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Abstract: We construct a universal code for a stationary and memoryless classical-
quantum channel as a quantum version of the universal coding by Csiszdr and Korner.
Our code is constructed utilizing a combination of irreducible representations, a decoder
introduced through the quantum information spectrum, and the packing lemma.

1. Introduction

How to transmit information via a noisy communication channel is one of the most
important problems for current information network systems. The first big step in this
direction was Shannon’s channel coding theorem [1], in which he proved that there exists
a code enabling reliable communication whose transmission rate is the capacity of the
channel, i.e., the maximum of mutual information between the input and output systems.
In his formulation, Shannon treated the channel as a stochastic matrix.

In the present paper, we consider the ultimate transmission rate for sending classical
messages, when the communication channel is given as a pair of a fixed optical fiber
and a fixed modulator. In this case, the input system is described by a set X of classi-
cal alphabets, and the output system is described by a quantum system. Therefore, the
channel is given as a map from a classical alphabet to a quantum state (i.e., a density
matrix), which is called a classical-quantum channel. In contrast, a stochastic matrix is
called a classical channel. When all output density matrices commute with each other,
the original coding theorem of Shannon can be trivially extended to the quantum case.

However, in the general case, there is a serious non-commutative difficulty for its
quantum extension. Although it is not so difficult to extend the mutual information to this
non-commutative quantum framework, there have been several obstacles to the estab-
lishment of the channel coding theorem, even for the classical-quantum channel. The
crucial obstacle was first resolved by Holevo [2] and Schumacher-Westmoreland [3].
They showed that there exists a reliable code realizing transmission of the maximum
value of quantum mutual information. In contrast, in 1970s studies by Holevo [4,5], it
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was shown that there does not exist a reliable code overcoming the maximum value of
quantum mutual information. The combination of the additivity! of the maximum of
the mutual information and these results yields the capacity theorem for the classical-
quantum channel. That is, it implies that this maximum value is equal to the maximum
reliable transmission rate, which is called the capacity. After their achievement, Ogawa
and Nagaoka [9] and Hayashi and Nagaoka [10] systematically constructed other codes
which realized capacity transmission using the information spectrum method. However,
since these existing codes depended on the form of the channel, they were not robust
with respect to disagreements between the sender’s and receiver’s coordinate systems.

In the classical system, Csiszdr and Korner [11] constructed a universal channel
coding, whose construction does not depend on the channel and depends only on the
mutual information and the ‘type’ of the input system, i.e., the empirical distribution of
code words. (The notion of type will be explained in Sect. 3.) Here, we should remark
that a universal channel code can universally realize not the capacity but the mutual
information because the constructed code is based on an (empirical) distribution on the
input classical system whereas universal data compression can universally realize the
minimum compression rate for both variable-length settings [12,13] and fixed-length
settings [11]. In order to extend Csiszar-Korner’s universal coding to the quantum case,
we have to overcome the non-commutative obstacle.

Concerning the quantum system, Jozsa et al. [ 14] constructed a universal fixed-length
source coding, which depended only on the compression rate and realized the minimum
compression rate. Hayashi [15] discussed the exponentially decreasing rate of the decod-
ing error. Further, Hayashi and Matsumoto [16] constructed a universal variable-length
source coding for the quantum system. Hence, we can expect to establish a quantum ver-
sion of universal channel coding. For example, even if the receiver cannot synchronize
his coordinate system with the sender’s coordinate system, universal coding guarantees
reliable communication.

In the present paper, we construct a universal coding for a classical-quantum chan-
nel, which enables transmission of the quantum mutual information and which depends
only on the coding rate and the ‘type’ of the input system. Unfortunately, the capacity
cannot be attained universally because its construction depends on the distribution of
the input system. In the proposed construction, the following three factors play essential
roles for resolving the non-commutative obstacle. One is the decoder given by the proof
of the information spectrum method. In the information spectrum method, the decoder
is constructed by the square root measurement of the projectors given by the quantum
analogue of the likelihood ratio between the signal state and the mixture state [10,17].

