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Abstract: The existence and uniqueness of nonnegative strong solutions for stochastic
porous media equations with noncoercive monotone diffusivity function and Wiener
forcing term is proven. The finite time extinction of solutions with high probability is
also proven in 1-D. The results are relevant for self-organized criticality behavior of
stochastic nonlinear diffusion equations with critical states.

1. Introduction

The phenomenon of self-organized criticality is widely studied in Physics from different
perspectives. (We refer to [1,2,8-10,13-19,23] for various studies). Roughly speaking it
is the property of systems to have a critical point as attractor and to reach spontaneously
a critical state.

In [2] Bantay and Janosi beautifully explained that the continuum limit of the sand
pile model of Bak-Tang-Wiesenfeld in [1] (“BTW model”), which was based on a
cellular automaton algorithm, can be interpreted as a solution of an anomalous (singular)
diffusion equation of the type

dX(t) = ACH(X(t) — xo)dt, (1.1)

where H is the Heaviside function and x. is the critical value. In [13] (see also [14])
Diaz-Guilera pointed out that for this and a similar model due to Zhang [24] given by

dX(t) = (X (@) — xc) AH(X () — xc)dt, (1.2)

it is more realistic to consider Eqgs. (1.1) and (1.2) perturbed by (an additive) noise
to model a random amount of energy put into the system varying all over the under-
lying domain. The resulting equations are then stochastic partial differential equations
(SPDE) of evolution type, however, with very singular (non-continuous) coefficients
which mathematically can only be treated as multi-valued functions.
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The purpose of this paper is to analyze such type of equations within the framework
of multi-valued stochastic evolution equations with (1.1) and (1.2) as the underlying
motivating examples. To the best of our knowledge this is the first time this is done in
the presence of a stochastic force and in such generality in a mathematically strict way.
Let us introduce our framework.

Let & be an open bounded domain of RY, d = 1,2, 3, with smooth boundary 0.
We shall study here the nonlinear stochastic diffusion equation with linear multiplicative
noise,

dX () — AV (X (t))dt 3 o(X()dW(t), in (0, >0) x O,
Y(X(@) >0, on(0,00) x 30, (1.3)
X(0,x)=x on O,

where x is an initial datum and ¥ : R — 2R is a maximal monotone (possibly multiva-
lued) graph with polynomial growth and random forcing term

oo

o(X)dW =D mXdpy ex, 120,
k=1

which is linear in X. Here {ex} is an orthonormal basis in L2(&), {ux} is a sequence of
positive numbers and {S;} a sequence of independent standard Brownian motions on a
filtered probability space (2, .7, {Z;}:>0, P).

We note that the linear operator o (X) is defined by

oo
o(Xh =D uXih, ex)rer, VheLXO),
k=1

where (-, -), is the scalar product in L?(&).

Apart from the self-organized criticality phenomena mentioned above, Eq. (1.3)
models the dynamics of flows in porous media and more generally the phase transi-
tion (including melting and solidification processes) in the presence of a random forcing
term o (X)dW.

Existence for stochastic equations of the form (1.3) with additive and multiplicative
noise was studied in [6] under the main assumption that W is monotonically increasing,
continuous and such that

W0)=0, V(@) <o|r™ '+ay, VrekR,

/\Il(s)ds > aslr™ s, VreR,
0

(1.4)

where oy > 0, @3 > 0, p, 24 > 0 and m > 1. (See also [7] and [22] for general growth
conditions on W.)
Here we shall study Eq. (1.3) under the following assumptions.

Hypothesis 1.1. (i) Y is a maximal monotone multivalued function from R into R
such that 0 € W (0).
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(i1) There exist C > 0 and m > 1 such that
sup{|f|: O e ¥ ()} <CA+|rI™), VreR.

(iii) The sequence {1y} is such that

o0
Z u%ki < 400,
k=1

where A are the eigenvalues of the Laplace operator —A in O with Dirichlet
boundary conditions.

We recall that the domain of A is H2(&)N HO1 (0). A multivalued function ¥ : R — 2R
is said to be maximal monotone if it is monotone, i.c.,

(v —v)(ur —uz) >0, YveW(y), u; eR, i=1,2,

and the range R(I + W) of I + W is all of R.

Standard examples of maximal monotone functions (or graphs) are continuous and
increasing functions, the subdifferential of the indicator function /x of a closed interval
K of the form [a, b] or (—o0, b), [0, +00), i.e.

0, ifrek,

1 =
K [+oo, itr ¢ K,

orfor—oo=ay<a; <---<ayy =0candfor0 <i <N —1,

W) = [(p,-(r), fora; <r < aj41,
(@i(aiv1 — 0), gir1(aiv1 +0)), forr = a1,
where {¢; }lNz | are monotonically non-decreasing continuous functions on (a;, @;+1) and
such that lim, ., ¢;(r) < lim,_4;,, @i+1(r). Of course, any linear combination of
maximal monotone graphs is maximal monotone.
It should be noticed also that the subdifferential 3j : R — 2R of a lower semiconti-
nuous convex function j : R — (—o0, +o0], i.e.,

j(r)y={meR: jir)<nr—-r+jF), VreR}

is maximal monotone and conversely every maximal monotone function W is of the
form dj, where j is a lower semicontinuous convex function on R.
Since for x € H~1(0),

werl2) < Cilerl7 g 1¥121 < Ciaglx 2y, (1.5)
and hence
oo oo
lo CINZ 120y 1107y = D Hilxer2y < C1 D niaglxl? (1.6)
k=1 k=1

it follows by (iii) that o (x) € Lg(L2(@’), H~1'(0)) (the space of all Hilbert-Schmidt
operators from L?(¢) into H~'(£)) and that it is Lipschitz continuous from H~! (&)
into Lr(L?(€)), H~(0)). Under these assumptions we shall prove that if x € LP(0),
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p > max{2m, 4}, then there is a unique strong solution to Eq. (1.3) which is nonnegative
if so is the initial data x.

