Q2-c)a"-P a - P

_ 82—cy) ci
~ 2m?s2 (@4c,+10-Vo(O)I[(16m2+1)/5%)
comes from the Hardy inequality. This gives (3.5).

At last, we have:

where ¢; : . Note the “4”

and by assuming that ¥ <

[3A2m,yv,é§a IA] = _23(5) Ol+
p (2m — yv +57f(€))2 +3(E)* =y Q- Vu(Q)(2m — yv + N (§))

o - P.
((2m — yv+R(E)” +3€)2)°

This is of the sign of —J(&), when we further impose « < 82/(8m|| o-Vv(Ql|). o
‘We now bound some commutators.

Proposition 3.2. Let § € (0, 2m). Suppose that the hypotheses (HI) and (H2) are ful-
filled. Consider the c1,k > 0 from Proposition 3.1. There is ¢ and C depending on
cy, 8, k and v, such that

(A 0 o A) — (AS, Aomyue &) < cll fIl - 1(A2m,yve £DgI (3.9
holds true, for all f, g € A*(R3; CHND(A) and
I(fs [A2m,pv.6, 1416, 1AL0 f) < C(f, Sf) (3.10)

holds true for all f € ' (R?; CY).
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Proof. As the domain of A and § are explicit, one easily sees that CZ° (R3; CY) is dense
in D(A) ND(S) endowed with the norm || - ||+ [|[A - || +||S - ||. More generally, this also
follows from the fact that S € C! (A), see Theorem 6.2.10 of [1]. Therefore, it is enough
to prove (3.9) on this core. We take « as in the proof of Proposition 3.1. We first find
¢ > 0, uniform in (y, &) € &, so that

[(f (Do, o iALog) < c(I 1~ ligl+ 1171 - 1Sgll), forall £, g € C*(R; CY).
(3.11)

Taking into account (3.8), observe that

2 Q- Vu(Q) 2 10Vl
—y <S4
2m — yv+£ Qm—yv+&?2|~ 6 82

It remains to find a, b > 0, which are uniform in (y, &) € &, such that the following
estimation holds:

182m, v £ = allSFI=bIfI, forall f € CPR?,CY).

This follows from || Ao yve fI* > a®ISfI1> — b*|| £ Take e, &’ € (0, 1),

2 + 2
25— N[ retvwe
R e e +(1 s) H en -2t
1 2 1) klle® - Vol 2
2(1—5)m”5f”+<1—g>874”0‘ Pf| )
1 / ko™ - Vu(Q)|| 2 kllo® - Vo)l o
z((1—8)1+16m2+e(8—1) 2ok )IISfII te-D——0—g IfI".

Choosing ¢’ small enough, we infer (3.9).
We turn to (3.10). Again, it is enough to compute in the form sense on CZ° (R3: C),

1 v
[ Ao iALiA] = 4o P— o= pyagt. P2 YYD~ p
T 2m —v+z Q2m — v +2z)?

. . . 2
+~PQ v(Q VU(Q))a_~P+2a+-P(Q Vu(Q))
@2m —v+7)? @m —v+7)3

a - P+(0-V)*v(0).

Note that (H1) ensures that |[(Q - V)2v(Q) f1IZ < 4[| |Q1(Q - V)2v(Q)|I*|Sf || is con-
trolled by S. Relying again on (3.7), the bound (3.10) follows. 0O

We finally turn to the proof of the main result of this section.

Proof of Theorem 3.1. We check the hypotheses of Theorem B.1for H™ (p) 1= Aoy ¢
and p := (y, £), and where £ is defined in (3.1). Clearly, S € C!(A) and (B.4) is given
by (3.3). Now, observe that

td
. (W H(p) — H-(p)Wy)g) = /0 W H (p)Wig)ds

t
= /0 (W . [H™ (p), 1AW g)ds,
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forall f, g e CSO(R3; CY}). Using (3.11) and by density, we derive

t
(W,Hf(p) — Hf(p)W,)g :/ W,_s[H (p),iAl.Wsgds, forall g € %”2,
0
(3.12)

and where the integral exists in the strong sense. By dividing by ¢, letting # go to 0 and
using the fact that {W;} is a Co-group in .7 and in 22, we derive that Aoy yve €
CYA, %, ), for all (y,€) € E. Note that (3.12) ensures that the strong limit
of (it)_l[H_(p), Wil is [H™ (p), Alo. By interpolation, we deduce that Ay v e €
CY(A, ", #~1). Now taking in account (3.10), we infer in the same way that
Ao yve € CHA, 1, 71, forall (y,£) € €.

Using Propositions 3.1 and 3.2, we can apply Theorem B.1. We derive there a finite
C’ so that

S (fs Ao =07 N = C (ST 4 IST2ASIP)
Rz>0,3z>0,(y,€)e€

The Hardy inequality concludes. O

4. Main Result
In this section, we will prove the main result of this paper and deduce Theorem 1.2.

Theorem 4.1. Let y € R. Suppose that v € L*®(R3; R) satisfies the hypothesis:

(H1) |[vlloo < m/2 and Vv, Q - Vv(Q), (Q)(Q - Vv)*(Q) are bounded.
(H2) There are ¢y € [0, 2) and c,, > 0 such that

/

X - (Vo) (x) + cpu(x) < I;TT forall x € R3\{0}.

