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Abstract: We justify supercritical geometric optics in small time for the defocusing
semiclassical Nonlinear Schrodinger Equation for a large class of non-necessarily homo-
geneous nonlinearities. The case of a half-space with Neumann boundary condition is
also studied.

1. Introduction

We consider the nonlinear Schrodinger equation in Q C R?,

& 2
— +%A\y€—wff(|\w|2)=o, W RYx Q> C (1)

ie
with an highly oscillating initial datum under the form

i
o= w5 = aie (145, @)

where ¢ is real-valued. We are interested in the semiclassical limit & — 0. The non-
linear Schrodinger equation (1) appears, for instance, in optics, and also as a model
for Bose-Einstein condensates, with f(p) = p — 1, and the equation is termed the
Gross-Pitaevskii equation, or also with f(p) = p2 (see [13]). Some more complicated
nonlinearities are also used especially in low dimensions, see [12].

At first, let us focus on the case = RY. To guess the formal limit, when ¢ goes to
zero, it is classical to use the Madelung transform, i.e. to seek for a solution of (1) under
the form

Ve = /pfexp (igoe) .
€
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By separating real and imaginary parts and by introducing u® = V¢?, this allows to
rewrite (1) as an hydrodynamical system,

0;p°+V - (pgug) =0

2 B3 (3)
du’ + (u - V) uf +V (f(p°) = =V (A\/“%’:—) .

2
The system (3) is a compressible Euler equation with an additional term in the right-hand

side called quantum pressure. As ¢ tends to 0, the quantum pressure is formally negligible
and (3) reduces to the (compressible) Euler equation,

hp+V-(pu)=0

“4)
du+w-Vyu+V(f(p)) =0.

The justification of this formal computation has received much interest recently. The
case of analytic data was solved in [7]. Then for data with Sobolev regularity and a
defocusing nonlinearity, so that (4) is hyperbolic, it was noticed by Grenier, [9], that it
is more convenient to use the transformation

&
W = af exp (i %) (5)

and to allow the amplitude a® to be complex. By using an identification between C and
R2, this allows to rewrite (1) as

af &
8;618+148-Va£+7V~u8=EJAa*C

(6)
dqut + Wt - Vyut +V (f(lat]?) =0,
where J is the matrix of complex multiplication by i:
0 -1
/= (1 0 ) :
When ¢ = 0, we find the system
a
8,a+u-Va+§V-u=0
(N

du+ - Vyu+V (f(la*)) =0,

which is another form of (4), since then (p = |a|2, u) solves (4). The rigorous conver-
gence of (6) towards (7) provided the initial conditions suitably converge was rigorously
performed by Grenier [9] in the case f(p) = p (which corresponds to the cubic defo-
cusing NLS). More precisely, it was proven in [9] that there exists 7 > 0 independent
of & such that the solution of (6) is uniformly bounded in H* on [0, T']. In terms of the
unknown W¢ of (1), this gives that

sup sup | ¥ exp (—if) | gs < +00
€€(0,11[0,T] €
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for every s where (a, u = Vg) is the solution of (7). Furthermore, the justification of
WKB expansions under the form

m . .
e — (Z 8kak)elf = O(e’")e?w
k=0

for every m was performed in [9]. The main idea in the work of Grenier [9] is to use the
symmetrizer

1 1
S = di 1,1, —, ..., ————
e ( 4f"(jal) 4f’(|a|2))

of the hyperbolic system (7) to get H® energy estimates which are uniform in ¢ for
the singularly perturbed system (6). The case of nonlinearities for which f’ vanishes at
zero (for instance the case f(p) = p?) was left open in [9]. The additional difficulty is
that for such nonlinearities, the system (7) is only weakly hyperbolic at a = 0 and in
particular the symmetrizer S becomes singular at a = 0.

In more recent works, see [1, 14,19] it was proven that for every weak solution of (1)
with f(p) = p — 1 or f(p) = p, the limits as ¢ — O,

WE2—p—0 in L(0,T1, L% elm ($*V¥*) — pu — 0
in L>®([0,T],L},,) ®)

hold under some suitable assumption on the initial data. The approach used in these
papers is completely different, and relies on the modulated energy method introduced
in [4]. The advantage of this powerful approach is that it allows to describe the limit
of weak solutions and to handle general nonlinearities once the existence of a global
weak solution in the energy space for (1) is known. Nevertheless, it does not give precise
qualitative information on the solution of (1), for example, it does not allow to prove that
the solution remains smooth on an interval of time independent of ¢ if the initial data
are smooth or to justify the WKB expansion up to arbitrary orders in smooth norms.

In the work [2], the possibility of getting the same result as in [9] for pure power
nonlinearities f(p) = p° in the case @ = R? was studied. It was first noticed that,
thanks to the result of [15], the system

8,a+V<p~Va+gA<p =0
o, 2 ©)
3:90+§|V§0| + f(la]”) =0,

with the initial condition (a, ¢) /=0 = (ao, @o) € H® has a unique smooth maximal
solution (a, ¢) € C ([0, T*[, H*(R?) x HS~1(R?)) for every s. It was then established:

Theorem 1 ([2]). Letd < 3, 0 € N* and initial data ag, ¢ = ¢o in H* such that, for
some functions (¢g, ag) € H,

lag —ao lus = OCe),

for every s > 0. Then, there exists T* > 0 such that (9) with f(p) = p° has a smooth
maximal solution (a, ¢) € C([0, T*[, H® x H®). Moreover, there exists T € (0, T™)



506 D. Chiron, F. Rousset

independent of €, such that the solution of (1), (2) remains smooth on [0, T] and verifies
the estimate

N
sup I VA exp (—l—) "LOO([O,T],HX) < 400, (10)

£€(0,1] €
where
e ifo =1, then s € Nis arbitrary,
e ifo =2andd =1, then one can take s = 2,
o ifo =2and?2 <d <3, then one can take s = 1,
e ifo > 3 then one can take s = o.

As emphasized in [2], in some cases, the global existence of smooth solutions is
already known for (1). For example, in the quintic case, o = 2, global existence is
known for d < 3 (see [6] for the difficult critical case d = 3), so that only the bound
(10) is interesting. Nevertheless, Theorem 1 may be also applied to cases where (1) is
H' super-critical (¢ > 3, d = 3 for example) and hence the fact that it is possible to
construct a smooth solution on a time interval independent of ¢ is already interesting.
The main ingredient used in [2] is a subtle transformation of (1) into a perturbation of
a quasilinear symmetric hyperbolic system with non smooth coefficients when o > 2.

The first aim of this paper is to prove that the estimate (10) holds true for every s,
every dimension d and every nonlinearity f which satisfies the following assumption:

(A feC®(0,+00)), f(0)=0, f >0 on (0,+00), In e N*
£ #0.

Note that we allow f’ to vanish at the origin. The assumption (A) takes into account
in particular all the homogeneous polynomial nonlinearities f(p) = p° but also non-

linearities under the form f(p) = p°! + p°2 or % for example. Our result reads:

Theorem 2. We assume (A), and consider an initial data (2) with ¢ real-valued, aj,
@g in H* such that, for some real-valued functions (o, ap) € H*, we have for every
s,

lag —aollys = Oe)  and | g5 — o lgs = Oe).
Then, there exists T* > O such that (7) with initial value (agy, o) has a unique smooth
maximal solution (a, ¢) € C([0, T*[, H*® x H®). Moreover, there exists T € (0, T*]

such that for every ¢ € (0, 1), the solution V¢ to (1)—(2) exists at least on [0, T] and
satisfies for every s,

i
sup || W€ exp (——w) ILoo 0,71,y < +00.
£e(0,1] €

More precisely, there exists ¢ = ¢ + Ogoo () such that, for every s,

i
| W€ exp (—;PS) —allp=qo,m1,m5) = O(). (11)
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Let us give a few comments on the statement of Theorem 2.

At first, note that Theorem 2 contains a result of local existence of smooth
solutions for (9) in the case of non necessarily homogeneous nonlinearities satisfying
(A). Since (a, V) solves a compressible type Euler equation, the case of a homoge-
neous nonlinearity was studied in [15], and we thus give an extension of this result to
smooth non-linearities satisfying assumption (4). A precise statement of our result with
the required regularity of the initial data is given in Theorem 4 below. The new difficulty
when f is not homogeneous is that the nonlinear symmetrization does not seem to allow
to transform the problem into a classical symmetric or symmetrizable hyperbolic system
with smooth coefficients.

The correction of order ¢ that we have to add to the phase to get the estimate (11)
is expected. Indeed, a perturbation of order ¢ in the phase modifies the amplitude at the
leading order.

Our approach to prove Theorem 2 is completely different from the one of [2 and 9].
We do not work any more on the system (6) or any reformulation of (1) into a perturba-
tion of a quasilinear symmetric hyperbolic system, but directly on the NLS equation (1).
Basically, we first prove the linear stability for (1) in arbitrary Sobolev norms of a highly
oscillating solution of the form ae’#/¢ and then use a fixed point argument to prove the
nonlinear stability. The crucial estimate of linear stability of a highly oscillating solution
is given in Lemma 1 and Theorem 3.

This actually allows to justify WKB expansions up to arbitrary orders (see
Theorem 5). Since we deal in this paper with sufficiently smooth and in particular
bounded solutions, the assumption (4) can be replaced by a local version where we
assume that f* > 0 on (0, 8) with B8 independent of ¢ if the initial datum verifies
lag|? < B. Indeed, since a® takes it values in the (weak) hyperbolic region of the limit
system (7), there still exists a local smooth solution of (7) defined on [0, T'] for some
T > 0 and the stability argument leading to Theorem 2 still holds. Consequently, our
result can also be applied to nonlinearities like f(p) = p?' — p°? for every o» > o1,
provided |ag|?> < B < 1. Note that when o7 is too large, the classical global existence
result of weak solutions (see [8]) for (1) is not valid and hence it does not seem possible
to use the modulated energy method of [1,14] to investigate the semi-classical limit.

Finally, the last advantage of our approach is that it can be easily generalized to
the case of a domain with boundary and to non-zero condition at infinity. This will
be the aim of the second part of the paper. We shall restrict ourself to a physical case, the
Gross-Pitaevskii equation, i.e. f(p) = p — 1. The generalization to more general non-
linearities satisfying an assumption like (A) is rather straightforward. This simplifying
assumption is only made to avoid the multiplication of difficulties. Again to avoid too
many technicalities, we restrict ourselves to the simplest domain Q = Rﬂf =R x
(0, +00). For x € Rﬁf, we shall use the notation x = (y,z), y € R4 7z > 0. We add
to (1) the Neumann boundary condition

9.V (t, y,0) =0. 12)
We also impose the following condition at infinity:

> u®.x
+1 , |x| = 400, (13)
£

We(t, x) ~ exp (—it
that we can write in hydrodynamical variables

2
|lI/€(t,x)| — 1, u(t, x) = u>, |x| — 400,
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where 1 is a constant vector. This condition appears naturally when we study a moving
obstacle in the fluid. Indeed, if we start from (1) with the Neumann boundary condition
on an obstacle moving at constant velocity and fluid at rest at infinity, then we can use
the Galilean invariance of (1) to transform the problem into the study of (1) in a fixed
domain but with the condition (13) at infinity.

