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Abstract: We study the asymptotic behavior of the statistical solutions to the Navier—
Stokes equations using the normalization map [9]. It is then applied to the study of mean
energy, mean dissipation rate of energy, and mean helicity of the spatial periodic flows
driven by potential body forces. The statistical distribution of the asymptotic Beltrami
flows are also investigated. We connect our mathematical analysis with the empirical
theory of decaying turbulence. With appropriate mathematically defined ensemble aver-
ages, the Kolmogorov universal features are shown to be transient in time. We provide
an estimate for the time interval in which those features may still be present.
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1. Introduction

This paper is the continuation of our previous work [5]. In that paper, we study the
asymptotic behavior of the helicity associated with the deterministic solution of the
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Navier—Stokes equations. The current paper is our study of the asymptotic properties
of the statistical distributions of the solutions of the Navier—Stokes equations, including
the asymptotic behavior of the statistical dynamics of the helicity.

In this paper, as in [5], we study the incompressible viscous flows which are periodic
in the space variables and are driven by potential body forces. Then the velocity field
u(x,t),x = (xq, x2,x3) € R3, satisfies the periodicity condition

u(x,r) =u(x+Lej, 1), xeR’ j=1,23, (1.1)

(where L > 0 is the spatial period and {ej, e>, e3} is the standard basis of R3) as well
as the Navier—Stokes equations

(u-Vu(x,t) —vAu(x,t) = —=Vp(x,t) — Vo(x, 1), (1.2)
V.ux,t) =0, (1.3)

ou(x, t)
— +
ot

where v is the viscosity of the fluid, p is the pressure and ¢ is the potential of the
body force; here we assume that the mass density is equal to one. Using the well-known
remarkable Galilean invariance of the Navier—Stokes equations we also can (by a change
of the reference system) consider only the flows satisfying the following zero space aver-
age condition:

/ ux,dx =0, Q= (—L/2,L/2), (1.4)
Q

where dx = dx|dx>dxj is the usual volume element in R3.

Recall that the curl of the velocity, i.e. V x wu, is usually called the vorticity of the
flow and is denoted by @. The kinetic energy/mass, the dissipation rate of energy/mass,
and the helicity/mass are defined by

EM) = l/ lu(x, 1)2dx, F(1) =/ lw(x, 1)|>dx (1.5)
2 Q Q

and, respectively,

H(t) = / u(x, ) - o(x, t)dx. (1.6)
Q

Above, u - @ is the helicity density of the flow. For the physical importance of the
helicity in fluid dynamics, see the pioneering work by Moffatt [ 18] and also other surveys
on this topic (e.g. [19]).

In our previous paper [5], we studied mainly the asymptotic behavior of the helicity
and its connections with that of the energy which had been previously determined in
[8—10]. Unlike the latter behavior, the former is quite sensitive to the presence of the
inertial nonlinear terms in the Navier—Stokes equations. In this paper we will present the
asymptotic behavior of the statistical dynamics of all of the above three quantities £(z),
F(t) and H(z) for our type of flows. Our main concern is to identify the asymptotic prop-
erties of ez‘)(z”/L)z’(é'(t)), ez"(z”/“zt(]—'(m and ezv(z’f/L)z’(H(t)), where ( - ) denotes
some appropriate ensemble averages, whose rigorous mathematical definitions will be
given in Sect. 8. We prove that they all have limits when + — oo and that generically
these limits are not zero.

One interesting feature in the numerical simulation of the turbulent flows is their
statistical tendency to approximate Beltrami flows (see, e.g. [1,21]), i.e., the flows whose
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velocity and vorticity are parallel. We show that at least asymptotically this tendency is
not generic.

Our rigorous results confirm the well known empirical and computational evidence
that the Kolmogorov type estimates for the decaying turbulence of the spatially periodic
flows lose validity for large times (even after rescaling of the physical entities in order to
obtain a simulacrum of stationarity). However, as presented in Sect. 8 our methods yield
some estimates of the length of the time interval in which the universal feature may still
present.

In our analysis, we use the mathematically defined statistical solutions of the Navier—
Stokes equations both on the phase space and the trajectory space. Since this is the first
time we develop the asymptotic theory for those statistical solutions, we extend our
studies to both the energy and the energy dissipation rate. Another ingredient of our
method is the use of the normalization map constructed for the regular solutions to the
Navier—Stokes equations in [9, 10]. At this stage, we focus on the first rate of decay of
the solutions, hence the first component of that normalization map is used throughout.
Because the natural space to study the statistical solutions is the space of weak solutions,
we extend the definition of that component of normalization map to those solutions. This
newly defined map turns out to be an essential tool in describing the asymptotic behavior
of the statistical solutions of the Navier—Stokes equations. Particularly, it determines the
limits of the ensemble averages referred to above. We also use this map to study the flows
which are asymptotically Beltrami. Moreover, the asymptotic behavior of the mean flows
is connected with the nonlinear manifold M ([8-10]) of the initial data uq such that
the corresponding solution u(¢) is regular for all # > 0 and decays exponentially faster
than ¢~V @7/L)%1,

This paper is organized as follows. In Sect. 2, we present the functional settings
of the Navier-Stokes equations, the asymptotic behavior of the deterministic solutions.
The definitions of the statistical solutions both in the phase space and the trajectory
space are recalled as well as their fundamental existence theorem. In Sect. 3, we ex-
tend the definition of the first component of the normalization map to the set of Ler-
ay-Hopf weak solutions. We prove some basic properties of that map. In Sect. 4, we
study the asymptotic behavior of the mean energy, mean energy dissipation rate and
mean helicity using the Vishik-Fursikov statistical solutions. For the latter two mean
quantities, the moving averages in time are used to overcome the lack of regular-
ity of the weak solutions of the Navier—Stokes equations. In Sect. 5, we construct
some initial Gaussian probability measures to show that the asymptotic behavior of
the above three mean quantities are not trivial. In Sect. 6, we focus on the solutions
which are asymptotically Beltrami (see Definition 6.3). Different equivalent condi-
tions for those flows are given. We prove the existence of a Vishik-Fursikov measure
with Gaussian initial data which is not asymptotically Beltrami (see Definition 6.7).
In Sect. 7, we first show the connections between the mean flows which decay faster

than ¢~"7/L)’ with the above nonlinear manifold M. We then prove the generic-
ity of the mean flows with non-trivial energy or dissipation rate of energy or helici-
ty, and of the flows which are not asymptotically Beltrami. In Sect. 8, we apply our
study in the previous sections to the conventional theory of decaying turbulence. We
show that the Kolmogorov type estimates are transient in time and estimate the time
interval for which those estimates may still be valid. We obtain in Proposition 8.3 cer-
tain lower and upper bounds for the Kolmogorov quotient (see (8.7)). The Appendix
provides various basic facts on the Navier—Stokes equations which are used in this

paper.
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2. Preliminaries

In this paper, we use the same notation as in [5]. We will briefly recall some of them in
Subsect. 2.1. Subsection 2.2 consists of the definitions of statistical solutions — both in
the phase space and the trajectory space — and their basic existence theorem.

2.1. Deterministic solutions of the Navier—Stokes equations. The initial value problem
for the Navier—Stokes equations in the three-dimensional space R? with a potential body
force consists of Egs. (1.2), (1.3) and the initial condition

u(x, 0) =up(x), 2.1

where ug(x) is the known initial velocity field. We consider only solutions u(x, #) that
satisfy the periodicity condition (1.1) and the zero average condition (1.4).

Let V) be the set of all L-periodic trigonometric polynomials with values in R* which
are divergence-free and have zero average on Q2 (see (1.1), (1.3) and (1.4)). We define
H = closure of Vin L?(€2)3 and V = closure of V in H!(Q)3.

Denote by (-, -) and | - | the inner product and norm in L2(9)3. (Note that we also
use | - | for the length of vectors in R>, but the context will clarify its meaning.)

On V we consider the inner product (-, -)) and the norm ||-|| defined by

Z/auf(x)avf(x) and [lull = (u. u)'/>.
Q

s X

foru =u(-) = (uy, up, u3) and v = v(-) = (vy, vo,v3) in V.

Let A = —A be the Stokes operator on the domain Dy = V N H>(Q)°.

Let Py denote the orthogonal projector in L?(£2)? onto H.

We define B(u, v) = Pr(u - Vv) forallu, v € Dy.

We denote by R the set of all initial value ug € V such that there is a (unique)
solution u(t), t > 0, satisfying

u() =ug eV, (2.2)

{d““) +Au(t) + Bu(®), u()) =0, >0,
where the equation holds in H, and u(¢) is continuous from [0, co) into V. Such u(¢) is
called a regular solution of the Navier—Stokes equations.

A classical result (see, e.g., [13—15]) is that for any initial data ug(x) in H there exists
a weak solution u(x, 7) defined for all x € R3 and 7 > 0 which eventually becomes ana-
lytic in space and time (see also [4,7,11]), hence regular on [fy, o) for some #y > O.

We denote by S(¢),r > 0, the semigroup generated by the regular solutions of the
Navier—Stokes equations, i.e., S(#)ug, ug € R, denotes the regular solution of (2.2).

Throughout this paper, except for Sect. 8, we take L = 2w and v = 1. The general
case is easily recovered by a change of scales.

Let 0 (A) be the spectrum of the Stokes operator A. For n € o (A) we denote by R,
the orthogonal projection of H onto the eigenspace of the Stokes operator A associated
ton.Let R, =0forn & o (A).

Let € = V x be the curl operator mapping V into H. For each n € o (A) we have

R,=R'+R, and R,H=R'H®R,H, (2.3)
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where R}, resp. R, , is the orthogonal projection of H onto the eigenspace of the curl
operator € associated to /7, resp. (—+/n), and

REH = {u € H : Cu = +/nu}. (2.4)
It is easy to see that
Bu,u)=0 if ue RFHUR,;H, ne€o(A). (2.5)

Let us recall some known results on the asymptotic expansion of the regular solutions
to the Navier—Stokes equations and its associated normalization map (see [8—10, 12] for
more details). For any up € R the regular solution u(¢) has the asymptotic expansion

u(t) ~ qit)e” + qa(t)e  +q3(t)e > + - (2.6)

where g (¢) is a V-valued polynomial in ¢. For any N € N and m € N one has

N
lu(t) — qu (t)e ™\ gm) = O (e_(N“)l) as t — oo for some & = gy, > 0.
j=1

The normalization map W is defined by W (ug) = Wi(ug) ® Wa(ug) & --- , where
W;(up) = Rjq;(0) for j € N. Then W is an one-to-one analytic mapping from R to the
Frechet space S4 = R1H & RyH @ --- endowed with the component-wise topology.
One has W’/ (0) = Id, that is

W (0)ug = Riug ® Roug ® Raug @ - - - . (2.7)
For ug € R \ {0}, there is an eigenvalue ng of A such that

u(®)|? :
Jim % =ng and tlinolo u(t)e"" = wy,(uo) € RyyH \ {0}. (2.8)

In this case W;(up) = 0, g; = 0for j < ng, and g, = wy,(ug) = Wy, (uo) # 0. In
particular, for ng = 1, we have the the following limits in V:

Wi(ug) = Tlgrgo etu(t) = Tlgrolo e" Riu(r). (2.9)

2.2. Statistical solutions of the Navier—Stokes equations.

Definition 2.1. We denote by T the class of test functionals

Q) = o((u, g1), (u, 82), ..., (u, gk)), ueH,

for some k > 0, where ¢ isa C" function on R* with compact supportand g1, g», . . ., gk
arein'V.