The second factor is the irreducible decomposition of the dual representation of the
special unitary group and the permutation group, which is known as Schur-duality. The
method of irreducible decomposition provides the universal protocols in the quantum
setting [14, 16, 18-22]. However, even in the classical case, the universal channel coding
requires the conditional type as well as the type [11]. In the present paper, we introduce a
quantum analogue of the conditional type, which is the most essential part of the present

paper.

1 Holevo [5] mentioned this type of additivity, whose proof is written in Fujiwara and Nagaoka [6] (Lemma
3) and Holevo [7]. While Fujiwara and Nagaoka [6] treats the case when the input set X’ is given as the set
of density matrices of the input quantum system, their proof is valid even when the input set is given as an
arbitrary finite set. This is because the key point is essentially shown by the chain rule of classical mutual
information. Holevo [7] shows this kind of additivity in a more general setting, in which, he regards this kind
of channel as a special case of a channel with a quantum input system.
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The third factor is the packing lemma, which yields a suitable combination of the
signal states independent of the form of the channel in the classical case [11]. This
method plays the same role in the present paper.

An independent work, Bjelakovic and Boche [28], treats a code for a classical-
quantum channel that universally realizes transmission of quantum mutual information.
However, the result [28] is different from the present paper with respect to the follow-
ing points. Firstly, the present paper explicitly gives the pair of the encoder and the
decoder that universally attains transmission of maximal mutual information. Secondly,
the present paper provides an upper bound (26) for the average error probability whose
decreasing speed is exponential, whereas the paper [28] does not give such an upper
bound. Thirdly, the present paper makes use of Schur-duality, which can be regarded
as a kind of quantum extension of the method of type by Csiszar and Korner. This fact
suggests that the proposed method can be applied to another topic in Csiszar and Korner.

Further, our construction of encoder does not depend on the dimension of the output
system. Only the decoder depends on the dimension of the output system. Note that
Csiszar and Korner’s construction and Bjelakovic et al’s construction depend on the
output system. The present paper employs Packing lemma in the construction of encoder
as well as Csiszar and Korner. However, the present paper uses this lemma in a way dif-
ferent from Csiszar and Korner. Hence, even if the obtained result is restricted to the
classical case, it contains a new result in this point.

The remainder of the present paper is organized as follows. In Sect. 2, we explain the
notation used herein and the main result including the existence of a universal coding for
a classical-quantum channel. In this section, we present the exponential decreasing rate
of the error probability of our universal code. In Sect. 3, the notation for group repre-
sentation theory is presented and a quantum analogue of conditional type is introduced.
In Sect. 4, we provide a code that works well universally. In Sect. 5, the exponentially
decreasing rate mentioned in Sect. 2 is proven by using the property given in Sect. 3.

2. Main Result

For the classical-quantum channel (see Fig. 1), we focus on the set of input alphabets
X := {1, ..., k} and the representation space H of the output system, whose dimension
is d. Then, a classical-quantum channel is given as a map from X to the set of density
matrices on H of the form i +— W(i). The n-fold discrete memoryless extension is
given as the map from X” to the set of density matrices on the n'M tensor product sys-

tem H®". That is, this extension maps the input sequence i = (iy, ..., I,) to the state
Wp(iy) := W) ®---® W(i,). Sending the message {1, ..., M, } requires an encoder
and a decoder. The encoder is given as a map ¢, from the set of messages {1, ..., M}

to the set of alphabets X", and the decoder is given by a POVM Y" = {Yl.”}f‘/[:”l. Thus,

Classical H . . Quantum Measurement
Encoder Modulator Optical fiber (Decoder)
Pu X Classical-Quantum Channel S(H) Yy"

w

Fig. 1. Figure of classical-quantum channel
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the triplet ®,, := (M,,, ¢,, Y"") is called a code. Its performance is evaluated by the size
|®,| := M, and the average error probability, given by

M,
1 n

e[®y, W] = A E Tr Wy (@, (D) = Y").
=]

The following theorem is known as the classical-quantum channel coding theorem. The
optimal reliable transmission rate is equal to the capacity

max I (p, W),
p

where the mutual information 7 (p, W) is defined for p = { pi}f.‘: | on the set of input
alphabets X := {1, ..., k} as

k
1(p. W) := > pi Tr W(i)(log W (i) — log Wp),

i=l
k

Wp =D piW().
i=1

As stated in the following main theorem, there exists a reliable code that depends only
on the coding rate R and the distribution p on the input system when the coding rate R is
smaller than the mutual information 7 (p, W). Note that this theorem does not imply the
universal achievement of the capacity max, I (p, W) because our construction depends
on the input distribution p.