This problem with such boundary conditions is physically meaningful since it can
be used to describe superfluids past an obstacle (we refer to [16] for example). The
semiclassical limit ¢ tends to zero was already studied in [14] by using the modulated
energy method. The limit (8) was proven with (p, u) the solution of the compressible
Euler equation with boundary condition u - /3 = 0, n being the normal to the bound-
ary. Note that the result of [14] is restricted to the two-dimensional case only in order
to have a global solution in the energy space of (1). By using more recent results on the
Cauchy problem, [3], one can also get the result in the three-dimensional case at least
when #®° = 0. Our aim here is to give a more precise description of the convergence
which takes into account boundary layers. More precisely, since the solution of the Euler
system (9) cannot match the Neumann boundary condition d,a(z, y, 0) = 0, a boundary
layer of weak amplitude ¢ and of size ¢ appears. They are formally described for example

in [16]. WKB expansions W¢ = a® = are thus to be sought under the form

m m
a*=a"+) ¢ (ak(t, x)+ AN, y, E)) ot ="+ 6 ((p"(t, X+ (1, y, E)) :
k=1 & k=1 &
(14

where the profiles Ak, v, Z), ok (s, v, Z) are exponentially decreasing in the Z variable
and are chosen such that

3.a*(t, y,0)+ 074 (1, y,00 =0, 0,051, y,0)+ 0,05 (1, y,00=0

so that the approximate WKB expansion W"WXB = 4° exp (L¢®) matches the Neumann

boundary condition (12). Our result (Theorem 6) is that under suitable assumptions on
the initial conditions, we have the nonlinear stability of WKB expansions: in partic-
ular we have the existence of a smooth solution for (1), (12), (13) on a time interval
independent of ¢ and the estimate

| W™ 5 — af |y < e (15)

Note that it is necessary to incorporate the boundary layer e A! in order to get (15) since
its gradient has amplitude one in L*°. The case of Dirichlet boundary condition which
is also physically meaningful, we again refer to [16], seems more complicated to handle
since often in boundary layer theory in fluid mechanics the boundary layers involved
have amplitude one. This is left for future work.

The paper is organized as follows. In Sect. 2, we prove the linear stability in H* of

an approximate WKB solution of (1) under the form a® exp (i ‘@—s) in the case Q = R<.

This is the crucial part towards the proof of Theorem 2. Next in Sect. 3, we give the
construction of a WKB expansion up to arbitrary order and give the proof of the local
existence of a smooth solution for the compressible Euler equation with a pressure law
satisfying (A). In Sect. 4, we give the justification of WKB expansions at every order
and recover Theorem 2 as a particular case. This part uses in a classical way the linear
stability result and a fixed point argument. Finally, in Sect. 5, we study the problem in
the half-space with Neumann boundary condition.
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2. Linear Stability

&
In this section, we consider a smooth WKB approximate solution ¥¢ = a® exp (i %)

of (1) such that

NLS(W") = R® exp (1%8) , (16)

where

2
NLS(W) = isd, W + %A\ll —Wr(P).

Moreover, we also set

1
Ry = 019" + 2 IVe* [ + f(a"?), (17)
1
R, = 0,a® +V¢°® - Va® + > a®A¢®, (18)
so that
&2
R® = —a’Ry+icR, + ) Aat.

Looking for an exact solution of (1) under the form

o
&

o
Ve =W tpe's =@ +we s,

we find that w solves the nonlinear Schrodinger equation

] 2
is (a,w +ut VwtSwy- us) + %Aw — 2w, a®) f'(ja* P)a®

= R,w — R* + Q°(w), 19)
where (-, -) stands for the real scalar product in C =~ R2, with
u® = Ve®
and the nonlinear term Q¢ (w) is defined by
0*(w) = @ +w) (f(la® +wP) = f(a* D)) = 2(w,a®) f'(la* Pa’. (20)

Of course, R® will be very small and R, (and R, ) are to be thought small (at least O(¢))
for applications to nonlinear stability results. Nevertheless, in this section the exact form
of these terms is not important. The way to construct an accurate WKB solution W* will
be explained in the next section.

Remark 1. If we work with a non-linearity f such that f(A?) = 0 for some A € R, we
can impose a non-zero condition at infinity such asap € A+ H* and Vgyg € U™ + H*®
for some constant vector U> € R?. Since we can still look for the perturbation w in
H*, this does not affect the proofs.
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Since we expect the correction term w to be small, we shall only consider in this
section the linearized equation

3
el s rfw=Ryw+F°, xeRY Q1)
ot ¢

where the linear operator £° is defined as
&2 ie , 2
L (w) = EAw +icu®-Vw + Fw V-uf =2f(|la®|7)(w, a®)a®.

In this section, F¢ is considered as a given source term. Of course, for the proof of
Theorem 2, we shall apply the result of this section to

F& = —R® + Q% (w). (22)

Furthermore, let us emphasize that at this stage, Ry, is seen as a multiplicative operator
with no link with the vector field u® appearing in £?, even though we will use this lemma
with u® = Ve?®. We notice that £? is formally self-adjoint, but only the first and last
term give rise to a nonnegative quadratic functional. Indeed, the quadratic form (in H')
associated to the operator

2
St w = —%Aw + 2| 1P (w, a°)a®

is, since f’ > 0,

1
/Rd (w, SFw) = 5/Rd E2Vw|? +4f'(|a°|*)(w, a®)* > 0.

It is then natural to consider the (squared) norm / (w, Sg(w)) as a good energy for
d

the linearized equation (21). Consequently, we introduce the weighted norm
1
NE(w) = 5/ e \Vw> +4 £ (la* ) (w, a®)? + Ke?|w|?
Rd
for every K > 0 (K will be chosen sufficiently large only in the next subsection).
Our first result of this section is a linear stability result in the energy norm N¢(w).

Lemma 1. Assume that u® : [0, T] x RY — R? and a® : [0, T] x RY — C are smooth
and such that

M = ” Vxl/ts ”LOC([O,T]X]Rd) + ” Vx(V . I/te) "LOO([O,T]XRd) + ” |Clg|2 ”LOO([O’T]XR{[) < +0Q.

Letw € C! ([0, T, H2) be a solution of (21). Then, there exists Cy; depending only on
d, f and M such that for every ¢ € (0, 1], the solution w of (21) satisfies the energy
estimate

d 1 1 1
ENS (w(1) =Cpm (1+g I Ra(2) ||L°°+g I Ry (1) IIWI.oo+8—2 I Ry (1) ||L°°) N* (w(1))

4
+1 FE (1) ||iz—/ —f/(laelz)(w,as)(ae,iFs)+/ (eAw, i F?).
Rd € R4
(23)
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Note that it is very easy to get from (23) and the Gronwall inequality a classical
estimate of linear stability. Indeed, assuming that R, = Opo((o,7],.)(¢) and Ry, =

(’)LOO([O’TLWLOO)(BZ) (which is true if (af, ¢*) come from the WKB method), we infer
from a crude estimate for the two last terms in (23) that forO <¢ < T,

d & t 1 £
ZN(meCN(wm+;nFmﬁw

which gives for0 < < T,

e Ct 5 1 ! 5 2
NE (w(n) < e N(M%+;AnFuwmdr,

which is a more classical result of linear stability in the energy norm N¢(w) since the
amplification rate C is independent of ¢. Nevertheless, to get H* estimates and the best
nonlinear results as possible, it is important to have the special structure of the two last
terms in (23).

Modulated linearized functionals like N¢ were also used in asymptotic problems in
fluid mechanics, see [10] for example.

2.1. Proof of Lemma 1. The norms L>°, W% L? . always stand for the norms in the
x variable. At first, since S¢ is self adjoint, we have

d

i J, () =/Rd2(88w,8,w)+28, [£a"®) ] w.a*)?

+4f (ja* P (w, a®) (w, da®). (24)

Next, we use (21) to express d,w as

to get
& 82 11,812 &\ & & 1 &
2 (S w,8,w):2 —Aw —=2f"(|la®|")(w,a®)a’,u® - Vw+-wV -u
Rd R\ 2 2
+LRw+ ’-Fﬁ) . (25)
e e

We shall now estimate the various terms in the right-hand side of (25). Integrating by

parts, we get
2 i
e” Aw, —Ryw
R4 &

—& /Rd (Vw, inR(p)

eVRy| L= |wl2Vwl,2

IA

IA

l &

Note that we have used that R, is real-valued and thus that

(Vw, iR,Vw) =0
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for the first equality. We also easily obtain by integration by parts that

[, Eoww i) < COV - L #1907 ) ) (21 V0 e L ).
R

< CyN®(w).

In the proof, Cys is a harmless number which changes from line to line and which
depends only on M. In particular, it is independent of ¢. Moreover, we can also write
fork=1,...,d,

9 2
/ (8,§kw, ut Vw) = —/ ut - Vl vl — / (akw, ou’ - Vw)
R4 R4 2

9 2
:/ 9wl V~u£—/ (8kw,8ku€~Vw),
R 2 R

and hence, we immediately infer

/Rd (szAw, "t - Vw) < CyNE(w).

Furthermore, from the inequality 2ab < a? + b2, there holds

4 1 e e e . C e % .
_ g/Rdf (la®*)(w, a®) (a, i Ryw) < S_THR“””LOO/W (f (la |2)) |(w. )] elw]

IA

Cu
—zllRwlle/ f(af P w, a®)? + 2wl
& R4
Cu e
< — [ RplLe N*(w). (26)
&2
Consequently, we can replace (25) in (24) and use the above estimates to get

d
dt Jpa

(S*w, w) =/d 41" (|af 1> (w, a®) ((w, 9;a°)— (us -Vw+ % wV - u®, as))
R

+2 [ a[raP)]wa? b @)
]Rd
where E; satisfies the estimate

1 1
Ey =Cy (1 *2 I Ry lwico + 2 I Ry ||L°°) N*(w)

- ‘—‘/ f/(|a8|2)(w,a€)(a8,iF8)+/ (eAw, i F*). 28)
& JRd R4
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To estimate the first integral in the right-hand side of (27), we use Eq. (18) to get
1
4/ £'(af1?) (w, a®) ((w, 9;a°) — (u8 Vw+-wV-uf, ag))
R4 2
= 4/ f(af 1P (w, a®) ((w, Re) — u® - V(w, a®) — (w,a*)V - u)
Rd
=4 [ aPyw.ayw k) =2 [ aPut 9 (w.a?)
R4 Rd
—4 / fafPyw, a®)* v - uf
R4
= 4/ F1a* Py, a*) (w, Ry) + 2/ (w, a2 u’ -V [ f'(a*P)]
R4 R4
- 2/ e P (w, a)* v - uf.
R4

To get the last line, we have integrated by parts the second integral. Note that the last
term is bounded by Cy N¢(w), and, as for (26), that the first integral is bounded by

M [ Ry Lo N¢(w). Consequently, we can replace the above identity in (27) to get
&

d

— (SEw,w):/ 2w, a®)? (9 +u® - V) f'(ja° D)+ E\+E> =: [+E+Ea, (29)
dt JRd Rd

where E is such that
1
Ery <Cum (1 2 I Ra IILoc) N*(w). (30)

To estimate 7, we use again Eq. (18) which gives

(3 +u® - V) f'(1af1?) = 2f"(a* 1)) (a°, da® +u - Va*) =2 f"(la*%)

1
X(Ra—zasv-us,ae),

r=c [ P[00 P et ea [ a1 el Pl .t Rl
R4 R4

and hence we find

To conclude, we shall use Assumption (A). By defining n € N* the first integer such
that £ (0) # 0, we see from Taylor expansion that

£y =p"""q(p) 31
for some smooth positive function g on [0, +00). In particular, since ¢ > 0, we have
of"(p) q'(p)

o € C™ ([0, +00)),

o T 0

which implies

lof" ()| < Cuf'(p)  for 0<p=<M. (32)
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This yields
/R a1 (@Bl w, a%)? < Cu /R [, @) f'(a"P) < CuN* (),

where, again, Cy; depends only on M. In a similar way, we also obtain

/ (w.a*)?[a*| | f"(la"1*)| |Ral < | Ra ||Loo/ fwl - |, a®)] - la* | £ (1a )|
R4 R4
C
<~ Ral /R (elw)) ‘(w, a’) f'(la*2)
=

Cu
e IRyl Lo N¥(w).

