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Abstract: In this paper we address the question of the singular vortex dynamics
exhibited in [15], which generates a corner in finite time. The purpose is to prove that
under some appropriate small regular perturbation the corner still remains. Our approach

uses

the Hasimoto transform and deals with the long range scattering properties of a

Gross-Pitaevski equation with time-variable coefficients.
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1. Introduction

In this paper we study the stability properties of selfsimilar solutions of the geometric
flow

Xt = Xx N Xxx- (1)

Here x = x(t,x) € R3, x denotes the arclength parameter and ¢ the time variable.
The above equation was proposed by DaRios in 1906 [9] and re-derived by Arms and
Hama in 1965 [1] as an approximation of the dynamics of a vortex filament under Euler
equations. In this model x (¢, x) represents the support of the singular vectorial mea-
sure that describes the vorticity. The velocity field is then obtained from the Biot-Savart
integral and is singular at the points of the filament. Equation (1) follows from a Taylor
expansion around a given point. The first term is discarded by symmetry, and then, after
doing a re-normalization in time to avoid a logarithmic singularity, the second term gives
(1). Therefore just local effects are considered and for this reason this model is usually
known as the Localized Induction Approximation (LIA). We refer the reader to [3] and
[29] for an analysis and discussion about the limitations of this model and to [28] for a
survey about Da Rios’ work.

Starting with the work by Schwartz in [30] LIA has been also used as an approxi-
mation of the quantum vortex motion in superfluid Helium. In particular in the recent
work by T. Lipniacki [23,24], a detailed analysis of the selfsimilar solutions of (1) is
also made. A rather complete list of references about the use of LIA in this setting can
be found in these two papers.

Let us recall now that for a general curve in R?, parametrized by arclength, its tangent
vector 7', its normal vector n and its binormal b satisfy the Frenet system

T 0 ¢ O T
n|l=(-c0r=< n |, (2)
b 0 —-10 b

X

where c is the curvature of the curve and t its torsion. Then Eq. (1) can be rewritten as
Xt = cb. €))

This explains why the term binormal flow is sometimes used as a substitute to LIA.
Another relevant connection of (1) is obtained by computing the equation satisfied
by the tangent vector

T = xx.
An immediate calculation gives that 7" has to solve
T, =T A Tyx. 4

Notice that as a consequence the arclength parametrization is preserved and therefore T
gives a flow onto the unit sphere S?. Equation (4) can be rewritten as

T, = JD, T, )

with J denoting the complex structure of the sphere and D, the covariant derivative. With
this formulation we identify (5) as the Schrodinger map onto the sphere. This equation
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can be also seen as a simplification of the Landau-Lifchitz equation for ferromagnetism
(see [22]).

As we have already said our main interest is to study the selfsimilar solutions of the
binormal flow (1). Let us recall the known results about selfsimilar solutions. Although
there is a one parameter family of possible scalings that leave invariant the set of solu-
tions, there is only one which preserves the property that 7'(¢, x) is in S>. Namely, for
A > 0, if x(z, x) solves (1), so does

! (A%, Ax)
— ,AX).
o X

Let us look for solutions of the type

x(t,x):«/?G(%).

After differentiation we get that G has to be a solution of the ODE

16 Y6 - no
)

Computing another derivative and with some abuse of notation we get that 7'(x) has to
solve

- %T’ —T AT = (ch). 6)
Using the Frenet equations (2) it follows that
—Xen=cb—cn.
2

As aconclusion we obtain a one parameter family of curves (see [6,20,21]) characterized
by

c(x)=a, t(x) = % @)

Let us notice that (6) implies
2 ! 2
(T + —Cb) Y )
X

We define (T, n4, by)(x) to be the unique solution of the Frenet system with curvature
and torsion as in (7), and initial data (7, ng, b,)(0) = I3. By using the fact that the
binormal vector is unitary, an immediate consequence of (8) is that for any a € R* there
exists a pair of unit vectors A¥ such that

: _ 4t
Jim Ta) = A7 ©
In [15] among other things, the following result is proved:

Theorem (Gutierrez-Rivas-Vega). Let a be a positive number, and let G, be defined by
G, = T, with G4(0) = 2a(0, 0, 1). Then
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0) ViGa (%) = At Tio.00 () = A7 3000 (@] = 2aE.

(i1) For any test function V¥ (x) such that

/ [V (x )lﬁ oo,

lim (Ta (%) — A;I[[o,oo)(x) — Aa]I(—oo,O](x)) w(x)dx =0. (10)

=0 ) _~o

we have

(iii) The relation between a and Aflt is

.0 _a
sin— =e~ 2,

2

where 0 is the angle between the vectors A} and —A].

Notice that (1) is invariant under rotations. As a conclusion, there exists a solution
Xa of (1) with the initial condition

Xa (0, x) = AxT[0 00y (x) + A7 XL (00,07 (x),

for any pair of unit vectors A*, different and non-opposite. This is deduced first by deter-
mining the number a such that (iii) holds for A*, then taking x. (x, 1) = v/1Gq(x/+/1)
with G, given in the theorem, and finally by applying to x, the rotation that sends A*
into AE.

Also notice that (1) is a time reversible flow because if x (¢, x) is a solution, so is
x (—t, —x). Therefore if we look at (1) backwards in time with the initial condition at
t = 1 given by

Xa(1,x) = G4(x),

we get an example of a solution which is regular at t = 1, in fact real analytic, and that
develops a singularity in the shape of a corner at time zero.

The main result of this paper is given in Theorem 1.5 where we prove that under a
smallness assumption on a, there exist regular solutions y of (1) for ¢ > 0, perturbations
of x4, that still have a corner at t = 0.

Remark 1.1. Equation (5) suggests many possible generalizations by considering other
targets besides the sphere. Let us then introduce the notation

1 0 O
untv=101 0 ]unvo.
0 0 =1
Therefore instead of (5) we write
TIZT/\j: T)CX7 (11)

with T a map from R? onto the sphere S? or the hyperbolic plane H? depending on
which sign is considered in (11). The positive sign stands for S?, and the negative one
for H2. Analogously, since T = x,, we can obtain the equation

Xt = Xx N+ Xxx- (12)
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Similar calculations and results as in [15] were done by de la Hoz [10] for selfsimilar
solutions of (12) in the hyperbolic setting. The extra-difficulty is that there is a-priori
no control on the size of the euclidean length of the generalized binormal vectors.

In order to write our results we need to recall another remarkable connection of (12)
made by Hasimoto in [16]. It is as follows. Assume that x is a regular solution of (12)
with a strictly positive curvature at all points. He defines the “filament function” as

X

u(t, x) = c(t, x) exp i/r(t,x’)dx’ . (13)
0

Then u solves the nonlinear Schrodinger equation
1
ity + 1y & 5 (|u|2—A(t))u =0, (14)

with
2
Al) = (ﬂ:ZM + c2) . 0). (15)
C

Let us notice that the identity (15) provides us with some extra information on ¢ and t©
at x = 0. This will be an important ingredient in the proof of Theorem 1.5.

As we see the focusing sign (+) is related to the sphere, while the defocusing sign
(-) is connected to hyperbolic space. The real coefficient A(#) can be easily eliminated
by an integrating factor so that (14) can be reduced to the well known cubic NLS. This
equation is completely integrable and among the infinitely many conserved quantities it
has, we want to recall that

/|u(t,x)|2dx (16)

is preserved. This quantity is related to the kinetic energy of the filament (see [27]).
The particular selfsimilar solution x, has as a filament function

i
e 4

7

Therefore neither u, nor any of its derivatives are in L. As a consequence none of the
other conserved quantities are finite for u,, included (16). However, we will see below
(20) that there is a natural energy asociated to u,,.

Notice that u,, is a solution of Eq. (14) with

uqs(t,x) =a

2
a
Alt) = —,
() ;
and
uy (0, x) = adp.