Theorem 1. For any distribution p = {p,-}{.‘:1 on the set of input alphabets

X = {1, ..., k} and any real number R, there is a sequence of codes {®,}°° | such that

-1 t) —tR
lim — loge[®,, W] > max M
n—oo n 0<t<l 1+1¢

1
lim —log|®,| =R
n—oon

for any classical-quantum channel W, where ¢w p(t) is given by

1
k T
ow.p(t) == —(1 —1) logTr(z piW(i)lt) .

i=1

Note that the code {®,}°2 | does not depend on the channel W, and depends only on the
distribution p and the coding rate R.

The derivative of ¢w, p(?) is given as
P p0) =1(p, W).
When the transmission rate R is smaller than the mutual information 7 (p, W),

t) —tR
max —¢W’p( ) >0
0<t<l 1+1¢
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because there exists a parameter ¢ € (0, 1) such that ¢w p(#) —tR > 0. That is, the
average error probability e[®,, W] goes to zero.

This fact implies that without knowledge of the channel W we can mathemati-
cally construct a reliable code based only on the input distribution p when the coding
rate R is smaller than the mutual information 7 (p, W). Therefore, in order to con-
struct a code attaining the capacity maxp /(p, W), we need to know only the value
of argmax , I (p, W). We do not require complete knowledge of the classical-quantum
channel i — W(i). For example, we may not be able to identify the coordinates of
the output system, i.e., we cannot identify only the unitary U in the classical-quan-
tum channel i — UW (i)UT; however we are able to identify the maximizing input
distribution argmax » I(p, W). In this case, we can construct a code that realizes the
capacity maxp I (p, W). Furthermore, the proposed code is robust with respect to small
disturbances, in other words, our evaluation (26) of the average error probability guaran-
tees reliable communication under the proposed code even if the true channel is a little
different from the estimated channel.

3. Group Representation Theory

In this section, we focus on the dual representation of the n-fold tensor product space
by the special unitary group SU(d) and the n™ symmetric group S,.> For this pur-
pose, we focus on the Young diagram and the ‘type’. The former is a key concept in
group representation theory and the latter is the corresponding notion in information
theory [11]. When the vector of integers n = (ny, na, - - - , ng) satisfies the condition
ny >ny >--->ng > 0and Zﬁl:l n; = n, the vector n is called a Young diagram
(frame) of size n and depth d; the set of such vectors is denoted as Y’ ,f’ . When the vector
of integers n satisfies the condition n; > 0 and Z?:l n; = n, the vector p = % is called

a ‘type’ of size n; the set of these vectors is denoted as Tn‘l. Further, for p € T,f, a subset
of X" is defined by:

Tp = {x € X""|The empirical distribution of x is equal to p}.

The cardinalities of these sets are constrained as follows:

Y <IT < o+ D, (1)
(n+ D)~ < T, )
where H(p) = —Z?zl pilog p; [11]. Using the Young diagram, the irreducible
decomposition of the above representation can be characterized as follows:
HE" = P Un @ Vi, (3)
neyd

where Uy, is the irreducible representation space of SU(d) characterized by n, and V),
is the irreducible representation space of n™ symmetric group S, characterized by n.
Here, the representation of the n'" symmetric group S, is denoted as V : s € S, > Vj.
Hence, Eq. (3) gives the irreducible decomposition of the representation of the group

2 Christandl [23] contains a good survey of representation theory for quantum information.
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SU(d) x Sy, which is called Schur-duality. For n € Y,fl , the dimension of U/, is evaluated
by

. dd—1)
dimU, <n z . 4

Then, denoting the projection to the subspace U, @ V, as I, we define the following:
1