Consequently, we have proven that
1 &
F=Cu |1+ I Rallpee ) N (w). (33)

To get the result of Lemma 1, it remains to perform the L2 estimate. Taking the L? scalar
product of (21) with iw and using that

1 1
(w,u€~Vw+§wV-u8) = EV . (|w|2u8),

we get

d (&2 2 _ FE 2 PR e
E (?”w“LZ) _\/Rdg( ,iw) + SAdf(|a Y w, a®)(a®, iw).

Note that we have once again used that Ry, is real-valued and hence that (Ryw, iw) = 0.

The first integral is clearly bounded by N¢(w) + || F®¢ ||i2 whereas for the second one,
we have

/ 26f'(la* )(w, a*)(@®, iw) = Ciy / (£'a* Py, a*)? +e2w]?) < CuN* ).
R4 R4

As a consequence, we get

d (&*

T (3 lw ||iz) < CuN°(w)+| F°[3,. (34)
Finally, we can collect (28), (29), (30), (33) and (34) to get (23). This completes the
proof. O

2.2. Higher order estimates. Since our final aim is to prove Theorem 2 by a fixed
point argument, we also need to have H® estimates for s sufficiently large for the
solution of the linear equation (21). This is the aim of the following. Note that the
term —2(w, a®) f'(Ja®|*)a® in (19) can be seen as a singular term with variable coeffi-
cients. Consequently, a crude way to get H® estimates is to apply £/*/8¢ to the equation,
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the weight £/ being used to compensate the singular commutator when we take the
derivative of (19), and then to apply Lemma 1 to the resulting equation. Nevertheless,
it is possible to avoid the loss of ¢/*! with more work by using more clever higher order
modulated functionals. We set Nf = Nfand, if s € N, s > 2, we define the following

weighted norm, where o« € N¢ are multi-indices

Niw)= D NY3“w)+K|Re w7},

Jo|<s—1
1
= SVl +2 Y / £/(la* @ w,a)? + K (2wl
la|<s—1
+IRewl?, ). (35)

In this section, we shall use that
a® =a +ea”
with a real-valued and

sup Jla"[|e (o, 71, wsey < C.
e€(0,1]

Note that this allows to write
1
/ £l P @ w. a) = 2 / F/(1a P @ Re 0%wl? — Ce?[Re 07w,
R4 2 R4
and hence by choosing K sufficiently large (K > C) we get the lower bound
1
Now) = o 0 N (3Fw)+ / f'(1a* ) (@) Re 0*w[* dx.  (36)
lor|<s—1 lor|<s—1

Note that we also have the equivalence of norms:
2
lwlfs < S NS @), Niw) = C(la®lys-r0) | w I35 + IRe w[?,, 2. (37)

The main result of this section is:
Theorem 3. Let 0 < T < oo, s € N*, f satisfying (A) and w € C ([0, T], H®) a
solution of (21) withu® : [0, T] x R — R? and a® : [0, T] x R — C such that

M = sup (” u® ||Loc([0,T]’WS+1,0C(]Rd)) + ” af ”LOO([O’T]’WS.OO(Rd))) < +00.

O<e<l
Assume finally that, for some a® € L ([0, T], W (R?)) real-valued, a® verifies
a® = a® + Owys () (38)
uniformly on [0, T]. Then, there exists C, depending only on d, f and M, such that

d 1 1
ZN;S (w@) =C (1 +— | Ra(t) [ Lo + ) IRy (1) IIWsI.oo) NE (w(@®)+C | F* (1) s

”ImFs(t) ||Hr 1-

Remark 2. In view of (38), a® is real up to O(¢), hence, in the integral in the right-hand
side of (23), the real and imaginary parts of F¢ do not play the same role. This explains
that the estimate is better for Re F¢ than for Im F¢. As a matter of fact, for s = 1,
Theorem 3 follows immediately from Lemma 1 and (38).
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2.3. Proof of Theorem 3. We estimate separately the two terms in N7 (w), when s > 2
(otherwise, the result follows from Lemma 1 as we have seen). Let us set

(W) = [Re wl, .
Note that we have
T(w) < Ni(w). (39)

In the proof, C is a constant depending only on d, f and M.
We shall first prove that

dt Hs=2
(40)

d 1 C
—Sw) =C (1 + 3 1R ||Wsz,oo) NS )+ C I F® [y + =5 [ Tm F* I

For & € N?, we have
oy (0°w) +u - V (3%w) = %A(a”‘w) —Loepe — Lov (Ryw)
e e
2i 1
_ e (f’(|a£|2)(a8, w)ag) [0 V]w— S0 (V). @D
e
Next, by taking the real part of (41), we get
1
3 (0°Re w) +u® - V (0°Re w) = — [9, u® - V]Re w — 59 (Rew V- u) + R,
where
£ i€ o i o e i o 2i o Il A€12 £ &
Rf=Re (5 A@"w) = =0" F = =0 (Ryw) =~ (f(|a %)(a ,w)a) .42
e e e
By using (38), we have
Im 3”a® = O(e), Vy, |yl <|e|
and
1(0Paf, 37 w)| < Csy (|Re BVw|+e|8Vw|) (43)
for every g, y. Consequently, we immediately obtain for every «, || < s — 2,

” R(p " W.v—l,oo |

1
IR 2<C (8||w||Hx+ o2 |w| gs—2+|Re IU||HS—2+8"UJ”HS—2)+Z”Im F®| gs—2

”R " §—2,00 1 1
<C (1 + % NE(w)? + ~ [m FE|| 2.
Consequently, the standard L? energy estimate for (42) gives

d 2 ”R(p”WS*l,OC P l g2
EIIRG wl, =C (1 )N (w) + ) MM F= -2
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Note that we have used that

1

/Rd (us -V (BO‘Re w) ,0%Re w) = _E/Rd(v - u®)|0%Re w|>.

Consequently, (40) is proven.
The next step is to estimate N¢(9%w) for |«| < s — 1. By applying 9% to (21), we get

. 0(0%w)
ie
ot

+ L5 (3%w) = Ryd"w + F*, (44)
where
FE=C%+ D" +3“F° +[9%, Rylw,
with
¢ = 20% (f/(la* P’ (w.a*)) = 2f (1a* ) (3" w. a")a".
DY = —ie[0% u® - V]w — % [0%, V- u®]w.

To estimate N¢(0%w), we shall use Lemma 1. Towards this, we need to estimate the
commutators in the right-hand side of (44). For |o| < s — 1, the following estimates
hold for C* and D*:

C
108%, Rylw 3,1 < C I Ry [fyse lw 35 < S IRy Iysce NEW),  (45)

IDY13, < Ce*w g < CNE(w), (46)

I(if/(a® Py2a®, D) 12, < CNg (w), @7)
1C* I3, < CNE(w), 48)

| (ia®,C*) |3, < Ce*NE(w). (49)

The estimates (45) and (46) follow easily from (37). For (47), we note that
1
(ia®, D*) = — (a®, [0%,u® - V]w) — 3 (a®, [0%, V- u®]w)

S (;‘j) (%77 uf) - (a®, V3" w) — % > (;’j) 99V (V- uf) (af, 9" w)

y<a y<a

™ | =

since u® is real. Next, we can use (38) and (43) again. In particular, in the above expan-
sion, the terms (a®, 3” w) are bounded in L? by X (w) + 82||w||§ls,2 and thus by N{ (w).
Similarly, the terms (a®, V8" w) are bounded in L? by NZ(w) if |[y| < s — 3. Conse-
quently, we get

(if Qa*Py2at, D) B < Y /R S PP w, )+ NS (w) | S CNE (w),
|Bl=s—1
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which yields (47). Next, we turn to C*. The Leibnitz formula gives

c= > *ak[f’(|a5|2)] (a&w,aﬁa’f)a#af, (50)

a+p+rit+pu=«a

where * is areal coefficient depending only on &, 8, A and w. Since || < |a|—1 < s—2,
we can use again (38) through (43) to get that

IC“3> = € () + eXwl) < CN; ),

Since (ia®, 8"*a®) = O(e) thanks to (38), we also get (49). For the H! norm, the same
argument yields

2

IC* 13 <C | S(w) + & fwlge+ D /]R L a1 ] (07w, 9 at) 0'a”|
lyl=s—-1,
|ﬂV+A+m=1

To estimate the last sum, we first consider the terms with § = 0. They are always
bounded by

c / [ £/0a® )+ 1 P17 a D)1 (07w, a7)?
Rd
with |y| = s — 1 and hence, thanks to (32), they are bounded by
C / f(a P (07w, a®)*,
Rd

and hence by N¢ (w). Next, we consider the terms with |8| = 1. Since then A = u = 0,
we have to estimate terms like

T={ faP (07w, 08a*)’ a* 2.
]Rd
By using again (38) and (43), we get
T<C / f(a® P)a’P[Re 87 w]* + Ce* w3,
R4

and hence, by using (36), we finally obain
7 < CN; (w).
Consequently, (48) is proven. This ends the estimates of the commutators.
We are now able to establish:
d 1

1
Tl (%w) < C (1 + 5 1Ry lwsore + — 1 Ry ||Loo) NE(w)

C
+ | FE I + = [Im F* 1 - (51)
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Indeed, from Lemma 1, we deduce

d 1 1 1
ENS (0%w) < C (1 + IRyl + ~ I Rall + 5 I Ry ||Loo) N® (0%w)

B 4 3 3
I F 2, + E/Rd F(a P (%w, a®) (iag, FE) —/Rd(isAa“w, 9. (52)

To estimate the right-hand side of (52), we first estimate | F¢ ||iz. Combining (45) and
(46) with (48), we infer

