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Abstract: We find the structure of generators of norm-continuous quantum Markov
semigroups on B(h) that are symmetric with respect to the scalar product tr (p!/?x*p!/2y)
induced by a faithful normal invariant state p and satisfy two quantum generalisations
of the classical detailed balance condition related with this non-commutative notion of
symmetry: the so-called standard detailed balance condition and the standard detailed
balance condition with an antiunitary time reversal.

1. Introduction

Symmetric Markov semigroups have been extensively studied in classical stochastic
analysis (Fukushima et al. [13] and the references therein) because their generators and
associated Dirichlet forms are very well tractable by Hilbert space and probabilistic
methods.

Their non-commutative counterpart has also been deeply investigated (Albeverio and
Goswami [1], Cipriani [6], Davies and Lindsay [8], Goldstein and Lindsay [15], Guido,
Isola and Scarlatti [17], Park [23], Sauvageot [26] and the references therein).

The classical notion of symmetry with respect to a measure, however, admits several
non-commutative generalisations. Here we shall consider the so-called KMS-symme-
try that seems more natural from a mathematical point of view (see e.g. Accardi and
Mohari [3], Cipriani [6,7], Goldstein and Lindsay [14], Petz [25]) and find the struc-
ture of generators of norm-continuous quantum Markov semigroups (QMS) on the von
Neumann algebra 5(h) of all bounded operators on a complex separable Hilbert space
h that are symmetric or satisfy quantum detailed balance conditions associated with
KMS-symmetry or generalising it.

We consider QMS on B(h), i.e. weak*-continuous semigroups of normal, completely
positive, identity preserving maps 7 = (7;);>0 on B(h), with a faithful normal invari-
ant state p. This defines pre-scalar products on B(h) by (x,y); = tr (p! ™ x*p*y)
for s € [0, 1] and allows one to define the s-dual semigroup 7’ on B(h) satisfying
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tr (p!Sx*p*T; () = tr (pl_‘YTt’(x)*,o‘Yy) for all x, y € B(h). The above scalar prod-
ucts coincide on an Abelian von Neumann algebra; the notion of symmetry 7 = 77,
however, clearly depends on the choice of the parameter s.

The most studied cases are s = 0 and s = 1/2. Denoting 7, the predual semigroup,
a simple computation yields 7,/(x) = o~ U= (p' S xp*)p~*, and shows that for
s = 1/2 the maps 7, are positive but, for s # 1/2 this may not be the case. Indeed,
it is well-known that, for s # 1/2, the maps 7, are positive if and only if the maps 7;
commute with the modular group (oy);cRr, 07 (x) = p”x,o‘” (see e.g. [18] Prop. 2.1, p.
98, [22] Th. 6, p. 7985, fors = 0,[11] Th. 3.1, p. 341, Prop. 8.1, p. 362 for s # 1/2). This
quite restrictive condition implies that the generator has a very special form that makes
simpler the mathematical study of symmetry but imposes strong structural constraints
(see e.g. [18 and 12]).

Here we shall consider the most natural choice s = 1/2 whose consequences are not
so stringent and say that 7 is KMS-symmetric if it coincides with its dual 7'. KMS-
symmetric QMS were introduced by Cipriani [6] and Goldstein and Lindsay [14]; we
refer to [7] for a discussion of the connection with the KMS condition justifying this
terminology.

All quantum versions of the classical principle of detailed balance (Agarwal [4],
Alicki [5], Frigerio, Gorini, Kossakowski and Verri [18], Majewski [20,21]), which is
at the basis of equilibrium physics, are formulated prescribing a certain relationship
between 7 and 7’ or between their generators, therefore they depend on the underlying
notion of symmetry. This work clarifies the structure of generators of QMS that are
KMS-symmetric or satisfy a quantum detailed balance condition involving the above
scalar product with s = 1/2 and is a key step towards understanding which is the most
natural and flexible in view of the study of their generalisations for quantum systems
out of equilibrium as, for instance, the dynamical detailed balance condition introduced
by Accardi and Imafuku [2].

The generator £ of a norm-continuous QMS can be written in the standard Gorini-
Kossakowski-Sudarshan [16] and Lindblad [19] (GKSL) form

1
L(x) =i[H, x] — EZ(L;Lex —2L}xLe+xL}Ly), 1)
>1

where H, Ly € B(h) with H = H* and the series >_,_; L} L, is strongly convergent.
The operators L;, H in (1) are not uniquely determined by £, however, under a natural
minimality condition (Theorem 2 below) and a zero-mean condition tr (pL,) = 0 for all
£ > 1, H is determined up to a scalar multiple of the identity operator and the (L/)¢>1
up to a unitary transformation of the multiplicity space of the completely positive part
of £. We shall call special a GKSL representation of £ by operators H, L, satisfying
these conditions.

As a result, by the remark following Theorem 2, in a special GKSL representation
of £, the operator G = —27! > =1 LyL¢ — iH, is uniquely determined by £ up to a
purely imaginary multiple of the identity operator and allows us to write £ in the form

L(x)=G*x+ > LixLi+xG. )
>1

Our characterisations of QMS that are KMS-symmetric or satisfy a quantum detailed
balance condition generalising related with KMS-symmetry are given in terms of the
operators G, L, (or, in an equivalent way H, L) of a special GKSL representation.



Generators of Quantum Markov Semigroups and Detailed Balance 525

Theorem 7 shows that a QMS is KMS-symmetric if and only if the operators G, Ly
of a special GKSL representation of its generator satisfy p!/?G* = Gp!/? + icp!/?
for some ¢ € R and pl/zLZ =2 ukng,ol/Z for all k and some unitary (uy¢) on the
multiplicity space of the completely positive part of £ coinciding with its transpose, i.e.
such that uy, = uyy for all &, £.

In order to describe our results on the structure of generators of QMS satisfying
a quantum detailed balance condition we first recall some basic definitions. The best
known is due to Alicki [5] and Frigerio-Gorini-Kossakowski-Verri [18]: a norm-con-
tinuous QMS 7 = (7;);>0 on B(hlsatisﬁes the Quantum Detailed Balance (QDB)
condition if there exists an operator £ on B(h) and a self-adjoint operator K on h such
that tr (pL(x)y) = tr (pxL(y)) and L(x) — L(x) = 2i[K, x] for all x,y € B(h).
Roughly speaking we can say that £ satisfies the QDB condition if the difference of £
and its adjoint £ with respect to the pre-scalar product on B(h) given by tr (pa*b) is a
derivation. _

This QDB implies that the operator £ = £ — 2i[K, - ] can be written in the form (2)
replacing G by G + 2i K and then generates a QMS 7. Therefore £ and the maps 7;
commute with the modular group. This restriction does not follow if the dual QMS is
defined with respect to the symmetric pre-scalar product with s = 1/2.

The QDB can be readily reformulated replacing £ with the adjoint £ defined via the
symmetric scalar product; the resulting condition will be called the Standard Quantum
Detailed Balance condition (SQDB) (see e.g. [9]).

Theorem 5 characterises generators £ satisfying the SQDB and extends previous
partial results by Park [23] and the authors [11]: the SQDB holds if and only if there
exists a unitary matrix (uy¢), coinciding with its transpose, i.e. ugy = ugi for all k, £,
such that pl/zLZ = >, Uke Lg,ol/z. This shows, in particular, that the SQDB depends
only on the L,’s and does not involve directly H and G. Moreover, we find explicitly the
unitary (u#x¢)xe providing also a geometrical characterisation of the SQDB (Theorem 6)
in terms of the operators L¢p'/? and their adjoints as Hilbert-Schmidt operators on h.

We also consider (Definition 3) another notion of quantum detailed balance, inspired
by Agarwal’s original notion (see [4], Majewski [20,21], Talkner [27]) involving an
antiunitary time reversal operator 6 which does not play any role in the Alicki et al. def-
inition. Time reversal appears to keep into account the parity of quantum observables;
position and energy, for instance, are even, i.e. invariant under time reversal, momentum
are odd, i.e. change sign under time reversal. Agarwal’s original definition, however,
depends on the s = 0 pre-scalar product and implies then, that a QMS satisfying this
quantum detailed balance condition must commute with the modular automorphism.
Here we study the modified version (Definition 3) involving the symmetric s = 1/2
pre-scalar product that we call the SQDB-6 condition.

