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Abstract: The nonlinear Klein-Gordon-Maxwell equations provide models for the
interaction between the electromagnetic field and matter. We assume that the nonlin-
ear term W is positive and W(0) = 0. This fact makes the theory more suitable for
physical models (for example models in supersymmetry theory and in cosmology; see
e.g. [16,22,28] and their references).

A three dimensional vortex is a finite energy, stationary solution of the Klein-Gor-
don-Maxwell equations such that the matter field has nontrivial angular momentum
and the magnetic field looks like the field created by a finite solenoid. Under suitable
assumptions, we prove the existence of three dimensional vortex-solutions.
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1. Introduction

A vortex is a solitary wave i with non-vanishing angular momentum (M (¢/) # 0).
Roughly speaking, a solitary wave is a solution of a field equation whose energy is
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localized and which preserves this localization in time. The vortices in the nonlinear
Klein-Gordon equation (KG) (with a positive nonlinear term W (s) with W(0) = 0) are
also considered in the Physics literature with the name of spinning Q-balls, even if they
do not exhibit spherical symmetry (see e.g. [16,37]).

In this paper we prove the existence of spinning Q-balls for the nonlinear Klein-Gor-
don-Maxwell equations (KGM) (Theorem 3). The KGM represents a basic example of a
system of equations exhibiting Poincar¢ and local gauge symmetries (see e.g. [33] Sect.
2.7 and [38] Sect. 1.4). Various physical phenomena like superconductivity or models
for elementary particles and cosmology are described by KGM (see e.g. [16,22,28] and
references) or by suitable variants (see e.g. [24] Sect. 8.8, [31] Sect. 3.6, [36] Sect. 4).

Now we will review some results relative to solitary waves and vortices. The KGM
can be regarded as a perturbation of the nonlinear Klein-Gordon equation (KG) (see
(3)). So first we recall also some existence results of solitary waves and vortices for KG:

e Forthe case M (¢) = 0, we recall the pioneering paper of Rosen [32] and [14,17,34].
When the lower order term W is positive and W (0) = 0 (see (3)), the spherically
symmetric solitary waves have been called Q-balls by Coleman in [18] and this is the
name used in the physical literature.

e Vortices for KG in two space dimensions have been investigated in [26]; later also
three dimensional vortices for KG have been studied (see [3,5,13,16,37]).

Now let us see some literature on KGM. We notice that the peculiarities of the model
depend on the lower order term W and it is relevant to distinguish various situations.

e For the case M () = 0, the existence of solitary waves for KGM was first proved in
[7] assuming that

1 p
W(s):Esz—S;,4<p<6, s > 0. (1)

The existence of solitary waves for KGM in this situation (i.e.with M (/) = 0 and
W as in (1)) has been studied also in [15,19-21]. In these papers the existence and the
non-existence of stationary solutions has been proved under different assumptions.

However the lower order term W defined by (1) is not suitable to model interesting
physical models since it is not positive for all s. In fact, in this case, there are configura-
tions with negative energy and since (in relativistic models) energy equals the mass, we
have the presence of negative mass which, usually, is not acceptable. So it is relevant to
investigate the case W > 0.

e The case W > 0 and M (¥) = 0 has been treated in [8 and 12].
Now let us consider the existence of vortices (M () # 0) for KGM.

e The existence of vortices for Abelian gauge theories in two space dimensions has been
discovered in a seminal paper by Abrikosov [1] in the study of the superconductivity.
Then, in [30], the planar vortices are studied in the context of elementary particles
(see also the books [24,31,33,38] with their references). We point out that, in these
cases, the function W that has been considered is of the type

W(s) = (1 —sz)z, 2)

namely it is a double well shaped and positive function.
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e In[11,10] the existence of vortices in 3 space dimensions has been proved assuming
(1).

e If W is positive and W(0) = 0, the vortices in KGM are called gauged spinning
Q-balls. As far as we know, no mathematical result exists.

In this paper we prove the existence of gauged spinning Q-balls in 3 space dimen-
sions (Th.3) provided that W satisfies W1), W2), W3) and W4) (see Sect. 2.4) which
are the natural assumptions for this kind of problems.

Since the KGM are invariant for the Lorentz group, a Lorentz boost of a vortex creates
a travelling and “spinning” solitary wave.

The paper is organized as follows. In Sect. 2 we introduce the KGM-equations, we
study some of their general features, we give the definition of three dimensional vor-
tex and finally state the main result in Theorem 3. Section 3 is devoted to the proof of
Theorem 3.

Remark 1. In many situations, as in this paper, the existence of stable structure such
as solitary waves and/or vortices is obtained by minimising the energy over a class of
configurations of a given charge (the charge is defined by (28)). If such a minimizing
configuration exists, we may think that there is a force which binds the “matter” (see [6]
for details). The relative solitary waves have been called hylomorphic in [4] (see also
[12]). This name comes from the Greek words "hyle”’="matter > and "morphe orm”.

For this reason, the spinning Q-balls coud be called “hylomorphic vortices”.

99__ 99

2. Statement of the Problem and Results

2.1. The Klein-Gordon-Maxwell system. The nonlinear Klein-Gordon equation for a
complex valued field ¥, defined on the spacetime R*, can be written as follows:

Oy + W) =0, 3)
where

2 2 2 2
Oy =20 Ay, Ay =20 000

2 2 2 2
at 0x; dxy;  0x3
and, with some abuse of notation,

/ _ l
W) =W (IWI)W'

for some smooth function W : [0, c0) — R. Hereafter x = (x, x2, x3) and ¢ will
denote the space and time variables. The field ¥ : R* — C will be called matter field. If
W'(s) is linear, W'(s) = m%s, mo # 0, Eq. (3) reduces to the Klein-Gordon equation.