Pn ‘= Wln» (5)
pUn = D |Y_1,fl|p”' (6)
neyd
Any state p and any Young diagram n € Y, ,‘f satisfy the following:
dimUppn = Inp®" In.
Thus, (1), (4), and (6) yield the inequality
WYy = 0% )
Next, we focus on two systems X and ) = {1, ..., [}. When the distribution of X’ is

given by a probability distribution p = (p1, ..., pg) on{l, ..., d}, and the conditional
distribution on ) with the condition on X is given by V, we denote the joint distribution
on X x ) by pV and the distribution on Y by p - V. When the empirical distribution
ofx € X" is (';—1, ”ﬁ),thesequenceoftypes V=(w,...,v) e T,fl X e X T,fd
is called a conditional type for x [11]. We denote the set of conditional types for x by
V(x,)). For any conditional type V for x, we define the subset of )"*:

Ty(x) == [y €)'

The empirical distribution of
((x1, y1) -+ (xn, yp)) is equal to pV. |

where p is the empirical distribution of x.

We define the state px for x € X". For this purpose, we consider a special element
xX =(1,...,1,2,...,2,...,k, ..., k). The state py is defined as py := pym; @

— e — —
m my mg

PUmy @ -+ @ pu.m, - For a general element x € X", we choose a permutation s € S,
such that x = sx’. Then, we define a state py by px := Us ersT, where Uy is the
unitary representation of S,,. This state plays a similar role to the conditional type in the
classical case. Using the inequality (7), we have

kd(d—1)
no T Y ox = Wax). )
As is shown here, the density matrix py 1= py m; ® PU,m, ® - - - ® Py, m;, coOmmutes

with py .. For simplicity, we show commutativity between py u, ® pv,m, and py . m+m,
first. In order to prove this fact, it is sufficient to show the existence of a resolution of
the identity by the projections {E;}; such that

Haidy,  pUm ® pum, = D aiEi, ©)

1
Hbi}, pUmgsmy = D _biEi. (10)
i
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When the resolution { £ il} of the identity is given as projections to the irreducible spaces
of the representation of the group SU(d) X Sy, +m,, the resolution {Eil} satisfies the
condition (10) because of the construction of oy s, +m,. Similarly, the resolution {EI.Z}
of the identity is given as projections to the irreducible spaces of the representation of
the group SU(d) x SU(d) X Sy, X S, = (SU) x Sp;) x (SU) x Sy,), and the
resolution {Eiz} satisfies the condition (9). The group SU(d) x S, X Sp, is a sub-
group of SU(d) X S;,4m,, and it is also a subgroup of SU(d) x SU(d) X Sy, X Spm,
via the correspondence (g, 51, s2) — (g, &, 51, 52). Now, the resolution {E?}je‘] of the
identity is given as projections to the irreducible spaces of the representation of the
group SU(d) x Sy, X Sp,. For any El.1 € {Eil}, there is a subset J; of J such that
Ei1 => jer E ; The same fact holds for {Eiz}. Therefore, the resolution {E]3.} jeJ sat-
isfies (10) and (9). Thus, the density matrix py m; ® pu,m, commutes with oy i 4m,-
Applying the same discussion to the group SU(d) x S, X Spy X -+ X Sy, We can
show that py/ 1= py,m; ® PUm, @ -+ ® pu,m, commutes with py ,. This property is
essential for the construction of the proposed decoder.

4. Construction of the Code

According to Csiszar and Korner [11], the proposed code is constructed as follows. The
main point of this section is to establish that Csiszar-Korner’s Packing lemma provides a
code whose performance is essentially equivalent to the average performance of random
coding in the sense of (12). In the following discussion, we treat the conditional type in
the case when the system ) coincides with the other system X’

Lemma 1. For a positive number 6 > 0, a type p € T,f, and a real positive number
R < H(p), there exist My, := ¢"B=9 distinct elements M,, = {x1, oo xy,) CTp

such that their empirical distributions are p and
Ty (x) N (Mo, \ {xD] < [Ty (x)]e " H D=0
forx e M, CTpandV € V(x, X).

