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Abstract: In this paper, we prove that a class of C'-smooth approximate solutions
{u®, p?} to the 3D steady axisymmetric Euler equations will converge strongly to 0

in leo C(R3 ). The main assumptions are that the approximate solutions have uniformly
finite energy and approach a constant state at far fields. We also show a Liouville type
theorem that there are no non-trivial C'-smooth exact solutions with finite energy and

uniform constant state at far fields.

1. Introduction

The three-dimensional (3D) incompressible steady Euler equations in R> are

(u-Vu+Vp=0, xeR3,

1.1
divu = 0. (D

Here u = (u1(x), ua(x), uz(x)) represents the velocity field and p = p(x) is the
pressure.

By an axisymmetric solution of (1.1), we mean that, in the cylindrical coordinate
system, the unknown functions u(x) and p(x) do not depend on 0-variable, that is,

M(x) = ur(rs Z)er + MQ(”, Z)ee + MZ(rv 2)827
px) = p(r, 2),
where

er = (cosO,sinf,0), ey = (—sinb,cosh,0), e;=1(0,0,1)
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form the standard orthogonal bases in the cylindrical coordinate system. Furthermore,
when uy = 0, which means that the axisymmetric flow has no swirls, the corresponding
3-D steady axisymetric Euler equations can be written as

UpOpthy +Uz0uyr + 0, p =0, (12)
Updptty +uz0u; +9,p =0.
And the incompressibility condition becomes
0y (ruy) + 9;(ruy) = 0. (1.3)

In this case, the vorticity of the velocity is given by
o=V Xu=uwgey

with wg = 0,u, — 0,u;.

When the initial data is a vortex-sheets data, the 2D Euler equations have global (in
time) weak solutions when the initial vorticity has a distinguished sign (see [2,7,16—
18,21]) or has a changing sign with reflection symmetry (see [14,15]). However, the
global existence of weak solutions for both general 2D and 3D Euler equations for
general vortex-sheets initial data is still an outstanding open problem. In particular, for
three-dimensional unsteady axisymmetric flows without swirls, this problem remains to
be solved even in the case that the initial vorticity is of one sign. It was shown in [3]
that, for the 3D unsteady axisymmetric Euler equations without swirls, a sequence of
approximate solutions generated by smoothing the initial data converges either strongly
inL? (R x (0, 00)) or weakly in L} (R3 x (0, 00)) to a limit which is not a classical
weak solution to the Euler equations under the additional assumption that the initial
vorticity has a distinguished sign. In other words, there is no concentration-cancellation
occurring for one-sign axisymmetric flows without swirls which is in sharp contrast to
the 2-D theory (see [5]). The authors proved in [12] that the approximate solutions,
generated by smoothing the initial data, converge strongly in L>([0, T; lea C(R?’)) pro-
vided that they have strong convergence in the region away from the symmetry axis.
This means that if there would appear singularity or energy lost in the process of limit for
the approximate solutions, it then must happen in the region away from the symmetry
axis. It is noted that there is no restriction on the signs of initial vorticity in [12]. The
convergence properties of the viscous approximations were studied in [11]. When the
initial vorticity has stronger assumptions (comparing with the vortex-sheets initial data),
the global existence of weak solutions was proved in [1] and the references therein.

For the two-dimensional steady Euler equations, DiPerna and Majda proved that,
even though there exist approximate solutions with energy concentration, the weak limit
of any approximate solutions is a weak solution, by using the shielding method (see
[4]). That is, concentration-cancellation occurs in this case. The reader may refer to [6]
for a more concise proof. However, for the three-dimensional steady equations, even for
the axisymmetric case, it is not known whether or not there exist approximate solutions
with energy concentration for the three-dimensional steady Euler equations. Recently,
the authors studied some convergence properties of the approximate solutions of the
3D steady Euler equations (1.1) and the 3D steady axisymmetric Euler equations with-
out swirls (1.2)—(1.3) (see [13]). In particular, in [13] the authors obtained a criterion
for strong convergence for approximate solutions by establishing a relation between
the energy distributions of the weak limit and the defect measure of the approximate
solutions.
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On the other hand, the existence of solutions of the 3D steady axisymmetric Euler
equations without swirls (1.2)—(1.3) has been widely studied (see [8,9,19,20]). In par-
ticular, the vortex rings, which are steady, axisymmetric solutions without swirls of
Eqgs. (1.1), propagating with constant speed in the z-direction, has been extensively and
systematically investigated, based mainly on the variational approaches (see [8,9,19]
and references therein).

In this paper, we are mainly concerned with the strong convergence of C'-smooth
approximations and the existence of C!-smooth exact solutions with finite energy and
uniform constant states at the far field of the 3D steady axisymmetric Euler equations.
We will prove that any C!-approximations {u®, p®} to the 3D steady axisymmetric
Euler equations will converge strongly to O in leo C(R3 ) under appropriate assumptions
on approximate solutions and error terms (see Theorem 5.2). The main assumptions
on approximate solutions are that the energy is finite and |u®| — 0 and p® — po as
r? + 7> — oo, where py is a constant. These kinds of approximate solutions correspond
to 3D steady vortex-sheets. At the end of the paper, we obtain a Liouville type theorem
that there will be no non-trivial C! exact solutions with finite energy to the 3D steady axi-
symmetric Euler equations, which satisfy that || — 0 and p — pg as r> +z> — 0. The
Liouville theorem can be seen as a direct result of one of our main results (Theorem 5.2)
and can also be proved directly. Two proofs of the Liouville theorem are presented at
the end of the paper. It should be noted that contrary to the 3D steady axisymmetric
Euler equations, there exist non-trivial smooth exact solutions with finite energy and
there exist smooth approximate solutions with finite energy and energy concentrations
in the limit process to the 2D steady Euler equations (see [4]). Also, using the spherical
vortex ring given in [10], an example of approximate solutions of the 3D steady axi-
symmetric Euler equations which converge strongly to 0 in leoc(R3) was constructed
in [13].

Our approach is mainly based on a deliberate construction of test functions and mak-
ing full use of structures of the axisymmetric Euler equations. Let ¢, (r, z), ¢,(r, z) €
C(° (H) be two usual test functions which have compact support in [0, 00) X (—00, 00)
and are divergence-free, that is, 0, (r¢,) + 9;(r¢p;) = 0 or r 9, ¢, + ¢, +rd; ¢, = 0. Here
H = {(r,2)|(r,z) € (0,00) x (—o0, 00)} represents the (r, z)—plane. Then, it follows
from (1.2)—(1.3) that

(“r)2 2 2
/ ¢ rdrdz = / () — (u2)X10:pordrdz
H H

’
+/ uruz (0,0, + 0,¢,)rdrdz. (1.4)
H

In particular, to study the convergence of the approximate solutions, (1.4) should be
written as

/ (u§)2 / £\2 &N\2
¢rrdrdz = [(u,)” — (u;)"10;¢;rdrdz
H T H
+/ uyu’ (0pp; + 9.0, )rdrdz + h(e), (1.5)
H

where h(¢) is some error term satisfying h(¢) — 0 as ¢ — 0. In the limit e — 0
(or its subsequence), there will appear more terms in the limit equation of (1.5), which
corresponds to the defect measures of u°. Denote by u the weak limit of u® in L>(R?).