5 1
| FE13, < | FE I, +C (1 + 5 IR, ||%Vs_1,oo) NE (w). (53)
Next, we turn to the term
4 / &2 o 5 A 4 / &2 o &N (1,6 pa o o e
2 e P % w, a )(m F ) =2 F(a* )@ w, a) (iaf, C*+D"+3* F
& Jrd & JRd
+[9% Rylw),

which splits as four integrals. For the first one, by (49) and Cauchy-Schwarz:

1
4 2
- / f'(1a° 1) (8%w, @) (ia®, C*) < C ( / fa®P) (0%w, aS)z) NE (w)?
& JRd R4
< CN; (w).
For the second one, we use (47) and Cauchy-Schwarz, which gives
4 / e12N1 o e .o/ PPN o e
5 Rdf(la 1920%w, a%) (if'(la"|")2a”, D% ) < CN; (w).
For the third integral, we simply write, using once again (38),
1 . & o &€ & C &€
- I (za ,0YF ) lz2 <C|F°|ys— +z [ Im F* | gs—1,
which yields by Cauchy-Schwarz
4 fla® 1)) (@%w, a®) (ia®, 3" FF) < CNE(w) +C | FE |3 . & | Im F? ||
e Jra ) ) = s Hs—1 82 Hs—1 -

Finally, for the fourth integral, we have by (45),
C

B " R(p ||Ws—l,oo Ng(w)

4
—/ faf H) (% w, a) (ia®, [8%, Rylw) <
& JRd
By summing these estimates, we find
4 /82301 e -Sﬁé‘ <cl1 IR NE CF£2
2 Rdf(la 1) (0% w, a”) (ia”, =< +gll ¢ lws=t00 ) Ny (w) + C | F* |55

(o
+ 5 |Im F* 1 - (54)
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Finally, we handle the term

—/ (oo w, F*) = —/ (ieAd%w, C* + D + 9% F* +[0%, Ryw).
R4 R4

By using an integration by parts, we have

—/ (ieAd%w, FF)
Rd

IA

1120 + 1D 120 +100%, Rolw 11 + 1 F¥ 135 + CNE (w)

A

1
| F€ % +C (l + = | Ry lys- 100) NE(w)

thanks to (45), (46) and (48). Consequently, we can collect the last estimate and (52),
(53), (54) to get (51). This ends the proof of Theorem 3.

3. Construction of WKB Expansions

In this section, we construct an approximate solution of (1) using a WKB expansion. The
first step is to prove the local existence of smooth solutions of the limit hydrodynamical
system.

3.1. Well-posedness of the limit system. We consider the system

1
8,a+u-Va+§aV-u:O
(55)
8,u+u~Vu+V(f(a2)) -

which is only weakly hyperbolic, with the pressure law f satisfying assumption (.4)
and the initial condition (a, u),—o = (ao, uo).

Theorem 4. Assume that f satisfies (A) and let s > 2 + d /2. Then, for every initial
condition (ag, ug) € H* x H® with ay € R, there exists T > 0 and a unique solution
(a, u) of (55) such that (a,u) € C([0, T], H*~' x H)NnC'([0, T], H~2 x H*™1).
Let us remark that if n = 1, then f'(0) > 0 and thus f’ > 0in [0, +oo) (by (.A)) In
this case, (55) is symmetrizable (with the symmetrizer S = dlag(l

’ 4f(a2)’ rrAf (az)
used in [9]) and the local existence and uniqueness for (55) follows easily.

Proof of Theorem 4. The first step is to rewrite the system by using more convenient
unknowns. At first, we notice that thanks to (A), we can write f under the form

() =p"f(p),

with f smooth on [0, +00) and such that f(0) # 0. Next, since we have by assumption
f£(©0) = Oand f'(p) > O for p # 0, we also have that f(p) > 0 for p > 0. This implies
that f(p) > O for p > 0. This allows to define a smooth function 4 on R by

h(a) = a [ f(az)]ﬁ . (56)
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Note that h(a) # 0 for a # 0. It is useful to notice that we can also write h under the
form

h(a) = sgn(a) f(a®)2,
and hence that we have
h(@)?* = f(a*), aecR.
Furthermore, since f' > 0and £(0) > 0in (0, +00), we deduce thath'(a) > Ofora # 0

1
and that h'(0) = [f (0)] * = 0,so0thath’ > 0on R. Thus h is a smooth diffeomorphism

from R to h(R). In particular, this allows to define a smooth positive function ¢ on h(R)
such that

%ah/(a) =h(a) c (h(a)), Va eR.

With this definition, (%, u), with & = h(a), solves the system
oh+u-Vh+hch)V-u=20

3;u+u.vu+v(h2n) o (57)

Since a is in H* if and only if 4 is in H®, we shall prove local existence of a smooth
solution for the weakly hyperbolic system (57). As we shall see below, the nonlinear
symmetrization method of [15] does not allow to reduce (57) to a symmetric or sym-
metrizable system with smooth coefficients except in the case where c(h) = ¢(h") for
some smooth map ¢. Nevertheless, it will be still possible to use the same idea to prove
the existence of an energy estimate with loss for the system (57). When we are in such
a situation, the simplest way to construct a solution is to use the vanishing viscosity
method. Indeed, this approximation method allows to preserve the nonlinear energy
estimate verified by (57). We thus consider for € > 0 the system

Othe +te - Vhe + hec(he)V - ue = € Ahe

(58)
Ote +ue - Vue +V (hf") =€ Au,.

The local existence of smooth solutions for this parabolic system is very easy to obtain.
Moreover, we note that /. remains nonnegative if the initial datum (4¢)|;—0 is nonneg-
ative. In the following, we shall only prove an H® energy estimate independent of €
for this system which ensures that the solution remains smooth on an interval of time
independent of €. The final step which consists in using the uniform bounds to pass to
the limit when € goes to zero to get a solution of (57) is very classical and hence will
not be detailled. In the proof of the energy estimates, we shall omit the subscript € for
notational convenience. _ |

As in the work of [15], we introduce the unknown H = h" = a" f(a*)2. Note that
by definition of &, H is in H* as soon as a is in H*. We get for (H, u) the system

G H+u-VH+nHc(h)V -u=enh"'\Ah = ¢ (AH —n{n— 1)h”_2|Vh|2)

ou +u-Vu + 2HVH = € Au.
(59)
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Note that it does not seem possible to get a classical hyperbolic symmetric system (in
the case € = 0) involving only H and u as in the case of homogeneous pressure laws

considered in [15]. Indeed, the coefficient c(h) = c(H %) is not (in general) a smooth
function of H. Nevertheless, it will be possible to prove that the system with unknowns
(h, H, u) though only weakly hyperbolic (when € = 0) satisfies an energy estimate. We
notice that the symmetrizer

S = diag (1, %C(h)ld) :

which is positive since c(h) is positive, symmetrizes the first order part of (59). We shall
first perform an H* energy estimate (s > 2+d/2) on (59) but we have to track carefully
the dependence on / in the energy estimates.

To prove our H® energy estimate, we shall make extensive use of the following
classical (see [18] for example) tame estimates

I f8 ek < Ci (1 f hroo g e + 1 f e N g lzee) s (60)
19°(f) = F3%g 2 <Cu (I F e N g lpoe + NV fllzoo I g Npgr) s Nl <k, (61)
I E @) e = ClullLoo) (L + [ ]| ge) (62)

if F is smooth and such that F(0) = 0.
At first, we notice that (0% H, 9%u) for |a| < s solves the system

%0 H +u-VI*H +nc(h) (V-u)3*H =€ (AI*H —n(n — 1)3*(h"~%|Vh|?))
—[8%, ul- VH — n[3%, Hc(W)]V - u

0,0% +u-Vo*u + 2HVI*H = e A0%u — [0%,u]-Vu —[0*,2H]VH.

By using (61) to estimate in L? the commutators in the right hand-side, we get in a
classical way by integration by parts

dr |2
< Co (I (hy ) lyioe) 1V I35 +C% + € D* + R,

dri
[-/ |a°’H|2+fc(h)|a°‘u|2]+e/ IVOUH|? + Se(h)|Vo®ul>  (63)
R4 2 Rd 2

where V = (H, u), Cy is a non-decreasing function depending only on f, s and d, and

c* = _n/ (0" H) [8%, Hc(W](V - u),
R4
«_ N ’ o o4 o n-2 2 “

RC\{

E/ ! (h)d,h|9%u?.
4 Rd

We have singled out the three terms above since they are the ones involving 4 which
must be estimated with care. Note that the estimate of C% will be crucial since this
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term involves high order derivatives of 4. Next, we can integrate (63) in time, sum the

estimates for |«| < s and use that ¢(h) > 0, hence nc(h)/2 > m to obtain

t
VO +e /0 IV @R, dr
t
< €1 (i) (nwmu%,s + /0 Co (I(h ) (D) llyiee) [V () s +C(2) +€D(2)

L R() df) , (64)

with

CEZC“, D= ZD"‘, REZR“.

la|<s || <s la|<s
O
Estimate for C. We claim that
¢ = Collth, i) (IV e + 111 ) (65)

The crucial point is that this estimate only involves the H*~! norm of 4. This will allow
us to conclude by using that for the first equation in (59), the H*~! norm of / is controlled
by the H* norm of u.

By using the commutator estimate (61), we have

C < ClHIp (IHeW)lar IV - uls + IV (Heh) = IV - ulys-1)
< Co (10 wlwr) (IV I+ 1H s 1HeW) e )

To estimate the last term, we use that H = h”, which yields hd; H = nH9; h, thus
1
0; (Hc(h)) = c(h)d;H + ' (h)Ho;h = c(h)9; H + —c'(h)hd; H.
n

Consequently, by (60), (62), we get
|Heh) s < Cle(h)VH| et + Cllc' (WY H| gs-1 < Co (I(h, 1) |y1.0)
(1H N zs + Ml 1)
and (65) follows.

Estimate for D. The term D involves derivatives of u of order < s + 1, and we shall use
the energy dissipation in (63). We prove that

1
CilhlL=) €D = 5 € IV VI +e Collhlyios) (IVI: +IVAE, ). (66)

‘We have, on the one hand,

/ ' (W)Vh -Vo*u - 9%
R4

< Collhlwre) I Vulgs ul g

< Collrlwre)IVVIas 1V a5
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On the other hand, for the second term (which vanishes if n = 1), after one integration
by parts when || > 0, we get

n(n—1) ‘/ 9 (h”’2|Vh|2) 0 H| < CIVH| s 1h"2IVA] s
]Rd

< Co(lhllw1oo) IVH | s VR gs-1,
andifa =0, since H =h" and s > 1,
n—2 2 n—1 2 2
nn-—1) " ?|Vh|°"H| = —— IVH|® < C|H|%s-
Rd n R4
Consequently,
€D < e Collhllyies) IVVIgs (IVIas + 1VA] gs—1) + € CIV s,

and (66) follows from the standard inequality, for a, b, 6 > 0, ab < 0a’ + %.
Estimate for R. We prove that

1

Ci(IhllL=) R < 5€ IVV I35 + Coll(hy w)llyroo) IV 35 (67)

By using the first equation in (58) for 4 and an integration by parts, we find, as for
the first term in D,

n
R* = Coll(h, w)lyre) IV Iys +€ 5 /]R () AR u)?
n
< Co(ll(h, u)lly.e) ||V||%1: €7 /Rl c'(h) ((Vh - V)aau) - 0%
e [ @kt
R4
= ol wlhyr) (IVI: +€ IVl 1V e

Then, (66) follows as above from the inequality ab < 0a® + %.

