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Abstract: On the basis of the quantum white noise theory we introduce the notion of
creation- and annihilation-derivatives of Fock space operators and study the differen-
tiability of white noise operators. We define the Hitsuda—Skorohod quantum stochastic
integrals by the adjoint actions of quantum stochastic gradients and show explicit formu-
las for their creation- and annihilation-derivatives. As an application, we derive direct
formulas for the integrands in the quantum stochastic integral representation of a regular
quantum martingale.

1. Introduction

The representation theorem of regular quantum martingales, first proved by
Parthasarathy—Sinha [30,31], then by Meyer [22], and later extended by Attal [2] and Ji
[9] among others, says that a regular quantum martingale {M,} takes the form:

t
M, = A1 +/ (EsdAg + Fyd A + Gyd Ay), (1.1)
0

where the right-hand side consists of the quantum stochastic integrals of Itd type against
the annihilation process {A;}, creation process {A}} and conservation (number) process
{A:}, and the integrands {E;}, { F}}, {G:} are adapted processes uniquely determined by
{M;}, see Theorem 6.3 for the precise statement based on the recent achievement by Ji
[9]. For more general discussions we refer to [14,15]. It has not been known, however,
how to express those integrands directly in terms of {M;}. In this paper we develop a
new type of differential calculus for Fock space operators, in particular, for the Hitsuda—
Skorohod quantum stochastic integrals and, as an application, we derive direct formulas
for the integrands in (1.1).

*  Work supported by the Korea—Japan Basic Scientific Cooperation Program “Noncommutative Sto-
chastic Analysis and Its Applications to Network Science.”
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Our approach is based on the quantum white noise theory (e.g., [6,10,25]). Let
r (LZ(R+)) be the Fock space over L?(R,) and equip it with the inclusion relations:

(E) c G C I'(L*(Ry)) C G* C (E)*,

for details see Sect. 3. A continuous operator in L((E), (E)*) is called a white noise
operator and a white noise operator in £(G, G*) is called admissible. These spaces
of continuous operators enable us to treat many interesting unbounded operators in
r (Lz(R+)) as continuous operators. The most basic white noise operators are the anni-
hilation and creation operators at a time ¢ € R, which are denoted by «; and a/,
respectively. The pair {a;}, {a;'} is sometimes referred to as the quantum white noise.
As a consequence of the Fock expansion theorem for white noise operators [25],
every & € L((E), (E)*) is considered as a “function” of quantum white noises:

E = F(af,a;;s,t € Ry). Then we are naturally led to a kind of functional
derivatives:
D+"'—87 D_’"—SE (1.2)
T sar LT sa, '

The former is called the pointwise creation-derivative and the latter the pointwise anni-
hilation-derivative. The heuristic notion in (1.2) will be formulated in two ways. In the
previous papers [11,12] (see also Sect. 3.1), the “smeared” derivatives Dgt Z are defined
for any white noise operator & € L((E), (E)*). In this paper we shall prove that an
admissible white noise operator £ € £(G, G*) admits the pointwise derivatives D,iE
fora.e.r € Ry (Theorem 3.9). These derivatives of Fock space operators are regarded as
quantum extensions of the classical stochastic derivatives widely known in the literature,
see e.g., [16,20,23].

On the other hand, in [13] we introduced Hitsuda—Skorohod quantum stochastic inte-
grals by means of the adjoint actions of quantum stochastic gradients. For a quantum
stochastic process & = {5} € L>(Ry, L((E), (E)*)) the Hitsuda—Skorohod quantum
stochastic intefrals 3€(&), € € {+, —, 0}, are defined as white noise operators and their
derivatives Dg 8¢(&) are computed explicitly (Theorem 5.2). If & = {Z;} belongs to

L2(R4, £(G, G*)), their Hitsuda—Skorohod quantum stochastic integrals §€(&) admit
the pointwise derivatives D,ié6 (&) fora.e. t € R,. We derive formulas for these deriv-
atives (Theorem 5.4) and, as a particular case, for an adapted process (Theorem 5.7).
Since the Hitsuda—Skorohod quantum stochastic integrals coincide with the ones of
Itd type when the integrands are adapted processes, the right-hand side of (1.1) are
expressible in terms of the Hitsuda—Skorohod quantum stochastic integrals. Then, by
repeated application of the differential operators D,jE the integrands in (1.1) are obtained:

S
E, =D [MX —/ D;MudAZ]
0
S
Fy =D} [MS —/ Du_MudAu] , (1.3)
0

N u u
G, = D [/ [D; (Mu _/ EvdA, _/ deAjj)]du]
0 0 0

The precise statement will be found in Theorem 6.6. The above direct formulas possess
a feature quite different from the method of Parthasarathy—Sinha [30] that takes a detour
through the classical Kunita—Watanabe theorem.
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This paper is organized as follows. In Sect. 2 we assemble some basic notions in
quantum white noise theory. In Sect. 3 we introduce the creation- and
annihilation-derivatives and the quantum stochastic gradients. In Sect. 4 we define the
Hitsuda—Skorohod quantum stochastic integrals by means of the adjoint actions of the
quantum stochastic gradients. In Sect. 5 we show several formulas for the creation-
and annihilation-derivatives of the Hitsuda—Skorohod quantum stochastic integrals. In
Sect. 6 we derive formulas (1.3) for the integrands of quantum stochastic integral repre-
sentation of a regular quantum martingale and discuss an example due to Parthasarathy
[28] along our approach.

2. Quantum White Noise Theory

2.1. Gelfand Triple over R,. Let H = L2*(R,) be the (complex) Hilbert space of
L2-functions on R, = [0, oo) with respect to the Lebesgue measure d¢. Here t € Ry
stands for a time parameter. The norm of H is denoted by | - |.

Let E = S(R;) be the space of C-valued continuous functions on R, which are
obtained by restricting rapidly decreasing functions in S(R) to R,. Identifying E with
the quotient space S(R)/N (R;), where N (IR,) is the space of rapidly decreasing func-
tions on R vanishing on R4, we furnish E with the natural topology. Thus E becomes a
nuclear Fréchet space.