With respect to the situation considered in [5-7], in the present case one does not
assume that the range of W is all of R. This general setting, motivated by the diffusion
models mentioned above, requires, however, a different treatment of existence.

It should be mentioned that several other physical problems with free boundary and
with phase transition can be put into this functional setting. For instance if

a1(x —a), forx <a
Yx)=1410,p], forx=a (1.7)
ay(x —a)+p, forx > a,

with a, p, a1, a2 € (0, +00), then (1.3) models the phase transition in porous media or
in heat conduction (Stefan problem). If W(x) = p sign x, where p > 0 and

L ifx #£0
sign x = x| (1.8)
[—1,1], ifx=0,
then (1.3) reduces to the nonlinear singular diffusion equation

dX(t) — p div (S(X)VX(1))dt = o(X(1)dW (1),

where ¢ is the Dirac measure concentrated at the origin.
We already mentioned the Heavside step function

0, ifx<O
Hx)=131[0,1], ifx=0
1, ifx>0.

Furthermore, W(x) = |x|* sign x with 0 < o < 1 also satisfy Hypothesis 1.1.

Typical examples considered in the literature are W(r) = (r — x.)%, where o < 1
and the key result is that the density X (¢) of the system converges to the critical value.
In the same category fall the stochastically perturbed versions of Eqs. (1.1) and (1.2),
that is e.g. in the first case the highly singular diffusion equation

dX () — AH+M)X({@) —xo)dt =0 (X(t) —x)dW(2), (1.9)

where A > 0. This is a diffusion problem with free boundary driven by a random forcing
term proportional to X () — x., where x, is the critical density and X (¢) is the density
at the moment ¢.

Taking into account the numerical simulation in 1-D (see [2]), one might expect that
the time evolution of the system displays self-organized criticality, i.e. the supercritical
region {X (t) > x.} is absorbed asymptotically in time by the critical one {X (#) = x.}.

A few of the previous works (see e.g. [11]) on self-organized criticality in singu-
lar diffusion equations based on numerical tests brought attention on the failure of the
self-organized behavior in the presence of random fluctuations (white noise perturbation).

Here we shall prove, however, for systems of the form (1.7)-(1.9) that the
self-organized criticality takes place with high probability under appropriate assump-
tions on the parameters and more precisely that the supercritical region “vanishes” into
the critical one in finite time with high probability, at least if uy = O forallk > N +1 for
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some N € N. We emphasize that this is in particular true when the noise is zero. In this
case one gets an explicit bound for the time when this happens (cf. Remark 4.4 below).

The plan of this paper is the following. The main results are presented in Sect. 2 and
are proven in Sect. 3. In Sect. 4 we prove a finite time extinction type result for solutions
to (1.3) which displays a self-organized criticality behavior.

The following notations will be used. L”(&), p > 1, is the usual space of
p-integrable functions with norm denoted by | - |,. The scalar product in L%(0) and
the duality induced by the pivot space L2(0) will be denoted by (-, -)2. H ko) c
Lz(ﬁ), k = 1, 2, are the standard Sobolev spaces on &, while HO1 (0) is the subspace of
H'(0) with zero trace on the boundary. For p, g € [1, +00] by L%V((O, T), LP(Q2; H))
(H aHilbert space) we shall denote the space of all g-integrable processes u : [0, T]—
LP?(2; H) which are adapted to the filtration {.%;};>0.

By Cw ([0, TT; L%(Q; H)) we shall denote the space of all H-valued adapted pro-
cesses which are mean square continuous. L(H) denotes the space of bounded linear
operators equipped with the usual norm.

In the following by H we shall denote the distribution space

H=H'(0) = (H} ()

endowed with the scalar product and norm defined by

(u, v) =/A*1u<s>v<5)d§, lul—1 = (u, u)'/?,
17

where A = —A with D(A) = H*(0) N H}(0).
In terms of A Eq. (1.3) can be formally rewritten as

dX () + AV (X (@))dt > o (X()dW (1),
(1.10)
X (0, x) = x.

Its exact meaning will be precised later (see Definition 2.1 below).
It should be recalled, however, that the operator x — AW (x) with the domain

(x e L"(O)NH™Y(O) : there is n € Hy (0), n € ¥(x) ae. in O}

is maximal monotone in H := H~'(0) (see e.g. [3]) and so the distribution space H
offers the natural functional setting for the porous media equation (1.3) or its abstract
form (1.10). However, the general existence theory of infinite dimensional stochastic
equations in Hilbert space with nonlinear maximal monotone operators (see [12,21]) is
not applicable in the present case and so a direct approach must be used.

Finally, in this paper we use the same letter C for several different positive constants
arising in chains of estimates.