Definition 2.2. A family {{1;}:>0 of Borel probability measures on H is called a statis-
tical solution of the Navier—Stokes equations with the initial data g if

(i) the initial kinetic energy f I lu|?d o () is finite;

(1) thefunctiont — f y ¢(w)dp (u) is measurable for every bounded and continuous
function ¢ on H;
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(iii) the function t +— fH |u|2d,ut (u) belongs to LSS ([0, 00));

loc
(iv) the function t — fH llul|?d s () belongs to L}oc([O, 00));
(V) u satisfies the Liouville equation

t
/ () () = / ® () o) — / / (Au + Blu, w), ' () d iy (0)ds,
H H 0 H
(2.10)

forallt > 0and ® € T;
(vi) the following energy inequality holds:

t
/|u|2du,(u>+2/ / IIullszs(u)dSS/ lulPdpo().  (2.11)
H 0 H H

Recall that for each ug € H, there exists a Leray-Hopf weak solution u(¢) of the
Navier—Stokes equations with u(0) = ug (cf. [4,17,22]). This weak solution satisfies
u € C([0, 00), Hyear) N L°((0, 00), H) N LZ((O, 00), V). Additionally, let

G=Gu()={to=>0: lig})lu(lo + 1) —u(to)| = 0}, (2.12)
T
then 0 € G, the Lebesgue measure of [0, 0c0)\§ is zero and for any 7y € G,

t
|u<t>|2+2/ lu()II*ds < lu(to)l>, t > 1o. (2.13)
0]

Denote by X the set of the Leray-Hopf weak solutions of the Navier—Stokes equations
on [0, 00). Hence T C C([0, 00), Hyeak)-

Definition 2.3. A statistical solution {i};>0 of the Navier-Stokes equations in the
sense of Definition 2.2 is called a Vishik-Fursikov (VF) statistical solution if there is
a Borel probability measure (1, called the Vishik-Fursikov (VF) measure, on the space
C ([0, 00), Hyeak), such that

O aZ =1
(ii) foreacht > 0, u, is the projection measure Pr,fiL on H, i.e.

/ d>(M)duz(u)=/ P®)dp((-), forall ® € C(Hyear). (2.14)
H T

For convenience, we also call Proj the initial data of /1.
The existence theorems of the statistical solutions are summarized in the following
([2,3,16]).

Theorem 2.4. Let m be a Borel probability measure on H such that fH lu2dm ) is
finite. Then there exists a VF statistical solution {j1;}1>0 with o = m.

Note that such VF statistical solution and VF measure in Theorem 2.4 are not neces-
sarily unique.

Remark 2.5. If u(-) € X then the Dirac measure 8,y is a VF measure. If i and 7 are
two VF measures, so is their convex combination (1 — 6)/ + 0m, for any 6 € (0, 1).



On the Helicity in 3D-Periodic Navier-Stokes Equations II 685

3. Supplementary Properties of the Normalization Map

In this section, we first extend the definition of Wi (ug), for ug € R, to Wi (u(-)), for
u(-) € X. This definition is more suitable for our study of the asymptotic behavior of
the statistical solutions to the Navier—Stokes equations. Basic properties of Wy (u(-)) are
derived, in particular its relations with the initial value u(0), hence showing the connec-
tions between the asymptotic and the initial values of the Leray-Hopf weak solutions.

First, we prove an invariant property of the first component of the normalization map
which leads to the extension of that component map later.

We recall from (2.9) that for ug € R,

Wi(ug) = lim efu(r) = lim e’ Rju(r),
00 700
where the limits are in V.
Lemma 3.1. Let u(-) € X and ty > 0 such that u(ty) € R. Then
e Wiu(t)) = e® Wi (u(t0)), = to. 3.1
Proof. Ifu(0) = up € R then S(t)ug € R fort > 0,

Wi (uo) = rlingo Etut+1)=¢ Tli)ngo e'S()SMug = e Wi (S(Hug).  (3.2)

In general, when up € H, let typ > 0 such that u(#y) is small in V and hence belongs to
R.By (3.2),fort >0andt =t +1t > 19,

Wi(u(to)) = " Wi(S(t)u(to)) = e e Wi (u(1)), (3.3)
thus proving (3.1). O

Remark 3.2. For the existence and estimate of the above f( see, e.g., Lemmas A.l and
A.2 below.

Definition 3.3. Let u(-) € X. By virtue of Lemma 3.1, we define
Wiu(-) = e Wi(u(1)), (3.4)
where ty > 0 such that u(ty) € R.

‘We then have the following equivalent definition of Wy (u(-)) which does not involve
to explicitly:

Wiu(-)) = e Wi(u(ty)) = € lim e"S(t)u(ty) = lim e'u(t), (3.5)
T—>00 11— 00
where the limit is taken in V. Similarly, using the second limit in (2.9) we have

Wiu()) = lim ' Riu(r). (3.6)

Note that if ug = u(0) € R, then ty = 0 and W1 (u(-)) = Wi(ug). Thus Wyi(u(-)) is
an extension of Wy (ug), up € R.

The following is a simple bound of Wy (u(-)) in terms of the values u(z), t € G(u(-)),
in particular, the initial value u(0).
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Lemma 3.4. Let u(-) € X. Then
IWiu()| < e'[u@)], 1 €Gu()). 3.7)
In particular,
Wi ()| < [u(0)]. (3.8)
Proof. Lett € G(u(-)) and T > . It follows from (A.5) that
e lu(t)] < e"e” V)| = e u()].
Hence |Wi (u(-)| = lim;— o0 €7 |u()| < €' u(t)|. O

Remark 3.5. The estimate (3.8) gives an upper bound for |Wi(u(-))|/|u(0)|. However,
there is no positive lower bound for the quotient. Indeed, there is a sequence of solutions
u"*(-) with nonzero Wy (1" (-)), such that

nco [un(0)]

Proof. Letug = & +né&4, where §; € RjH, j = 1,4, such that |§;| = || = 1 and
B(&1, §1) = B(84,64) = B(§1,64) = B(§4, 1) = 0. For instance, we can take

e . il €
£l = ————=("""+e"Y), &=

V2Q2m)3 V2(2m)3

Then u”(t) = £je ' +&e~ ¥, n € N, are the corresponding regular solutions with initial
data ug. We thus have

e2le1 X —2ie| 'x)'

+e

Wi O _ 18l
WOl e +nkl - ST

— 0, n— oo.

O

In the case | W1 (u(-)]| attains its maximum value |u(0)|, we have the following maxi-
mum principle.

Proposition 3.6. Let u(-) € X and u(0) = wug. If |IW1(u(-))| = |uol, then ug € R,
ug = Wi(uo) and u(t) = uge™" forallt > 0.

Proof. By Lemma 3.4 and (A.6), we have |ug| = |Wi(u(-))| = e'|u(t)|,fort € G(u(-)).
Let I = (1,10 +5),s € (0,00] be an interval of regularity of u(-). Then |u(t)|2 =
e |ug|? for t € I, hence

dlu(®)?
dt

+2u®> =0, rel.

Comparing with the energy balance equation

dlu(®)?
dt

+2lu())* =0, tel,
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we infer that ||u(¢)|| = |u(¢)| for all ¥ € I. Hence u(t) € R;H in any interval of
regularity. Due to its weak continuity, u(t) € Ry H for all t € [0, 0c0). Consequently,
one can check that B(u(t), u(t)) € Ry H forall ¢t € [0, 00). In any interval of regularity,

du(t)/dt + Au(t) = —B(u(t), u(t))
which belongs to both Ry H and R, H. This is possible only if both sides of the equation
are zero. The weak continuity of u(-) now implies that u(t) = uge™" forall ¢+ > 0, hence
Wi(u(-)) =up. O

Another consequence of Lemma 3.4 is the following.

Corollary 3.7. Let u(-) € X, then fort > 0 and T > 0 we have

1 t+T
|W1<u<->>|257 / e lu(v)|Pdr < [u(0))?, (3.9)
t
and
+T e_2’ 6_2(’+T)
/ llu(z)||*dz < > u(0)[* — > W1 (u(-)). (3.10)
t

Proof. The first inequality of (3.9) comes from (3.7) and the fact that G(u(-)) is dense
in [0, 00). The second inequality of (3.9) is from (A.6).

For to, t € [t, 1+ T]1NG(u(-)) such that 7y < 1;, we have from the inequalities (2.13),
(A.6) and (3.7) that

—2ty 8_2

' 2 e 2 o 2
/ Ju@IPdr = )R ~ W)
0]

Then (3.10) follows by taking 7o \(rand#; /" t+T. O

Note that (3.10) is a slightly better estimate than (A.7).
It follows from (2.7) that the map Wy : R — S, is differentiable at 0 and W{(0)u =
Ryu for all u € V. Noting that W (0) = 0, we then have

IWi(u) — Riul =o(llul)), for [[ull — 0.
The following lemma provides an explicit estimate for |W;(«#) — Rju| in terms of
|u|?. This approximation of W () by Rju using the quadratic term |u|> when |u| — 0

will be exploited in Sects. 4 and 6. But first let us note from (A.3) that

[(R1B(u,v), w)| = {B(u, v), Ryw)| = | — (B(u, Rijw), v)|
cslul vl [AR w|? |A32 Ryw|'/2,

IA

Since |[Rjw| = |AR w| = |A3/2R w|, we obtain

|[R1B(u,v)| < c3lullvl, ue€V,veDy. (3.11)
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Lemma 3.8. Let u(-) € X, then
|R1u(0) = Wi (u(-)| < c3]u(0)]*.
More generally,
le' Ri(u(t)) — Wiu()| < cse'lu@®)*, t € Gu().
Consequently, when eventually u(ty) € R then
|Ri(u(1)) = Wi ()| < c3lu@®)*, t = 1.
Proof. We have

dRiu
dt

+ Riu = —R1B(u, u),

whence
’

t
e'Riu(t) =e" Riu(t) +/ e"R1B(u(r), u(r))dr, t' >t>0.
t

Let & = Wi(u(-)) and t € G(u(-)). Using (3.11) and (A.6), we derive
t/

' Riu(t) — & < |e" Riu(r') — & | + / eTese 20 u(n)Pdr

t
< le" Riu(t) — &l +c3lu(®)?e* (e —e™")

< le" Riu(t'y — &1| +cze |u(r) .