Therefore, in order to study perturbations of the particular solution u, we have to study
(14) within a functional setting which includes functions of infinite energy. This was



598 V. Banica, L. Vega

started in [33] and then extended in [13] and in [8] to the case of periodic boundary
conditions. None of these works consider initial data as singular as the delta-function
which is our interest here. There is an obstruction to do that, as it was observed in [19].
Using the so-called Galilean invariance the authors proved that the solution of (14) with
A(t) = 0and u(0, x) = ady either does not exist or is not unique. The reason is that the
natural candidate for such a solution is

2
ieiiaz log r+i 3 i
1t
which has no limit as 7 goes to zero. As noticed, in our case the Hasimoto transform

leads to (14)-(15) with A(¢) = “t—z and therefore we have the solution u, even at t = 0.

The study of the stability of u, was started in [2] where a weak stability result is
obtained. We proceed as follows. First notice that after arescaling, (14) with A(¢) = a? /t
can be rewritten as

2
. 2 a
lu,+uxxj:(|u| —T)uzo. (17

Consider u a solution of (17) for any x € R and ¢ > 0. Using the so called pseudo-con-
formal transformation we define a new unknown v as

2

X

(1) = To ) = g (L2 (18)
Jx)=Tou(t, x) = ol—-,—).
u X X \/; PLR
Then v solves
|
ivt+vxx:l:;(|v|2—a2)v=0, (19)

and v, = aisaparticular solution. A natural quantity associated to (19) is the normalized
energy

1 1
E(r) = 5/|vx(r)|2dx¢5/(|v(r)|2—a2>2dx. (20)

An immediate calculation gives that

1
SE®) F m/(|u|2 —a*)?dx =0.

In [2] we use this energy law to prove that (19) is globally (respectively locally) well
posed for t > ty > 0 if E(v(tp, x)) < oo in the defocusing (respectively focusing)
settings. The global existence follows by proving the control

lv(t) —all;2 < CV/t.

Let us notice here that similar tools have been also used by Tsutsumi and Yajima in [32]
to prove scattering in L? for NLS with H! N ¥ data.

Our first theorem can be seen as an extension of the results in [2]. We construct
modified wave operators for v — a in both focusing and defocusing cases, under some
smallness assumptions. Since we are working around a non-integrable particular solu-
tion, the source term of Eq. (19) is the linear one, with a coefficient with decay %, that is
exactly the frame for long range effects for cubic 1-d NLS ([7,17,26]). Here the situation
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is different since the L°°-norm of the functions we are working with is not decaying
as t goes to infinity, being just bounded. A link can be made with the scattering for the
Gross-Pitaevskii equation around the constant solution ([14]), but still the situation is
pretty different.

Given u, we define

.9 )
Vi (2, x) = a + T8 G110, ().

Theorem 1.2. Let 1o > 0. There exists a constant ay > 0 such that for all a < ag, and
for all uy small in L' N L2 with respect to ag and to ty, Eq. (19) has a unique solution

v —v; € C([tg, 00), L*(R)) N L*([10, 00), L (R)),

verifying, as t goes to infinity,

1
lv@) —vi@OllL2 + v = vill La(t.00), L0y = OGT4). 21
Let us notice that the family of solutions we have found is such that
lv(@) —allp2 = O),

as ¢ goes to infinity, while as we said before, for a general solution of (19), with sign -,
we got in [2] only a control in OW1).

Once v is obtained, we recover u# by the pseudo-conformal transformation (18). If
we define

i +ia®lo

er e LN X
ui(t,x) =a——+ ——uy (__)’
Jt NAmi 2

we get the following corollary from Theorem 1.2.

Corollary 1.3. Let 1y > 0. There exists a constant ag > 0 such that for all a < ag, for
all uy small in L' 0 L? with respect to ag and to Ty, us in L*(x*dx), Eq. (17) has a
unique solution

u—uy € C(0, fol, L*(R)) N L*((0, fo], L™ (R)),

verifying, as t goes to zero,

1
@) —ur @2 + llu —uill 20,0, 1000 = O 4). (22)
In particular,
2|2
0 —ae| i (5] = o (23)
u(t,x) —a — |u. (——)‘ = %),
Vt U2
L]
2
ex—a’r| —ow (24)
u(t,x) —a = ,
Vit -
x2
e ar

but there is no limit in L? for u(t, x) —a 7 as t goes to zero.
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We shall prove below that although u does not have a trace at ¢t = 0 we will be able to
construct a family of curves associated to u by the Hasimoto transform that do have a
limit at r = 0.

The proof of Theorem 1.2 goes as follows. We write

V—a=w.

If v solves (19) then w solves
. 1 2_ 2 _
zwt+wxx:|:t la + w| a’) (a+w)=0.

The source term includes therefore two linear terms, namely

Cl2 a2
t

—w, and w.

t
As afirst guess we can treat w as a perturbation from a free evolution at ¢ = oo. Therefore
let us assume that for ¢ large,
o7

w(t) ~ "%y,

where ¢//%u, denotes the solution of the free Schrodinger equation with u, as initial
condition. Then the two linear terms lead to the Duhamel integrals

00
a2 a2 dT

a2/ el([ r)dxezrdxu_'__’
t T

and
. 2 o dt
a2/ el(t_r)a,rg_lrd,xﬁ+_. (25)
t ‘E

Clearly there is no cancellation in the first integral which therefore diverges. As a con-
clusion, the initial ansatz has to be modified to

2
(v —a)eFialogt —

Doing this the second integral (25) still remains (in fact a harmless variation of it). But
in this case plenty of cancellations can be expected. We exploit them by the so-called
Strichartz estimates [31] (see the beginning of §2.1). Notice that we are in the one
dimension case and these estimates were proved by Fefferman and Stein in [11]. For our

later purposes the rate of decay of v — vy is crucial. The power 1 is proved using the
mixed norm spaces L*L> — L*/3L! introduced by Ginibre and Velo [12] and cannot
be improved if we use standard Strichartz estimates.

A natural question is how to construct the curves x (¢, x) from the solutions obtained
in Corollary 1.3. There could be a problem if we want to use the Frenet frame, because
we do not know if |u| # 0, and so the torsion cannot be well-defined by (13). This can
be overcome by using another type of frames [18]. In [25] it is proved how to construct
x (t, x) for t > 0 and therefore to solve (12) with regularity assumptions similar to those
given by Corollary 1.3. The necessary modifications are straightforward. However the
existence of a trace at + = 0 is very unclear. Moreover the —% rate of decay doesn’t
seem enough in order to prove that the formation of a corner is preserved.
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The main content of our second result is the improvement of the rate of decay of
v — v1 by strengthening the conditions on u,. As we said, the first test to be checked
is to obtain a better rate of convergence for the oscillatory integral (25). We are going
to proceed in a different way. Recall that if i, denotes the Fourier transform of u we
obtain the identity

ei133u+ — / €7it§2+ix$ﬁ+(€:)dé.
Plugging this in the integral (25) we get after changing the order of integration
o . d A . d
/ ez(z—r)a}.e—zrafm% — / e'xsﬁ+($) / ez(l—Zr)gz T‘[dg’
t t

where the last integral has to be understood as an oscillatory one

R dt eilé2
Rlim Qe = +remainder. (26)
—>00 J; T

This suggests to consider data u, € H~> which we define as

— e L”. 27)
&2
Similar conditions were assumed by Bourgain and Wang in [5].
For s, p € N*, WP is defined as

WSP = (f|VEf € LP, VO <k <5},
and H® = W*?2. We have the following theorem.

Theorem 1.4. Let 19 > 0, 5 € N*. There exists a constant ag > 0 such that for all
a < ay, for all uy small in H™2N HS N W with respect to ag and to ty, Eq. (19) has
a unique solution

v —v; € C([ty, 00), H* (R)),

verifying, as t goes to infinity, and for all integer 0 < k < s,

W= oD@z =062 . V@ — )02 = O, (28)

Notice that from (26)-(27) we expect a 1/t decay coming from the linear term. How-
ever, in Theorem 1.4 we obtain just 1/+/7 as the rate of the L convergence. The problem
comes now from the quadratic terms. They are the following:

—|w| 2, and 4 w?.

t t
Again the first one gives less cancellations than the second one. However the derivative
d,|w|* behaves better and a rate of decay 1/7 is also proved in this case (see Lemma
2.1). Similar ideas have been used in [14].