2
A key point of this paper is to prove that f{r>r0>0} ':—grdrdz = 0 for any 9 > 0, where
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{r >ro >0} = {( 2| z) € (0,00) X (—00,00),r > ryp > 0} is a domain away
from the symmetry axis in H. This can be obtained formally if we could choose the test
functions as ¢, = 1 and ¢, = 1 in (1.4) or in the limit equation of (1.5). However, the
test functions ¢, = 1 and ¢, = 1 do not satisfy the divergence-free condition and it is
illegitimate to take the limit in (1.5) with ¢, = 1 and ¢p, = 1. Thus, we should construct
anew class of test functions which are divergence-free, decay at the far field and approx-
imate the test functions ¢, = 1, ¢, = 1 in the appropriate sense such that the terms on
the right-hand side of (1.4) or the limit of (1.5) will tend to zero in the approximation
of the test functions. However, it is noted that the test functions denoted by ¢, ¢, we
construct in this paper do not belong to Cgo(ﬁ ) which is required in the usual way.

Especially, the test functions ¢, will have singularity o(%) near the symmetry axis. Due
to this singularity, new difficulties will arise in our subsequent and rigorous analysis.
First, in integrations by parts, there will appear the boundary term of the pressure, which
is |, y P(0,2)0;¢,rdrdz. Fortunately, by applying the special test functions we prove
that the sign of this term is unchanged. Second, we need to investigate the properties
of u, near the symmetry axis more carefully. Precisely, we will obtain the estimate

f R 1+1x 5 (%)zdx < C with C an absolute constant. In the unsteady case, this estimate is
3

naturally satisfied for the vortex-sheets initial data (see [1,11]). In steady case, however,
it seems to be a nontrivial estimate. It is noted that other test functions such as those
used in [12] and [13] (see also Sect. 2 of this paper) can provide us with some balance
relations between the energy distributions of the velocity and the corresponding defect
measures (see Theorems 2.1, 2.3 in Sect. 2) but can not yield the desired result of the
vanishing of the right-hand side of (1.4).

The Liouville theorem, which says that there are no non-trivial C 1_smooth exact
solutions with finite energy and uniform constant states at far fields of the 3D steady
axisymmetric Euler equations, is proved at the end of the paper. It can be seen as a
direct consequence of our results on the strong convergence of approximate solutions.
And it can also be proved in a direct way, avoiding the technical construction of the test
functions. It should be remarked that this direct method can not be applied to investigate
the strong convergence of approximate solutions since one should take the limit first in
the finite Radon space on both sides of (1.5) in order to study this problem. And in the
process of the limit, we should use suitable test functions.

The rest of this paper is organized as follows. In Sect. 2, we review a criterion for the
strong convergence of approximate solutions for the 3D steady Euler equations, which
has been obtained in [13]. In Sect. 3, we construct some special test functions which will
be needed later. It should be noted that these test functions do not satisfy the conditions
required in the usual definition of the weak solutions but they possess some special
features which are crucial in the analysis of the strong convergence of the approximate
solutions. In Sect. 4, we prove the strong convergence of u{ and u5 in the region away
from the symmetry axis. In Sect. 5, we first prove the strong convergence of u{ and u5

in LIZOC(R3), then applying the criterion established in [13] for the strong convergence

of approximate solutions (see also Sect. 2), we obtain the strong convergence of u° in

LIZOC(R3). Some appropriate conditions are imposed on the approximate solutions and
error terms. In the last, we prove the Liouville theorem which says that there are no
non-trivial C!-smooth exact solutions with finite energy and uniform constant states at
the far field to the 3D steady axisymmetric Euler equations. It can be seen as a direct
result of the strong convergence of approximate solutions and it can also be proved in a

direct way, avoiding the technical construction of the test functions.
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2. A Criterion on the Strong Convergence

In this section, we give a brief review of the results in [13] on the strong convergence of
approximate solutions to 3D steady Euler equations.

Similar to the unsteady case, approximate solutions for the 3D steady Euler
equations (1.1) can be defined in the usual way.

Definition 2.1 (General Case). Smooth vector-valued functions {u®} (¢ € J a parame-
ter) are called approximate solutions of (1.1) if the following conditions are satisfied:

() u® (x) is uniformly bounded in L*>(R3) and divergence free (div u® = 0);
(ii) For any ®(x) = (P, o, P3) € C(C)’O(R3) satisfying div® = 0, it holds that

/ ut - (uf - V)ddx = h(e) (2.1)
R3

with h(¢) — Oas e — 0.

In particular, when the approximate solutions are axisymmetric, one can obtain
approximate solutions for the 3D steady axisymmetric Euler equations (1.2)—(1.3).

Definition 2.2 (Axisymmetric Case). Smooth vector-valued functions {uf} (¢ € J a
parameter) are called approximate solutions of the equations (1.2)—(1.3) if the follow-
ing conditions are satisfied:

() u® (x) is uniformly bounded in L*(R?) and divergence free (div u® = 0);
(i) u® = uie, +uley;
(iii) 0* = V x u® = wjep;
(IV) For ¢V (r’ Z)a ¢Z (rv Z) € C(C;O(H)y Satis]‘ying

Oy (rr) +0;(rpz) =0, (2.2)

one has
/ (W20, + (ul) 0., rdrdz
H
= —/ uyu 0y ¢, + ;¢ )rdrdz + h(e) (2.3)
H

with h(¢) — 0 as e — 0. Here H = {(r, 2)|(r, 2) € (0, 00) x (—00, 00)} represents
the (r, z)—plane.

Formally, multiplying r¢, and r¢, on both sides of (1.2); and (1.2), respectively,
integrating the resulting equations on (0, 0o) x (—o0, o) with respect to r and z and
summing over them, one obtains (2.3) with A(e) = 0.

It should be noted that the assumption that the approximate solutions u® in Definitions
1.1-1.2 are smooth is only made for convenience and can be dispensed with.

For a sequence of approximate solutions u® = (uf, u5, u5) as in Definition 2.2,
which is expressed by u® = (u, 0, u$) in the cylindrical coordinates systems, there
exists a subsequence of u°, still denoted by itself, converging weakly in L2(R?) and in
L?(H; rdrdz). Precisely, as ¢ — 0%, one has

ui = wuy, u5—us, uz— u3 (2.4)
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weakly in L?(R?), and, in the cylindrical coordinates,
uyp = up, Ul — (2.5)

weakly in L2(H; rdrdz).