Consider the Abelian gauge theory in R* equipped with the Minkowski metric and
described by the Lagrangian density (see e.g. [9,33,38])

L=Ly+ Ly —W(¥D, 4
where

1
Lo =5 |16 +ige) v > =1V —ig) y ],

1 1
L= 3 |0,A + Vo |* — 3 IV x A%
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Here g denotes a positive parameter, Vx and V denote respectively the curl and the
gradient operators with respect to the x variable, d; +ig¢ and V — igA are the covariant
derivatives, and

A= (A}, Ay, A3) eRPand ¢ € R

are the gauge potentials.
Now consider the total action

s= / (Lo + L1 — Wy D) dxd. 5)

Making the variation of S with respect to ¥, ¢ and A we get the system of equations
(KGM),

(3 +igp)> ¥ — (V —igA)’ ¥ + W (¥) =0, (©6)
0
V. (0A+V$) =g (Im’%’ +q¢) [y %, (7)
v _ ( Vi ) 2
X (VxA)+09 (,A+Vep) =¢q Im7—qA [y~ (8)

Here V- denotes the divergence operator.
If we make the following change of variables:

E = oA A\ 9
——(5+ ¢>), ©9)
H=V x A, (10)
d
p=—q (Im%’+q¢) w2, (11)
\Y
i=q (Im%’ —qA) v, (12)

we see that (7) and (8) are the second couple of the Maxwell equations with respect to a
matter distribution whose electric charge and current densities are respectively p and j:

V-E =p, (13)

vxH-E_j (14)
X - — =].
ar )

Equations (9) and (10) give rise to the first couple of the Maxwell equations:

oH
VXE+¥=O, (15)

V.H=0. (16)

If we set

. R
Vit x)=u(t, x)eSY yeRY, Se —,
27,
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Eq. (6) can be split in the two following ones:

ot

0 aS 2 2| _
§[<¥+q¢)ui|—V-[(VS—qA)u:|—0,

and these equations, using the variables j and p, become

2
Ou+ W (u) + |:|VS —gA* - (ﬁ +q¢) ] u=0,

j2_p2
Ou + W (u) + 53 =0, (17)
q°u
ap
— +V.j=0. 18
Y J (18)

Equation (18) is the charge continuity equation.

Notice that Eq. (18) is a consequence of (13) and (14).

In conclusion, an Abelian gauge theory, via Egs. (17,13,14,15,16), provides a model
of interaction of the matter field ¥ with the electromagnetic field (E, H).

Observe that the Lagrangian (4) is invariant with respect to the gauge transformations

U — ey, (19)
¢ — ¢ —0x, (20)
A— A+Vy, 20

where x € C*® (R4).

So, our equations are gauge invariant; if we use the variable u, p, j, E, H, this fact
can be checked directly since these variables are gauge invariant.

In fact, Egs. (13—17) are the gauge invariant formulation of Egs. (6-8).

2.2. Conservation laws. Noether’s theorem states that any invariance for a one-param-
eter group of the Lagrangian implies the existence of an integral of motion (see e.g.
[25]).

Here there are the integrals which are relevant for this paper.

e Energy. Energy, by definition, is the quantity which is preserved by the time invariance
of the Lagrangian; using the gauge invariant variables, it takes the following form:

£=En+&y, (22)
where
1 du\> 2452
& = -/ BN L Vul + Wy + 2 | ax,
2 ot 2q%u?
39S
p=—q (5 +q¢>) u?, (23)

i=q (VS —qA)u?, (24)
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and

& = % / (E2 +H2) dx

(for the computation of &, see e.g. ([9])).

e Momentum. Momentum, by definition, is the quantity which is preserved by the space
invariance of the Lagrangian; using the gauge invariant variables, it takes the following
form:

P=P, +P/, (25)

where

P, =/|:— (Oru Vu)+%i| dx
q°u

and

Pf:/Edex.

o Angular momentum. The angular momentum, by definition, is the quantity which is
preserved by virtue of the invariance under space rotations of the Lagrangian with
respect to the origin. Using the gauge invariant variables, we get:

M=M, +My, (26)
where

M,, =/ |:—x X (Vu d,u) +x x %} dx 27
q°u

and
Mfz/xx(ExH) dx.

Notice that each of the integrals £, P, M can be split in two parts (see (22), (25),
(26)). The first one refers to the “matter field” and the second to the “electromagnetic
field”.

e Electric charge. The electric charge is the quantity which is preserved by the gauge
action (19, 20, 21). Using (18), we see that it has the following expression:

0= /,odx = —q/(E)[S +g)u’dx. (28)
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2.3. Stationary solutions and vortices. We look for stationary solutions of (6), (7), (8),
namely solutions of the form

. R
Vi, x)=u@x) eSO, ueRY, weR, S=Sy(x)—wt € 7 (29)
T

A =0, 9,¢ =0. (30)

Substituting (29) and (30) in (6), (7), (8), we get the following equations:

—Au+ [|VSO _gAP? - (w—q¢)2] w+ W () =0, G1)
_v. [(vso —gA) u2] —0, 32)

—Ap =g (w—q¢)u?, 33)

V x (V x A) =q (VSy — gA) u>. (34)

Observe that Eq. (32) easily follows from Eq. (34). Then we are reduced to study the
system (31), (33), (34). The energy of a solution of equations (31), (33), (34) has the
following expression:

= l/(|Vu|2+|V¢|2+|VxA|2+(|VSO—qA|2+(a)—q¢)2)u2)

2
+/me (35)
Moreover the (electric) charge (see (28)) is given by
0 =qo, (36)
where
o= / (0 — q¢) udx. (37)

For a possible interpretation of o see [6].

Clearly, when u = 0, the only finite energy gauge potentials which solve (33), (34)
are the trivial ones A =0, ¢ = 0.

It is possible to have three types of finite energy stationary non trivial solutions:

e clectrostatic solutions: A = 0, ¢ # 0;
e magnetostatic solutions: A # 0, ¢ = 0;
e clectro-magneto-static solutions: A # 0, ¢ # 0.

Under suitable assumptions, all these types of solutions exist. The existence and the
non existence of electrostatic solutions for Egs. (31), (33) have been proved under dif-
ferent assumptions on W. In [7,15,19-21] lower order terms W like (1) have been taken
into account. In [8 and 12] the existence of electrostatic solutions has been studied for a
class of positive lower order terms W. In particular the existence of radially symmetric,
electrostatic solutions has been analyzed. These solutions have zero angular momentum.