Set Vi(Q) := v(Q) ® Idgan, where L*(R?; C*) ~ L*(R?) @ C?".
(H3) Consider V5 € LllOC (R3; R?Y) satisfying:

<Q>2V2(Q) S B(%I(R:)’; (CQV)’ L2(R3; (sz)),

Then, there are k,8, C > 0, such that H, := Dy, + yV(Q), where V := Vi + V2, is
self-adjoint with domain 7 1 (R3; (C2”). Moreover,

sup 1K) "(H, —r—ie) Q)7 < C. (4.1)

[A|€lm,m+3], e>0,|y <«

In particular, H, has no eigenvalue in =m. Moreover, there is C " so that

sup /]R K@) te "y E7(H,) fI1?dt < C'\fI?, forall f € L*(R?,CY), (4.2)

ly|<k

where T = [—-m—38, —m]U[m, m+38], and where E7(H, ) denotes the spectral measure
of Hy.
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Remark 4.1. In [25] and in [63], one takes advantage that the Virial of the potential
is negative, in order to prove the limiting absorption principle for some self-adjoint
Schrodinger operators, see Remark C.1. Here, we cannot allow this hypothesis as we are
also interested in the positronic threshold, i.e., we seek a result for v and —v, see (2.4).
We recover the positivity using some Hardy inequality and small coupling constants.

Proof of Theorem 4.1. First note that (4.2) is a consequence of (4.1), see [46]. Consider
the case V> = 0. Note that, in Sect. 2, the operator H,, is denoted by H. bd,

The self-adjointness is clear. We first apply Theorem 3.1 and obtain (3.2). We now
choose & = z. As ||| Q| f Il < II{Q) fl, we infer (2.20). In turn, it implies (2.14). Finally,
using the unitary transformation «s, (4.1) follows from (2.4). For a general V>, we use
Proposition 4.1. O

It remains to explain how to add the singular part V; of the potential by perturbing
the limiting absorption principal. This is somehow standard. Note that unlike [43], for
instance, we do not distinguish the nature of the singularity at the threshold energy, as
we work with small coupling constants.

Proposition 4.1. Assume that Theorem 4.1 holds true for Vo = 0. Take now V> satisfying
(H3). Then there is k' € (0, k], so that

Hy := Dy +y(V +V2)(Q)

is self-adjoint with domain 7' (R3; C?V), for all |y| < k. Moreover,

()7 (Hy —710) ! < oo,

sup
Nzelm,m+8],3z>0,|y|<«’

Proof. Up to a smaller «, Kato-Rellich ensures the self-adjointness. We turn to the esti-
mate of the resolvent. Easily, one reduces to the case |3J(z)| < 1. From the resolvent
identity, we have:
@7 H, ~ 70 (@ {1y Vet =97 (o)
= () 'H -7 o).

Considering Lemma 2.4 and Theorem 3.1, the result follows if we can invert the second
term of the Lh.s. uniformly in the parameters. Therefore, we show there is «’ € (0, k]
so that

sup K@)y Va(H)! — )7 (Q) 'l < 1.
N(z)elm,m+38],3(2)€(0,1], |y |=«’

Using the identity of the resolvent, we get

(QYVa(H — 27 (0) !
=(Q)V(H -~ (o)
—(QVa(H =)7(Q) vV —z+D) (@) HM —70)

The first term of the r.h.s. is bounded using (H3). To control the last term, remember that
z is bounded and use again Lemma 2.4 and Theorem 3.1. It remains to notice that

(O)Va(HE — ) H(Q)
= () Va(HYM — ) = (Q)Va(HY — D)7 [HY, ()] (HYY — i) !
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is bounded. Indeed, the assumption (H3) controls the terms in V> and (Q) € C!(Hp)
and [H(g’d, (Q)]o is bounded, see the proof of Lemma 2.3. O

At last, Theorem 1.2 is an immediate corollary of Theorem 4.1. Indeed, one has:

Example 4.1 (Multi-center). Fori = 1, ..., n, we choose a; € R3 the site of the poles
and Z; € R its charge. We set:

Note that

Q- Vue(Q) +ve == D a; - Vo(Q).

i=1

Choose now ¢ € C° (R3) radial with values in [0, 1]. Moreover, we ask that ¢ restricted
to the ball B(0, 2 max(|a;|)) is 1. Consider the support large enough, so that ||@v|/cc <
m/2, where ¢ : 1 — ¢. Set v := @uv,. Straightforwardly, the Hypothesis (H1) and (H2)
are satisfied. Note that (H3) follows from the Hardy inequality.