In what follows, a subsequence of approximate solutions will always be denoted by
itself for convenience unless stated otherwise.

Since (uf(x))? are uniformly bounded in LY(R?), there exists a subsequence of
(u (x))? which converge weakly to a Radon measure. More precisely, as ¢ — 07,

@H? =~ ut+ur, @52 = w3 +po, @ — ui+pus (2.6)

weakly in M (R3) which is the space of finite Radon measures. Here u; > 0(i = 1, 2, 3)
is the defect measure of (uf (i =1,2,3) respectively. The total variation of u; (i =
1,2, 3), denoted by |u;|(i = 1,2, 3), is finite.

A criterion on strong convergence of approximate solutions to the 3D steady axisym-
metric Euler equations is stated as (see [13])

Theorem 2.1. For any approximate solutions {u®} defined as in Definition 2.2, there
exists a subsequence of the approximate solutions satisfying (2.4)—(2.6). Moreover, it
holds that

1 1
[ iddr =3 [ sidian sl = S+ na = o @7
R3 2 R3 2

Consequently, if u® — u strongly in LIZOC(R3), then

1
/ uidx — - / (u? +u3)dx = 0. (2.8)
R3 2 R3

Proof. We give a sketch of proof here and refer to [13] for more details. It suffices to
prove (2.7).
We choose the test functions in (2.3) as

—20. Z—20 ,2—20

1 r Z
Or = —"X+(;)[X( )+ x'( )1

2 n n n
) (2.9)

r r , r
¢ = =[x+ (=) + =—x+ (=)1(z — z0) x (
n 2n n

for any n > 0 and any fixed zgp € R, where x (s) and x4(s) are the same as (3.20) and
(3.21) respectively. Then direct calculations lead to

.1 - i
LI et O Tk e )1
ro 27y n n n
1 — _ _
ar¢r=§(><+(5)+5x1(5>)[x(z 0y y 20Ty,
n n n n n
8.0 = —[xe(2) + —xa (O 20 + 2220 A2 2.10)
n° 2n n n n
1 2 z— - -
0y = SO x ) + S0y (),
n -n n n n
P __[3 ;T r //r] _ Z—Zo)
¢, = EX+(;)+WX+ (;)(Z 20)x ( .
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Letting ¢ — 0% in (2.3), one can obtain
b 2, .2 2
{| uy+u3)or¢rdx+ u30;¢,dx
21 g3 R
+/ Or¢rd(p1 + p2) + / 0z ¢-d s}
R3 R3
< [ e ot + 3, gidrdrds
H
[ Q0!+ 109D + o+ ) @11
H

Substituting (2.10) into (2.11), and then letting  — 0o on both sides of (2.11), one has

2 1 2 2 1
uzdx — = [ (uy +u3)dx +|p3| — S (1| + |p2l) = 0.
R3 2 R3 2

Equation (2.7) thus follows. The proof of the theorem is completed. O

If we choose the test functions in (2.1) as
r
®) = a1x1X+(n)[x(—) 2 (—)]

®,; = azx2X+(;)[x(—) (—)] (2.12)
a1x12 +a2x§

o +( )],

X3 r
D3 = x3x(—)[azx+ (=) —
n n

where o; € R(i = 1,2, 3) satisfying Z?:l o; = 0, and x (s) and x4 (s) are defined as
in (3.20) and (3.21) respectively, then a similar approach gives

Theorem 2.2. For any approximate solutions {u®} defined as in Definition 2.1, there
exists a subsequence of the approximate solutions satisfying (2.4) and (2.6). Moreover,
we have

3
D ailEi +|uil) =0, (2.13)

i=1

where, fori = 1,2, 0r3, E; = fR3 uizdx is the energy of the ith component of the limit,
Wi is same as in (2.6), and «; is a real number satisfying Z?:l o; = 0. Consequently,
ifu® — u strongly in L?. (R3), then

loc
E| = E, = Es. (2.14)

Theorem 2.3. Suppose that a vector function u = (u1, uz, u3) is a weak solution of
(1.1) in the sense that

/R3u-(u-V)q>dx=o 2.15)
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forany ® = ®(x) € C8°(R3) satisfying div® = 0. Then
E| = E; = Ej3, (2.16)

where E;(i = 1,2, 3) are the same as in Theorem 2.2. Therefore, suppose that u® are
exact solutions of (1.1) in the sense that (2.1) holds with h(e) = 0. Then,

Ef = Ef = ES, (2.17)
where Ef = [o3u$)?dx(i = 1,2,3).

The detail of the proofs of Theorem 2.2 and Theorem 2.3 is referred to [13] and
omitted here. It should be remarked that Theorem 2.2 and Theorem 2.3 hold for any
n-dimensional (n > 2) steady Euler equations.

3. A Special Class of Test Functions and Estimates

Suppose that the approximate solutions u®, p® € C'(R?) satisfy

[ uidpuy +us o ul + 0, p° = hi(r, ), (3.18)
ubdpus +usoul +0,p° = hi(r, z),
and

O, (ruf) + 0.(ru’) =0, (3.19)

where h(r, z) and h(r, z) are some error terms.

To study the structures and properties of approximate solutions satisfying (3.18) and
(3.19), we need to construct a special class of test functions.

Let x = x(s) be a nonnegative smooth function satisfying

s)=1, |[s| <1,
x(s) || (3.20)
x(s)=0, |s|>2.
Denote by x4 (s) = x(s)|s>0 the restriction of x (s) on {s > 0}. Then
s)=1, 0<s<l1,
Xx+(8) (3.21)
x()=0, s>2.
For any n > 1, we define
’
Y(r,z) = zm(;)fn(z), (r,z) € H,
with
fo(@) b Izl < . (3.22)
) = .
! ain® |z~ + an®2|z] 72 + a3n®|z| 7, |z| > .

