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Abstract: We find an interpretation of the complex of variational calculus in terms of
the Lie conformal algebra cohomology theory. This leads to a better understanding of
both theories. In particular, we give an explicit construction of the Lie conformal alge-
bra cohomology complex, and endow it with a structure of a g-complex. On the other
hand, we give an explicit construction of the complex of variational calculus in terms of
skew-symmetric poly-differential operators.

1. Introduction

Lie conformal algebras encode the properties of operator product expansions in con-
formal field theory, and, at the same time, of local Poisson brackets in the theory of
integrable evolution equations.

Recall [K] that a Lie conformal algebra over a field IF is an F[9]-module A, endowed
with a A-bracket, that is an F-linearmap AQ A — F[A]® A, denoted by a ® b +— [a, D],
satisfying the two sesquilinearity properties

[0a)b] = —Ala,b], [a)0b] = (0 + A)[ayb], QY
such that the skew-symmetry
lanb] = —[b_y—al 2
and the Jacobi identity
[a[byc]] — [Dulanc]] = [[arblrpc] 3)

hold for any a, b, ¢ € A. It is assumed in (2) that 9 is moved to the left.
A module over a Lie conformal algebra A is an F[d]-module M, endowed with a
A-action, that is an F-linear map A ® M — F[A] ® M, denoted by a ® b — a;, b, such
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that sesquilinearity (1) holds for a € A, b € M and the Jacobi identity (3) holds for
a,be A,ce M.

A cohomology theory for Lie conformal algebras was developed in [BKV]. Given a
Lie conformal algebra A and an_A-module M, one first defines the basic cohomology
complex T*(A, M) = D ke, I'*, where ' consists of F-linear maps 7 : A®K —
FlAt, ..., ] @ M, satlsfylng certaln sesquilinearity and skew-symmetry properties,
and endows this complex with a differential § : I” [k — %1 such that 82 = 0. This
complex is isomorphic to the Lie algebra cohomology complex for the annihilation Lie
algebra g_ of A with coefficients in the g_-module M [BKV, Theorem 6.1].

Next, one endows I"*(A, M) with a structure of a [F[d]-module, such that 0 com-
mutes with §, which allows one to define the reduced cohomology complex I'*(A, M) =
I'*(A, M)/dT*(A, M), and this is the Lie conformal algebra cohomology complex,
introduced in [BKV].

Our first contribution to this theory is a more explicit construction of the reduced
cohomology complex. Namely, we introduce a new cohomology complex C*(A, M) =
®rez, CF, where CO = M/aM, C' = Hompy(A, M), and for k > 2, C¥ consists of
poly A-brackets, namely of F-linear maps ¢ : A®% — F[A, ..., i_1] ® M, satisfying
certain sesquilinearity and skew-symmetry conditions, and we endow C*(A, M) with a
square zero differential d. We construct embeddings of complexes:

T'*(A, M) C C*(A, M) C C*(A, M), (4)

where C*(A, M) consists of cocycles which vanish if one of the arguments is a torsion
element of A. In fact, C¥ = C¥, unless k = 1.

We show that I"'*(A, M) = C‘(A, M), provided that, as an F[0]-module, A is iso-
morphic to a direct sum of its torsion and a free F[d]-module (which is always the case
if A is a finitely generated F[0]-module). Our opinion is that the slightly larger com-
plex C*(A, M) is a more correct Lie conformal algebra cohomology complex than the
complex I'*(A, M) of [BKV]. This is illustrated by our Theorem 3.1(c), which says
that the F[d]-split abelian extensions of A by M are parameterized by H?(A, M) for
the complex C*®(A, M). This holds for the cohomology theory of [BKV] only if A is a
free F[0]-module. _

Following [BKV], we also consider the superspace of basic chains I3(A, M) and its
subspace of reduced chains I, (A, M) (they are not complexes in general). Correspond-
ing to the embeddings of complexes (4), we introduce the vector superspaces of chains
Co(A, M) and C_‘.(A, M), and the maps:

Co(A, M) — Co(A, M) — Ty(A, M). (3)

We develop the theory further in the important case for the calculus of variations,
when the A-module M is endowed with a commutative associative product, such that
0 and a;, for all a € A are derivations of this product. In this case one can endow the
superspace I"*(A, M) with a commutative associative product [BKV]. Furthermore, we
introduce a Lie algebra bracket on the space g := I1I1(A, M) (I1, as usual, stands
for reversing of the parity). Let g = ng & g & IFB,, be a Z-graded Lie superalgebra
extension of g, where 7 is an odd indeterminate, n> = 0. We endow I'*(A, M) with a
structure of a g-complex, which is a Z-grading preserving Lie superalgebra homomor-
phism ¢ : § — Endp I"*(A, M), such that ¢ (9, ) = §. We also show that ¢(g) lies in the
subalgebra of derivations of the superalgebra I'*(A, M). Foreach X € g we thus have
the Lie derivative Ly = ¢(X) and the contraction operator ty = ¢(nX), satisfying all
the usual relations, in particular, the Cartan formula Ly = (x5 + dtx.
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Denoting by g? the centralizer of 3 in g, we obtain the induced structure of a g?-com-
plex for I"*(A, M), which we, furthermore, extend to the larger complex C*(A, M).
Namely, we introduce a canonical Lie algebra bracket on all spaces of 1-chains with
reversed parity (see (5)), so that all the maps ITC, — I1C, — I — IT I are
Lie algebra homomorphisms, and the embeddings (4) are morphisms of complexes,
endowed with a corresponding Lie algebra structure.

What does it all have to do with the calculus of variations? In order to explain this,
introduce the notion of an algebra of differential functions (in £ variables). This is a
differential algebra, i.e., a unital commutative associative algebra ) with a derivation 9,
endowed with commuting derivations ﬁ, iel={1,...,¢},n € Zy, such that only

a finite number of » ﬁ) are non-zero for each f € V), and the following commutation

rules with 0 hold:

b d
——, 0| =—— (theRHSis0ifn =0). (6)
|:8u(") :| du" P

i

Animportant example is the algebra of differential polynomials IF[uE") liel,neZ

with 8(u§")) = u("H), n € Zy, i € 1. Other examples include any localization by a
multiplicative subset or any algebraic extension of this algebra.
The basic de Rham complex £2° = §2°()) over V is defined as an exterior superalge-

bra over the free V-module 2! = Dic I.neZ. VcSu(") on generators Ju; ™) with odd parity.
We have: 2° = @ke& 2K where 20 =V, 2k = Ak 2!, This Z- graded superalgebra

du; (n) for

is endowed by an odd derivation § of degree 1, such that §f = >’/ ,cz. » (n)

f e 2°and 8(8u§")) = 0. One easily checks that 8> = 0, so that 2°%isa cohomology
complex.
Let g be the Lie algebra of derivations of the algebra V of the form

Z Pln (n), where P;, € V. (7

iel,nely

To any such derivation X we associate an even derivation Ly (Lie derivative) and an odd
derivation tx (contraction) of the superalgebra Q° by letting Lx|y = X, Lx (8 u(”)) =

8Pin, txly =0, tx (8uf")) = P; ,. This provides ° with a structure of a g-complex,
by letting (p(X) = Ly and ¢(nX) = tx. Also, the derivation 9 extends to an (even)
derivation of £2* by letting 8(814(”)) 8u§"+1).

Itis easy to check, using (6), that d and § commute, hence we can consider the reduced
complex

2°(V) = 2° (V)32 V),

which is called the variational complex. This is, of course, a ga-complex.

Our main observation is the interpretation of the variational complex £2°()) in terms
of Lie conformal algebra cohomology, given by Theorem 1 below.

Let R = @i <7 F[0]u; be a free F[d]-module of rank £, endowed with the trivial
A-bracket [a;b] = O for all a, b € R. Let V be an algebra of differential functions.
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We endow V with the structure of an R-module by letting

TNEDIPN 8(n),i 1,

nels

and extending to R by sesquilinearity. Let g be the Lie algebra of derivations of V' of the
form (7), and let g? be the subalgebra of g, consisting of derivations commuting with 9.

Theorem 1. The g°-complexes C*(R, V) and $2*(V) are isomorphic.

As a result, we obtain the following interpretation of the complex £2°(}), which
explains the name “calculus of variations”.

We have: 20 = V/3V, 2! = = Hompp3(R, V) = V&L Elements of £2° are called
local functionals and the image of f € V in £2° is denoted by [ f. Elements of 2" are
called local 1-forms. The differential § : £2° — 2! is identified with the variational

derivative: § [ f = (Ba{tf) , = % where
i Jie
n
8u, => (- "~ (,,) ®)
nely

Furthermore, the space of 2-cochains C? is identified with the space of skew-adjoint
differential operators by associating to a A-bracket {-; -} : R®? — F[A]® Vthe £ x £
matrix S;;(9) = {uj,u;}—, where the arrow means that 9 is moved to the right. The

differential § : 2! — 22 is expressed in terms of the Frechet derivative

aF; ..
Dr@)ij = (n)a" ijel ©)

neZ,

which defines an F-linear map: V¢ — V®¢ Namely: §F = D (9) — Dr(d)*. The sub-
space of closed 2-cochains in C? is identified with the space of symplectic differential
operators.

A 2-cochain, which is a skew-adjoint differential operator S;;(9), can be identified

with the corresponding F-linear map (V¢)? — V/dV, of “differential type”, given by

S(P, Q) = / > 0iSij@)P;.

i,jel

Skew-adjointness of § translates to the skew-symmetry condition S(P, Q) = —S(Q, P).
More generally, the space of k-cochains C¥ for k > 2 is identified with the space of
all skew-symmetric F-linear maps S : (V)% — V/9V), of “differential type”:

,,,,,

S(Pl,...,Pk) :/ Z ft’Il ”k(anl ill)"'(ankpii)’

..... irel
nl ,,,,, nk€Z+
where flrl” k’( € V. The skew-symmetry condition is simply S(P!,..., P¥) =
sign(@)S(P’W, ..., P°®) for every ¢ € Si. The subspace of closed k-cochains for

k > 21is the subspace of “symplectic” k-differential operators.
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We prove in [BDK] that the cohomology H/ of the complex £2°(V) is zero for j > 1

and H® = C/(C N dV), where C := {f € V| aij;’) =0Vi € I,n € Z}, provided

that V is normal, as defined in Sect.5.6. (Any algébra of differential functions can be
included in a normal one.) As a corollary, we obtain (cf. [D]) that Ker % =0dV+C,and

F €Im % iff D (9) is a self-adjoint differential operator, provided that V is normal.
The first result can be found in [D] (see also [Di] and [Vi], where it is proved under stron-
ger conditions on V), but it is certainly much older. The second result, at least under
stronger conditions on )V, goes back to [H], [V]. We also obtain the classification of
symplectic differential operators (cf. [D]) and of symplectic poly-differential operators
for normal V, which seems to be a new result.

Thus, the interaction between the Lie conformal algebra cohomology and the var-
iational calculus has led to progress in both theories. On the one hand, the variational
calculus motivated some of our constructions in the Lie conformal algebra cohomology.
On the other hand, the Lie conformal algebra cohomology interpretation of the varia-
tional complex has led to a better understanding of this complex and to a classification
of symplectic differential operators.

The ground field is an arbitrary field [F of characteristic 0.

We wish to thank Bojko Bakalov for very valuable comments, in particular, for
the observation that our complex C®(A, M) is isomorphic to the complex in [BDAK,
Sect. 15.1], in the case when the Hopf algebra H is F[9].

2. Lie Conformal Algebra Cohomology Complexes

2.1. The basic cohomology complex I® and the reduced cohomology complex I'®. Let
us review, following [BKV], the definition of the basic and reduced cohomology com-
plexes associated to a Lie conformal algebra A and an A-module M. A k-cochain of A
with coefficients in M is an F-linear map

7oA S P, MIOM, a1 ® - Qag > iy (a1, .. ag),
satisfying the following two conditions:

Al. f)q ,,,,, ama, ..., 0ai, ..., a) = _)\.i)’;)\]’“”)\‘k(a], ...,ay) foralli,
A2. y is skew-symmetric w.r.t. simultaneous permutations of the a;’s and the A;’s.

Remark 1. Note that Condition Al implies that ¥, 1, (a1, . . ., ak) is zero if one of the
elements q; is a torsion element of the F[0]-module A.

We let rk = fk(A, M) be the space of all k-cochains, and re = f’(A, M) =
b, >0 I'*. The differential § of a k-cochain 7 is defined by the following formula:

k+1

i
~ i+1 ~ v
Y)rr,em @1y ooy A1) = E (=D ay, (J/ i (ar, - ',ak+1)>
ol Al Mt
K+l . P (10)
+itj+l~ vy
+ E =Dy (@y, - , Gkl [@iy;a;]).
VSTV YEDS

i,j=1
i<j

One checks that § maps I'* to I'*! and that 2 = 0. The Z-graded space '*(A, M)
with the differential § is called the basic cohomology complex associated to A and M.
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Define the structure of an F[d]-module on I"® by letting
OPnpnri @t v ap) = @ 4244 00) (Baon @ ap) . (4D

where M denotes the action of d on M. One checks that § and 9 commute, and
therefore 31°* C I'* is a subcomplex We can consider the reduced cohomology com-

plex '*(A, M) = I"(A, M)/8F'(A, M) = EBkeZ+ rk (A, M). For example, ro=
M/ M M, and we denote, as in the calculus of variations, by f m the image of m € M in
M /3™ M. As before we let, for brevity, I'® = I'*(A, M) and I'* = r'k(A, M), k € Z,.

In the following sections we will find a simpler construction of the reduced coho-
mology complex I'®, in terms of poly A-brackets.

2.2. Poly A-brackets. Let A and M be F[0]-modules, and, as before, denote by M the
action of d on M. For k > 1, a k-A-bracket on A with coefficients in M is, by definition,
an F-linear map ¢ : A®% — F[A1, ..., Ax—1]1 ® M, denoted by

ar@ -+ @ag — {aiy, - ak—1y,_ ale,

satisfying the following conditions:

BL. {aiy, -+ (0ai)y,; - ak—1;, akle = —Aifaiy, - ak—1;,  ak}e.forl <i <k —1;

B2. {aiy, -+ ak—13,_, Qa)}te = M+ + ey +0M)ary, - a1y, andes

B3. cis skew-symmetric with respect to simultaneous permutations of the a;’s and the
A;’s in the sense that, for every permutation o of the indices {1, ..., k}, we have:

lann, - - ar—15,_ ak)e = sign(0)as 1y, () = Got—1);,_, do k) e

o(k—1) N ’_’)‘Z.

The notation in the RHS means that A is replaced by )LZ = — ZI;;II Aj— oM if it
occurs, and 3 is moved to the left.

Remark 2. A structure of a Lie conformal algebra on A is a 2-A-bracket on A with
coefficients in A, satisfying the Jacobi identity (3).

We let CO = M/aMM and, for k > 1, we denote by ck = Ck(A, M) the space
of all k-A-brackets on A with coefficients in M. For example, C! is the space of all
F[0]-module homomorphisms ¢ : A — M. We let C*® = @keZ+ ck , the space of all
poly A-brackets.

We also define C* = Dicz, CK, where CO = €% = M/aM M, and Ck C Ckis the
subspace of k-A-brackets ¢ with the following additional property: {a1;, - - - ak—1;,_,dk}e
is zero if one of the elements a; is a torsion element in A. Clearly, C' needs not be equal

to C'. On the other hand, it is easy to check, using the sesquilinearity Conditions B1
and B2, that C*¥ = C¥ for k > 2.
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2.3. The complex of poly A-brackets. We next define a differential d on the space C*
of poly A-brackets such that d(C*) ¢ C¥*! and d? = 0, thus making C* a cohomology
complex.

For [m € C* = M/3™ M, we letd [m € C' be the following F[3]-module homo-
morphism:

(d fm) (@) (: {a}dfm) ‘= a_yum. (12)

This is well defined since, if m € 9™ M, the RHS is zero due to sesquilinearity. For
c e Ck, withk > 1, we let dc € C**! be the following poly A-bracket:

k .