Summing (65), (66) and (67), inserting this into (64) and cancelling the terms
€ ||VV||%{M we infer

VO3 = CLAR©l) (1V Ol

t
+ /O Coll (. )@y [IV @lgs + @)1+ €IV | dr) . (68)

To close the estimate, it remains to evaluate |A]2 ., and € fot IVR|2,, . We use the

standard H*~! estimate for the convection diffusion equation (58) which yields, as for
(63), for || <s —1,

d 1 ap 2 ayp2 2
E[E/Rd'a h }+e [ 18R < Co (10 o) (1 Wikl
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Summing for || < s — 1 and integrating in time, this yields
1 2 ' 2
SO+ /0 IVADIZ, . de

< % 12O + /0 o (1 )@ Iyi) (V@I + 181, ) dz. ©9)
Finally, we can combine (68) and (69), to get
IV @Ol + 1R
< Co (I (hy w) e 0,1, w1)) (||V<0)|| o+ 1RO

t
+ /O V@B + 1 dr) . (70)

Since H'~!isembedded in W fors > 2+d /2, we easily get by classical continuation
arguments and the Gronwall lemma that the solution of (58) is defined on an interval
of time [0, T') independent of €. Finally, (70) provides a uniform bound for (h, H, u)
in H=! x H® x H*, which allows to prove in a classical way that (h¢, u.) converges
towards a solution of (57). This ends the proof of the existence of solution.

To prove the uniqueness, it suffices to use the same method as above and perform an
L2 energy estimate on the system satisfied by h1 — ha, u1 —uz, Hy — Hp. This is left to
the reader.

3.2. WKB expansions. We now turn to the construction of WKB expansions up to arbi-
trary order. Let us first notice that in Theorem 4, if the initial datum (ag, uo) is in
H®° x H®, then the solution (a, u) is in CO([O, T1, H~ ! x HY) for every s > 2+d/2,
with 7 independent of s > 2 + d/2. In other words, the existence time of the maximal
solution in H*> x H is positive. This fact follows easily from (70) and the Gronwall
inequality (since H*~! ¢ W),

Lemma 2. Consider ¥ = aj; £l 90/ with ag € H*®, g5 € H* and that for somem € N,
there exists an expansion

a _28a +8m+1a3, (ﬂ _Zgw +8m+1 e (71)

with ag e R, ao, <p0 € H®, satisfying, for every s,

sup (Il ag s + 1@ I 5s) < +o0o. (72)
e€(0,1)
Let us denote 0 < T* < 400 the existence time of the maxlmal smooth (i.e. H® x H*)
solution (a°, ¢°) for (55) with the initial condition (ao ®5 ). Then, there exists an approx-
imate smooth solution of (1) on [0, T*) under the form V¢ = a €el%° /¢ with af , f
€ H*® and a® complex-valued, solving

d¢° 1
_v 82_
S IVerl
e ) (73)
a &
W*‘(Vgﬂ) Va€+?A§0€—§JAa :R:Zn,
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with the initial condition (a®, %) /;—o = (ag, wé), and where, for every s and 0 < T <
T,

sup (LRI Ngzs + I RY I ggs) < Cyre™*2. (74)
[0,T

Finally, for 0 < T < T*, a® verifies (38): a® — a® = O(g) in L=([0, T], W*).

Note that W¢ is indeed an approximate solution of (1) since

3‘I/a 2 e
i + AW — W () = (—isRY +a" R exp (i ).
ot 2 £
By using the notation of Sect. 2, we have R®* = —igRI} +a°® RZ’, hence
sup || R® | s < Ce™*. (75)
[0,T]

Proof. As in [9], we look for expansions

m m
af = ngak + 8m+1am+1’ Z (0 + 8m+l m+l
k=0 k=0

This yields that (a°, ¢”) solves the nonlinear system

¢° 02y, 1 02
a—+f(|a | )+§|pr| =0

(76)
8“0+(v ) va'+ L a0 — 0
—_— . a —_— = N
at ¢ 2 ¢
which is just (9), and that for 1 < k <m, (ak, (pk) solves the linear system
gt 102 0k 0 k_ ok
W+2f(|a [)(a”,a") +Ve~ - Vo© =8,
(77)
94k 0 k
- (w ) -Vak+Va0~V<pk+%A(pk+%Acp0 = sk,

where the source terms (S’(;, Sé‘) depend only on (a, (pj )o<j<k—1, and S,’l‘ is complex-
valued.
We first solve (76) (that is (9)) with the initial condition go?tzo = ¢, a?tzo = aj). By

introducing u® = V¢? and by taking the gradient of the first equation of (76), we find

0
8,a0+uO~Va0+%V~uO=O
(78)

3’ +u’ - vl + v (f ((ao)z)) =

which is the compressible Euler type equation considered in the previous section. By
using Theorem 4, we get the existence of a smooth solution (a?, u?) € H*~! x H* for
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every s on [0, T*) (with T* independent of s), with a° real-valued. Finally, to get ¢, it
is natural to set

! 1
(pO(t,x) = (p(())(x) —/ (f ((ao)z) + 5 |u0|2) (‘L’, )C) dT,
0

and the same argument as in [2] yields u° = V¢?.

We now turn to the resolution of (77). We solve it with the initial condition
((pk , ak) J1= ((po, ao) By introducing again u* = V¢*, we can take the gradient
in the first hne of (77) to get

a’ a*
8tak+u0 . Vak+7V'uk+uk . Va0+7V~u0 = S(]f,
(79)
uf +u’ . vik +v (ao, f’((ao)z)ak) +ub . vu® = VS(];.
Again, since f’ ((ao)z) can vanish, the symmetrization of this linear hyperbolic system
requires some care. We thus set

1

V2 (f'(@®?)? ?k if n is odd

f1(@»?

F@, x) =
V2a® (W) a* if n is even.

Note that in both cases, we have
F¥t, x) = V2 g(a®)d*

with g smooth. Indeed, as we have seen, we can write f'(p) = p" !¢ (p) with ¢ smooth
and positive, and we have in both cases :

1
g@) = @™ (q(@)” . (30)

This is the natural generalization of the change of unknown used in [2]. Then, thanks to
the equation on a® we get for (F k. uk) the system

1 1
O F* +u® . VFF + 7 @V - u* +v22@" uk - va°

Fk g'(a® O ok
to (1+ @) ) = V25" s}

1
k 0 k 0 0 k k 0 _ k
La,u +u -Vu +EV(ag(a ),F)+u -Vu _VS(p.

Note that the coefficient £ 5; (”) ) is smooth even when a°

form (80). We have obtained a linear symmetric hyperbolic system with a zero order
term and a source term S depending only on (a/, /) for 0 < j < k under the form

vanishes since g is under the

d k
BtUk+ZAJ(t,x)8jUk+L(t,x)Uk =8k Uk= (';k )
j=1
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where A/ (t, x) are smooth, real and symmetric and the matrix L is smooth. By the
classical theory, there exists, on [0, T*), a smooth solution (F k. uk) in H*® x H® of
this system. Once u* is built, we get a* by solving the transport equation for a* which
is given by the first line of (79). Finally, we deduce the phase ¢ by integrating in time
the first line of (77). We obtain

t
ol = g0) = /0 (2//1a°P) @, a) + V" - ut = 8F) (. ).

Finally, we choose in a similar way (a”*!, ¢"*!) that solve (77) with the initial con-
dition (a™*1, o™*1) Jim0 = (af, ¢§). Because of the assumption (72), we find that they

are also uniformly bounded in H*~! x H* with respect to &. This concludes the proof
of Lemma?2. O

4. Nonlinear Stability

In this section, we give the proof of Theorem 2. We shall actually prove directly a more
precise version which states the existence of a WKB expansion to any order.

Theorem 5. Consider ¥ = aéei‘ps/ “ with aj € H®, ¢; € H™ and that for some

m € N, there exists an expansion (71) as in Lemma 2. We assume (A) and let (a®, ¢%) be

the smooth approximate solution given by Lemma 2 which is smooth on [0, T*). Then,

e ifm = 0, there exists eg > 0 and T € (0, T*) such that for every ¢ € (0, &g], the
solution of (1) with initial data W remains smooth on [0, T and satisfies for every
s € N, the estimate

| Weex L il o < C
p 8<P a liLeeqo,T,Hs) = Csé.

e ifm > 1, for every T € (0,T%), there exists eo(T) > 0 such that for every
e € (0,&0(T)], the solution of (1) with initial data YV remains smooth on [0, T']
and satisfies for every s € N, the estimate

I
| w¢ exp (—EQDS) —a | oqo.r) 15y < Cs,re™

Note that Theorem 2 is actually the special case m = 0 in Theorem 5.

Proof of Theorem 5. Lets > d /2. We take (a®, ¢°) the approximate solutions given by
Lemma 2 and look for the solution of (1) under the form W* = (a® + w)e!? /¢, We get
for w Eq. (21) with F® given by (22) and the initial condition w/;—g = 0. For s > d /2,
and every ¢ > 0, this semilinear equation is locally well-posed in H*: we get very easily
that there exists for some 7¢ > 0 a unique maximal solution w € C([0, T¢), H®) of (21)
(see [5] for example). We shall prove that 7¢ is bounded from below by some T > 0 if
m = 0, and that T¢ > T for every T € (0, T*) for ¢ sufficiently small if m > 1. Let us
define

7 = sup {1: € (0, T%), Vr € [0, ], 2NE (w(t)) < 82"”4} .
Note that t > 0 since w(0) = 0 and that by Sobolev embedding, we have, for t < t°,
lw(t) 7 < K> >Nf (w(r)) < K*e™** < K2,

for some K independent of . O
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We will apply Theorem 3 with F given by (22). To estimate F¢, we use the following
lemma:

Lemma 3. Let R > 0, s > d/2 and w such that | w |p~ < R, and F* given by (22).
Then, for a constant C depending only on || a®(t) |ys+2.0c and R, we have

1 NE NE(w)\*
| F* Vs =5 1 ImF* I3, ) <Ce?"4Ce™ N (w)+C [ Agiw)+( ésgw)) } NE (w).

We postpone the proof of Lemma 3 to the end of the section. We can first easily end
the proof of Theorem 5. Notice first that, by definition of ¢, we have

R, = R" + %Aag = O (6" + O (e) = O (o),
for every k, uniformly for 0 < ¢ < T, hence
1
z [ Ra(®) llyys—1.00 < C.
Applying Theorem 3 and Lemma 3 with R = K, we infer that for 0 < ¢ < %,

d
NS (@) = Ce¥ 4 Ce™NT (w(0)),

which gives immediately, since w,;—o = 0, that

NE (w(t)) < Cgm+é (eCazmt _ 1) < = g2m+

N =

in the following cases:

e form=0,0<r<TwithO < T < T* sufficiently small independent of ¢,
e form > 1,T € (0, T*)isarbitrary,0 < ¢t < T and e < g9(T) with o(T) sufficiently
small.