Here 1 < ) < ap < a3 and ay, ay, a3 are constants to be determined such that f;(z) is
a C%—smooth function satisfying

fn@ +2fy(z) =0, z€R, (3.23)
and

2l f @]+ 221 £ () <C, z€R (3.24)
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with C an absolute constant. To be more precise, we consider the case z > 0 and the
case z < 0 can be treated similarly. Note that when z > 1 > 1 we have

fn@ =am® 27 + a7 +azn™z ",
1@ =—aian® 27— wan® 77 — azazn®@z 0,
7(@) = ai(ar + Dain™ 2z 7% + ag(an + Dagn™z 72
+a3 (a3 + Dazn®z %72,
To guarantee that f,(z) € C 2(R), one requires that
ay+az +az = 1,
ajay +azax +azaz =0, (3.25)
ap(ar + Day + ax(ap + Dax + az(az + 1)az = 0.
Solving (3.25), one has
a1 = o3 (3 —a2)
1= wmas(as—an)tar ez (e —as)rajaz(e—a) *
_ aja3(a)—a3)
2 = Haw@—a)raes e —a)ram@ )’ (3.26)
az = ajap(op—ay)

araz(az—an)tajaz(ap—as)taon(—ay)

We note that (3.23) is clearly satisfied when z < 5. To guarantee that (3.23) is sat-
isfied for all z € R, we choose some particular | < o] < oy < a3, for example,
o) = 1,ap = 2,03 = 10. Then for any z = an with a > 1, direct calculations show
that

fa(@) +2f,(2)
=an™z7 (1 —ap) +an™z7 (1 — a2) +azn™z" (1 — a3)

_mos(az —o)( —ap)a™ +ojoz(e) —a3)(1 —ax)a™*?

araz(az — ap) +ajaz (o) — a3) +ajoz(a —ay)

ajaz oz —ap)(l —az)a™*?

+ 9
araz(az —ap) +ajaz(a) — a3) +ajo(ay —ay)

and
arasz(as —ap) +ajaz(a) — a3) +ajaz(ay —ay) =72,
araz(az —a2)(l —ap)a ™ =0,
aras(ar — @3) (1 — az)a™ = 90a"2,
ajon(on — a1 —az)a™® = —18a~10.
Therefore
Sa—Z _ a—lO
@ +2fy@) = ——F—— >0

forall z = an witha > 1 and (3.23) is satisfied for all z € R. Moreover, (3.24) is clearly
satisfied.
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Now we choose the test functions as follows:
z ,r
re; =—0,Y = _ZXJ“(E)fn(Z)’ (3.27)
r r
roy =0y = X+(;)fn(z) + zm(;)f,;(z). (3.28)

In view of (3.23), one has r¢, > 0. Note that the test functions defined in (3.27) and
(3.28) do not satisty the conditions required in Definition 2.2. Especially, the test func-
tions ¢, has singularity o(%) near the symmetry axis. But for these test functions, we
have

Theorem 3.1. Suppose that the approximate solutions u®, p* € C'(R3) satisfy (3.18)—
(3.19) and the following conditions:

IIMSIILz(Rs) C, (3.29)

/ (—)de <, (3.30)
rR31 +x3 r

u®| = 0, p® — poasr’+z> — 0o, (3.31)

where C(> 0) and pg are some absolute constants. Suppose further that
ht ht hé
/ (1h] + u)m?rdz <C or / (M + u)rdrdz <C, (3.32)
H ' r H T r
Z
/ h%(0,2)dz <0 (3.33)
—00
for all z € R. Then for the test functions defined as in (3.27)—(3.28), it holds that
/ W)’ g drdz
H
1 r Z r
< / [)? - (uﬁ)z][—xi(—)ﬁ;(z) + —xi(;)fé(Z)]ldrdz
/ |urull—g; — 2 X+( )f,,(z)]ldrdz
/ |uyu 2X+( )f,,(z) r (s )f Y (2)]ldrdz + h(e), (3.34)
H

where h(e) = [, [[hE(r, 2)¢, + hi(r, 2);Irdrdz.
Proof. Without loss of generality, we assume that
p° — Oas r?+ 72 > oo. (3.35)

Otherwise, one may replace p® by p® = p® — pg in (3.18).
Let p® = p® — p®(0, z). Then

[ ubdpuy +usdul +0,p° = hi(r, z), (3.36)

uidpul +usoul +9;p° +9,p°(0,z) = hi(r, z).
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For the test functions r¢, and r¢, defined in (3.27) and (3.28), multiplying r¢, and r¢;

on both sides of (3.36); and (3.36), respectively and integrating on H, we have

/ [y 8y uy + uidzuy + 0, p°lo,rdrdz = / hi(r, 2)@,rdrdz,
H H

(3.37)

/ [uy 0 ul +usdui + 9. p° +0,p°(0, 2)].rdrdz = / hi(r, )@ rdrdz.  (3.38)
H H

Since u® € CY(R?) and uf = uye, +utez, so uy|,—o = 0. Formally, it follows from

(3.37) and (3.38) through integrating by parts that

/[(uf)zarwr+(u§)23z¢z]rdrdZ+/ p(0,2)0;¢,rdrdz
H H

= —/ ufui(&,goz+Bz(pr)rdrdz+l_l(8),
H

where h(e) = [}, [he(r, )@ + hE(r, 2)@; Irdrdz.
It follows from (3.27) that

gy, T
rorp; = —@; — ?X+(;)fn(z)7

with
0, 0<r=<n,
p:=1 — X H@, n=r=2n
0, r=>2n,
and

Fo0: = — 1) fo0) = XU ).
n n n n
While (3.28) yields
roror = —or + 2 x (O fr@ + 20OV 10,
n n n n
and
r , r ”
oz = 20 ()@ + () @)
Substitute (3.40)—(3.44) into (3.39) to obtain

/ (uf)2(prdrdz = / p°(0,2)d;¢.rdrdz
H H

£\2 £\2 1 ;T < 4T /
+ / (W) — XM= xL(E) fy @) + 2D Fl@Ndrdz
H n n n n

z r
+/ upui[—@; — —zxf(—)fn(z)]d”dz
H n n

+ [ iz )@ s o)y @Mrdz i),
H n n

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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In view of (3.36),, one has
3, p°(0,2) = —ut (0, 2)8;u5(0, z) + h%(0, 2). (3.46)
Thus

2

1
P*(0.2) = =5 WO, )%+ / K (0, 2)dz < 0, (3.47)

where the assumptions (3.31) and (3.33) have been used.
Thanks to (3.23), (3.42), we have

L, r R
roz@; = —=x. (=) (@) — —x:. (=) f,(2) = 0, (3.48)
n n n n
since x,(s) < 0 for s > 0. Thus, combining (3.47), (3.48) with (3.45) shows
/ (uf)2<p,drdz
H
1 r z r
< [ d? = @GO h@ + 2 fy@ndrd:
H n n n n
Z r
+ | lupuil—¢; — S x{ (=) fr(]ldrdz

+ / WEUE L2 (D) F1(2) + 23 (D) £ (Dl drdz + he)
H n n
Ia

(3.49)

where h(e) = [}, [[hE(r, 2)@r + hE(r, 2)¢;)|rdrdz.
Each term on the right-hand side of (3.49) is well-defined. In fact, there exists a
constant C = C(n) such that

