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Abstract: Consider a Gaussian Entire Function
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where o, {1, ... are Gaussian i.i.d. complex random variables. The zero set of this func-
tion is distribution invariant with respect to the isometries of the complex plane. Let n(R)
be the number of zeroes of f in the disk of radius R. It is easy to see that En(R) = RZ,
and it is known that the variance of n(R) grows linearly with R (Forrester and Honner).
We prove that, for every o > 1/2, the tail probability P { [n(R) — R?| > R* } behaves
as exp [~ R?®] with some explicit piecewise linear function ¢(c). For some special
values of the parameter «, this law was found earlier by Sodin and Tsirelson, and by
Krishnapur.

In the context of charge fluctuations of a one-component Coulomb system of parti-
cles of one sign embedded into a uniform background of another sign, a similar law was
discovered some time ago by Jancovici, Lebowitz and Manificat.

1. Introduction

Consider the Fock-Bargmann space of the entire functions of one complex variable

. . 2 .
that are square integrable with respect to the measure %e‘m dm(z), where m is the
Lebesgue measure on C. Let f be a Gaussian function associated with this space; i.e.,

f@ = te@,
k>0

* Partially supported by the National Science Foundation, DMS grant 0501067.

**  Partially supported by the Israel Science Foundation of the Israel Academy of Sciences and Humanities,
grants 357/04 and 171/07.



834 F. Nazarov, M. Sodin, A. Volberg

where ¢; are independent standard complex Gaussian random variables (that is, the

density of ¢ on the complex plane C is %e"“”z), and {ex} is an orthonormal basis in
the Fock-Bargmann space. The Gaussian function f does not depend on the choice of

the basis {ex}, so usually one takes the standard basis ex(z) = Z—‘, k € Z,. In what

follows, we call f a Gaussian Entire Function (G.E.F., for short). G.E.F. together with
other similar models were introduced in the 90’s in the works of Bogomolny, Bohigas,
Lebouef [1], and Hannay [5].

A remarkable feature of the zero set Zy = f 140} of a G.E.F. is its distribution
invariance with respect to the isometries of C. The rotation invariance is obvious since
the distribution of the function f is rotation invariant. The translation invariance follows,
for instance, from the fact that the operators (7,,£)(z) = g(w + Z)e_ﬂe_l""z/z, w e C,
are unitary operators in the Fock-Bargmann space, and therefore, if f is a G.E.F,, then
Ty f is a G.E.F. as well (see Sect. 2.2 below). It is worth mentioning that by Calabi’s
rigidity [11, Sect. 3], f(z) together with its scalings f(tz), t > 0, are the only Gauss-
ian functions analytic in C with the distribution of zeroes invariant with respect to the
isometries of C. See [12, Part I] for further discussion.

Let n(R) = Card {Z N R]DD} be the number of zeroes of f in the disk of radius

R. It is not hard to check that the mean number of points of Z per unit area equals %

(cf. Sect. 2.3). Therefore, En(R) = R?. The asymptotics of the variance of n(R) was
computed by Forrester and Honner in [2]:

E (n(R) - R2)2 —cR+0(R), R — oo,

with an explicitly computed positive c. In [10], Shiffman and Zelditch gave a different
computation of the asymptotics of the variance valid in a more general context. The nor-
n(R) — R?
/Varn(R)
random variable. This can be proven, for instance, by a suitable modification of the argu-
ment used in [12, Part I]. In this work, we describe the probabilities of large fluctuations
of the random variable n(R) — R2.

malized random variables converge in distribution to the standard Gaussian

Theorem 1. For every o > % and every ¢ > Q,
R _p { n(R) — R?| > R } < RO (1.1)
for all sufficiently large R > Ry(«, €), where

20— 1, %gagl;
pa) =13 -2, 1 <a<2;
20, oa=2.