In fact, E is topologized by the Hilbertian norms |- | ,, p € R, induced from the usual
norms of S(R) = proj lim Sp(R), see [25, Chap. 1]. Then, as in the case of S(R),
the inequality

pP—>00

Elp < 091Elprg,  ECE, peR, >0,

holds with p = 1/2. For p € Rlet E, denote the Hilbert space obtained by completing
E with respect to | - | ,. Then these Hilbert spaces form a chain:

"'CEpC"'CE():HC"'CEpr'”, (2.1)
where the inclusions are continuous and have dense images. We see by construction that

E =SRy) = projlim E,

p—>00
and its dual space (equipped with the strong dual topology) is obtained as

E* ZindlimE_ .
p—)OO

Thus, we come to a complex Gelfand triple:
E=S8Ry) CH=L*R)) CE*=8Ry).

Here the notation S’(R;) is reasonable, since E* is identified with the space of tempered
distributions in S’(R) with supports contained in R,. The canonical C-bilinear form on
E* x E is denoted by (-, -). Note that |.§|g = (£,§).

Notation 2.1. For two locally convex spaces X', ) we denote by X ® ) the completed
m-tensor product. If both &', Y are Hilbert spaces, the Hilbert space tensor product is
denoted also by X ® . The use of the same symbol will cause no confusion by contexts.
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Notation 2.2. For two locally convex spaces X', ) we denote by L(X, ))) the space of
continuous linear maps from X into )/, equipped with the bounded convergence topol-
ogy. If both X', ) are Hilbert spaces, let £, (X, ))) denote the space of Hilbert—Schmidt
operators from & into ).

Notation 2.3. Let H be a Hilbert space. Then L?(R,) ® H is identified with the Hilbert
space of H-valued L>-functions on R, which is denoted by L>(R,, ). Applying this
notation in a slightly generalized context, for a locally convex space X we put

SRy, ) =SRH®X, SRy, &) =8'(Ry) ® A,

which are mutually dual spaces. Incidentally, it is possible to directly define an X-valued
rapidly decreasing function [32, Chap. 44], though we do not take this approach in this
paper. Furthermore, if X = projlim,,_, ., &, is a countable Hilbert space, we set

L*(Ry, X) = projlim L*(Ry, X)) = projlim L*(Ry) ® X,

p—>00 p—>00

L*(R,, X*) = illlglgn LP(Ry, X)) = iI})(Ll(i}gn L*Ry) ® X_p.

Note that L2(R,, X) = L?(R,) @ X and L2(R,, X*) = L*(R,) ® X* do not hold in
general (see Notation 2.1).

2.2. Hida—Kubo-Takenaka Space over R.. The (Boson) Fock space over E), is defined
by

I(E,) = {cp = (0 fa € ES 12 =D nllful? < oo] :
n=0

where E?” is the n-fold symmetric tensor power of the Hilbert space E,. Then, (2.1)
gives rise to a chain of Fock spaces:

-CI'(Ep)Cc---CcTI'H)C---CT'(E_p)C---.
The limit spaces:

(E) =projlimI'(E,),  (E)* =indlim I'(E_)),
p—>00

pP—>00

are mutually dual spaces. It is known that (E) becomes a countably Hilbert nuclear
space. We thus obtain a complex Gelfand triple:

(E) Cc I'(H) C (E)*,

which is referred to as the Hida—Kubo—Takenaka space (over Ry). By definition the
topology of (E) is defined by the norms

]

lg 12 =D nlfals,  ¢=(f)e(E), peR (2.2)

n=0



Derivatives and Quantum Martingales 755

On the other hand, for each @ € (E)* there exists p > 0 such that @ € I'(E_},). In this
case, we have

o
I |2, =D nl|F%, <co. @ =(F,).
n=0
The canonical C-bilinear form on (E)* x (FE) takes the form:

(@, ) =D nl(Fu, fu), @ =(F) € (E), ¢=(f) e (E).
n=0

2.3. White Noise Operators. A continuous linear operator in L((E), (E)*) is called a
white noise operator. By the nuclear kernel theorem there exists a canonical isomor-
phism:

K: LUE), (E)") — (B)" ® (E)", (2.3)
which is defined by
(E¢, ) =(KE, ¥y ®9¢), ¢, ¥ e(E).

Now we recall the most fundamental white noise operators. With each x € S’(R;)
we associate the annihilation operator a(x) defined by

a(x) 1 ¢ = (fa)gzo = (0 + Dx @1 fur1)y2os

where x ®1 f,, stands for the contraction. It is known thata(x) € L((E), (E)). Its adjoint
operator a*(x) € L((E)*, (E)*) is called the creation operator and satisfies

a*(x) 1 ¢ = (fadnso = (& fu_1)5,
understanding that f_; = 0. The following precise norm estimates are useful.
Lemma 2.1. Let x € S'(Ry) and ¢ € (E). Forany p € R and q > 0 we have
1a() 1|, < Cq X1 (pogy 1| 1l pags
la* @ [, < Cqlx1, 1 1l

where Cy = sup,>o~vn+1p?" < oo.

Lemma 2.2. If; € S(R,), then a(¢) extends to a continuous linear operator from (E)*
into itself (denoted by the same symbol) and a*(¢) (restricted to (E)) is a continuous
linear operator from (E) into itself.

(2.4)

For t € R, we put
ar=a(d), a =a*©).
The pair {a;}, {a;} is called the quantum white noise.

Lemma 2.3. The map t +— a; is an L((E), (E))-valued rapidly decreasing function,
i.e., is a member of SRy, LI(E), (E))) = LU(E),S(R}) ® (E)).

The proofs of the above lemmas are straightforward from definition and direct com-
putation, see also [25, Chap. 4].
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Remark 2.4. The white noise operators cover a wide class of Fock space operators and
provide a reasonable framework for quantum stochastic calculus. For example, if X', )
are locally convex spaces admitting continuous inclusions

(E)yCX C(E), (E)cYcC (B,

then the space L£(X, )) of continuous operators from X" into ) is regarded as a sub-
space of L((E), (E)*). Through the canonical isomorphism (2.3) the space of kernels
corresponding to £(X, )) is a subspace of (E)* ® (E)*. However, care must be used
in expressing the space of kernels in terms of tensor product J ® X* when lack of
nuclearity [32, Chap. 50].

3. Differential Calculus for White Noise Operators

3.1. Annihilation- and Creation-Derivatives. By Lemma 2.2, for any white noise oper-
ator & € L((E), (E)*) and ¢ € S(R;) the commutators

[a(¢), El=a(Q)& — 5a(¢), —la* (), El=Ea" () —a*" ()&,
are well defined white noise operators, i.e., belong to L((E), (E)*). We define

D;E =[a(¢), ], DC_E = —[a*(?), E).