As a consequence, ¢ > T as desired and

I w oo 0,7, 15 Rty < Cs, ™™
(10,T], H*(R4))

It remains to prove Lemma 3.
Proof of Lemma 3. We recall that F? is given by
FE =R+ Q" w)=R* + (@ +w) (f(a* +w) = f(la* ) = 2w, a*) f'(a* )a’.
As a first try, we could use the rough estimate
Q°*w) =0(w)  as w0,

which would lead to

1 C C
2 2 4 2
"QSHHA""_”ImQE" s—1§_||w||HSS_Nf(w) s
82 H 82 86
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which does not allow us conclude in the proof of Theorem 5 for m = 0 and does not give
the sharp result for the existence time if m = 1. To get the refined estimate of Lemma 3,
the idea is then to use a Taylor expansion for Q¢ w.r.t. w up to second order, and write

0% (w) = [w> £/ (1a1))a® +2f (ja° ) (w, a®)w +2a° £ (|a®|*) (w, a®)* + G (x, w),
so that for fixed x, we have as w — O,
G (x, w) = O (|w|3).

We turn now to estimate each term in F¢.
Estimate for R® = i¢R) — Rgag. Thanks to (75), we have

” R¢ ”%-IY < C82m+4.

Moreover, since R(’Z,’ is real-valued and since, from (38), Ima® = Oywys.~ (), we also
have

1
— Im R 12,1 < Ce?m+

thanks to (74). We have thus proven that
1
IR s + 5 1Tm R® I,y < Ce?™,

Estimate for G®(x, w). The estimate relies on Lemma 5 in the Appendix. Indeed, it is
clear from the Taylor formula that G® may be written under the form

(Rew)? hyy (x, w(x)) + (Re w) (Imw) hyp (x, w(x)) + (Amw)? hay (x, w(x)),

where hiy, hi2, hyp RY x C — C are of class C® and Vx € RY, hi1(x,0) =
h12(x, 0) = ha(x, 0) = 0. Moreover, i1, h2 and hyj verify the hypothesis of Lemma 5
in the Appendix since a® € L°°([0, T], W*°°). As a consequence, if | w |~ < R,

3
1G* s < Clwliys,

which implies

1 2 C
| G* (e, w) s+ =5 1Tm G G, w(0)) Igams = 5 1 GF 0, w(0)) s < g NS (w).

The estimate for the quadratic terms in Q¢ (w) will rely crucially on the fact that a®
is real to first order and that (w, a®) is estimated in H*~! by N¢ (w) and not just by
8_2N_f (w).

Estimate for F{ = lw|? f'(la®|*)a®. We have

C
| FE 13, < 8—4N§<w>2,

and in view of (38), Im a® = Oys.(¢), thus

1 C
= I1m F{ 13m < ClHwl 13m0 < 8_4]"5("”)2'
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Estimate for F§ = 2f(|a®|*)(w, a®)w. We begin with the rough estimate
IS B = S5 NE)?.
Moreover, one has
| f'(laf 1P (w, @) |3,-1 < CNE(w). (81)
Indeed, let € N with || < s — 1. Then,
o (flaPw.a) = D w0t [fa"P)] (0w, 0a?),
a+BrA=p

where * is a coefficient depending only on «, 8 and A. Since |u| < s — 1, the terms

(8%w, 3Fa®) are bounded in L2 by % (w)? +¢|w]| s—2 assoon as |a| < s — 2. The term
in the sum with |a| = s — 1 (hence u = @ and g = A = 0) is f/(|a®|?) (3" w, a®) and
is bounded in L2 by N¢(d*w). Hence, (81) follows.

As a consequence, by (60) and Sobolev embedding, we obtain

F/a B, ayw e < Colw e (1F/(a B, a®) s+ )

C &

A

IA

Consequently,

| F5 10 + :—2 I Im Ff 3, < S%Nﬂw)z.
Estimate for F§ = 2a® f"(|a*|*)(w, a®)*. We find as for F{,
| F§ 13 < 854N§<w)2,
and once again in view of (38),

1 C
= I1m F 13 < Clwl}, < 8—4N5(w>2.

We conclude the proof of Lemma 3 summing these estimates. O

5. Geometric Optics in a Half-Space

In this section, we consider the Gross-Pitaevskii equation in a half-space in dimension
d <3,
&2
GP(V®) = igd,¥° + EA\IIE PP — 1) =0, xeRI=R¥! % (0, +0).
(82)

We consider the Neumann boundary condition (12) on the boundary and the condition
(13) at infinity, that is
A 0w

n R Az Jz=0

i
2¢e

=0 and exp( |u°°|2t—l—u°°~x)\lf€—>1 |x| = +00
3

by using the notation x = (y,z) € R¥~! x (0, +00).
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5.1. Construction of the WKB expansion. In this section, we shall consider a smooth
solution (a, u), with a real-valued, of

1
oja+u-Va+—-aV-u=0
2 (83)

oru+u-Vu + V(az) =0,
with the boundary condition u4(¢, y, 0) = 0 and the condition at infinity
u(t,x) - u*>*, a(,x)—1 when |x| > +o0.

Since we look for a real-valued, the resolution of this system is made in [14] (Theo-
rem 2). Given s € N*, if the initial datum ay is positive and (ag — 1, ug —u>°) € H*, and
under some compatibility conditions for (ag, uo) on the boundary BIRff of sufficiently
high order on the initial data, there exists 7y € (0, +00) and a solution (a, u) on [0, Tp]
with (a — 1, u — u®) € C°([0, To], H*) N C' ([0, Tp], H*~"), such that

a(t,x) >a >0, Viel0, Ty, ¥x € RY (84)

for some o > 0. We also define the phase ¢ by
(1 o 2
w(t,x)fwo(x)—/ EIMI +lal” = 1) (r,x) dr.
0

In view of the condition (13) atinfinity, ¢ isnotin H* bute(t, .) —u®°-x + % u™®|? € HS.
As we have seen and as in [2], u = V.

The aim of this subsection is to prove the existence of the WKB expansion (which
involves boundary layers since the solution of (83) does not match the Neumann bound-
ary condition (12)) up to arbitrary orders for (82), (12), (13) starting from a smooth
(a, u) which verifies (84).

We define the set of boundary layer profiles S, as

Sexp = {A(t, v.Z) € H®Ry x RV xRy, Yk o, 3y >0, [8f0%a,A]
< Craiexp(—y2)}.

Lemma 4. Let s € Nandm € N* be fixed. Then, there exists a smooth function V4" =

acé & on [0, T,,] verifying the Neumann condition (12) and the condition (13) at infinity
and such that V™ is an approximate solution of (82) on [0, T),]:

GP(W9™) = g"Réel T (85)
where R can be written under the form

i Z i 4
R = —a* (R;"””(t, xX)+ Ry (L, y, ;)) +i (SR;””’”(t, X)+ Ry, y, g)) . (86)
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with R(ip"”’”, RIM™ smooth and uniformly bounded in H® and RZ’m(t, v, Z), RZ’m
(t,y, Z) € Sexp. Moreover, a® is real-valued and a®, ¢* have smooth expansions under
the form

m—1

a* =a+ 3 e (aha 0+ A0y D)+ A Ly, ), (87)
=1 & &
m—1 z z

o =g+ D 6 (gok(t, xX)+ 0k, y, —)) +EMOM (1, y, 2). (88)
=1 & &

The boundary layer profiles A*(t, y, Z), ®*(t, y, Z) belong to Sexp and are such that

azA'(t, y,0) = —d.a(t, y,0), az®'(t, y,0) = —d,0(t, y,0),
dz7A%(1,y,0) = —0,a" (1, y,0), 9705, y,0) = -8, (2, ,0)
V2 <k <m. (89)

t3

Proof. Since W% = a® exp (i %), we want to solve approximately
1 1
—a® (a,wf + §|V<p8|2 +]af|? — 1) +is (81a8 + Vo - Va® + 3 agAwg)

&2
+ —Ad® =0. (90)
2

Since, in this section, we are looking for a® real-valued, we can split the system (90)
into

1
0;a° +Vo° - Va® + > a’Ap® =0
) for 1>0, xeRY  (91)
&° Aa®
2 a

1
09"+ SIVY P+ (@) — 1=

Note that in this section, the division by a° in the right-hand side of the second equation
of (91) is not a problem since a” = a verifies (84) and hence does not vanish.

We thus plug the expansions (87), (88) in (91) and we cancel the powers of ¢. To sep-
arate interior and boundary layer terms, we use the general theory of [11]. In particular,
we use that for every smooth function f and V € S,,),, we have the expansion

fu,x)+VE, y z/e) = fu,x)+ f @, y,00+VE, y z/e) — fw@,y,0)
+ &R,

where R € S,),. This yields that the boundary layer part of f (u(f, x) + V(t, y, z/¢))
is given by f (u(t,y,0)+V(t,y,z/¢)) — f (u(t, y,0)). In the following, we use the
notation W, = W (¢, y, 0) for every W (¢, x). At first, the e~ ! term in the equation only
gives

abBZZCI>1 =0,
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and hence we have ®! = 0, since ap, > o > 0 and ®! ¢ Sexp- Note that this is coherent
with the fact that u4(¢, y, 0) = (9;¢);, = 0 so that we do not need a boundary layer to
correct the boundary condition. The £” term gives, as expected,

1
3t(p+§|V(p|2+a2 —1=0

for t >0, xeR? (92)
1
8,a+V<p-Va+§aA<p=O

for the interior part, and for the boundary layer terms, for (7, y) € R* x RY~1,
apdzz®* = —(0,9)p 07A' =0 for Z > 0, (93)
since (3;¢)p = uq(t, y, 0) = 0. Consequently, we also find ®2 = 0. Next, the order &
gives
1 1 1 1 1 1
dia” +Vo-Va +Ve -Va+ —(aAp +a Ap) =0
2 for t >0, xe Rf
o' +2aa' + Ve Vel =0
in the interior and for the boundary layer terms

1 1
EaZZA‘ =A' (8,(p + 5|v¢|2 +a®— 1) +2a7 A =24} A
b for Z > 0,

apdz 7 ®° = G3
(94)

where G3 € S, xp depends only on (a, Al a'y and (¢, ¢'). Consequently, the boundary
layer A! is given by

Al = (3za)p o—2anZ
2ayp,

in order to match (89). Finally, the ek k > 2 terms give

Bttpk+2aak+pr-V<pk = S{;
for 1 >0, x e R?

k
ha* + Ve - Va* +Va Vok + %Awk + %Aw = sk

(95)
and

azzAk = 4a§Ak + Fk
for Z > 0, (96)
d77®% = G*

where S(’; and Sla‘ depend only on (a, ¢) and (al, (pj)lsjfk_l; F* € Sexp depends
only on (a, ¢), (a/, ¢/, A/, ®/)1<j<4_1 and ®F; and G* € S, depends on (a, ¢),
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(a’, ¢/, A, ®J)<j<k_1. Therefore, if we want to solve by induction these equations,
one has to determine first ®, then (a*, ¢*) and finally AX.