£\2 &\2 1 ;T < 4.7 / 2
/H 167 = @RI X G + 2 ) @ldrdz < COn a1 g
/H it = 310 fy@drdz < CODlI s s
Moreover, by (3.24), one has
1 +z2)%[2><+(%)f,;(z) ¥ zm(%)f,;’(z)]l <c, (3.50)
and hence

| / W20 (5) f1(2) + 20 (5 £ () V]
H n n

1 uy o 1 e\2 1
= C( 5(=5)7rdrdz)2 (| (uf)“rdrdz)?.
gl+z r H
Due to (3.32), one has h(¢) < C. Consequently, using (3.29), (3.30), one has
1] < C, (3.51)

with C an absolute constant.
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To obtain (3.49) rigorously, we should prove that the left-hand side of (3.49) is
well-defined. To this end, we denote Hy; = (0, 00) x [-M, M] for any M > 0. Multi-
plying r¢, and r¢, on both sides of (3.36), and (3.36), respectively and integrating on
Hjy with respect to (r, z), we have

[y Oy uy + uid uy + 0, p°lo,rdrdz = / hé(r, 2)grrdrdz, (3.52)

Hy Hy

/ (uy 0, us +usdus +9.p° +9,p°(0, 2)lg,rdrdz
Hy
= / hi(r, )@ rdrdz. (3.53)
Hy

Integrating by parts in (3.52) and (3.53) and then adding the resulting equations show
that

(Mf)zsl)rdrdz=/ p°(0, 2)0,¢,rdrdz

Hpy Hpy

1 r Z r
+ / [@$)? — @)= X (=) f(2) + = x4 (=) £ ())drdz
Hy notm nton
Z r
+ / wtull—p. — = x!(C) fy@ldrdz
Hy n n
£ € r /7 r Vi
+/ upu[2x4(=) f,(2) + 2x4 (=) fy (D)1drdz
Hy n n
+hM(e) + SY, (3.54)
where hM (g) = S, TRE(r, D)@y + hE(r, 2)@; Irdrdz and
o0
sM = —/0 [WEutd. @ + U)o 112\ rdr
o0
- /0 [(5° + p*(0, )0cgc )M _yyrdr
which is the boundary term. It follows from (3.47) and (3.48) that

(uf)ztprdrdz
Hy

1
< / (W) — XM= x5 fo@) + 20D Fl@Ndrdz
Hy n n n n
o[ uputtoge - Sal s
Hy n n
+ [ e g@ s f @rds
Hy n n

+hMe) + ). (3.55)

Since

(0.¢]
15" < € max(|u®|* + |P£|)|[/0 00y + o0 )rdr]|X_yl,
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it is clear to deduce that
1Sy'1 =0

for any fixed ¢ > 0 and n > 1 as M — oo. Combining this with (3.51) and noting
that |hM (¢)| < C by (3.33), we obtain that the term on the left-hand side of (3.55) is
uniformly bounded with respect to M. Therefore, taking the limit M — oo on both
sides of (3.55), we obtain (3.49). The proof of the theorem is finished. O

4. Strong Convergence in Region Away From the Symmetry Axis
For any ry > 0, we define ©,, = {x|x € R3, xl2 + x% > rg}. Then we have

Theorem 4.1. Suppose that the assumptions of Theorem 3.1 hold and h(e) — 0 as
e — 0, where h(e) is same as in (3.34). Then

uj >0, uj—0 4.1

2
loc

strongly in L7 (S2,) for anyrg > 0as e — 0.

Proof. Due to (3.23), for any r > 0, we have
1 r z . r_ .,
¢r = = x+(=) fn(@) + = x+(=) /(@) = 0. (4.2)
r n r n
Foranyr =r, = % >0n=1,2,---), it follows from (4.2) and (3.34) that

1
w5 fy@rdrdz)
r n

{r=rn}

1 I3V r /
<1 / 1) 2x (D) £ @)lrdrdz
ry JH n

&\2 &\2 1 ;T < 4T /
+/ ()™ = )" M— x4 (=) (@) + — X () [, (D]|rdrdz
H motn rmTtn

1
+5 / 1@E)? + @HXE + =5 50(E) fy@rdrdz
H r rn n

+ /H 2 12+ a5 @ rdz + )
=L +h+5L+1+h(e). 4.3)
Note that
1 1 b, a1 ro ro
= [ e P25 0+ 5 @l

1 &2 2,1 r ’ r "
+§/ (u)"(1+29) 22X+ (=) [, (@) + 2x+(2) £y (@D]Irdrdz
H n n

= l/ 1 (“_§)2(1+Z2)%|[2X (z)f'(z)+zx (i)f”(Z)]Vdrdz
2 Stz 1422 r o <

1
+3 / W2+ D205 1) + 23 (D) f @ Irdrdz.
{Iz]=n} n n
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Equation (4.3) becomes

1
] @) fy@rdrdz|
r n

{r=rn}

1 £\2 r /
= —2/ [(u,)"zx+(=) f(2)|rdrdz
Iy JH n

£y2 e\2 1 r v r /
+/ I[,)” = ) N—x: (=) (@) + — x4 () £, (D)]|rdrdz
H rn n rn n

1 Z "
+5 / @S + @HNE + =520 ) fy@irdrdz
H r rn n

&
r

+1/ L 21+ 25205y @) + 2 (D) £ @ rdrd
> {\zlzn}1+12 " z X+nf,7z ZX+nf,,z rdrdz

2
=h+hL+1L+1s+1c+h(e). 4.4)

1 £N\2 2. L r.o., oo,
+—/{ | }(uz) (1+2z7)2 |[2X+(;)f,7(z) +ZX+(Z)fn (@)lrdrdz + h(e)
z|zn

Applying a diagonal procedure, taking the limit ¢ — 0, one can get
e 1 r
()" = x+ (=) fy()rdrdz
{r>rn} r n

= — [w$)? + (u%ix ) fy)dx — 1
2 Jrovprzn) 22y °
1 5 5 1 r

=5 (D)™ + @2)"]1 5 x+(=) f(x)dx
T JR3\{r=<ry} r n

1 1 r
o — X+(=) f(@d (1 + p2) 4.5)
4 R3\{r5rn} r n

for any r,, = % >0(mn=1,2,---)and n > 0. Then we obtain

1 1 1 1
I — [w1)? + @) dx + / Ldqui) @6
21 JR3\tr<ra) r 21 JRNtr<ry T

asn — oo.