We call D; & and D & the creation derivative and annihilation derivative of &, respec-

tively. For brevity, both together are called the quantum white noise derivatives or gwn-
derivatives of E.

Lemma 3.1. S(Ry) xL((E), (E)*) > (¢, &) — thE € L((E), (E)*) is a continuous
bilinear map.

Lemma 3.2. Forany & € L((E), (E)*) and ¢ € S(Ry) it holds that
K(D{E) = (a(¢) ® DKE — (I ® a*({)KE,
KD &) =1 ®a()KE — (a* () ® DKE.

Lemma 3.1 is proved by direct estimate of norms [12] and Lemma 3.2 is immediate
from definition.

3.2. Admissible White Noise Operators. We shall introduce a reasonably large subspace
of L((E), (E)*) for differential calculus. For p € R we set

o0
oI5 =D nle® | fuls, ¢ =(f) € ['(H). 3.1)
n=0
For p > 0 we define G, = {¢ = (fu) € I'(H); ll¢ll, < oo} and G, to be the
completion of I"(H) with respect to || - || _ Py Having thus obtained a chain of Hilbert
spaces:

-Cg,C---CG=TI'H)C---CG_p,C---,
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we define

G =projlim G, G =indlimG_,

p—>0o0 p—>©

which are mutually dual spaces. Note that G is a countable Hilbert space but not a nuclear
space.

Lemma 3.3. Let p > 0 and g > p/(—log p). Then it holds that
o ll, <llelg, ¢ € (E).
Therefore, the canonical injection I'(E;) — G, is a contraction.
Proof. Straightforward from the definitions of norms in (2.2) and (3.1). O
From Lemma 3.3 we obtain the inclusions:
(E)yCGCTI'(H)ycg"C(E)"

Therefore, £L(G, G*) becomes a subspace of L((E), (E)*). A white noise operator in the
former space is called admissible. Note that

£@G.69= J £6G,.9p) =] LGp.Gp).
p.qeR =0
Lemma 3.4. For any p > 0O there exists ¢ > max{p, p/(—log p)} such that
L(Gp, G—p) C L2(I'(Eg), G—¢)-
Proof. Given p > 0, setr = p/(—log p). We see from Lemma 3.3 that I'(E,) — G,

is a contraction. It is known that there exists s = s(r) > O such that I'(E, ;) — I'(E,)
is of Hilbert—-Schmidt class. Take ¢ = max{r + s, p}. For any & € L(G,,G_)) the
composition

[(Eg) = T(Epys) — T(E) = Gy — G- = G-
is of Hilbert—Schmidt class, which means that &' € £,(I"(E;), G—;). O

Remark 3.5. The spaces G and G* have appeared along with classical and quantum
stochastic analysis, see e.g., [1,3,4,7,18,19]. The admissible white noise operators
L(G, G*) play an essential role in the recent study of quantum martingales [9], see
also Sect. 6.

3.3. Classical Stochastic Gradient Acting on G*. First define
Vo) =arp, ¢ € (E), teR,.
It follows from Lemma 2.3 that
Vi(E) = SRy, (E) =SRy) ® (E) (3.2)

becomes a continuous linear map. We extend the domain of V to G*, see also [1] where
a slightly different proof is found.
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Lemma 3.6. Let p € R, r > 0 and set K(p,r) = sup,, (n + 1)e?P=2" < oo. Then, for
any ¢ € (E) we have

VoI 2@, g, ) = /R IVe@IZ,_, di < K(p. IS, (3.3)

Proof. Writing ¢ = (f;;), we have Vo () = ((n + 1) f+1(, -)), where the right-hand
side has a pointwise meaning since f, is a continuous function on R}. Then

o
Sonte 2 [ 1) fy e, e

n=0

/R YOOI, di =

o
=D+ D x (n+ DIe 2P| 4[5
n=0

<K(p.nlel>,.
which completes the proof. O

Applying the usual approximation argument to (3.3), we obtain a continuous linear
map:

ViG> LPRe.G p ) ZLPRI®G . (3.4)

for which the norm estimate (3.3) remains valid, where p € R and r > 0. Finally, by
taking the inductive limit, the classical stochastic gradient

V:G* - L*(Ry,GY)

is defined and becomes a continuous linear map.
We see from (3.4) that V& (¢) has a meaning as a G_,_,-valued L2-function in

t € R,. Given ¢ € L%(R,), the linear map Gpir 3 ¥ = (VP, ¢ ® ¥)) is continuous.
Therefore there exists a unique ¥ € G_,,_, such that

(Ve, c@y) =¥, ¥), ¥ €Gpur

It is reasonable to write
v = / c(@VD(t)dt.
R.
As is easily seen, the Schwartz inequality holds:

<Ko IVl 2@ g, - (3.5)
s

‘H/ (VO (1) dt
R,
Lemma 3.7. If ¢ € L%(R,), we have

/ cOVO@) dt = a(0)P, & e G*. (3.6)
R,
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Proof. The left-hand side of (3.6) is denoted by ¥ = ¥ () for simplicity. Take p € R
and r > O arbitrarily. We see from (3.3) and (3.5) that @ +— ¥ () is a continuous
linear map from G_, into G_,_,. As is easily verified, so is @ — a(¢)®. Hence it is
sufficient to verify (3.6) for an exponential vector @ = ¢ with & running over E. Since
¢¢ € (E), the left-hand side becomes

Y (oz) =/R E(I)Vcbs(t)dt:/R g(Darpe di

_ /]R COEMDPe di = (¢, €V .

On the other hand, as is well known, ¢ is an eigenvector of a(¢) with eigenvalue (¢, &).
Hence ¥ (¢s) = a(¢)¢e, which completes the proof. O

Recall that an exponential vector ¢, € (E)* is defined by ¢, = (x®” /nh)n2, for
x € S'(Ry). The set {¢¢ ; & € S(R,)} spans a dense subspace of (E).

3.4. Pointwise QWN-Derivatives. Let E € L((E),G*). Noting that the kernel &
belongs to G* ® (E)* on which V ® I acts, we obtain

(V® DKE € L*(Ry, §*) ® (E)* = L*(Ry, G* ® (E)*).
This means that [(V® 1)K E](7) is defined as a G* @ (E)*-valued L2-functioninz € R,.

More precisely, by Lemma 3.6, for any p € R and r > 0 we have

/ IV @ DEEIONE., or@. @ =1(V®DKE g 00 are.,)

+

<Kp.NIKEIG ,ore.,

=Kp. I Ezyr@yg,y-  GD

On the other hand, since a; € L((E)*, (E)*), we see that (I @ ;)& is well defined
as a member of G* ® (E)* forall € R,.