(3.12)

(3.13)

(3.14)

Letting 1 — oo gives (3.13), by (3.6). Also, when u(fg) € R and t > 1,
& = ' Wy (u(1)), hence (3.14) follows. By setting ¢ = 0 in (3.13), we obtain (3.12). O

According to Remark 3.5, the quotient | Wy (u(-))|/|u#(0)| is not bounded below by a
positive constant in general. However, Lemma 3.8 immediately shows that this can be

the case for u(0) belonging to some “cones” in H near the origin.

Corollary 3.9. Given 6 € (0, 1), there are positive numbers a1 and ay such that if

u(-) € X satisfies
)| < az and |u(0) — Riu(0)] < aifu(0)|
then
Wi ()| = 0u(0)].
Proof. By Lemma 3.8,

(Wi(u(-) = [Riu(0)| — [R1u(0) — Wi(u(-))]
> [u(0)] — [u(0) — Riu(0)| — c3]u(0)|?
> (I — a1 — c3[u(0)D]u(0)].

Then (3.15) follows withoy < 1 —0andar = (1 — 60 —ay)/c3. O

(3.15)
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The conditions in Corollary 3.9 require small |u(0)|. We show below that the
conclusion in Corollary 3.9 still holds for # in a V-neighborhood of a special unbounded
set B in H. Let

Bi={ueRH:u#0, Blu,u) =0}. (3.16)

By (2.5), the set B; contains RTH U R| H, hence is not empty. Also, if u € By, then
e~ 'u is the regular solution with initial data u, hence W1 (1) = u.

Proposition 3.10. Let u™ € By and 6 € (0, 1). There exists g2 = e2(|u*|, 0) > 0 such
that if ||vo|| < &2 then ug = u* + vy € R and

Oluo| = [Wi(uo)| < |uol. (3.17)

Proof. Let e(Ju*|) be defined as in Lemma A.3,

*

u| « .
3 ,e(Ju™l) and & = min ey,

A=) (u*| — 1)
1 + ecsle”] '

£] = min [ (3.18)

where ¢3 > 0 is given in the Appendix. Since [|vg|| < €1, we have ug € R according to
Lemma A.3. Let u(t) = S(t)up and v(t) = u(t) — e 'u*. By (A.12), we obtain

S u()] = [u*| — ¢ o()] = Ju*] — [uple .
It follows that
[Wi(uo)| = lim e'|u(t)| > |u*| — |v0|ecslu*|7
—00
and we obtain
[Wiuo)| = luol — [vol = Jvole™"" " = fuo| = [uol (1 + =M. (3.19)

Note that |ug| > |u*| — &1 > 0, then ||vg|| < &3 implies

(I = 60)uol
TN

1 + ec3lu

[vol <

hence (3.19) yields | W, (uo)| = |uol — (1 — 6)|uo| = Olug]. O

Lemma 3.11. The function F : u(-) € ¥ — Wi (u(-)) is Borel measurable. Consequently,
F is [i-measurable for any VF measure [1.

Proof. We have for each r > 0 that the function F; : u(-) € & — e'u(t) € H is
weakly continuous, hence Hy.qx-Borel measurable. Since the Borel sets of Hyeq; are
the same as those of H, the function F; is (strongly) Borel measurable. The fact that
Wi (u(-)) = lim;_, o0 e’ u(t) implies that F is Borel measurable. 0O
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4. Asymptotic Behavior of the Mean Flows

In this section, let [t be a VF measure on the trajectory space X (see Definition 2.3) and
let {1/};>0 be the family of its projections which is a statistical solution on the phase
space H (see Definition 2.2). Recall that 1 satisfies the finite initial energy condition:

/Z u(0)*d i (u()) = /H |u|Pdpo(u) < oco. (4.1)

This condition, (3.8) and the fact that Wy (u(-)) € R H imply

/E WL () PdAu()) = />: W1 () PdRw) < /E 10(0) Pd(u() < oo,

We first describe the asymptotic behavior of the mean energy.

Proposition 4.1. We have
lim e* / |ulPd e (u) = / (Wi () dau()). (4.2)
11— H E

Proof. First, e* [, [ul*du(u) = €* [5 [u(t)|?du(u(-)). Since e* |u(t)[* < |u(0)[?,
by (A.5), and fz lu(0)2d(u(-)) < oo, applying Lebesgue’s dominated convergence
theorem gives

Jlim ¢ / lul®dp, () = / Jim e u()Pdpu() = / | W1 (u(-))d(u(-)).
— 00 H E — 00 E

O

For the mean energy dissipation rate, fz lu)2diu(-)) is only defined almost
everywhere on (0, co). However, by virtue of Lemma A.2, we can study the asymp-
totic behavior of the mean energy dissipation rate on the set of solutions with uniformly
bounded initial values in H. More precisely, we obtain:

Lemma 4.2. For any r > 0, we have

Jlim P u@’d () = / Wi @C)IPd ()
T u) e u(0)|<r} {u()ex:|u(0)|<r}
4.3)
and
Jlim HD)d () = / HW1 () fi(u().
7O (e u0)|<r} {u()eZ:u(0)|<r}
(4.4)

Proof. By virtue of Lemma A.2, there is #(r) > 0 such that for any u(-) € ¥ with
|u(0)] < r we have

u) e R and e |u(®)| < 2elu(0)], t=>1t().

Note that the integrals on the left-hand sides of (4.4) and (4.4) are well-defined for
t > t(r). Then noting that

/ lu(0)2dfi(u(-) < / lu(0)*di(u(-)) < oo,
{u(-)eX:lu(0)|<r} M)

we apply Lebesgue’s dominated convergence theorem. O



On the Helicity in 3D-Periodic Navier-Stokes Equations II 691

Since fH lu IIQsz (u) is not known to be defined for all ¢ € [#y, co) for some ¢y > 0,
we can not obtain the same result as Proposition 4.1 for the dissipation rate of energy.

However, the energy inequality (2.11) suggests the consideration of the moving average

in time % ftHT e [i lul>dps (u)ds and its limit as 1 — co. We also consider similar

moving averages of the mean energy and helicity.

Proposition 4.3. For any T > 0, we have

1—00

1 t+T
iim 7 [ @ [ wlditods = [ maoPdaee). @)
t H P
1 t+T
Jim / e / lul*dpes (uyds = / IW1@)IPdaw).  (4.6)
o0 t H p3
and

1 t+T ] R
lim — / & /H Hw)d s (w)ds = /E HWi@ONdRw(),  @T)
t

t—oo T
where H(u) = (Cu, u), foru e V.

Proof. Fix T > 0. For the mean energy, (4.5) is a consequence of Proposition 4.1.
We prove (4.6) next. Fort > O and r > 0, let

1 t+T ) )
I(t)=—/ / e“Null“dus(w) = I (¢, r) + (2, 1),
T/ H

where
1 t+T 2 )
Ii(t,r) = —/ / e lull“d s (),
T t {ueH:u|<r}
1 t+T oy )
L(t,r) = = e lull“d s (u).
T J, (ueH:|u|>r)
Also, let
J :/z IWi @) I1Pdiw()) = Ji(r) + Ja(r),
where
I = / W1 ) 2w,
{u(-)eX:|u(0)|<r}
Jo(r) =/ Wi () IPd ().
{u(-)eZ:u(0)|=r}
Then

(@) = J| < |Li(t,r) = Ji(r)| + L(t, r) + J2(r). (4.8)

First, by Lemma 3.4, we have

J(r) < / lu(0)*df(u(-)) = / lulPdpo(m).  (4.9)
{u(-)eX:|u(0)|>r} {ueH:u|>r}
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Second, by using Fubini’s theorem,

1 t+T
_ 2s 2 5
L, r) = —/ / e Nu)lI*din(u(-))ds
T J {u()eS:|u(0)=r)

1 t+T ) ) R
=7 / e~ lu(s)1“dsdfu(u(-))
(e uO)|=r) Ji
1 AT t+T )
< - ) / lu(s)Pdsd(u(-)).
T Jiuees:u©)=r} t

Using (A.7), we continue to estimate

€2T

1 X
L,r) < — 5|u<0)|2du<u(-)>
{u(-)eX:lu(0)|=r}

_ luld o (w).
2T JiueH:jui=r)
Given ¢ > 0. By (4.1), there is r = r(¢) > 0 such that
2T )
2T Jyeruion lul"dpo(u) < €/3,

hence
Jo(r) <e/3 and ID(t,r) <e/3, t>0. (4.10)

By Lemma 4.2, there is ty = f(r) > 0 such that for all s > #,

‘ / S luIIPdaw()) — Ji(r)| < &/3.
{u(-)eX:|u0)|<r}

Hence

1 t+T
() — ()] < —/ ds
T,

/ e u)IIPda()) — Ji(r)
{u()eX:|u0)|<r}

1 t+T
< —/ e/3ds =¢/3. 4.11)
T J;
Combining (4.8), (4.10) and (4.11), we have that for all r > 1y,
[[(t)—J| <¢e/3+¢/3+e/3=c¢,

thus proving (4.6).
For the mean helicity, the proof of (4.7) is similar. O
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Motivated by the existence of the limits in Proposition 4.3 we now study the following
ensemble averages of the energy, energy dissipation rate and helicity:

1 t+T 5 1 t+T )
?/ /Hlul dus(u)ds, ?/ /H lull“d s (u)ds and
t t
1 t+T
?/ /H(u)d,us(u)ds.
' H

The following is a direct consequence of Proposition 4.3 and the elementary fact that
if f is a measurable function on some interval (c, 0o) such that

(4.12)

lim e¥ f(1) =a € R,
—0o0
then
hm —/ f(s)ds = 4.13)

for any fixed 7' > 0.