1

. i+1 v
{ain, -+ akp are1tae = E (=D aiy, {aul "‘akkkakﬂ}
i=1 ¢

k .
i
2 : k+i+j+1 vy
+ =D i+) [a“»l ...... ak}»kak"'lkz l[ai)”.aj]]
+

i,j=1
i<j

c

k
+(—D"ags1,+ {al s dk—1 ak}
( ) * Art M M1 c

k i
+> (=1 [au. 3% akxk[di,\,-dkn]] : (13)
i=1 ¢
where, as before, )»,t = Zf‘:l Aj — oM, and 9™ is moved to the left.
For example, for an F[0]-module homomorphism ¢ : A — M, we have
{arb}ac = arc(b) — b_y—yc(a) — c([arb]). (14)

Proposition 1.(a) Forc € C*, we have d(c) € C**! and d*(c) = 0. This makes (C*, d)
a cohomology complex. _
(b) d(C*) ¢ C**! forall k > 0. Hence (C*, d) is a cohomology subcomplex of (C*, d).

Proof. We prove part (b) first. For k > 1 there is nothing to prove. For k = 0 just
notice that, if f me M/ MM and a € A is a torsion element, then, by (12), we have
(d[m) (a) = 0, since torsion elements of A act trivially in any module [K]. Hence

d f m € C!. In order to prove part (a) we have to check that, if ¢ € Ck, then dc, defined
by (12) and (13), satisfies Conditions B1, B2, B3, and d(dc) = 0. To simplify the
arguments, we rewrite (13) in a concise form:

k+1

i
. i+1 v

{ais, - @y ket Yae = ( E (=D ay,, {aul ~-~ak)\kak+1}

i=1 c

k+1 P
L i
+ Z (_1)k+l+]+1 Ial)hl ...... Ak+1 ppq [al')”,aj]} ) . s (15)
i,j=1 ¢/ Mer1=hpy
i<j
where the RHS is evaluated at A1 = A, = — X5_; &; — 9™, with 8™ acting from

the left. The above equation should be interpreted by saying that, in the first term in
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the RHS, for i = k + 1, the last index X does not appear in the poly A-bracket. Let
us replace a;, by day, in Eq.(15). It is not hard to check, using Conditions B1 and B2
for ¢ and the sesquilinearity of the A-action of A on M, that, for 1 < h < k, each
term in the RHS of (15) gets multiplied by —Aj, while, for & = k + 1, each term gets
multiplied by —AZ = Zf‘:l Aj+ oM. Hence dc satisfies Conditions B1 and B2. In

order to prove B3., let o be a permutation of the set {1, ..., k + 1}. A basic observation
o (k+1)
Yo — kel — M and then s

by AZ = A=Ak — M as a result Ao (k+1) stays unchanged. Notice, moreover,

is that, if we first replace A (k+1) by )‘Z(k+1) =—\-

i o (i)
that, for 1 <i <k+1,{o(1),-7-, o(k+ 1)} is a permutation of {1, -*-, k + 1}, and its
sign is (—1)"*?@sign(c). Hence, using the assumption B3 on ¢, we get

i
ao(i))w,m ao-(l))\q)'(]) o aa(k))w(k)ao(k+l)] )nk+l_)~T
c T+

L o (i)
= sign(0) (=)™ Dagay, Jan, -7+ ax )
c® ¢ Ml =Dy
i
Similarly, for the second term in (15), we notice that {o (1), -*+-7-, o (k + 1)} is a per-
o (D)o () o .
mutation of {1, -7+ -¥-, k + 1}, and its sign is (— 1)+ O+ Wsien(o) if o (i) < o (j),

and it is (— 1)+ O+ (D+lgion(o) if o (i) > o (j). Hence, for o (i) < o(j) we have

v

o
[ag(l))ha(l) ----- ag(k+1))»”(k+|) [ao-(i))ug(i)aa(j)]]

¥
Ak+1=A
¢ + k+1

a(i)o (j)
S RO VVEEREERE et 3y G0 (1), ) o ()] , (17)

+
Mer1 =2
¢ + k+1

while for o (i) > o (j) we have, by the skew-symmetry of the A-bracket in A,

. )tk+1=)~z+1
— Sign(o_)(_l)i+j+0'(i)+0'(j)

ogj)a\(/i)

x {al)\l ------ aa(k+1)xk+l[ao(j))\a(j)aa(w]] (18)

. Ak 1=Ap

In the last identity we used the assumption that ¢ satisfies condition B2. Clearly, Egs. (16),
(17) and (18), together with the definition (15) of dc, imply that dc satisfies condition
B3. We are left to prove that d>c = 0. We have, by (15),
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k+2 f
i+1 v
{al)»] e ak+lAk+1ak+2}d20 = (Z(_l)l al’)»,‘ [al)\l e ak+l)\k+lak+2}
i=1 dc
—1 k+i+j vV . . 19
+ ( ) Aipg = ak+2kk+2[alkl‘a‘]] ) ( )
i,j=1 de” 2=k,
i<j

where, in the RHS, we replace Ag42 by )L}: = ZI;-J;]] Aj— M and 9™ is moved to
the left. Again by (15) and by sesquilinearity of the A-action of A on M, the first term

in the RHS of (19) is

[+ PR Y
Z(—l)' e, jaj; (aix,- [alxl """ ak+1kk+1ak+2] )
ij=1 ¢
i#]

k+2
+ > (=D e, b

i,j,h=1

i<j

i,j#h

, (20)

i J h
X ah}‘h {alll e e ak+2kk+2[aikiaj]] B
Mes2=A,,
c k+2

where €(i, j)is+1 if i < jand —1if i > j. Similarly, by (13) the second term in the
RHS of (19) is

k+2 hoi
k+i+j+h+1 ; i TLTLY
Z (=D e (h, e (h, fany, aixy =777 dkaagolaina)]
i,j.h=1 ¢
i<j

i,j#h

k+2 o i j
+ Z (—1)’+*’[am,-aj]ki+xj [aul REIRE ak+lxk+|ak+2]
=
V5
k+2

DL (D)MMe(p ie(p, je(q, D)elq, ) 1)

i.j.p.q=1

1<J,p<4

{i.j}0{p.q}=Y

c

p g i
X [am """"-'-'ak+2xk+2[am,ﬂj]x,+}\_,~[ampaq]}
c
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k+2

+ D> (=D e e (h, j)
i,j.h=1
i<j

i,j#h

h i J
XN A1py oo Qg [anyy, [aiy aj]] .
¢ Mea2=hp o

Notice that the first term in (20) is the negative of the second term in (21), and the second
term in (20) is the negative of the first term in (21). Moreover, it is not hard to check,
using the Jacobi identity for the A-bracket on A, that the last term in (21) is identically
zero, and, using the skew-symmetry Condition B3 on ¢, that also the third term in (21)
is zero. In conclusion, d%c =0, as we wanted. O

In the next section we shall embed the cohomology complex I"®, introduced in Sect. 1.1,
in the cohomology complex C*, and we shall prove that, if the F[3]-module A decom-
poses as a direct sum of the torsion and a free submodule, then this embedding is an
isomorphism. We believe that the (slightly) bigger cohomology complex C*® is a more
natural and a more correct definition for the Lie conformal algebra cohomolgy complex.
This will be clear when interpreting in Sect.3 the cohomology H(C®, d) in terms of
abelian Lie conformal algebra extensions of A by the module M.

2.4. Isomorphism of t the cohomology complexes I'* and C*. We deﬁne for k > 1, an
F-linear map yk . Tk — Ck, as follows. Given 7 € I'*, we define vk&) - A®k
F[A1, ..., A—11® M, by:

{alkl "'akfl)hk,lak}l[/k(f) = ?)Ll Ak*l»)\z(al’ ~'-vak)7 (22)

.....

where, as before, )»,t = — Zk;% Aj— M and 9™ is moved to the left.

Lemma 1. (a) Fory € I'*, we have vk e Ck.

(b) We have Ker (y/*) = E)Fk Hence y* induces an injective F-linear map y* : =
r*/ork < ck c ck.

(c) Suppose that the Lie conformal algebra A decomposes, as F[d]-module, as

A=Ta® 3] U), (23)

where T is the torsion of A and A = F[d]® U is a complementary free submodule.
Then % (I'*y = CK, hence Y induces a bijective F-linear map vk rk 5 ¢k,

Proof. Lety € ¥, and consider ¢ = ¥*(¥). We want to prove that ¢ € C¥. It is clear
that ¢ satisfies Conditions B1 and B2. Let us check that it also satisfies Condition B3.
Let o be a permutation of the set {1,...,k}, and let i = o (k). Since ¥ satisfies the
skew-symmetry Condition A2, we have

{a(f(l))\,g(l) © o (k=1);, o (k— l)a(r(k)}c = y)»a(l),u-.)»g(k—l),)»z(k) @1y -5 o (k)

= sign(o)y, ¥ (ai, ..., ax). 24)
Alyenns A. ..... Ak
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If we then replace Ay by )ﬁ, as prescribed by Condition B3, we get
i .
Ao = e — A — M = (25)
Therefore the RHS of (24) becomes sign(o'){ai;, - - - ak—1,_,ak}c, as required. Itis also

clear that ¢ vanishes on the torsion of A, thanks to Remark 1, so that ¢ € C¥. This proves

part (a). -
By the definition (11) of the action of d on I” k and the definition (22) of wk, we
have

{a, a1y, adyrgy = 0V),, ol (@ a) =0,

since —A] —---—Ag_1 — )L,t —9M = 0.Hence dI'% C Ker (1//"). For the opposite inclu-
sion, let ¥ € Ker (¥*). Namely, )7)\1 ry ot (@is - ar) = 0. By Taylor expanding in
—1sAy

.....

)\z — Mk, we have

]

1 M~n d" =
2 A= S e a) =0, (26)
= dXrj

where A = le‘.:l Aj. We denote by 9 A®% 5 FAq, ..., ] ® M the following
F-linear map

e ¢]

~ d}’l
Myn—1 =
Wy, @iy .o ar) = nZ;-( A=) dkznl,..i,xk(m, coes ag).
Equation (26) can then be rewritten as
Vi (@r, o a) = QM+ 2+ 4 20% g (ar, . ). 27)

It follows from Eq.(27) that ¥ satisfies Conditions Al and A2, since ) does. Hence
9 ek Equation (27) then implies that y = 39 € 3Tk, thus proving (b).

Assume next that A decomposes as in (23). We need to prove that, for ¢ € C*, we
can find ¥ € I'¥ such that

Vi) = e (28)
Such a k-cochain can be constructed as follows. For uy, ..., u; € U, we let
Vi U1, - ug) = {M1A17A+I?M M=y e ugle, (29)

where A = Zf:_ol i, and we extend it to (F[9] ® U)®* by the sesquilinearity Condition
Al, and to A®* letting it be zero if one of the arguments is in the torsion 7. We need to
check that y satisfies Conditions A1, A2 and (28). Condition A1 is obvious. It suffices
to check Condition A2 for elementsa; = u; € U, i = 1, ..., k. Let o be a permutation
of the indices {1, ..., k}. We have,

Vio(ysedotey Ma(1)s - Ue (k)

= {“o(l)Aa(l)_A+£M "'Mc;(k—l)ka(k_l)_m]?M U (k) be- (30)
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We then observe that

k—1

A+aMyT A+ oM A+ M
A — =— A — — M = — .
(o 2) =2 () o en

i=1

Hence, since c satisfies Condition B3, the RHS of (30) is equal to

Sign(a){ulkl_ A+I?M s Mk_l)»k_l

_ A+oM uk}c = Sign(0)7A1 ..... A.k(MIV ...,Mk).
k
Finally, we prove that (28) holds. We have, for uy, ..., ux € U,

Qs sy wkdyk @) = Py g @1 1) (€1

,,,,,

Note that, if we replace Ay by )\T, A + 0™ becomes 0. Hence, by the definition (29) of
¥, the RHS of (31) is equal to {ug,, - “Uk—1,_,Uk}c- This proves that (28) holds for
elements of U. Clearly both sides of (28) are zero if one of the elements a; isin 7. Since
both ¥*(¥) and ¢ satisfy the sesquilinearity Conditions B1 and B2, we conclude that
(28) holds for every a; € A. O

Theorem 2. The identity map on M /OM and the maps Yk, k > 1, induce an embed-
ding of cohomology complexes I'* — C°. If, moreover, the Lie conformal algebra A
decomposes, as F[0]-module, in a direct sum of a free module and the torsion, this map
is an isomorphism of complexes: I'* ~ C*.

Proof. By Lemma 1 we already know that /% factors through an injective F-linear map
wk . I'" < Ck, and that, if A decomposes as in (23), this map is bijective. Hence,
in order to prove the theorem, we only have to prove that the following diagrams are
commutative:

boll ck _4. ChHl (32)
/ Twl wk] T¢k+l
MMM —— ! ; rk—— ksl , Vk > 1.

First, given [m € M/3™M, we have (§m); (a) = aym, so that (y'6m) (@) =
a_yum = (d[m) (a), namely the first diagram in (32) is indeed commutative. Next,
given k > 1, let ¥ € I' be a representative of y € I'*. We need to prove that

ayt @) = v 67). (33)
From (13) and (22), we have
k ‘ ;
{an, @@k Y aghy = D (—Daiy, [aul e ak,\kakn]
i=1 k(@)

k
+ (=) aps1, {611 ceeAp— a}
( ) k+ )‘k+l Al k—1),_ 9k W‘(?)
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k i
+ Z (_1)k+l+]+1 {al % LT ak)hkak+l)h [a“w_aj]}
vk@)

i,j=1
i<j

k i
+ > (=1 [al)\l e ak)\k[aix,»akﬂ]]

vk@)
k i
Y~ i
=D DMay o (@ aw)
i=1 M Mo A
k ~
(=D aken; Varalar, - a)
+
: k+i+j+1 i
i4j4l~ L
D Ry (i, 77, agen, [ai,aj))
ij=1 Ap,eoeee )‘k’)‘k+l AitAj
i<j
k i
+> (=D'y . (ar, 7 Laig ags D). (34)

YSTREVIIVEEO NN

In the last equality we used the sesquilinearity of the A-action of A on M. Clearly, the
RHS of (34) is the same as {aj,, "'aklkak+]}¢k+1(5)7). This proves Eq.(33) and the
theorem. O

2.5. Exterior multiplication on I'®. To complete the section, we review the definition of
the wedge product on the basic Lie conformal algebra cohomology complex '*(A, M)
(cf. [BKV]). We assume that A is a Lie conformal algebra and M is an A-module
endowed with a commutative, associative product such that M. M — M,and ai"l
M — F[A] ® M, are (ordinary) derivations of this product.

Consider the basic Lie conformal algebra cohomology complex I'*(A, M) intro-
duced in Sect.2.1. Given two cochains & € I’ [ and Berl ¥, we define their exterior
multiplication @ A B € T**" by the following formula:

sign(o)

(& A 13))»1 ..... Atk (als RN ah+k) = Z Wakg(l),...,lq(h) (ao'(l)v ) aa(h))
O ESh+k o
ﬂ)\-g(h+l) ..... Ao (h+k) (aO'(/’L+1)7 e aa(h+k))a
where the sum is over the set Sy of all permutations of {1, ..., h +k}.

Proposition 2. (a) The exterior multiplication (35) makes I'® into a Z- graded commu-
tative associative superalgebra, generated by I’ aer, Mm=r° being an even
subalgebra.

(b) The operator 9, acting on re by (11), is an even derivation of the superalgebra re.

(c) The differential §, defined by (10), is an odd derivation of the superalgebra I'°.

Proof. Itfollows from the analogous well known results for the Lie algebra cohomology,
using the isomorphism of the complex I'* to the Lie algebra cohomology complex for
the annihilation Lie algebra of A (see [BKV, Theorem 5.1]). O
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3. Cohomology and Extensions

In this section we interpret the cohomology of the complex (C*®, d) in terms of extensions
of the Lie conformal algebra A and its modules.

We start by reviewing the notions of extensions of a module over a Lie conformal
algebra and of a Lie conformal algebra. Let A be a Lie conformal algebra and let M, N
be A-modules. We denote by M and 9" the F[9]-module structure on M and N respec-
tively, and by a){” and aiv the A-action of @ € A on M and N respectively. An extension
of M by N is, by definition, an A-module E together with a short exact sequence of
A-modules

O—> N—>E —> M — 0.

We can fix a splitting E = M @& N as F-vector spaces. This space is an A-module
extension of M by N if it is endowed with:

1. an endomorphism 3% of M @ N, such that 3%|y = 3" and 3%m — dMm e N for
every m € M, which makes M & N into an F[d]-module;

2. ai-actionof Aon M@ N such thatal |y = al foreverya € Aandafm —aMm e
F[A] ® N forevery a € A and m € M, which makes M & N into an A-module.