Lemma 3.8. For & € L((E), G*) themapt — (I ® af )KE isamemberof L>(R,, G* ®

(E)*). More precisely, for any p > 1 and r > 0 there exists a constant number
L = L(p,r) > 0 such that

/R+ |t ©aHKE g ore, . dt LD IE IZyr@g -G8

Proof. In view of L((E), G*) = G* ® (E)*, we choose p > 1 suchthat K& € G_, ®
I'(E_p). Using the estimate

”a;kd)”—p—r =< Cr|8t|—p—r”¢”—p’ ¢ € (E), r>0,

which follows from Lemma 2.1, we have

/R+ I ®aNKENG oree, ,d < CHIKENG ore ) /R 18,2 ,_dt.
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Putting
L) = [ I,

we obtain (3.8). The above integral is finite since |§;]_; < || S_4(R) for all t € R, by
construction of the space E and

/ 1812 gt < /R 18115, mydt <00, q=1. (3.9)

In fact, the right-hand side of (3.9) is the square of the Hilbert—Schmidt norm of the
canonical injection S;4s(R) — S;(R) (the norm is independent of s), see e.g., [25,
Chap. 1]. O

We have thus seen that t — [(V @ DIKE](t) — (I @ a)KE is defined as a
G* ® (E)*-valued L>-function in ¢ € R,. We define D} & by

K(DFE) =[(V® DKEI®) — (I ® aH)KE. (3.10)
Then D/ Z becomes an L((E), G*)-valued L?-function in ¢ € R,. We call D & the

pointwise creation-derivative. Combining (3.7) and (3.8), we see that for any p > 1 and
r > 0 there exists a constant number C = C(p, r) > 0 such that

12 =2
| DTS ety ot < PN E Bripg e GAD
+

By a parallel argument as above, for & € L(G, (E)*) = (E)* ® G* we can define
D, & by

KD E) = [(I ® VKEI() — (af ® DKE.

Then D, E isan L(G, (E)*)-valued L?-functionin ¢ € R,. We call D; & the pointwise
annihilation-derivative. Moreover, for any p > 1 and r > 0 we have

— —~2 ~ 2
/R 1D Elzy Gy r e, ndt = €D E Ny g, re ) - (.12)
.

In conclusion,

Theorem 3.9. Every admissible white noise operator & € L(G,G*) is pointwisely
gwn-differentiable in the sense that DtiE € L((E), (E)*) is determined fora.e.t € R,.
The norm estimates are given in (3.11) and (3.12).

Example 3.10. For ¢ € L?(R,), the annihilation and creation operators ai(g) belong
to £(G, G*). Their derivatives are given by

DF(a*(¢)) = Df /]R ¢(s)ards = ¢ ()1,

DE@F(¢)) = Df / ¢(s)a ds = 0.
Ry
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For the number operator we have

D;r/ a‘asds = ay, Df/ a‘asds = a.
R, R,

Here the formal integral representations of white noise operators (the so-called integral
kernel operators [25]) give us a good intuition.

Proposition 3.11. The bilinear map in Lemma 3.1 yields the continuous bilinear maps:
L*(Ry) x L((E), G 3 (¢, &) = D} E € LUE), G"),
L*(Ry) x L(G, (E)*) 3 (¢, &) — D, & e L(G, (E)").

Moreover, for ¢ € L2(R+) we have
/ ((DEE dr = D;'EE.
Ry

Proof. The continuity follows from direct norm estimates, of which argument is similar
to the case of D,iE . The integral formula is straightforward. O

4. Quantum Stochastic Integrals

4.1. White Noise Integrals. As a general rule, a one-parameter family {Z,} C L
((E), (E)*) is called a quantum stochastic process, where t runs over an interval of
R,. Slightly generalizing this notation, we shall deal with an element & € L?>(R,, £
((E), (E)*)) also as aquantum stochastic process. For such & we may choose p > 0such
that & € L*>(R,, Lo(I'(Ep), I'(E_p))), which means that &; € Lo(I'(E ), I'(E_)))
makes sense only for a.e. t € R,. Along this line an element of S'(R,, L((E), (E)*))
is called a generalized quantum stochastic process [26,27].

Let {Z};} be a quantum stochastic process, where ¢ runs over a (finite or infinite)
interval T C R;. If t — ((E;¢, 1)) is integrable on T for any ¢, ¥ € (E) and if the
bilinear form on (E) x (E) defined by

(@.9) — /T (Erp, ¥) dr
is continuous, then there exists a white noise operator &1 € L((E), (E)*) such that
(Ero, ¥) = /T (&g, y) dr, ¢, ¢ € (E).
In this case, we say that {&,} is white noise integrable on T and write

Er :/ G dt.
T

The white noise integrability can be checked with the famous characterization theo-
rem for operator symbols [5,24,25]. It is proved that the white noise integrals:

t t t
A, :/ asds, AY =/ aids, A :/ ajasds
0 0 0
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are defined. These are called respectively the annihilation process, the creation process
and the conservation process, which play an essential role in quantum stochastic calculus
[8,21,29].

Asfor & = {&,} € L2(R,, LU(E), (E)*)) we only mention the following

Proposition 4.1. For any & € L2(Ry, LU(E), (E)*)) and € L2(Ry) the quantum
stochastic process ¢ & = {¢(t)E;} is white noise integrable on Ry. In particular, every
EZ e LX(Ry, LU(E), (E)*)) is white noise integrable on any finite interval.

4.2. Classical Hitsuda—Skorohod Integrals. Let § denote the adjoint map of V in (3.2).
Then

§=V*: SRy, (E)) = (E)*

becomes a continuous linear map. We call §(¥) € (E)* the (classical) Hitsuda—
Skorohodintegral of W € S'(Ry, (E)*), though § (¥) is understood only through duality.

Proposition 4.2. If ¥ € L>(R,, (E)*), we have
(CIC N Z/R (W), Vo@)hdt, ¢ e (E).

Proof. Tt is sufficient to show that ¢t — (W (¢), V¢ (¢))) is integrable on R,. This is in
fact immediate from (2.4) and (3.9) with the Schwartz inequality. O

4.3. Quantum Hitsuda—Skorohod Integrals. The quantum Hitsuda—Skorohod integrals
are defined in the same spirit as the classical one, where the quantum stochastic gradients
are employed.