Theorem 1.4 is enough for our purposes. First notice that by taking .. small and reg-
ular enough, we get from Theorem 1.4 a solution v regular and not vanishing. Hence we
can define (§3.2) a regular curvature and torsion by taking respectively the modulus and
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the derivative of the phase of u = 7 (v). Then, we can use the Frenet frame to construct
(§3.3) a family of curves y (¢, x) that is a solution of the binormal flow for # > 0. To be
able to use the Frenet frame is particularly useful for us, because for example Eq. (8)
has a natural generalization, see (60), which plays an important role in proving that the
constructed family of curves is close to the selfsimilar one x,. Also, for proving this
final fact, the strong rates of decay of Theorem 1.4 are crucial.

Finally let us say that in the construction of the family of curves we shall deal just
with solutions of (1) and not of (12). The obstruction for doing it in the second case
is the same as the one mentioned before: there is no a-priori control on the size of the
euclidean length of the generalized binormal vector if we work in H?. This does not
happen in the sphere setting where we are able to prove the existence of the trace of x
at t = 0 from the uniform bound of the curvature obtained in §3.2 from Theorem 1.4,

le(t, x)| < £

NG

Using this bound in (3) together with the fact that b is unitary, we get the integrability of
Xxr att = 0, and therefore the existence of a curve xo(x) = x (0, x) follows immediately.
Our final result is the following one:

Theorem 1.5. We fix € > 0, fy > 0 and a positive number a such that a < ag, where ag
is the constant in Theorem 1.4. Let u, be small enough in H 2N H3 N W3 with x2u,
be small enough in H" in terms of €, a and fy, and let v be the corresponding solution
obtained in Theorem 1.4. By using the Hasimoto transform, we construct from v a family
of curves x (t, x) which solves for fy > t > 0,

Xt =cb,
and such that there exists a unique o such that
Ix(t, x) — xo(x)| < Cav/t

uniformly on x € (—00, 00).
Moreover xq is Lipschitz and for x > 0,

[ X0(x) = x0(0) — Azx| < ex,
and
[%0(0) — xo(—=x) — A x| < ex,
with A} and AJ the vectors given in (9) and that satisfy

a2

sinzze 7,

where 0 is the angle between A} and —A7 .

In the proof we show that the tangent vector of the binormal flow x we construct is
close to the one of x,. We then prove that x is close to x, even at time t = 0. We recall
here that

Xa (0, x) = AZxT[0 00y (x) + Ay XT(—00,07(X).
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As a conclusion of the statement of Theorem 1.5 we get that xo(x) lies in the e-cone
around x, (0, x), and therefore a corner is still formed for y (¢, x) at¢ = 0 and at x = 0.
The angle of this corner can be made as close as desired to the one in between A} and
—A, by taking € small enough. The family of perturbations of x, that we obtain is
determined by the wave operator constructed in Theorem 1.4. A better description of the
allowed perturbations would be obtained if the asymptotic completeness of this wave
operator were proved. This will be done in a forthcoming paper.

The paper is organized as follows. In the next section we give the results about the
wave operator. We start by writing the long-range profile that implies a modification of
the free evolution, and then we find the corresponding integral equation associated to
this profile. In the next subsections, §2.1 and §2.3, we solve this integral equation first
in the mixed norm spaces (Theorem 1.4), and then in the Sobolev spaces (Theorem 1.2).
Subsection §2.2 is devoted to the proof of Corollary 1.3.

Section §3 contains the construction of the family of curves x associated to the solu-
tion v obtained in Theorem 1.4, and that solve (1). First, in §3.1 we obtain estimates
on v from Theorem 1.4. In §3.2, after defining the curvature and the torsion from v,
we compute their leading terms as ¢ goes to zero. With this curvature and torsion, we
construct in §3.3 a binormal flow up to # = 0, as stated in the first part of Theorem 1.5.

Section §4 is devoted to the proof of the fact that the constructed flow y is close to
Xa- In the three first subsections we show that the tangent vector of x is close to the one
of x4, and in §4.4 we conclude the second part of Theorem 1.5.

In the last section we derive some extra-information on y (¢, x). Finally in the Appen-
dix we sketch how to construct the tangent, normal and binormal vectors of a solution
of (1) from a solution of (14).

2. Modified Wave Operators

First we give the fixed point argument that we use to obtain the wave operator for our
problem. Subsection §2.1 contains the proof of Theorem 1.2 in mixed norm spaces, and
Subsect. §2.3 deals with the proof of Theorem 1.4 in the Sobolev space framework. In
Subsect. §2.2 we prove Corollary 1.3.

As usual for nonlinear Schrodinger equations, if we want a solution of Eq. (19) to
behave as t goes to infinity like a particular function v, it is enough to find a fixed point
for the operator

00 2 .2
Av(t) = v1(t) + i/ el =D (qcu — (id + 33)”1(7)) dr,

t
in a space defined around vj. We take as an ansatz for our problem
vy =a +e”3*2'w,
with
o(t,) = u()e’r 18,

and y to be chosen later. It follows that

. i192 . Y it9?
(i0; + Bf)vl =% 90 = —?e”axw.
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So for v in some suitable space defined around vy, we shall have to estimate

o0 . 2
Av —v = i/ e =%
t

5 (:F ((|U|2 N az)v _ (|v1|2 — a2)U1) + (:FM + Zeirafw)> dr.
T T T T

The first term of the right hand side will be easier to treat than the last one. We compute

2 2 20— 2
(lv1l® = a?vr = (v1)“v1r —a’vy
. a2 . a2 YR V)
= (a2 +2ae"% o + (e”"«va))z) (a + e”a%a)) —d*a+e"%w)

e a2 2 2 ) )
=a’e"Bw+a’e" w + 2ale" % w? + a(e% w)? + |5 w|2e 5 w.

Here we make the choice y = a2, to get rid of one of the linear terms. By doing this,
the only linear term left is out of resonance and the integral will converge.
In conclusion, we are choosing

202
vy =a+é'%w,
with
2 2
O(t,) = up()eH e,

and we shall do a fixed point argument in spaces defined around vy, for the operator

2 2 2 2
Av = v, ]Fl-/wei(t_r)ag ((Ivl —a?v (vl -a )m)dr 29
t

T T

drt.

a2 f 02 ro02 ia2 P02
./oo PP a261r83w+2a|etraxw|2 +a(e™% w)? + el T |2eiT% o
Fi e x
t ‘L-
Let us finally recall the 1-D Strichartz estimates that will be used throughout this
section (see [12,31]). We have

)
e f| < Clfle, (30)

LPI(R;L91) —

and the inhomogeneous version (1/r" :=1—1/r)

IR (s)ds SCIF, b e (31)
/m{sg} LPL(L L1 LP2(1,L%)
for any admissible couples (p;, g;), that is

2 1 1

—+ — = -, p=>2.

pi g 2

The admissible couples we shall use here are (0o, 2) and (4, 00). Also, let us recall the
dispersion inequality

.. C
€% f| < N (32)

In particular,

ll]l 1

NG

i@ <a+C (33)
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2.1. Modified wave operators in mixed norm spaces: proof of Theorem 1.2. Letty > 0.
We shall perform the fixed point argument for the operator (29) in the closed ball

Xr = [U| lvllx = sup #"[[lv(@®) —vi@®)ll 2 +1"[[v = vill a0y < R] )

t€l1p,00[

with 0 < v and R to be made precise later. Let us notice that in view of (33), a function
v € X satisfies

llusllpr

NG

[v@ e <llvi)llL= + [lv(@) —vi@O)llge<a+C + o) —vi(@)][L=. (34)

We want, for a v € Xpg, to estimate in Xg,

2 2 2 2
Av— v, = Fi /Oo ei(tfr)af <(|U| —a”)v . (Jv1|* —a )vl)d‘r
t

T T

dt

Py .2 .2 ) )
[ =) a261r8xw+2a|eltaxw|2 +a(ezr8xw)2 + |ezraxw|2enaxw
Fi e x
t T
=I1+J3+Jh+J;.