Theorem 8 shows that £ satisfies the SQDB-6 condition if and only if there exists
a special GKSL representation of £ by means of operators H, Ly such that Gp!'/? =
pl/QQG*B and a unitary self-adjoint (ux¢)x¢ such that pl/zLZ = Ze ukgeLngl/z for
all k. Here again (i) is explicitly determined by the operators L¢p'/? (Theorem 9).

We think that these results show that the SQDB condition is somewhat weaker than
the SQDB-6 condition because the first does not involve directly the operators H, G.
Moreover, the unitary operator in the linear relationship between Lyp'/? and their
adjoints is transpose symmetric and any point of the unit disk could be in its spec-
trum while, for generators satisfying the SQDB-6, it is self-adjoint and its spectrum is
contained in {—1, 1}. Therefore, by the spectral theorem, it is possible in principle to
find a standard form for the generators of QMSs satisfying the SQDB-6 generalising the
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standard form of generators satisfying the usual QDB condition (that commute with the
modular group) as illustrated in the case of QMSs on M;(C) studied in the last section.
This classification must be much more complex for generators of QMSs satisfying the
SQDB.

The above arguments and the fact that the SQDB-6 condition can be formulated in a
simple way both on the QMS or on its generator (this is not the case for the QDB when
L and its Hamiltonian part i[H, -] do not commute), lead us to the conclusion that the
SQDB-0 is the more natural non-commutative version of the classical detailed balance
condition.

The paper is organised as follows. In Sect. 2 we construct the dual QMS 7" and recall
the quantum detailed balance conditions we investigate, then we study the relationship
between the generators of a QMS and its adjoint in Sect.3. Our main results on the
structure of generators are proved in Sects.4 (QDB without time reversal) and 5 (with
time reversal).

2. The Dual QMS, KMS-Symmetry and Quantum Detailed Balance

We start this section by constructing the dual semigroup of a norm-continuous QMS
with respect to the (-, -)1/2 pre-scalar product on B(h) defined by an invariant state p
and prove some properties that will be useful in the sequel. Although this result may be
known, the presentation given here leads in a simple and direct way to the dual QMS
avoiding non-commutative L?-spaces techniques.

Proposition 1. Let @ be a positive unital normal map on B(h) with a faithful normal
invariant state p. There exists a unique positive unital normal map @' on B(h) such that

tr (p”2<1>/(x)p”2y) =tr (p”zxpm@(y))

forall x, y € B(h). If @ is completely positive, then @' is also completely positive.

Proof. Let @, be the predual map on the Banach space of trace class operators on h and
let Rk(p'/?) denote the range of the operator p'/?. This is clearly dense in h because p
is faithful and coincides with the domain of the unbounded self-adjoint operator p~!/2.

Folr/%ll self-adjointx € B(h) consider the sesquilinear form on the domain Rk (p 172y x
Rk(p'/7),

F(u,u) = (p—l/Zv’ ¢*(p1/2xp1/2)p—1/2u>_
By the invariance of p and positivity of @, we have
—llxllp = —lIxP«(p) < ®u(p'?xp?) < |x[|Px(0) = lIx]lp-

Therefore |F(u,u)| < ||x|| - [lv| - |l#]l. Thus sesquilinear form is bounded and there
exists a unique bounded operator y such that, for all u, v € Rk(pl/ 2),

(v, yu) = (p~ v, Do(0 220%™ 2u).
Note that, @ being a *-map, and x self-adjoint
(y*u, v)
= (p~1Pu, @.(p" P01 /2) p~1/20)
= (@(0"Pxp )01 Pu, o~ 1770
= (020, ®,(p 2xp' 12 o= 120,

(v, y*u) =
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This shows that y is self-adjoint. Defining @’(x) := y, we find a real-linear map on self-
adjoint operators on B(h) that can be extended to a linear map on B(h) decomposing
each self-adjoint operator as the sum of its self-adjoint and anti self-adjoint parts.

Clearly @’ is positive because p!/?®'(x*x)p'/? = @, (p'/*x*xp'/?) and @, is
positive. Moreover, by the above construction @’(1) = 1, i.e. @’ is unital. Therefore @’
is a norm-one contraction.

If @ is completely positive, then @, is also and formula p!'/>®’(x)p'/? = @, (p'/?
xp'/%) shows that @’ is completely positive.

Finally we show that @’ is normal. Let (x4 ) be a net of positive operators on B(h)
with least upper bound x € 5(h). For all u € h we have then

sup(p'/2u, @' (x)p'2u) = suplu, @4(p"*xp"*)u)
o o

= (u, Du(p'xp"Pyu) = (p'2u, @' (x)p'Pu).

Now if # € h, for every ¢ > 0, we can find a u, € Rk(p'/?) such that |lu — u.|| < & by
the density of the range of p!/2. We have then

[(u, (D' (xa) — @' () u)| < & || D' (xa) — @' ()| luell + e )
+ (e, (D' (xa) — D' (x)) ue)|

for all «. The conclusion follows from the arbitrarity of ¢ and the uniform boundedness
of | @'(xo) — @' ()| and Jluell. O

Theorem 1. Let 7 be a QMS on B(h) with a faithful normal invariant state p. There
exists a QMS T' on B(h) such that

p'PT (x)p'* = Ty (p'*xp"/?) 3)
forall x € B(h) and all t > 0.

Proof. By Proposition 1, for each ¢t > 0, there exists a unique completely positive nor-
mal and unital contraction 7, on B(h) satisfying (3). The semigroup property follows
from the algebraic computation

p'*T, (x)p'? = Ty (T*s(p‘/zxp”z))
=T (02T 00! ) = p'2T, (T) () 0

Since themapr — (p'/?v, Z/(x)p]/zu) is continuous by the identity (3) forall u, v € h,
and |7,/ (x)|| < |lx|| for all # > 0, a 2¢ approximation argument shows that r — 7,/ (x)
is continuous for the weak™-operator topology on 5(h). It follows that 7/ = (7,),>0 is
aQMSon B(h). O

Definition 1. The quantum Markov semigroup T’ is called the dual semigroup of T
with respect to the invariant state p.

It is easy to see, using (3), that p is an invariant state also for 7.

Remark 1. When 7T is norm-continuous it is not clear whether also 7" is norm-contin-
uous. Here, however, we are interested in generators of symmetric or detailed balance
QMS. We shall see that these additional properties of 7 imply that also 7’ is norm
continuous. Therefore we proceed studying norm-continuous QMSs whose dual is also
norm-continuous.
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The quantum detailed balance condition of Alicki, Frigerio, Gorini, Kossakowski and
Verri modified by considering the pre-scalar product (-, -)1 2 on B(h), usually called stan-

dard (see e.g. [9]) because of multiplications by p!/? as in the standard representation
of B(h), is defined as follows.

Definition 2. The QMS T generated by L satisfies the standard quantum detailed
balance condition (SQODB) if there exists an operator L' on B(h) and a self-adjoint
operator K on h such that

r (p"2xp' 2Ly = tr (0V2L (x)p'Py),  L(x) — L'(x) =2i[K,x]  (4)
for all x € B(h).

The operator £ in the above definition must be norm-bounded because it is every-
where defined and norm closed. To see this consider a sequence (x,),>1 in B(h) con-
verging in norm to a x € B(h) such that (£(x,)),>1 converges in norm to b € B(h) and
note that

tr (pmﬁ/(x)p”zy) = lim tr (p”zxnpl/2£(y))

n—o00

= lim tr (pl/zﬁ’(xn),ol/zy) =tr (pl/szl/zy)

n— 00

for all y € B(h). The elements p'/2yp!/?, with y € B(h), are dense in the Banach space
of trace class operators on h because p is faithful. Therefore it shows that £'(x) = b
and £’ is closed.