Corollary 4.4. We have for any T > 0 that

t+T — 2T 5
zl—ifgoT / lu*dps (u)ds = 2T /E|W1 (NI di(u(-)),  (4.14)
t+T 5 1 — e 2T 9
zl—ifgoT / lull"dus(u)ds = 5T /ZIWl(u(-))I dp(u(-)), (4.15)
and
t+T 72T
tlglolo— /H(M)dus(u)ds— /H(Wl(u()))du(u()) (4.16)

Remark 4.5. The limits in Corollary 4.4 yield the lower and upper bounds for the ensem-
ble averages in (4.12) when ¢ is large. However, we need later bounds valid for all > 0,
namely,

t+T
e—2(t+T)/ |W1u(~))|2dﬂ(u(-)) < %/ / |u|2dur(u)d‘£
= ' H

x / P o), @17)

t+T
= / / llull*d e (u)dt

—2[
— / P o)

—2(t+T)

A

IA

I A

o—20+T) /E IWiu()2d ()

/IWl(u())Izd,u(u()) (4.18)

for T > 0 and ¢t > 0. They follow readily from (3.10) and (3.9).
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According to Proposition 4.1, one can understand the asymptotic behavior of the
mean energy by studying fz [Wi(u(-)) |2d (u(-)). However, there is yet no explicit way
to find Wy (u(-)) and ft. Fortunately, Wy (u(-)) is related to Ryu(0) by (3.12). Therefore,
in some cases, we can reduce our study to f y IRiu 12d 110 (u) which only involves the ini-
tial measure wg and the finite rank projection Rp. Similarly, the study of the asymptotic
behavior of the mean helicity can be reduced to f y H(Riu)dpo(u).

To start, we derive some bounds for fz | Wi (u(-))|?d(u(-)) using 0.

Proposition 4.6. We have
/ |u|?dpo(u) < / W1 () Pdiu()) < / ulPdpo(u).  (4.19)
RYHURT H ) H

Proof. The second half of (4.19) follows from (3.8) and (2.14). If u¢ belongs to Rf H

or R H, then B(ug, up) = 0 and hence the corresponding solution is u(t) = upe™ ",

which implies W (u(-)) = ug. Therefore,
/ Wi () *dau()) > / Wy (u(-)[*df(u(-)
= {u()eT:u(0)eRT HURT H}

|(0)[*d fu(u(-))

/{u(-)eZ:u(O)eRfHuR;H}

= / |u|?d o (u),
RYHUR H

thus yields the first half of (4.19). O

Next, we want to find some sufficient conditions in order that
/z | Wi () Pdu()) #0 or /2 HW1(u(-))d(u(-)) # 0.

Note from Proposition 4.6 that the integral f s IWi(u()) 12dp(u(-)) is positive when-
ever f RYHURT H |u|?d 1o () is positive. However, the latter condition does not hold even

when 119 is a Gaussian measure on Rj H. Therefore we need to study other criteria which
cover more classes of measures. We turn to a statistical version of (3.12) and its similar
estimate for the helicity.

Lemma 4.7. We have
/ElRlu(O) = Wiu()ldiu() < 63/H lu*d o), (4.20)
and for any r > 0,
/2 I"H(R1u(0)) — H(Wi (uC)Id () < I, (4.21)
where

I = 2C3r/ \u2d o () +4/ wldpo).  (4.22)
{ueH:|u|<r} {ueH:|u|>r}
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Proof. The inequality (4.20) follows directly from (3.12):
/)E [R1u(0) — Wi(u(-)|da(u() < 03/2 lu(0)*dfu() = Ca/H |ul*d o ().
Note that [€R u| = ||Rjul| = |Ryu|. For the helicity,
/z IH(R1u(0)) — H(Wi(u())|d(u(-))
< /E I€R1u(0) — EW ()| R1u(0)|di(u(-))
+/2 |EW1 ()| R1u(0) — Wi(u(-)ldi(u(-)
< 2/2 lu0) || R1u(0) — Wi(u(-))ldi(u(-))

2 [/ +/ ] lu(O)[R1u(0) — Wi(u(-)|dn(u(-)).
wOeSuO)<ry  Ju()e:|uO)=r)

Using (3.12) for the integral on {u(-) € ¥ : [u(0)| < r}, and using (3.8) for the integral
on{u(-) € X : |u(0)| > r}, we obtain

IA

/2 IH(R1u(0)) — H(Wi(u(-)ldau(-))

< 2c3 / lu(0)Pd(u()) +4 / | (0)*d fu(u(-))
{u(-)eX:|u(0)|<r} {u(-)eX:|u(0)|>r}

< 2rc3 / lul*dpo(u) +4 / ul*dpo(u) = I
{ueH:|u|<r} {ueH:|u|>r}

O

Using Lemma 4.7, we establish some sufficient conditions under which the integral
Js IWiu()Id () or [ H(Wy(u(-)))dt(u(-)) does not vanish.

Corollary 4.8. We have the following:

W) If [y \Riuldpo(u) > 3 [y lulPduo(u), then [5 IWiu()IdAw() > 0 and
subsequently, fz |W (u(-))lzdﬂ(u(')) > 0.

(i) IffH H(Riu)dwo(u) > I, resp. fH H(Riu)duo(u) < —I, for somer > 0,
where I, is defined by (4.22), then

/):H(Wl (u())d(u(-)) > 0, resp. /):H(Wl (u))di(u(-)) < 0.
Proof. By (4.20), we have
/Z|W1(u('))|d/1(u(~)) Z/EIRlu(O)IdﬁL(u('))—/E|R1u(0)—Wl(u(~))|dﬂ(u(~))

z/ IRluldMo(u)—C3/ P o).
H H
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hence obtaining (i). The proof of (ii) follows from (4.21) and the following triangular
inequalities:

/EH(Wl(uC)))d/fL(u(J)E/EH(Rlu(O))d/fL(u(J)
—/E IH(Ru(0)) — H(WiuONId (),
/ZH(WI(U(‘)))d/j«(”('))S/EH(RIM(O))dﬁ(”('))

+/z HWi(u(-)) — HRu0)|dau(-)).

5. Statistical Solutions with Initial Gaussian Measures

In this section, we focus on VF statistical solutions of the Navier—Stokes equations with
initial Gaussian probability measures. In particular, we will construct some Gaussian
measures on H to which we can apply Corollary 4.8 to obtain

/2 |Wi(u(-)*d(u(-)) >0 or /E HW (u())*diu(-) #0

for any VF measure {t having one of those Gaussian measures as the initial data.

Example 5.1. Let Ni(= 12) be the dimension of RiH and {w;, j = 1,..., N1} be an
orthonormal basis in Ry H and {w,, n > N} be an orthonormal basis in (/ — R{)H.
For each u of H, we write

o0
u:ijwj. (5.1)
j=1

Let u be a Gaussian probability measure on H such that the density of the distribution

2
of the random variable x; is given by «/%g- exp (—2);—’2 ,witho; > Oforall j e N
j j

and the random variable x;, j € N, are independent, (see e.g. [23]). Of course, the o;
must satisfy the condition

[e¢)
3 o < oo
j=1

The variance of u is

o2 =/ ulPdu) = o} (5.2)
H =

This measure satisfies the following:
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Lemma 5.2. For every r > 0, we have

2=2

4
/ P < [ Ry + "0 452 (5.3)
(weH:lul=r) {ueH:|Ryu|>r/2} r

where o = Zi\ll 0].2 and > = 0% — o2,

Proof. Note that

/ uPdpu) < / |RyuPdpu) + / (1 = RoulPdpw)
{ueH:u|>r} {ueH:u|>r} H

< / RiulPdp(u) + / RiulPdp(u) + >
{ueH:|Ryu|>r/2} {ueH:|(I—Ry)u|>r/2}

and

/ | Ry 2d )
{ueH:|(I—Ry)u|>r/2}

< [/H |R1u|2du<u>] wlu e H: (I = Roul = r/2))

2 _
2 Juemia—rouizryy |4~ ROuPdp@) 4052
/2 =T

=a

Thus (5.3) follows. 0O

Proposition 5.3. Let 0 < € < 1/(c3+/27 N1) and i be the Gaussian probability mea-
sure defined in Example 5.1 withoj =€, j =1,..., N, and o2 = 2Ny€2. For any VF
measure [1 with initial data |1, we have f): W1 (u()2da(u()) > 0.

Proof. From (5.2), we have

/lulzdu(u):2N162. (5.4)
H
Also,
1
/HlRluldu(u) > —/ (I + |x2f + -+ xn D
xZ
H\/_a, ( o/ )dx1 .dxp,
V2
- m;a]. (5.5)
Hence
V2N,
/ |Ryuldp(u) > JL ==« (5.6)

Thus, [}, |Riuldpu(u) > c3 [ lul*dp(u). Then we apply Corollary 4.8. O
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If the upper bound of € is slightly smaller, we obtain a lower bound for the integral
f s Wi () |2d @ (u(-)) which is comparable with the initial kinetic energy.

Corollary 5.4. Let p and [i be the measures in Proposition 5.3. If0< € < 1/(2c3+/27 N1),
then

1
yo / lul*du(u) < / W1 (u()Pdp(u)) < / |ul*du(u). (5.7)
T JH ) H

Proof. The second inequality of (5.7) is from Proposition 4.6. For the first inequality,
we use (4.20), (5.6) and (5.4) to have

- 2
/Z|W1(M(-))|2d/l(u(-))2 /Z|W1(M(-))|d/l(u(-))}

_ 2
> / Riuldp(u) — 3 / Iul2du(u)}
LJ H H

_2x/N1
V2r

ZNI = —/ lul2dp(u).

v

2
€ —2Njc3e j|

Remark 5.5. Tt is already known that

/ lul?dp, (u) < e / lul*duo(u), t>0. (5.8)
H H

If 1o = p is a measure satisfying the conditions in Corollary 5.4, then Proposition 4.1
and Corollary 5.4 now imply that

2 1y 2
lul“du;(u) > —e lul“dpo(u), t > to, (5.9
H 4w H
for some #y > 0.

Example 5.6. We consider the Gaussian measure p defined in Example 5.1. To find
o = p that satisfies the condition in Corollary 4.8, we will be more specific in choos-
ing the orthonormal system wi, wa, ..., wy, in R{ H.