We denote here I to be the first term in the right-hand side, and Ji to be the parts of the

. . s02
second term involving k-powers of ¢!*% w.
For I we shall use the inhomogeneous Strichartz estimates (31),

2 2 2 2
/Ooei(t—r)i)f ((|U| —a’)v  (ju|" —a) Ul)dt
t

T T

111 x :‘

X

v [T 2 2 2 dt
< Csupt lvl"v = fvil*v; —a” (v — vl p2—
=t t T

v [0 2 2 dt
< Csupt (@ + lvillgee + IvlIze) v — vill 2 —-
to<t t T

Since v is in XRg,
v [ 2 2 ) | dt
Ilx <Cllvllxsupr (@ +lvillzee + IVl 700) 7>
<t ' T

and by using (33) and (34),

llusl?, o dt
||1||XSC||U||X(a2+—t L +supt”/ ||<v_m)<r>||%oc—r1+u .
t

0 to<t

In the last integral we apply the Cauchy-Schwarz inequality to recover the L*L> norm,

and finally,
luel, o2
ITlx < Clvlix|a*+ —L+—2).
to Vo
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The contribution of the cubic power of ¢ % is easy to estimate. By using the

inhomogeneous Strichartz estimates (31) and the dispersion inequality (32) we get

00 it92 12 itd? 00

. 2 et T w| et Tox w 2 2 dt

1lx = / ol el e up® / le R w2 ol 12 2
t t T

T =t
X 0=

o0
.2 L a2 dt
< 6supt”/ le™ ol e wl 2 —
to<t ¢ T

o dt Y
v 2
< Csupt / luslly ||M+||L2—T2 < C(uy) sup —.
'

to=<t 0=t
The quadratic terms can be handled in the same way, and we obtain

00 2 ito? 2 v

o2 2ale o) '

||Jz||x=/ SR gt < Callugl g llus g2 sup —.
t

T t0<t t2
X 0=I 2

So at the end we need to estimate only the linear term

00 2 ,itd? 00 2
Foe_ 2a-e " xw P a2 a
7 :/ PUGRILE dt =/ ol (1—27)05 U — drt.
P T ‘ .L-liza

First we estimate its L norm in space. We use the conservation of the mass for the linear
evolution (30),

[e's] . ) a2
IJ1@)l2 = / ey —— )dr|
P .L-l:I:ta 12
and the inhomogeneous Strichartz estimates (31),
2 | ¥+ 2 2 1
1@l 2 < Ca” || — =Ca’ luillzy || = =Ca” usll g —-
T Ly ((t.00),L9") LP (,00) tr

Therefore

Vv

t

2

supt” [|J1 ()2 < Ca” |luyll, 4 sup —.
to<t o=t ¢p

We need then u,. € Lq,, V< %. From the admissibility relation, the best choice is p = 4.

Moreover, since u, € L' N L2, then by interpolation we have also u4 € LY.
For estimating the L°° norm in space of J;, we use the dispersion inequality (32),

2 o ||M+||L1 2 1
||]1(l)”Loo < Ca —ldT < Ca ||M+||L1—1.

t 12Tt —1)2 t2

Then

tv
2
Sup tv ”J] ||L4((t,OO)L°°) S Ca ||M+||Llsup -
fo=t 0=t t4
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In conclusion, for u; € L' N L%, we have obtained

B 178 N (4 v v
Ax < llvlix|a +T «/5 +C(u+)sup—+C(u+)asup

=<t =t t2

t\)

+C(uy) a’ sup —
0=t t3%

Letv = JT. Then there exists a constant R small with respect to g, and a positive small

constant ag, such that for all a < ag and all u, small enough in L' N L% with respect to
to, ap and R, we can apply the fixed point theorem in X g. We get then a unique solution
v of Eq. (19) such that

v — vy € C([tg, 00), L*(R)) N L*([19, 00), L™ (R)),

with the rate of decay (21), so the proof of Theorem 1.2 is complete.

2.2. Proof of Corollary 1.3. Letfy > 0. We denote fy = % and we consider v to be the
corresponding solution of Theorem 1.2, satisfying the decay (21) as ¢ goes to infinity,

_1
v = vill Lo (r,00). L2)NLA ((1.00), L0) = OWTH).

Then u, the pseudo-conformal transform of v, will satisfy Eq. (17). We want to show
the first assertion (22) of Corollary 1.3, namely the decay as ¢ goes to zero,

1
lu = will oo 0,00, L2)nL4((0,0), L0y = O #).
The mixed normed spaces we are using are invariant under the pseudo-conformal trans-
formation 7, and since

;22
-2 e 4 X
u="7T(®), up =T |a+et IOg’—.uJ, (—) ,

we notice that (22) is equivalent to have, as ¢ goes to infinity,

2
ix
2 T x _1
v(t, x) —a — et log'—.u+ (—) =0t 1).
4mit 2t

Lo°((t,00), LYNL*((t,00),L%°)

In view of (21), this is equivalent to have this decay for the difference

2
X
2 T sx _1
vi(t,x) —a —eHa0s g, (—) =0@9).
4rit 2t

L ((t,00), L2)NL4((t,00),L>)

From the definition of vy, it is enough to prove

i
i a2 e w X 1
My, — iy (—) =0(7%),
4mit 2t

Lo°((t,00), L2)NLA4((t,00),L>®)
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which is one of the properties of the linear Schrodinger evolutions. On the one hand, in

L4((t, 00), L*°) both terms decay like t’% as ¢ goes to infinity. On the other hand, the
expression of the free Schrodinger solution gives

. x2

. el? X 1 Sxy . y? X
10, p (_) - /e—lzﬁelm( dy —ii (—)

+ il +\5; 2 = +(n)dy +\3; L

L

I C] I (R
= eHu ()| =—)—us \ =— =c e 4 — u

e + ) +\5; - +y B

If uy isin L2 N L2(y*dy), that is if &1, € H?, then this difference is O(¢~"). In conclu-
sion, the first part (22) of Corollary 1.3 is proved. Relation (23) is obtained from (22)
by using the general formula

A1 = 1gPlr < A fll2 + gl f = gllre,

and then (24) follows by the triangle inequality.

2.3. Modified wave operators in Sobolev spaces: proof of Theorem 1.4. Let ty > 0,
s € N*. In this subsection we shall perform the fixed point argument for the operator
(29) in the closed ball

te€lty, 00

YR=[U|||U||Y= sup 11"l — v (@)l

I=k=s refry,00(

+ % sup [fHVE@ — v Ol < R] ,
for strictly positive v, 1 and R, to be made precise later. Let us notice that in one
dimension | f|? < || £l ;21| Il ;2. Then, for v € Yz,

CR
=) = (35)
2

and
k k1 3 ok ;7 _CR
IVE(w — v ()] < C IV (v — Ul)(l))”zz”V (v— vl)(t))||22 < ~n (36)

for all 0 < k < s. Moreover, by using the dispersion inequality (32), for all 0 < k < s,

k
vketialogt it | < v \u/tllu.
t
It follows that for v € Yp,
luillpr  CR

@] < o @) +[v(@) —vi()] <a+C (37

+ s
NS
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and that forall 0 < k£ < s,

vk CR
VE00)] < CIV 01 0]+ 740 — o)) = ¢ et L ER o,
Vi "

The proof follows as in Subsect. §2.1, by estimating the terms / and J; in Y.
By using the conservation of the L2 norm of the free equation (30),