Example 4.2 (Smooth homogeneous potentials). In [39], one considers a smooth poten-
tial independent of |x| of the form v(x) := ¥(|x|/x), with v € C>(5?), see also
Remark C.2. Here, by taking ¢, = 0 in Theorems 4.1 and 4.2, one obtains a relativistic
equivalent of this result. We point out that this perturbation is not relatively compact
with respect to the Dirac operator.

We now discuss singular weights in | Q].

Remark 4.2. Tt is important to note that unlike in the non-relativistic case, see Theo-
rem C.1, one cannot replace the weights (Q) in (2.2) by |Q|. Indeed, with the notation
of Theorem4.1, V, = Oand z € C, consider a function f inC2° (R3\{O}; C2") and notice
the expression R~3/2 || |OI(H, — 2|0 f(-/R) ||2 tends to 0, as R goes to 0. Therefore,
there is no z € C such that the operator | Q|(H,, — z)| Q| has a bounded inverse.

We finally give a second result with a weight allowing some singularity in | Q|. Using
Lemma 2.5 instead of Lemma 2.4 in the proof of Theorem 4.1, we infer straightfor-
wardly:

Theorem 4.2. Let y € R and take v € L°°(R3; R) satisfying (H1) and (H2). Then,
there are k, 8, C > 0, such that H, := Dy, + yv(Q) ® Idca satisfies

sup I(PY~ 21017 (H, — 2 —ie) oI (P)T? < €. (4.3)

[A|€lm,m+8], £>0,|y|<x

Moreover; there is C' so that
sup /R I(PY~ V2o e Y Ex(H) £112dt < C'|| 117, (4.4)
VARLS

where L = [—m —§, —m]U[m, m+8] and where E7(H,, ) denotes the spectral measure
of Hy.
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Keeping in mind Proposition 4.1, one sees that one can only add trivial potentials in
the perturbation theory of the limiting absorption principle. Hence, it is an open question
whether one can cover Example 4.1 with the weights (P) 12101.
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Appendix A. Commutator Expansions

This section is a small improvement of [34, App. B], see also [18,40]. We start with
some generalities. Given a bounded operator B and a self-adjoint operator A acting in
a Hilbert space .77, one says that B € C*(A) if t — e 4 Be''4 is strongly C¥. Given a
closed and densely defined operator B, one says that B € CX(A) if for some (hence any)
z ¢ 0(B),t+— e "A(B — z)~lel!4 is strongly CX. The two definitions coincide in the
case of a bounded self-adjoint operator. We recall a result following from Lemma 6.2.9
and Theorem 6.2.10 of [1].

Theorem A.l. Let A and B be two self-adjoint operators in the Hilbert space 7. For
z ¢ 0 (A), set R(z) := (B — 2)~ L. The following points are equivalent to B € C'(A):

(1) For one (then for all) z ¢ o (B), there is a finite ¢ such that

(Af. R f) — (R@) f. Af)| < cl fII*, forall f € D(A). (A.T)
(2) a. There is a finite ¢ such that for all f € D(A) ND(B):

(Af, Bf) — (Bf, Af) < c(IBfIZ+ 1 £1%). (A.2)

b. For some (then for all) z ¢ o(B), the set {f € D(A)|R(z)f € D(A) and
R@)f € D(A)} is a core for A.

Note that the condition (2.b) could be uneasy to check, see [28]. We mention
[35, Lemma A.2] and [33, Lemma 3.2.2] to overcome this subtlety. As (B + Dlisa
homeomorphism between . onto D(B), (B + i)~!D(A) is dense in D(B),
endowed with the graph norm. Moreover, (A.1) gives (B +i)~'"D(A) c D(A). Therefore
(B+1)"'D(A) c D(B) N D(A) are dense in D(B) for the graph norm. Remark that
D(B) N D(A) is usually not dense in D(A), see [31].

Note that (A.1) yields the commutator [A, R(z)] extends to a bounded operator, in
the form sense. We shall denote the extension by [A, R(z)],. In the same way, since
D(B) N D(A) is dense in D(B), (A.2) ensures that the commutator [B, A] extends to a
unique element of B(D(B), D(B)*) denoted by [B, A],. Moreover, when B € Ccl(A),
one has:

[A.B-27'].= B-2"" [B.Al, B-2".
H#<D(B)* D(B)*<D(B) D(B)«~H

Here we use the Riesz lemma to identify .77 with its anti-dual J#*.
We now recall some well known facts on symbolic calculus and almost analytic
extensions. For p € R, let S be the class of function ¢ € C*°(R; C) such that

Vk € N, Cr(e) :=sup (t) "*1p® (1)] < 0. (A.3)
teR
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Equipped with the semi-norms defined by (A.3), S” is a Fréchet space. Leibniz’ formula

implies the continuous embedding: S” - S*" c 8" We shall use the following result,
e.g., [18].

LemmaA 1. Let ¢ € SP with p € R. For alll € N, there is a smooth function
: C — C, such that:

C
oClr = 0, < (M@ @l (A.4)
suppe® C {x +iy | [y] < c2(x)), (A.5)
¢C(x+iy) =0, ifx ¢ suppy, (A.6)

for some constants cy, ¢y depending on the semi-norms (A.3) of ¢ in S” and not on ¢.