First we recall that R, resp. Ry, is the orthogonal projection of H onto the eigenspace
of the curl operator € corresponding to the eigenvalue 1, resp. (—1). Since dim R} H =

dim R H = N = Nj/2 = 6, we choose {wy, ..., wy} to be an orthonormal basis in
RYH and {wy41, ..., won} tobe one in Ry H. Then

/ H(Ryu)dp(u) = / |RfulPdpu) — / |RTulPdp() = of — o2, (5.10)
H H H

2 __ N 2 2 _ 2N 2
where o =3 i jo7andoZ =350y, 07

We will find a Gaussian measure that satisfies part (ii) of Corollary 4.8. For that
purpose, we need to estimate the quantity /, defined by (4.22).
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Lemma 5.7. Let r > 0, § € (0, 1) and |t be the measure constructed in Example 5.1
withO < o; <r/2Ni1Ms), j =1,2,..., N1, where M5 > 0 satisfies

1
V21 J{teR:|t)>Ms)

Let I, be defined by (4.22) with oy = . Then

e 241 = 5. (5.11)

5 165> _2
I, <o”|2c3r+45 + 3 + Qc3r +4)o”. (5.12)
r

Proof. Recall that, for r > 0,

I, = 2C3r/ lu)?d e (u) +4/ lul?dp(u).
{ueH:|u|<r} {ueH:|u|>r}

By the change of variable t = x; /0, we have

J o)
exp Xj
{xje]Rzlx,-IZr/QNl)} 7O Uj

N \/%/{t|>r/(2N.a;)}U]2|t|2e_tl Car = x/%/{ltbm} Gﬂﬂze_\tlzpdt = 60]‘2.
Hence
x2
/{ueH:|R1u|zr/2} Ruuldputu) = /xeRNl |x\>r/2} < H ‘/_UJ eXp( ﬁ)dx
Ny x2
- jé/{ijRilijr/@Nl)} ~/_ Toj exp( 207 )dxj
< ng.

Applying Lemma 5.2, we obtain
4 2=2
/ ulPdp) < 80> + "= +37.
{ueH:u|>r} r

Since 2637 [, e pu<py #17d 1) < 2¢370%, we have

4 2=2
I, <2car (g2+32)+4( g; +02+8g2),
r

and (5.12) follows. O

Now, the condition in the second statement of Corollary 4.8 can be fulfilled by some
explicit Gaussian measures.
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Proposition 5.8. There exists a Gaussian probability measure (i 4, resp. [Lo,—, aS
defined in Example 5.6 such that any VF measure [i., resp. [i_, with initial data 1 4,
resp. [Lo,—, satisfies

/EH(WI (i (u(-)) >0, (5.13)

resp.
/E HW1 ()i (u()) < 0. (5.14)

Proof. Letoj =€, forj=1,...,N,ando; =€ _forj=N+1,...,2N.
For (5.13), we take €, = V2e and e_ = ¢, for some € > 0. By (5.10), we have

/ H(Riu)dpu(u) = N(e? — €2) = Né2. (5.15)
H

Note that 02 = 3Ne2. In addition, if

1 1 r 165 1 1, €N

2ec5r<—, 0<46<—, 0<e < R < —and (—+4)o0° < —,
18 18 NI 18 18 2

where M is defined in (5.11), then it follows from Lemma 5.7 that

1652

r2
1 1 1 N
<3N€2(—+—+—)+6—
18 18 18 2

= Né? :/HH(Rlu)du(u).

I, < 3N€X(2c3r + 48 + )+ Qecsr +4)5°

Then applying Corollary 4.8 (ii), we obtain (5.13).

For (5.14), we choose e = /2¢ and €, = €, then the sum ef + €2 is still 3N62,
hence I, remains less than NeZ. However, fH H(Riu)dp(u) = —Ne? and therefore
fH H(Ru)dpu(u) < —I,. Again, (5.14) follows from Corollary 4.8 (ii). O

Next, we construct Gaussian measures (s such that for the corresponding VF mea-
sures [i’s the integrals fz |W1(u(-))|>di(u(-)) are arbitrarily large.

Proposition 5.9. For any M > 0, there exists a VF measure [i such that its initial data
is a Gaussian probability measure and

L | W1 (u()Pdi(u()) > M. (5.16)

Proof. Let 1 be a Gaussian measure as in Example 5.6 and let [i be a VF measure with

initial data u. Fix M > 0 and € (0, 1). Take o > 0 such that 802 > M. Since
limg 00 f{ueH:l/K<|R;fu|<K} |R1+u|2du(u) = af, we can choose K sufficiently large

so that

/ |RTul?du(u) > 6o?. (5.17)
{ueH:1/K <|Rfu|<K)
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Let Bi(0) = {u+v:u € By, ||[v| < ex(|ul,d)}, where By is defined by (3.16) and
&2(|ul, 0) is in (3.18). By virtue of Proposition 3.10, (3.18) and (A.14), there is ¢ > 0
depending on K and 6 such that

BEK.0) XL (u+v:ue REH 1/K < |u| < K, |v]| < 2¢} C Bi(0).

According to Proposition 3.10, |W;(u)| > 0|u| foru € Bli(K, 0). Thus we have

/ |Wi () Pdau()) > / 02 |u(0)*d i (u(-)
z {u(-)eSu(0)eB1(9)}

=6? / || 2d ()
{ueH:ueh (0)}

> 92 / ()
BH(K.0)

2 +.12
Z 9 /IueH:l/K<Rl+u<K.Rlu<g’] |R1 I/ll dM(M)

I(I=Rp)ul<e

— 92 [/{ / } IRfulzd,u(u)] u({u € H:|R u| <e})
ueH:1/K<|Rju|<K

xu({u € H : ||(I — Rull < e}). (5.18)
Assume for the moment that there are o, for j > N, such that

w(u e H:|Rjul <e}) >0, (5.19)
uw({u € H: (I — R)ull <¢}) > 0. (5.20)

Then combining (5.17), (5.18), (5.19) and (5.20) we obtain
/E (Wi () Pdpu()) = 6%(007)0% = 670 = M, (5.21)

hence (5.16). It remains to verify (5.19) and (5.20).
Verification of (5.19). We have

x2
J

-
¢ N+idx

N

1
pllue H: k7w <o) = | —
! {xeRN: |x|<8 i TON+j

2
J

v

1 252
N+j s
/ Vorons,
{lx;l<e/N} TTON+j

/s/<NaN+,) 17
e 2dy;.
—&/(Nowsj) V27 !

For § € (0, 1), let m(§) be the positive number such that

/m«” 1 2
e 2dt =34.
—m(8) V21
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Letoyyj =€ < 5/(Nm(01/N)) for j = 1,..., N. We then obtain

me'™y 1 2\
uw({u € H:|R ul <¢}) > / e 2dt =0.

—m@VNY /21

Verification of (5.20). We will determine o for j > N such that (5.20) holds. Suppose
Aw; = Ajw;, where (A j)?‘;l is the increasing sequence of eigenvalues of the Stokes

operator. For w = >%2 v x;w; € (I — R1)H, we have lwll* = 2N+ Ajlxjl.
Note that ’ '

(S ;- il = 1/z}c{we(l—m)H ol < e).
Jj=N1+1

For j > Ny, leto; > 0 be sufficiently small such that

2N

1/2 =

> m@©2"/?).
2!/2A

We obtain
- 1 N 202
J

e
R & .
jent WIS ) V2T
J

p(u € H :||(I — Rull < e}) =

00 /m(92 1/2/) 1 _%d
> . ——e t
j=N1+1 —m©2M27y 27
o0 N .
j=Ni+l

hence (5.20) is satisfied. The proof is complete. O

Remark 5.10. In the above proof, if 02,5> < 1 and 02 > 2a, where & = 6/(1 — 6),
then af > (o2 +32) and

O'_% > aoz/(l +a) = 0o 2. (5.22)

From (5.22) and (5.21), we have
/ IW1 () [Pdu()) > 6° / |u|?d p(u).
> H

Hence we have proved that for any given M > 0 and 0 € (0, 1), there exists a VF
measure [t with Gaussian initial data x such that

/ lul*du(u) > M (5.23)
H
and

o / uPdpu) < / W1 () PdRu()) < / WPdp@. (5.4
H ) H
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6. Asymptotic Beltrami Flows
A C! vector field u(x) in R3 is a said to be Beltrami if
V xu(x) =a(x)u(x), xe€ R3, some a(x) € R. (6.1)

Note that if # = u(-) is an eigenfunction of the curl operator €, then (6.1) holds with
a = +./n, for some n € o(A). The converse is considered in the following:

Lemma 6.1. ([1]) Let u = u(-) € R, H\{0}, where n € o (A). If V x u(x) = a(x)u(x)
a.e., for some a(-) € R, then u is an eigenfunction of the curl operator, i.e., Cu = /nu

or Cu = —/nu.
Corollary 6.2. Let u € R, H\{0}, where n € o (A). Then u is Beltrami if and only if u
is an eigenfunction of the curl operator, i.e., €u = /nu or €u = —/nu.

Let u(-) € X be such that there is 7o > 0, u(t9) € R \ {0}. Then

lutto + > . lu@®)]?
Tt s 2
r—oc lu(to+1)2  1=00 |u(t)|

n —=

is an eigenvalue of the Stokes operator A.
Note that the eigenvalue n above depends on the asymptotic behavior of the solution
but not on the value of 7. Therefore we define

- u@])?
ny(u(-)) = tl;n;o O (6.2)
Denote n, = n.(u(-)). Define
Wi(u()) = lim "u(r), (6.3)
and
Tty = e o uto 64

WouO)] =50 [u(t)]

where the limits in both (6.3) and (6.4) are taken in either H or V. Recall that both
Wi (u(-)) and W,.(u(-)) belong to R, H \ {0}.
Since u(ty) € R, we have

lim e™u(t) = ™" lim ™ u(ty + 1) = ™" W,, (u(t)),
t—00 T—00
hence
Wi (u(-) = ""OW,, (u(t)). (6.5)

In particular, if #p = 0, i.e., ug = u(0) € R, then W, (u(-)) = W, (uo).
In the case u(ty) = 0 for some 79 > 0, we let

neu()) =oc0 and Wi(u(-)) = 0. (6.6)
Denote 1 = ny(u(-)) and &,, = Wy (u(-)), &, = Wy (u(-)). Recall that
u(t)

— 5,1* inH and V, t— oo, 6.7)
lu(t)]
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and hence
Cu(t)
lu (D)

It is known (e.g. [12]) that €™ u(¢) — &, , for t — oo, in any H”(2) norm, m € N,
consequently, in sup norm. Hence for x € R?,

— €€, inH, t— oo. (6.8)

lim ¢"™'u(t,x) =&,,(x) and lim ™'V xu(t,x) =V x &, (x). (6.9)
11— 00 11— 00

Since &,, (x) is analytic, we have
tlim " u(t, x)| = &, (x)| #0, ae. (6.10)
— 00
Definition 6.3. We say that a time dependent vector field u(x,t) is asymptotically
Beltrami if there are a (X, t) € R such that

\Y 1) — alx, t
lim Y XU D e DU D) _ o o RS, 6.11)
=00 lu(x, 1)|

Remark 6.4. The limit in (6.11) requires that a.e. on R3, u(x, 1) # 0, for all t > 79(x).