In a different context of charge fluctuations of a one-component Coulomb system of
particles of one sign embedded into a uniform background of the opposite sign, a similar
law was discovered by Jancovici, Lebowitz and Manificat in their physical paper [4].
Let us mention that it is known since Ginibre’s classical paper [3] that the class of point
processes considered by Jancovici, Lebowitz and Manificat contains as a special case the
N — oo limit of the eigenvalue point process of the ensemble of N x N random matri-
ces with independent standard complex Gaussian entries. The resemblance between the
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zeroes of G.E.F. and the eigenvalues of Ginibre’s ensemble was discussed both in the
physical and the mathematical literature.

Now, let us return to the zeroes of G.E.F. In some cases, the estimate (1.1) is known.
As we have already mentioned, it is known for o = % when it follows from the asympt-
otics of the variance and the asymptotic normality. In the case o = 2 it follows from a
result of Sodin and Tsirelson [12, Part III], which says that for each R > 1,

e CR < p {|n(R) —RY > RZ] < ek

with some positive numerical constants ¢ and C. In [7], Krishnapur considered the case
o > 2 and proved that in that case

P {n(R) > R*} = ¢~ (DR logR = p _, o

In the same work, he also proved the lower bound in the case | < o < 2:
P {|n(R) —RY > R“‘] > ¢~CR?

Using a certain development of his method, we’ll get the lower bound

. 1
IP{|n(R)—R2|>R°‘] > e CR S<a<l.

Apparently, in the case % < a < 2, the technique used in [12, Part III] and [7] does not
allow one to treat the upper bounds in the law (1.1), which require new ideas.

Outline of the proof. Let us sketch the main ideas we use in the proof of Theorem 1.

1. We denote by Ajarg f the increment of the argument of a G.E.F. f over an arc
I C RT oriented counterclockwise, and set §(f, I) = Ajarg f — EAjarg f. Then by
the argument principle,

27(n(R) — R?) = 8(f, RT).

Note that the random variable 6 (f, 1) is set-additive and split the circumference RT into

R

N = 2 — disjoint arcs /; of length r. Thus we need to estimate the probability of the
, .

event

N
Qu(R) = Zs(f, I))| > 27 R®
j=1

2. Letus fix an arc [ of length r and look more closely at the tails of the random variable
S(f, I).Itis not hard to check that §(f, I) = §(T, f, I — w), where w is the midpoint of
thearc I and Ty, f(2) = f(w + z)e’zwe"’”'z/ 2. A classical complex analysis argument
shows that for any analytic function g in the disk 2D and any “good” arc y C rD of
length at most r, one has

maxy,p ||

Ajargg| < Clo )
max,p |g|
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see Lemma 9. Then, estimating the probability that, for a G.E.F. g = T, f, the doubling
max
exponent log M is large, we come up with the tail estimate
a

rD |g|

cm?
log M

P{|a(f,1)|>Mr2}<exp(— r4), M>1.

N
3. Now, let us come back to the sum Z 3(f, 1;). The random variables §( f, I;) are not
j=1
independent, however in [9, Theorem 3.2] we’ve introduced an “almost independence
device” that allows us to think about these random variables as of independent ones,
provided that the arcs /; are well-separated from each other. Here we’ll need a certain
extension of that result (Lemma 5 below).
4. To see how the almost independence and the tail estimate work, first, consider the case
1 < a < 2. We split the circumference RT into N disjoint arcs {/;} of length r. In view
of the tail estimate in Item 2, we need to distribute the total dev1at10n R"‘ between these

arcs in such a way that the “deviation per arc” R%/N is bigger than 2. Since N ~ é,

this leads to the choice of r comparable to R*~!.

Then we consider the event that for a fixed subset J C {1,2, ..., N} and for every
Jj € J,onehas [6(f, ;)] > mjr2, where m ; are some big positive integer powers of 2
that satisfy

Zm, 2> R, (1.2)

Then we choose a well-separated sub-collection of arcs J' C J that falls under the
assumptions of the almost independence Lemma 5. This step weakens condition (1.2)
to

> mi ke,
jelJ’
which still suffices for our purposes. Then regarding the random variables 5(f, [;),

J € J', as independent ones and using the tail estimate for these variables, we see that
the probability of this event does not exceed

exp | —c¢ z

jeJ’

3/2
< exp —r? Z mj/ r?
jeJ’

< exp (—crzR"‘) < exp (—C1R3°‘_2) .