One calls <p(c an almost analytic extension of ¢. Let A be a self-adjoint operator, p < 0
and ¢ € S°. By functional calculus, one has ¢(A) bounded. The Helffer-Sjostrand For-
mula, see [38] and [18] for instance, gives that for all almost analytic extensions of ¢,
one has:

i afﬂc 1 _
w(A) = —/ — (@ —A) dzAdz. (A7)
2w Jo 07

Note the integral exists in the norm topology, by (A.4) with [ = 1. Next we come to a
commutator expansion. Here B is not necessarily bounded while in [34], one considers

the case B bounded. We denote by adi (B) the extension of the j th commutator of A
with B defined inductively by adﬁ (B) = [adZ71 (B), Al,, when it exists.

Proposition A.1. Let k € N* and B € C¥(A) be self-adjoint. Suppose ad’, 4 (B) are
bounded operators, for j = 1,..., k. Let p < k and ¢ € SP. Suppose that D(B) N
D((A)P) is dense in D({A)P) for the graph norm. Then, the commutator [¢(A), Bl,
belongs to B(D((A)p_l)), jf) and satisfies

k—1
| ;
— — oW J
[p(A). Blo = > ¢ (A)ady(B)
j=1
i ¢~ ko gk -1 -
+— | TG -AFad(B)z - A)ldzndz, (A8)
27 Jo 02
where the integral exists for the topology of B(JC).
Proof. We cannot use (A.7) directly with ¢ as the integral does not seem to exist. We
proceed as in [34]. Take X; € C°(IR; R) with values in [0, 1] and being 1 on [—1, 1].
Set Xg := X(-/R). As R goes to infinity, X g converges pointwise to 1. Moreover,

{X R}Re[1,00] 1s bounded in SO. We infer @R = @Xpg tends pointwise to ¢ and that
{@R}Re[1,00] is bounded in S*. Now, note that

[pr(A), B] = Zzn/ gOR —R— A~ lad’ (B)dz AdzZ

i [0
— —w_R (z— A)*ad\ (B)(z — A)ldzndz  (A9)
2 Jo 0%
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in the form sense on D(B). Using (A.4), the integral converges in norm. We write

[pr(A), B], on the L.h.s. The first term of the r.h.s. is ZI;;% wg) (A)adﬁ‘ (B)/j! Now we
let R go to infinity. For the 1.h.s. and the first term of the r.h.s., we expand the com-
mutator in (A.9) in the form sense on D({A)”) N D(B), take the limit by functional
calculus and finish by density in D({A)”). For the remainder term of the r.h.s., we use
the Lebesgue convergence theorem. It remains to note that the operator of the r.h.s. is in

B{(A~!, ) since p € SP. O

The hypothesis on the density of D(B) N D({A)”) in D({A)”) could be delicate

to check. It follows by the Nelson Lemma from the fact that the Co-group {e At VieR
stabilizes D(B). We mention that for k = 1, since [B, iA], is bounded, [28, Lemma 2]
ensures this invariance of the domain.

The rest of the previous expansion is estimated as in [34]. We rely on the following
important bound. Let ¢ > 0 and s € [0, 1], there exists some C > 0 so that, for all
z=x+iyefa+ib |0 < |b| < c(a)}:

(A (A -7 <) - Iyl (A.10)

Lemma A.2. Let B € C*(A) be self-adjoint. Suppose adg(B) are bounded operators,
for j = 1,...k Let ¢ € SP, with p < k. Let Iy (p) be the rest of the develop-
ment of order k of [p(A), B] in (A.8). Let s, s’ € [0, 1] such that p + s +s’ < k. Then
(AY I (9) (A)S/ is bounded and it is uniformly bounded when ¢ stays in a bounded subset
of §P. Let R > 0. If ¢ stays in a bounded subset of {{ € S | [—R; R] N supp(p) = @}
then (RY*=P=5=5 | (A) I () (A)*'|| is uniformly bounded.

Proof. We will follow ideas from [18, Lemma C.3.1]. In this proof, all the constants are
denoted by C, independently of their value. Given a complex number z, x and y will
denote its real and imaginary part, respectively. Since B € CK(A), ad’jl(B) is bounded.
We start with the second assertion. Let ¢ € S, R > O suchthat [—R; R]Nsupp(p) = @.
Notice that, by (A.6), (p(c(x +1iy) = 0 for |x| < R. By (A.10),

IA

1 9 C s s’
—/|i_ P adk By - S dx nay
T 0z [yl [yl

Clp) / / ()P =1y y TR A dy,
[x|=R J|y|<c2(x)

for any /, by (A.4). Recall that dz A d7 = —2idx A dy. We choose [ = k + 1. We have,

1(A) I (@)(A) |

IA

AP @) (A < Clp) | (1) Ldx < C(g)(R)P***,

[x|=R

Since C(gp) is bounded when ¢ stays in a bounded subset of S, this yields the second
assertion. For the first one, we can follow the same lines, replacing R by 0 in the integrals,
and arrive at the result. O

Appendix B. A Non-selfadjoint Weak Mourre Theory

In this section, we adapt ideas coming from [25] and [63] in order to obtain a limiting
absorption principle for a family of closed operators { H*(p)} pe&- We ask that they have
a common domain

2 :=D(H*(p)) =D(H (p)), forallpek. (B.1)
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We choose py € £ and endow 2 with the graph norm of H*(pg). We also ask that
(H*(p))" = H (p), forallpecf. (B.2)

In particular, we have that D((H *( p))*) = 2. In the sequel, we forgo p, when no
confusion can arise.