Here we are interested in electro-magneto-static solutions, in particular we shall study
the existence of vortices, which are solutions with nonvanishing angular momentum.
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We set
Y= {(xlvx27x3) € R3 X1 =X :O} s

and we define the map

R
0:R\E > —,
277
0(x1, x2, x3) = Imlog(x; +ixy).
In (29) we take Sy = €6 (£ integer) and give the following definition.

Definition 2. A finite energy solution (u, So, ¢, A) of Eq. (31), (33), (34) is called vortex
if So = €6 (x) with £ # 0.

In this case, ¥ has the following form:
VU, x) = u(x) e WOy c 710}, (38)

We shall see (Proposition 7) that the angular momentum M,,, of the matter field of a
vortex does not vanish; this fact justifies the name “vortex”.

Observe that @ € C*® (R3\E, %) . We set with abuse of notation

X2 X1
VO(x) = 5——e1 — 5——¢€,
X7+ X5 Xi +Xx;
where e, e, 3 is the canonical base in R3.

Using the ansatz (38), Egs. (31), (33), (34) become
—Au+ [wve —gAP — (0 — q¢)2] w+ W) =0, (39)
—A$p =q (0 —qp)u’, (40)
V x (VxA)=q (VO —gA) u’. 41)

2.4. The main existence result. Let W satisfy the following assumptions:

e WI)Vs >0: W(s) >0,
e W2) W is C2 with W(0) = W/(0) = 0, W/(0) = m? > 0,
e W3)inf ( X&) <1,

s>0 \ 242

e W4) There exist positive constants cy, ¢z, p, ¢,with 2 < g < p < 6, such that for
s >0,

IN'(s)] < c1s97 Vg epsP L

We shall set

m2 2
W(s) = 5"+ N(s). (42)

Clearly assumption W3) is equivalent to require that there exists so > 0 such that

N(sp) < O. (43)
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By rescaling time and space we can assume without loss of generality
m? = 1.

Moreover, for technical reasons it is useful to assume that W is defined for all s € R
just setting

W(s) = W(—s) fors <QO.
Now we can state the main existence result.

Theorem 3. Assume that the function W satisfies assumptions W1),W2),W3),W,). Then
for all ¢ € 7 there exists ¢ > 0 such that for every 0 < q < q, Egs. (39)—(41) admit a
finite energy solution in the sense of distributions (u, , ¢, A), u # 0, w > 0. The maps

u, ¢ depend only on the variables r = | /x% + x% and x3

u=u(rx3), ¢ =¢ x3),

and the magnetic potential A has the following form:
A= ar, x)V6 = alr.x3) (e - Se2). (44)
r r

Ifq=0,thenp =0,A =0.Ifq > 0then ¢ # 0. Moreover A # 0 if and only if € # 0.

Remark 4. When there is no coupling with the electromagnetic field, i.e. ¢ = 0, Egs.
(39)—(41) reduce to find vortices to the nonlinear Klein-Gordon equation and an analo-
gous result has been obtained in [3].

Remark 5. When ¢ = 0 and g > 0 the last part of Theorem 3 states the existence of
electrostatic solutions, namely finite energy solutions with u # 0, ¢ # 0 and A = 0.
This result is a variant of a recent theorem (see [12]).

Remark 6. By the presence of the term VO Egs. (39), (41) are not invariant under the
O (3) group action as it happens for Egs. (6)—(8) we started from. Indeed there is a
breaking of radial symmetry and the solutions u, ¢, A in Theorem 3 have only an S'
symmetry.

Proposition 7. Let (u, o, ¢, A) be a non trivial, finite energy solution of Egs. (39)—(41)

as in Theorem 3. Then the angular momentum My, (see (27)) has the following expres-
sion:

M, = — [ / (£ —qa) (@ — q¢) uzdx} es, (@3)

and, if £ # 0, it does not vanish.

Proof. By (27), (38), (23), (24) and (44), we have that

M,, =/x x VO (£ — qa) (w—q¢)u2dx.
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Let us compute

X2 X1
X X VO = (x1€] + xpe + x3€3) X (—261 — —202)
r r
xlze Doy 4 2B, B,
= 583 = 53T —7€ T —5—¢€]
) 2 2 2
X1X3 X2X3
= —5€ € —e3
l"2 1’2

Then
X1X3 X2X

M, (§) = / (Mo + 2P0 — ) (€ g0 0 — g iPdr. @6)

_ o2 _ 2
On the other hand, since the functions prM and xm\gw
are odd in x; and x» respectively, we have

/ (Z—qa><w—q¢)u2_/ (t —qa) (0 — qp) u*
X1X3 = [ X2X3

72 2

=0. (47)

r

Then (45) follows from (46) and (47). Now let £ # 0. In order to see that M,,, #~ 0,
it is sufficient to prove that

(€ —qa)(w—q@p) >0, (48)
or that
(€ —qa) (w—q¢) <O0. (49)
Clearly, since £, w # 0 (48) or (49) are satisfied when ¢ = 0. Now letg > 0. Assume
that £ > 0 and we show that (48) is verified. The case £ < 0 can be treated analogously.
By (33) we have that
—A¢ + q2u2¢ = qa)uz.

Since w/q is a supersolution, by the maximum principle, ¢ < w/q andhencew—q¢ > 0.
So, in order to prove (48), it remains to show that

£ —ga > 0. (50)
By (34) we have that
V x (VxA)=q (VO — gA) u’. (51)
Now a straight computation shows that,
V x (V xaVe)=>b Ve, (52)

where

Then, setting A = aV#6 in (51) and using (52), we have

d%a N 1da 3%a @ )u?
-t — = —qga)u”.
or? " 20r oy 10T
Since €/q is a supersolution, by the maximum principle, a < £/qg and hence (50) is
proved. O
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Finally let us observe that under general assumptions on W, magnetostatic solutions
(i.e. with w = ¢ = 0) do not exist. In fact the following proposition holds:

Proposition 8. Assume that W satisfies the assumptions W(0) = 0 and W'(s)s > 0.
Then (39), (40), (41) has no solutions with w = ¢ = 0.

Proof. Setw =0, ¢ = 0in (39) and we get
—Au+1V0 — gAl> u+ W' u) = 0.
Then, multiplying by u and integrating, we get

/ |Vul? + V6 — gA|? u?> + W (w)u = 0.