Since both £ and £’ are bounded, also K is bounded.

We now introduce another definition of quantum detailed balance, due to Agar-
wal [4] with the s = O pre-scalar product, that involves a time reversal 6. This is an
ant}unitary operator on h, i.e. (Bu, Qv) = (v, u) for all u, v € h, such that > = 1 and
0~ =0*=96.

Recall that 6 is antilinear, i.e. Ozu = Zu for all u € h, z € C, and its adjoint 6*
satisfies (u, Ov) = (v, 6*u) for all u, v € h. Moreover 6 x 6 belongs to 5(h) (linearity
is re-established) and tr (6 x0) = tr (x™) for every trace-class operator x ([10] Prop. 4),
indeed, taking an orthonormal basis of h, we have

tr (0x0) = > (ej. O0xbe;) = D _(xbe;j, 0%e;)
j j
= (e, x*0%e)) = tr(x¥).

J

It is worth noticing that the cyclic property of the trace does not hold for 6, since
tr (6 x0) = tr (x*) may not be equal to tr (x) for non-self-adjoint x.

Definition 3. The QMS T generated by L satisfies the standard quantum detailed
balance condition with respect to the time reversal 0 (SOQDB-0) if

r (02 xp' 2 L(y)) = 1r (0?0y*0p" > L(6x76)), (5)

forall x,y € B(h).
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The operator 6 is used to keep into account parity of the observables under time
reversal. Indeed, a self-adjoint operator x € B(h) is called even (resp. odd) if 6x6 = x
(resp. 6x6 = —x). The typical example of antilinear time reversal is a conjugation (with
respect to some orthonormal basis of h).

This condition is usually stated ([20,21,27]) for the QMS 7 as

tr(p'2xp' 2T (v)) = tr(p'?0y*0p' /¥ T, (0x*0)), 6)

for all + > 0, x, y € B(h). In particular, for t = 0 we find that this identity holds if
and only if p and & commute, i.e. p is an even observable. This is the case, for instance,
when p is a function of the energy.

Lemma 1. The following conditions are equivalent:
(1) 6 and p commute,
(i) 1r(p'Pxp'?y) = tr(p'?0y*0p'/?0x*0) for all x, y € B(h).
Proof. 1If p and 6 commute, from tr (0af) = tr(a™), we have
w(p'20y*0p'20x70) = w(@(p'?y*p'2x)0) = (xp'2yp'/?)

and (ii) follows cycling p!/?

tr(py) = tr(pfy*0) = tr (6(6y*60)*pd) = tr(yoph) = tr (pBy),
forall y € B(h), and p = 6p6. O

. Conversely, if (ii) holds, taking x = 1, we have

Proposition 2. If p and 60 commute then (5) and (6) are equivalent.

Proof. Clearly (5) follows from (6) differentiating at r = 0.
Conversely, putting «(x) = 8x0 and denoting L, the predual of £ we can write (5)
as

w(La(0'Pap! )y =t (P p P L@ () =t (01 Pa Lo y)
for all y € B(h), because tr («x(a)) = tr(a*). Therefore we have
Li(p'xp'?) = p!Pa(Li@(x)))p'?

and, iterating, £ (p'/?xp'/?) = p'2a (L™ (a(x)))p'/? for all n > 1. It follows that (5)
holds for all powers £" with n > 1. Since p and 6 commute, it is true also forn = 0
and we find (6) by the exponentiation formula 7, = > . t"£"/n!. O

‘We do not know whether the SQDB condition (4) of Definition 2 has a simple explicit
formulation in terms of the maps 7; if £ and £" do not commute.

Remark 2. The SQDB condition (5), by tr (faf) = tr(a*), reads
tr(p'2xp"2L(y)) = tr (02 (OLOx6)0)p' ),

forall x, y € B(h),i.e. L' (x) = 0L(6x0)6.

Write £ in a special GKSL form as in (1) and decompose the generator £ = Lo +
i[H, -]into the sum of its dissipative part £ and derivation parti[ H, - ]. If H commutes
with 6, by the antilinearity of 8, we find £'(x) = 0Ly(0x0)0 — i[H, x]. Therefore, if
the dissipative part is time reversal invariant, i.e. Lo(x) = 0Ly(0x0)6, we end up with
L =L -2i[H, -]

The relationship with Definition 2 of SQDB, in this case, is then clear. The SQDB
conditions of Definition 2 and 3, however, in general are not comparable.
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3. The Generator of a QMS and its Dual

We shall always consider special GKSL representations of the generator of a norm-
continuous QMS by means of operators Ly, H. These are described by the following
theorem (we refer to [24] Theorem 30.16 for the proof).

Theorem 2. Let L be the generator of a norm-continuous QMS on B(h) and let p be
a normal state on B(h). There exists a bounded self-adjoint operator H and a finite or
infinite sequence (Lg¢)¢>1 of elements of B(h) such that:

(1) tr(oLy) =0 foreach £ > 1,
(i) > g=y LjLg is a strongly convergent sum,
(i) if D ysp lce|* < oo and co + > =1 ¢eLe = 0 for complex scalars (ci)i=0 then
cx = 0 for every k > 0,
(iv) the GKSL representation (1) holds.

If H', (L})¢=1 is another family of bounded operators in B(h) with H' self-adjoint
and the sequence (Lz)ezl is finite or infinite then the conditions (1)—(iv) are fulfilled
with H, (L¢)¢>1 replaced by H', (L)1 respectively if and only if the lengths of the
sequences (Lg)¢>1, (L/e)le are equal and for some scalar ¢ € R and a unitary matrix
(ugj)e,j we have

H'=H+c, Ly=> uylL;.
i

As an immediate consequence of the uniqueness (up to a scalar) of the Hamiltonian
H, the decomposition of £ as the sum of the derivation i[H, -] and a dissipative part
Lo = L—i[H, -]determined by special GKSL representations of £ is unique. Moreover,
since (u¢;) is unitary, we have

Z(L%)*Lz = z ﬁgkugjLZLj = Z Zﬁgku(j LzLj = ZL;:L](.

>1 Lk, j>1 k,j>1 \£>1 k>1

Therefore, putting G = —27! > =1 LjL¢ —iH, we can write £ in the form (2), where
G is uniquely determined by £ up to a purely imaginary multiple of the identity operator.
Theorem 2 can be restated in the index free form ([24] Thm. 30.12).

Theorem 3. Let L be the generator of a norm continuous QMS on B(h), then there exist
an Hilbert space K, a bounded linear operator L : h — h®K and a bounded self-adjoint
operator H on h satisfying the following:

1. L(x)=Ii[H,x]— % (L*Lx —2L*(x @ Ix)L + xL*L) for all x € B(h);
2. the set {(x @ Ix)Lu : x € B(h), u € h}is total inh ® k.

Proof. Let k be a Hilbert space with Hilbertian dimension equal to the length of the
sequence (Lg )y and let ( f;) be an orthonormal basis of k. Defining Lu = Zk Liu® fi,
where the Ly are as in Theorem 2, a simple calculation shows that 1 is fulfilled.

Suppose that there exists a non-zero vector & orthogonal to the set of (x ® 1x)Lu
withx € B(h), u € h;then& = >, v ® fi with vx € hand

0= (& (x® W)Lu) = > (v, xLeu) = D (Lix* v, u)

k k
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forallx € B(h),u € h.Hence, >, Lix*v; = 0.Since& # 0, we cansuppose [|v|| = 1;
then, putting p = |vy){vi] and x = py*, y € B(h), we get

0= Liyvi+ > (vi, u)Liyvs = (L*; +> (v, vk>Lz)yv1. (7)

k=2 k>2

Since y € B(h) is arbitrary, Eq. (7) contradicts the linear independence (see Theorem 2
(>ii1)) of the Lg’s. Therefore the set in (2) must be total. O

The Hilbert space K is called the multiplicity space of the completely positive part
of £. A unitary matrix (u¢;)¢, j>1, in the above basis (fx)x=>1, clearly defines a unitary
operator on K. From now on we shall identify such matrices with operators on K.