Since HT are densely defined, share the same domain and are adjoint of the other,
we have that R(H¥) and J(H*) are closable operators on &, indeed their adjoints are
densely defined. We denote by it(H*) and by S(H™) the closure of these operators. It
is possible that they are not self-adjoint, albeit they are symmetric. However, & is a core
for them. Their domain is possibly bigger than 2. We suppose that H* is dissipative,
ie.,

(f,I(H") f) >0, forall f € 2.

This gives also that I(H ™) < 0. By the numerical range theorem (see Lemma B.1), we
infer that o (H ) is included in the half-plan containing &i. Take now a non-negative self-
adjoint operator S, independent of p € &, with form domain &4 := D(S 1/ 2) D 2. We
assume that S is injective. We have (f, Sf) > 0 forall f € ¢\{0} and simply write S >
0. One defines .7 as the completion of ¢ under the norm | f ||_2yj = (f, Sf). We obtain
4 C .7 with dense and continuous embedding. Moreover, since ¥ = (§'/2)~1#, .7 is
also the completion of 77 under the norm given by || §1/2(8§1/2y=1 .|| We use the Riesz
Lemma to identify 7 with .77, its anti-dual. The adjoint space .¥* of .% is exactly
the domain of (S'/2)S~1/2 in s ~ #*. Note that S~! is an isomorphism between .¥
and .¥7*. We get the following scale with continuous and dense embeddings:

y*
N
D — G — H > — G — D*, (B.3)
N
5

To perform this analysis, we consider an external operator, the conjugate operator. Let A
be a self-adjoint operator in .. We assume S € C!(A). Let W; := ¢4 be the Co-group
associated to A in 7. We ask:

W9 Cc¥9 and W, C.¥, forallt € R. (B.4)
By duality, we have W; stabilizes ¢* and also .”* (but may be not 2 or 2*). The
restricted group to these spaces is also a Co-group. We denote the generator by A with

the subspace in subscript. Given .74 C J¢; are two of those spaces, one easily shows
that Al ;»» C Al A, and that A| A is the closure of A| ;7 in 7. Moreover, one has

D(Al ) = {feD(A%)m%suchthatA%fejﬁ-]. (B.5)

We now explain how to check the second hypothesis of (B.4), see also [63]. We mention
this result is due to [24] when D(S) C D(A).
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Remark B.1. The second invariance of the domains of (B.4) follows from the first one
and from

I(Sf, Af) — (Af, SF)I < clISY2 f11?, forall f € D(S) ND(A). (B.6)

As (S+D)7lisa homeomorphism between 77 onto D(S), (S+1)~ID(A) is dense in
D(S), endowed with the graph norm. Moreover, since S € C 1(A), one has
(S+1)"'"D(A) C D(A). Therefore (S +1)~'D(A) c D(S) N D(A) are dense in D(S),
hence in ¢ and in .. The commutator [S, A] has a unique extension to an element of
B(&, "), in the form sense. We denote it by [S, A],. Take now f € 4 N D(A), which
is a dense set in ¢4. On one hand we have 7 > || W,f||25ﬁ is bounded when 7 is in a
compact set (since 4 <> .7. On the other hand, the Gronwall Lemma concludes by
noticing:

|71

W f1I% = (f, Sf>+/O (We f,[S, Al W, f)dT < ||S”2f||2+c/0 IWe £1I%, dr.

Let # C ¢ be a space which is stabilized by W;. Consider L € B(.¢", £ ™). We
say that L € CK(A; #, #*), when t — W_,LW, is strongly C¥ from .# into .#*.
When % = 7, using the resolvent equality, one observes that this class is the same as
Ck(A), see for instance [1][Theorem 6.3.4 a.].

Theorem B.1. Let HE = H*(p), with p € & as above. Let A be self-adjoint such
that (B.4) holds true. Suppose that H £ e Cz(A; 9, 9*) and that there is a constant c,
independent of p, such that

(HT f, Ag) — (Af, H @) < cll fIl - [(H* +i)gll, forall f,g € ZND(A).