So, since W/(s)s >0, we getu =0. O

3. The Existence Proof

3.1. The functional setting. Let H' denote the usual Sobolev space with norm
el =/(|Vu|2+u2>dx;

moreover we need to use also the weighted Sobolev space H' whose norm is given by

£2
Il = [ [|w|2+ (1 + 72) MZ} dx, L e L.

where r = 1/xl2 +x§. Clearly H' = H' when ¢ = 0.

We set D = C° (R3) and we denote by D2 the completion of D with respect to the
inner product

| w)piz = / Vv -Vwdx. (53)

Here and in the following the dot - will denote the Euclidean inner product in R3.
We set

. 3
H=H"xD"?x (Dl’z) ,

2 (54)
. . A3, = / Vul? + (1 ¥ —2) W2+ VP + VAP,
r
We shall denote by u = u(r,x3) the real maps in R3 which depend only on
r = /x? +x3 and x3. We set
Dr={uecD:u=u(x3)}, (55)

and we shall denote by D,l’z (respectively I:Ir1 ) the closure of D, in the D!-2 (respectively
H 1) norm.
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Now we consider the functional

1
J(u, ¢, A) = 5/ [Vul?> — |[V§> +|V x AJ?

+%/ [we —gAP — (0 — q¢)2] u? +/ W (u), (56)

where (u, ¢, A) € H. Equations (39), (40) and (41) are the Euler-Lagrange equations
of the functional J. Standard computations show that the following lemma holds:

Lemma 9. Assume that W satisfies W1),..., W4). Then the functional J is C Lon H.

By the above lemma it follows that the critical points (u, ¢, A) € H of J (withu > 0)
are weak solutions of Eq. (39), (40) and (41), namely

/W Vo4 [wve — AP — (0 — q¢)2] W+ W v =0, Voe A, (57)
/w) - Vw — qu* (0 —q¢)w =0, Yw € D', (58)

/(v x A) - (V x V) —qu”> £V —gA)-V =0, VV € (D"?)3. (59)

3.2. Solutions in the sense of distributions. Since D is not contained in H', asolution
(u,p,A) € H of (57), (58), (59) need not to be a solution of (39), (40), (41) in the
sense of distributions on IR3. In fact, since V& (x) is singular on X, it might be that for
some test function v € D, when £ # 0, the integral [ £V — gA|? uv diverges, unless
u is sufficiently small as x — X.

In this section we will show that this fact does not occur, namely the singularity is
removable in the sense of the following theorem:

Theorem 10. Let (1o, ¢o, Ag) € H, ug > 0 be a solution of (57), (58), (59) (i.e. a crit-

ical point of J). Then (uq, ¢o, Ag) is a solution of Egs. (39), 40) and (41) in the sense
of distribution, namely

/wo Vo + [wve — gAoP — (@ — q¢0)2] wov + W' (ug)v =0, Yo € D,  (60)

/V¢0~Vw—qu<2) (w—qpo)w =0, Yw e D, 61)

/(v x Ag) - (V x V) — qud (£V60 — gAg) - V=0, YV € D°. (62)

Let x, (n positive integer) be a family of smooth functions depending only on

r=, /x12 + x% and x3 and which satisfy the following assumptions:

Xn (r,x3) = 1forr

SRERENTNY

=
Xn (r,x3) =0forr <

[xn (r,x3)] < 1,
IVxn (r, x3)| < 2n,
Xn+1 (1, X3) = xn (1, X3).
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Lemma 11. Let ¢ be a function in H' 0 L™ with bounded support and set ¢, = ¢ - x,.
Then, up to a subsequence, we have that

©n — @ weakly in H'

Proof. Clearly ¢, — ¢ a.e. Then, by standard arguments, the conclusion holds if we
show that {¢,} is bounded in H'. Clearly {¢,} is bounded in L?. Let us now prove that

[ / |v¢,,|2] is bounded.

/|V«>n|2 < 2/ Vo -l +10 - Vxal?

52/|w|2+2/ 0 -Vl
Ie

l"gz{xeR3:(p750and IVxn(r,z)I#O}-

We have

where

By our construction, |Is| < ¢/n?, where ¢ depends only on ¢. Thus

/|V¢>n|2 52/|V<o|2+2||¢||ioo/ IV x|
Ie

< 2/ Vol +2 g2 - Tel - 1V xul2ox
52/|V¢|2+8c 1o

Thus ¢, is bounded in H'! and ¢, — ¢ weakly in H'. O
Now we are ready to prove Theorem 10.

Proof. Clearly (61) and (62) immediately follow by (58) and (59). Let us prove (60).
The case £ = 0 is trivial. So assume £ # 0. We take any v € D and set ¢, = v* x,,

where v = ‘vl# Then, taking ¢, as a test function in Eq. (57), we have

[ 710V, + 190~ €908 = oo — 07| wogn + W' o) 6, = 0. (63)
Equation (63) can be written as follows
A, +B,+C,+ D, =0, (64)
where

Au= [ Vo Von. B, = [ (#8300~ o= 0P w0+ W w0)) 0r. (65)

Cp=-2 / qAo - €V0 uop,, D, = / 1EVO* uopn. (66)
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By Lemma 11,
¢n — v weakly in H'.

Then we have
A, —> /Vuo - Vot

Now

(4*A3u0 — (@0 — @ uo+ W' (o)) € L = (Lﬁ)/.

Then, using again (67) and by the embedding H! c L°, we have

B, — / (QZA(Z)”O — (g0 — )2 ug + W’ (uo)) vt < oo,

Now we shall prove that
C, — —2/qA0 -4V upv® < oo.

Set

C = Br x[—d,d], BR={(xl,xz)e]Rzzrz:xf+x§<R],

where d, R > 0 are so large that the cylinder C contains the support of v*.

Then
On\> v\ 2
/(—n)zdxz/( ") dx
r C r
d R 1 %
cl/ / (—) rdrdx; = M < oo,
—dJo

,
. By (72) we have

IA

3
where ¢ = 27 sup (v*)?
on
r

2
3 < lluoAo I3 M3.

/ Ao - V6 uogn| dx < lluoAo 1,5

Now

Ao - VO togn| — |Ao - VO ugv*| ae. in R?