2. Existence, Uniqueness and Positivity

Definition 2.1. Let x € H. An H-valued continuous #;-adapted process X = X (t, x)
is called a solution to (1.3) (equivalently (1.10)) on [0, T if

XeLP(Qx(0,T)x O)NL*0,T; L>(Q, H)), p=>m,
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and there exists n € LP/™(Q x (0, T) x O) such that P-a.s.

t
(X(t, %), ;)2 = <x,e,->2+//n(s,sme,-(s>d5ds
0 0

t

+Zuk/(X(s,x)ek,ej)zdﬂk(s), VjeN tel0,T], (2.1)
k=1 0

newX) aein Qx(0,T)x 0. 2.2)

Below for simplicity we often write X (¢) instead of X (¢, x).

From the stochastic point of view the solution X given by Definition 2.1 is a strong
one, but from the PDE point of view it is a solution in the sense of distributions since
the boundary condition W (X) > 0 on 9 is satisfied in a weak sense only.

Theorem 2.2 below is the main existence result.

Theorem 2.2. Assume that d = 1,2, 3 and that Hypothesis 1.1 holds. Then for each
x € LP(0), p > max{2m, 4} there is a unique solution X € L3;(0,T; LP(2; 0)) to
(1.3). Moreover, if x is nonnegative a.e. in O then P-a.s.

X(t,x)(E) >0, forae (t,§) € (0,00) x 0.

As mentioned earlier, Theorem 2.2 was proven in [6] for a differentiable W satisfying
conditions (1.4) and for p > max{m + 1, 4}. It should be said, however, that in contrast
with what happens for coercive functions W arising in [6], here it seems no longer
possible to extend the existence result to all x € H -1 (0), x >0.

3. Proof of Theorem 2.2

We shall consider the approximating equation

[ dX; () + A(WL(X (1) + A X;.(2))dt = o (X;.(1)dW (1), 3.0
X;.(0, x) = x, :

where A > 0 and
U, (x) = % x—(1 +A\IJ)_1(x)) e v((1 +A\Il)_1(x))

is the Yosida approximation of W. We recall that W, is Lipschitzian and monotonically
increasing and so x — W, (x) + Ax is strictly monotonically increasing and bounded by
Ci(1+ |x|™) and (¥; (x) + Ax)x > Alx|* forall x € R. By [6, Theorem 2.2] (applied
with m = 1), for each x € H=1(0) Eqg. (3.1) has a unique solution
X € L2(2 x (0,T) x 6) N L(R, C([0, T]; H))
in the sense of Definition 2.1. Here as usual C ([0, T']; H) is equipped with the supremum
norm. Moreover, (see e.g. [21, Theorem 4.2.5]) the following It6 formula holds
t

EIX, ()2, + 2E / / (W5, (X5, (5)) + A X () X5 ()dE ds
(V7

t
o
= x% + D i E/ | X5 (s)ex | (ds. (3.2)
k=1 0
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‘We note that since
| Xoekl-1 = Clexlg2(oy 1 Xal-1 = Chk| Xal-1,
(cf. (1.5)) we have by Hypothesis 1.1(iii) (cf. (1.6))

t

'
o0
> uiE / |X5.(s)ex|> 1ds < CE / 1X5.(9)[% ds. (3.3)
k=1 0 0

Lemma 3.1. There exists a constant C > 0 such that for all p > 2 and all x € LP(0),

-1
ess.sup; jo.7) EIX5(1, x)[} < exp (CPT) x5, Vi >0. (3.4)

Proof. We know from [6, Lemma 3.4] (with m = 1) that as ¢ — 0,

X5 — X strongly in L3 (0, T; L3(Q; H)), 3.5)
X§ — X, inthe weak* topology in Ly (0, T; LP(2; LP(0))), ’
where X? is the solution to the approximating equation
dX5 () + (AN X5 (dt = o (X5 (1)dW (1), t >0,
X&(0) = x (3.0)
A L)

where

Ax = AWy (x) + Ax) = —A (W (x) + Ax),
D(A)) ={x e HNLY(0): W, (x)+ix € H}(O)},

and (A, ). is the Yosida approximation of A;,
1
(A)e=— I —(T+eA)™Y, e>0.
&

Furthermore, by [6, Lemma 3.2] we have that X¢ € L*(Q; C([0, T1; L*(0)). As amat-
ter of fact the results of [6] were proven for smooth nonlinear functions while W;, is only
Lipschitz but the extension to Lipschitzian functions W satisfying (1.4) is immediate. In
fact, one might take a smoother approximation of W, for instance the mollifier W, * p;
(pa(r) = % p(A/r), p e CPR), p =0, f,odr = 1) which still remains monotonically
increasing and has all properties of ;.

Next we apply 1t6’s formula (3.6) for the function ¢(x) = % |x|£. More precisely,
we first apply 1t0’s formula to ¢, (x) = % [(1+ yA)_1x|5, y > 0, and then we let
y — 0. We have (for details see the proof in [6, Lemma 3.5]),

t

Eo(X5.1)) + E/((Ax)in(S), |X5()|P 72 X5 (5))ads

0
t

1 &
=g+ > e / / X2 )P XE (s)ex [2d dis dE
= %

k=1 0

t
<o)+ ”;1 CE//|X§(S)|M§ ds. (3.7)
0 0
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since by Sobolev embedding |ex|oc < CAy for all k € N. If ¥} is the solution to the
equation

Yi — e A(WL(Y) +0YS) = X5, W (Y5)+AY; € H&(ﬁ),

then (see [6, (3.25)]) |Y |, < |X7|, and therefore

_ 1
(A X5 IXEIPT2XE), =

S (X -y IX§1P72X5), > 0.