‘We obtain the following equivalent conditions for a Leray-Hopf solution to be asymp-
totically Beltrami.

Theorem 6.5. Let u(-) € X such that u(ty) € R\{0}, for some to > 0. The following
are equivalent:

(1) u(-) is asymptotically Beltrami.
(ii) There is a subsequence ty, /' 0o and a (X, ty) € R such that

V xu(x, t;) — a(X, u(x, t)

lim =0, ae onR>. (6.12)
k—00 lu(x, )]
(iii) Wi (u(.)) is a Beltrami vector field.
(iv) Forny = ny(u(-)),
lim SO — V@l _ (6.13)
=00 lu ()]

where ¢ = 1 or —1.

Proof. Assume (i). Of course, (ii) follows.
Assume (ii). From (6.7) and (6.8) we can assume, without loss of generality, that

klim ux, 1) /|u(t)] =&, (x) #0, ae., (6.14)
klim V xu(x, i)/ u(ty)| = €&, (x), ae. (6.15)

Thus from (6.14),

Jm(ux, fol/lu(t)] = |6, (X # 0, ae., (6.16)
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and together with (6.12),

Vo xu(x, ) — aX, gu(x, x)

lim =0, a.e. (6.17)
k— 00 lu(ty)|
From (6.15) and (6.17), it follows that
u(x, ) =
lim a(x, 1) =&, (x), ae, (6.18)
lu ()|

and hence limy_, o0 (X, ) = a(x) exists a.e. on R} and €&, (x) = ¢(x)&,, (x) a.e. on
R3. By Lemma 6.2, ?,,* is an eigenfunction of the curl operator €. Hence En* is Beltrami,
sois W, (u(-)), and we have (iii).

Assume (iii). Then €€, = & /n,€, , where ¢ = 1 or —1. By (6.7) and (6.8),

. [Qﬁu(t) u(t)
jim

— &

Ny
()] lu ()]

where the limit is taken in H, thus proving (iv). _ _
Assume (iv). The limit in (iv) is |€&, — e./n.&, |, hence €&, =e./n.§, and

i| = ¢, —eyni&, =0,

V X &, (X) = e/3&n, (X), X € R (6.19)
By (6.9) and (6.10),
VXU D) eI D) VX E0) = /i, (0

1—00 lu(x, 1) €, (X)]

This limit is zero by (6.19), hence (6.11) holds with ¢(x, t) = ¢ /n,. O

3

Corollary 6.6. Let u(-) € X be not identically zero in (ty, 00), for some to > 0. If u(t) is
asymptotically Beltrami then EW, (u(-)) = ex/ne(u(-)) Wi (u(-)), withe = 1 ore = —1,
and (6.11) holds with o = e/ny(u(-)).

We now turn to the statistical study of the asymptotically Beltrami flows using the
statistical solutions of the Navier—Stokes equations.

Definition 6.7. Let (i be a VF measure on % as in Definition 2.3. We say that the [i is
asymptotically Beltrami if almost surely every solution u(-) in X is asymptotic Beltrami;
more precisely,

a({u(-) € T :u(-) is asymptotically Beltrami}) = 1. (6.20)

We infer from Theorem 6.5 and Corollary 6.2 that if a Leray-Hopf solution u(-) is
asymptotically Beltrami then

CWiu()) = Wiu(-)) or EWi(u()) = —Wi(u(-))
(this trivially holds if Wi (u(-)) = 0), or equivalently,
R Wi(u(-)) =0or RfWi(u(-)) =0.
Therefore, the necessary condition for i to be asymptotically Beltrami is that

Afu) € T RTWi)| IRy Wiu()| =0} =1, (6.21)
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or equivalently,
/2 |RYWi(u()| IRy Wi(u(-)|di(u(-) = 0. (6.22)

Another alternative interpretation of (6.22) is the following. Since R{u and R u are
orthogonal, we have that

[RTul|R; u| = 0if and only if |R{u| + |R| u| — |Rju| = 0.

Therefore, the necessary condition (6.22) for /i to be asymptotically Beltrami is equiv-
alent to

/z [IRT Wi+ Ry Wi(u(-)| — [Wi ()] dji(u()) = 0. (6.23)

Proposition 6.8. If [i is a VF measure with initial data u satisfying
/ [IRTul + Ry ul — |Ryul]du(u) > 36‘3/ lul?dp(u), (6.24)
H H

then [1 is not asymptotically Beltrami.

Proof. Suppose (6.24) holds. Using (4.20) with po = w, one can show that (6.23) does
nothold. O

Theorem 6.9. There exists a VF measure {i with initial Gaussian probability measure
such that [i is not asymptotically Beltrami.

Proof. Let u be a Gaussian measure as in Example 5.6 and 2 be a VF measure with initial

datap.Leto; =€ > Oforj =1,...,2N.Letw, be the area of the (n — 1)-dimensional
unit sphere in R”, n > 2. We have
—lz?/(2€%) 1 00
€ _ —r2/(262) n—1 _ r
/n el e 4 = (271)”/26"/0 " @ar” ol Y = NGE
wp/2€ /°° no—y2
= — Yd
o J, Ve
= Q€.

Condition (6.24) is now equivalent to
Qay —asn)e > 3c3(Ne? + Ne? +32). (6.25)
Since 2ay — ary > 0, condition (6.25) is satisfied with

52 =Ne?and e < Qay — aan)/(ONc3).



On the Helicity in 3D-Periodic Navier-Stokes Equations II 707

Remark 6.10. In Proposition 6.8, we can use (6.22) instead of (6.23) to replace (6.24)
with the following condition:

/ |RTul [Ry uldp(u) > I, (6.26)
H

for some r > 0, where I, is defined by (4.22) with ;9 = w. Also one can adjust the
construction of p in the proof of Theorem 6.9 such that u should satisfy (6.26), hence

/E IRTWi ()| IRy Wi(u()lda(u()) >0

and [ is not asymptotically Beltrami.

7. Some Generic Properties of VF Measures

First we will show that
/2 Wi (u(-)*dp(u()) >0 (7.1)

is a generic property for a VF measure [i. For this we will give a useful characterization
of a VF measure with that property.
Let

i ={u() € X: Wiu()) =0}. (7.2)
It is easy to see that
Y1 ={u() e Z:u(t)e M, forallt > 1y = to(u(-))}, (7.3)

where M| = {u € R : Wi(u) = 0} (see [8]). It is worth mentioning that M is a
manifold in V. For our convenience, we will also define

Y1 ={ul)e T ul) e Mi}. (7.4)
Then X1, C £y fort <t and 1 = U501,
Proposition 7.1. Relation (7.1) holds if and only if i1(X1) < 1.
Proof. Suppose (7.1) does not hold. Let » > 0. According to Lemma A.2, there is
t; = t1(r) > O such that u(t;) € R whenever |#(0)| < r. Then

0— / W1 () Pdpu())
{fu(-)eX:lu(0)|<r}

_ / Wi ()P ().
{u(-)ex:|u(0)|<r}

Hence Wi(u(t1)) =0 fi-a.e. on {u(-) € ¥ : |u(0)| < r}. Thus
1> (X)) = a{u) € T:u@) <r, ulti(r)) € Mp})
= a({u(-) € Z : u)] <r, Wiu(ti(r))) =0})
= Aa({u(-) € Z: u)] < r}).

Letting r — 00, we obtain (%) = 1.
We now assume that f1(21) = 1. Since W (X) = {0}, we have W (u(-)) = 0 fi-a.e.
on X, thus (7.1) fails. O

For the initial data w of & we obtain the following.
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Corollary 7.2. Let
Ni={upe H:Ju()e X, u0) =uq, andu(t) € My, t >ty = to(u(-))}.
If io(N1) < 1 then (7.1) holds.
Proof. Since N1 = ProX1, we have
1> o) = A(Pry ' N1 = A(Z).
Hence (7.1) holds, by virtue of Proposition 7.1. O
Remark 7.3. We do not know if ;o(N7) = 1 implies (X)) = 1.

Definition 7.4. Let i and [i be two Borel measures on %. We define di(f1, i1) by the
total variation of the measure I — fi, that is,

N
di (2, i) = sup { D |ACE)) — W(E| { (7.5)
j=1
where the supremum is taken over all Borel partitions {E1, E>, ..., En}, N € N, of Z.

It is known that the space of finite Borel measures on % with metric dy is complete.

For our study, it is more suitable to let 9t be the set of all VF measures and define
the following metric for 4 and f in 90t:

d(ix, ) = di(, iv) +/2 u©)*d|f — fl(u()), (7.6)

where |1 — [1| is the total variation measure of the signed measure (it — ).
We have:

Proposition 7.5. The metric space (MM, d) is complete.

Proof. Let (1")5° | beaCauchy sequencein (I, ). Then (")72 | is a Cauchy sequence
with respect to d; . Therefore there is a Borel measure (1 on X such thatlim,,_ o, d1 (2", 1)
= 0. Obviously, /1 is a probability measure on X. For r > 0, let

By (r;0) = {u(-) € X : [u(0)| <r}

We have the function u(-) € Bx (r; 0) — P,u(0) is continuous for r > 0, k € N. Given
& > 0, there is N > 0 such that for n’ > n > N, we have

[ inwPa - i) <
By (r;0)
for any r > 0 and k € N. Letting n’ — oo and then r — 00, k — 00, we obtain
/ u(0)*d|2" = al(u() < e.
b
Thus lim,_, o d(4", i) = 0. Since fz lu(0)|2d " (u(-)) is finite for each n, it fol-

lows that fE |u(0)|2d (u(-)) is finite. Hence /i is a VF measure. Therefore (901, d) is
complete. O
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In what follows, 901 is considered as a metric space with metric d. A property P (j1)
of a VF measure 1 is called generic if the set of all VF measures /1 enjoying the property
P (f1) contains an intersection of dense open sets in 9t.