In this setting, two structures of A-module extensions E and E' on M & N are iso-
morphic if there is an A-module isomorphism o : E — E’ such that 0|y = Iy and
o(m) —m € N for every m € M. An extension E is split if it is isomorphic to M & N
as an A-module, and it is said to be [F[d]-split if it is isomorphic to M & N as an [F[9]-
module, namely if we can choose the [F-vector space splitting E = M @ N such that
I =M @ oM.

We can also talk about extensions of a Lie conformal algebra. Let A, B be two Lie
conformal algebras, and assume that the F[d]-module B is endowed with a structure of
an A-module. We denote by 94 and 9 the F[3d]-module structure on A and B respec-
tively, and by [- 5 -]4 and [- , -]? the A-brackets on A and B respectively. An extension of
A by B is, by definition, a Lie conformal algebra E together with a short exact sequence
of Lie conformal algebras

00— B—E— A— 0.

In other words, if we fix a splitting £ = A @ B as [F-vector spaces, the structure of a
Lie conformal algebra extension on E consists of:

1. an endomorphism 9% of A @ B, such that 8%|z = 9% and 8fa — 34a € B for every
a € A, which makes A @ B into an [F[d]-module,

2. a A-bracket on A @ B such that [- -]E|B =[5 -15, [ab)E = ayb for everya € A
and b € B, and [a;a']F — [a;a']1* € F[A] ® B for every a,a’ € A, which makes
A @ B into a Lie conformal algebra.

As before, two structures of Lie conformal algebra extensions E and E’ on A & B are
isomorphic if there is a Lie conformal algebra isomorphism ¢ : E — E’ such that
olp=1Ipando(a) —a € B forevery a € A. E is a split extension if it is isomorphic,
as a Lie conformal algebra, to the semi-direct sum of A and B, and it is said to be
F[0]-split if it is isomorphic to A @ B as an F[d]-module, namely if we can choose the
[F-vector space splitting E = A @ B such that 3% = 34 @ 95.
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We next review the construction of the module Chom (M, N) of conformal homomor-
phisms [K]. A conformal homomorphism from the F[d]-module M to the F[d]-module
N is an F-linear map ¢; : M — F[A] ® N such that

@@ m) = @ + Vs (m).

We denote by Chom(M, N) the space of all conformal homomorphisms from M to N.
It has the structure of an F[d]-module given by

(09)r = =A@

If, moreover, M and N are modules over the Lie conformal algebra A, then Chom (M, N)
has the structure of an A-module, given by

N M
(akfp)u =4, oQu—x —Pu-ro0a, .

In the following theorem, we denote by H*(A, M) = EBkeZ+ H k(A, M) the coho-
mology of the complex (C*®, d) associated to the Lie conformal algebra A and the
A-module M (see Sect.2.3).

Theorem 3. (a) H*(A, M) is naturally identified with the set of isomorphism classes of
extensions of F, considered as A-module with trivial action of @ and trivial A-action
of A, by the A-module M.

(b) H'(A, Chom(M, N)) is identified with the set of isomorphism classes of F[0]-split
extensions of the A-module M by the A-module N.

(c) H*(A, M) is naturally identified with the set of isomorphism classes of F[9]-split
extensions of the Lie conformal algebra A by the A-module M, viewed as a Lie
conformal algebra with the zero A-bracket.

Proof. By definition, H O(A, M) consists of elements f me M/ M M in the kernel of
d, namely such that a_ymm = 0 for every a € A. In other words,

HY(A, M) ={m e M|a_yum =0, Va € A} /3™ M. (35)

On the other hand, as discussed above, a structure of an A-module extension E of F
by M on the space M @ F is uniquely defined by an element 3¥1 = m € M such that
af”m € (™ + M)F[A] ® M (or, equivalently, such that a_sum = 0) foreverya € M.
Indeed, the corresponding A-action of af 1 € MI[A], is then uniquely defined by the
equation (0™ + 1) (aF1) = a}m, imposed by sesquilinearity. It is immediate to check
that this construction makes E = M @ into an A-module. Furthermore, letm, m’ € M
be such that a_yum = a_yum’ = 0 for every a € A, and consider the corresponding
structures of A-module extensions E and E' on M @ F. An isomorphism of A-module
extensions o : E — E’is completely defined by an element o(1) — 1 = n € M, such
that €0 (1) = o (E'1), or, equivalently, m = m’ + dn. Hence, m and m’ correspond to
isomorphic extensions if and only if they differ by an element of d M. This proves part
(a).

By definition, C'(A, Chom(M, N)) is the space of F[d]-linear maps ¢ : A —
Chom(M, N). It can be identified, letting c¢(a);(m) = a;m, with the space of [F-linear
maps A ® M — F[A] ® N, satisfying the following sesquilinearity conditions (for
acA, meM):

(da)sm = —raSm, al(@m) = (. + V) (@Sm). (36)
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The equation dc = 0 for ¢ to be closed can then be rewritten, recalling (13) and using
the above notation, as follows (a,b € A, m € M):

ay (b§,m) + a5 (b¥m) — bl (@5m) — b5, (a'm) — [a,b],,m = 0. (37)

Notice that, if ¢, € Chom(M, N), then ¢ is an F[d]-linear map from M to N, and
conversely, any F[d]-linear map ¢ : M — N can be thought of as an element of
Chom(M, N) which is independent of X. It follows that any element in
d(C°(A, Chom(M, N))), when written in the above notation, is of the form

am = ap(m) — 9@ m), (38)

for an F[d]-linear map ¢ : M — N. In conclusion,

H'(A, Chom(M, N))

- {c S A® M — F[A]® N | (36) — 37) hold} / {c of the form (38)] . )
On the other hand, as discussed at the beginning of the section, a structure of [F[9]-split
extension E of M by N on the space M @& N is uniquely determined by the elements
afm —a){”m =: ajm € F[A]® N, and the requirement that £ = M @ N is an A-module
exactly says that afm satisfies conditions (36) and (37). Furthermore, let E and E "be two
such extensions, associated to the closed elements ¢ and ¢’ respectively. An isomorphism
o : E — E’isuniquely determined by the elements o (m) —m =: ¢(m) € N. The con-
dition that o commutes with the actionof 8 = 3 @aV,i.e.c (M m) = M ®oN)o (m),
is equivalent to (8Mm) = 3N (m), namely ¢ : M — N is an F[d]-linear map. The
condition that o commutes with the A-action of A,i.e. o (a f m)=a f ‘o (m), is equivalent
to

. N
asm + (p(a){wm) =a; m+ a;{vgo(m),

which means that ¢ and ¢’ differ by an exact element. This proves part (b).

We are left to prove part (c). The space C%(A, M) consists of F-linear maps ¢ :
A®2 5 F[A] ® M, denoted by a ® b — {a,b}., satisfying the conditions of sesquilin-
earity

{Baible = —Marbe,  {andble = A+ 3" {@b)e, (40)
and skew-symmetry
{brale = —{a_;, _umblc. (4D

Recalling the definition (13) of d and using the skew-symmetry of the A-bracket on A,
the equation dc = 0 for ¢ to be closed can be written as follows:

ak{b;ﬂ}c - bu{aAZ}c + T p—p—oM {a)b}c (42)
+{a)\[bu.z]}c - {bu[akz]}c + {Z—)L—,L—BM [ayb]}e = 0,

for every a, b, z € A. Recall that cl, M) consists of F[d]-linear maps ¢ : A — M.
Hence exact elements ¢ = d¢ are of the form

{abay = arp(b) — b_;_yme(a) — ¢([a,b]). (43)
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‘We thus have

H2(A, M) = {c : A®2 5 F[A] ® M | (40) — (42) hold} / {c of the form (43)} .
(44)

Once we fix an F[d]-splitting £ = M @ A, an “abelian” extension E of the Lie con-
formal algebra A by the A-module M is determined by a A-bracket [-; -1 : (M &
A)®% - F[A] ® (M @ A), satisfying the axioms of a Lie conformal algebra, and such
that [mym’1€ = 0 for m,m’ € M, [aam]® = aym fora € A and m € M, and
[a,b]E — [ayb] € FIA] ® M. Let

{ab)e = [ab)F — [arb] € F[A] ® M.

It is not hard to check that the axioms of sesquilinearity, skew-symmetry and Jacobi
identity for [- 1€ become Egs. (40), (41) and (42) respectively. Namely [- € defines
a structure of Lie conformal algebra extension on E if and only if ¢ is a closed element
of C 2(A, M). Let E and E’ be two such extensions, associated to the closed elements
¢ and ¢’ respectively. An isomorphism ¢ : E — E’ is uniquely determined by the
elements o (a) —a =: p(a) € M. Itis easy to check that o commutes with the action
of 3 = M @ 94 if and only if ¢(da) = 9 ¢(a), namely ¢ : A — M is an F[3]-
linear map. Finally, o defines a Lie conformal algebra isomorphism, i.e. o ([a;b]F) =
[o (a)xa(b)]E/, if and only if

{arb}e + ([axb]) = {arb}e + arp(D) — b_;, _yme(a),
which means that ¢ and ¢’ differ by an exact element. 0O

Remark 3. Part (a) of Theorem 3 is the same statement as [BKV, Theorem 3.1-2]. Part
(b) is equivalent to [BKV, Theorem 3.1-3]. This is due to Theorem 2 and the fact
that Chom(M, N) is free as an F[d]-module, hence C*(A, Chom(M, N)) = C°(A,
Chom(M, N)). However, [BKV, Theorem 3.1-4] is false, unless A is free as an F[9]-
module. Part (c) of Theorem 3 is the corrected version of it. This lends some support to
our opinion that the cohomology complex (C*, d) is a more correct definition of a Lie
conformal algebra cohomology complex. Moreover, as it appears from the proof of The-
orem 3, the identification of the cohomology of the complex (C*®, d) with the extensions
of Lie conformal algebras and their representations is more direct and natural than for
the complex (I"°, §). As B. Bakalov pointed out, Theorem 3 is a special case of Theorem
5.1 from [BDAK], valid for any Lie pseudoalgebra.

Example 1. Consider the centerless Virasoro Lie conformal algebra Vir® = F[9]L, with
A-bracket given by [L; L]® = (9 +21)L. We have C' (Vir?, F) = Fa, wherea : Vir® —
F[] is determined by a(L) = 1, and C2(Vir®, F) = Fa @ Fg, where a, § : Vir®®* —
IF[A] are determined by {L; L}y = A and {L;L}g = 3. In particular da = 2«. There-
fore H?(Vir’, ) is one-dimensional, meaning that, up to isomorphism, there is a unique
1-dimensional central extension of Vir?, namely Vir = F[0]L @ FF, with C central and
[LyL] = (@ +2)M)L + %C. Note that, since Vir? is free as an F[d]-module, this is the

same answer that we get if we consider the cohomology complex I'® ~ C*.

On the other hand, we have C!(Vir, F) = Fa & Fb, where a,b : Vir — T are
determined by a(L) =1, a(C) =0, b(L) =0, b(C) = 1, which is strictly bigger than
C! (Vir, F) = Fa. The 2-cochains are as before: C2(Vir, F) = Fa & FB, with @ and S
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determined by {L; L}y = A and {L)L}g = A3 In particular da = 2« and db = %,3.
Therefore H?(Vir, F) = 0, which corresponds to the fact that there are no non-trivial
1-dimensional central extensions of Vir. On the contrary, the second cohomology of the
complex I"® >~ C* is one-dimensional.

Remark 4. Since C¥ = C¥ for k # 1, the corresponding cohomologies H” (C*®) and
H"(C*®) are isomorphic unless n = 1 or 2. In particular, it follows from [BKV, Theorem
7.1], that for the complex C*®(Vir, F) we have: H" (Vir,F) = F forn = 0 or 3, and
H"(Vir, F) = 0 otherwise.

4. The Space of k-Chains, Contractions and Lie Derivatives

4.1. g-complexes. Recall that a cohomology complex is a Z-graded vector space B°,
endowed with an endomorphism d, such that d (Bk) c B*! and d% = 0. We view B®
as a vector superspace, where elements of B¥ have the same parity as k in Z/27Z, so that
d is an odd operator.

Let g be a Lie algebra, and let g = ng @ g & Fd,, where 1 is odd such that n? =0,
be the associated Z-graded Lie superalgebra. A g-structure on the complex B*® is a
Z-grading preserving Lie algebra homomorphism

¢ : g — EndB°,

such that ¢(9;) = d. A complex with a given g-structure is called a g-complex.

Given X € g, the operator ty = ¢(nX) on B* is called the contraction, and the
operator Ly = ¢(X) is called the Lie derivative (along X). Note that we have Cartan’s
formula

Lx = [d,x], (45)
and the commutation relations

[d,Lx] =0, [ix,ty] =0, [Lx,ty]l=[x,Lyl=1yxy), [Lx,Lyl=Lixy)
(46)

Remark 5. In order to construct a g-structure on acomplex (B*®, d), it suffices to construct
commuting odd operators tx on B®, depending linearly on X, such that 1x (B¥) ¢ B¥~!,
and

[[d,x], eyl =yx,y;, VX, Y eg. 47)
Indeed, if we define Lx by (45), all commutation relations (46) hold.

Let 9 be an endomorphism of the complex (B®, d), i.e. such that 3(B¥) c B* and
[d,d] = 0. Let

¢ = (Xegllx,d1=0}Cg.

Notice that [Ly, d] = 0 for all X € g°. It follows that g? is a Lie subalgebra of g,
and that (3 B®, d) is a subcomplex of (B®, d) with a g?-structure. The corresponding
quotient complex

(B*/3B*,d),
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has an induced g?-structure, and it is called the reduced g°-complex.

A morphism of a g-complex (B®, ¢) to an h-complex (C*®, ¥) is a Lie algebra homo-
morphism 7 : g — b and a Z-grading preserving linear map p : B®* — C°, such
that

p(p(g)b) = ¥ (m(8)p (D),

for all b € B® and g € g, where 7 is extended to a Lie superalgebra homomorphism
T h by letting 7 (nX) = n7(X) and 7 (9;)) = 9;. Such amorphism is an isomorphism
if both 7 and p are isomorphisms.

4.2. The basic and reduced spaces of chains f. and I'y. The definitions of the basic and
reduced spaces of k-chains are obtained, following [BKV], by dualizing, respectively,
the definitions of the spaces % and I'* introduced in Sect.2.1. In particular, the basic
space I (A, M) of k-chains of the Lie conformal algebra A with coefficients in the
A-module M is, by definition, the quotient of the space A®* @ Hom Flrr, ..., l, M),
where Hom(IF[A1, ..., Ak], M) is the space of F-linear maps from F[A, ..., Ax] to M,
by the following relations:

Cl.aj® 0a;-- @ Q¢ = —a; @ -+ @ ax @ (M), where we denote 1f¢ €
Hom(F[Ay, ..., Ax], M) is defined by

ADS Oy es ) =i f (A1, oo A0) s (48)

C2 as(1) @ - ®as) ® (0*¢) = sign(o)a; @ -+ ® ax ® ¢, for every permutation
o € Sk, where 0*¢ € Hom(F[Aq, ..., Ax], M) is defined by

@ A1 k) = O (f a1y, - -5 kok))- (49)

We let, for brevity, I = fk(A, M) and I, = 1:.(A, M) = @keZ+ .

The following statement is the analogue of Remark 1 for the space of k-chains.
Lemma 2. If one of the elements a; is a torsion element of the F[d]-module A, we have
AR - Qar Q¢ =0in I} In partlcular T can be identified with the quotient of

the space A% Hom(F[XAy, ..., Axl, M) by the relations C1 and C2 above, where
A = A/ Tor A denotes the quonent of the F[9]-module A by its torsion.

Proof. 1f P(d)a; = 0 for some polynomial P, we have, by the relation C1.,
0=a1® - (P@)a)  Qux@p=a1®--a; - ®ax @ (P(—1))¢).