I, I> and I3 can be treated in a similar way (see also the proof of Theorem 2.1).
Taking the limit ¢ — O first for any n > 1 and then taking the limit  — oo in Iy, I
and I3, we can obtain

I+ 1+ 13— 0. 4.7)

Now we consider the convergence of I5 and Is. Due to (3.30), we have
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1
1+272

ué‘
(Tr)zrdrdz — g+ Uy (4.8)

weakly in M as ¢ — 0, where g € L (H) and p,, is a Radon measure. Note that for
any fixed n > 1,

n“!

|z|*1

a +z2>%[2X+(%>f,;<z> +z><+(%)f,;’(z)]| =0(1—)

as |z| — oo. Then, taking the limit ¢ — 0 in /5 shows that

~ 1
Is—> 5=~ / 1801+ 21D 1) + 23 (D) f (D Irdrdz
{lz|=n—1} n n

1 1
+5 / 1+ 220 (5) £ + 2 (D) £ DNld s (49)
2 {lz|=n—1} n n

for any n > 1. Furthermore, thanks to (3.24), one has
2.1 r / r /"
I(1+z )2[2X+(;)f,](2) +ZX+(;)fn @I =C
with C an absolute constant, which yields

Is —> 0 (4.10)

as n — oo. Similarly, taking the limit ¢ — O first for any > 1 and then taking the
limit » — oo in I, we obtain

Is — 0. @11

Combining (4.5)—(4.7) and (4.9)—(4.11), taking the limit (up to a subsequence) ¢ — 0
first for any > 1 and then taking the limit  — oo in (4.4) show

1

1 1 1
= (P + @Plgdx e o [ Sdguep =0 @12)
T JR3\{r<r,} r R3\{

2 r<rp} r

for any r, = %(n =1,2,.-.). Therefore, for any ry > 0, in the region Q,, = {x|x €
R3,x12 +x§ > rg},
uy =ur =0,x € @,

and
m1(82r) = p2(82,) = 0.
Consequently,
ui >0, u5—>0 (4.13)

2
loc

strongly in L7 .(€2,,) as ¢ — 0. The proof of the theorem is finished. O
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5. Strong Convergence in R3
Theorem 5.1. Under the assumptions of Theorem 4.1, it holds that

u® — 0 (5.1
strongly in leoc(R3) ase — 0.

Proof. For any X3 >> 1 large enough and ro > 0, we have

/ (uf)zrdrdz
{lx31<X3,r>0}

31=A3,V=

) 2 (®)?
< (u,)rdrdz + (1+X3)
{lx31<X3,r>ro}

2rdrdz
{lx3]<X3,0<r<rg} 1 +x3

1 &
5/ (uj)zrdrdz+rg(l+X§)/ —2(u_r)2rdrdz
{Ix31<X3,r>ro} H1+x3 71
< / W)’ rdrdz +rg(1+ X3)C, (5.2)
{lx3|=X3,r>ro}

where (3.30) has been used. For any §p > 0 and X3 >> 1, we choose rp > 0 small
enough such that 73 (1 + X3)C < §. Using (4.13) and taking the limit ¢ — 0 in (5.2)
yield

/ (u)?rdrdz + / du, < 8. (5.3)
{lx3|<X3,r>0} {lx3]<X3,r>0}

Since § is arbitrary, (5.3) shows that u, = 0 and u, = 0. Consequently,
uj >0, u;—>0 54

strongly in leu C(R3) as ¢ — 0. This, together with (2.7), shows that

| wddx il =0,
R3
which implies
u3 = u3 =0. (5.5)
Consequently, combining (5.4) with (5.5) shows that

u® — 0 (5.6)

2
loc

strongly in L? (R3) as ¢ — 0. The proof of the theorem is finished. O

Now we investigate the validity of the condition (3.30).
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Lemma 5.1. Suppose that the approximate solutions u®, p¢ € C*(R?) satisfy (3.18) and
(3.19) with hf, h% some error terms satisfying d;h;., o, hg € C(H). Moreover, suppose
that

lufllL2r3) < C, (5.7)
lw§| < C(e), (r,z) € H =0, 00) x (0, 00), (5.8)
a,he — d,ht
/ | =L " Z\rdrdz < C, (5.9)
H r
[uf] = 0, asr’+z> — oo, (5.10)

where C is an absolute constant and C (¢) is a constant which may depend on ¢. Then
(3.30) holds.

Proof. 1t follows from (3.18) and (3.19) that

0:he — 0,ht
u8(—)+u8(—)_f (5.11)

Set p(x3) = f 0 Ta7 zdr For any n > 0, we define ¢(r, z) = X+( )p(z) with x4 the
same as in (3.21).

In the following, we will multiply the test functions r¢(r, z) on both sides of (5.11)
and make the integration on H with respect to r and z. Similar as in the proof of
Theorem 3.1, especially as the rigorous derivation of (3.49), the proof can be completed
rigorously by integrating on Hy; = (0, 00) x [—M, M] instead of H and we will omit
the details for conciseness.

Multiplying r¢(r, z) on both sides of (5.11), integrating the resulting identity with
respect to (r, z) over (0, 0c0) X (—00, 00), and using (3.19) and (5.8), we obtain

e ¢ e & 3th B arhi
u,wgdrpdrdz + | u wyd,pdrdz = — —— rdrdz. (5.12)
H H H r
That is

| wtapnCop'@ard:
H n
=—/uw9m(mwmﬁ
H n

0:hy — 0-ht r
_/ —X+( Yo (z)rdrdz. (5.13)
H r
Note that

g, & i / _ /€ e _ 3 £
u wpx+(=)p' (2)drdz = | p'uz(8;u, — dyu;) x+(=)drdz
H n H n

_1/00 /( 8)2(0 )d +1/ /( 8)21 /(r)dd
=5 P 0. 0dz+ 5 | W)™ xi(drdz

/(p” ‘ul +p'uld uE)X+( Ydrdz. (5.14)
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Therefore, one has
,
/u§w§X+(—)p’(z)drdz
H n
1/ / 821 , T
>~ | p(u) —x(=)drdz
2/ T "y
/ (P"usu + p'ut (- ——aruf»m( drdz
ut 2
:/ ) X+(r)drdz—/ p”uiuﬁ)@r(i)drdz
H H n
1 51 r 1 51 r
—E/HP/(Mf) ;Xi(;)drdZ‘Fz/Hp/(Mi) ;Xi(;)dVdZ-

It follows from (5.13) and (5.15) that

£\2
/ p/ (I/t ) X+(r)d}"dz _/ p//ususx+(£)drdz
H H n

1 e\2 1/ /le/r
drdz — — —x.(=)drd
2/p(u) X+( )drdz > Hp(uz) nX+(n) rdz

0:hf — 0r-he r
- / uiwf~ x+( Yo(@drdz - / 9ty = O s (DY (yrdrdz.
H n H r n

For any N > 1, we choose n > N large enough such that
r
I/ p"uluy x4 (=)drdz|
H n
N N
< |/ / p”uiuidrdz|+/ |p" ulus|drdz
-NJO H\(=N,N)x(0,N)
N /N N
=[] e W'“/ / A
—-NJO
S i
N N 5
= I/ / p"uuldrdz| +ZI,-.
—NJ0 i=1

341

(5.15)

(5.16)

(5.17)
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The following estimates are direct:

; -N eldrd 82l.
= 2)2 uiup|drdz < C max |u’| N
ez L
L= (1+Z2)2 uzuyldrdz = Cmax u’|" & N
-N
I = / / (1+ 2)2 uiuyldrdz
-N
< C— / |u |rdrdz =< CN4 ”u ||L2(R3)’
2z 1
Iy = / / lmuiufldrdz = Ol ey
& :/ / (1+zz)z uiuyldrdz < C 4"” 2oy