We end this section by establishing the relationship between the operators G, L, and
G', L, in two special GKSL representations of £ and £" when these generators are both
bounded.

The dual QMS 7 clearly satisfies

p! 2T/ (0)p'? = T (0! Pxp!?),

where 7, denotes the predual semigroup of 7. Since £’ is bounded, differentiating at
t = 0, we find the relationship among the generator £ of 7 and L, of the predual
semigroup 7 of 7,

P 2L (x)p'? = Lo(p"xp'?). (8)

Proposition 3. Let L(a) = G*a +aG + ), L;aLy be a special GKSL representation
of L with respect to a T -invariant state p = Y pklex){(ex|. Then

G*u = pellu)lex Dex — tr(pGu, ©)
k>1

Gu =D peLa(lv){er Dex — tr(pG)v (10)
k>1

for everyu, v € h.

Proof. Since L(lu)(v]) = |G*u)(v| + [u)(Gv| + >, |[Lju)(Ljv], putting v = e; we
have G*u = |G*u){ex|er and

G*u = L(lu)(exDex — D {ex Leer)Liu — (ex. Ger)u.
¢
Multiplying both sides by px and summing on &, we find then
G'u = Zpk£(|“><ek|)ek - Zpk(% Leex)Lyju — Zpk(ek, Gey)u
k=1 Lk k=1

= > peLu)lex Dex — D tr(pLo)Liu — tr(pG)u

k>1 4

and (9) follows since tr (oL ;) = 0. The identity (10) is now immediate computing the
adjointof G. O
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Proposition 4. Let T’ be the dual of a QMS T generated by L with normal invariant
state p. If G and G’ are the operators (10) in two GKSL representations of L and L'
then

G'p'? = p'2G* + (r(pG) — r(pG)) p'/2. (11)
Moreover, we have tr(pG) — tr(pG’) = ic for some ¢ € R.

Proof. The identities (10) and (8) yield

1/2 1/2
G'p'Pu =3 Li(0" 1) (0 Pex Doy Pex — tr (pG™)p' v

k>1

=D Lip"(le e D)o e —w(pG™)p! v
k>1

= 0" PLAve o' e —w(pG™)p! P
k>1

=p'2G*v + (tr (pG) — tr(pG™)) p'?v.

Therefore, we obtain (11). Right multiplying this equation by p'/?> we have G'p =
p2G*pl/? 4 (tr(,oG) — tr(pG’*)) p, and, taking the trace,

tr(pG) — tr(pG™*) = tr(G'p) — tr (p"/2G*p'/?)
= tr(G'p) — tr(G*p) = —(tr (pG) — tr (0G™));

this proves the last claim. 0O
We can now prove as in [11] Th. 7.2, p. 358 the following

Theorem 4. For all special GKSL representations of L by means of operators G, Ly as
in ( i ) hthere exists a special GKSL representation of L' by means of operators G', L/e
such that:

1. G'p'? = p'2G* +icp'/? for some ¢ € R,
2. L, pl/2 = pl/sz‘f forall € > 1.

Proof. Since L' is bounded, it admits a special GKSL representation £'(a) = G*a +
>« LifaLj +aG’. Moreover, by Proposition 4, we have G'p'?2 = p2G* +icp'/?,
¢ € R, and so (8) implies

> o PLExLip'? = Lip'Pxp 2L (12)
k k

Let k (resp. k') be the multiplicity space of the completely positive part of £ (resp.

L"), (fi)k (resp. (f{)k) an orthonormal basis of K (resp. k') and define a linear operator
X:h®k - h®k,

Xa® WL u=ao1)Y oL e fi
k
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forallx € B(h)andu € h,where L : h - h®Kk, Lu = >} Liu® fi, L' :h - hk/,
L'u =3, Liu ® f{. Note that the right-hand side series is convergent for all u € h
because of (12), since

n
= z (u, Lka,’:u),

k=m

2 n
2
Sl
k=m
and the right-hand side goes to O for n, m tending to infinity because p is an invariant

state and the series >, LypL; = —(Gp + pG) is trace-norm convergent.
The identity (12) yields

n
2P PLu® fi
k=m

(X(x ® W)L’ p2u, X(y ® W)L'p'Pv) = 3 (u, p P Lifx*yLip )
k

= ((x ® Ie)L'p"%u, (y ® )L/ p'?v)

for all x, y € B(h) and u, v € h, i.e. X preserves the scalar product. Therefore, since
the set {(x ® Ix)L' p'?u | x € B(h), u € h}is total in h ® k’ (for p!/2(h) is dense
in h and Theorem 3 holds), X is well defined and extends to an isometry from h ® k' to
h® k.

The operator X is unitary because its range is dense in h ® K. Indeed, if we suppose
that there exists a vector § = >, vk @ fx, with vy € hand > [luk 1% < oo, orthogonal

toall (x ® 1) > p'/’Lu ® fi; then

0=(£(x®I) D p'PLiu® fi) = D (v, xp'PLiu) = D (Lip'*x* vy, u)
k k k

for all x € B(h), u € h. Taking x = |w){(w>|, by the arbitrarity of u, we have then
> plwr, ve)Lip'/?wy = 0. Since ws is arbitrary, the range of p!/? is dense in h and
the sequence ((w1, vk))k>1 1s square-summable we find Zk(wl, vr)Lx = 0. The linear
independence of the Lg, in the sense of Theorem 2 (iii), implies then (wy, vx) = 0 for
all k and all w; € h,i.e. & =0.

As a consequence we have X*X = Ipg and X X* = Ipgk.

Moreover, since X (y ® ly) = (y ® Ix)X for all y € B(h), we can conclude that
X = 1y ® Y for some unitary map ¥ : k' — k'.

The definition of X implies then

PR IL* = XL p"? = (1, ® Y)L'p'/%.

This means that, replacing L’ by (I ® Y)L’, or more precisely L; by >, u¢L), for
all k, we have

pl/zLZ _ L2p1/2'

Since tr (pL'y) = tr(pLy) = 0 and, from £'(1) = 0, G"+G = -3, L';L, the
properties of a special GKSL representation follow. 0O

Remark 3. Condition 2 implies that the completely positive parts @(x) = >, LjxLy
and @’ of the generators £ and £/, respectively are mutually adjoint, i.e.

tr (20 (x)p'y) = tr (0" 2xp' 2 D (y)) (13)

for all x,y € B(h). As a consequence, also the maps x — G*x + xG and x —
(G")*x + xG’ are mutually adjoint.



534 F. Fagnola, V. Umanita

4. Generators of Standard Detailed Balance QMSs

In this section we characterise the generators of norm-continuous QMSs satisfying the
SQDB of Definition 2.

We start noting that, since p is invariant for 7 and 77, i.e. L,(p) = L, (p) = 0, the
operator K commutes with p. Moreover, by comparing two special GKSL representa-
tions of £ and £ + 2i[K, -], we have immediately the following

Lemma 2. A QMS T satisfies the SODB L — L' = 2i[K, -] if and only if for all special
GKSL representations of the generators L and L' by means of operators G, Ly and
G', L, respectively, we have

G=G+2iK+ic Lp=> wjL,
j

for some c € R and some unitary (uy;)ij on K.

Since we know the relationship between the operators G, L;( and G, L thanks to
Theorem 4, we can now characterise generators of QMSs satisfying the SQDB. We
emphasize the following definition of T -symmetric matrix (operator) on K in order to
avoid confusion with the usual notion of symmetric operator X meaning that X* is an
extension of X.