Lemma 7.6. Let i, m € 9, ¢ € (0, 1) and 1 = (1 — &)ju + em. Then 1 € M and

A, Q) < 26+ [ /E 10(O) Pd(u()) + /E |u<0>|2dn%<u<-)>] .an

Proof. The fact that i € 901 follows from Remark 2.5. For any Borel partition {E;, j =
1,...,N},some N € N, of ¥, we have

N N
D UIRE) — MEN| =& D {A(E)) +M(E))) < 2e,
Jj=1 j=1
thus yielding d; (f, ft) < 2¢. Moreover,
/EIM(O)IzdIﬁ Al =/Z (O Pdler — efi](u()

<e /E lu(0) 2 d(u(-)) +e /E |t (0) [*dri (u(-)).

Hence (7.7) follows. 0O

Theorem 7.7. The set Mg of all 1 € M such that (7.1) holds is open and dense in M.
Subsequently, (7.1) is generic.

Proof. For the density, suppose 1 € 9M\Mg and ¢ € (0, 1). Denote M = fz lu(0)|%d
(). Let ug € Ry H\ {0} such that €uy = ug and |ug| = 1. Then S(t)ug = uo(t) =
e 'ug, for all t > 0. Clearly, ug € R, Wi(up) = ug and Wy (uo(-)) = ug, by Definition
3.3.Set i = (1 — &)t + &8,(.)- Then i € M and
/ (Wi () Pdiw) = (1 —¢) / (Wi () Pda)) +elWiuo(-)]?
> >
= 0+e¢lugl* #0,

hence ji € Mg. By Lemma 7.6, we have d({i, i) < e(M + 3). Therefore Mg is dense
in 901.

Now suppose 1 € Mg. By Proposition 7.1, we have 1(X1) < 1, hence § = (2
\ £1) > 0. Assume i € M satisfies d(ji, 1) < 5. We have

A(ED = p(ED)+di(p, @) < ((E) +6 =1,
thus o € Mg thanks to Proposition 7.1 again. Thus 9 is open. O

We now study the genericity of the following property:

/EH(Wl(u(J))d/l(u(-)) # 0. (7.8)
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For that purpose, we denote by 9ty the set of all & € 99t such that (7.8), holds. Note
that My = M, U M, where

my = {iem: /2 HW1 () (-) > 0}, (7.9)

My ={aem: L HWiu())dfi(u()) < 0}. (7.10)

Theorem 7.8. The set My is open and dense in IN. Subsequently, (7.8) is generic.
Proof. First, let i € 9M\9My and ¢ € (0, 1). Let ug(-), it and M be as in Theorem 7.7.
Above we proved d(fi, ) < e(3+ M). Also

/Z HOW1 @) diw) = (1 — ) /Z HOW1 @) AW) + eHW (o))
= &(Cug, uo) = lug|* > 0,

hence 1 € 9 y. Thus My is dense in M.
Second, let i € M, such that

/E HOV ONAA®WE) = 5 > 0.
Suppose ji € M satisfies d(ji, i) < 8. Then we have
' /E HOW) (i) — /2 HOW, (u(~)))dﬂ(u(-))‘
< /E HOWV DIl — Alw() < /E W@ Pdli — Alw() < 5.
Thus fE HWi(u())dir(u(-)) > 0or i € 93?}:1 Therefore E)ﬁ}r_l is open. Similarly, 9,

is open and hence so is My . The proof is complete. O

We now discuss the genericity of the VF measures which are asymptotically Beltrami
(see Definition 6.7). We let

Mp = {1 € M : [t is asymptotically Beltrami}. (7.11)

Proposition 7.9. 9\ 9 p contains an open and dense subset of M. Consequently, the
property “[i is not asymptotically Beltrami” for a VF measure [1 is generic.

Proof. Let
Np = [ﬂ eM: /}: IRTWi ()| IRy Wi(u()lda(u() > 0.

We know from the necessary condition (6.22) that ip is a subset of 9T\ p. Similar to
Theorem 7.8, one can easily prove that 91 is open. It suffices to show that 15 is dense.

Suppose 1 € M\ . Letm be in P having initial data w as in Remark 6.10. We have
Js IRTWi ()] Ry Wi (u(-)|dm(u(-)) > 0. Givene € (0, 1), let it = (1 — &)L +em.
Then

/EIRTW1(M(-))| IRy Wiu()ldp(u(-) = 8/2 |RT W1 ()| IRy Wi(u()ldrm(u()),
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which is positive, hence i € D1p. Also, it follows from Lemma 7.6 that
d(ji. ) < &(M +2) where M = / u(0)Pd(u()) + / | (0) [*drin (u(-)).
b)) )

Therefore p is dense. The proof is complete. O

8. A Connection to the Empirical Theory of Turbulence

In this section, we connect our analytic study of the statistical solutions of the Navier—
Stokes equations to the empirical theory of decaying turbulence. However, unlike the
preceding sections which are based on rigorous mathematical arguments, our following
discussion involves also heuristic inferences. Here x, L, ¢, v are the dimensional spa-
tial variable, period, time and viscosity. To apply the results established in the previous
sections, we use the following change of scales:

where A; = (277/L)?* denotes the first eigenvalue of the Stokes operator. Then x’ and ¢’
play the roles of corresponding adimensional variables of the previous sections.

Let us recall the basic features of Kolmogorov’s empirical theory of turbulence. In
that theory, the following quantities are essential:

U’ = %(/ lu(x, 1)|°dx) and € = %</ IV x u(x, 1)|%dx),
L [0,L]3 L- [0,L]3

where ( - ) denotes an “adequate” ensemble average. Note that U? is twice the mean
energy/mass and € is the mean energy dissipation rate/mass. These two quantities are
connected by

kq ka
U? ~ / S(k)dk, €~v / k*S(k)dk,
ki ki

where S(k) is the energy spectrum and [k;, k4] is called the “inertial range” of the tur-
bulent flows. Assume k; ~ ko = VA1 = 27/L, kg ~ (6/1)3)1/4 and S(k) ~ €2/3k=3/3
(based on the dimensional analysis), we obtain

ka
U2~ 62/3/ k=3Rdk ~ Pk ~ (Le)*. 8.1)
ki

In the empirical theory of turbulence, both quantities U and € are often consid-
ered time-independent. However, in our study, the body force is potential hence they
decay exponentially. We propose the following seemingly suitable candidates for these
quantities based on our mathematical studies in the previous sections.

Let (u1):>0 be a VF statistical solution to the Navier—Stokes equations with the VF
measure 1 and T > 0. We define for r > 0,

5 32 1 t+T 5
U =X T [ /H|u| du.(u)dr, (8.2)
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and
32 1 t+T 5
€ =vAy — lull"dp (w)dz, (8.3)
T J H

where we recall that [u| denotes the L?-norm on Q = (—L/2, L/2)? and ||ju|| = |Vu| =
|V x ul|. For our asymptotic study, the first component of the normalization map is
defined now by

Wiu(:) = lim e"™"u(r), (8.4)

where the limit is taken in any Sobolev norms. We also let
3/2 3/2 N
of =2y /H Ju2dpo(u) and af = 23’ /E Wi ()P fa(u()).

For the long time dynamics of Ut2 and €;, we have the following dimensional version
of the related results in Corollary 4.4.

Proposition 8.1. We have for each T > 0 that

1— —-2T
lim 22 = ~— % 42 8.5)
—00 2T

1 — =27
lim il = %a%. (8.6)
— 00

If (8.1) applies to Ut2 and ¢, then there are absolute positive constants cx and Cg
such that

v? nU?

K = =
(L2m23e &P

< Ck. (8.7)

By virtue of Proposition 8.1, relation (8.7) will not hold when ¢ is sufficiently large
and oz12 > 0. (The case a12 > 0 is, in fact, generic according to our study in Sect. 7.) We
will estimate the time interval when (8.7) may still be valid, hence the universal features

of the turbulent flows may only be observed on that interval of time. Furthermore, we
1/3 2/3

find rigorous lower and upper bounds for the quotient A, U,2 /€;
To start, we restate the inequalities in Remark 4.5 in their dimensional forms.
Lemma 8.2. We have for T > 0 and t > 0 that
e—2vA1(1+T)a12 < Ut2 < e—2vklta§’ (8.8)
o2Vt
2T
Proposition 8.3. Let Q = a% /oz%. We have for t > 0 that

ZVAITe—ZUAIT 2/3 e—2vk1ta(2) 1/3 )\}/BUtz e—2vk1ta(2) 1/3
[ —2va T ] 2 = 2/3 = 2 ’ (810)
1—e 1 Q AV €; A1V

VAMU? < ¢ < (af — e T gl (8.9)

or, equivalently,

1/3 1/3
200 T 23 [ g=2vhtg? / )‘%/3U12 e~hig) /
7 < < . (8.11)

O TevhiT — A2 23 A2
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Proof. For the upper bound of Al/ zU 2/ 62/ 3, we have from Lemma 8.2,
1/3U2 1/3U2 B Ut2/3 - {ef2v)»1tag}1/3
612/3 ()\’IUU[ )2/3 )»}/31)2/3 - )»}/31}2/3
For the lower bound:
1/3U2 A1/3e—2ux1(r+T) Qag
2/3 = o 2/3
€; { ;TM ( —2vA1T(x12)}

B e*ZUMIa(Z) 173 2V}\,]T€_2V)L1T 2/3
=0 X]l)z 1 _672\1)\|TQ .
Hence we obtain (8.10). The estimates in (8.11) follow immediately. O

Corollary 8.4. The relation (8.1) may only be valid on the time interval [tk , Tk ] where

tx = loga—% ~3log Ck —ZIOg% . (8.12)
201 A2 2vmT
T L (10g 20 3 (8.13)
= og —— —3lo . .
K 2V & Apv2 ECK
Proof. Fort > 0 such that (8.1) holds, it follows from (8.8) that
cx < )”i/SUtz {‘3721})”%[(%}1/3
- 612/3 - A}/3v2/3

thus yielding t < Tk . Similarly, using (8.9), we have

20M T 2/3 e’z")‘”a% 13
[Q—]e2vA1T_1] A2 = Cx.

hence we obtaint > tx. 0O

Example 8.5. Let L = 2w (A1 = 1), v = 1 and [1 be the VF measure in Corollary 5.4.
‘We have (471)_1 < Q < 1. It follows from Proposition 8.3 that

1\!/3 T 2/3 - 1/3U2 B
(_) ( ) (e 2)1/3 o < (e 2;05(2))1/3,
1

4 4rre?T — 1

for all # > 0. Also, by Corollary 8.4, we derive

|
x = E{log(aé) —3logck},

s Mioe @ _ 3 Cx — 2109 T =1
K =518, 20tk =280 '

Now, if welet M > 0,0 € (0, 1) and & be a VF measure satisfying (5.23) and (5.24),
then oeg > M and 6 < Q <1 and 7k in (8.12) can be bounded below by

v

1 “le?T — 1
tx 5 (logM —3logCk —210g—) .