0o 2_ 2 2_ 2
sup " I17(1) 1> = sup” / PG ((Ivl a’ v (vl —a) Ul)dr
1=t fo=<t t T T 12

v [T 2 2 2 dt
< Csupt llv]“v — [v1]"v1 —a (U—Ul)lle?
t

<t

N 2 2 dr
< Csupt (@ + llvillgee + IVl Ze)lv — vill 2 —-
o<t t T

Since v is in Yg,

sup t" |1 (1) .2 <C||U||Y5upt / (a® +||v1I|Loo+|Iv||Loo)

to<t

By using the bound (33) on vy, and (37) on v, we get

lusll?i  (C R)?
SUPIVHI(t)IILz§C||v||Y(az+ £+ e B

fo<t fo t()

For the L2 norm of the first derivative, we have

m M * 2 2 2 dt
supt*|VI(D) |2 < CSUpl IV(vlv = vil"v) 2 +a ||V(U—U1)||L2?
t

o<t

< Ca*|lvlly + Csupt”/ (ll7 IV = vl 2
1

=t

dt
+(l[vliLoe + lvillLe) Vol oo |lv — U1||L2)T~

By using again the fact that v € Y and the bounds (33), (37), we obtain

. o el Ry z
sup |V (1)] 2 < C [vlly e )1+ sup ).
to<t 0] 17

0 to<t t2+v

The higher order derivatives can be estimated similarly, and we get

lusll?,  (C R)? £
Illy < Cllvlly { a*+ Hlp (CR)7 1+ sup .
n+v
o ty to<t t2+”
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We estimate now J3 by using the invariance of the H® norm for the free evolution,
and by using the fact that H*(R) is an algebra,

00 itd2 12 itd?
a2 et w|tet T w
/ Qe TOre T,
t

FGINES
T
HS
o0 . dt
< supt“/ e ™% w26 ™% ol || s
to<t t T
o0 dt
92 92 2
< c/ e ™% )12 |7 % w] s — = Nl e
t

We first consider the L2 norm of J, that can be estimated as done in the previous
subsection §2.1,

00
it92 dt
supt"[| ()2 < Casupt® e ™% wl? |||L27
t

o=t =<t
o0 o0
v it92 itd? dt dt
<Casupt’ | e w0l 2 — < Calluglllusl 2 supt” [ =
o<t Ji T n<t Jr 2
v
= Ca furlpiuell 2 sup —
=<t t2
Of course, the derivatives can also be estimated in this way. Nevertheless, for our final
purpose of studying the binormal flow, we shall need more decay on the derivatives.
More precisely, we have the following lemma concerning J>(?).

Lemma 2.1. Ifu, € H~' N H*~!, then

Bockes [ V0] €% (sl + el ) (39)

Proof. We have
.. 2 .
0o 5 (e”afa)) 0o 5 e”dxza)‘
vk, = Vka/ Pl — A T 2Vka/ JUTOnL 1 g,
t t T

T

By using the Fourier transform in space, the first quadratic term is

2
iwd o—it-1)8 _—

(70) e =
Vk/ z(t )92 d-[—/ / 1¢21a2 |$|k elx*;‘ ”6\21,{ *ezrd%u+d%-d-[
t

e—zzsz—zrw Ui P
_ / / / £ S, (it () — €) dn dE d.
t

-L-IZFZiaz

We perform an integration by parts in time and get
00 (ei €5 a)) ?
vk / RIGEILR dt

// —:t($2+2n(n —£) |$|keixswd dE
t1F2ia? 2in(n — §) !

—lté —2itn(n—§)
— k ,ix§ M
(1 F2ia )/ // 2¥21a2 s 2t —5) dndédr.
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Therefore, as t goes to infinity,

0 (e”a)%a))2
Vka / Gdt-0n g
t

T

Uy gy
_*_

Fork > 1, H* is an algebra, so we get

2
a2
00 ezraxw)
-
Y0<k<s Vka/ A 2L N
=< ] T
2

a
S = (el + )

h 2
(%)

The second quadratic term can be also estimated similarly and we get

<4
~t

it92 ’2

) o 22 elto% o 1) ke—i(t—f)%h2 e T 5=
\Y / e’(t_r)x—r dt =/ /|§| fdxéenaﬂu*Eilrd"ﬂ+d§d7
t
e itEX =it (P —(n—§)2 &%) K ixé
/ // E1F 6, ()i () — €) dn dE

i (E*H2E(n—8)) , _
// |E|K i€ Mdr]d&

2iE(n — &)
—ztsz —2itE(n—§)
k ixe 1y ()it (n — é)d Jed
/// e e —g 19

For having a good bound, we need to avoid the powers of £ in the denominator. That is

why the L? norm was considered apart before this lemma, and the decay in time obtained
was weaker. So by taking k > 1, we get
5 ()],
. Hk—l

a0 2
0o > etrBX ) a
Vka/ dUDRL L] <=

t T t

2

i (ul . ”%) G)

For k = 1 we use the imbedding L*(R) ¢ H'(R) and we get the upper-bound
sl grllues |l -1 For k > 2 we use the fact that H*"1(R) is an algebra, and we
get the upper-bound % [|u4[| x—1 (”“+”H—' + ||u+||Hk_2).

In conclusion, if

L2

ur e H'nHSL,

then we can control in L? the first and higher derivatives up to s of the quadratic terms,
like stated in the lemma. O

The linear term J; will be treated similarly. We have the following lemma.
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Lemma 2.2. Ifu, € H=2N H*~2, then

2

a
Bostes [0 S 5 (el goa + sl ooa) (40)

Proof. We write

_ _ 2
Ji(t) = £l 12000; s dt = e i, (—&)dEdr
1 . rl+ia? lim2 + ’

and we perform an integration by parts in 7,

gt r o—it—20)>
Jl(t)=/ € gl S)d§+(1:bla2)/ / e

tlj:la2 2152 .[2:|:1a2 2i 5:2

By Plancherel we get

Uy (—§)
52

V1Dl < 7 (41)

2
Since derivatives in the space variable commutes with ¢/~ k5 , we obtain similarly for
k € N*,

[veno], < |22 @)
&1 2
and the lemma follows. O
Summarizing, we have obtained that
lusll,  (C R)? th
AWy < Clvly | @+ — + — (1 sup )
fo ty o<t ;2+V
t*+ 1Y Y "+ t”
+C (uy4) sup +C(uy)a sup—+C(uy)a sup — + C(uy) a* sup
to<t t fo<t l2 to<t t to<t t

with the constants depending on the H=2 N H* N W*! norm of u,. The choice v = %

and u = 1 from the statement of Theorem 1.4 satisfy 0 < v < % 0 <pu<1and
n =< % + v. Therefore there exists a positive constant R, small with respect to 7y, and a
positive constant ag, such that for all a < ag, and all uy € H=2n HS N W*! small with
respect to ao, tp and R, we can apply the fixed point theorem in Yg. We get this way a
solution v of Eq. (19) such that

vV — V1 S C([t()a OO), HS(R))a
satisfying

1= o)l < 7 V50 — o)) < § 43)

and the proof of Theorem 1.4 is complete.
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3. Construction of the Binormal Flow for Positive Times

In this section we show how to construct a binormal flow for all times ¢+ > 0 from a
solution obtained in Theorem 1.4. The next section will contain the proof of the fact that
this new binormal flow is close to the selfsimilar one x,, and that a singularity is still
formed at time ¢t = 0.

We fix € > 0, a < ap and to = 1/fy. With the notations of the previous section,
let R be small enough with respect to €, ty and a, and u; € H™2n H N W*! small
with respect to €, a, fop and R. We consider the corresponding solution v of Theorem
1.4 with s = 3 and Eq. (17) with focusing sign +. We take s = 3 to have v smooth:

H*(R) c C 3 (R) is enough for our purposes. In Subsect. Sect. 3.1 we give some esti-
mates in time on v, v — a and v — vy, obtained from the statement of Theorem 1.4. Then,
we define in Sect. 3.2 a curvature and a torsion, and use these estimates for calculating
their leading terms as ¢ goes to zero. These estimates will be used throughout the rest
of the paper. The last subsection Sect. 3.3 concerns the new binormal flow. Using the
curvature and the torsion, that are continuous for # > 0 but not at t = 0, the binormal
flow is constructed for all positive times. The estimates in §3.2 allow us to obtain a limit
at t = 0 for the flow of curves.