(67)

(68)

(69)

(70)

(71)

(72)

(73)

and the sequence {|Aq - V6O ugg,|} is monotone . Then, by the monotone convergence

theorem, we get
/ |Ag - €V0 ugp,|dx — / ‘Ao -eVO upvt| dx.
By (73) and (74) we deduce that

/ |Ao AVS u0v+| dx < oco.

(74)

(75)
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Then, since
|Ao - VO uopal < |Ao - VO ugv*| e L',
by the dominated convergence theorem, we get (70). Finally we prove that
D, — / 1eVO|? ugv* < oo. (76)
By (64), (68), (69) and (70) we have that
D, = / [€VO)? uoey is bounded. (77)

Then the sequence |VO|? 1oy is monotone and it converges a.e. to IVO|* ugv*. Then,
by the monotone convergence theorem, we get

/|1zve|2 Uo@ndx —>/|zve|2 uovtdx. (78)

By (77) and (78) we get (76).
Taking the limit in (64) and by using (68), (69), (70), (76) we have

/wo Vot 4 [|qu —evo)? = (qdo — w)z] vt + W' (ug) v* = 0.
Taking ¢, = v~ x, and arguing in the same way as before, we get
/Vuo Vo 4 [|qu —evo)E = (gdo — a))z] o™ + W (up) v~ = 0.
Then
/wo Vv + [|qu —evo)? — (qdo — a))2] wov + W’ (1p) v = 0.

Since v € D is arbitrary, we get that Eq. (60) is solved. O

The presence of the term — [ [V¢ |? gives to the functional J a strong indefiniteness,
namely any critical point of J has infinite Morse index: this fact is a great obstacle to a
direct study of the critical points. To avoid this difficulty we shall introduce a reduced
functional

3.3. The reduced functional. Equation (40) can be written as follows

— Ap +q P = qou®, (79)
and it can be easily verified (see [7], Lemma 3.3) that for any u € H L(R3), there exists
a unique solution ¢ € DL2 of (79).

Clearly, if u € I-Alrl (R3), the solution ¢ = ¢, of (79) belongs to D}’z. Then we can
define the map

ue H' R - Z,u)= ¢, € D"? solution of (79). (80)
Since ¢, solves (79), clearly we have
dpJ (u, Zy (u) ,A) =0, (81)

where J is defined in (56) and dyJ denotes the partial differential of J with respect to
@.
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Proposition 12. The map defined in (80) is C'.

Proof. Observe that dyJ = Jé) does not depend on A. By (81), the points (u, Z,, (1))
of the graph of the map (80) are the zeros of J, q/b On the other hand a straightforward

calculation shows that the derivatives J q/; 50, q’;u of J 4’5 are

T3 (u, @) [E, 0] = / V& - Vidx + / q*u’Endx,

T, @) [E,v] = /Vé - Vvdx +/q2u2.§vdx,
where &, € Dr? and v e I'-AIr1 (R3). Standard calculations show that J(;’ » and qu’u
are continuous and J, ¢’,’ ¢ 1s invertible. Then the conclusion follows by using the implicit

function theorem. O

Foru € H'(R3), let ® = ®,, be the solution of Eq. (79) with w = 1, then ®,, solves
the equation

—AD, + q2u2¢u = quz. (82)
Clearly

Now let ¢ > 0, then, by maximum principle arguments, it is easy to show that for any
ueH! (R3) the solution ®,, of (82) satisfies

0=, < (84)

Q| =

Now, if (u, A) € H! x (D]’2)3, we set
T, A) =T, Zy (), A),

where J is defined in (56). Observe that, since the functional J and the map u —
Z, () = ¢, are C ! (see Lemma 9 and Proposition 12), also the functional Jis CL.
Now, by using the chain rule and Eq. (81), it can be shown (see the first part of the proof
of Theorem 16 in [11] or the Proposition 3.5 in [7] ) that

((u, A) critical point of f) = ((u, Zy (u) , A) critical point of J) . (85)

We will refer to J (u, A) as the reduced action functional. From (82) we have

/quzCIDudx =/|vq>u|2dx+q2/u2q>5dx. (86)
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Now, by (83), (86), we have:
= _ _ 1 2 2 2
J(u,A)—J(M,Zw(u),A)—2 [Vul® = [Vou|“ + |V x Al
1
+§/ [wve — gAP — (G — a))z] u? +/ W ()
_1 2 2 a2
=5 [ (IVul 41V x AP +1696 - AP u

1
—za)z/ (|V<I>M|2 + qzuzcbi +u’— 2qu2d>u) +/ W (u)

1
= E/qu|2+|VxA|2+|£V9—qA|2u2+/W(u)

—7/([1 —q®,Du. (87)

Then

~ a)2

Jw,A) =1(u,A)— TKq(u)’ (88)
where

1
T(u,A) = 5/ IVul> +|V x A|> + V0 —qA|2u2+/W(u)

and

K, (u) = / ([1 — q®,]) u?. (89)

Now, following the same lines as before, we can define the reduced energy functional
as follows:

Eu,A)=E®w, Z, (u),A),
where (see (35))

1
£ = E/ (|W|2 +|VoI> + |V x AP + (1€VO — gA)> + (0 — q¢)2)u2) +/ W (u).

(90)
It can be shown as for (88) that

2
Eu,A) = I(u,A) + %Kq(u). 1)

Observe that
0 =q0 =qwK,(u)

represents the (electric) charge (see (36) and (37)), so that we can write for u # 0,

~ wz 2
E,A) =I(u,A)+ 7Kq,(u) =1(u,A)+ K@)
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Then for any o # 0, the functional defined by

o2

2K, (1)

N 3
Eqq (u,A) = (1, A) + LW A) e A x (Dl’z) Cu£0  (92)

represents the energy on the configuration (1, w®,, A) having charge Q = go or,
equivalently, frequency w = %
The following lemma holds

Lemma 13. The functional
A' cu— K@) =/ u*(1 — gdy,)dx

is differentiable and for any u € H' we have
K'(u) = 2u(l — gd,)>%. (93)

Proof. Set

A(u,cb)=/|vq>|2dx+/u2(1—qcp)2dx.
By (86) clearly we have

Au, ®,) = K (n).