Definition 4. Let Y = (yie)k,e>1 be a matrix with entries indexed by k, £ running on the
set (finite or infinite) of indices of the sequence (Ly)¢>1. We denote by Y the transpose
matrix YT = (yex)k.e>1. The matrix Y is called T -symmetric if ¥ = YT,

Theorem 5. T satisfies the SQDB if and only if for all special GKSL representation of
the generator L by means of operators G, Ly, there exists a T -symmetric unitary (Uy,e)me
on K such that, for all k > 1,

p'PLE = ureLep', (14)
14

Proof. Given a special GKSL representation of £, adding a purely imaginary multiple
of the identity operator to the anti-selfadjoint part of G’ if necessary, Theorem 4 allows
us to write the dual £’ in a special GKSL representation by means of operators G’, L},
with

G/pl/z =p1/2G*, L;(,Ol/z =,01/2LZ. 15)

Suppose first that 7 satisfies the SQDB. Since Lj = >_; ux;L; for some unitary
(ugj)xj by Lemma 2, we can find (14) substituting L;{ with Zj ug;L; in the second
formula (15).

Finally we show that the unitary matrix u = (U;,¢)me 1S T-symmetric. Indeed, taking
the adjoint of (14) we find Lyp'/? = > ﬁgm,ol/szn. Writing pl/zL:‘n as in (14) we
have then

LZ:OI/Z = Z:’/_iEmMkaklol/2 = Z ((u*)Tu)Kk Lkpl/z-
m,k k
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The operators Lyp'/? are linearly independent by property (iii) Theorem 2 of a special
GKSL representation, therefore (1*)” u is the identity operator on K. Since u is also
unitary, we have also u*u = (u*)" u, namely u* = (u*)” and u = u’.

Conversely, if (14) holds, by (15), we have L;(,ol/2 =2 ureLep'/?, so that L, =
Ze ugeLyg for all k and for some unitary (uy;)x;. Therefore, thanks to Lemma 2, to
conclude it is enough to prove that G = G’ + i (2K + ¢) namely, that G — G’ is anti
self-adjoint.

To this end note that, since p is an invariant state, we have

0= pG*+ZLk,oLZ+G,0, (16)
k

with
> Lioli = S Lo 6 LY = 3 g PLIL o
k k k ¢
_ ZPI/QL?L/ZPI/Z _ —pl/z(G + G*)pl/z,

14

(for condition (14) holds) and so, by substituting in Eq. (16) we get

0= pG* — p'2Gp'12 = p12G*p\ /2 + Gp = p'/ (pl/ZG* . Gpl/Z)
. (pl/ZG* _ Gpl/Z) o2 = [Gp'/? = pl2G*, p'1?,

ie. Gpl/2 — p'/2G* commutes with p!/2.

We can now prove that G — G’ is anti self-adjoint. Clearly, it suffices to show that
,01/2G,01/2 — ,01/2G’,01/2 is anti self-adjoint. Indeed, by (15), we have

(pl/szl/z _pl/zG/pl/z)* _ (pl/szl/z —pG*)*
_ (pl/z (Gpl/z _ pl/ZG*))*
_ ((Gpl/z _pl/ZG*) p1/2)*
= pG* — p!2Gp/2 = 112G/ p\ /2 — p12Gp) 2,

12 _

because Gp p'2G* commutes with p!/2. This completes the proof. O

It is worth noticing that, as in Remark 3, 7 satisfies the SQDB if and only if the
completely positive part @ of the generator £ is symmetric. This improves our previous
result, Thm. 7.3 [11], where we gave Gp'/? = p'2G*— (2K +ic) p'/? forsomec € R
as an additional condition. Here we showed that it follows from (14) and the invariance
of p.

Remark 4. Note that (14) holds for the operators L, of a special GKSL representation
of £ if and only if it is true for all special GKSL representations because of the second
part of Theorem 2. Therefore the conclusion of Theorem 5 holds true also if and only if
we can find a single special GKSL representation of £ satisfying (14).
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The T -symmetric unitary (u,,¢)m¢ 1s determined by the L,’s because they are linearly
independent. We shall now exploit this fact to give a more geometrical characterisation
of SQDB.

When the SQDB holds, the matrices (by; )k, j>1 and (cxj)x, j>1 with

byj = tr (p‘/2L,’;p‘/2Lj.) . and ¢y =tr(pLiL)) (17)

define two trace class operators B and C on K by Lemma 3 (see the Appendix); B is
T-symmetric and C is self-adjoint. Moreover, it admits a self-adjoint inverse C~
because p is faithful. When K is infinite dimensional, C~! is unbounded and its domain
coincides with the range of C.

We can now give the following characterisation of QMS satisfying the SQDB con-
dition Yvhich is more direct because the unitary (ux¢)x¢ in Theorem 5 is explicitly given
by C™'B.

Theorem 6. T satisfies the SQDB if and only if the operators G, Ly, of a special GKSL
representation of the generator L satisfy the following conditions:

(i) the closed linear span of {pl/zLZ‘ | £ > 1} and {Lg,ol/2 | £ > 1} in the Hilbert
space of Hilbert-Schmidt operators on h coincide,

(i) the trace-class operators B, C defined by (17) satisfy CB = BCT and C™'B is
unitary T -symmetric.

Proof. 1f T satisfies the SQDB then, by Theorem 5, the identity (14) holds. The series
in the right-hand side of (14) is convergent with respect to the Hilbert-Schmidt norm
because

2
1/2 _
Z ugeLep" = Z igeruretr (0L3 Le)
m+1<€<n HS m+1<e,0'<n
1 1
2 2 2
=5 20 PP+ D el
m+1<t,0'<n m+1<e,0'<n
2
1 1
2 2
=5 Z ue™ | + 5 Z lcerel”s
m+1<{<n m+1<t,0'<n

and the right-hand side vanishes as n, m go to infinity because the operator C is trace-
class by Lemma 3 and the columns of U = (uy¢)x¢ are unit vectors in K by unitarity.
Left multiplying both sides of (14) by p!/ 2L7 and taking the trace we find B = CUT

= CU. It follows that the range of the operators B, CU and C coincide and C™'B = U

is everywhere defined, unitary and 7 -symmetric because U is T-symmetric. Moreover,
since B is T-symmetric by the cyclic property of the trace, we have also

BcT =cu'c” =ccu)' =cBT =CB.

Conversely, we show that (i) and (ii) imply the SQDB. To this end notice that, by
the spectral theorem we can find a unitary linear transformation V. = (V) m.n>1 On
k such that V*CV is diagonal. Therefore, choosing a new GKSL representation of the
generator £ by means of the operators L", = >", _| vk Ly, if necessary, we can suppose
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that both (L(,Ol/z)(z1 and (pl/sz)kzl are orthogonal bases of the same closed linear
space. Note that

(2L PN = Y Db (0 2Ly 0" L)

m,n>1

and the operator B, after this change of GKSL representation, becomes V*B(V*)T
which is also T-symmetric.

Writing the expansion of pl/ 2L7§ with respect to the orthogonal basis (L, pl/ 2) =1,
for all K > 1 we have

pl/ZLz — Z

S lLeo

tr( 1/2L* 1/2L*)

2
s

In this way we find a matrix Y of complex numbers yi, such that p 1/ sz => ¢ YeeLep 172
and the series is Hilbert-Schmidt norm convergent. Clearly, since C is diagonal and B
is T-symmetric, yxr = (BC Ve = (B(C™H e = (C71B)T)ge. It follows from
(ii) that Y coincides with the unitary operator (C ~IB)T and (14) holds. Moreover, Y is
symmetric because

vex = (BC Do = (BCH o = (€' Bhre = ye
This completes the proof. O
Formula (18) has the following consequence.

Corollary 1. Suppose that a QMS T satisfies the SQDB condition. For every special
GKSL representation of L with operators Lyp'/* that are orthogonal in the Hilbert
space of Hilbert-Schmidt operators on h if tr (,ol/zLZ‘,ol/zLZ) # 0 for a pair of indices
k,t > 1, thentr(pLjL¢) = tr(pLjLy).