3.1. Estimates from Theorem 1.4. We define f by

v(t,y) =a+ f(t,),
that is

Ft,y) = 1081100y (y) 1 (v — v)) (¢, y).

Hereafter in this section, when for a given & we write the expression dy/ (%, ’7‘) we shall
mean g’(x) with g(x) = h (1 x).

A
When ¢ goes to zero, we have different estimates for the two terms of f (%, f) For
the second one we get from the estimates (43) on v — vy,

w—vp (L7 <Rt |ow—up (L2 <R
v—uvp) |-, — < , v—up) |-, — <R.
! t t Lo * ! t t Lo
For the first term of f we have only the dispersion decay rate
”e,iaz lOglei%3§u+ (f) ” < C(l/l+) \/;’ ” axefiaz logzei%afl/” (f) ” < C(I/t+) )
t Lo t L ﬁ

Since R is small enough with respect to fy and a, and u, is small with respect to R, 1y

and agp, we get
1 x 1 x
() I Ch IS S

However, at x = 0 we get a better decay for the first derivative. From the expression
of the free Schrodinger evolution,

< C(R)W1, )

LOC

2
i3 2
2 142 X _igl e 4 RN il
e la IOg’g‘r‘)xu+ (_) — ol log ¢ PP tu+(y)dy,
t i

t



614 V. Banica, L. Vega
and taking x = 0,
2 12 X - y?
‘axe—za logtet7dxu+ (?) — \/; /%e’“u;,(y)dy‘
0

2
< Villyulzr = V(1% + ez

I x
i (55)

3.2. The curvature and the torsion. We start by defining a curvature and a torsion from
the solution v of Theorem 1.4. Let us recall that since v is a solution of the focusing
equation (19), then its pseudo-conformal transform

e (1 x
u(t,x) = \/;U 7))

2
. 2 a
lu,+u”+(|u| —T)uzo.

Since v is regular enough and does not vanish, we can define two real functions v and
¢ such that for u,

x=

Therefore at x = 0,

= C(R). (45)
x=0

is a solution of

u(t,x) = c(t, x)e!?@»),
We define 7(¢, x) := ¢, (¢, x), sO
u(t, x) = c(t, x)e' Jo 7(.9)ds+¢.0)
Then, the function
i, x) = c(t, x)e' o t(t.8)ds
is a filament function, a solution of (14) with A(¢) replaced by é + ¢ (1, 0). As will
be seen in the next Subsect. §3.3, there exists a binormal flow of curves such that the

curvature and the torsion are ¢ and t.
As t goes to zero, we shall compute the leading terms of (c, t). We have

1 1 x
c(t,x) = |u(t,x)| = \_/E ‘v (; 7)

)

and
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Since v = a + f, the square of the curvature is

2 2
A, x) = (1 RS+ /] )(—,—).
a? t t

Because ¢ and a are positive,

a 1 |f|2) (1 x)
c(t,x)—— = N - -1,
“O=Z c+a/w( A AV
and in view of estimate (44) on f, we obtain the estimate on the curvature,
x| < 1 29+ |f|2 1 x
c(t,x) — — — - =
NN a rt

We recall that R is small with respect to 7y and a. It follows that ¢ > a/2+/t. Hence
similarly, from 8,¢? = 2¢ 8,¢, we get an estimate on the first derivative in space of the

curvature, by using (44),
[Vis x
2N -~
( f a tt

At x = 0 we can use (45) and get
2
1 C(R
(Z‘Rf Bl )(—f)‘ EQ. (48)
a tt Jt
The torsion is well defined and is given by

E@r () e T ()

T(t,x) =3

< C(R). (46)

3 C(R)
1

(47)

1
[0xc| < —=
t

[0y c(1,0)] <

Then

. -
m,x)_sg(z_éax;(l,z))z_saxf P

2t

and so we get,

X 1 1 x 2 1 x 1
T(t, x) — SR (;3xf (;, ?))' < ) O f (?’ ?) f (;, —) < C(RWt
(49)
In particular, by (44) we get
X C(R)
‘t(t,x) - Z‘ <= (50)

and by (45) we have at x = 0,
l7(z,0)] < C(R). (51)
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Let us give also an estimate at x = (. By the definition of u and ¢ we have

(.00t 4 _ oo Loy ( ) _ Ly (1, o) .
NG Vi x/? Vioo\t

From estimates (44) on f we get that

(1,000 — —| < C(R),
and by using (46),
RLICUNS 1) <L e, 0)| + |er, 0)ei @0 — | < c(Ry.
NG TV -
Therefore, since R is small enough,
9.0 el
[ — 1] = 000 1] — e (52)
)elT' + 1)

Finally, let us recall that the curvature and the torsion of the selfsimilar binormal flow
Xa are

a X
ﬁ, T, (t, x) = Z (53)

Therefore all the estimates in this subsection show that (c, t) is uniformly close to
(¢4, Tq). This will be used in the next section §4.

cq(t,x) =

3.3. The integration of the binormal flow. From the curvature and the torsion defined
in the previous subsection, we shall construct a corresponding family of curves solution
of (1). We first construct its tangent, normal and binormal vectors (7', n, b)(t, x) in the
following way. For a given (T, n, b)(fy, 0), we define (T, n, b)(t, 0) by imposing

0 —CcT Cy

Cxx —C'[z

T T
n) ¢,o=]c¢° 0 (T) n | @, 0. (54)
b t —Cy — (—C‘”zcrz) 0 b

This is the system that the time derivatives of the tangent, normal, and binormal of a
binormal flow verifies. This will be proved in the Appendix.

Then, we construct (7, n, b)(¢, x) from (T, n, b)(¢, 0) by integrating the Frenet sys-
tem for fixed ¢,

T 0 ¢ O T
n t,x)=| —c 0 n | (¢, x).
b 0 —-10 b

X

This way T will solve (see the Appendix)

T, =T A Ty
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With T constructed this way, for a given curve x (fo, 0), we define forall 7o > t > 0,

10 X
x(t, x) := x(fp, 0) —/O(cb)(t’,O)dt’+/ T(t,s)ds.
t 0

Using the Frenet system,
Ti =T ATy =T AN(cn)y =T A (cxn +ctb) = —ctn + cyb,

and it follows that x solves the binormal flow equation (3).

Therefore x (¢, x) is constructed for all times when the curvature and the torsion are
regular, that is for # > 0. Finally, by using (3) and the expression of the curvature (46)
we have

[x(t1,x) — x(2, x)| =

n
/ c(t, x)b(t, x)dx
n

2 Ca
5/ —dt — 0. (55)
f \/; t1,1b—0

By denoting xo(x) the limit at + = 0, we obtain similarly that for all x € (—o0, 00),

lx(t, x) — xo(x)| < Cav/t,

b and the first part of Theorem 1.5 is proved.

4. Formation of the Singularity for the Binormal Flow

In this section we shall prove the second part of the statement of Theorem 1.5. We shall
show that the binormal flow x constructed in the previous section is close to the self-
similar one x,. This will allow us to conclude that a corner is still formed at time zero
atx = 0.

To this purpose, we start by showing that the tangent 7 of x remains close to 7, the
tangent of x,. This will be done in three steps in the next three subsections. First we
show that (T, n, b)(¢, x) remains close to (T, ny, by ) (¢, x) att = 0. Using this we show
in the second step that (7', n, b)(t, x) remains close to (T, ng, by)(t, x) for x < Jt. In
particular, T (¢, x) is close to T, (¢, x) for x < /f. This will imply in the final step that
T(t, x) is close to T,(t, x) also for v/t < x.