B.7)

Take c; > 0 independent of p and assume that
[R(HT),iAlo — clR(HT) = 5 > 0, (B.8)
+c1[I(HF), 1Al = 0, £I(HE) > 0, (B.9)

in the sense of forms on 4. Suppose also there exists C > 0 independent of p € £ such
that

\(f [[HE, AL, A]LP)| < CIS'2 12, forall f 9. (B.10)

Then, there are ¢ and (o > 0, both independent of p, such that

= = xE i Nl e (IST2 7P+ 15T 2ALIP) < el fllpar e B1D)
forall p € &, € (0, uo) and . > 0, in the case cy > 0and . € Rifcy =0.

In the self-adjoint setting, the case ¢; = 0 is treated in [12,13]. Comparing with
[63], which deals with the case of one self-adjoint operator and for ¢; > 0, we give
some few improvements. First, we do not ask Z to be the domain of S. Moreover, we
drop the hypothesis that the first commutator [H, iA], is bounded from below. For the
latter, we use more carefully the numerical range theorem in our proof. Finally, unlike
[63], we shall not go into interpolation theory so as to improve the norm in the limiting
absorption principle. Indeed, in the context of the model we are considering here, we
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reach the weights we are interested in without it. We stick to an intermediate and explicit
result, which is closer to [41]. Therefore, for the sake of clarity, we present then the
easiest proof possible and pay important care about domains.

We also mention that there exists another Mourre-like theory for non-self-adjoint
operators, [3,65].

Proof. We focus on the case ¢; > 0; as for the case ¢; = 0, one replaces “A > 0” by
“r» € R”. Since HE € C! (A, ¥,9"), by the resolvent equality, we obtain

[(HE£D) W] =-@HT£)" [HE W] HTF£)'.
N————’ N———’
S «—G* G g G

We take the derivative with respect to . It exists strongly in .7, then H € C'(A).
In particular, as in Remark B.1, one has & N D(A) dense in & for the graph norm.
Thus, (B.7) gives [H*,iA], € B(Z, 5). We define HF := H* +ig[HT,iA], with
the common domain & for ¢ > 0. Since H* = i is bijective, by writing HsjE +i=
(1 £ie[H*,iAlo(H* £1)~!)(H* £ 1) and using (B.7), we get there is & such that
Hei(p) =+ 1 is bijective and closed for all |¢| < gg and all p € £. Therefore (HEjE +i)*is
also bijective from D((H)*) onto 7. Now since (H; £i)* is an extension of HF Fi
which is also bijective, we infer the equality of the domains and that (Hsi)* = H for
& < &p.

Since H* € C'(A; ¢4, 9*), we obtain that R(H*) and J(HT) are in C' (A; ¥4, 4*).
In this space we have [HT, A], = [R(H®), Al, +i[S(H™), Al.. Now, take f € 9.
Take &, A, u > 0. We get:

—cre(fLMHE =2 L) f) £ (f. SHE =2 £ f)
=—cie(f, (RHDFe[SHT), iAlo—1) f)E(f, (S(HD) £p £ e[RHT),1A]) f)
=& (f, (IMHT), iAlo — clRHD)) f) + (c1re + ) | f1I?
£(f, (c18?[S(H™), iAlo + S(HD)) f)
> (cire + ) £ I7 +el S 1117 (B.12)
We start with a crude bound. For ¢, © > 0, we get:
(cre + D |(H" = 1 £ip) fllg = min(cihe +p, )| flly-

Since HsjE — A Ein € B(¥,9*) and since they are adjoint of the other, we infer the
injectivity and that the ranges are closed. They are bijective and the inverse is bounded
by the open mapping theorem.

G;‘ = G;‘(A, ME (HEi —rxip) ! existsin B(¥*,9), fork >0 and & pu > 0.
Here we lighten the notation but keep in mind the dependency in A and u. Moreover,
IGEIBe+w) < (cre + 1)/ min(cire + u, &), forr >0 and & u>0. (B.13)

This bound seems not enough to lead the whole analysis. Then, we first restrict the
domain of GEi to ¢ and improve it. Since this inequality (B.12) holds also true on the
common domain of H8i (and of its adjoint), we can apply the numerical range theorem,
Lemma B.1. Since S > 0, we get the spectrum of H} — A +iu is contained in the lower
half-plane delimited by the equation y < —cjex — . Hence, for ¢ € (0, gg] and . > 0,
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HejE — A £ ip is bijective and by taking o smaller, one has the distance from O to the
boundary of the cone bigger than 1/2. Then,

IGE ) <2/, forp >0 and & € [0, s). (B.14)
Note also that (ch)* = G[.Take e, u > 0. We fix f € 5 and set:
Fi=(f.G:f).
Since GE# € 9 C . and using (B.12), we infer

Hs‘/zcgifH2 < o1 [R(GES, (HE — 2 £iw)GEf)| + é I5(GEF, (HE =2 £ip)GEf)|

< max (cl, %) |FE|. (B.15)

Hence up to a smaller g9 > 0, we obtain ||Sl/2G€if||2 < |F€i| /€ forall € € (0, go].