Proof. 1t suffices to note that the matrix (ux¢) with entries
tr(pl/2szl/2L;) tr(pl/sz,ol/zLZ)
Uke = a2 = ”
IL¢p!/ ”HS tr(pL(ZL()

must be 7-symmetric. O

Remark 5. The matrix C can be viewed as the covariance matrix of the zero-mean (recall
that tr (oL¢) = 0) “random variables” { Ly | ¢ > 1} and in a similar way, B can be
viewed as a sort of mixed covariance matrix between the previous random variable and
the adjoint { L’lf | £ > 1}. Thus the SQDB condition holds when the random variables
L right multiplied by p!/? and the adjoint variables L7 left multiplied by p'/? generate
the same subspace of Hilbert-Schmidt operators and the mixed covariance matrix B is
a left unitary transformation of the covariance matrix C.

If we consider a special GKSL representation of £ with operators L;p'/“ that are
orthogonal, then, by Corollary 1 and the identity | L¢p'/?||gs = ||Lxp'/?| i s, the uni-
tary matrix U can be written as C~!/2BC~!/2. This, although not positive definite, can
be interpreted as a correlation coefficient matrix of { Ly | £ > 1}and {L} | £>1}.

1/2

The characterisation of generators of symmetric QMSs with respect to the s = 1/2
scalar product follows along the same lines.
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Theorem 7. A norm-continuous QMS T is symmetric if and only if there exists a special
GKSL representation of the generator L by means of operators G, Ly such that

(1) Gp'/2 = p'2G* +icp'/? for some ¢ € R,
2) pl/zLZ =2 ureLep'/?, for all k, for some unitary (uge)re on K which is also
T -symmetric.

Proof. Choose a special GKSL representation of £ by means of operators G, L. The-
orem 4 allows us to write the symmetric dual £ in a special GKSL representation by
means of operators G', L} as in (15).

Suppose first that 7 is KMS-symmetric. Comparing the special GKSL representa-
tions of £ and £’, by Theorem 2 we find

G=G+ic, Lp=> uylLj,
j

for some unitary matrix (uy;) and some ¢ € R. This, together with (15) implies that
conditions (1) and (2) hold.

Assume now that conditions (1) and (2) hold. Taking the adjoint of (2) we find imme-
diately Ly ,o]/ 2= Zk e ,01/ ZL;';. Then a straightforward computation, by the unitarity
of the matrix (ug¢), yields

E*(pl/zxpl/z) _ Gpl/prl/Z +ZLkp1/2x,o1/2L7§ +p1/2x,0]/2G*
k
_ PI/ZG*X,OI/2+ZEM ukjpl/zLZijpl/z+,01/2pr1/2
Ckj
= p!2L()p!?

for all x € B(h). Iterating we find Eﬁ(pl/zx,ol/z) = p'2L"(x)p'/? for all n > 0,
therefore, exponentiating, we find 7, (p'/?xp'/?) = p'/>T;(x)p'/? for all t > 0. This,
together with (3), implies that 7 is KMS-symmetric. O

Remark 6. Note that condition (2) in Theorem 7 implies that the completely positive
part of £ is KMS-symmetric. This makes a parallel with Theorem 4, where condition
(2) implies that the completely positive parts of the generators £ and £’ are mutually
adjoint.

The above theorem simplifies a previous result by Park ([23], Thm 2.2) where con-
ditions (1) and (2) appear in a much more complicated way.

5. Generators of Standard Detailed Balance (with Time Reversal) QMSs

We shall now study generators of semigroups satisfying the SQDB-6 introduced in Def-
inition 3 involving the time reversal operation. In this section, we always assume that
the invariant state p and the anti-unitary time reversal 6 commute.

The relationship between the QMS satisfying the SQDB-6, its dual and their gener-
ators is clarified by the following
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Proposition 5. A QMS 7T satisfies the SQDB-0 if and only if the dual semigroup T'
is given by

T/ (x) = 0T;,(0x0)0  forall x € B(h). (19)

In particular, if T is norm-continuous, then T’ is also norm-continuous. Moreover, in
this case T' is generated by

L'(x) =0L0x0)0, x € B(h). (20)

Proof. Suppose that 7 satisfies the SQDB-0 and put o (x) = 6x6. Taking ¢t = 0 Eq. (6)
reduces to tr (p/2xp/2y) = tr (p'/2 o (y*) p'/20 (x*)) for all x, y € B(h), so that

tr (0 2xp T (y) = r (p' 2 0 (y*)p 2T (0 (x¥)))
=t (0" o (T(a(x*)*p o (0(y*)"))
=t (0" o (T(a(x))p'?y)

for every x,y € B(h) and (19) follows. Therefore, if 7 is norm continuous,
7] = (0 07y 0 0); is also.
Conversely, if (19) holds, the commutation between p and 6 implies

(027, (x)p2y) = te (0 20T 03006 %)
=t (9 (p‘/zz(exe)ep‘/zye) 9)
— (pl/zey*pl/zez(ex*e))

and (19) is proved. Now (20) follows from (19) differentiating att = 0. O

We can now describe the relationship between special GKSL representations of £
and L'

Proposition 6. If T satisfies the SQDB-0 then, for every special GKSL representation
of L by means of operators H, Ly, the operators H' = —0 HO and L) = 0 L6 yield a
special GKSL representation of L.

Proof. Consider a special GKSL representation of £ by means of operators H, L. Since
L'(a) = 6L(ah)6 by Proposition 5, from the antilinearity of # and 6% = 1 we get

1
0L'(a)0 = ilH, 0af] — 5 > (LiLi#a® — 2L;0ab Ly +0adLiLy)
k

=i0 (0HOa —abHO)O + Z 0 ((OL;0)a(0 L)) 6
k

1
-3 Ze ((BL}O)OLkO)a+a(O@LiO)(OLi)) 6
k
=6 (—i[0HO 0 - LSo (e — 2L aLl vaLi L) 60
= il »al) EZ (Li Lya paLi+aLiLy) 6,
k

where L := 6 Li6. Therefore, putting H' = —0 H0, we find a GKSL representation of
L' which is also special because tr(oL;) = tr(fpL0) = tr (L} p) = tr(pLy) = 0.
0
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The structure of generators of QMSs satisfying the SQDB-6 is described by the
following

Theorem 8. A QMS T satisfies the SQDB-6 condition if and only if there exists a special
GKSL representation of L, with operators G, Ly, such that:

1. p'26G*6 = Gp!/?,

2. ,01/20LZ9 = Zj ukij,ol/zfora self-adjoint unitary (uy;)i; on K.

Proof. Suppose that 7 satisfies the SQDB-6 condition and consider a special GKSL rep-
resentation of the generator £ with operators G, L. The operators —9 H9 and 0 L6 give
then a special GKSL representation of £’ by Proposition 6. Moreover, by Theorem 4, we
have another special GKSL representation of £’ by means of operators G’, L), such that
G'p'?2 = pl2G*+icp'/?* forsome c € R, and L,’c,ol/2 = pl/sz. Therefore there exists
a unitary (vgj)x; on K such that L; = Zj vk L j6, and p]/zLZ = Zj vkaLjQ,o]/z.
Condition 2 follows then with uy; = vg; left and right multiplying by the antiunitary 6.
In order to find condition 1, first notice that by the unitarity of (vg;)«;,

ZL;*L; = Z@L;;Lke. 1)
k k

Now, by the uniqueness of G’ up to a purely imaginary multiple of the identity in a
special GKSL representation, H' = (G"™ — G’)/(2i) is equal to —0 H6 + ¢ for some
¢1 € R. From (21) and G'p'/? = p'/2G* + icp'/? we obtain then

1
pl/ZG* +icpl/2 _ G’pl/z _ —iH’,ol/z -3 Z L}(*L;{,olﬂ
k
1
. 12, .. 12 1 * 172
=i0H6Op '~ +icip 3 Ek OL;Li0p

= 9G9p1/2+iclpl/2.