To conclude the lemma we are left to prove that the linear endomorphism P (—A})

of the space Hom(F[X1y, ..., Ax], M) is surjective. For this, consider the subspace
P(—A)F[A1, ..., ] C F[A1, ..., Ar], and fix a complementary subspace U C
F{r1, ..., Axl, so that F[A(, ..., k] = P(—A)F[A1, ..., ] ® U. Given ¢ €

Hom(F[Xy, ..., Ax], M), we define the linear map ¢ : F[Ay, ..., k] — M by let-

ting Y|y = 0 and Y (P(—A) f(r1, ..., Ak)) = ¢(f(A1, ..., ) for every f €
F[A1, ..., Ak]. Clearly, P(=A))¢Y = ¢. O
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The space f. is endowed with a structure of a Z-graded F[d]-module, with the action
of 9 induced by the natural action on A®k g Hom(F[Ay, ..., A¢], M):

(@1 ® - Qa®p) = Z“1® (a) - ®a®p+al ® - @ ax ® (3¢)
=a1®~-~®ak®((—)»T—~-~—AZ+8)¢), (50)

where d¢p € Hom(F[Aq, ..., Ax], M) is defined by (9¢)(f) = BM(¢(f)) The reduced
space of chains Iy = @kez Iy is, by definition, the subspace of d-invariant chains:
I =& €I} |96 =0} C I} B

For example, for k = 0 we have Iy = M and Iy = {m € M |dm = 0}. Next,
consider the case k = 1 and suppose that the F[9]-module A admits the decomposi-
tion (23), as a direct sum of Tor A and a complementary free submodule F[9] ® U.
We already pointed out in Lemma 2 that ¢ ® ¢ = 0 in I} if @ € Tor(A). Moreover,
by the sesquilinearity Condition C1 we have (P()u) ® ¢ = u ® (P(—A*)¢) in I7,
forevery u € U, ¢ € Hom(IF[A], M) and every polynomial P. Hence we can identify
I't ~ U @ Hom(IF[A], M). Under this identification, an element u ® ¢ € I is annihi-
lated by 9 if and only if the map ¢ : F[A] — M, satisfies the equation (—A* +9)¢ = 0,
namely if ¢ (A"") = "¢ (1) forevery n € Z,. Clearly, there is a bijective correspondence
between such maps and the elements of M, given by ¢ +— ¢ (1) € M. In conclusion,
we have an isomorphism I'71 ~ U @ M.

Remark 6. Apparently, there is no natural way to define a differential § on k-chains,
making Iy and I', homology complexes. The one given in [BKV, Sect.4] is divergent,
unless any m € M is annihilated by a power of 3.

4.3. Contraction operators acting on I'* and I'*. Assume, as in Sect.2.5, that A is a
Lie conformal algebra and M is an A-module endowed with a commutative, associative
product u : M ® M — M, such that 9™ : M — M,anda), : M — C[A]® M, satisfy
the Leibniz rule. Given an h-chain & € Fh, we define the contraction operator ¢ :
'k — k" k> h,asfollows. Ifa ® - --®@a, ®¢p € A®" @ Hom(F[A1, ..., Ay], M)
isa representatlve of £ € I}y, and ¥ y € I'*, we let

D i @hets <o va) = ¢ (Vg ar, ... ap)) (51)

where, in the RHS, ¢ denotes the composition of the maps, commuting with
Artls ooy M,

Fia, ...l @M 2 Mme M S M. (52)

We extend the definition of ¢¢ to all elements & € I:h by linearity on &, and we let (¢ (¥) =
0if k < h. We also define the Lie derivative Lg by Cartan’s formula: Lg = [4, t¢].

It is immediate to check, using the sesquilinearity and skew-symmetry Conditions
Al and A2 for y (cf. Sect.2.1), that the RHS in (51) does not depend on the choice of the
representative for £ in A®h ®Hom(F([Aq, ..., Ay, M). Moreover, 1f y e« %, it follows
that ¢z () satisfies both Conditions Al and A2 namely (¢ (y) € rk=
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Proposition 3. The contraction operators on the superspace I'® commute, i.e. for& € I
and ¢ € I'j we have
lgly = (—l)hjL;Lg.
Proof. Leta1 ®---Qap,®¢ € A@h ® Hom(F[Aq, ..., An], M) be a representative for
Eel,bh1® - -Qb; @Y € A®/ @ Hom(F[u1, ..., wjl, M) be a representative for
(eTlj,andlety e I’ k By the definition (51) of the contraction operators, we have
(ete Vv (€1 ooy Chn—j)
=Y (" (Porohto ivtoevin; @1 oo an b1 oo bjcr o cen— ) -

Since obviously ¢* and ¥* commute, the proposition follows from Condition A2 for
y. O

Proposition 4. For every basic h-chain & € I}, we have
[3,Lg]=30t5—t§03=L35. (53)
In particular, if & € I, is a reduced h-chain, then 1g commutes with 9, and it induces

a well-defined contraction operator on the reduced cohomology complex: t¢ : rk —
rk=h

Proof. Leta; ® --- ® ap ® ¢ be a representative of & € fh, and let y € rk. By the
definition (11) of the action of 3 on I'¥, we have

(0467, @t ) s
= @M + g1+ + 20" (P ar, . an)
and, similarly,
(€d7);,, o @retsee af) 55)
=" (M + X1+ + M)V (ar, ... ar)) .
On the other hand, by the definition (50) of the action of d on I, we have
(‘357)Ah+1,...,xk (@hsts - ax) = D" (Yo, (@r, ..., a)) 56)
=" (O +- -+ )W @, ap))
Equation (53) then follows by (54), (55), (56), and by the following result.
Lemma 3. For every linear map ¢ : F[Ay, ..., Ap] — M, we have
(0¥, ¢4 =8 0 ¢/ — ¢ o (id ® 8") = (9)", (57)

where " : F[A1, ..., 0] ® M — M is defined in (52).
Proof. Given f ® m € F[A1, ..., Ay] ® M we have
(0% 0 g) (f @m) = 9™ @(f)-m),
(¢" 0 @@ ™) (f@m) = ¢(f)- @"m),
@) (f @m) = @Y p(f)) - m.

Equation (57) follows since, by assumption, M is a derivation of M. O
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For example, for iz = 0, the contractionbym € M = Tois given by the commutative
associative product in M, namely we have, (n))a,...x(a@l,...,ar) =
myy,,..a @i, ..., ag) (which is the same as the exterior multiplication by m € ro=
M). If, moreover, m € M is such that dm = 0, we have (,,0y = 9,7, so that ¢,,, induces
a well-defined map I'* — I'*. Next, consider the case h = 1. Recall from the previous
section that, if A decomposes as in (23), we have Iy >~ U ® Hom(IF[A], M). The con-

traction operator associated to § = u @ ¢ € I7 is given by (tg¥)s,,...0 (@2, ..., ak) =
ot (J/A AU, an, .o, ak)). Moreover, we have I ~ U ® M, and the contraction
operator associated to £ = u ® m is given by

Vi@, ooy ar) = Vam 5, 5, (W a0, ..., ap)m, (58)

where the arrow in the RHS means that 3" should be moved to the right. Clearly,
13y = di¢y, and ¢ induces a well-defined map I'* — =1,

4.4. The Lie algebra structure on g = I1 Iy and the g-structure on the complex (re, 9).

In this section we want to define a Lie algebra structure on the space of 1-chains [T,
thus making r*afrl- complex (recall the definition in Sect. 4.1), where IT means that
we take opposite parity, namely we consider I} as an even vector space. We start by
describing the space of 1-chains in a slightly different form. Recall that I} is the quotient
of the space A ® Hom(F[)1], M) by the image of the operator d ® 1 + 1 ® A*. We shall
identify Hom(F[A], M) with M[[x]] via the map

1
¢ > P,
neZy

It is immediate to check that, under this identification, the action of 3 on Hom(F[A], M)
corresponds to the natural action of @ on M[[x]], while the operator A* acting on
Hom(F[)\], M) corresponds to the operator 9, = % on M[[x]]. Thus, the space of
1-chains is

= (AQM[[xIN)/@®1+1® ) (A M[[x]].
Recalling (50), the corresponding action of 9 on I is given by
da®@m(x)) = a® (@ — dx)m(x), (59

and the reduced space of 1-chainsis I = {§ =a ®m(x) € [0 =0}.1In particular,
if A admits a decomposition (23) as a direct sum of Tor A and a complementary free
submodule F[0] ® U, we have I'1 ~ U ® M|[[x]], and the reduced subspace I'] C Fl
consists of elements of the form

E=u®'m), ueU, me M. (60)

Given & € I, we can write the action of the contraction operator tg : ¥ — =1,
defined by (51). Consider the pairing M[[x]] ® F[A] — M given by

(x™ A" =nl8un, mon € ZLy. (61)
It induces a pairing (, ) : M[[x]] ® (F[A] ® M) — M, given by

M @F oM 22 vem 25 M, (62)
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where 1 in the last step denotes the commutative associative product on M. Then, if
a1 ® m(xl) € A ® M([[x1]] is a representative of & € I 1, the contraction operator
. " — %=1 acts as follows:

P rgig @ ak) = (M(X1), Vayasene (@1, a2, - ar)), (63)

where, in the RHS, (, ) denotes the contraction of x; with A defined in (62). Clearly, if
& is as in (60), Eq. (63) reduces to (58).
We can also write down the formula for the Lie derivative Lg = § o1z + g 0 8. Let

a; @m(x;) € A® M[[x1]] be a representative of £ € 1:1. Recalling the expression (10)
of the differential §, we have

BLeY)ia, . pass (@2, - -, Aks1)

;
k+1 v
=25 (=Day, <m(x1) v (017027"',ak+1)>
AR, At
k+1 k+i+] ~ g j
+ 20 (=D m(xn), Y i (ar,az, -~ s ak+1s laizagl) ),
i<j A2, Al i
and
(68 )gign (@24 - . ., A1)
i
k+1 j ~ v
= Z[:l(_l)[+l <m('x1)7aiki (y lv (al7 ) ak+1))>
ALy Mt
kel i+ i+] _ i
+ 2= (DT m(x), v (ar, -+ s akels Laiajl) ).
i<j Al el A A

We then use the assumption that the A-action of A on M is by derivations of the com-
mutative associative product of M, to get, from the above two equations,

(LeD g @2, - are1) = (m(x1), arp, Va2, - - -, ake1)))
k+1 i
+Z(—1)i <(aix,-m(X1)) Y i (an a7 ak+1)>
— A2, Aerd
k+1
= D (O, Vot (@24 - Lasgafl o agen)). (64)
j=2

We next introduce a Lie algebra structure on g = I71 I and the corresponding g-struc-
ture on the complex (F ®, 8). Define the following bracket on the space A ® M[[x]]:

la ® m(x). b ® n(x)] = las, bl ® mGx)n(x) |, _,
—a®(n(xl),b,\lm(x))+b®(m(x1),akln(x)), (65)
where, as before, {, ) in the RHS denotes the contraction of x; with A defined in (62).

Lemma 4. (a) The bracket (65) on A @ M|[[x]] induces a well-defined Lie algebra
bracket on the space g = I117.

(b) The operator 0 ® 1 +1 ® 90 on A ® M[[x]] is a derivation of the bracket (65).
In particular, d defined in (59) is a derivation of the Lie algebra ¢ = I11, and
g’ = I1I" C g is a Lie subalgebra.
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Proof. Notice that, by the definition (62) of the inner product (, ),

(f(x1), Aig(x1)) = (Bx, f(x1), g(A1)). (66)
Hence, by (65) and the sesquilinearity conditions, we have
[(0@1+1®3,) (@@mx),b@n(x)]=—0 ® 1 +1® d) (a ® (n(x1), br,m(x))),
and

[a®@m(x), @®1+1®dy) (b®n(x))]

= @@ 1+1880) (lag, bl @ m(x)n() [, _, +b & [m(x), axyn ().

X=X

It follows that (0 ® 1+ 1 ® d,) is a derivation of the bracket (65), and that (65) induces a
well-defined bracket on the quotient [T = A ® M[[x]]/(a RI+1®09)(ARQM[[x]]).
Next, let us prove skew-symmetry. We have

[a@mx),b@nx)]+[bRn(x),a ®m(x)]
= (([aax1 b]+[baxa]) ®fn(x1)n(x)) ‘ ,

X=X

and the RHS belongs to (0 ® 1 + 1 ® 9,)(A ® M[[x]]), due to the skew-symmetry of
the A-bracket on A. For part (a), we are left to prove the Jacobi identity. Applying twice
(65), we have

[a @m(x), [b®@n(x),c® px)]]
= lay,, [by,, ]l @ m(x1)n(x2) p(x)

P
—[ag, b1 @ m(x1) (p(x2), c1,n(x)) |
+lag, ] ® m(x1) (n(e2). by ) |, _,
+1by,,c) ® (m (1), @y, (1) () |,
—a ® ((n(x1) p(x2), [b, clry12,m(x)))
+a @ ((p(x2), cayn(x1)), byym(x))

—a ® ([n(x2), by p(x1)), 3, ()

—b @ (m(x1), ar, (p(x2), cr,n(x)))

X1=x

+c® (m(x1), ay, (1(x2), by, p(x))). (67)
For the fifth term in the RHS we used (66) and the following obvious identity:
(faDg()], _,  h(G2)) = (f(x1)g(x2), A(hi +22)), (68)

where, in the RHS, we denote by ((, )) the pairing of F[[x1, x2]] and F[X{, A;], defined
by contracting x; with A1 and xp with A, as in (61). Similarly, we have

[b®n(x), [a@m(x),c® px)]]
= [bay, las,, cl] @ mxpn(x2) px) | -

— by, al @ n(x1) (p(x2), c1ym(x)) |

X]=x
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+[ba,, €] @ n(x2) {m(x1), @y, pO) | _,

+[ag,, ] ® (n(x2), by, (m(x1) p(x))) |x1:x

—b ® ((m(x1)p(x2), [ax, cli;+1,n(x)))

+b ® ((p(x2). crym(x1)), @y, n(x))

— b & {mx1), ax, p(r2)), cron(x)

—a ® (n(x1), b, (p(x2), ca,m(x)))

+c @ (n(x2), b, (m(x1), ax, p(x))), (69)

and, for the third term of Jacobi identity,

[la @ m(x),b@n(x)],c® p(x)]

= [laa,, bla,, +2,,c1 @ m(x)n(x2)p(x) |, _
—lag, bl ® (p(x2), c2, (m(x1)n(x))) |
—[ag, ] ® (n(x2), baym(x1)) p(x) |
+[ba,, €1 ® {m(x1), a3 n(x2)) p() |, _,
+c @ ((m(xDn(x2), [ax,blr+r, p(x)))
—c® ((n(xz), b;\zm(xl)) , aklp(x))
+c @ ((m(x1), ax, n(x2)), br, p(x))
+a @ (p(x2), e, (n(x1), by m(x)))
—b®(p(x2), e, (m(x1), ax,n(x))). (70)

X|=x

X=X

We now combine Eqgs. (67), (69) and (70), to get the Jacobi identity. In particular, the
first terms in the RHS of (67), (69) and (70) combine to zero, due to the Jacobi identity
for the A-bracket on A. For the second terms in the RHS of (67), (69) and (70), we use
the skew-symmetry of the A-bracket on A and the Leibniz rule for the A-action of A on
M, to conclude that their combination belongs to (0 ® 1 + 1 ® 9y)(A ® M[[x]]). The
third term in the RHS of (67) combines with the fourth term in the RHS of (69) and
the third term in the RHS of (70) to give zero, and similarly for the combination of the
fourth term in the RHS of (67), the third term in the RHS of (69) and the fourth term in
the RHS of (70). Furthermore, the combination of the fifth, sixth and seventh terms in
the RHS of (67), the eighth term in the RHS of (69) and the eighth term in the RHS of
(70) give

a® ((n(xl)P(XZ)a {_[b}nlc])\1+)\2m(x) + b}xlckzm(x) - C)\zbklm(x)})) B

which is zero due to the Jacobi identity for the A-action of A on M, and similarly for the
remaining terms in (67), (69) and (70). We are left to prove part (b). We have

[(0®1+1®3d)(a®m(x)),bnx)]
= [9ay, bl @ m(x)n(x) |, _, +laa, b1 ® @m(x1))n(x) |
—(0a) ® (n(x1), by, m(x)) — a @ (n(x1), by, (Im(x)))
+b ® (m(x1), 0a)x,n(x))+b @ ((Om(x1)), ar,n(x)), (71)

X|=x
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and

[a®@m(x), 0®1+1®03)(bQn(x))]
= lay, b @ m(x))n(x) |, _, +laa, bl @ m(x1)(@n(x)) |
—a @ (n(x1), (0b)x,m(x)) — a @ ((In(x1)), by, m(x))
+(3b) ® (m(x1), az,n(x)) +b & (m(x1), ar, (In(x))). (72)

X=X

Putting Egs. (71) and (72) together we get

OR1+1N[a@mxx),b@n(x)]=[0®1+1® d)(a@mx)), b n(x)]
+la®@mx), @@ 1+1®3)(bn(x))].