4.3.1. Creation Integrals The creation gradient V* is by definition the composition of
linear maps:

vt LUE), (B) —> () ® (B) —25 (S(R.) ® (E) ® (E)
— SRy) ® (E) ® (E)) — SRy, L((E)*, (E)). (4.1)
The creation integral §* is defined to be its adjoint:
8= (V" : S' Ry, LUE), (E))) — LU(E), (E)").
By definition one can check easily [13] that
(8T (&) ¥) = (B¢, VY), E €S Ry, LUE), (E))), ¢,V € (E).
If & € L>(Ry, L((E), (E)*)), the above identity becomes
(87 (&), ¥) =/ (&1, VY (@) dt. 4.2)

+

Put (E¢)(t) = E;¢. Then, by Proposition 4.2, (4.2) becomes
:/R ((EP)1), VY1) dt = (E¢, Vi) = (8(E), ¥)) .

Thus, we come to the relation between the creation integral and the classical Hitsuda—
Skorohod integral:

§'(E)p =8(8¢), & e LRy, LUE), (E)Y)), ¢ € (E). (4.3)
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4.3.2. Annihilation Integrals The annihilation gradient V™~ is defined in a manner
similar to (4.1) as follows:

VLB (E) = (B)® (E) > (E) ® (SR,) ® (E))
= SRy ® (E) ® (E)) = SRy, LUE), (E))).
The annihilation integral §~ is by definition the adjoint map of the annihilation gradient:
87 = (V)" 1 SRy, LUE), (E)) — LUE), (E)).
For & € L2(Ry, L((E), (E)*)) we have

(6= (&)¢.v) =/ (g:(Ve@), ¥l dt, ¢, ¥ € (E), (4.4)

+

by definition. Hence,
5_(E)¢=/R (Vo) dt, & eL*Ry, LUE), (E)), ¢ e (E). (45)

The creation and annihilation integrals are related directly. Comparing (4.2) and (4.4),
we obtain the simple formula:

(BN =87, & elL*Ry, LUE), (E)Y). (4.6)

4.3.3. Conservation Integrals

Lemma 4.3. For &, ¥ € SRy, (E)) we define 2 = (@, ¥) € SR;, (E)® (E)) by
2()=D@) QW(t). Then, (@, V) +—> 2(P, V) is a continuous bilinear map.

Proof. Considerfirst® =& Q¢ and¥ = n® ¢, where &, n € S(Ry) and ¢, ¥ € (E).
Then, 2(®,¥) = (§n) ® ¢ ® ¥ and for any p > 0 we have

12E ¢, 1@ V)E,orEyorE, = 1E0lplelp v, “4.7)

Since the pointwise multiplication of S(R,) yields a continuous bilinear map, there exist
g > 0and C = C(p,q) > O such that |n|, < CI&]pigInlpeq forall &, n € S(R,).
Hence (4.7) becomes

126G @ ¢, n @ Y, orE,)er(E,)
=< Clélpsglnlpegl@llplvllp
< ClE @ PlE, @ (Ep) 1N @ VIIE, @I (Epiy)-

Then, by definition of the 7-tensor product, for @, ¥ € S(R4, (E)) we have
12(P, ), orE)orEy) < CIPNE 1@ T Ep) 1Y NE @, T(Epry) - (4:8)
Note that

SR @ (E) = projlim E, ®, I'(Ep) = projlimE, ® I'(E)),

p—>00 p—>00
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which follows from the nuclearity of S(R4) (or (E)). Hence the assertion follows from
4.8). O

We need the “diagonalized” tensor product V @ V of the stochastic gradients. For
each ¢, ¥ € (E) we define

[(VOV)@@WI®) =Ve@) @ Vi), 1eR,.

Noting that V¢, Vi € SRy, (E)), we have (V @ V)(¢p @ ¥) = 2(V¢, V) by
Lemma 4.3. Therefore,

VoOV:(E)®R(E)— SR, (E)® (E))

is a continuous linear map.
The conservation gradient is now defined by compositions of continuous linear maps:

V0 LUE)*, (E)) —> (E) ® (E) —2%5 S(Ry) ® (E) ® (E)
=5 SRy, (E) ® (E)) —> SRy, LAE)*, (E))).  (4.9)

The conservation integral 8° is by definition the adjoint map of the creation gradient
VY. Taking the adjoint map of (4.9), we have

80 = (VN* : S' Ry, LUE), (E)*)) — L((E), (E)").

For & € L Ry, L((E), (E)*)) we have

(822, ) =/ (Ei(Vo (1), V() dt, ¢, ¢ € (E).

+

Therefore,
8°(E)p =8(EVe), E € L*(Ry, LUE). (E)Y), ¢ € (E), (4.10)
where Z'V¢ is a classical stochastic process defined by [EV¢](¢) = E;(Vo(1)).

Remark 4.4. During the above discussion the domain of §€ is taken as large as possible
in the sense that §¢ (&) is defined as a white noise operator. This was achieved by taking
the smallest possible domain of V€. From this aspect some regularity properties of the
quantum stochastic integrals §€ (&) are studied systematically in terms of extendability
of V¢, see [13] for details.

Remark 4.5. We see from (4.3), (4.5) and (4.10) that our definitions of the Hitsuda—
Skorohod quantum stochastic integrals coincide with the ones introduced by Belavkin
[3] and Lindsay [17] for a common integrand. In fact, their definition starts with the
right-hand sides of (4.3), (4.5) and (4.10) for suitably chosen & and ¢. Our definition is
more direct thanks to the quantum stochastic gradients acting on white noise operators.
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5. Differential Calculus for Quantum Stochastic Integrals
5.1. QWN-Derivatives of Quantum Hitsuda—Skorohod Integrals. For each
E € L’ Ry, LUE). (E)) = L*(Ry, (E)* ® (E))
we may choose p > 0 such that
8 € L*(Ry, Lo(I'(Ep), T'(E_p))) = L*(Ry) ® Lo(I'(E)), ' (E_))).

In view of this identification, we write D;:IE E=0UQ D;t) & for simplicity. Then D;t JONS
L*(Ry, L((E), (E)")) forall ¢ € S(R.).

Lemma 5.1. It holds that
VIa*(O)¢lt) = a*(O[VeM]+¢(t)p, ¢ e (E), ¢eSRy.