Then
A A
K'(u) = E(u,@u)+£(u,¢’u)¢’/w (94)
where %, % denote the partial derivatives of .4 with respect to u and ® respectively.

Since ®,, solves (82), we have

aA

a_q)(u, ®,) =0.
Then (94) gives

K'(u) = %(u, ®,) = 2u(l — q®,)>.

The following proposition holds

Proposition 14. Let o # 0 and let (u, A) € H' x (D1'2)3 , u # 0 be a critical point of

Es 4 (see (92)). Then, if we set w = %, (u, Z, (u) , A) is a critical point of J.
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Proof. Since (u,A) € H' x (Dl’z)3 , u # 0 is a critical point of E, 4, we have

oK/ (u) w*K! (1)
0=E. A =I'UA) - —1" = 'uA)— —L " =2
4 2K, (u)? 2 Ky (u)
Hence (u, A) is a critical point of the functional
szq(u)

Jw,A)=1(u,A) — >

So by (85) (u, Z,, (u), A) is a critical point of J. O
By Proposition 14 and Theorem 10 we are reduced to study the critical points of E, 4

which is a functional bounded from below.
However E, , contains the term f |V x A|2 which is not a Sobolev norm.

In order to avoid this difficulty we introduce a suitable manifold V' C H' x (D1’2)3
such that:

e the critical points of J restricted to V satisfy Eq. (39), (40), 41); namely V is a “natural
constraint” for J.
e The components A of the elements in V are divergence free, then the term f IV x A|?

can be replaced by ||A||%DL2)3 = [IVAI~.
‘We set

Ag = {X € CPRNT.RY : X = b (r,x3) VO; be C (R3\2, R)} . (95)

Let A denote the closure of .A( with respect to the norm of (D1*2)3 . We shall consider
the following space:

V:i=H'x A, (96)
where I-AIr1 has been defined in Sect. 3.1. We shall set U = (u, A) and

1Ny = G, Ally = llull g + 1Al prays -

/leA|2=/|VA|2.

Proof. Let A =bV6 € Ay. Since b depends only on r and x3, it is easy to check that

Lemma 15. If A € A, then

Vb-Ve =0.
Since # is harmonic in R*\ X and b has support in R3\ %,
bAO = 0.
Then

V.-A=V.(bV0) =Vb-VO+bAO =0.
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Thus, by continuity, we get

/(V~A)2=Of0ranyA€A.

/|V><A|2=/(V-A)2+/|vxA|2=/|VA|2.

Then

3.4. Analysis of the minimizing sequences. The ratio energy/charge is a crucial quantity
for the following lemmas. For a charge o > 0 this ratio is defined as a function of u and
A in the following ways;

Eoqu,A)  1(u,A) N o
o o o 2Kq(l/t)’

~ 3
Agg (1, A) = u,A) e A' x (D“) w0,

where
Kﬂm:5/q1—q¢u)f. (97)

In the following we shall always assume that the W satisfies W1),W2),W3), W4). First
we state the following continuity lemma:

Lemma 16. Let u € H', then
/(1 —qu,l)u2 — /uzasq — 0.
Proof. Clearly it is enough to show that
q/@uu2—>Oasq—>O. (98)

Since ®,, depends on ¢ a little work is needed to prove (98). Since ®, solves (82), we

have
|@m%m+f/%%ﬁ=q/ﬁ¢u

< qlull® 5 1Pyl 6, (99)
L5
and then, if u # 0, we have
Dl
——— D2 g ul? .
1@yl 6 LS

So, since D2 is continuously embedded into L°, we easily get
2
[@ullpr2 < c1q ”u”L%Z ) (100)
where ¢ is a positive constant. Then we get
2 2 2,14
0 [P0 =gl 1910 < g Il
LS L3

from which we deduce (98). O
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Lemma 17. There exist o, ¢ > 0, such that for all 0 < q < g there exists u € I-AI,l such
that
Ao g(u,0) < 1.

Proof. For 0 < u < A we set:
T ={0rnx3): =07 +252 < )

and, for A > 2, we consider a smooth function u; with cylindrical symmetry such that

so  if (rnx3) €T

u;(r, x3) = ,

0 if (rx3) ¢ Tyl

where s is such that N (sg) < 0 (see (43)). Moreover we may assume that
[Vuy (r, x3)| < 2 for (r, x3) € Ty 5241\ 1o, )2

We have that for all o # 0,

Ag o (it 0) 1/ Ly |2+£2”§+W( ) | dx + —Z
,0) = — = ——= u X+ ——r
a.q o) |27 T * 2K, (u3)

J [|wk|2+ ezr—‘;%}dx 5
_ +fu)»+fN(u;L)dx+ o
20 20 o 2Ky (uy)

(remember that W has the form (42) and m? = 1). Now take

O =0), = J/'Ll%;

0242
[ [|wx|2+ —

in this case we get

] dx [ N(us)dx

1 o) r
A u;,0)=—-+ + + 101
U)\aq( A ) 2 ZK({(M)L) Zfl,{% fui ( )
By a direct computation we have that

1908 < cimeas Ty pen\Toso) = 2 (102)

ui c3
2 < ﬁmeaS(Tx,)\/zﬂ) = c4A (103)
[ 3 = csmeas T ) = coi? (104)

so that

r

2fu}

02u?
) [|wx|2+ —

]dx )
=0 (—) . (105)
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Moreover

/N(Mx)dx < N(so)meas(T;, 5,2) + cymeas(Ty 5 241\Th 1,2)

< cgN(s0)A> + cor’. (106)
From (106) and (104) we get
N(u;)d N 1
INwdx _ NGO (—) = g(s0. 7). (107)
f“x So A

From (101), (105) and (107) we get

A
A O <-4+ —+ ,A). 108
(T)\,q(u)n ) < 5 ZKq () g(s0, 1) ( )

Since N(sg) < 0, we can take Aq so large that
g(s0, 2o) < 0. (109)

Now we take

0 =0y =/u,2\0, and u = uy,.
Now, by Lemma 16, we have
Ky(u) — Ko(u) = o forqg — 0.