This completes the proof of the lemma. O

Proposition 5. The basic cohomoloy complex (I'*, 8) admits a g-structure, ¢ : g —
End I"®, where g = I117 is the Lie algebra with the Lie bracket induced by (65), given
by (3y) =6, o(m&) = te, (§) = Lg, & € I'. The corresponding reduced (by )
g?-complex is (I'*, 8).

Proof. In view of Remark 5 and Proposition 3, we only have to check that

[Lg s te,] =Yg 60, (73)

where, for £ € fl, Lg is given by (63) and L¢ is giverl by (64). For i = 1, 2, let then
a; @ m;(x) € A ® M[[x]] be a representative of &; € I'1. We have

(Leytey Vg, (@3, - o, Qis1)

= (m1(x1), ai, (M2(x2), Vazons, i (@2, G3, - .., ars1)))
k+1 i
+Z(—1)i<(aix,~m1(x1)),<m2(x2),)7 ; (al,az,aa,-*-,ak+1)>>
i—3 AL A2,A3, 0 Al
k+1
= D {mi ), (ma(x2), Vs, @2, - L@, a5], - axe))) s (74)
j=3

where, as in (61), with (, ) we contract x; with A1 and x> with A;. Similarly, we have

(téz Léfl f)/\g,m At] (a3, ..., ag+1)

= (m2(x2), (m1(x1), a1z, (Vag.ohinr @2, - -, @rs1)))
k+1 i
+> (=1 <m2(xz), <(aixl-m1(x1)), y i (anaz ak+1)>>
i—2 ALA2, e Aerd
k+1

j=2
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Combining Eqs. (74) and (75), we get

([LS] s [$2]?))»3,~~ Y (a3’ ceey ak+1)

= ((m1(x1), (@13, m2(x2)) . Vagis.iger (@2, a3, ..., ags1))
—((m2(x2), (@25,m1 (X)), Vayassiper (@1, @3, - - -, A1)
+{(m1Dm2(x2), Vay+rora i (@12,a21, a3, ., age))) s (76)

where, for the first term, we used the fact that the A-action of A on M is by derivations
of the product on M. To conclude, we use Eqs. (66) and (68) to rewrite the RHS of (76)
as (Le¥ )z, 0 (@3, . ., Ars1), Where

£ =a®(mi(x1), (a1, ma(x))) — a1 @ {ma(x2), (a23,m1(x)))

+lary, @l @ mi(xpma(x) |, _. = [€1, &1.

4.5. The space of chains Co. Recall from Theorem 2 that the cohomology complex
I'*® is a subcomplex of the cohomology complex C* defined in Sect.2.3. One may ask
whether, for a reduced A-chain & € I, there is a natural way to extend the definition
of the contraction operator ¢ to the complex C*. In order to formulate the statement,
in Theorem 4 below, we first define a new space of chains, obtained by dualizing the
definition of the complex C*.

Welet Co = EBkeZ+ Cy, where Co = {m € M |dm = 0} (= I}), and, fork > 1, we
define the space Cy of k-chains of A with coefficients in M as the quotient of the space
A%k g Hom(F[Xy, ..., Ax—1], M) by the following relations:

Dl.ai®: --0a;- Qar®@¢p=—a1Q---Qar® (A'¢),forevery 1 <i <k —1;

D2 a1 ® - Q@a-1Q@0a)®p=a1 Q@ - Q@ar @ (A] +---+1;_| — )e);

D3. a5y ® - Q agk) ® (0%¢) = sign(o)a; ® - -- @ ax ® ¢, for every permutation
o € Sk, where ¢ € Hom(F[Aq, ..., Ag—1], M) is defined by

@S s b)) =6 (£ Ot o)) D
where in the RHS we have to replace Ax by gy = —Ap — -+ — Ag—1 + 0 and

move 3 to the left of ¢.

For example, C; = (AQ M)/3(A ® M). In particular, in Cj it is not necessarily true
that @ ® m is equivalent to zero for every torsion element a of the F[d]-module A. On
the other hand the analogue of Lemma 2 holds for k > 2:

Lemma S. If k > 2 and a; € Tor A for some i, we have a1 @ --- @ ay @ ¢ = 0 in Cy.

Proof. For 1 < i < k — 1, relation D1 is the same as relation C1, hence the same
argument as in the proof of Lemma 2 works. Similarly, for i = k, if P(d)a; = 0, we
have by the relation D2,

0=a1® - ®au-1®(P(Da)®p = a1®: - @ux®@(P(A] + - +r_; — )9),

and to conclude the lemma we need to prove that the linear endomorphism P (A} +- - - +
)»z_l —d) of Hom(IF[Aq, ..., Ak—1], M) is surjective. In other words, given an element
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¢ € Hom(F[Ay, ..., Ax—1], M), we wantto find anelementyr € Hom(F[A{, ..., Ar_1],
M) such that P(A] +---+A{_; — )y = ¢. Suppose, for simplicity, that the polynomial
P is monic of degree N. Hence

N
POS+- -+ =)= DY+ D 0"R,(AF. ... A,
n=0

where the polynomials R, € F[AT, ..., Az_ 11, considered as polynomials in A, have
degree strictly less than N. Then i can be constructed recursively by saying that
Y(W'A52 A7) = 0forn; < N, and

YO LT
= ! M) = X M"Y (RaChae o DA 2.

Since the RHS only depends on ¥ (A" A5% - -- )»Zl:ll) with m; < N + nj, the above
equation defines ¥ by induction on ;. Clearly, P(A] +-- -+ A{_; — )Y = ¢. O

In analogy with the notation used in Sect. 2.2, we introduce the space C, = & keZ. C,

by taking the quotient of the space C, by the torsion of A. More precisely, let Cy =
{m € M|dm = 0} = Co and, for k > 1, Cy is the quotient of the space A%k @
Hom(F[Ay, ..., Ak—1], M), where A = A/Tor A, by the relations D1, D2 and D3
above. In particular, by Lemma 5, Cy = Cy for k # 1, and there is a natural surjective
map C; — Cj.

We next want to describe the relation between the spaces Cy and Ik. In particular,
we are going to define a canonical map xi : Cx — [}, and we will prove in Proposi-
tion 7 that, if the F[d]-module A decomposes as a direct sum of its torsion and a free
submodule, x factors through an isomorphism Cy >~ I7.

For k > 1, let px : Hom(F[Aq, ..., At], M) - Hom(F[Aq, ..., Ax—1], M), be the
restriction map associated to the inclusion F[Aq, ..., Ax—1] C F[Aq, ..., Az]. Let

xx . Hom(F[Aq, ..., Ak—1], M) — Hom(F[Ay, ..., k], M),

be the injective linear map defined by

kD) (F O 20) = @ (F O s kot k) (78)
where in the RHS we let Ay = — ZI;;} Aj+ 3™ and we move 3 to the left.
Lemma 6. (a) We have px o xx = Ton Hom(FF[Aq, ..., Ax—1], M). Hence xi o pi is a

projection operator on Hom(F[A1, ..., Ak], M), whose image is naturally isomor-
phic to Hom(F[Ay, ..., Ag—1], M).
(b) The image of xx consists of the elements ¢ € Hom(F[Ay, ..., Axl, M) such that
AT+ +2)p = 0¢. (79)
(c) We have the commutation relations
Moxp= koAl V1<i<k—1, Aoxpx=xko(=A] —«—Aj_+9),
(80)

where 1Y is the linear endomorphism of Hom(F[Ay, ..., Ax], M) defined by (48).
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(d) For every permutation o € Sy we have
0% oxk=xkoo", (81)

where o * in the LHS denotes the endomorphism of Hom(F[A1, ..., Ax], M) defined
by Eq. (49), while in the RHS it denotes the endomorphism of Hom(F[Aq, ..., Ag—1],
M) defined by (77).

Proof. Part (a) is obvious. Given ¢ € Hom(F[A(, ..., Ax—1], M), we have, by the defi-
nition (78) of xy,

(W +- -+ = 3)d) (F, ey A0)
= () (A +- -+ = M) f (A, .., ) =0,

namely yx¢ satisfies Eq.(79). Conversely, if ¢ € Hom([F[Aq, ..., Ak], M) solves
Eq.(79), we have, by Taylor expanding in Ay — A = —Ay — -+ — Ag + M

Ok (f Ot oo M) =@ (fOr -+ k—1, Aky)
1
= — ((=A] = = A0+ 9)"®) (B}, N, - h)) =D (f (1, s M)
n! k

nel,

Hence, ¢ is in the image of i, as we wanted. This proves part (b). For part (c), the first
equation in (80) is clear. The second equation follows by part (b). We are left to prove
part (d). Given ¢ € Hom(FF[A, ..., Ax—1], M) we have, for every permutation o € S,

@ 14D) (SO ) = (F ooty ) -
and

o *d) (f (A, ..o, 2)

=¢ (f()»a(l), s hotmlys —ho() — - — ho—1) + M) ) .
A As
Equation (81) follows by the fact that, for o (k) # k, when we replace A; by Ay =
—Al — o — hpe1 + 0™, the expression —Aq () — -+ — Agk—1) + M s replaced by
Aoy O

We extend xj to an injective map xi : A®* @ Hom(F[Aq, ..., A_1], M) — A% ®
Hom(F[Ayq, ..., Ax], M), given by

X@® - Qar@P) =a1 Q- @ ar ® xi(P). (82)

Moreover, we denote by (C1, C2) C A®* @ Hom(F[Ai, ..., 2], M) the subspace
generated by the relations C1 and C2 from Sect.4.2, and by (D1, D2, D3) C A% ®
Hom(F[Aq, ..., Ax—1], M) the subspace generated by the relations D1, D2 and D3.

Proposition 6. (a) xix ((D1, D2, D3)) C (C1, C2).
(b) Foreveryx € A®* @ Hom(F[A1, ..., Ak—1], M), we have dxr(x) € (C1, C2).
(¢) xk induces a well-defined linear map xi : Cyp — I.
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Proof. For1 <i <k — 1, we have
Xk (a1 ®--(0a) - @u @Pp+a1 Q@+ @ ar @ (A )
=a1® - 0a) - Qar® xx (@) +a1 ® -+ @ ar ® xx(A[p)),

and this is in (C'1, C2) thanks to Lemma 6(c). Similarly, by the second equation in (80),

k(@1 ® Qa1 ® ) P —a1 @ Qar @A+ +Aj_ — )¢))
=01 Q- @ar—1 ® Bar) ® xx(®) +a1 Q-+ @ ar @ A xx(¢) € (C1,C2).

Furthermore, by Lemma 6(d), we have, for every permutation o € S,

Xk (@1 ® - Qar ® ¢ —sign(0)ag() @ -+ ® ao () ® (0*))
=a1® - @ak ® xx(@) —sign(o)as(1) ® -+ ® dg ) ® (6™ xx(¢)) € (C1, C2).

This proves part (a). From (50) and Lemma 6(b), we have
k(@1 @ Quk@P)=a1 ® - Qar @ (—A] — -+ — AL + ) xx(¢) =0,
thus proving (b). Part (c) follows from (a) and (b). O

Proposition 7. If the Lie conformal algebra A decomposes, as an F[d]-module, in a
direct sum of the torsion and a complementary free F[d]-submodule, the identity map
on Co = {m € M|dm = 0} and the maps x : Cp — Iy, k > 1, factor through a
bijective map Cq == T.

Proof. Suppose that the F[d]-module A decomposes as in (23). By definition, in the
space C we have thata; ® - - - @ ax ® ¢ = 0 if one of the elements a; isin T = Tor A.
The same is true in the space 'y, by Lemma 2. It follows that x; induces a well-defined
map

xi: Ck — I C I (83)
Moreover, in the space I:k we have, using relation C1, that
(PI@u) @ Q@ (P@up) @p=u1 ® - @ up @ (Pr(=A7) -+ Pe(=2)e)

for every u; € U and ¢ € Hom(F[A4, ..., Ax], M). Hence, we can identify the space
Iy with the quotient of the space U ®k @ Hom(F[\q, ..., Ax], M) by the relation C2.
Similarly, in the space C; we have, using the relations D1 and D2, that

(P1(D)u1) @ - @ (Pr(ur) @ ¢
=u1® - Qur @ (PI(—=A]) -+ Pt (=M _D PO + -+ 0 — D)),
forevery u; € U and ¢ € Hom(IF[Aq, ..., Ax—1], M). Hence, we can identify the space
Cy with the quotient of the space U® @ Hom(F[Xy, ..., Axk—1], M) by the relation D3.

The map xx in (83) is then induced by the map U% @ Hom(F[A, ..., A1, M) —
U®* @ Hom(F[A1, ..., Ak]l, M), given by

UIR - QU QP > U @ Qur Q xr(P),
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forevery u; € U and ¢ € Hom(IF[Aq, ..., Ak—1], M). Recalling (50), the action of d on
T isinduced by the map U®*@Hom (F[A1, . .., Ak], M) — USk@Hom(F[A1, ..., Al,
M), given by

U - Quip ¢ u1®-"®uk®((_)‘>1k_"'_)‘:)¢)'

Hence, the subspace I, C I:k is spanned by elements of the form u; ® - - @ ur ® ¢,
such that (=A] — --- — A7)¢ = 0. By Lemma 6(b), this is the same as the image of
Xk- Therefore the map (83) is surjective. Finally, injectiveness of (83) is clear since, by
Lemma (6)(d), relation D3 corresponds, via yy, to relation C2. O

4.6. Contraction operators acting on C®. Assume, as in Sect.4.3, that A is a Lie con-
formal algebra and M is an A-module endowed with a commutative, associative product
w: MM — M, such that M. M- M,anda, : M — C[)] ® M, satisty the
Leibniz rule. Given an h-chain x € Cp, we define the contraction operator 1, : C k
Ck=h k> h,inthe same way as we defined, in Sect. 4.3, the contraction operator asso-
ciated to an element of [},. If a1 @ - - - @ aj, @ ¢ € A®" @ Hom(F[A1, ..., Ap_1], M)
is a representative of x € Cp, and ¢ € Ck, we let, for h < k,

{an+1i,,, - ak—1;,  akhic

84
= (Xh¢)M ({al)»l T Qhpg, Ahal dgy 'ak—lkk_lak}c) , ( )

where, in the RHS, ¢* is defined by (52) and yy, is given by (78). For h = k, equation
(84) has to be modified as follows:

e = / 9" (tars, a1, ax)e) € M/9" M =, (85)

Lemma 7. (a) For ¢ € CX, the RHS of (84) does not depend on the choice of the repre-
sentative for x in A®" @ Hom (F[A1, ..., Ap—11, M). Hence the contraction operator
Ly is well defined for x € Cy,.

(b) For ¢ € CK, the RHS of (84) satisfies Conditions Bl, B2 and B3. Hence 1,c € C¥".