Moreover, if f € D(S’l/ 2), we obtain
VIFE]
Ll R | e B R e

and deduce
2

1
[FE| < - ”S—l/zf‘ for all & € (0, &o]. (B.16)

We now show that GE € C!(A). First note that GZ is a bijection from % onto 2. Then
by taking the adjoint, it is also a bijection from 2* onto H. Remember now that W,
stabilizes ¢ and ¢*. By the resolvent equality in B(J¢), we have:

[GE,W,l=— G [HT tie[H*,iAlLW,] GF
—_ —_——
H«~—9G* G @ G

Let us now take the derivative in 0. Since H* and [H¥, iA] are in C! (A;9,9%) (the
former being in CZ(A; 9,9*)), the right hand side has a strong limit for all elements in
. Hence, HX € C'(A). As in Remark B.1, it follows that GED(A) C D(A)N Z and
one can safely expand the commutator in the next computation. Take f € D(A).

d d . ,
ﬁng = <f, %Gjtf> = +i(GF £, [H*,iAl.GE f)
= £(GF 1, Af)F(Af. GT f) — & (GF 1. [[H.1Al., iA]|GE f).

Here the last commutator in taken in the form sense. Now use three times (B.15) and
the bound (B.10), which is uniform in p € &, then integrate to obtain

&

g /F}
|FjE _ Feﬂ S/ [Qg HSfl/zAfH +C |Fsi|] ds, for0<e<ée <eg,
e NG
(B.17)
and for all f € D(S~V2A) N D(A).
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We give a first estimation. Using (B.16) and the Gronwall Lemma, see [1, Lemma
7.A.1]with6 = 1/2 or [59, Lemma 2.6] with p = 1/2, we infer there are some constants
C,C’,C",C"”, independent of ¢ € (0, 9], A > 0, u > 0 and of p € &, so that

1/2 o1 1 2
|FE| < (C—0 (|F§§ +/ [Te—ZC(n—sw]dn HS—I/ZAfH)
e n

< (1eal (- var s 2]

< (% Hs_l/sz2+ (V5 — VD) HS_I/ZAfHZ) < CIfIR. (B.IB)

for f € D(S™1/2)ND(S~1/24) N D(A), and where .* is the completion of D(A| )
under the norm ||f||25% = ” S_I/QfH2 + ” S_l/zAsz. Here one notices that the norm

is well defined for elements of D(A|.#+) by taking into account (B.5). We now plug this
back in (B.17). Since the inverse of the square root is integrable around 0, we find C"”
with the same independence so that

‘Fei_Fj

¢ c” " 2 _ 2
5/8 [2f +CC" s |IfI2;, = C"' (Ve = VeI fI,-

N

Then, {ng} £€(0,50] 18 @ Cauchy sequence. We denote by FOﬂE the limit, as ¢ goes to 0. It

remains to notice that Foﬂi = FSE. Indeed, using (B.14) and (B.7), one has the stronger
fact that

. . _ Cc&
IGT — GEllgur) < elGEllsur - ITHE(p), iAIHE (p) — 2 £iw) g < s

This gives us (B.11). O
For the convenience of the reader, we give a proof of the following well known fact:

Lemma B.1 (Numerical Range Theorem). Let H be a closed operator. Suppose that
2 = D(H) = D(H*). The numerical range of H_is defined by N := {{f, Hf) with

f € Zand | f|| = 1}). We have that o(H) C N, the closure of N. Moreover, if
¢ o(H), then ||(H =)~ < 1/d(x, N).

Proof. Let . ¢ N. There is ¢ := d(x, N) > 0, such that |(f, Hf) — A| > c. Then,

ICH =W =clfll, IH = fl=clfl

forall f € 2 and || f|| = 1. From the second part, we get the range of (H — 1) is
dense. Then, since H is closed, the first part gives that the range of (H — 1) is closed.
Hence, using again the first inequality, H — A is bijective. The open mapping theorem
concludes. O
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Appendix C. Application to Non-relativistic Dispersive Hamiltonians

In this section, we give an immediate application to the theory exposed in Appendix
B. We do not discuss the uniformity with respect to the external parameter. The latter
would be used in the heart of our approach, see Sect. 3. We discuss shortly the Helmholtz
equation, see [5,6,72,73]. In [65], one studies the size of the resolvent of

Hj, := —h*’A + V1(Q) — ihV2(Q), ash — 0.

This operator models accurately the propagation of the electromagnetic field of a laser
in material medium. The important improvement between [65] and the previous ones,
is that he allows V, to be a smooth function tending to 0 without any assumption on the
size of || V2 || 0. Note he supposes the coefficients are smooth as some pseudo-differential
calculus is used to apply the non self-adjoint Mourre theory he develops. Then, he dis-
cusses trapping conditions in the spirit of [72]. Here, we will stick to the quantum case
and choose & = —1. To simplify the presentation and expose some key ideas of Sect. 3,
we focus on LZ(R"; C), with n > 3. For dimensions 1 and 2, one needs to adapt the first
part of (H2) and the weights in (C.1).

Theorem C.1. Suppose that Vi, V) € LllOC (R™; R) satisfy:

(HO) V; are A-operator bounded with a relative bound a < 1, fori € {1, 2}.