To get the upper bound for the probability of the event 2,, we need to take into
account the number of possible choices of the subset J and of the numbers m ;. This
factor does not exceed 2V (log R)Y < eCR1oglog R which is not big enough to destroy
our estimate.

5. Now, let us turn to the upper bound in the case % < a < 1. We choose the arcs /; of

length 1. To separate them from each other, we choose from this collection R!'~¢ arcs
{1;};es separated by R® and such that

logm,
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DUS(fIp| > ROE

jeJ

For these arcs, the random variables 8(f, /;) behave like independent ones, and since
their tails have a fast decay, we can apply to them the classical Bernstein inequality
(Lemma 3), which yields

B C(Ra7€)2 .
P %5(]21,») ~ R¥¢ <Cexp(—W =Cexp(—cR°‘ 6).

6. To get the lower bound for the probability of €2, in the case % < o < 1, we introduce
an auxiliary Gaussian Taylor series

00 k
Z
g(z) = ];:0 Crag —m,

where ¢ are independent standard complex Gaussian random variables, and

VI—R*T RZ4+R <k<R*+2R:
ar=3~1+R*1, RZ_2R <k <R*>—R:
1, otherwise .

It is not difficult to check that for some absolute ¢ > 0, the probability that the function
g has at most R> — cR” zeroes in the disk RID is not exponentially small (more precisely,
it cannot be less than ¢ R~2+9).

Now, let y be the standard Gaussian measure in the space C*; i.e., the product of
countably many copies of standard complex Gaussian measures on C, and let y, be
another Gaussian measure on C* which is the product of complex Gaussian measures
Ya, on C with variances a,%. Let E C C® be the set of coefficients 7, such that the Taylor

. k . .
series >y~ Mk j_ﬁ converges in C and has at most R?> — cR® zeroes in RDD. Then

Ya(E) > cR™2,

while the quantity P {n(R) < R*> — cR”} we are interested in equals y (E). Thus, it
remains to compare y (E) with y,(E), and a more or less straightforward computation
finishes the job.

Following [12, Parts I and II], we compare the zero point process Zy with random
independent perturbations of the lattice points. We fix the parameter v > 0, and consider
the random point set {® + &, } <72, Where ¢, are independent, identical, radially distrib-
uted random variables with the tails P {|¢,| > ¢} decaying as exp(—t") for t — oo.
Set

n(R) = Card{w € Z*: |w + {o| < R}.

Then one can see that, for every o > % and every ¢ > 0,

_ R+ _Rel@n)—
e R E<]P’{|n(R)—7rR2|>R°‘} < e R
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for all sufficiently large R > Ry(«, &) with

20 — 1, I<a<y
e, V) =1@w+Da—v, 1<a<2;
W2+ Da, a=2

In the range i < a < 1, the exponent ¢(o) = 2o — 1 seems to be determined b
ge 5 p Yy

the asymptotic normality at the endpoint o = % In the range o > 1, the Jancovici-

Lebowitz-Manificat law (1.1) corresponds to the case v = 2; i.e., to the lattice
perturbation with the Gaussian decay of the tails.

Convention about the constants. By ¢ and C we denote positive numerical constants
that appear in the proofs. The constants denoted by ¢ are supposed to be small (in par-
ticular, they are always less than 1), while the constants denoted by C are supposed to
be big (they are always larger than 1). Within the proof of each lemma, we start a new
sequence of indices for these constants, and we never refer to these constants after the
corresponding proof is completed.