To solve the cascade of equations by induction, we first determine (a', ¢!). As before,
we notice that (a', u' = V¢!) solves a symmetrizable hyperbolic system (there is no
problem with the vacuum since we are in the same situation as in [9]). Since the condition
at infinity is already absorbed by (a, ¢), one can look for (a1 , ul) in HS. Moreover, we
solve the system in Rf with the boundary condition u (11 (t,y,0) = 0 which is needed in
order to match (89) since we have already found that ®2 = 0. The existence of a smooth
solution for this linear system with the boundary condition u Lli(t, y,0) = 0 which is
maximal dissipative and an initial condition satisfying suitable compatibility conditions
can be obtained by the classical theory [17]. Then, one finds <p1 by the formula

t
gol(t, X) = (pé(x) —/ (2a a' +u- ul) (t,x)dr.
0

Furthermore, since F2 € Sexp and ap > a > 0, the first equation in (96) (with k = 2)
has a unique solution A € S,,. We have therefore found (a!, A!, !, ®!, A%, ®2).

We now proceed by induction. Assume that, for some m > 2, we have deter-
mined (a’, ¢/)1<j<m—1 and (A7, ®/)1< ;<. Then, we wish to solve (95) and (96) with
k = m+1.Since G™*! is already determined and G"*! € S, », the differential equation
377 P! = G™*! has a unique solution in Sexp and

+00 Gm+1 t,y,
070" (1, y, Z)=—/ g0,

. aay

This determines the boundary condition for u”*! = V¢™*! Indeed, to match (89) we
shall need to impose

+00 Gm—l .Y,

Wi, y, 0) = (00" (1, y, 0)=—(029" (1, y, 0) = / AR Y
0 ap(t,y)

97)

which is non-zero in general. We then solve (96) in the following way: (a”*!, u"*! =

V"*1) still solves a linear symmetrizable hyperbolic system, with source terms S;’f“
and SZ’” already known, with the maximal dissipative boundary condition (97). It has
then a smooth solution by the above mentioned theory. Then, we recover ¢™*! as usual
by

13
o™ (1, x) = I (x) +/ (5;’]+1 —2ad™ — . u’”“) (7, x) d.
0
Finally, the first equation in (96) (with k = m + 1) is a linear ODE for A”*!, with source
term F"™*! e S, p now determined, for which we can write down explicitly the unique
exponentially decreasing solution satisfying 37 A*(z, y, 0) = —d.a*(z, y, 0).
Consequently, we have constructed an approximate solution of (91) such that

1 .
d,af + Vo - Va® + > a® Apf =" (R’a’”””(t, x)+e TRM(1, y, z/s))

&2 Aa®
2 af

1 .
oy’ + > V2 + (af) = 1 = (t,x) +&" (pr”fﬁ’”(t, X+ R, y, z/s)),
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where R (¢, x), pr”"’" (t, x) are smooth bounded functions and R, RZ’m € Sexp-
We can thus write the error R® in the GP equation as

RE(t, x) = 6" (—ae (R;"”m(r, )+ Ry (1, y, z/s)) +i (sRé"”’"(t, X)
+RZ””(t, v, z/s))) .

This ends the proof of Lemma 4. O

5.2. Validity of the WKB expansion. We shall now prove the stability of the WKB expan-
sion built in Lemma 4.

Theorem 6. Let V" = a®¢lT be a WKB expansion defined on [0, T,,] given by
Lemma 4. Then for d < 3 and m > 4 there exists a unique smooth solution V¢ also
defined on [0, Tp,] of (82), (12), (13) such that \I'/st:() = \I';lt’r:"(). Moreover, we have the
estimate

—ig® _ e _1
g Wee e —a® ”H](Rﬂf) +& [wee™ e —a® ”H3(Rﬂ) < Cpe" 2, Vtel0,T,l,
and in particular
it _17
| Weemi — (a +sA1) ity < Con max{e, 2. (98)

Remark 3. For simplicity, we have restricted ourselves to dimension d < 3. Note how-
ever that it is possible to get H® estimates for every s. By contrast with Theorem 2,
we emphasize that the initial condition in Theorem 6 is exactly the WKB approximate
solution W™ In particular, this initial datum has to verify some compatibility condition
on the boundary.

Proof. As in the proof of Theorem 5, we set

&

iv®
Ve =W pyes

and we study the equation for w i.e. (19). Note that we are now seeking a w which
tends to zero at infinity since the boundary condition at infinity is already absorbed in
the WKB expansion. Again the first step is to get estimates for the linear equation (21)
in © with the Neumann boundary condition

dw(t,y,0)=0. 99)

As we can check in the proof of Lemma 1, in all the integration by parts that are per-
formed, the boundary terms vanish due to the Neumann boundary condition or the fact
that ufl(t, v, 0) = 0, and hence the proof of the L? stability will be almost the same
as the one in the whole space. Nevertheless, we have to pay attention to the presence
of boundary layer terms in the coefficients. At first, we note that since ®! = 0 and
&2 = 0 in the WKB expansion, we still have that M (which is defined in Lemma 1) is
independent of ¢. Indeed, for the worst term which is V(V - u®), we have

V(V -u®) = 07229 + VA@ + O (g).
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Next, keeping the definitions of R, and R, given in (17), (18) and by construction
of the WKB expansion, we have

IRallL < Ce™. (100)
Nevertheless, again by construction of the WKB expansion, we only have

R — g™ &2 Adt
o= RS e

and due to the presence of boundary layers in a®, we can split R,, into
R, = 2R (¢ R(t, y, = 101
o =& R,)(t,y,2)+e w(,y,g), (101)

where Rg” is smooth and bounded, whereas RE, € Sexp, and we see that ¢ | Rz) Lo =
O(e), & ||VRZ lze = O(1), hence the estimate (23) of Lemma 1 would be useless.

Moreover, the fact that RZ belongs to Sy, does not seem to improve the estimates. The
way to overcome this difficulty seems to incorporate this new singular term into the
functional. Let us define the operator

2
e € ey & b
S+w——?Aw+2(w,a )a +8R(pw,

our weighted norm in this section will be
/ ((siw, w) + K 2 |w|2) dx
Q

1
— 5/ (82|Vw|2+4(w,a8)2+ 2R |w|2+2K82|w|2) dx.
Q

NZ(w)

Note that R, has no sign, nevertheless, N3 (w) can be bounded from below by a weighted
H' normif K is chosen sufficiently large. Indeed, since R(bp belongs to S, we can write

R’ |w|*dx
| &

and then use the one-dimensional Sobolev inequality

2¢e

—rz
SCe/e € |w|2dx
Q

) Y
(/ ., v, 0)| dz)
R4

e/e—%wﬁscenwnu ||Vw||Lz/ e dz < Ce¥ wl 2 [Vwl . (102)
Q R,

lw(t, y, 2> < C (/IR lwi(, y, ;)|2d<)

to get

In particular, we have proven that

2¢e / R; |w|2dx
Q

< Ce? wl2 [Vwl 2. (103)
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This yields thanks to the Young inequality

R’ |w|* dx
I

where C is independent of €. Consequently, if K is chosen such that 2K > C, we get

1
2e < 5 & IVwlg, + Ce?fwi,, (104)

NE(w) = Co (szuwn’gl +/ (w, af)zdx) . Co>0.
Q

Note that in this section, we have
a® =a+ 0O(e)
with a > «; this finally yields that N (w) is equivalent to the weighted norm
NE(w) ~ w3, + [Re w|7,. (105)

The first step in the proof of Theorem 6 is to prove the equivalent of Lemma 1. We shall
prove the estimate

%Ni (w(®) = CNy (w() (106)

4
PR+ [ Sw.atia ) - [ Gedw )~ [ G Ryw).
Q€ Q Q
where C is independent of ¢.

Proof of (106). The proof follows the same lines as the proof of Lemma 1. At first,
since &7 is self adjoint, we have

%/Q (Siu), w) dx = /Q (2 (wa, 8,w) +4(w, a®)(w, 8;a®) +2¢ B,R; |w|2) dx.
Since 9, Rg, € Sexp» we can still use (102) to get
2e /Q R lw|* < CNS(w).
Next, as in the proof of Lemma 1, we use (21) to express d;w as
e’R)  iF*

w_
& &

] 1
8,w=—l—Siw—(us-Vw+§wV-u8)—i
€

to get

1 i82Rint
2/ (8zw,5iw)d)€=2/(—(us-Vw+—wV~u£)— Y w
Q Q 2 &

Fé‘
—i—, Sﬁw) dx. (107)
&
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. i b .
Moreover, since pr’” and R, are real, we have the cancellation

/(inp"’w, Ryw) dx = 0.
Q

Therefore, the only terms in the right-hand side of (107) which are not present in (25)
e pb
are — [ (i F®, Ryw) and

& 1 e b
7T =-2 u® - Vw+-wV-u’,eRwlj.
Q 2 ¢

To estimate Z, we note that we have a bound on the second term by using again (102).
It remains to estimate the first term. Integrating by parts and using that u’ (¢, y, 0) = 0,
we get

_2/ (us.Vw’gR(l;w) :s/ V~(R2)u8)|w|2=/ V-u‘gsREJu}I2
Q Q Q

+/ cut - VR’ |w|*.
Q 4

Again, the first term can be bounded thanks to (102). For the second one, we first notice
that since ufl(t, y,0) =0 and RZ € Sexp, we have

_rz
e |uf - VR)| < Ce(|VyR)| +[20:R)|) < Cee™ = .
This finally yields
7 < CNi(w),

thanks to a new use of (102).