Proof. fx =a1®---(0a;)-- - ®@ap@¢p+ar---Qa, @ (A ¢),forl <i <h—1,we
have

{@ht13p0 - W15, W iee = (Xn)" ({aul c(0ai) k-1, Ak be
+Arilais, "'ak—uk_lak}c) )

and this is zero since, by assumption, c satisfies Condition B1. Similarly, if x = a1 ®
e ®ap—1 @ @Bap) ®¢ —ay---®ap @ (A +---+A;_| — 9)¢), we have

{an+1,,, - ak—15,_ ktie
= 00" (a1, -+ Gany, -~ ax-1;,_ aie
—(A1+- -+ Ap—{ary, ---ak—uk_]ak}c)

+ 000" (lans, -+ @i, k) (86)
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Using Condition B1 for ¢, we can rewrite the RHS of (86) as

(xn)" (—(M +oo g+ Ap){any, "'ak—lxk_]ak}c)
000" (lans, -+ a1, i)

which is zero thanks to Lemma 6(c). Furthermore, if x = a1 ® --- Q a5, ¢ —
sign(o)as (1) ® - -+ ® agmy ® (0*¢), for a permutation o € Sp,, we have

{an+1ny, * - Gk—15,_ Gk}iee
= (xa)" ({aul "'ak—uk,lak}c)
—sign(@) (0o ") ({ary, -+ a1y, ailc)
= Oud)" ({ans, -+ a1y aie
—sign(@){ao 1), sty Akt @) o (8T)

* Ao (),

o (1) ’ o (h)

where, in the second equality, we used Lemma (6)(d) and the definition (49) of o * acting
on Hom(IF[Aq, ..., Anl, M). Clearly, the RHS of (87) is zero since, by assumption, ¢
satisfies Condition B3. This proves part (a). For part (b), Condition B1 for ¢, c follows
immediately from the same condition on c¢. We have

(et b1, Pa0he = 0" (a1, - ax-1;,, Gan)e)
= Q)" (G- dicr +0"an, ke, axde) (88)
By Lemmas 3 and 6(c), the RHS of (88) is the same as
et + -+ At + M) (np)” ({aul -~-ak—uk_,ak}c)

M
= Ape1+ -+ M1 + 07 Han+isy,,, - ak—15,_ ktiges

namely ¢, c satisfies Condition B2. Similarly, for Condition B3, let o be a permutation
oftheset {h +1,...,k}. We have

{aa(h+1),\g(h+l) . ‘aa(k—l))w(kfl)aa(k)}txc
= ()" <{au1 "Ry Ao (), ) '"aO(k—l))W(k_l)aa(k)}c) - (89
We then observe that, replacing in the above equation Ax by — le‘;}l A= oM oM

acting from the left, is the same as replacing it, inside the argument of (x,¢)" in the

RHS, by — z];;ll Aj— M . For this we use Lemmas 3 and 6(c). After this substitution,
the RHS of (89) becomes, using Condition B3 forc, O

sign(@) )" (a1, -+ @13 @kle) = @neisy, -+ @1, e

Proposition 8. The contraction operators on the superspace C® commute, i.e. forx € Cj,
and y € Cj we have

i
ety = (=DYiyty.
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Proof. Leta1 ® ---Qap @ ¢ € A®h @ Hom(F[Aq, ..., Ap—1], M) be a representative
forx € Cp, b1 ®---Qb; QY € A®J ®@Hom(F([xq, ..., uj—1], M) be arepresentative
fory € Cj,andletc € C k_ For k > h + j, the proof is similar to that of Proposition 3.
Thus we only have to consider the case k = h + j. Recalling (84) and (85), we have

ey = [0 (G (1@, - an1a, @b - bjm,, bile))-

Applying the skew-symmetry Condition B3 for ¢ and using the definition (78) of x;,
we get, after integration by parts, that the RHS is O

M GG (6 (1 bimty, by @ a1, anle) )

j—1
which is the same as (—1)hjtx (ty0).

For example, given an element m € Co = {m’ € M |dm’ = 0}, we have {ay;, ---
ak—lxk_lak}tmc = miayy, "'ak—lxk_,ak}c- Recall also that C; = A ® M/d(A @ M).
The contraction operators associated to 1-chains are given by the following formulas: if
¢ € C' = Hompyy (A, M), then

la@mC = /m0(a), (90)

while if ¢ € C, with k > 2, then
{aos, -~ ar—13_, kb ome = largmary, -+ ax—1;,_ arle_m, On

where the arrow in the RHS means, as usual, that 8 should be moved to the right.
Also we have the following formulas for the Lie derivative Ly = [d, t,] by a I-chain
x € Cyactingon C® = M/aMM and C' = Hompy;(A, M):
La®mfn = f(ClaM}’l)_>m, (92)
(Lagme)(b) = (aaMC(b))A) m+. ((b_aMm)C(Cl)) —c ([aaMb])*) m,
where the left arrow in the RHS means, as usual, that 3% should be moved to the left.

The definitions of the contraction operators associated to elements of Iy and C, are
“compatible”. This is stated in the following:

Theorem 4. For x € Cp, and y € %, withk > h, we have

LW ) = v ),

where y* : ' < Ck denotes the injective linear map defined in Theorem 2, and
xn : Cn — I}, denotes the linear map defined in Proposition 6. In other words, there
is a commutative diagram of linear maps:

lx

Ck T Ck—h , (93)
wkj wk—”J
Tk % ph—h

provided that & € I, and x € Cj, are related by & = xp,(x).
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Proof. Let y € I'* bea representative of y € I'f andleta; @ --- ® a, ® ¢ €
A®h @ Hom(F[XAq, ..., Ap—1], M) be a representative of x € Cj,. Recalling the defini-
tion (22) of ¥* and the definition (84) of ¢, we have

{aht12r - =1 @ gy = )" (57)»1 M1 @ ak)) - Od

.....

where, in the RHS, A, stands for — zkil Aj— M, with oM acting on the argument of

(xn¢)"*. By Lemmas 3 and (6)(c), we can replace )LT by — Z] —hel A — M where now
9™ is moved to the left of (x,¢)*. Hence, the RHS of (94) is the same as

(th))ﬂ (17)»1,)\2,...,)»;( (dl, B ak)) |)‘k'_>)‘z
=Aanti - W15 Wy, (o G

thus completing the proof of the theorem. 0O

4.7. Lie conformal algebroids. A Lie conformal algebroid is an analogue of a Lie alge-
broid.

Definition 1. A Lie conformal algebroid is a pair (A, M), where A is a Lie conformal
algebra, M is a commutative associative differential algebra with derivative 3™ such
that A is a left M-module and M is a left A-module, satisfying the following compatibility
conditions (a,b € A, m,n € M):

LI. 9(ma) = OMm)a + m(da),
L2. ay(mn) = (aym)n + m(ayn),
L3. [aymb] = (aym)b + m[ayb].

It follows from Condition L3 and skew-symmetry (2) of the A-bracket, that
L3’ [mayb] = (eaMaxm) [a,b] + (a“gm)_)

where the first term in the RHS is Z ((k +Myim ) (a@yb), and in the second term
the arrow means, as usual, that 9 should be moved to the right, acting on b.

We next give two examples analogous to those in the Lie algebroid case. Let M be,
as above, a commutative associative differential algebra. Recall from Sect. 3 that a con-
formal endomorphism on M is an F-linear map ¢(= ¢;) : M — F[A] ® M satisfying
. (3Mm) = (™ + 1)@, (m). The space Cend(M) of conformal endomorphism is then
a Lie conformal algebra with the F[d]-module structure given by (d¢), = —Ag;, and
the A-bracket given by

[oa¥ly = oo o Ypu—n — Yu—a o ps.

Example 2. Let Cder(M) be the subalgebra of the Lie conformal algebra Cend(M) con-
sisting of all conformal derivations on M, namely of the the conformal endomorphisms
satisfying the Leibniz rule: ¢ (mn) = ¢, (m)n+me, (n). Then the pair (Cder(M), M) is
a Lie conformal algebroid, where M carries the tautological Cder(M )-module structure,
and Cder (M) carries the following M-module structure:

ey = (7 m) g1 95)
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This is indeed an M-module, since e* BM(mn) = (exaMm)(e"aMn). Furthermore, Con-

dition L1 holds thanks to the obvious identity ¢ % = (A + 3M)e?"' %, Condition L2.
holds by definition. Finally, for Condition L3 we have

[eam 1 (n) = @i ((m)a(m)) = (myp)yuc (g ()
= ((eaMaﬂm) %L—/\(n)) - (eaMaMm) Vi (ga(n))
= (7" () Y () + (" Pm) (1 (Y= () = Vs (@)
= (™% nm)) wu) + (7% ) (201, 1) = (@a(m)¥ + mlga Dy, (1),

Example 3. Assume, as in Sect.4.3, that A is a Lie conformal algebra and M is an A-
module endowed with a commutative, associative product, such that M. M- M,
anda) : M — C[A] ® M, for a € A, satisfy the Leibniz rule. The space M ® A has a
natural structure of IF[9]-module, where 0 acts as

Am@a)=OMm)®a+m® (3a). (96)

Clearly, M ® A is a left M-module via multiplication on the first factor. We define a left
A-action of M ® A on M by

m @ ayn = (" %m) @), ©7)
and a A-bracket on M ® A by

[(m ® a),.(n ® b)]
= ((eaMakm) n) ® layb]+ (m @ a)n) ® b — e (n®b)_ymQa). 98)

We claim that (96) and (98) make M ® A a Lie conformal algebra, (97) makes M an
M ® A-module, and the pair (M ® A, M) is a Lie conformal algebroid. This will be
proved in Proposition 9, using Lemmas 8 and 9.

Lemma 8. (a) The following A-bracket defines a Lie conformal algebra structure on
the C[0]-module M ® A:

[n©@a), n@b)lg = ((¢%m)n) @ labl. 99)
(b) Forx,ye M ® A andm € M, we have
imxylo = (¢"%m) Baylo, Lamylo = mlxylo. (100)
Proof. For the first sesquilinearity condition, we have

[5(111 ®a),n® b)]0 = ((eaMa'\aMm) n) ® la)b] — ((eaMaAm) n) ® Alayb]
—Alm®@a), (n®Db)]y.

The second sesquilinearity condition and skew-symmetry can be proved in a similar
way, and they are left to the reader. Let us check the Jacobi identity. We have

[(m®a); [0 ®b),(p& O], = (eaMaxm) (eaMam) p ® laxlbucll.
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Exchanging a ® m with b ® n and A with 1, we get
[(n®@b), [(m@a)x (p® )], = (eaMaAm) (eaMaun) p ® [bularcll.
Furthermore, we have
m@asn@bloyp@clo= (e (¢"%m)n) p & llarblcl.
Putting v = A + u, the RHS becomes
(eaMaAm) (eaMa,Ln) P Q [[axblhepc].

Hence, the Jacobi identity for the A-bracket (99) follows immediately from the Jacobi
identity for the A-bracket on A. This proves part (a). Part (b) is immediate. O

We define another A-producton M ® A:
(m @ a)r(n®b) = ((m®a)n) @b. (101)

Notice that the A-bracket (98) can be nicely written in terms of the A-bracket (99) and
the A-product (101):

[yl = [xaylo +xy — y_; _3x. (102)

Lemma 9. (a) The A-product (101) satisfies both sesquilinearity conditions (for x,y €
M®A):

@)y = —hxy, .0y) = 0+ ) (). (103)
(b) Forx e M®@ A, m € M and y eitherin M ® A or in M, we have
)y = (""m) vy, w(my) = @my+mEny).  (104)
(c) We have the following identity for x,y,z € M @ A:
Xilyuzlo = [ y)a+nzlo + [yu (xi2)]o. (105)
(d) We have the following identity for x,y € M ® A and z eitherin M orin M ® A:
X (Yuz) = ypu(a2) = [aylipz. (106)
Proof. We have

@ @anx(n @) = (" @™ — 1ym) (@) @ b.

The first sesquilinearity condition follows from the obvious identity " @Y — ) =

—2e"' % The second sesquilinearity condition can be proved in a similar way. This
proves part (a). Part (b) is immediate. For part (¢) and (d),letx = a®m, y =bQ®n, z =
c®p € A® M. We have

x[ypzlo = (eaMa*m) (a;h (eaMaﬂn) p) ® [bycl. (107)
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Similarly,

aM - aM -
[zl = (% (™%m) @m) p @ bycl. (108)
Hence, if we put v = A + u, the RHS becomes
(eaMB)Lm) (68M3,4 (akn)) P [bk+uc] — (eaMaAm) (ak (eaMa,Ln)) PR [bﬂc]’
(109)
where we used the sesquilinearity of the A-bracket on A. Furthermore, we have
uCnalo = (¢7%n) (7% m) @.p) @ el (110)

Combining Egs. (107), (109) and (110), we immediately get (105), thanks to the assump-
tion that the A-action of A on M is a derivation of the commutative associative product
on M. We are left to prove part (d). We have

x.0up) = (eaMa'Am) ay ((eaMaﬂn) (bﬂp))
= (eaMa‘m) (eaMa“n) a(b,p) + (eaMaAm) (eaMB“ (am)) (by+up). (111)

For the second equality, we used the Leibniz rule and the sesquilinearity condition for
the A-action of A on M. Exchanging x with y and A with u, we have

yunp) = (" %m) (%) bu(arp) + (7 %n) (2% b)) (@)

(112)
By similar computations, we get
)z = (2" m) (% @) i), (113)
and
G = ("2 (77 bum)) (@raup). (114)
Finally, it follows by a straightforward computation that
o lonese = (¢ m) (" %n) tabhssyp. (115)

Equation (106) is obtained combining Eqs. (111), (112), (113), (114) and (115). O

Proposition 9. (a) The A-bracket (98) defines a Lie conformal algebra structure on the
F[0]-module M ® A.

(b) The A-action (97) defines a structure of a M ® A-module on M.

(c) The pair (M @ A, M) is a Lie conformal algebroid.

(d) We have a Lie conformal algebroid homomorphism (M ® A,M)—(Cder(M), M),
given by the identity map on M and the following Lie conformal algebra homomor-
phism from M ® A to Cder(M):

M-
m®atr> (ea ‘)*m) a.
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Proof. Tt immediately follows from Lemma 8 and Lemma 9(a) that the A-bracket (102)
satisfies sesquilinearity and skew-symmetry. Furthermore, the Jacobi identity for the A-
bracket (98) follows from Lemma 8 and Eqs. (105) and (106). This proves part (a). Part
(b) is Lemma 103(c), in the case z € M. For part (c) we need to check Conditions L1,
L2 and L3. The first two conditions are immediate. The last one follows from Eqs. (100)
and (104). Finally, part (d) is straightforward and is left to the reader. O

4.8. The Lie algebra structure on I1Cy and the I1C1-structure on the complex (C*®, d).
Recall that the space of 1-chains of the complex (C®,d) is C; = (AQ M)/d(A Q@ M)
with odd parity. We want to define a Lie algebra structure on I71C1, where, as usual, IT
denotes parity reversing, making C* into a I1Cq-complex. By Proposition 9(a), we have
a Lie conformal algebra structure on M ® A. Hence, if we identify M ® A with A ® M
by exchanging the two factors, we get a structure of a Lie algebra on the quotient space
(A® M)/d(A ® M), induced by the A-bracket at A = 0 [K].

Explicitly, we get the following well-defined Lie algebra bracket on [TC1 = (A ®
M)/o(A QR M):

[a®@m,bQn] = [aafub]ﬁ Xmn+b® (ClaMn)_) m—a® (baMm)_) n, (116)

where in the RHS, as usual, the right arrow means that 3" should be moved to the right,
and in the first summand BlM denotes 3™ acting only on the first factor m.

Recall from Sect.4.4 that I = (A ® M([xID/0 ® 1+ 1 ® 0,)(A ® M[[x]]),

and Il = {f el | 0& = O}, where the action of 3 on I is given by (59). Under this
identification, the map yx; : C1 — I defined by (78) and (82) is given by

x1(a®@m) = a®exaMm. (117)
Proposition 10. The map x1 : Ci — I is a Lie algebra homomorphism, which factors
through a Lie algebra isomorphism 1 : C1 — I, provided that A decomposes as in
(23).
Proof. We have, by (116) and (117) that
11 (a@m b@n) = lagubl @ (e"m) (e"n)
+b ®@ " ((agun)—m) —a ® e ((byum)_n). (118)
Recalling formula (65) for the Lie bracket on I, we have
Lat@@m), xi(b @ml) = lay, b1 & (7" m) (e"n)

+b®(m(x1),a)»]n(x))—a®(n(x1),bllm(x)). (119)

X=X

Clearly, the first term in the RHS of (118) is the same as the first term in the RHS of
(119). Recalling the definition (62) of the pairing (, ), and using the sesquilinearity of
the A-action of A on M, we have that the second term in the RHS of (118) is the same as
the second term in the RHS of (119), and similarly for the third terms. The last statement
follows from Proposition 7. O
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Proposition 11. The complex (C®, d) has a I1C1-structure ¢ : ﬁa — End C*, given
by 9(3y) = d, p(nx) = 1x, ¢(x) = Ly = [d, tx]. Moreover, (C*,d) is a I1Cy-sub-
complex.
Proof. Due to Remark 5 and Proposition 8, we only need to check that, forx, y € I1Cy,
we have

[valy] = lx,y]- (120)

This follows from a long but straightforward computation, using the explicit formulas
(13) and (91) for the differential and the contraction operators. It is left to the reader.
Notice though that, in the special case when A decomposes as in (23), Eq.(120)
is a corollary of Proposition 5, Theorem 2 and Theorem 4 for 4 = 1. Indeed, due
to these results, it suffices to check that both sides of (120) coincide when acting on
cl= Hompys1(A, M). In the latter case, using Egs. (12), (14), (90), (91), (92) and (116),

we have, for c € C!,
Lagm (tenc) = [c(b) (agun)_ m+ [n (aguc(b))  m
ten(Lagme) = [n (aguc®))_ m+ [c(a) (byum)_ n — [nc ([agub])_ m
Uagm,ban]C = [nc ([aaMb])_) m+ [c(b) (aaMn)_) m — [c(a) (baMm)_) n.
It follows that (120) holds when applied to elements of C!. O

The above results imply the following

Theorem 5. The maps ¥* : I'* — C* C C*® and x1 : C; — I define a homomor-
phism of g-complexes. Provided that A decomposes as in (23), we obtain an isomorphism

of [1Cy = IIT"-complexes y*® : I'*® S Ce.