Proof. This is nothing else but the canonical commutation relation [a;, a*(¢)] = ¢(¢)1.
Note that both a;, a*(¢) are members of L((E), (E)). 0O

Theorem 5.2. Let ¢ € S(Ry) and & € L*(Ry, L((E), (E)*)). It holds that

Df(8*(&)) = §*(D} &) +/ ¢(t) &, dt, (5.1)
R,
D; (8*(&)) = 6*(D; &), (5.2)
D{(87(8)) =87 (D} &), (5.3)
D;(87(8)) =8 (D; &) +/ ¢()E, dt. (5.4)
R,
D;8%(&)) =8"(DfE) + 67 (¢ &), (5.5)
D, (8%(8)) =8°(D; &)+ 5" (¢ &), (5.6)

where {2 € L*(Ry, L((E), (E)*) is defined by (¢ E)(t) = ¢ (1) &y.
Proof. We first prove (5.1). By applying Lemma 3.2 we have

K(DF (67(8))) = (a(¢) ® DK@ (E)) — (I ® a*(£)K(E™ (). (5.7
Let ¢, ¥ € (E). As for the first term in the right-hand side of (5.7), we have

(@) ® DEET(E)), ¥ ® ¢) = (K6 (&), a*(O)Y @ )
= (87(E)¢, a*(O¥)

= /R (Z¢, [V@ (©Oy)1m)dt,
where the last equality is due to (4.2). By virtue of Lemma 5.1, the last integral becomes

=/]R (Eid, a*(C)[Vlﬂ(t)]»dH/ (&1, c()y)dt

+

= (8" (@) E). V) +/R ¢(n) (&Erg, ) dt. (5.8)
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Similarly, for the second term in the right-hand side of (5.7) we have

(I ®a*EHKET(E), ¥ ®¢) = (57 (EaQ)p, ¥)). (5.9)
Inserting (5.8) and (5.9) into (5.7), we have

(D7 " (@NY, ¥) = (87 (a(0)& — Fa@)¢, V) +/]R ¢ (B, v de
= (8"(D{E)g, ¥) +/]R ¢(n) (&rg, ) dt,

which proves (5.1).
We next prove (5.5) by mimicking the above argument. In fact, we have

K(DF%(&)) = (a(¢) @ DKE°(8) — (I @ a*(¢)KE*(E).  (5.10)
For any ¢, ¥ € (E) we have

(@), a* (v  ¢)
(8°(&)g, a* (¥

:/R (E:(Vo(@®), [Va* () y1®))dt.

((a(0) ® DK (8)), ¥ ® ¢)

By Lemma 5.1 the last expression becomes

=/R {a(@) & (Vo (D), (V) (D) dt+/]R ¢(n) (& (Vo(0)), ¥ dt
= (8°@(@)E)p, Y) + (87 ), ¥). (.11

On the other hand, one can see easily that

(I ®a*(©)KE°(E)). ¥ ® ¢) = (8°(Za(¢)g. V). (5.12)
Inserting (5.11) and (5.12) into (5.10), we obtain

(DFE%ENG, ¥) = (8°(DFE)G, ¥) + (85N, V),

which shows (5.5). The rest is verified in a similar manner. 0O

5.2. Pointwise QWN-Derivatives of Quantum Hitsuda—Skorohod Integrals. The formu-
las for pointwise qwn-derivatives (Theorem 5.4 below) formally follow from (5.1)—(5.6)
by setting { = §;. For mathematical rigor we repeat the argument in Sect. 3.4 at a level
of quantum stochastic processes.

First we set

LRy, £G, G = |J LRy, LG, ) = | L* Ry, LG, G-))-

p.qeR p=0

For & = {&,} € L3R, L(G, G*)) we shall define D 5.
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Lemma 5.3. For any p > 0 there exists ¢ > max{p, p/(—log p)} such that
L*(R+, £(Gp, G-p)) C L* Ry, Lo(T'(Eg), G—y)).-

Proof. Let & € L2(R+, L(Gp,G-p)). Then, &5 € L(G,, G—p) forae. s € Ry. From
the proof of Lemma 3.4 we see that

1El 22,600 < L. DBl 26,00 (5.13)

where L(p,q) > 0 is the Hilbert-Schmidt norm of I'(E;) — I'(E,), where
r = p/(—1log p). Then the assertion follows by integrating (5.13). O

Now let & = {&;} € L2(R,, L(G, G*)). With the help of Lemma 5.3 we may choose
p > 1 satisfying 5 € L2(R,, Lo(I'(Ep), G- p)). In particular, &5 € L,(I"(Ep), G—p)
for a.e. s € R;. Then, by virtue of Theorem 3.9, for any » > 0 it holds that

+ = 2 — 2
/R ”Dt ds||£2(F(Ep+r)»g—p—r)dt = C(p’ l") ” s ||['2(F(Ep)ag—p) :

Integrating both sides with respect to s over R, we obtain

+ o 2 (= 2
/+/IR+ I D; us||[;2(1"(Ep+r),g7pir)dtd5 <Cp,nl& ||L2(R+,[;2(r(5,,),gfp)) ’

By the Fubini theorem we see that for a.e. t € Ry, s — D} &y is an L2-function in
s € Ry with values in Lo(I'(E p4r), G- p—r) C L((E), G*). Thus the pointwise annihi-
lation-derivative D} & € L2(R,, L((E), G*)) is defined for a.e. € R,.

In a similar manner, noting that £(G, G*) C L(G, (E)*), we define the pointwise
annihilation derivative D; & € L2(R,, £(G, (E)*) fora.e.t € R,.

Next, mimicking the argument in Sect. 4.3, we define the quantum stochastic gradi-
ents as continuous maps:

CL(G*, (E)) — L*(Ry, L(G*, (E))),

Vo LWE), G) — LAR.. LUE)*, ).

and by their adjoint actions the quantum Hitsuda—Skorohod integrals:

CL2Ry, LG, (E)*) — L(G, (E)"),

8¢ : 5.14
L2(R,, L((E), G*)) - L((E), G"), RS
where € € {+, —, 0}, for more details see [13].
Theorem 5.4. Let & € LZ(RJ,, L(G,G")). Then for a.e. t € R, we have
Dt+(8+(E)) = 8+(D;'E)+Et, (5.15)
D[ (87(8)) =8"(D; &), (5.16)
Df (87 (&) =8 (D] &), (5.17)
D7 (87(8)) =6~ (D] &)+ &, (5.18)
Df(8°(&)) =8%DfE) + Eray, (5.19)

D (8°(&)) =8%D;E) +a’E;. (5.20)
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Proof. We shall prove (5.15). Since L£(G,G*) C L((E), G*), we see from (5.14)
that 6*(Z) € L{(E), G*). Applying the creation derivative (see Sect. 3.4), we have
D} (§*(&)) as an L((E), G*)-valued L2-function in ¢. On the other hand, we see from
the above argument with (5.14) that §*(D; &) is L((E), G*)-valued L>-function in ¢.
Thus, both sides of (5.15) are L((E), G*)-valued L2-functions in . It is then sufficient
to show their inner products with an arbitrary ¢ € L?(R,) coincide, which is immediate
from Theorem 5.2.