This lemma can be shown by substituting the identical map into V in Lemma 5.1 in
Csiszar and Korner [11], which is known as the Packing lemma. Since Csiszar and
Korner proved Lemma 5.1 using the random coding method, we can replace § by \/Lﬁ

That is, there exist M,, := e"R=V distinct elements My = {x1,...,xpm,} CTpsuch
that their empirical distributions are p and

1Ty (x) N (M \ (x| < |Ty (x)|e " HP=R (11)

forx e M, C Tpand V € V(x, X). Note that this encoder M, does not depend on the
output system because the employed Packing lemma treats the conditional types from
the input system to the input system. Now, we transform the property (11) to a more
useful form.

Using the encoder M,,, we can define the distribution Py, as

xeM,

1
= |'Mll|
PM,, (%) [ 0 X éM,.
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For any x € A", we define an invariant subgroup Sy C S:
={s € Syls(x) = x}.
Since x” € T), implies that
Py =W,
any element x’ € Ty (x) N M,, C T), satisfies
Ty )N M| 1T [Ty (x) N (M, \ {x])]

s(x =
SEZS |Sx|pM" ) = Ty Ml [Ty (x)[|M,]
< ¢ HHP) v — p"(x’)e*/ﬁ (12)

when the conditional type V is not identical. Relation (12) holds for any x’(# x) € M,
because there exists a conditional type V such that x’ € Ty (x) and V is not identical.
Next, for any x € X" and any real number C,, we define the projection

P(x) := {px - CnIOU,n > 0},

where {X > 0} presents the projection Zi:x,«zo E; for a Hermitian matrix X with the
diagonalization X = >, x; E;. Remember that the density matrix py commutes with
the other density matrix py_,. Using the projection P (x), we define the decoder:

—1 —1
= [ > Px) P[> P&
xeM, xeM,

In the following, the above-constructed code (e"R_“/E , My, {Yx}xem,) is denoted by
@yn(p. R).

5. Exponential Evaluation

Hayashi and Nagaoka [10] showed that

[ —Yy <2(I—P(x')+4 Z P(x).
x(#Ax)eM,

Then, the average error probability of ®y ,(p, R) is evaluated by

D TeWa()(U = Yu)

|M"|x’e./\/l,,

|Mn| Z Tr Wy (x')(I — P(x' ))+|Mn Z Tr W, (x) Z P(x)
x'eM, x'eM, x(#xeM,

an > TrWax) U — P(x))
xeM,

1

+4Tr Z P(x) Z Wax) ] |. (13)

xeM, M |x’(7éx)e/\/l,,



Universal Coding for Classical-Quantum Channel 1095

Since the density matrix py commutes with the density matrix py ,, we have

(I = P(x)) = {px — Copun <0} < p'Croy, (14)

for 0 <t < 1. Since the density matrix p, commutes with the density matrix W, (x),
Wy (x)py " is a Hermite matrix and (8) implies that

W, (x)py" < KW, () (15)

Using (14) and (15), we have
Tr Wa(x)(I — P(x)) < Tt Wy ()5 oLy, Cl
ktd(d 1

Y14 G Te W () o - (16)

Since the quantity Tr W, (x)(I — P(x)) is invariant with respect to the action of the
permutation and the relation (2) implies that

+1)™d
pl(x) = "HP) > N T )| (17)
pr
for x € T}, we obtain
Tr Wy (x)(I — P(x)) = ﬁ Z Tr Wy (x')(I — P(x'))
p xeT
<+1)? D pE)Te W, () - P(x')) (18)
x'eXn
<+ D YA TICS P Wa ) el (19)
x'eXn
®
d+8a@=0 okt ~t 1—¢ " t
<(n+1) 2 Y, |V C,, max Tr z pXOW,(x) o
7 xeX
Ly 1t

®n\ -7

<+ ) v Tr([z p(x)wn(x)l—f} ) (20)
xeX
1 n(l—t)
=
= (n+ DHE v Tr(z p(x)%(x)l—’)
xeX

_ (n N 1)d+ktd(g—l) |Y;lj|ktc,€l€_n¢w’p(t)’ (21)

where (18) and (19) follow from (17) and (16), respectively. The inequality (20) can be
checked in the following way: When X is a positive semi-definite matrix, o is a density
matrix,0 <t <1, p=1/(1 —t), and ¢ = 1/, the Holder inequality implies that