Consequently, one has from (5.17) that
|/ o (e
H
< 1..& edrd Cl &2 £12
_| vJo IO uzur r Z|+ ﬁ(maxh/t | +||M ||L2(R3))
forany N > 1 and n > N. Combining (5.16) with (5.18), one has
N N £y2
/ / 7 g
~_NJO r
N 1 2 2
< I/_N/0 p”uiufdrdz|+CN(max|u8| + 111 g3y
0,ht — 0,ht
+c/ | =L Z\rdrdz +|J|,
H r
where

J_—l/ "(uf)? ( Ydrd 1/ " 5)21 'Cydra
— - rdr — = 2 "\ar
5 | P x+ z 2Hpuz UX+77 z

.
—/ uﬁwé—xi(—)p(z)drdz
H n""
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(5.18)

(5.19)

(5.20)
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The last term on the right-hand side of (5.20) can be rewritten as

1
/ufa)g—xi(i)p(z)drdz
H n n
& & & 1 / r
= / S (0.f — 0,u8) =1L (D)p(2)drdz
H n n
_ ! / WL Oy @drdz + / ot Ly (Oyp(drdz
2y "y wo iy
+/ utut ! (Cyp@)drdz
H n n
z_l/ W2 1Oyl Q)drdz - / v oyt Ll (Cyp(ydrds
2y "y woro ity
1
+/ ?XJr( Vp(z)drdz
2 8
=——/( 7 x+( )P (z)drdz—/ —uz—x+( )p(2)drdz

/ (ut)? x+( )0 (2)drdz + / u,uzﬁm )p(2)drd:z. (5.21)
It follows from (5.20) and (5.21) that

1J| < c -0, (5.22)

”M ”LZ(RS)

as n — oo.
Taking the limit 7 — oo on both sides of (5.19) yields

N N (u8)2 N N
/ / o —L—drdz < |/ / p"ululdrdz|
-NJo r -NJo '
1 -ht — 9:ht
+C (max P+ 11 172 ) + C/H |%Irdrdz (5.23)

forany N > 1.
Since p’(x3) > 0 for all x3 € R, it follows from (5.23) and (5.9) that

£\2 £\2 //2
// (e )drdz<(// A )drdz)z(/ /(8)2('0 rdrdz)?

+C—<max|u 24+ 1125 ) + C.

where C is an absolute constant independent of ¢ and N. By the Cauchy-Schwartz
inequality, we obtain

! /@dd < O (max w4 2, o) + € (5.24)
A 0 , raz = N max |u u LZ(R3) 5 .

where C is an absolute constant independent of ¢ and N. Letting N — oo on both sides
of (5.24) yields (3.30) and the proof of the theorem is finished. O
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Lemma 5.2. Suppose that the approximate solutions u®, p® € C'(R?) satisfy (3.18)
and (3.19) with some error terms h;, and h satisfying h7, ht € CY'(H) and hlr=0 = 0.
Suppose further that (5.7),(5.9) and (5.10) are satisfied and p¢ — pg as r> +z> — 00,
where pg is a constant. Then (3.30) holds.

Proof. Without loss of generality, we assume that
p° — 0asr’+2z2 — oo.

Forany n > 0,weletp(r, z7) = X+(%)p (z) be the same as in the proof of Lemma 5.1.
Similar to the proof of Lemma 5.1, it is assumed that the following integrations make
sense and the rigorous proof by integration on Hj, instead of H will be omitted for
conciseness.

Multiplying d,¢ and 9, ¢ on both sides of (3.36); and (3.36), respectively and inte-
grating on H, one may get

/ [y By + usd uy + 0, p°10,pdrdz = / hi(r,z)0,edrdz, (5.25)
H H

/ [y 0rus +uld.us +9.p° + 9, p° (0, 2)13,@drdz
H

= /H he(r, 2)0rpdrdz, (5.26)
where p® = p®(r, z) — p?(0, 2).
Since
/H[ufaruﬁ +uld;uy 0 pdrdz
= /H utoutdrpdrdz +/H ud;uyd;pdrdz, (5.27)
and

/ [y 0pu? + ufd,us)0,-@drdz
H
=/ ufaruiargodrdz+/ utd,utd pdrdz
H H

‘l oo
+§/ )%(0, 2)3.9(0, 2)dz, (5.28)

subtracting (5.26) from (5.25) and then integrating by parts, with help of (5.27) and
(5.28), one has

1 o0
/ ufa)gﬁrgodrdz+/ uiwyd pdrdz — 5/ (u§)2(0, 2)p'(2)dz
H H —00

0.hé — 0,.ht
+ / p°(0,2)8,0.drdz = — / -r Tz
H H

Lordrdz. (5.29)
Moreover, since x;(s) <0 (s € R), p’ > 0 and p®(0, z) < 0 due to (3.46), (3.47) and
the assumption that /£ (0, z) = 0, it holds that

1
/ pF(0,2)3,0:¢ =/ p(0, Z)—Xi(i)p/drdz = 0. (5.30)
H H n n
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It follows from (5.29), (5.30) and (5.14) that

—/ (p"uZu; + p'u;d ua)X+( —)drdz
H

1 0,h — 9 hg
< —/ utwhdrpdrdz — —/ ,o/(u"f)2 ( Ydrdz —/ S T ordrds.
H 2 )y H r

(5.31)

Noting that the left-hand side of (5.31) is

ué
/(,0// Cul + p'ul(— _’ — 9 ue)))(+( )drdz

£\2
r 1 1 r
=/ p’(u) X+ (= )drdz—/ p"uSu (= )drdz—i/ p ()= xi(=)drdz,
H H n n

(5.32)
one has
£\2
/ ) T g drd / P xa (D)drdz
H H n
1 £\2 r T 1 I 21 , r
2 p "(uy) ;xi;)drdz— 3 Hp (u3) 5x+(—)drdz
1 d:he — 0,ht
- /H 505 p@drdz /H e Cpardr:
0:hy — 0r-ht r
=J —/ f}@(;)p(z)rdrdz, (5.33)
H

where J is same as in (5.20). Using similar arguments as (5.17)—(5.22), we obtain (5.23)
from (5.33) and hence (5.24) by the Cauchy-Schwartz inequality. Letting N — oo on
both sides of (5.24) yields (3.30) and the proof of the theorem is finished. O

Remark 5.1. For unsteady 3D axisymmetric Euler equations with vortex-sheets initial
data, Chae and Imanuvilov proved in [1] that the smooth approximate solutions con-
structed through regularizing the initial data satisfy

// 2d <C,
R31+x

where C is a constant depending on initial energy and total variation of initial vorticity.
Corresponding viscous approximations can be foundin [11]. Lemma 5.1 and Lemma 5.2
above concern the steady approximations with error terms and in particular in Lemma 5.2
we only need that approximate solutions are C'-smooth.