The proof of the rest is similar. For (5.19) and (5.20) we employ the following for-
mulas:

(6@ E). ¥) = /R C) (Evard, ¥ d.
(6* ). ¥) = /]R () (B, ary) di = /R (1) (a? B, P,

for¢,y € (E). O

5.3. QWN-Derivatives of Adapted Integrals. First we recall that forallr € R, the space
G, admits a factorization

Gp = G,(10, 1) ® Gp([1, 00)), (5.21)

which is derived from L*(R,) = L2([0, t])® L?([t, o0)). A quantum stochastic process
{&E}i=0 C L(G), Gy) is said to be adapted if for all t € Ry, &, admits a factorization

Er = Eion® It
according to (5.21), where I}; is the identity operator on G ([t, 00)).

Proposition 5.5. Let {&;} € L(G,,G,;) be an adapted process. Then, for any
¢ e L*(Ry), {DzE E:} is an adapted process. In fact, for any t € Ry we have

D} &, = (DZ[OJ] E[O,,]) ® ;. D;E = (D 5[0,,]) ® I, (5.22)

f_[o,r]
where By = Ejo. ® I} and jo.1] = ¢10,1]-
Proof. By using the fact that for any ¢, & € S(R,),

a()pe = (a (o.M Pe0.) ® Pg, + Peo, @ (@G, ) »

where &; = £1p; ), We can easily see that for any § € S(R;),

D;Eld)f = ((DZ-[OJ] E[O»t]) ® I[l) ¢E

Since {¢¢ ; £ € S(R4)} spans a dense subspace of G, the first relation in (5.22) follows
by continuity. The second relation is verified in a similar fashion. O
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Proposition 5.6. Let {Z;} C L(Gp, G;) be an adapted process. Then for any s > 0 and
¢ € L%([s, 00)) we have
D; 8 =0.
Therefore, for any s > 0 it holds that
D;EES =0 foraet>s.

Proof. Since a(¢)¢ = 0 for all ¢ € G, ([0, t]), D;M El0,;1 = 0 on G, ([0, ¢]). Hence
the proof is obvious from (5.22). O '

Combining Theorem 5.4 and Proposition 5.6, we come to the following

Theorem 5.7. Let & € L*(R,, L(Gp, Gy)) be an adapted process. Then fora.e. t € R,
we have

Dy (8%(&8)) = 8" (1,000 D E) + &,
Dy (8%(&)) = 8"(1j1,00) Dy B),
Df(57(&)) =8 (Ij1,00) D B),
D;(87(8)) =8 (Aj1,00D; E) + &4,
D} (3°(8)) = 8" (1,00 D} E) + Erar,
D7 (8%&)) = 8°(y.00)D; E) +a) E,.
Remark 5.8. Let & € L*(R., L((E), (E)*)). Then {af B}, {Eia;} and {a] E;a,} are
white noise integrable on a finite interval. Moreover, it is easily checked that
t t
§*(1j0.n ) :/0 a;Eyds, 8 (ljo,n&) :/0 Egag ds,
t
8100 E) = /0 a¥Esay ds.

If & € L>(Ry, £(G, G*)) is adapted, we have

t

t
& &) = / EydAy, 8 (1)pn&) = / EsdAs,
0 0
t
8°(j0.n8) = / Eyd Ay,
0
where the right-hand sides are quantum stochastic integrals of Itd type [9].

6. Application to Quantum Martingales

6.1. Regular Quantum Martingales. Anadapted process {M;};>0 C L(G), G,) is called
a quantum martingale if

(Midz, dng) = (M, dng)), & neLl’Ry), 0<s<t.
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The above condition is equivalent to
(EsM{Es¢z, ¢y) = (EsM;Esdz, ¢y)),  §.neH, 0=s=rt,
where E; is the conditional expectation defined by
E® =T =AY, F), ®=(F)ed"

After the recent work [9], a quantum martingale {M;} C L(G,, G,) is said to be regular
with respect to a Radon measure m on R, or simply regular if

I (M, — M)@ I, < 1 1I7, m(s. 1]).
v = Mo |2, < Wi, wds, o),
forall ¢ € G,([0,5]), ¥ € G_4([0,s]) and 0 < 5 < 7.

Example 6.1. Let [, m > 0 be integers. As is easily checked, forany p € Rand ¢ > 0
there exists a constant C > 0 such that

ICAD AT — (AD A < Cll @ I3, (¢ — s')s™

forall ¢ € Gp44([0,5]) and 0 < s < ¢. Hence {(Aj‘)lA;"},EO is a regular quantum
martingale in £(Gp4q, Gp). In particular, so are the annihilation process {A;} and the
creation process {A;]}.

Example 6.2. The conservation process {A;};>¢ is a regular quantum martingale in
L(Gpiq,Gp) forany p € Rand g > 0. In fact,
(A= A9 lI5 =0
forall ¢ € Gp4y([0,s]) and 0 < s < t.
We now recall the fundamental result due to Ji [9].

Theorem 6.3. Let {M,};>0 C L(G), Gy) be a quantum martingale, regular with respect
to a Radon measure m on R.. Then there exist adapted processes {E:}, {F;}, {G:} in
L(Gp, Gy) and A € C such that

t
M, = Al + / (EsdAg + Fyd A* + Gyd Ay) 6.1)
0

as operators in L((E), G*), and s — || G, lz,.q,) is locally bounded and

max{|| Es| g, g, | FsI2g,.g,)) < Mae(s) foralls =0,

where W, denotes the density of the absolutely continuous part of m. Such a triple
(E}, {F )}, {Ge)) is unique. Conversely, if {M;} C L(Gp,Gy) admits the integral
representation (6.1) with adapted processes {E;}, {F;},{G,} in L(Gp,Gy) such that
1Esl2eG,.6,) and I Fsllzg,.g,) are locally square integrable in s € R, then {M,} is a
regular quantum martingale.