Then by (3.7) it follows, via Gronwall’s lemma, that
-1
EIXS (01} < IxI} exp (C”T ) ,
where C is independent of x, A and 7. Now one obtains (3.4) by letting ¢ tend to 0 and
taking into account (3.5). O

From now on let us assume that p > max{4, 2m} and x € L?(&). From Lemma 3.1
it follows that for a subsequence {A} — 0 we have

X; — X weaklyin LP(2 x (0, T) x 0),
and weak™ in L*°(0, T'; LP(Q2; LP(0))),

W, (X;) — 5 weakly in LP/"™(Q x (0, T) x ), 3.8)
in particular weakly in LZ(Q x (0, T) x 0),
because by Hypothesis(ii),
W0 < W0 < CA+1x™), VxeR.
(W9 is the minimal section of W.) By (3.4) we have for A — 0,
AX; — 0 stronglyin L?(Q2 x (0, T) x O). (3.9)

Clearly X and 7 are adapted processes. On the other hand, we have

d(X;.(t) — X, () — AWK (1) — V(X () + 2 X5 (1) — X (1))dt
= (0 (X5 (1)) — o (X, (1))dW (1),

and therefore once again applying Itd’s formula (cf. (3.2)) we obtain for ¢ > 0,
te[0,T],

1
5 1% - X (0)* e
t
. / / [(W3 (X()) — Wpu(X,0(9)) (103 (X (5) — 10 (X u(5)))
(V7
+ (WX (8) — X () (Xa(s) — Xy (s) ]| e dE ds

t

o0

1 ‘

< (Czuﬁx,% -3 a)/ 1X5.(s — X ()2 e7% ds + My, (1), VA, u>0,
k=1 0

(3.10)
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where
t

M, (1) :=/e_‘”<Xx(S) — X, (8), 0 (X3(s) = X ()dW(s))2
0

is a real local valued martingale. To derive (3.10) we used that x = AW, (x) + (1 +
A\II)_I(x), and thus for all x, y € R,

(W3, (1) = W (M) (x = ) = [W5(x) = Y MIA +29) 7 () = (1+ W)~ ()]
HWo(x) = W DAL () — W (V)]

and that the first summand on the right-hand side is nonnegative because W is monoto-
nically increasing and W, (x) € W((1 + AW)~!(x)). Hence for & > 0 large enough we
obtain forall A, u € (0, 1) and r € [0, T],

1 2 —at
5 X0 = X2 e
t
sCmax{A,u}//(|%<Xx(s))|2+|Xx<s)|2+|wu(xu(s>)|2
00

+ |X#(s)|2) e~ dE ds + M, (1). (3.11)
Hence by the Burkholder-Davis-Gundy inequality (for p = 1) we get for all
Aowe0,1),re[0,T],

1 _
5 E sup 1X5.(1) — X, (1)) e
t€[0,r]

< Cmax{1, p}E / / (192G D+ X (5) 2+ 19, (X )
00

1/2

,
+ |X,L(s)|2) e~ de ds + CE /|X)L(S) — Xt eds | . (3.12)
0

But
172

.

E /|X)L(s)—Xﬂ(s)|ile_2‘”ds
0

1/2

,
<E sup |Xy(s)— X,},(S))|71e_%‘Y / | X5 (s) — X/L(S)|2,1€_asds
s€l0,r]
0

r

1 , ,
< E sup |X(s) — X, ()2 e +C]E/ 1X5.(5) — X, ()2 1e7%ds. (3.13)
s€[0,r]
0

Taking into account that by Hypothesis 1.1(ii),
W (Xo)] < C(L+1X30™), YA >0,
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and that by (3.4) {X, } isboundedin L? (2x (0, T) x O) for p > max{4, 2m}, we infer by
(3.12), (3.13) and Gronwall’s lemma that { X, } is a Cauchy net in LZ(Q; C([0,T]; H))
Hence for A — 0,

X, — X in LX(Q: C([0, T; H)). (3.14)

In order to complete the proof of the existence part of Theorem 2.2 it suffices to show
that

N, t,&) € W(X(w,1,&) aein Qx (0,T) x 0. (3.15)

Since the operator

LP(Qx (0,T) x ﬁ)%L%(Q x (0, T) x ﬁ)CL%(Q x (0,T) x 0), X—V(X),

in the duality pair
(LP(Q % (0,T) x 0), LP(2 x (0,T) x 6) = Li-T(Q x (0, T) x ﬁ)),

is maximal monotone, it suffices to show that (see e.g. [3])

hmmfIE//\IJ;L(X)\)X;\dEdt < ]E//nXdEdt (3.16)

To prove (3.16) we first note that by (3.2) we have

1
liminfE//\IlA(XA)X,\d’g‘dt+— EIX ()%,
A—0 2

|x| 1+ ZM%E/IX(s)ekI 1ds, (3.17)

k=1

because by (1.5), |(X; — X)ex|-1 < CAx|X; — X|-1 and so by Hypothesis 1.1(iii),
o0 z o 4
AILI%ZM%E/ 1X;.(s)ex|* 1ds = Zugﬂa/ |X (s)ex)? (ds.
k=1 0 k=1 0
Next letting X tend to zero in (3.1) and using (3.8) we see that P-a.s., forall ¢ € [0, T],
t t
(X(),ej)2 = (x, e,)z+/<n(S), Aej)zds+ZMk/(X(S)€k,€j)2dﬂk(S)-
0 k=17
(3.18)
Note that by continuity the P-zero set does not depend on ¢ € [0, T'], since
00 1 t
> / (X (9)ex. ej)2dB(s) = / (. o (X ()dW(s))2.