Proof. 1t follows from Theorem 2, Proposition 7, Theorem 4 and Proposition 10. 0O

4.9. Pairings between 1-chains and 1-cochains. Recall that I'® = M. Hence, the con-
traction operators of 1-chains, restricted to the space of 1-cochains, define a natural
pairing I x I'" — M, which, to & € I and 7 € I'', associates

ey = ¢"(a(a) € M, (121)

where a ® ¢ € A ® Hom(F[A], M) is a representative of &.
When we consider the reduced spaces, we have ' = M /0M, and the above map
induces a natural pairing I X ' — M/dM, which,to & € I' and y € I'!, associates

ey = [¢"(u(a)) € M/OM, (122)

where again a ® ¢ € A ® Hom(F[A], M) is a representative of &, and y € I'isa
representative of y.

A similar pairing can be defined for 1-chains in C; and 1-cochains in C'. Recall
that €0 = M/oM, Clis the space of F[d]-module homomorphisms ¢ : A — M, and
Ci =A®M/3d(A® M). The corresponding pairing C; x C! — M/3M, is obtained
as follows. To x € C; and ¢ € C!, we associate, recalling (85),

tx(c)= [m-cla) € M/OM, (123)

where a ® m € A ® M is a representative of x.

Recalling Theorems 2 and 4, the above pairings (122) and (123) are compatible in the
sense that t,(c) = tg(y), provided that y € ' and ¢ € C! are related by c = vy,
and & € '] and x € Cy are related by £ = 1 (x).
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4.10. Contraction by a 1-chain as an odd derivation of I'®. Recall that, if the A-module
M has a commutative associative product, and M anda i"’ are even derivations of it, then

the basic cohomology complex I*isa Z-graded commutative associative superalgebra
with respect to the exterior product (35), and the differential § is an odd derivation of
degree +1.

Proposition 12. The contraction operator g, associated to a 1-chain § € I, is an odd
derivation of the superalgebra I'® of degree -1.

Proof. Leta; ® ¢, witha; € A and ¢ € Hom(F[A1], M), be a representative of £ € fl.
By the definition (35) of the exterior product, we have

(Lé (& N g))lz ,,,,, Atk (02, ceey ah+k)
sign(o’) =
= z h'k' ¢M (akg(l),...,)»g(h) (azr(l)a ) aa(h))x
0 EShk o
X Bho ety okt o (ht1)s - - -+ Ao (htk))) - (124)

By the skew-symmetry condition A2 for o and B, we can rewrite the RHS of (124) as

h .
sign(o’) !
> > i'k' (= 1)’+1¢“( i (al,aa(l),”',ao(h)))
AlLAa(l)> Ao (h)

i=lo|o@)=1

Xﬁ)\.a(h+1) ,,,,, )"U(h+k) (aa'(h+l) LA ao’(h+k))
h+k
Slgn(“) i—h+l~
+ Z Z AT —i) X (tyommdgny o (1)s - -+ 5 Ao () X
i=h+lo|o(i)=1

~ i
x¢'\ B ; (a1, aghatys -~ = dohery) |- (125)
ALAa (ha1)s s Ao (k)

The set of all permutations o € Sp4k such that (i) = 1, is naturally in bijection with
the set of all permutations 7 of {2, ..., h+k}, and the correspondence between the signs
is sign(t) = (—1)/*!sign(o). Hence, (125) can be rewritten as O

sign(t) -
Z T (R ayuniogy (@r(2)s - - -+ e () X
T

X ,BA,(,M) ..... et (e (h1)s - - - Ar(htk))
+h(=1)" B oysomnenany (@T2)s - - oy Ar(het)) X
X (& B s uary oty @r(hs2) s - -+ Ar (k)
= (@) A B, (@25 - - - 5 Ghak)
+(=D"@ At Bis, .. i (@2, - - anak)-

Remark 7. One can show that the g-structure of all our complexes I'*, I'* and C*® can be
extended to a structure of a calculus algebra, as defined in [DTT]. Namely, one can extend
the Lie algebra bracket from the space of 1-chains to the whole space of chains (with
reverse parity), and define there a commutative superalgebra structure, which extends
our g-structure and satisfies all the properties of a calculus algebra.
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5. The Complex of Variational Calculus as a Lie Conformal Algebra Cohomology
Complex

5.1. Algebras of differential functions. An algebra of differential functions V in the
variables u;, indexed by a finite set I = {1, ..., £}, is, by definition, a differential alge-
bra (i.e. a unital commutative associative algebra with a derivation 9), endowed with
commuting derivations ﬁ : YV = V,foralli € [ and n € Z,, such that, given

fev, (n) f = 0 for all but finitely many i € I and n € Z,, and the following

commutatlon rules with 9 hold:

0 ad
) a = ’ (]26)
|:3u§") :| 3145"71)

where the RHS is considered to be zero if n = 0. As in the previous sections, we denote
by f + [ f the canonical quotient map ¥V — V/3V.
Denote by C C V the subspace of constant functions, i.e.

c_[fevy—_OVzelneZ+]. (127)

It follows from (126) by downward induction that
Ker (0) C C. (128)

Also, clearly, 3C C C.
Typical examples of algebras of differential functions are: the ring of polynomials

= Flu" |i € I,n € Z4], (129)

where 8(14(")) = u("+1)

such as the whole field of fractions Q = F(ul(") |i € I,n € Z;), or any algebraic
extension of the algebra R or of the field Q obtained by adding a solution of a cer-
tain polynomial equation. In all these examples the action of d : V — V is given by

any localization of it by some multiplicative subset S C R,

d
a= Z u™Y —~__ Another example of an algebra of differential functions is the

! (n)
iel,nely au'n
d d
ring Re[x] = F[x, u(") |i e I,n € Z], where 0 = — + Z ("+1)
dx ™
ielneZ, i
The variational derivative & 5 V= V&t is defined by
n
(Su, = 20 (n) (130)
nely
It follows immediately from (126) that
8
—(0f) =0, (131)
6u,~

foreveryi € I and f € V, namely, 3V C Ker %
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A vector field is, by definition, a derivation of V of the form

= > Pin——5 (n), Pin€V. (132)

iel,nely

We let g be the Lie algebra of all vector fields. The subalgebra of evolutionary vector
fields is g° C g, consisting of the vector fields commuting with 8. By (126), a vector
field X is evolutionary if and only if it has the form

3
Xp = Z (8”P,-)W, where P = (P;)ic; € VY. (133)

iel,nely i

5.2. Normal algebras of differential functions. Let ) be an algebra of differential func-
tions in the variables u;, i € I = {1,...,£}. Fori € I and n € Z, we let

Vi {f € V‘ ( y = =0 if (m, j) > (n,i) in lexicographic order } . (134)
ou

We alsolet V, 0 = V,—1.¢-
A natural assumption on V is to contain elements uﬁ”), fori € I,n € Z,, such that

au™
— = 8;ii0mn. (135)

(m)
ou j
Clearly, such elements are uniquely defined up to adding constant functions. Moreover,

choosing these constants appropriately, we can assume that 8u(") f"+1). Thus, under
this assumption V is an algebra of differential functions extens10n of the algebra R, in
(129).

Lemma 10. Let V be an algebra of differential functions extension of the algebra Ry.
Then:

(a) We have 0 = dg + d', where

3
_ (n+1)
= > uf o (136)
i

iel,nel,

and 9’ is a derivation of V which commutes with all » (n) and which vanishes on
Ry C V. In particular, 3"V j C Vyi.
) If f €Vii\Vn.i—1, then 3f € Vy41,i\Vn+1.i—1, and it has the form

of = > hju{™V+ (137)

Jjsi

where hj € Vi forall j <i, r € Vy;, and h; # 0.
(c) For f €V, [fg=0foreveryg e Vifandonlyif f = 0.
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Proof. Part (a) is clear. By part (a), we have that 0f is as in (137), where h; = » {n) €

Vyi-andr = Zjel’msn “;m)a (m 5 +0' f € Vy,i. We are left to prove part (c). Suppose

f # Oissuchthat [ fg =0 for every g € V. By taking g = 1, we have that f € 9).
Hence f has the form (137) for some i € I and n € Z,. But then u§"+1) f does not have
this form, so that fu§n+l)f #0. O

Definition 2. The algebra of differential functions V is called normal if we have

ﬁ (Vn ,-) =Vyiforalli € I,n € Z,. Given f € V, ;, we denote by fdugn)f € Vh.i

a preimage of f under the map - (") This integral is defined up to adding elements from
Vn,t—l~

Proposition 13. Any normal algebra of differential functions V is an extension of Ry.

Proof. As pointed out above, we need to find elements u e V,fori € I,n € Zy,

such that (135) holds. By the normality assumption, there exists v € V,; such that

3 vl v

» l:n) = 1. Note that (n) » 1:,’1) = ad(}” = 0, hence » —& € Vn,i—1. If we then replace
i—1 i—1

8

v! by w! = v — fdul. 15,00 (n) , we have that » (n) =1 and (n) = 0. Proceeding by

()

downward induction, we obtalned the desired element u; O

Clearly, the algebra R, is normal. Moreover, any extension } of Ry can be further
extended to a normal algebra, by adding missing integrals. For example, the localization
of R| = ]F[u(”) |n € Z4] by u is not a normal algebra, since it doesn’t contain f ";—“
Note that any differential algebra (A, 0) can be viewed as a trivial algebra of differ-
ential functions with » (n) = 0. Such an algebra does not contain Ry, hence it is not

normal.

5.3. The complex of variational calculus. Let) be an algebra of differential functions.
The basic de Rham complex §2° = £2°()) is defined as the free commutative superal-
gebra over V with odd generators Suf"), i € I,n € Z,. In other words Q° consists of
finite sums of the form

o= Z fmr M s (WH) A Su (mk)’ f.mr-jrnk eV, (138)

ik ik i1k
irel,m el

and it has a (super)commutative Rroduct given by the wedge product A. We have a nat-
ural Z,-grading £2° EBkeZ k defined by saying that elements in V have degree

0, while the generators 6u§") have degree 1. Hence 2% is a free module over V with

(m l)/\ /\Sl/l( mg)

basis given by the elements 8u ,with (myq,i1) > --- > (my, i) (with
respect to the lexicographic order). In partrcular 2°=Vand 2' =P, I.neZ, Véugn) .
Notice that there is a natural V-linear pairing 2 x g — V defined on generators by
(3u§m), aua(,,>) = 6i,j0m,n, and extended to 2" x g by V-bilinearity.

J
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We let 8 be an odd derivation of degree 1 of the complex °, such that §f =
Ziel’ neZ, %(Su;") for f € V, and 8(8uf")) = 0. It is immediate to check that §2 = 0

fml'“mk

and that, for w € 2k asin (138), we have
%w;’” ASul™ A A Su™ (139)

3@) = Z 0 y

irel,my €y j
Jjel,nely

For X € g we define the contraction operator vx : 2° — 2°, as an odd derivation
of £2° of degree -1, such that tx(f) = 0 for f € V, and Lx(8u§n)) = X(ul?")). IfXeg
is as in (132) and @ € £2* is as in (138), we have

k
q
@) = > D (=D ey, L sul"OA T Asu™ . (140)

1k
irel,myely q=1

In particular, for f € V we have
ix(8f) = X(f). (141)

Itis easy to check that the operators tx, X € g, form an abelian (purely odd) subalgebra
of the Lie superalgebra Der £2°, namely

[tx,tyl =tx oty +ity oty =0. (142)

The Lie derivative Lx along X € g is defined as a degree 0 derivation of the super-
algebra £2°, commuting with §, and such that

Lx(f)=X(f) for fe2° (143)
One can easily check (on generators) Cartan’s formula (cf. (45)):
Ly = [8,tx]=80tx+tx03d. (144)
We next prove the following:
[tx, Lyl =tx oLy — Ly otx = ([x.v]. (145)
It is clear by degree considerations that both sides of (145) act as zero on 20 = V.
Moreover, it follows by (141) that [tx, Ly](6f) = txStydf — tydixdf = X (Y (f)) —
Y(X(f) = [X,YI(f) = yx,y(6f) for every f € V. Equation (145) then follows

by the fact that both sides are even derivations of the wedge product in 2. Finally, as
immediate consequence of Eq. (145), we get that

[Lx,Lyl]=LxoLy—LyoLx = Lx,y]- (146)

Thus, £2° is a g-complex, g acting on 2° by derivations. _
Note that the action of d on ) extends to a degree 0 derivation of £2°, such that

Au)y = su™P el nel,. (147)
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This derivation commutes with §, hence we can consider the corresponding reduced de
Rham complex £2° = §2°(V), usually called the complex of variational calculus:

2°= P ek ek=0o ek
k€ls
with the induced action of §. With an abuse of notation, we denote by § and, for X € g?,

by tx, Lx, the maps 1nduced on the quotient space .Qk by the corresponding maps on
2%, Obviously, £2° is a g?-complex.

5.4. Isomorphism of the cohomology g°-complexes 2° and I'®.

Proposition 14. Let V be an algebra of differential functions. Consider the Lie confor-
mal algebra A = @;c;F[0]u; with the zero A-bracket. Then V is a module over the Lie
conformal algebra A, with the A-action given by

uip f = z

nely

- (n) (148)

Moreover, the A-action of A on'V is by derivations of the associative product in ).

Proof. The fact that V is an A-module follows from the definition of an algebra of
differential functions. The second statement is clear as well. O

Let[* =T *(A,V) and I'* = I'*(A, V) be the basic and reduced Lie conformal
algebra cohomology complexes for the A-module V), defined in Proposition 14. Thus,
to every algebra of differential functions VV we can associate two apparently unrelated
types of cohomology complexes: the basic and reduced de Rham cohomology com-
plexes, §£2°(V) and §2°()), defined in Sect. 5.3, and the basic and reduced Lie conformal
algebra cohomology complexes r ’(A V) and I'*(A, V), defined in Sect.2.1, for the
Lie conformal algebra A = @l <1 F[0]u;, with the zero A-bracket, acting on V), with the
A-action given by (148). We are gomg to prove that, in fact, these complexes are iso-
morphic, and all the related structures (such as exterior products, contraction operators,
Lie derivatives,...) correspond via this isomorphism.

We denote, as in Sect.4.2, by F =T.(A,V) (resp. I's = I,(A,V)) the basic (resp.
reduced) space of chains of A with coefficients in V. Recall from Sect. 4.4 that IT117 is
identified with the space (AQ®V[[x ])/(8 ®1+1® 9,)(A® V[[x]]), and it carries a
Lie algebra structure given by the Lie bracket (65), which i 1n this case takes the form,
fori, j € I and P(x) = ZmeZ+ ,,il mXx™, Q(x) = ZneZ+ n O,x" e V[[x]]:

aP
0 ® PO u; ® Q)] = —1:® S Q, fn)) vy Y P Q((m)) (149)

nely meZ,
Moreover, 9 acts on 1:1 by (59). Its kernel I117 consists of elements of the form
D ui®e P, where P €V, (150)
iel

and it is a Lie subalgebra of IT ). We also denote, as in Sect. 5.1, by g the Lie algebra
of all vector fields (132) acting on V, and by g? C g the Lie subalgebra of evolutionary
vector fields (133).
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Proposition 15. The map &1 : [1T} — g, which maps

1 .
£ = Zui ®P(x)= > —ui ® Piax" e I, (151)
iel iel,nel,
to
€)= D Pin—Gy (n), (152)
iel,neZ,

is a Lie algebra isomorphism. Moreover, the image of the space of reduced 1-chains via
@ is the space of evolutionary vector fields. Hence we have the induced Lie algebra

isomorphism @1 : I1T = ga.