The end of the proof of (106) is then exactly the same as the proof of Lemma 1, since
all the integration by parts do not create boundary terms either because of the Neumann
boundary condition or because u¢; vanishes on the boundary. 0O

Higher order estimates. The estimates of higher order derivatives are more involved
than in the whole space. There are two main reasons. The first one is that there is a

new singular term SRE,U) which creates bad terms when we take the derivatives of the
equation. The second reason is that to recover estimates on the normal derivatives, we
need to use the equation which gives in particular that 82812 behaves like €9; and ¢V.
This anisotropy in the weights does not seem to allow to construct high order functionals
like NZ(w) which allows to get H® estimates without additional loss of €. Let us use the
notation

A= (Ao, Aa) = (3, Yy, p(2)3)"

where the weight p(z) is given by p(z) = z/(1 + z). Note that we can apply A to the
equation since Aw still satisfies the Neumann boundary condition. The use of A is clas-
sical in hyperbolic characteristic initial boundary value problems (see [17] for example)
The weighted norm that we shall estimate is

YE(w) = NE(w) + NE(eAw).
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In dimension d < 3, this is sufficient to get the nonlinear stability. We shall see in the
proof why the use of Ay is necessary.
We shall prove that

%Yf(w) < C (Yi(w) + X°(F°) + X°(eAFY)) (108)

for some C > 0 independent of ¢ where we have set

IFI3, , Jm Fl3,

g2

XE(F) = |F|3, +

Proof of (108). As a preliminary, we shall rewrite (106) in a more convenient form. We
can use that a® = a + O(e) with a real, perform an integration by parts and use (102) to
get from (106) that

d
ENi (w(t)) < CN; (w(t)) + X°(F?), (109)
where
2 2
IFIG |, Mm FeIg

g2

XE(F®) = |FE[3, +

To prove (108), we start with the estimate of N (gd;w). When we apply €9, to (21),
we find

(i58t+£€) edw = Ryedw+ed F* +C, (110)
where the commutator C can be split into
C=C1+Cr+C5 (111)
with

Ci=e (8[R¢) w,

Cr =2¢ ((8,(18, w)a® + (a®, w)ataa) ,

1
Cy=—ig? (a,ug -Vw + EB,(V -u®) w) .
Consequently, we can apply (109) to (110) with the new source term €9, F¢ + C to get

%Nﬁ (dw(r)) < CNI (ed,w(r)) + X%(ed, F®) + X*(C). (112)

Thus it remains to estimate X¢(C). Let us begin with X¢(C;). Thanks to the expansion
(101), we easily get

X(C1) 5Nj(w)+/ 0 R | e*|w]? + & Vw[*) + ¥ | VO, R) | [w]?
Q

< Né(w). (113)
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Note that we could have a better estimate by using that R(bp € Sexp and (102). Next, we
turn to the estimate of X¢(C). By using that a® = a + O(¢) with a real, we find

X?(C2) S Ni(w) +¢e[Re w7, + &2 Vw]?, S NF(w). (114)

Note that the above estimate was sharp. This is for the estimate of this commutator C,
that we had to choose the weight ¢ in front of the time derivative. Finally, we estimate
X¢(C3) using that 81‘“2 vanishes on the boundary which implies that

|0iugy| S p(2).
Thanks to this remark, we find

XF(C3) S Ni(w) +&*|VAw[?, S YE(w). (115)

~

Note that this is for the control of this commutator that we are obliged to add the vector
field p(z)0; in the definition of the functional space. Consequently, the combination of
(112), (113), (114) and (115) gives

d
ENf (ed;w(0) S Y (w)) + X (0, F°). (116)
The estimate of ¢V, w follows exactly the same lines, and we also find
d
ENﬁ (eVyw(®)) < YE(w() + X°(eV, F®). (117)

The estimate of e Ayw = ep(z)d, w requires some additional work since the vector field
A4 does not commute with the Laplacian. By applying ¢ A4 to (21), we get

(i88t+£8) eAqw = Rye Aqw + eAgF® +C +Cy, (118)

where C is defined as in (111) above with 9; replaced by A4 and Cy is given by

3 3
£ £
Cy = —?[Ad, Alw = ) (2(9;p) 0z;w + (3 p) d;w) .

Next, we can apply (106) to get

d
o NE(EAw(0) S NJ (EAqw(®) + X7 (eAgF*) + X (C) + |Ca 12

4
+—/(8A,1w,a8)(ias,C4)—/ (iC4. Ry eAqu) .
€JQ Q

Since one can easily check that X¢(C) still satisfies the bounds (113), (114), (115), we
obtain

d
ENi (eAqw(1) S V(W) + X (eAgF®) +]Cally,

4
+—/(8Adw,a8)(ia8,C4)—/ (iCs. R) eAqw) .
& Jo Q

Next, we note that

2 6 2
ICs121 S €%l

and that
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4
_‘/(gAdwvas)(iaEv C4)
el/a

4 1
sg/e|azw| 1P(2)Cal S €2NE(w)? (Ipdecwl 2 + 0w 12)
Q
< NEW)TYE (w)?.

In a similar way, we also get

/ (iCs, R;eAdw)‘ < elowlp2 1pCall 2 S YEw).
Q
Consequently, we have proven that

d
ENf (eAaw(®)) < YEw) + X (eAgF®) + 8 w35 (119)

To conclude, it remains to estimate £°|w|? ;. As usual, this is done thanks to Eq. (19)
and the standard regularity result for elliptic equations. We rewrite (19) as the equation

2Aw =G*, dw(t,y,0) =0, (120)
where the source term enjoys the estimates

2 2 2 2 2
1G°12, S 2 lAwl?, + [wl2, + 1F°12,,

~

2 2 2 2 2
IVGEl2 S e“IVAWI + wlip + IVF .

~

Consequently, we get from (120) by standard elliptic regularity that

Clwlss S YEw) + | FEI3,. (121)

~

By replacing this last estimate in (119), we finally obtain

d
ENi (eAqw (@) SYE(w)+ X°(eAgF®) + ||F8||%11. (122)

To conclude, it suffices to sum the estimates (109), (116), (117) and (122) to get
(108). O

The estimate (108) is sufficient to prove the nonlinear stability stated in Theorem 6
for d < 3. Nevertheless, it is possible to prove by induction that for every s,

% (Z N{ ((sA)’"w)) SO (XF (A" FE) + NE ((eA)"w)) .

m=<s m=<s
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Nonlinear stability.. Thanks to (108) and the Gronwall inequality, we get for 0 < T <
T, where T, is the existence time of the approximate solution given by Lemma 4,

sup YE(w) S YEO) + Te’T sup (X°(FF) + X (e AF*))
[0,T] [0,T]

for some y > 0 independent of . Combining this last estimate with (121), we get

sup Z5(w) < Cr,, | YZ(0) + sup (X°(F°) + X°(eAF®)) |, (123)
[0,7] [0,T]
with
_ 6 2
Zi(w) = Yi(w) + 7wy

Thanks to this a priori estimate, one can easily prove by standard fixed point argument
the existence of a unique solution of (19) with the Neumann condition 9, w|;—o = 0 on
some interval of time [0, T°] C [0, T;,] such that Z{(w) remains finite.

By using that w;,—¢ = 0 and the equation to compute the time derivative, we find

YE(w) =0 = N§(edw) =0 < Cr, ™"
Moreover, using that F¢ = ¢™ R + Qf, we have thanks to (86) that

sup (XE(R) + XE(AR)) < Cp, e™ .
[0,T;1]

Inserting this into (123) yields, for0 < < T¥,

sup ZE(w) < K18+ Cr,, sup (X(Q°) + X*(eA Q). (124)
[0,T] [0,T]

We can thus define ¢ € (0, T;,] as the maximal time such that the solution w of (19)
satisfies Z{(w(t)) < 2KTmezm’] on [0, 7°]. As in the proof of Theorem 5, we shall
prove that for ¢ sufficiently small, we have t® = T,,. Here, the expression of Q¢ (w) is
given by

0% (w) = af|lw|? + 2(w, a®)w + w|w|>.

To conclude, we need to bound the right-hand side of (124). To estimate the nonlinear
term, we use that for d < 3, we have

2 2
lwizee S IV-wlwlge,

which gives

ZS

lwlie < # < e Vi e [0, 7).
&

We shall take m such that 2m > 5 in order to get |w|r~ < 1 for ¢ € [0, 7%). This

implies

Za(w)2
2 2 4 2
10° 1 € (1w + Tolf) Tl S =5
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Next, since Hl(Rd) c L* ford < 3, we also have

&2
10°17 > - Jwl?

~

2
Hl 2 Zf_(UJ)
> I+ [wlfe) € Zp

Consequently, we have already proven that
78 (w)?
X(Q°) S ——+— il ) (125)
b
Next, we evaluate X (e A Q). At first, we write

2 2 2 2 2 4 2 2 2 2
e IAQ Iy S e lAwly (Iwlzee + wliee ) + e 1AW 4 [Vwl7a (1 + lwl7e)
H H L L

and by using for d < 3, the Sobolev embedding H! c L* and the Gagliardo-Nirenberg
inequality

IV£IT. S ||f|| ] ||v2f||L2,

we get for0 <r < 7%

Zs(w)Z 8(w)2
2 2 2 2 2
e IAQ i S +84 +e IIVwIIHnllwll v w"Lz N +e6 :
Finally, by similar arguments, we also have

leA Qslle ZE (w)?

S lAw || 14 ||w||L4 SlAwl wli, S 26
We have thus proven that

& 2
X*(eAQ®) S Zﬁ—;") (126)

Consequently, inserting (125), (126) into (124), we get

3 2

sup Z¢(w)<Kr, e '+Cy, sup <Kr,e" 42Ky, C1,e¥  sup ZE (w).
[0,7¢] [0,re] € [0,7¢]

By choosing m > 4, this allows to get for ¢ sufficiently small that 78 = T}, and that

sup Z8(w) < ce?m1,
[0,Tn]

Finally, the estimate (98) follows by Sobolev embedding. This ends the proof of
Theorem 6. O
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A. A Lemma about Composition in Sobolev Spaces

During the proof of Lemma 3, we have used a result about composition in Sobolev
spaces. This result is very standard when & does not depend on x (see, for instance,
[18D).

Lemma 5. LetR > 0, s € Nandh = h(x, w) € C*1(RY xR?, R), satisfying h(x, 0) =
0 for all x € R?. Assume moreover

AEsup{II 0% 9P o raxyy > @ €N, BN, Jal <, |a] +|B] §s+1} < +o0.

Then, there exists C, depending only on A, s and R, such that, for any w € H®(R%)
satisfying |w| ey < R, we have h (x, w(x)) € H* (R?) and

Ih G, w)) s = Clwlgs.
Proof. The proof is by induction on s € N and relies on the Gagliardo-Nirenberg
inequality. If s = 0, it suffices to notice that since i (x, 0) = 0, then for w € Bp,
lh(x, w)| < Alwl.
Assume then the result for s — 1 € N. Let 1 € N with || = 5. One has easily

O (h(x, w(x))) = D (32057 h) (x, w(x)) (8Pwr)” (97 w2)? .

whereo € N4, o <, B,y € N2, p,q € N*dependon B and y, |a| + p|B| +qly| = s,
and * is a coefficient depending only on u, ¢, 8 and y . Furthermore, since w € H*NL>,
the Gagliardo-Nirenberg inequality yields, for 1 <k <'s,

k 1—k
Twi ez = Ces Tw g Twlps

As a consequence, by interpolation, if w € H*NL>® and | w |~ < R, thenfory € N¢,

lyl<s,and2<p =<2,

2
1" wlpr < Cspr lwllps -

Therefore, in view of |«| + p|B| + q|y| = s, by the Holder inequality, we can estimate
the terms in 0 (h(x, w(x))) for which & # u (thus |¢| < s) as

| (9505 k) (e, w()) (0P w)” (87 wa)? 2 < Al0Pwil? iy 107 w2 l?
L~ 18 L™ vl
= Cs,p,RA ” w ”H-r .

For the term for which @« = w, we note that since h(x,0) = 0 for x € R4, then
(8%h)(x,0) = 0 for any x € R?, so that if w € Bg C R?,

(@Y, w)| < Ajwl,
which implies
I @Fh) (e, w) 2 < Alwlge < Alwlgs.
Combining these two estimates gives
19" (h(x, w))) 2 < Cs,prATW s

and the proof of the lemma is complete. O
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