0
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In order to get (3.18) we have used the fact that by (3.14) we have

t t 2

E /(Xx(s)ek,ej)zdﬂk(s)ds —/(X(S)ek,ej)zdﬂk(s)ds

0 0
t

= IE/((XA(S) — X())ex, €j)3ds < CAPITIX = X1720. cqo. 110,
0

and therefore
t

o t o
lin > e [ (Xalew.ej)adpids = 3 s [ (X e))adpuds.
k=1 0

k=1 0

Therefore (3.18) follows and this yields, via Itd’s formula (applied to (X (#), e j)%,
t € [0, T']) and summation over j that

t
1
3 E|X ()%, +E//nXd§ ds
0 0

t

1 2 1 . 2 2

= Bl + 5 kz;ukE/|X(s)ek|lds, Viel0,T]. (3.19)
= 0

Comparing (3.17) and (3.19) we get (3.16). Hence X is a solution to (1.3) as claimed.
To prove uniqueness we take two solutions X1 and X with corresponding 5"
and n®. Repeating the argument above we obtain

1
3 EXV@) - xP0)2,

t

+E / / V() =P NXD(s) — XP(s))deds
0 0

t
l o0
= ZM,%E/KX“)(s) — XD (s)er|> ds, Vi1el0,T].
0

Since, because W is monotone, the second term on the left is positive, by (1.5), Hypo-
thesis 1.1(iii) this implies XV = X® by Gronwall’s lemma.

Finally, if x > 0 a.e. in & we know by [6, Theorem 2.2] that X, > 0 P-a.s. and so
by (3.14) it follows that X > 0, a.e in Q2 x (0, T) x & as desired. This completes the
proof of Theorem 2.2. 0O

Remark 3.2. Theorem 2.2 extends to any dimension d > 1 if one modifies condition
(iii) in Hypothesis 1.1 as in [6, Condition 4.1], i.e., one assumes

0]

2 2
e + Akle < +00.
kzlltk(l kloo + Aklexl 4 (5)
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Remark 3.3. The existence part of Theorem 2.2 remains true for stochastic porous media
equations with additive noise, i.e.

dX — AV (X)dt = /0 dW (1),

where W satisfies Hypothesis 1.1 and

JO AW (@) = Zukekdﬂk(t)

k=1
with
oo
-1,2
Z)‘k My < +o0.
k=1
The proof is exactly the same and so, it will be omitted.

Proposition 3.4. Let X5, A € (0, 1), be as above, x € L*(0). Assume that V satisfies
Hypothesis 1.1 with m = 1 and for some § > 0,

F-PHE—y)=8@x—yi V&5, (0.5) e (3.20)
Then X;., X € L3,(0, T; L*(Q, H}(0))) and

. 2 _
lim X5 — X172 7,120y = 0- (3.21)

Proof. A simple calculation reveals that
1)
W) =N =y 2 5 =y, ¥YxyeR
for A sufficiently small. Then \iJA defined by \il;\ (r) =W (r)— % r, r € R, isincreasing
and so by Itd’s formula we have
8 !
2 2
E|X;L(t)|2+§E/|Xx(s)|H01(ﬁ)ds <C. (3.22)
0

As a matter of fact, we shall apply Itd’s formula not directly to Eq. (3.1) but to Eq. (3.6)
(cf. the proof of Lemma 3.1 to obtain (3.7)). Thus we get

1 t
1E|Xa(,)|z+E ((A)e X5(5), XE(s))od <1| 13+ CE [ X (s)I3d
2 s 2 MeA)(8), ASZS_2x2 A\8)has.
0 0
Next we have
((AeXE, X5 = (An(1+6A) 7 X5, (1 +eA) 1 X5 +e|(A): X513
Taking into account that A, = A(W, +A[l) and thatr — W, (r) —6r/2 is monotonically
increasing we get
8 _
(Ae X3, X702 = 5 /|V(1+eAA) UXE12dE + el (A X513
17
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Hence
1
/|(1+8Ax) X5 ) s = €

and letting ¢ — 0 we get (3.22) and the first assertion (taking also into account (3.5)).
To prove the second part we note that
- - 1
d(X — X)) — AW (X)) — W (X)) +AX5 — uXy + 2 (X — Xy)ldt
= (0(Xp) —a (X )dW.

Hence exactly the same arguments to derive (3.11) lead to

13
1 1)
5 X — Xy e + 3 / 1X5.(5) = Xpu(s) 3¢~ ds
0

< Cmax{2, u} / (192G DB+ 1 (X3

0
X0 +1Xu0)B) e ds + My (1),

for o large enough and A, u € (0, 1), ¢t € [0, T]. Since m = 1, we have |, (x)| <
C(1+|x]) forall x € R, A € (0, 1), hence taking the expectation we get

)
S E / 1X3.(s) — X, (s)3ds < C max{x, u}E / (X5 ()1 + 1 X, (5)H)ds.

By Lemma 3.1 with p = 2 and (3.8) this implies (3.21). O

Besides Hypothesis 1.1, we shall now assume the following:

(iv) ¥(r) = psignr+ \IJ(r) forr € R, where p > 0, U:R—> Ris Lipschitz,
W e C'(R\ {0}) and for some § > 0 it satisfies U/ (r) = § forall r € R\{0}.
Here the signum is defined by (1.8).
Below we shall use an approximation to W which is slightly different from W, defined
before. Namely, below we consider

W, (r) == p (sign)r (r) + U(r) + Ar, r €R,
where (sign); is the Yosida approximation of the sign, i.e.

ifr >\
ifr e [—A, A]
1 ifr < —A\.

| >~ =

(sign);.(r) :=

We shall use the symbol W, also for this approximation and denote also by X the
corresponding solution of (3.1). This approximation in the special case of condition (iv)
is much more convenient. We emphasize that all previous results remain true for this
modified approximation. The proofs are the same and some parts even simplify. We
therefore shall use all previous results for W, and X as above without further notice.