2T
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Appendix A

In this paper we need several well-known estimates for the non-linear term B(u, u) in
the Navier—Stokes equations (2.2). For the convenience of the reader, we list them below.
There are positive constants ¢;, j = 1, 2, 3, such that

(B(u, v), w)| < cillulllv]'/?|Av]"/? |w], (A.1)
(B(u, v), w)| < callull?|Au)' 2 || [wl, (A.2)
(B(u, v), w)| < eslul|Av|'/?| A% 20|12 ). (A.3)

The numbering of the constants is done in order to indicate the estimate in which the
constant ¢; appears. Thus
|B(u, v)| < minfer ull[v]) /] Av]"/2, callu]] V2| Aul 2 0]
c3lul| Av| /2| A3 20|12, (A4)

Let u(-) be a Leray-Hopf solution on [0, co) and G = G(u(-)) be defined by (2.12).
It is known that for 7y € G, we have

@l < e Nuo)l, 1= to. (A5)
In particular, 0 € G and
lu()] < e "u(0)], t=>0. (A.6)
Fort > 1> 0,letry € [t,t') NG, then by (2.13)

’

t
> / lu(s)llds < Jutio) < e~ 201u(0)
1

0

Letting ty — ¢, we obtain

t e~ 2t
/ lu(s)|*ds < TIM(O)Iz, i"'>1>0. (AT)
t

Lemma A.1. There is gy > 0 such that if |\ug|| < &g then ug € R and
lu@)| < 2¢ " uoll, t>0. (A.8)

Proof. Though this is a consequence of the convergence of the asymptotic expansion
of the regular solution when the initial data is small (cf. [6]), we present below an ele-
mentary proof to make our paper self-contained. The calculations are formal but can be
made rigorous using the Galerkin approximations.

Let Co = min{cy, c»}. It follows from (2.2) and (A.4) that

1d 1
5 7 1l + 1Aul® < (B, w), Au)l < ColAul’?ul¥? < | Aul® +2C5 lull®.

Let C; = 1/(2C0\4/§) and ||ug|| < Ci. By the standard small initial data argu-
ment, we have ug € R and |lu(t)|| < e */?|lug||. Now, using interpolating inequality
llu||> < |u||Au|, we obtain

1d
Mnun2 +|Aul® < ColAulP?|lull>? < ColAul?ul"?|lu|'/?,
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hence
li||u||2 + (1= Colul"?|lul )| Aul* < 0
2 dt -

Using |u| < [lull < [Aul and lu(2)|| < [luoll < Ci, we derive
_ rer 1/2 1/2 o) 2 _
”M(t)”2 S e 2.[0(1 C()\Ll(‘[)| Hu(‘c)ll )dT||u0||2 S €2C0f0 Hu(‘c)ll dTe 2[||u0||2

00 —1/2 — -
< 20 Jom e lolld =202 < AC0NHOl =20 012,

Thus (A.8) holds for

inlc,. o2l (A.9)
&0 = min , ——+ > 0. .
0 1 2C0

O

We give an estimate of 7o for which u(#p) € R in terms of |ug| and &p defined in
(A9).

Lemma A.2. Letu(-) € X, thenthereisty € [0, log*(|u(0)|/e9)+1) suchtharu(fy) € R
and

lu@)| < 2elu©)le™, = 1. (A.10)
(Above log* o = log(max{1, a}), for o € R.)

Proof. Let ug = u(0). Take 1, = log*(|ugl|/c0). By (A.7),
te+1
2 / lu(s)|I>ds < e+ |uol>. (A.11)
[

This implies that the Lebesgue measure of {s : lu(s)|1® < e 2+ |ug|?} is greater or equal
to 1/2. Hence there is ty € (t,, t, + 1) such that ||u(ty)| < e ™|ug| < £o. Applying
Lemma A.1 to u(fg) gives

()] < 2~ u(to) ]| < 2" e~ |ug| = 2™ fuol, 1 = 10,
thus proving (A.10). O
Concerning the perturbation problem for the Navier—Stokes equations when the ini-
tial data u is in a neighborhood of a fixed u(; € R, we have the following result which
is similar to but much simpler than that in [20]. For our purpose, we focus on the case

u(, belonging to the set By consisting of u € Ry H\ {0} such that B(u, u) = 0.

Lemma A.3. Let uj € By, there is ¢ = e(lugl) such that if |lvoll < & then
up =uy+vg € Rand

1S(tyuo — e u| < |vole3 ole™, 1> 0. (A.12)
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Proof. Let u*(t) = S(t)ul; = e~'uf and v(r) = S(t)ug — u*(¢). The equation for v(r)
is

dv N N
E+Av+B(v,v)+B(u ,v)+ B, u™) =0. (A.13)

Using (A.4) and the fact that u™ € R H, we have

1d|v|?
2 dt

2 2 2 —t
+lvll < (B, u™), v)| < e3lv|~u”] < calv]ugle™.

Hence

x| 1 -1 *
—2t6203\u0| JoeTdr 203|u0\e—2t’

w0 < [vol’e < lvol%e
thus yielding (A.12). We also have

1d|v|?
2 dt

2 3/2 3/2
+|Av|* < ColAvP 2|2 + col Avl|[v]llu*| + 3] Av|v]|u*|

IA

3/2 3/2 3/2 1/2
Col AvI¥ 2w P2 + ol Av ¥ v 2 u*| + 3] Avl vl |u*|

A

1
5|Av|2 + Gl + C3 v [u* P (1 + [u*]?)

1 X
2 2 2 2 2N . —2i
S1A4vl + Caol[v]1® + C3lvg 22310l jud | (1 + Jugy|H)e ™,

where C;, C3 > 0. Take ¢ > 0 satisfying

IA

. 1
Coe* + C3e2 310 ud 12 (1 + [ug?) < T (A.14)

The argument becomes standard now and we omit the details. 0O

References

1. Constantin, P, Majda, A.: The Beltrami spectrum for incompressible fluid flows. Commun. Math.
Phys. 115(3), 435-456 (1988)

2. Foias, C.: Statistical study of the Navier—Stokes equations I. Rend. Sem. Mat. Univ. Padova 48, 219-348
(1972)

3. Foias, C.: Statistical study of the Navier—Stokes equations II. Rend. Sem. Mat. Univ. Padova 48, 9-123
(1973)

4. Constantin, P, Foias, C.: Navier-Stokes equations. Chicago: University of Chicago Press, 1988

5. Foias, C., Hoang, L., Nicolaenko, B.: On the helicity in 3D—periodic Navier—Stokes equations I: The
nonstatistical case. Proc. London Math. Soc., 94(1), 53-90 (2007)

6. Foias, C., Hoang, L., Olson, E., Ziane, M.: On the solutions to the normal form of the Navier—Stokes
equations. Indiana Univ. Math J 55, 631-686 (2006)

7. Foias, C., Manley, O., Rosa, R., Temam, R.: Navier—Stokes equations and turbulence. In: Encyclopedia
of Mathematics and its Applications, Cambridge: Cambridge University Press, 2001, p. 83

8. Foias, C., Saut, J.C.: Asymptotic behavior, as t — +00 of solutions of Navier—Stokes equations and
nonlinear spectral manifolds. Indiana Univ. Math. J. 33(3), 459-477 (1984)

9. Foias, C., Saut, J.C.: Linearization and normal form of the Navier—Stokes equations with potential
forces. Ann. Inst H. Poincaré, Anal. Non Linéaire 4, 1-47 (1987)

10. Foias, C., Saut, J.C.: Asymptotic integration of Navier—Stokes equations with potential forces. I. Indiana
Univ. Math. J. 40(1), 305-320 (1991)
11. Foias, C., Temam, R.: Gevrey class regularity for the solutions of the Navier-Stokes equations. J. Funct.

Anal. 87(2), 359-369 (1989)



On the Helicity in 3D-Periodic Navier-Stokes Equations II 717

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

Guillope, C.: Remarques a propos du comportement lorsque  — oo, des solutions des équations de
Navier-Stokes associées a une force nulle. Bull. Soc. Math. France 111, 151-180 (1983)

Leray, J.: Etude de diverse équations intégrales non linéares et de quelques problémes que pose 1"hydro-
dynamique. J. Math. Pures Appl. 12, 1-82 (1933)

Leray, J.: Essai sur les mouvements plans d’un liquide visqueux que limitent des parois. J. Math. Pures
Appl 13, 331-418 (1934)

Leray, J.: Essai sur le mouvement d’un liquide visqueux emplissant 1’espace. Acta Math. 63, 193-248
(1934)

Vishik, M.I., Fursikov, A.V.: Mathematical Problems of Mathematical Statistical Hydrodynamics.
Dordrecht: Kluwer Acad. Press, 1980

Ladyzhenskaya, O.A.: Mathematical Theory of Viscous Incompressible Flow. New York: Gordon and
Breach, 1969

Moffatt, H.K.: The degree of knottedness of tangled vortex lines. J. Fluid Mech. 36, 117-129 (1969)
Moffatt, H.K., Tsinober, A.: Helicity in laminar and turbulent flow. Ann. Rev. Fluid Mech. 24, 281-312
(1992)

Ponce, G., Racke, R., Sideris, T.C., Titi, E.S.: Global stability of large solutions to the 3D Navier—Stokes
Equations. Commun. Math. Phys. 159, 329-341 (1994)

Shtilman, L., Pelz, R.B., Tsinober, A.: Numerical investigation of helicity in turbulence flow. Computers
and Fluids 16(3), 341-347 (1988)

Temam, R.: Navier-Stokes Equations: Theory and Numerical Analysis. AMS Chelsea Publishing,
Providence, RI: Amer. Math. soc., 2001

Varadhan, S.R.S.: Stochastic Processes. New York: Courant Institute of Mathematical Sciences, 1968

Communicated by P. Constantin



	On the Helicity in 3D-Periodic Navier--StokesEquations II: The Statistical Case
	Abstract:
	Introduction
	Preliminaries
	Deterministic solutions of the Navier--Stokes equations
	Statistical solutions of the Navier--Stokes equations

	Supplementary Properties of the Normalization Map
	Asymptotic Behavior of the Mean Flows
	Statistical Solutions with Initial Gaussian Measures
	Asymptotic Beltrami Flows
	Some Generic Properties of VF Measures
	A Connection to the Empirical Theory of Turbulence
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