Remark 6.4. Recall that {A,}, {A}}, {A,} are excluded from the class of regular quantum
martingales in the sense of Parthasarathy—Sinha [30] due to their unboundedness in the
Fock space I” (L%(R,)). The choice of Fock chain {G »} has the advantage of including

a wider class of regular quantum martingales possibly unbounded in I"(L?(Ry)).
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6.2. Calculating the Integrands. We are now in a position to discuss how the integrands
in (6.1) are obtained from {M,}. We start with the following

Lemma 6.5. Let {Z;} C L(G), G;) be an adapted quantum stochastic process satisfying

t
= 02
/0 1251 2g,.g,)ds < oo forallt = 0.

Then for a.e. t € Ry we have

Df (8" (E1j0.n)) = &1, D7 (87 (E1.)) =0,
Df (5~ (E1p.) =0, Dy (57 (El) = &,
D" (E1.) = Erar, D7 (8%E10.) = a5,

Proof. Straightforward from Theorem 5.7. O

Theorem 6.6. Let {M,};>0 be a regular quantum martingale in L(Gp, G,) with the inte-
gral representation:

t t t
M,=u+/ ESdAX+/ FsdAj+/ GydA,, >0, 6.2)
0 0 0

as described in Theorem 6.3. Then the integrands in (6.2) satisfy the following relations:

r N
E, = D | M, —/ D;MudA;], 6.3)
L 0
N
Fy =D} |:MS - / DuMudAui| , (6.4)
0
B S u u
G, =D} / [D; (Mu —/ EvdAv—/ deAj)}du] (6.5)
LJO 0 0

Proof. First note that (6.2) is written in the form:
M; =M +8" (1jo.nE) + 8" (Aj0.nF) +8°(110.1G).
Then, applying the formulas in Lemma 6.5, we have
D;Mt:F,+G,at, Dt_Mt:Et+at*Gt,
and hence,
' t
M, —/ D MdA; = Al +/ FodAY =M +8 (10,0 F),
0 0
t t
M; —/ DiMdAY = 11 +/ EcdAs =M1 +6~ (10, E).
0

0

Applying the formulas in Lemma 6.5 again, we obtain

t t
Et - D[_ [Mt _/ D:MgdA:f} ) Ft - D:‘ [Mt _/ DS_MgdijI 9
0 0
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which proves (6.3) and (6.4). On the other hand, it follows from (6.2) that
t t t
/ Gyd Ay =8°110.0G) = M, — 11 —/ E dA —/ FydA*.
0 0 0

Applying D; leads

t t
a*G; = Dy [M,—/ E.dA, —/ FudAZ:|.
0 0

Integrating both sides with respect to ¢, we come to

t 1t s s
/ G,dA? =/ [D; (MS _/ E.dA, —/ FudA;)]ds.
0 0 0 0

Finally, applying D} we have

t N s
G, =D} [/ [DS (Ms—/ EudAu—/ FudAj;)}ds]
0 0 0

which proves (6.5). O

6.3. An Example. We shall discuss an instructive example due to Parthasarathy [28]
along our approach.

Consider an operator K of Hilbert-Schmidt class on L>(R,) with the corresponding
integral kernel k € LR, x R,), ie.,

KE&(u) :/Ooox(u,v)é‘(v)dv, £ € L*(R,).

In the following we fix p € Rand g > max{0, log || K ||op} arbitrarily, where || K ||op is the
operator norm of K. Then, the second quantization I"(K) is a member of £(Gp14, Gp),
as is seen from the obvious inequalities:

0]

I TG < D nleP IKonl fuls < N 15y
n=0

Define a quantum stochastic process {M,} by
Mt:EtF(K)Et, [ZO

We shall see that for any p € R there exists ¢ > 0 such that {M,} is a regular quantum
martingale in £(Gp1q, Gp). In fact, as is easily verified, {M,} is a quantum martingale
with the property that [[M; [ £(G,.,.g,) 1s locally bounded in 7 € R.. We need to check
that {M;} is regular. Note that forany 0 < s <t and ¢ = (f,) € G,([0, s]) we have

00 2

I (M; — Mg I3 =D nle”

n=0

n
i i1
> (1%?] RSB TR D Hrie )) K®"

i=1

0

o
< m(ls, 1) D nte* n| K |3V £15,
n=0
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where m is a Radon measure on R defined by

t poo
m([s, 7]) :/ /0 |« (u, v)|2dvdu, 0<s<t.

Replacing g with a larger one satisfying n| K ||§;”*” < €?7" for all n > 1 if necessary,

we obtain

I (M, = M)S I < ¢ 113, m(s. 1]),

as desired. The second half of the regularity condition is verified similarly.
From Theorem 6.6 we see that M, admits a unique integral representation as in (6.2).
In fact, for any ¢ € L?(R,) we have

t
()M, = Mya (1[0,” /0 x(u,->;(u>du),

t
Mia*(¢) = a* (l[o,z]/o k(- v)g“(v)du) M,

which implies that for a.e. u € Ry,
DM, = M, (a(Ljo,uk (u, ) — ay) 66)
Dy M, = (a*(Ajo,uk (-, u)) — a}) M,,.
Noting that [| Mya(Xjo,u1k (u, )l £G,.G,) is locally square integrable inu € R, for some
P, q € R, we obtain
8 (110,51 (w) D} M) = 8% (110,51 () Mya(Ljo i (u, -)) — 8 (10,5 () M,,),

where the integrals are taken with respect to u.
Now applying the formulas in (6.3) and in Lemma 6.5, we have

Es = Dy (M — 8" (1j0.5) () Dy M)
= Dy (M, = 8" (U0, (0 Mya(Lio,uk (. ) +8° (o 51 ()M, )
= a*(1jo.s1k (-, $)) M.
Similarly, we obtain
Fy = Msa(10, 51k (s, -)).

On the other hand, we see from (6.6) and Lemma 6.5 that

N N
Dy (Ms - / Eud A, — / FudA;) — —a'M,.
0 0

Applying the formulas in (6.5) and Lemma 6.5, we come to

t N N
D; [/ [DS (MS—/ EudAu—/ FudA;)]ds]
0 0 0
t
-D} [/ MsdAj}
0

= —M,.

G
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Consequently, the stochastic integral representation of {M;} is given by

' ' '
M, =1 +/ a*(Xpo 51k (-, 8))Msd Ag +/ Ma(1jo 51k (s, ))d A} —/ Md Ay,
0 0 0
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