So

1
L _forg— 0. (110)
2K, () 2

Then, by (108), (109) and (110), there is ¢ > 0 so small that, forall 0 < g < g, we
have

1
A(f,q(u’ O) = E + +g(507)"0) < L

o
2K, (u)
O

Now the following a priori estimate on the minimizing sequences can be obtained

Lemma 18. Any minimizing sequence (u,, A,) C V for Es 4 |v is bounded in A x
'3,

Proof. Let (uy, Ay) C V be a minimizing sequence for E4 4 |y . Clearly

IA, | (D12} is bounded.

So it remains to prove that

lunll 51 is bounded. (111)
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To this end we shall first show that
lluyllz2 is bounded.

Since (u,, A,) is a minimizing sequence for E, , |v we get

/ W (u,) and / |Vun|2 are bounded.
Then we have also that
/ u8 is bounded.
Let e > 0 and set
Q, = [x e R3: Jup(x)| > e] and Q= R3\Q,.
By (113) and since W > 0 we have

W (u,,) is bounded.
Q

By W3) we can write
1
W(s) = Es2 +o(s?).

Then, if € is small enough, there is a constant ¢ > 0 such that

W (uy,) > c/ ul.
Q5 Q

By (115) and (116) we get that

/ u? is bounded.
Q5
On the other hand

3
/ u%f(/ “2) meas(Qn)%.

By (114) we have that
meas(£2,) is bounded.

By (118), (119) and again by (114) we get
/ u? is bounded.

So (112) follows from (117) and (120).
Let us finally prove (111).

661

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)
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Clearly
Eq g (un, An) = 1 (un, Ay)

1 u? 1
> 5/ (|v»tn|2+|VAn|2+q2 |An|2uﬁ+ezr—;’ —2q- |An] |un|2) dx
> L lual2 C 1Al 2 llun (121)
= N - —su .
= MHnllgy =4 [ 1 BnlUn Pl
Also we have
ql 1 1
[ it <5 [ (4qu2 A+ m) e
1
< g lunlfyy +207€ [ 1AL ] (122)

Since Eq 4 (un, Ay) is bounded, by (121) and (122) we deduce that

1 1
c1 = (5 - g) lanllyy = 2q2e2/ |Anl? lun] . (123)

Here c1, cp will denote suitable constants.
Now, since |luy,||;2 and |lu, | ;¢ are bounded, also ||u, || ;3 is bounded.
Then, by using also the boundedness of ||A, |6, we get

1 2
/|An|2 lunl* < (1ALl 26)° (lunllzs)® < co (124)

From (123) and (124) we deduce the boundedness of ||u,, ||21. |

By Lemma 18 any minimizing sequence U, := (u,,A;) C V of E;, |v weakly
converges (up to a subsequence). Observe that E; , is invariant for translations along
the x3-axis, namely for U € V and L € R we have

Esq(TLU) = Eq 4(U),
where
Ty (U) (x1,x2,x3) = U (x1,x2,x3+L). (125)

As a consequence of this invariance we have that (u,,, A,) does not contain in general
a (strongly) convergent subsequence. So we argue as follows: we prove that for suitable
o, q there exists a minimizing sequence (u,, A,) of E; , |y which, up to translations
along the x3-direction, weakly converges to a non-trivial limit (¢, Ag) . This limit will
be actually a critical point of E, , for some charge op.

To follow the above program we first prove the following lemma

Lemma 19. Let U, = (u,, Ay) C V be a minimizing sequence of E 4 |v, 0 > 0. Then
there exist §, M > 0 such that

SSO)HSM9

where
o

B Kq(”n) '

Wy
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Proof. Since (u,, A;) C V is a minimizing sequence of the functional E; , |v defined
by

o2
Esqw,A)=1u,A)+ m,
we have that for some constant ¢; > 0,
c1 = Kqlun). (126)
Also for some constant ¢, > 0 we have
Kq(up) < ca. (127)

In fact, arguing by contradiction, we assume that, up to a subsequence,

K () = /([1 — g, ud > oo,

/ w2 = oo,
contradicting (112).
Finally the conclusion immediately follows from (126) and (127). O

then by (84) also we get

Now we shall prove the following proposition

Proposition 20. There exist o, g > 0 such that for all 0 < q < q, for any minimizing
sequence (uy, Ay) CV of Eg 4 |v we have

/IN(un)I > ¢ > 0 forn large.

Proof. Let o and g be chosen as required in Lemma 17. Now let (u,,A;) C V be
a minimizing sequence of E; , and hence of Ay 4. Then by Lemma 17 we get for n
sufficiently large,

Ao q(un, Ay)<1-4,8>0. (128)
Then we have also

2, Cul
f[Wunl +r—z]dx Ll [Nwdx o

+ <1-a.
20 20 o 2 [u2 ~

Thus

o - 20 2fu,21

2

This implies that

/N(un)dx < —do.
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Then

/ N ()| dx = 8.

O

Proposition 21. Forany o, g > 0 there exists aminimizing sequence (u,, Ay) of E5 4 v,
with u, > 0 and which is also a P.S. sequence for E; 4, i.e.

E, , (un, Ay) — 0.
Proof. Let (un, Ay) C V be a minimizing sequence for E, 4 |y . It is not restrictive to
assume that u,, > 0, in fact, if not, we can replace u, with |u,| (see (90)). By standard

variational arguments we can also assume that (u,, A,) is a P.S. sequence for E, |y,
namely we can assume that

E:y,q |V (Mns An) — 0.

By using the same arguments used in proving Theorem 16 in [11], it can be shown that
(un, Ayp) is a P.S. sequence also for E; 4, i.e.

Eéﬁq (un, Ay) — 0. (129)
O

Proposition 22. There exist o, ¢ > 0 such that for all 0 < q < q there exists a P.S.
sequence U, = (un, Ay) for Es 4 which weakly converges to (ug, Ag), uo > 0 and
uog #0..

Proof. Take o, q as in Proposition 20. By Proposition 21 there exists a minimizing
sequence U, = (u, Ay) of E; 4 |y with u, > 0 and which is also a P.S. sequence for
Egq,ie.

E:, q (Un) = 0.