(H1) VV;, Q-VVi(Q)arein B(#*(R"); L>(R")) and (Q)(Q -V V;)2(Q) is bounded,
fori e{l,2}.

(H2) There are cy € [0, 2) and c/l € [0, 42 —c1)/(n — 2)2) such that

/

Wy, (x) :==x - (VVD@X) +c1 Vi(x) < lciz, forall x € R",
X

and
Vo(x) >0 and —cix-(VVp)(x) >0, forallx € R".

On C°(R"), we define H :== —A + V(Q), where V := Vi +iV,. The closure of H
defines a dispersive closed operator with domain *(R"). We keep denoting it with

H. Its spectrum is included in the upper half-plane. Moreover, H has no eigenvalue in
[0, 00) and

sup 1017 (H =2 +iw Q17| < oo (C.1)
1€[0,00), u>0

If c1 =0, H has no eigenvalue in R and (C.1) holds true for A € R.

The quantity Wy, is called the virial of V. For h fixed and for a compact Z included
in (0, 00), [65] shows some estimates of the resolvent above Z. Here we deal with the
threshold O and with high energy estimates. On the other hand, as he avoids the threshold,
he reaches some very sharp weights. As mentioned above, one can improve the weights
| Q| to some extent by the use of Besov spaces, see [63]. In [65] one makes an hypothesis
on the sign of V; but not on the one of x - (VV>)(x). Note that if one supposes c; = 0, we
are also in this situation. We take the opportunity to point out [71], where one discusses
the presence of possible eigenvalues in 0 for non self-adjoint problems.
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Remark C.1. Taking V, = 0, we can compare the results with [25,63]. In [25], one uses
in a crucial way that Wy, (x) < —c(x)® in a neighborhood of infinity, for some ¢, ¢ > 0.
In [63], one remarks that the condition Wy, (x) < 0 is enough to obtain the estimate.
Here we mention that the condition (H2) is sufficient. Note this example is not explicitly
discussed in [63] but is covered by his abstract approach. In [12], for the special case
c1 = 0, one uses extensively the condition (H2). This implies (C.1) for A € R.

Remark C.2. Unlike in [65], we stress that V is not supposed to be a relatively compact
perturbation of H and that the essential spectrum of H can be different from [0, c0).
In [39], see also [12], one studies V> = 0 and V(x) := v(x/|x|), with v € C®(S"*1).
We improve the weights of [39, Theorem 3.2] from (Q) to |Q]. We can also give a
non-self-adjoint version. Consider V; satisfying (H1) and being relatively compact with
respect to A and V>(x) := v(x/|x]|), where v € cosn—1y, non-negative. If v=10) is
non-empty, one shows [0, co) is included in the essential spectrum of H by using some
Weyl sequences.

Proof of Theorem C.1. Using (HO) and adapting the proof of Kato-Rellich, e.g., [62,
Theorem X.12], one obtains easily D(H) = D(H*) = %2(}&”). Let S := ¢, (—A) /2,
with ¢ := 2 —¢1 — (n — 2)2c’1/4 > 0. Set .7 := #'(R"), the homogeneous
Sobolev space of order 1, i.e., the completion of .7 (R") under the norm | f|.» =
15172 £]12. Consider the strongly continuous one-parameter unitary group {W;},cr act-
ing by: (W, f)(x) = ™/? f(e'x), forall f € L*>(R?). This is the Co-group of dilatation.
By interpolation and duality, one derives W,.# C .% and W, (R>) c #*(R"), for
all s € R. Consider now its generator A in L>(R"). By the Nelson lemma, it is essentially
self-adjoint on C2°(R") and acts as follows: A = (P - Q0+ Q - P)/2 on C°(R"). By
computing on C2°(R") in the form sense, we obtain that

[N(H),iA] —ciN(H) = -2 —c1)A = Wy, = 8§, (C2)
here we used the Hardy inequality for the last step. Furthermore, I(H) = V>(Q) > 0,
[S(H),iAl = -0 - V(V2)(Q), (C3)

and also
[[H,iA],iA] = —4A +(Q - VV)?(Q). (C4)

Since W, stabilizes 4 := ! and as (C.2), (C.3) and (C.4) extend to bounded operators
from 7" into .7 ~', we infer that H and H* are in C2(A; ", 2#~) and also (B.8)
and (B.9). Now since C2° (R3)is acore for H, H* and A, (C.2) and (C.3) give (B.7), with
notation H* = H and H~ = H*. In addition (B.10) follows from the Hardy inequality
and (H1), as [(Q - V)*u(Q) fII* < ¢l [QI(Q - V)*v(Q)|I*|SfI*. Therefore, we can
apply Theorem B.1 and derive the weight | Q| by the Hardy inequality. O

Finally, we recall the Hardy inequality. Take E a finite dimensional vector space. One
has:

(%) L,

2

! dx < [(f,=Af)|, wheren >3and f € C°(R"; E).

—f)

|x|

(C.5)
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