Notation A < B and A 2 B means that there exist positive numerical constants C
and ¢ such that A < C - B and A > ¢ - B correspondingly. If A < Band A 2 B
simultaneously, then we write A >~ B. Notation A < B stands for “much less” and
means that A < ¢ - B with a very small positive c; similarly, A > B stands for “much
larger” and means that A > C - B with a very large positive C.

2. Preliminaries
2.1. A combinatorial lemma. For j, k € {1, ..., N}, we set

|j —kls = min{|i —k|: i = jmodN}
=min{|j — k[, |[j —k+NI|, |j —k—=NI|}.

Lemma 1. Let my, ..., my be non-negative integers. Then, given Q > 1, there exists a
subset J' C {1, ..., N} such that

j =kl = Q(ymj+ym), j kel j#k,

and

S <se 3 m?

jeJ jeJ’

Proof of Lemma I. We build the set J’ by an inductive construction. Choose
jref{l, ..., N}suchthatm; =max{m;: je{l, ..., N}}. Set

=i} J={i0<1j—jils <20ymy}. S=J{UJ],
and note that

3/2
> my < (4Qymy + 1) my, < SQZm/ .

Jjen jeJ]
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Now, suppose that we’ve made k steps of this construction. If J; = {1, ..., N}, then
we are done with J' = J. If {1, ..., N}\Jx # @, we choose jis1 € {1, ..., N}\Ji
such that

mj,, =max{m;: jef{l, ..., N\«i},

and define the sets J/ ., = J{ U {jks1},

B =R u{jell, ... N\NL: 0 <|j— jile <20 M}
and Jiy1 = J;,, U J/,,. Then, as above,
3/2
Z mj < 5Qz’/nlk/ﬂ ’

JE€Jk+1\Jk

whence
3/2
> o <so S m
J€Jk+1 J€lly

We are done. O

2.2. Probabilistic preliminaries.

Lemma 2. [9, Lemma 2.1]. Let n; be standard complex Gaussian random variables
(not necessarily independent). Let ay > 0, S = Y, ai. Then, for everyt > 0,

1
Pl Sainiz | <2t
k

We also need the following classical Bernstein’s estimate:

Lemma 3. Let Y, k = 1,2, ..., n, be independent random variables with zero mean
such that, for some K > 0 and every t > 0,

P{|yx| >t} < Ke'.
Then, for0 <t < 5Kn,

|

n n
Proof. Set S, = Z V. Then Ee*Sr = H EeY. Note that
k=1 k=1

Ee*V* :E{1+Kwk+(e)"/”‘ —1_}\wk)}
=1+k</OO]P’{Wk>t} (¥ —1) df+/oop{1/fk<_t} (1—e™) dt]
B 0
< 1+m|/°°e—f (e —1) dt+/°°e—f (1= e ) m]
0 0

2K 22
)»2

>

k

=1+ < 1+4K)2 < AP
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provided that A < % Hence, we get
2
]P {Sn > t} g e—)ulEe)LSn g e4KnA _)\.[.

Similarly, P {S, < —t} < e*k"’=% and therefore P {|S,| >t} < 2e*Kn¥’=H,

t
Taking A = ——, we get the lemma. 0O
8Kn

2.3. Mean number of zeroes of a Gaussian Taylor series. Consider a Gaussian Taylor
series

g() =D aadt
k=0

with non-negative a; such that klim Yar = 0 and with independent standard complex
—00

Gaussian random variables ¢;. Then almost surely, the series on the right-hand side has
infinite radius of convergence, and hence g is an entire function. By n,(r) we denote
the number of zeroes of the function g in the disk of radius r.

Lemma 4.

where
o0
2 2k
Ce(r) = Zakr .
k=0

This readily follows from the Edelman-Kostlan formula for the density of mean
counting measure of zeroes of an arbitrary Gaussian analytic function, see [11, Sect. 2].
Alternatively, one can obtain this formula using the argument principle, see [6, p. 195,
Exercise 5].