By Proposition 20 and assumption W4), we can assume that

i llunll?, +ca lunll?, = ¢ > 0 for n large. (130)

By Lemma 18 the sequence {U,} is bounded in H' x (Dl*z)3 so we can assume that
it weakly converges. However the weak limit could be trivial. We will show that there is
a sequence of integers j, such that (see (125)) V,, :=T;,U, — Uy = (uo, Ag) , ug # 0,
weakly in H! x (D1’2)3.

We set

Q; ={(x1,x2,x3) : j <x3 < j+1}, jinteger.

In the following c3, ..., cg denote positive constants.
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We have for all n,

q—1

5[ wr=2(f ) ([, )

J J

q=1
! 1
SUP [|2t,, ”Lll(gzj) E /;z |’4n|q <c3- SuP ”Mn”Lq(Qj) . E ”Mn”(;_[l(gj)
J i j J i
J J

J

llnll7q

IA

—1 . —1 .
< caesup letnl o ey + lun g1 gy < (since lun 1 s is bounded)

< casup lunliLo(q;) - (131)
J

Analogously we get

lunll7p < essup llunll o)) - (132)
J

Then by (130), (131) and (132) it is easy to deduce that, for n large, there exists an
integer j, such that

lunllza e,y + lunllLoe, ) = c6 > 0. (133)

Now set
(uﬁ1 An) = U, (x1,x2,x3) = Up(x1, x2, x3+ ju) = T}, (Up) .

By Lemma 18 the sequence u), is bounded H' (R3) , then (up to a subsequence) it

converges weakly to ug € ik (R3) . Clearly up > 0, since u;, > (. We want to show
that ug # 0. Now, let ¢ = ¢ (x3) be a nonnegative, C°°-function whose value is 1 for
0 < x3 < land O for |x3| > 2. Then, the sequence pu/, is bounded in H} (R* x (-2, 2)),
moreover @u,, has cylindrical symmetry. Then, using the compactness result proved in
[23], we have that, up to a subsequence,

ul, converges strongly both in L9(R? x (—2,2)) and in L”(R? x (=2, 2)).
On the other hand
ou,, — Qug a.e. (134)
Then
ou!, — gug strongly both in LY (R* x (—2,2)) and in L (R* x (—=2,2)). (135)

Moreover for r = p, g we clearly have

lownll s @ex-22) Z 1401y = Nnllir ey, - (136)

Then by (135), (136) and (133) we have
||(P’40||L7(R2><(_2,2)) + ||€0u0||Lp(]R2><(_2,2)) >c6 > 0.

Thus we have that ug 0. O
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Proposition 23. There exists ¢ > 0 such that, for all 0 < q < q, for some charge
oo > 0, Eqy ¢4 has a critical point (o, Ag) up # 0, ug > 0.

Proof. Leto,q > 0be as in Proposition 22, then there exists a sequence U,, = (u,, A;)
in V, with u,, > 0 and such that

E(/,’q (un,Ay) - 0 (137)
and
(un, Ap) = (1o, Ag) weakly, ug # 0.

Since u,;, > 0 we have ug > 0.
Let us show that Uy = (u, Ao) is a critical point of E,, , for some charge og > 0.
By (137) we get that
A 3
dEqq (Up) [w,01—0 and dEq, (Uy) [0, w]— 0 forany (w,w) e A' x (D”) .

Then for any w € CP(R*\X) and w € (CS"(R3))3 we have

o2
dy I (Uy) [w] +dy (m) [w]—0 (138)
and
dal(Uy) [w] = 0, (139)

where d,, and da denote the partial differentials of / with respect # and A. So from (138)
we get for any w € C°(R*\ %),

02K/ (u,)
d I (Uy) [w] = ———5 [w] — 0
2 (Kq(un))
which can be written as follows:
2/
w5 K (uy)
di 1 (Uy) [w] = === [w] = 0. (140)
where
o
W, = .
" Kq (un)
By Lemma 19 we have (up to a subsequence)
w,; —> wgy > 0.
Then by (140) we get for any w € C§° (R3\X)
2/
iK' (uy)
A1 (Uy) [w] — = ; " [w] — 0. (141)

Now let @, be the solution in D2 of the equation

— AD, + ¢l D, = qu?. (142)
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Since {u,} is bounded in H! (see (111) and (112)) and since ®,, solves (142), stan-
dard Sobolev estimates show that {®,,} is bounded in D2 and that its weak limit (up to
subsequence) @ is a weak solution of

— A®g + q*uddo = qui. (143)
Then, by Lemma 13, we have
K} (uy) = 2u,(1 = q®,)* and K/ (uo) = 2uo(l — q®o)°. (144)
By standard calculations we have:

for any w € C°(R¥\ )

/un(l —q®,)*w — /uo(l — q®o)*w. (145)
Then, by (144) and (145), we get for any w € C°(R\ %),
K/ (un) [w] = K (uo) [w]. (146)
Similar standard estimates show that for any w € Cg° R\ ),
dy1(Up) [w] — d,1(Up) [w]. (147)
Then, passing to the limit in (141), by (146) and (147), we get
w%K(’](uo) o3
d, I (Uy) [w] — > [w] = 0 forany w € Cy~ (R7\ X). (148)

On the other hand similar arguments show that we can pass to the limit alsoinda I (U,,) [W]
and have

forallw e (C(C)’O(Il@))3
dal(Uy) [w] — dal (Up) [w]. (149)
From (139) and (149) we get
3

dal (Up) [w] = 0 for all w € (Cgo (R3)) (150)

By (148) and (150) we deduce, by using density and continuity arguments, that
Uo = (uo, Ap) is a critical point of E , with 0p = woK4(ug) > 0. O

Proof of Theorem 3. The first part of Theorem 3 immediately follows from Proposi-
tions 23, 14 and Theorem 10. In fact, if ug, Ao are like in Proposition 23, by Proposition 14
and Theorem 10 we deduce that (i, wg, ¢o, Ag) withwy = % ¢0 = Zg, (1o) solves
(39), (40), (41).

Now assume ¢ = 0, then, by (40) and (41), we easily deduce that ¢9 = 0 and
Ao = 0. Finally assume that ¢ > 0. Then, since wg > 0, by (40) we deduce that ¢g #~ 0.
Moreover by (41) we easily deduce that Ag # O ifand only if £ #0. O
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