Proof. Clearly, @ is a bijective map, and, by (150), ®;(I'}) = g°. Hence we only need
to check @ is a Lie algebra homomorphism. This is immediate from Eq.(149). O

Theorem 6. The map ®° : I'* — Q°, such that ®° = 1|y and, fork > 1, ®* : T* —
QF is given by

— 1
ok () = o DI A TR L (153)
“irel,my el
where f[rlmlkmk € V is the coefficient of X" -+ - A7 in Yo, Wiy, ..., uiy), is an iso-

morphism of superalgebras, and an isomorphism of g-complexes, (once we identify the
Lie algebras g and I11T"y via @1, as in Proposition 15).
Moreover, ®° commutes with the action of 9, hence it induces an isomorphism of the

corresponding reduced g°-complexes: ®° : I'* yold

Proof. Since I is a finite index set, the RHS of (153) is a finite sum, so that k() c
2%, By the sesquilinearity and skew-symmetry Conditions Al and A2 in Sect.2.1,
elements ¥ € I'“ are uniquely determined by the collection of polynomials
Vatooig Wiy ooy tiy) = Zmr€Z+ fmll MEAYT -+ A%, which are skew-symmetric with
respect to 51multaneous permutation | of the Varlables A and the indices 1, We want to
check that @ is a bijective linear map from I'¥ to 2% . In fact, denote by w* : Q% — Ik
the linear map which to @ as in (138) associates the k-cochain d/k(a)) such that

WE@)ay g Wiy i) = (FION

my€ly

where ( f) denotes the skew-symmetrization of f:

ml My Me (1) "Me (k)
A, —ngn(a)f :

lo(1) o (k)

and ¥*(@) is extended to A®* by the sesquilinearity Condition A1. It is straightforward
to check that ¥* (@) is indeed a k-cochain, and that the maps @* and ¥* are inverse to
each other. This proves that @* is a bijective map.

Next, let 1 us prove that @° is an associative superalgebra homomorphlsm Leta €
', B e I'* and let am' """ mh be the coefficient of A} - AZ”’ in the polynomial

.....

ooy Wiy oy ), and let ,3"1 "k be the coefficient of A}"---A}* in Bitoia

-------
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(jys - uj,). By (35), the coefficient of AT - - Al in @AB),, . s (Wi -+ Uiy
1S

z sign(o) M (1) s M () ’an(hn) ,,,,, Mg (htk)
h!k' ld(l)’ alri(h) Lo (h+1)s"" Ja(h+k)
0 ESp+k

The identity q>h+k @A B) = &"(@) A @*(B) follows by the definition (153) of @*.
Let 7 € I'*, and denote by fm1 "k eV the coefficient of A|"" -+ A7 in P,

(i, ..., u;). We want to prove that ch” (87) = 8®*(¥). By assumption, the A-bracket
on A is zero, and the A-action of A on V is given by (148). Hence, recalling (10), the

coefficient of A}"" - - -Akmff‘ in the polynomial (89)5,. . ., (Uiys .-, Uiy,,) 18
o
Z( 1)r+l i1 (l::)
It follows that
k+1 3fm1 mk+l
<1>k+1(8)7) _ ﬁ Z Z( 1)4+! i (lrI;-l) Su l(:nl) A"'A‘S”gZTH)
irel,m,eZy q=1 1q

1 af
== 2 - Su ™ - A Su™ = 50K (),
du,;

0

irel,m €7y

thus proving the claim.

Similarly, the coefficient of A]"" - - -Akmk in (0P, Wiys ooy ugy) is BMflml Tk
+ kg F T S0 that

1
kea>y M o (m1) (mp)
D" (dy) = o E oM nk(Su A --/\(Sui:“‘

i1k
irel,m,ely

e meau“’“) s A A ) = 00k @),

Lk

This proves that @° is compat1ble with the action of 9.

Finally, we prove that @* is compatible with the contraction operators. Let y € I" [k
be as in the statement of the theorem, and let & € I be as in (151). By Eq. (63), we have
the following formula for the contraction operator iz,

(['537))\2 ..... Ak(uizv---vuik) = Z(Pl'l(xl)v 57)»1.}2 ..... )\.k(uilvuiza"'vuik))v
irel

where (, ) denotes the contraction of x| with A defined in (62). Hence, the coefficient
Of 5 -+ 2 N (e V)i (i - -y i) i

) mymy---my
z Pll,ml i1in--ig :

irel,m €’y
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It follows that

5 (7)) = Z Pi\ m, mlmz"'m"Sul(»;"z) A A Su

(k — 1) SToRE7 ik

irel,m el

which, recalling (140) and (152), is the same as (g, ¢) (PF (¥)). This completes the proof
of the theorem. 0O

5.5. Anexplicit construction of the g° -complex of variational calculus. Let) be an alge-
bra of differential functions in the variables {u;};cs, let A = @,; F[8]u; be the free
F[0]-module of rank ¢, considered as a Lie conformal algebra with the zero A-bracket,
and consider the A-module structure on V, with the A-action given by (148). By Theo-
rem 6, the g?-complex of variational calculus 2°* (V) is isomorphic to the I7 I'j-complex
I'*(A, V). Furthermore, due to Theorems 2 and 4, the 117 -complex I"*(A, V) is iso-
morphic to the I7Ci-complex C*(A, V) = @k€Z+ Ck, which is explicitly described in
Sects.2.3 and 4.6.

In this section we use this isomorphism to describe explicitly the ITC; ~ g?-com-
plex of variational calculus C*(A, V) =~ £2°()), both in terms of “poly-symbols”, and
in terms of skew-symmetric “poly-differential operators”. We shall identify these two
complexes via this isomorphism.

We start by describing all vector spaces 2% and the maps d : 2% — QK1 k € Z,.
First, we have

20 =v/v. (154)
Next, 2! = Homprs1(A, V), hence we have a canonical identification
! = oL, (155)

Comparing (12) and (148), we see that d : £2° — 2! is given by the variational
derivative:
8f
d = -, 156
I =5, (156)
For arbitrary k > 1, the space £2¥ can be identified with the space of k-symbols in
u;, i € 1. By definition, a k-symbol is a collection of expressions of the form

{umlumz"'uikfuk_l"ik} € FlAr,.... _11® V., (157)
where iy, ..., i¢ € I, satisfying the following skew-symmetry property:
{”iul”izxz T uik*lxk,luik} = sign(o) {”iv(l)kam o '”ia(k—lua(k,l)”io(k)} . (158)

for every permutation o € Sy, where Ay is replaced, if it occurs in the RHS, by A=

— le;i Aj — 0, with 9 acting from the left. Clearly, by sesquilinearity, for k > 1,
the space 2 = C* of k-A-brackets is one-to-one correspondence with the space of

k-symbols.
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For example, the space of 1-symbols is the same as V®¢. A 2-symbol is a collection
of elements {umuj} e FIA]® V, for i, j € I, such that

{”iz\”./} == {”./—A—a”i}-

A 3-symbol is a collection of elements {u,-)\ujﬂuk} e F[A, ul®@V, fori, j, k € I, such
that

{Uixujuuk} = - {Mjuuiwk} = - {Miwk—;\—u—auj},

and similarly for k > 3.
Comparing (13) and (148) we see that, if F € VL its differential d F corresponds
to the following 2-symbol:

8F' Fz *
{uiuj} = Z(x”a W~ A )=(DF),»,-(A>—(DF)j,-(A>, (159)

nels J

where D is the Frechet derivative defined by (9). More generally, the differential of a
k-symbol for k > 1 is given by the following formula:

d ({ui|A,1 e uik—])\k luik })ll Livel

N
1 v
- (Zzevmnt i [t

neZy s=1 (160)
n
k
ad
k
DN EOITEL) e USSR
nelsy Jj=1 i1 i1yesipe1€1

Provided that V is an algebra of differential functions extension of Ry, an equiv-
alent language is that of skew-symmetric poly-differential operators. By definition, a
k-differential operator is an F-linear map S : (V9)* — V/aV), of the form

SPY, ..., P5 = Z SIR @MYy - (@™ PL). (161)

,,,,,

The operator S is called skew-symmetric if

S(P', ..., P* =sign(e)s(P°D, ..., PRy,

for every P!, ..., P* € V' and every permutation o € Si. Given a k-symbol
Ny, n nj— . .
{”iul"'”ikfuk,luik} Zfll il l;kk IEERY VU ST Pl (162)
g 1€Ly
where firl”f.'."i’:k*‘ € V, we associate to it the following poly-differential operator:

c(VHE > V/av,is

Ilseeesli—151k lk—1

S(P', ..., P =/ D e @M Py - (0 PETHPE (163)
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Clearly, the skew-symmetry property of the k-symbol is translated to the skew-symme-
try of the poly-differential operator. Conversely, integrating by parts, any k-differential
operator can be written in the form (163). Thus we have a surjective map & from the
space of k-symbols to the space of skew-symmetric k-differential operators. Provided
that V is an algebra of differential functions extension of Ry, by Lemma 10(c), the
k-differential operator S can be written uniquely in the form (163). Hence, the map &
is an isomorphism.

Note that the space of 1-differential operators S : V¢ — V/dV can be canon-
ically identified with the space 2! = V®¢. Explicitly, to the 1-differential operator

S(P) = fZiel,nEZ+ f{'0" P;, we associate:

> =t e VoL, (164)
nely iel

We can write down the expression of the differential d : 2% — %! in terms of
poly-differential operators. First, if F € 2! = V®¢, the 2-differential operator corre-
sponding to d F € £27 is obtained by looking at Eq. (159):

dF)(P,Q) = [X:c; (QiXp(F;) — P;Xo(F))) (165)
= fZi,je] (QiDrp(d)ijPj — P;Dp(9)ij Qj) .

where X p denotes the evolutionary vector field associated to P € V¢, defined in (133),
and Dr(d) is the Frechet derivative (9). Next, if § : (V) — V/dVisa skew-sym-
metric k-differential operator, its differential dS, obtained by looking at (160), is the
following k + 1-differential operator:

k+1 B
@S)(P'. ... PPy = D (=)™ (XpeS) (P!, T PR, (166)
s=1

In the above formula, if Sisasin (161), X P S denotes the k-differential operator obtained
from S by replacing the coefficients f;'"" by Xp(f;i"3").

.....

Remark 8. For k > 2, a k-differential operator can also be understood as a map S :
(VH =1 — VYOL of the following form:

S(PL PR = D> e @mply - (T PET . (167)

1seensik—1,0k lk—1

This corresponds to the k-symbol (162) in the obvious way. With this notation, the
differential dS is the following map (V)* — V&

k \y
@S)(P', ..., P =D (=D (Xps S)(P', -7, P,
s=1

+(=DE DT (- a)( (n)(Pl ,Pk—l)j). (168)

jel,nel,
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Recall that the Lie algebra g? ~ ITC is identified with the space V¢ via the map
P + Xp, defined in (133). Given P € V¢, we want to describe explicitly the action
of the corresponding contraction operator ¢ p and the Lie derivative L p = [d, tp]. First,
for F € V9 = 21, we have (cf. (90)):

tp(F) = [ D PF, €V/V=2° (169)
iel

Next, the contraction of a k-symbol for k£ > 2 is given by the following formula (cf.

OD):

L u; cec UG u;
(o),

.....

= (3 wnguinsy -+ wi sy i} P , (170)
el i2,..,ixel

where, as usual, the arrow in the RHS means that 0 is moved to the right. For k = 2, the
above formula becomes

tp ({”M”j})i,jel = Z {ujaui}_, Pj eV =gql (171

jel iel
We can write the above formulas in the language of poly-differential operators. For a
k-differential operator S, we have

(p1S)(P?, ..., PYy =s(P', P2, ..., Pr). (172)

For k = 2 1p1S is a 1-differential operator which, by (164), is the same as an element
of VOt = Q1.

Remark 9. In the interpretation (167) of a k-differential operator, the action of the con-
traction operator is given by

up1S)(P2, ..., Py, =Pt P2, PR,

Next, we write the formula for the Lie derivative Ly : Q% — 2k associated to
Qe Pt ~ ga, using Cartan’s formula Ly = [ig, d]. Recalling (156) and (169), after
integration by parts we obtain, for [ f € 0=y/V:

Lo ([f) = [Xo(h), (173)

where X ¢ is the evolutionary vector field corresponding to Q (cf. (133)). Similarly,
recalling (159) and (171), we obtain, for F € 2! = V®¢:

dig(F) = Dfp(0)*Q + Do(d)"F,
tod(F) = Dp(3)Q — Dr(3)*Q,

where D (9) denotes the Frechet derivative (9), and D (d)* is the adjoint differential
operator. Putting the above formulas together, we get:

LoF = Dp(3)Q+ Dg(d)*F. (174)
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Fork > 2, L acts on a k-symbol in 22K by the following formula, which can be derived
from (160) and (170):

LQ{Mil)Ll e uik—lkk,luik} - XQ{Mi1A1 e uik—l)»kfluik}

k=1 s
+ Z:(—l)ﬁ'1 Z{u-/lﬁaui”\l e uik—lxk,luik}* DQ()"S)J'l’s
s=1 jel
k+1 i
+(=DT Z{u/')»;twuilkl v Wiy Mk }”DQO‘k)jik'
jel
In the RHS the evolutionary vector field X ¢ is applied to the coefficients of the k-sym-

bol, in the last two terms the arrow means, as usual, that we move 9 to the right, Do (X)
denotes the Frechet derivative (9) considered as a polynomial in A, and, in the last term,

)LZ = —A| — -+ — Ag—1 — 9, where 0 is moved to the left. This formula takes a much
nicer form in the language of k-differential operators. Namely we have:

k
(LoS)(P'..... PF) = (Xo8)(P'.....P5Y+ D S(P. ... XoP*..... PN
s=1

(175)

Here X S has the same meaning as in Eq. (166). This formula can be obtained from the
previous one by integration by parts.

5.6. An application to the classification of symplectic differential operators. Recall
that C C V denotes the subspace (127) of constant functions. In [BDK] we prove the
following:

Theorem 7. If V is normal, then HK(R°,d) = 3k.0C/(C N AV).

Recall that a symplectic differential operator (cf. [D] and [BDK]) is a skew-adjoint
differential operator S(3) = (S;,j(9)) : YV — VO which is closed, namely the
following condition holds (cf. (168)):

uipSkj () —uj, Skih) —ug_;_, ,Sji() =0, (176)

where the A-action of u; on V is defined by (148). We have the following corollary of
Theorem 7.

ijel

Corollary 1. If V is a normal algebra of differential functions, then any symplectic
differential operator is of the form: Sp(d) = Dp(d) — Drp(d)*, for some F € V&,
Moreover, Sp = Sg ifand only if F — G = %for some f €.

A skew-symmetric k-differential operator S : (VO)X — V/dV is called symplectic
if it is closed, i.e.

k+1 s

D DTS (P PR = 0.

s=1
The following corollary of Theorem 7 is a generalization of Corollary 1 and uses Prop-
osition 13
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Corollary 2. If V is a normal algebra of differential functions, then any symplectic
k-differential operator, for k > 1, is of the form:

k N
S(PY, . PY = D (=) (XpsT) (P T PR,

s=1

for some skew-symmetric k — 1-differential operator T. Moreover, T is defined up to
adding a symplectic k — 1-differential operator.

Remark 10. It follows from the proof of Theorem 7 that, Corollaries 1 and 2 hold in
any algebra of differential functions V, provided that we are allowed to take F and T
respectively in an extension of ), obtained by adding finitely many integrals of elements

of V (an integral of an element f € V), ; is a preimage [ duE") f of QJW independent on
u;
u;”” with (m, j) > (n,i)).

Remark 11. The map & defined in Sect.5.5 may have a non-zero kernel if V is not an
extension of the algebra Ry, but, of course, for any ) the image of Z is a ga—complex.
The 0™ term of this complex is V/8V and the k™ term, for k > 1, is the space of
skew-symmetric k-differential operators S : (V)% — V/aV.

Remark 12. Throughout this section we assumed that the number ¢ of variables u; is
finite, but this assumption is not essential, and our arguments go through with minor
modifications. This is the reason for distinguishing V* from V¢, in order to accommo-
date the case ¢ = oco.
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