In the last subsection the information that 7'(z, x) is close to T, (¢, x) is used to show
that x (0, x) is close to x,(0, x).

4.1. Estimates at (t,0). Let us recall that in Subsect. 3.3 we have constructed
(T, n, b)(¢, 0) by imposing (54),

T 0 —CT Cy . T
n| ¢,x)=1| ct 0 i e n |, x).
b ‘ —Cy _ Cxx—CT O b

c

As noticed when the curvature and the torsion have been defined in Subsect. 3.2, the
function

it x) = c(t, x)el Jo T,
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is a filament function, solution of (14) with A(¢) replaced by # + ¢ (1, 0). It follows
that we have the condition (15)

2

a Cex — CT2 )
- +0/0(t,0) =2 (f) (t,0) +c(t, 0)“.

Therefore we obtain

T 0 —CT Cy T
O — 0 C%—Cz [0} 0
Z (ta )_ cT 2 T+7 Z (ta )
l e —G2 s
In order to get rid of the term ¢, (¢, 0), we introduce
~ ~ )
n+ib=¢e2(m+ib).
A straightforward computation gives us
2 2
~ ~ ¢ ) c,—Cc" _ ~
n;+ib, =é'z2 n,+ibt+iﬂn— ﬂb =e'2(c; —ic)T —i-4 (i +ib),
2 2 2
and
T
il @0
b t
0 —crcos%—cxsin%—ctsin%+cxcos% T
2_ .2 ~
= crcos%+cxsin% 0 s Z (t,0).
2.2
crsin% —Cy cos% —C“ZC 0

We choose as an initial data (7, 71, b)(7y, 0) = (Ty, na, ba)(fo, 0). Since (T4, ng, bg)
(¢, 0) is the orthonormal basis of R3, we obtain
T - T 10
ii—na|(,0) < 3/ (lcrl +lex] + e — c2|) (0, 0) do.
b — b, t

From the expressions (46),(48),(51) of the curvature and the torsion at x = 0,

C(R
(el +lect+1e2 = ) .00 = S22
Therefore we get
T — a
A= nq | (1,0) = C(R), (56)
b—b

S

and the fact that (7', n, l;) (z,0) has a limit as ¢ goes to zero. Finally,

|(n +ib) — (ng +ibg)| < |(n +ib) —ei%(n+ib)| + (A +ib) — (ng +iby)|,
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and in view of (52) and (56), we obtain

T—T,
n—ng|(t,0) < C(R), (57)
b—b,

and the fact that (7', n, b)(¢, 0) has a limit as ¢ goes to zero.

4.2. Estimates at (t, x) for x < 4/t. Let us denote
N =n+ib.

The tangent, normal and binormal were constructed in Subsect. 3.3 such that we can use
the Frenet system. This gives us

Ny=—cT+1tb—itn=—cT —itN,
so that
(N = Ng)x = —(c—=ca)T —co(T = Tg) —i(t — ta)N —ita(N — No).
In particular,

X2

e_iﬂ (el:j(N—Na)) :—(C—Ca)T_Ca(T_Ta)_i(T_Ta)N’ (58)

and
(T —Ty)xy =cn—cgng = (c—cy)n+ca(n —ng).
If we denote
22 =T — T, +|N — Nal,
we can compute using (58),

Ef =2<(c—cyn+con—ny), T —T, >
+2 < —(c—cg)T —cy(T —T,) —i(t —14)N,N — N, > .

The tangent and the normal vectors are of norm 1, and |N| is bounded by 2, so

2%y 2 2|c —calIT — Tyl + caln — ng||T — T4
+2lc — cal|N — Ng| + ca|T — To||N — Ng| + |7 — tal|N — Ng|
<2(lc—cal + 1T — )T + ca T2

Therefore
_x-a_ _xa
(73 E) =eT (e = col +I7 =T,
X
and so

a _a_ X —ya_
E(r,x>5e"fﬁz(r,0>+exw/ e Vi (le — cql + 1T — T (1, y)dy.
0
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For x < M+/t, with M to be chosen later, we have

Ma Ma
T(t,x) <e2 X(t,0)+e2 Mt sup (e — cal + 1T — Tal)(2, ).
0<y<M./t

Using the bounds (46), (50) of the curvature and torsion,
Ma Ma
X, x)<e?2 X(t,0+e2 MC(R).
In the last subsection we shall choose M large, so we can write
=, x) < M1, 0) + eMC(R).
By (57), that is proved in the previous subsection, X (¢, 0) < C(R), and we get
2 (t, x) < eMC(R).

In conclusion, in the region x < M Vit

T -1,
n—ng | (t,x) < eMC(R).
b — b,

4.3. Estimates at (t, x) for /t < x . Using the Frenet system again we write

x x’ T ¢
T(t,x’)—T(t,x):/ cn:/ c(l——)n+—tn.
X X Ta Ta

Since b, = —1n, we do an integration by parts in the last term,

)C/ x’ _ /
T, x)—=T(, x)= I:—ibi| +/ LN (i) b,
Ta X X Tg Ta

and by using the explicit expression 7,(t, x) = 7,

(t,x) — Mb(t,x/)
X

x ot 2t
+/ —c(i—t)n+(—c) bds.
x5 \2t s )

Now we write the difference

N _ 2t c(t, x)
T, x)=T(t,x)+ ——>b
b

(T = T) (1, x") = (T — T,)(t, x) + Ml)
2te, 2t(c — cq) 2tc,
+ (b —b,) — . b———(b—ba)
X X X

¥ 0 21(c — 2t
of _C(i_r)“(u) b+(ﬁ) (b — ba) ds.
v s \2t s s S Js

(59)

(60)
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By choosing x’ > x = M /1,

4\/;|C_Ca| + 8\/;6‘“
M M

R 2t(c—cy 2tc,
+/ ﬁ(i_f);w(—t(c c)) b+<tc) (b—by)ds| .
My S \2t s s s

The result (59) of the previous subsection together with the decay (46) of ¢ — ¢, give us

T = Tal(t, x') < T = T,l(t, M/1) +

/ Ma 8a
(T —To)(t,x)] <" C(R) + ﬁ(l +C(R))

X 2t(c—cy 2tc,
+/ ﬁ(i_f)m(—’(c c)) b+(tc) (b—by) ds| .
M\ﬁ S 2t S s Ky s

(61)

We denote I, I» and I3 the integral terms.
The last term can be easily estimated by

e ¥ a/t 4
T3] = / ( C“) (b — by) ds 52/ ( “‘/—) 2
Mt s s Mt S s M
Now we consider the second term in the integral
8 (c — Y2y 2t (¢ —
|| = / (M) bds 5/ Sl (Cz Ca) | 4s.
M\ﬂ S s M\/; S S

We have from the estimates (46) and (47) on the ¢ — ¢, and on ¢, respectively,
1 s 1 s
—— a5l f* == )]

21 (1 s)+ﬁ|f|2 (%,%).

= 11 >

2t cs(t, s)
s

and

2t (c — cq)(t, s)
52

By using Cauchy-Schwarz’ inequality and the bounds (44) on f, we get

e [ S (1) ar e S0
Mt M

Finally from the expression (49) of the torsion,

' 2te(t, s) 1 (1 s
Ju ™2 G re) /M Four (7 )(“af(m))‘

< [ g (3.0) e SP
Myt S M

|| = <C




622 V. Banica, L. Vega

o 5)]

(62)

In conclusion, we can transform (61) into

/
X

(T — T, x")| < M O(R, u+)+1zﬁa(1+0(1€, u))+

M«/?

Next we need the following lemma.

Lemma 4.1. The following estimate holds:
C(R )

x/ C\/_
/x T gf( )‘ ds < ||M+||Ll(x X/)+ ﬁ

Proof. Recall that f is given by

Ft,y) = P08y (y) 1 (v — v)) (2, y).