It follows that p'/20G*0 = Gp'/? +icyp'/? for some ¢ € R. Left multiplying by p'/2
and tracing we find

icy =tr (0pG*0) — tr(pG) = tr(Gp) — tr (pG) = 0

and condition 1 holds.
Finally we show that the square of the unitary (u,;); on K is the identity operator.
Indeed, taking the adjoint of the identity p'/%6 L0 = Zj Ugj Lj,ol/z, we have

OLi0p'* = iugjp' L%
j

Left and right multiplying by the antilinear time reversal 6 (commuting with p) we find
Lip'? = Zeﬁkjp‘/zLj.e = Zuk,-p‘/zeLje.
J J
Writing p1/29L’J‘f€ as >, ujmLnp!'/? by condition 2 we have then
Lip'? = Zukjuijm,Ol/z = Z(MZ)kmmel/z
m

j.m
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which implies that u> = 1 by the linear independence of the L, p!/?. Therefore, since
u is unitary, u = u*.
Conversely, if 1 and 2 hold, we can write 0'20L£(6x0)0p'/? as
p'20G*0xp'? + > p'20Li0x0Li0p"* + p' 2 x0GOp' />
k
= Gp'2xp!/? 4 ZLjpl/zxpl/zLj +p2xp12G*,

J

This, by Theorem 4, can be written as

o\ 2(Gyxp!/? + Z,Ol/z(L/j-)*xL’jpl/z + 020G p V2 = P2 (x) p V2.
J

It follows that 6 L(0x0)0 = L/(x) for all x € B(h) because p is faithful. Moreover,
it is easy to check by induction that 0.L" (0x0)0 = (L)"(x) for all n > 0. Therefore
0T;(0x0)0 = T/(x) forallt > Oand 7 satisfies the SQDB-6 condition by Proposition 5.

O

We now provide a geometrical characterisation of the SQDB-6 condition as in The-
orem 6. To this end we introduce the trace class operator R on kK

Ri =tr (p1/2L’;p1/29Lze) . (22)

A direct application of Lemma 3 shows that R is trace class. Moreover it is self-adjoint
because, by the property tr (0x0) = tr (x*) of the antilinear time reversal, we have

Rjg=1tr (,ol/zLjf,ol/zé‘L,’(‘G)
—tr (Q(Lke,ol/zLjpl/ZQ)@)

r (p‘/zeLjp‘/zeLz)
— ((p1/29Lj9)(p1/2L,t)) = Ryj.

Theorem 9. 7 satisfies the SODB-0 if and only if the operators G, Ly of a special GKSL

representation of the generator L fulfill the following conditions:

1. p'26G*0 = Gp'/?,

2. the closed linear span of{pl/ZHL};Q | €> 1} and {Lg/ol/2 | €> 1} in the Hilbert
space of Hilbert-Schmidt operators on h coincide,

3. the self-adjoint trace class operators R, C defined by (17) and (22) commute and
C~ 'R is unitary and self-adjoint.

Proof. 1t suffices to show that conditions 2 and 3 above are equivalent to condition 2 of
Theorem 8.

If 7 satisfies the SQBD-6, then it can be shown as in the proof of Theorem 6 that
2 follows from condition 2 of Theorem 8. Moreover, left multiplying by p!/ zLj the

identity p!/?0L}0 = > ug;Ljp'/? and tracing, we find

tr (pl/zL’[,ol/ZGLZQ) = Z ukjtr (oL L)

J
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for all k, £,i.e. R = CUT. The operator U7 is also self-adjoint and unitary. Therefore
R and C have the same range and, since the domain of C~! coincides with the range of
C, the operator C~! R is everywhere defined, unitary and self-adjoint. It follows that the
densely defined operator RC ™! is a restriction of (C~'R)* = C~'R and CR = RC.
In order to prove, conversely, that 2 and 3 imply condition 2 of Theorem 8, we first
notice that, by the spectral theorem there exists a unitary V = (V5 )m.n>1 on the multi-
plicity space K such that V*CV is diagonal. Choosing a new GKSL representation of the
generator £ by means of the operators Ly = >, | vsk Ly, if necessary, we can suppose

that both (Lgpl/z)gzl and (,01/2L;)k21 are orthogonal bases of the same closed linear
space. Note that

r (2L ip POLN;0) = D Bukvmjir (0" 2L 0L;,6)

m,n>1

and the operator R, in the new GKSL representation, transforms into V*RV which is
also self-adjoint.
Expanding p'/26 L} 0 with respect to the orthogonal basis (L(,Ol/z)lzl, forallk > 1,
we have
127% ,1/297 %
poLio =3 < Lzﬁz THD e, (23)
=1 [Lept/=]) HS

i.e. pl/ZQLZG =2 ykng,ol/2 with a unitary matrix ¥ of complex numbers yg.

Clearly, we have yyy = (C 1R ) ek . It follows then from condition 3 above that Y coin-
cides with the unitary operator (C~! R)” and condition 2 of Theorem 8 holds. Moreover,
Y is self-adjoint because both R and C are. O

As an immediate consequence of the commutation of R and C we have the following
parallel of Corollary 1 for the SQDB condition

Corollary 2. Suppose that a QMS T satisfies the SQDB-0 condition. For every special
GKSL representation of L with operators Lyp'/? orthogonal as Hilbert-Schmidt oper-
ators onh iftr(pl/zLjpl/ZHLZ@) # 0 for a pair of indices k, £ > 1, then tr (oLjL¢) =
tr (pLZLk).

When the time reversal 6 is given by the conjugation fu = u (with respect to some
orthonormal basis of h), 8x*@ is equal to the transpose x” of x and we find the following

Corollary 3. 7 satisfies the SODB-6 condition if and only if there exists a special GKSL
representation of L, with operators G, Ly, such that:

1. pl/ZGT — G,Ol/z,'
2. ,ol/zL]{ = Zj ukij,ol/zfor some unitary self-adjoint (uj;j);.

6. SQDB-0 for QMS on M;,(C)

In this section, as an application, we find a standard form of a special GKSL represen-
tation of the generator £ of a QMS on M;(C) satisfying the SQDB-6.
The faithful invariant state p, in a suitable basis of C2, can be written in the form

1
p:(glgv)zz(ao+(2v—l)03), 0<v<l,
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where oy is the identity matrix and o1, 03, 03 are the Pauli matrices

01 0 —i 10
=(0) ==(0d) ==()

The time reversal 6 is the usual conjugation in the same basis of C?.

In order to determine the structure of the operators G and Lj satisfying conditions
of Corollary 3 we find first a convenient basis of M;(C). We choose then a basis of
eigenvectors of the linear map X — p'/2X7 p=1/2 in M,(C) given by 09, 0}, 0}, 03,
where

O_U_ O \/ﬂ v o O _l\/ﬂ
P\vea=y o ) 20—w 0 )

0, =
Indeed, 09, 0/, 03 (resp. o) are eigenvectors of the eigenvalue 1 (resp. —1).
Every special GKSL representation of £ is given by (see [11], Lemma 6.1)

Ly = —Qv — Dzi300 + zk10] + 2120y + 21303, ke J <€{1,2,3}

with vectors zx := (21, Zk2, 2k3) (kK € J) linearly independent in C3.
The SQDB-6 holds if and only if G, Ly satisfy
i) G=p'2G"p~12,
(i) Lg = Zjej uk.,‘,ol/zLJT,o_l/2 for some unitary self-adjoint U = (ug;)k, je7-
Now, if J # @, since every unitary self-adjoint matrix is diagonalizable and its spec-

trum is contained in {—1, 1}, it follows that U = W*DW for some unitary matrix
W = (wjj); jes and some diagonal matrix D of the form

diag(ey, ..., 7D, € € {—1,1}, 24)

where | 7| denotes the cardinality of 7. Therefore, replacing the L;’s by operators
L, = Zjej wy; L j if necessary, we can take U of.the form (24). .