1 1
Tr Xo! <Tr|Xo'| < (Tr XP)? (Tro'9)s = (TrXﬁ)l_l

because % + % = 1. This inequality yields (20).
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Next, we evaluate the second term of (13) using the invariant property of Sy:

> W)

x/(#x)eM,

1
Tr | P(x) ]

=Tr|P(x) D pm,@)Wa(x)

x/(#x)eM,
=Tr | P(x) Y ﬁ > P E VWV
SESy Sx x/'(#x)eM,

=Tr|P(x) . Z—pM,,os1<x>wn(x)

[ Sx |

x/(#x)eM,, s€Sx
ST Px) D, PV W) (22)
x/(#x)eM,
- ﬁTr[P(x)WW]
<e fTr[P(x)n )y |pyn] (23)
<e fTr[P(x)n “Fydico ,ox] (24)
<e fTr[ L yd i1, ]:Mnd“z’“|Y,f|c;1, (25)

where (22), (23), and (24) follow from (12), (7), and the inequality P(x)(py ., —
C,'px) <0.

For any t € (0, 1) and R > 0, we choose |M,,| := e"R=n, C, = "R+ ) and
r(t) = 22O Since r(1) = pw.p(1) — t(R +r (1)), from (13), (21) and (25), the

1+t
average error probability can be evaluated as

e(@un(p. R), W)

ktd(d—1)
<2+ D42

|Yd|k[e—n(¢w p(l) t(R+r(1))) + 4}’[ |e—nr(t) (26)

Then, its exponentially decreasing rate is characterized by

—1 ow,p(t) —tR
lim —10g8(®Un(P, R), W) = min{pw p(t) —t(R+r (1), r()} = ————
n—00 1+t
That is, when we choose 7 := argmax,c( 1) W, IM,| = e"R=V" and

C, = "R+ (0) we obtain

-1 t) —tR
hm —logs(d)yn(p, R), W) > rna M
t€(0,1) 1+1

for any channel W. Therefore, we obtain Theorem 1.
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6. Discussion

We have constructed a universal code realizing the transmission of quantum mutual
information by combining the information spectrum method with group representation
theory and using the Packing lemma. The code that we have developed works well
because any tensor product state p®" is close to the state py ,. Indeed, Krattenthaler
and Slater [24] demonstrated the existence of a state o, such that %D(,o@’" llow) — 0
for any state p in the qubit system as a quantum analogue of Clarke and Barron’s result
[25]. Its d-dimensional extension is discussed in another paper [26].

Further, Hayashi [27] derived another exponentially decreasing rate of error probabil-
ity for a classical-quantum channel, which is max;.o<;<; —(log >_; p; Tr[W (i) 1-¢ W;,]) —
tR. Since

dw. pO—1(R+r(1)
6_4W,p T+ = e~ @wpO—1(R+r (1)) _ t(R+r(D) 1oy Tr(z piW (i)' o'
o

l

N . _(_ o A=yt 1y
Z etR Tr(z piW(l)] Z)(Z piW(l))l —e ( (lOng Di Tr[W (@) Wp]) Z‘R)’
i i

we obtain
1 dw.p(t) — IR
—(1 S Tr[W ltWt —tR > _—
 max —(og > pi TAW (D) WD) — 1R = max ——F—
13

That is, the obtained exponentially decreasing rate is smaller than that of Hayashi [27].
However, according to Csiszar and Korner [11], the exponentially decreasing rate of the
universal coding is the same as the optimal exponentially decreasing rate in the classical
case when the rate is close to the capacity. Hence, if a more sophisticated analysis were
to be applied, a better exponentially decreasing rate could be expected. Such an analysis
is left as a future problem.

The proposed encoder does not depend on the output system. Such a construction is
realized by employing the Packing lemma in a way different from that of Csiszar and
Korner. In the present paper, the Packing lemma treats the conditional types from the
input system to the input system. We hope that such a style of application of the Packing
lemma yields another new result on information theory in the future.
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