The following technical result will be used in Sect. 4 (cf. Lemma 4.1) in a crucial
way.
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Proposition 3.5. The solutions X; to (3.1) and X to (1.3) satisfy all conditions of
Proposition 3.4 and in addition

T
IE// |V (sign),(X;)|?dédt < C, VA >0,
00
and consequently n € L%V(O, T: L2($; Hol(ﬁ)).
Proof. We set

o) = /(sign)x(s)ds, rekl,
0

and choose ¢, € C2(R) such that

1) @1(0) =0.

(i) ¢, (r) =% for|r| <A, @ (r) =1+Arforr >2x, ¢ (r) =—1—Aforr < -2
(i) 0<¢(r)<$forallr e R

It is easily seen that such a function exists and can be constructed simply by smoothing
the function (sign),. Let us denote the resulting function by f. Then define

©.(r) 1=/fx(s)ds, reR.
0

As mentioned above the arguments of the previous proofs extends to the present situation
in order to prove that { X } is convergent to the solution X to (1.3).

Now we shall apply It6’s formula to Eq. (3.1) (or, more exactly, to (3.6) and then let
& — 0 as in the proof of Proposition 3.4) with W, defined as above and to the function
Jo or(X3)dé.

1Arguing as in the proof of Lemma 3.1 to obtain (3.7), we get (recall that X, (t) €
H(0)),

t

E/fﬂx(Xx(t))dE _E/<A(Sign)k(xk(s))+A‘I'(XA(S)),(P;\(XA(S))>2 ds
o 0

00 t
< [+ > uiE [ [ gicoex e Pdeds
Vi k=1 00

t

o0

< / @2 (X)dE +40C D UATE / / 1.(s. &)lex |*déds,
Vi k=1 0 0

where 1, is the characteristic function of the set {(s, &) : 0 <Xy (s, §)| < 2A}.
Concerning the first line we note that, since ¢} and W are monotonically increasing

while as seen earlier X (7) € HO1 (0), we have by the Green formula that

(AF(X,), ¢(X)2 = — / T (X)¢) (X,) |V X, 2dE < 0.
17
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This yields

T
E//(V(Sign)x(Xx), V@i (X3))2 déds < C, Y i€ (0,1).
0 0

Taking into account that
—(A(sign)a(X2), @5 (X))2 = (V(sign)a(X3), Vg (X2))2 = 0, ae.

and that qui(X,\) = % VX, on{(s, &) : |Xy(s,&)| < A}, we get
T
E / / |V (sign)x (X,)*déds < C, Ve (0,1),
00

because V(sign),(X,) = %V(X,\) if |X;)| < X and V(sign), (X)) = 0if | X;)| > A.
Then we get the desired estimate and since also by (3.22),

T
E//|V\T1(Xx)|2d§ds <C, Vre(0,1)
0 0

and (sign); (X,) + ‘Il(XA) — n weakly in L2(Q x (0, T) x 0) as A, — 0, we infer that
ne L}, 0, T; L(Q; H) (0)) as claimed. O

4. Extinction in Finite Time and Self-Organized Criticality

In this section we shall prove a finite extinction property for solutions of (1.3) in 1-D
for a special density dependent diffusion coefficient function W. However, Lemma 4.1
below can be proved without restriction on dimension. So, for the moment we remain
in our general framework.

For simplicity we choose the Wiener process

N
W(t) =D prexfi(t), =0, 4.1)

k=1

where N € N.
Besides Hypothesis 1.1, we shall assume Hypothesis (iv) (following the proof of
Prop. 3.4), i.e.

(iv) ¥(r) =psignr+ \Tl(r),forr € R, where p > 0, U:R— Ris Lipschitzian,
U e CY(R\ {0}) and for some § > 0 it satisfies V'(r) > § for all r € R\ {O}.

Here the signum is defined by (1.8).
Now let t be the stopping time

t=inf{r >0: |X(1,x)|—; =0},

where X (¢, x),t > 0, is the solution to (1.3) given by Theorem 2.2 for x € LP(0),
p > max{4, 2m}.
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Lemma 4.1. Under assumptions (i)—(iv) we have
X(t,x)=0, fort>r1, P-as.

Proof. Set A = —A, D(A) = H*(0) N H}(0). Define p : [0, T] x Q@ — C(O; R)
by

N
p(t) == > wer(t), t€[0,T],
k=1

and i : [0, T] — C2(0; R) by

Zﬂkek

Define
Y@) =e*DX(), t>0.
Let D(A) be equipped with the graph norm of A and let D(A)’ be its dual space, hence
D(A) C Hi(0) c L>(0) c H"'(0) c D(A). (4.2)

It is easy to see that for all w € @, ¢ € [0, T] the function et o) jg g multiplier both
in D(A) and in H, hence e*"“) Az € D(A) is well defined for all z € L?(&) and
Y(t) e H.
Claim. We have

t
/ AY(s)ds. 1€[0.T], 4.3)
0

N =

t
Y(t) =x +/e“(s)An(s)ds —
0

where the fist integral on the right-hand side is a Bochner integral in D(A)’, the second
by (3.8) is one in L?(¢) C L*(0). In particular a posteriori the first integal is in H,
continuous in H as a function of t € [0, T'], P-a.s.