‘We now analyze the structure of Lj’s corresponding to the different (diagonal) forms
of U. By condition (ii) we have either Ly = p'/>LI p=1/2 or Ly = —p'/?LT p=1/%; an
easy calculation shows that

L, = ,ol/zL,{,o_l/2 ifand only if zx» =0 (25)
and
Ly =—p'"LTp7V2 ifand only if 231 = zx3 = 0. (26)

Therefore, the linear independence of {z; : j € J} forces U to have at most two eigen-
values equal to 1 and at most one equal to —1 and, with a suitable choice of a phase
factor for each Ly, we can write

Ly = (1 —2v)rpog +rroz + {kO'IU fork=1,2andr, e R, g € C 27
L3 = }”302‘}, r3 € R. (28)
Clearly L1 and L, are linearly independent if and only if 71{> # r»¢;. This, together

with non triviality conditions leaves us, up to a change of indices, with the following
possibilities:
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@ |J|=1,U=1thenJ = {1} with ri; 0,

(b) 17| =1,U = —1 then J = {3} with r3 £ 0,

(©) |J|=2,U =diag(l, 1) then J = {1, 2} with ri {17282 # 0, 1142 # 1281,

(d) |J|=2,U =diag(l, —1) then J = {1, 3}, withr3 # 0, 711 # O,

() |J| = 3, U = diag(1,1,—1) then J = {1,2,3} with r1{ # g1, r3 # 0,
ri&irag # 0.

To conclude, we analyze condition (7). If G = (gjk)
equivalent to

1<jk<2 then statement (i) is

Vv =v1T-vgpn. 29)

Since G = —iH—2"'>, LiLy with H = 23:1 vjoj,vj € Ryand >, L7 Ly isequal
to the sum of a term depending only on og and o3 plus

Z 20y (_ 0 aN2v(1l —v) — Gu/2(1 — v))
GV2v(1 = v) — /20 =) 0 ;

in the case J # ¢ the identity (29) holds if and only if

[ 0 (VT=0 =) = =BT =0 (VI + 0’ S nda 5

k=1,2

v (VT—v+ ﬁ) =—2v(1 —v) (\/1 —v— ﬁ)z Z,%Zl R

On the other hand, when J = ¢, condition (29) is equivalent to \/v(v| + ivy) =

V1 —v(vy —iv),ie.
v (\/1—1;—«/5) =0, =0, G1)
Therefore we have the following possible standard forms for L.

Theorem 10. Let Ly, Ly, L3 be as in (27), (28), H = Z§=1 vjoj with vy, v2 as in
(30) and v3 € R. The QMS T satisfies the SQDB-0 if and only if there exists a special
GKSL representation of L given, up to phase factors multiplying L, Ly, L3, in one of

the following ways:

(0) Hwithvi=v2=0ifv#1/2,andvi e R, v =0ifv=1/2,
(a) H,Lywithr¢ #0,

(b) H, L3 withrs # 0,

(c) H, Ly, Lywithri$1rags #0and ri$n # iy,

(d) H, Ly, Lywithrs #0Qandrigy # 0,

(e) H, Ly, Ly, Lywithri{a # 261, ri¢irée #0andrs # 0.

Roughly speaking, the standard form of £ corresponds, up to degeneracies when
some of the parameter vanish or when some linear dependence arises, to the case e).

We know that a QMS satisfying the usual (i.e. with pre-scalar product with s = 0)
QDB-6 condition must commute with the modular group. Moreover, when this happens,
the SQDB-6 and QDB-6 conditions are equivalent (see e.g. [6,11]).

We finally show how the generators of a QMSs on M (C) satisfying the usual QDB-6
condition can be recovered by a special choice of the parameters ry, 2, 13, {1, {2 in
Theorem 10 describing the generator of a QMS satisfying the SQDB-6 condition.
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To this end, we recall that 7 fulfills the QDB-6 when tr (ox7;(y)) = tr (p0y*07;
(0x*0)) for all x, y € B(h). In [11] we classified generators of QMS on M, (C) satisfy-
ing the QDB condition without time reversal (i.e., formally, replacing 6 by the identity
operator, that is, of course, not antiunitary). The same type of arguments show that, dis-
regarding trivialisations that may occur when some of the parameters below vanishes,
QMSs on M;(C) satisfying the QDB-6 condition have the following standard form

2
L(x)=1i[H,x]— % (sz —2LxL +xL2)

A 2
—u (G_cr+x — 20 xot+ xcr_c7+) —
2
where H = hgog + h3oz (hg, h3 € R), L = —Q2v — 1)og + 03, ot = (o1 £ion)/2
and, changing phases if necessary, A, i, 1 can be chosen as non-negative real numbers
satisfying

. ..
T(aax—Zaxa +xoo),(32)

A2(1—v) = v’ (33)

Choosing r; = n, {1 = 0 we find immediately that the operator L in (32) coincides
with the operator L in (27). Moreover, choosing 7, = 0 we find v; = O and alsov; =0
for v # 1/2. A straightforward computation yields

(xm) . ( 1/ (202/2v) ir/(2r33/2v) ) (Lz)
po— )\ u/Qov2(1 —v)) —ip/(2r3/2(1 —v)) L3

and the above 2 x 2 matrix is unitary if we choose £ = A/(2/v),r3 = i/ (2/1 —v)) =
i¢> because of (33) and changing the phase of 3 in order to find a unitary that is also
self-adjoint.

This shows that we can recover the standard form (32) choosing H, Ly, L>, L3 as in

Theorem 10e) withry = 1,81 = 0,70 = 0,8 = A/(2/V), r3 = ipn/ 21 =), v =
V) = 0.

Appendix

We denote by ¢2(J) the Hilbert space of complex-valued, square summable sequences
indexed by a finite or countable set J.

Lemma 3. Let J be a complex separable Hilbert space and let (§) jey, (n}) jes be two
Hilbertian bases of J satisfying 3 ;¢ ”Ej H2 <00, ey H nj ”2 < 00. The complex
matrices A = (aji)j ke, B = (bji)jkes, C = (Cjk)jker given by

ajr =&, &), bjk=&j,m), cjk =), k)

define trace class operators on €>(J) satisfying B*A~'B = C. Moreover A and C are
self-adjoint and positive.

Proof. Note that
S lpil” = D0 17 imel® =0 1807 D el < oo
J.k=1 Jk=1 Jj k

Therefore B defines a Hilbert-Schmidt operator on 22().



546 F. Fagnola, V. Umanita

In a similar way A and C define Hilbert-Schmidt operators on ¢>(J) that are obvi-
ously self-adjoint. These are also positive because for any sequence (z;,)mes of complex
numbers with z,,, # 0 for a finite number of indices m at most we have

Z Zm@mnZn = Z Zm Ems En) 20 = szé:m

m,neJ m,neJ meJ

> 0.

Moreover, they are trace class because
Zdjj=z}|5j||2<°°v Zij=Z||'7j||2<°°~
jelJ jedJ jeJ jeJ

Finally, we show that B is also trace class. By the spectral theorem, we can find a unitary
V = (Vkj)k, jes on 02(J) such that V*AV is diagonal. The series > Uy j&m 1s norm
convergent because

meJ

2
Z Umj%_m
m

The series >, . ; Umj&n is norm convergent as well for a similar reason. Therefore,
putting E]/. =D ey Umj&m and n/j = > ey Umjnm we find immediately (V¥*AV); =

(6. €)= Ofor j # k, (V*AV)j; = ng’.)z

= Z l_)njanmvmj = (V*Av)jj-

m,nelJ

and

(VEBV)ij = D Bk (Emo nj) = (&0 1)),
(VECV)ij = D Bk Vnj (s 1) = (i 1)
As a consequence, the following identity
(V*B*A_IBV)k, = ((V*B*V)(V*AV)_I(V*BV))k.
J ]

= D (VB Vion (VAV )u) ' (VFBV )

meJ

- RV
_%<”"’ns,;n><n5/u >

= (e, 0j) = (VICV)y;

holds because (§,,/&,, Dmey is an orthonormal basis of 7.

This proves that V*B*A~!BV = V*CV i.e. B*A~'B = C. It follows that |[A~!/2
B| = C'/2 is Hilbert-Schmidt as well as A~1/2B and B = AY/2(A~'/2B) is trace class
being the product of two Hilbert-Schmidt operators. O
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