Denote by Aj and A, the two terms in the above sum.
The second one can be estimated easily by using the Cauchy-Schwarz inequality,

X 1
A2=/x %; as(v—vl)(t )‘ am—m(;,;)

)

L2(x x') 2
and the rate of decay of Theorem 1.4,
_CR )
Ay < Vi T Licwy !
By using the expression of the free Schrodinger evolution,
2
x! t iT L5y o y2
Ay =/ i dy :/e_’%e’T’qu(y)dy ds
x S i
t
x/t .52 L5y o y2
=/ ~ |0y (e’ﬁ/e_’%e’T’u+(y)dy) ds
x S
- iy iy tr —iY i
< e 'Te T u(y)dy|ds + e '2e" T yu,(y)dy|ds
2 Jy x S
« ds (Y[ i 52 ds 1
= e (3)]5+ T (T =1 ) up(ndy| = +1 | - lyieell 2.
X 2 2 x 2 S LZ()C,x/)

In the second term we perform an integration by parts, and we obtain

. ¥ i e t
A] S ||u+||L1(x’x/) +/x ; ‘/e ) 8)’ ((el ) r_ 1) I/t+(y)) dy ds + ﬁ”)ﬂl*.”LZ
1 2
(=)o)
L2(x,x")
‘yz
(6’4’ - 1) Ayus(y)

Since (1 + y*)u, is in H', the lemma follows. O

t
+—=lyusll 2
2 Vx t

< ||u+||Ll(x x7) +

1 t t
S Mavlipian +—= +—=llyusllp2 + —=llyusll 2.
+L(x,x)ﬁ Lzﬁ}’+L ﬁY+L
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Let us first notice that in 1-D we can upper bound [|ii4||;1 < |lusll 1. Since M will
be chosen large, the lemma allows us to re-write (62) forall x’ > x = M \/f

12
(T = T) (. x)| < 7" +eMaC(R).

4.4. The formation of the singularity. Putting together the results of the three previous
subsections, we have obtained that for all € > 0, and choosing first M large in terms of
€ and a, then R, and then u, small in terms of €, a and fy, we get that for all x and as ¢
goes to zero,

IT (2, x) — Ty(t, x)| < e.

Also notice that Lipschitz property of xg easily follows from (55).
Fort > 0,x > 0,

x(, x)— x(,0) = /Ox T(t,s)ds
= Atx +/0x(m $) = Ta(t, 5)) ds +/0x(Ta<r, 5) - A%y ds,
so that,
X(t, ) — x(1,0) — Atx — /()X(Ta(r, $) = Ab)ds| < ex.

As it was said in the Introduction the behaviour of 7, (¢, s) as ¢ goes to zero was studied
in [15]. We shall use (10) with ¢ = I[p ] to get

X
lim [ (T,(t,5) — A)ds =0.
t—0% Jo

Therefore, by letting ¢ go to zero we get
Ix0(x) — x0(0) — AZx| < €x,

and the proof of Theorem 1.4 is complete.

5. Further Properties of the Binormal Flow

In this section we shall prove that the tangent vector 7 (¢, x) has a limit, for fixed ¢, as
|x| goes to infinity.
‘We have obtained in the previous subsection the identity (60),

2t c(t, x")
/

T, x)—-T(t, x)= (t, x) b(t,x)

x ot 2t
+/ —C(i—r)n—(—c) bds.
x5 \2t s )

2t c(t,
ct.x),
X
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We shall prove that the difference T (7, x") — T (¢, x) goes to zero as x, x” go to infinity.
We recall the expression (46) of the curvature,

2(L s
2t c(t, S)<2\/_a+2\/_|f|(— _) 2\/‘”' (z z)‘

In view of the estimates (44) on f, when x, x’ go to infinity,

2t 2t ¢, (t,
|T(t,x’)—T(z,x)|5/ c( r)‘+ Zest,s)
¥ s \2t s
2t c(t,
+ # ds = B; + B + Bs.
S

As before, the last term Bj is integrable on (x, x’), and its integral goes to zero as
x, x" go to infinity.
By using the expression (45) of the derivative of the curvature,

e [P [ S G S e G2

We apply the Cauchy-Schwarz inequality in both integrals, and use the estimates (44)
on f.On one hand,

2t cg(t, s)
s

2/t 1 s 1
/ —3 f( )‘ s f (—,—) e C(R),
x LZ(x %) t 1)l SlL2(x,xn
so as x, x’ go to infinity, this integral goes to zero. On the other hand,
C\/_ NG 1 s 1 s Jt
[ S e (15 =2 | (50)] s (53)] = e
X t X tt L2 rt L2 X

so B, goes to zero as x, x’ go to infinity.
Finally, by using the torsion expression (49),

« 1 (1
- <l (32) 0+ :)
X a r ot
so we can treat B; similarly.

In conclusion, the difference T (¢, x’) — T (¢, x) goes to zero as x’, x go to infinity. It
follows that for all times there is a limit

)

2tc(t, s) (
2t

N

A*(t) = lim T, x).
X—>00

The same argument can be done as x goes to —oo.
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6. Appendix

We recall here some general facts about the binormal flow. We show how from a
curvature and a torsion defined from a filament function, one can construct tangent,
normal and binormal vectors with the properties required by a binormal flow, and in
particular (4),

T, =T A Tyx.

First, we shall compute the system of the derivatives in time of (7, n, b), the tangent,
normal and binormal vectors of a general binormal flow of curves. Since we have (4),
by using the Frenet system it follows that

Ti =T ATyx =T N(cn)y =T A (cxn +cth) = —ctn + ¢y b.
From
T, =cn
we get
cny = —cn+ (Ty)y = —cin + (cxb — ctn)y

= —cin+cyeb —cytn — (¢ct)en + tT — ct2b.
The vector n is unitary, so < n;, n >= 0. Hence n, is decomposed only in 7" and b. We
have
2
Cxx — CT
ng=ctTl + (”—) b.
c

Therefore, since (7', n, b) form an orthonormal basis of R3, the system of derivatives in
time of the tangent, normal and binormal vectors of a binormal flow is

0 —CcT c
T Cxx —xcrz T
n| (t,x)y=| ¢~ 0 T ) n | (t,x). (63)
b t —Cy — (—C”;CTZ) 0 b

Now, given a curvature and a torsion obtained by (13) from a solution of (14), we con-
struct (T, n, b) as explained in Subsect. §3.3. We fix an initial condition (T, n, b)(fy, 0).
Then we define (7, n, b)(¢, 0) by imposing (63) at x = 0. Finally, (T, n, b)(t, x) is
obtained from (7', n, b) (¢, 0) by integrating the Frenet system for fixed . Showing that
T solves indeed

T =T ATy,
is then equivalent to showing that

T; = —ctn + ¢y b.

We shall prove actually that we have the whole system of derivatives in time (63).
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Let us introduce the notation (¢, 8, y)(¢, x) for those functions such that

T 0 o B T
n t,x)=| —a 0§ n | (¢, x).
b —-B =60 b

t
2
By the way we have constructed 7, it follows that («, 8, y) and (—c7, cy, %) are
the same at x = (0. An easy computation of the derivatives in time and in space of 7" and
of n shows that these functions solve

o 0 0 o ct
Bl ¢,x)=| -1t 0 ¢ Bl x)+] 0|, x). (64)
y 0 —O0 y 7

X

Let us notice that since (c, T) were obtained by (13) from a solution of (14), they solve
DaRios-Betchov’s system [4,9],

¢ = —2¢, T — C Ty,

(M)x +cyC. 65)

T -

—C‘[z
c

(64). Therefore, for fixed ¢, (o, B, y) and (—cT, ¢y, #) are two solutions of (64)
with the same initial data at x = 0. It follows that they coincide for all (¢, x), so we obtain
the system of derivatives in time (63). In particular, we have indeed that 7' constructed
this way solves

A straightforward calculation shows then that (—cT, ¢, & ) is also a solution of

T, =T A Ty
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