O

Proof of the Claim. Let ¢ € D(A). As before we shall use (-, -)» also for the extended
dualizations with pivot space L?(0) as the ones in (4.2).Then for ¢ € [0, T,

0]

(@, DX (1)) Z ej, e Dp); (e, X (1))
j=1

Furthermore, we have by Itd’s formula for all £ € &,

t

t
] 1
MO 14 / (s, ) + 5 / OO (&) ds.
0

0
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Now fix j € N. Then by the stochastic Fubini Theorem

N t
(ej. e"Vp)y = (ej. p)2 — ZMk/<ej, exe" ™ p)2dpi(s)
k=1 0
t

1 !
+5 / (ej. fie"Vp)ods, t €0, T].
0

By It6’s product rule and (3.18) we hence obtain

(ej, e Dp)s (e, X(1))2

=(ej,p)2 (ej, x +/e e“(v) 2 (Aej, n(s))2 ds
0

+Zuk/ ej, e Wo) (ej, X (s)ex)a dpi(s)
| t
+5 /(e,-, X(5))2 (e, it eV g)y ds

(ej, X(5))2 (ej, exe" S ) dBy(s)

(ej, exe" )y (e, X (s)ex)a dBi(s).

0
\N o _

ZM/%

k=1

917

After summing over j € N the two stochastic terms cancel and the claim follows since

¢ € D(A) was arbitrary.

Below we work for P-a.s. w € €2, w fixed. Hence all constants C appearing below

may depend on w.

Consider the solution X, € L2 w©, T; L3(Q, H0 (0))) to Eq. (3.1). By Proposi-

tion 3.4 we have

. 2 .
){%Elxk - X|L2(0,T;L2(ﬁ)) =0

and W, (X;) € L%,(0, T; L2(Q2, H} (0))) because W; is Lipschitz.
On the other hand,we have as in (4.3) for Y; = e* X,

dy; (1)

= e Ay (1) — ! AOY (1), Yi=0,
dt 2 -

where

m.(1) = W, (Xa (1) € H) (O).

(4.4)
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It follows by (3.21) that
. 2 _
)%l_l)l})E|Y}» - Y|L2(0,T;L2(ﬁ)) - 07 (45)
and therefore for some sequence A, — 0,
nlgr;o 1Yo, = Ylr20,7:02(0)) =0 ae.on Q. (4.6)

Below we simply write A instead of A,. Next we have by (4.4) that
< dy, ()

1
- ,YA(1)>2=<TIA(I),A(€“(’)YAU))>2—5(ﬂ(t)YA(t),Yx(t))z ac.t€[0.T].

4.7)

Also we have (for simplicity we take p = 1)
@), AV
= ((sign);. (e "7, (1)) + W (e DY, (1)), APV Y;(1)))2
=- / (V(sign)x (e DY;(1)), V(e DY (1)))d&
o0
- / U (e Oy, (1) (Ve D15 (1)), V(e VY (1)))dE
9
=-7 /(Wn(t)ﬁ — YO V(I 5.1, §)dE
%
- / U (e MOy, () (VYO — 1Y) V() P)dE,
%

because for y € H(} (0),

07 on {y ¢ (_)"a)")}7

V (sign), (y) = [ 1Vy, on{ye (-1 1)}

(Here 1;, is the characteristic function of {(§,¢) € &' x [0, T] : |e_“(”é)lg(t, &N < A}
and (-, ) is the euclidean scalar product in R".) Since ¥’ > § and ¥’ € L®(R),
u € C([0, T] x O) this yields

(1), AEOY, ()2 = € (I%0B+2) 4.8)
Hence (4.7) and Gronwall’s lemma imply
Y. (0)]3 < €0 (|Y;L(s)|% + CAT) ae.t>s.
Now taking into account (4.6) and letting A — 0 we get
Y ()3 <eCY(s)3 ae.r>s. (4.9)

If Y (-) is L?(&)-continuous then (4.9) holds for all s, ¢ € [0, T, ¢ > s. Taking in (4.9)
s=1tAT wegetY() =0forallt > 7 AT and since T > 0 was arbitrary for all
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t > 1 as claimed. So, we have to prove that Y is L2(0)-continuous on [0, T]. For this
we recall that by Proposition 3.5 we have

e* neL?0,T; H (0)), P-as. (4.10)

Then by Eq. (4.3) we have 4 € L2(0, T; H~!'(0)) and so, since Y € L2(0, T; H} (0))

P-a.s. by Proposition 3.4, by a well known interpolation result (see e.g. [3]), we conclude
that Y € C([0, T]; L%(0)). This concludes the proof of Lemma 4.1. O

For proving our extinction result we need & C R, i.e. d = 1. To be more specific
let ¢ = (0, 7). Then ex(§) = /2 sink&, & € [0,7], st = k% and L'(0,7) C H

T
continuously, so

y = inf [ ||XI|L' cxell©,m)! >o0. 4.11)
x|-1

Theorem 4.2. Let x € LP(0, ), p > max{2m, 4}, be such that

Ix|—1 < Cy'py,
where
- N
T 2.2
Cn =7 > A +k)7uz. (4.12)
k=1
Then, for each n € N,
n -1
Pz <ny>1— M=t /e*CNSds , (4.13)
Py

where by Lemma 4.1 we have
T(w) =sup{t >0: |X(t,x)|—1 > 0}.
Proof. By condition (iv) we see that
rw(r)>plrl, VreR. 4.14)
Consider the solution X; € L3,(0, T; L*(Q; H}(0, 7)) to Eq. (3.1). Then by first
applying Krylov-Rozovskii’s It6 formula (cf. [20, Theorem 1.3.1] or e.g. [21, Theorem