Based on Theorem 5.1, Lemma 5.1 and Lemma 5.2, we have



346 Q. Jiu, Z. Xin

Theorem 5.2. i) Suppose that the approximate solutions u®, p° € C*(R®) satisfy
(3.18) and (3.19) with error terms h;. and h satisfying 9;hy, 9,h € C(H). More-
over, suppose that

lu® 23y < C, (5.34)
lw§| < C(e), (r,z) € H=1[0,00) x (0, 0), (5.35)
hé he hé
/ (IhZ] + u)rdrdz <C or / (u + u)rdrdz <C, (5.36)
H ' r H T r
d:he — 8,h¢
/ | ——=|rdrdz < C, (5.37)
H r
u®| — 0, p* — po, asr? +z> — oo, (5.38)

where C, po are some constants and C () is a constant which may depend on ¢.
Then u® — 0 strongly in leoc(R3).

i) Suppose that the approximate solutions u®, p* € CY(R? satisfy (3.18) and (3.19)
with error terms hi and h satisfying h?, hi € C'(H)and h¢lr=0 = 0. Assume fur-

ther that (5.34) and (5.36)—(5.38) are satisfied. Then u® — 0 strongly in LIZOC(R3).

Remark 5.2. Contrary to the 3D steady axisymmetric Euler equations, there exist non-
trivial smooth exact solutions with finite energy and there exist smooth approximate
solutions with finite energy appearing energy concentrations in the limit process to the
2D steady Euler equations (see [4]). More precisely, in 2D steady case, choose a velocity

field,
ulx) = r2 (—xz)/ sw(s)ds,
X1 0

satisfying suppw C {|x| < 1} and fol sw(s)ds = 0. Set u®(x) = e 'u(x/e). Then u¢
are the exact solutions of the two-dimensional steady Euler equations. Moreover,

/ |u6|2dx+/ IVuldx < C,
R2 R2

u¢ =0

and

weakly in L2(R?). However,
s O
u¢ @ut — C
0 &

weakly in M (2), the finite Radon space, where u¢ ® u¢ = (ufu‘;) is a 2 x 2 matrix,
8o is a Dirac measure supported at the origin and C is a positive constant.

Remark 5.3. Using the spherical vortex rings given in [10], an example of the approxi-
mate solutions of the 3D steady axisymmetric Euler equations which converge strongly
to 0 in leuc(R3) was constructed in [13].

Based on Theorem 5.2 ii), we obtain a Liouville type theorem which reads:
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Theorem 5.3. Suppose thatu, p € C'(R?) are exact solutions of 3D steady axisymmetric
Euler equations (1.2)-(1.3) satisfying

||”||L2(R3) <C,

lul - 0, p— po as r?+ 72 > oo,
where C and pq are some constants. Then u = 0 and p = po.

Proof (I). Taking u® = u, p® = p, h;, h = 0in Theorem 5.2 ii), we obtain that u = 0
directly. While (1.1) and the fact that p — pg as r2 +z> — oo shows that p = pg. The
proof of the theorem is complete. O

The following is a direct proof of Theorem 5.3. The merit of this proof is that we do
not need the technical test functions above.

Proof (II). Without loss of generality, we assume that
p— 0asr?+z> — oo. (5.39)

Otherwise, one may replace p by p = p — po in (1.2)—(1.3).
Let p = p — p(0, z). Then it follows from (1.2)—(1.3) that

UpOrthy + U0, Uy + 8r1_5 =0, (5.40)
Updrty +uz0u; +0,p+9,p(0,z2) =0.
Note that (5.40); can be rewritten as
u, up  u? _
(rup)dr— + (ruz)d,— + — = =9, p. (5.41)
r r r

Integrating (5.41) with respect to r over [0, R], and then with respect to z over [—Z, Z],
using (1.3) and the fact that u, (0, z) = 0, we have

z R Z R 2
/ ul(R, 2)dz +/ ur(r, Duz(r, 2)| 2 _dr +/ / —Ldrdz
-7 0 -7 JO0 r

z
= —/ P(R, 2)dz. (5.42)
z

Letting R — oo on both sides of (5.42), and using the fact that |u| — 0, p — 0 as
r? +z> — 00, one can obtain

00 V4 oo u2 VA
/ ur (r, Duz(r, 2|2 _dr +/ / —Ldrdz =/ p(0,2)dz.  (5.43)
0 -zJo T zZ

Taking r = 0 on both sides of (5.40),, one has
azp(07 Z) = _uZ(Ov Z)aZuZ(O’ Z)’ ze€ (_007 OO)
Thus

p(0,2) = —%(uz(o, )2 <0, z € (—00,00). (5.44)
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Substitute (5.44) into (5.43) to obtain

Z 00 u2 o0 00
/ / Ldrdz < / luy (ry Z)u (r, Z)\|dr +/ luy (r, —Z)u,(r, —2)\dr.
—zJo 1 0 0

(5.45)

Since u € L*(R?), we have
o o0
/ / luy (r, 2)uz(r, 2)|rdrdz < oo.
—00 J0
Consequently,

00 00 00 00
/ / lur (r, 2)uz(r, 2)|drdz < / / lur (r, 2)uz(r, 2)|rdrdz < oo.
—00 J1 —o0 J 1

Thus there exists a sequence of number Z; > 0(i = 1,2, - - ) satisfying Z; — oo as
i — oo such that

/100 lu,(r, Zi)u,(r, Z;)|dr + /100 lu,(r, —Z)u,(r, —Z;)|dr — 0 (5.46)
as i — oo. Note that
00 1 [}
/0 luy(ry Zi)u (r, Zi)|dr = (/O +/1 MNuy(r, Zi)u  (r, Zi)|dr. (5.47)
Since u € C'(R?) and |u| — 0, we obtain that
/01 luy(r, Zi)u;(r, Z;)|dr — 0 (5.48)
asi — oo. It follows from (5.46)—(5.48) that
/000 lu,(r, Zj)u (r, Z;)|dr — 0 (5.49)
as i — oo. Similarly, one has
/Ooo luy(r, —Zi)u (r, —Z;)|dr — 0 (5.50)

as i — o0o. Replacing Z by Z; in (5.45) and taking the limit i — oo on both sides of

(5.45), we obtain
00 00 u%
/ / —drdz =0
—00J0 r

and u, = 0. This, combined with (1.3), implies that d,u, = 0, from which we have
u,(r,z) = u,(r,z) = 0forall (r, z7) € Ry x R. Equations (1.2) and the fact that p — po
as 72 + z> — oo show that p = py. The proof of the theorem is complete. [
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