4.2.5]) and then the classical Itd formula to the real valued semi-martingale | X (£)|> 1
t € [0, T], and the function

ge(r) = (r+eH'? reR,
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we find
doe (1 X012 + (IXa ()12 + D) VHXo(1), Wi (X2 (1)))2dt

1L IXa®e (1Xa )2 + 2 — [(Xa (e, X)) -11%)
— d
2 2 (X0, +e)2 t

+o (X)W (1), L (1X:. (D12 DX (1)) 1

CUXL @012 +eD)1/2

X012,
NMIX O + )12

1 & X;.(D)ex|?
<= > u X0 Berl=y dt + (o (X, (0)dW (1), 9, (1X, ()2 ) X)) -1
k=1

dt +2(0 (X, (0)dW @), 9, (X2 (2N Xa () -1, (4.15)

Here Cy is given by (4.12) and

N

o (X)W (t) = D~ i X (Oexdpr ().
k=1

Integrating over ¢ and letting A — O we see that the right-hand side of (4.15) converges
to the right-hand side of (4.16) below. But by (3.8), (3.12), (3.13) and by Proposition 3.4
the same is true for the left-hand side with limit

t
X
¢8(|X(t)|2])_%(MZ])-‘-//W n(s)dé&ds.
00 B

Taking into account (2.2) and (4.14) we altogether obtain

X107
(X (1)) ’

dfﬂ (| (t)|—l)+'0(|X(t)|2_1 +82)1/2
IX(t)|2_1

YIX P, + eI

dt +2(o (X ()W @), gL (IX (D2 )X (1))
Consequently by Lemma 4.1 for all + > 0,

X (s)]—1
) (X ()2, +&2)1/2

Pe(IX (D12 ) +vp

INT

1X ()%, )
) (X (s)[* | +e2)1/2

< ge(Ix|2) +Cy

tAT
+2/(o(X(s))dW(s),(p;(lX(s)El)X(s)), P-a.s., (4.16)
0

where y is defined by (4.4).
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Clearly, we have

INT

| X (s)]-1

lim ds =t AT, P-a.s.
e=0.) (IX(s)2, +&2)1/?
0

Now, letting ¢ tend to zero we get

[ X(@)|-1+ypE AT)

t t
< |x|—1+CN/ |X(S)|—ld5+/ 10,21() (0 (X ())dW (5). X ()| X (5)|Z}) P-as.
0 0
(4.17)
Hence by a standard comparison result

t

IX(1)|—1 + py / NI g 11(5)ds

0
t

< eMx|_g + / NI 10,11 (5) (0 (X ()W (), X ()X ()] 3).
0
Taking the expectation and multiplying by (py)~le~C¥’, we obtain

t

/eiCNSIP’(r > s)ds < |x|__1
Py
0
Writing P(r > 5) = 1 — P(r < s) we deduce that
[ -1
Pr<t)>1-— M;l /e_CNSds
194

0

and (4.13) follows. O

In particular Theorem 4.2 applies to self-organized criticality stochastic models (1.9),

dX (1) — A(p sign (X () — x¢) + U(X (1) — xc))dt

N
5 0(X(1) —x0) D mkerdpr, 1 =0,
k=1

p sign (X (1) — xo) + W(X(1) — x.) 20, on 90, ],
X0, x) = x.

(4.18)

Here the function W is as in assumption (iv) and x. € R.
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Corollary 4.3. Assume that
lx = xc|-1 < pyCy',
where Cy is as in (4.12) and y as in (4.11). Then for each n € N,

n -1

P(ze <n)>1-— k= Xl /e_CNsds , (4.19)
pY )

where
Te=inf{t = 0: [X(1) —xc[-1 =0} =sup{t = 0: |X(1) — xc[-1 > O},
and X = X (t, x) is the solution to (4.18) in the sense of Definition 2.1.
We note that Eq. (1.9) reduces to (4.18) by shifting the Heavside function with x..

Remark 4.4. One must notice that if x > x., i.e. if the initial state is in the supercritical
region then by the positivity result in Theorem 2.2 we have X (#) > x., P-a.s. for all
t > 0. This means that the state remains in the supercritical-critical region for all time.

However, by (4.19) if % is small, it reaches the critical state x, with high probability
in a finite time, i.e. the supercritical-critical region is completely absorbed by the critical
one in a finite time. In contrast, if N1 g not small, i.e., if the magnitude of the

random fluctuations induced by the noise is large compared with the initial state x then
the above conclusion might fail because the random perturbations can push the density
X (t) over the singularity x..

So, in general we cannot expect T, < 0o, P-a.s. However, by (4.19) we see that

|x — xel-1

P(t, < o0) = ”an;OIP’(rc <n)>1- o7 C
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Note added in proof. Employing a supermartingale argument it is possible to prove Lemma 4.1 without the
assumption that N in (4.1) is finite. Then also Theorem 4.2 holds for N = oo. In addition, Lemma 4.1 also
holds without assuming in (iv) that § > 0, but rather only that U'(r) = 0forallr € R\{0}. Details on this
will be included in a forthcoming paper.
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