2.4. Operators Ty, and shift invariance. For a function g: C — C and a complex
number w € C, we define

— 1
Tug(2) = g(w +)e~ e 11",
In what follows, we use some simple properties of these operators.

(a) T, are unitary operators in the Fock-Bargmann space of entire functions that are
. . 2
square integrable with respect to the measure %e"z‘ dm(z):

1 _
</ /(C 1w+ 2)Pe?Re EPEE o)

_ 1// [ (w +2)Pe P dm(z) = | £12.
7 JJc

I Tw £ 112
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(b) If fisaG.E.F,then Ty f is a G.E.F. as well.

In particular, the distribution of the random zero set Zy = f ~1{0} is translation invari-
ant. The property (b) also yields the distribution invariance of the function f*(z) =

| f(2) Ie_mz/ 2 with respect to the isometries of C. Indeed, a straightforward inspection
shows that (T, )*(z) = f*(w + 2).

(c) By (b), if f is a G.E.F,, then

k

Z
Tyf= G(w)—=,
2,600 7

where ¢ (w) are independent standard complex Gaussian random variables. Recall-

k

. Z . . .

ing that [ ﬁ ] is an orthonormal basis in the Fock-Bargmann space, and using
>0

that T, is a unitary operator and Ty, T—,, is the identity operator in that space, we

get

o5} ()

Note that for w # w’, the Gaussian variables ¢ (w) and ¢ (w’) are correlated and

(@) ()

Let y C C be an oriented curve. Note that if f does not vanish on the curve y, then

& {ocge@n}| =

Ay _pargTyf=A arg f— AyIm(z —w)w = Ay arg f — A, Im(zw) ,

where A, Im(zw) is the increment of the function Im(zw) over y, and y — w denotes
the translation of the curve y by —w.

(e) Setd(f,y)=A,arg f —EA, arg f. Then 6(T, f, y — w) = 8(f, y).

If I C RT is a counterclockwise oriented arc with the midpoint at w, then using
rotation invariance and the argument principle, we get

1 1 1
EAjarg f = Zln—lR]EARTargf = 2|71_|RE27[”(R) = %RZ = |I|R

and

8(Twf. 1 —w)=Ajarg f —|I|R.
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2.5. Almost independence. Our approach is based on the almost independence property
introduced in [9]. It says that if {w;} C C is a “well-separated” set, then the G.E.F.
T, f can be simultaneously approximated by independent G.E.F. The following lemma
somewhat extends Theorem 3.2 from [9].

Lemma 5. There exists a numerical constant A > 1 such that for every family of pair-
wise disjoint disks D(w;,r; + Ap;) with

w; €C, r;>1, p; >max (1,./10grj),
one can represent the family of G.E.F. Ty, f as

where f; are independent G.E.F. and

P [ ma)ﬁlh (D)2 > pfz'] < 2exp (—%epfz').

Z€E rj
Theorem 3.2 in [9] corresponds to the case whenr; =r > l and p; = Nr with N >

We prove Lemma 5 in the Appendix.

2.6. Bounds for G.E.F. Our first lemma estimates the probability that the function f is
very large:

Lemma 6. (cf. [9, Lemma 4.1]). Let f be a G.E.F. Then, for eachr > 1 and M >
1
P Imax |f()]e 2 > M] < 18720~ 1M
zerD

Proof. We cover the disk rID by at most (2r + 1)2 < 92 disks D ; of radius 1 and show
that for each j,

1
P i max If(z)le_lzlz/2 > M] < 2" TM

el

By the translation invariance of the distribution of the random function | f (z)|e™1?I"/% it
suffices to prove this estimate in the unit disk D. Clearly,

P [max|f(z)|e_|zz/2 > M} <P [max|f(z)| Z M]
zeDd zeD
z Ickl p b emmaZ Sys?
k>0

with § =35 \/L]; < 4. Hence, the lemma. O

The following lemma estimates the probability that the function f is very small:
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Lemma 7. (cf. Lemma 8 in [7] and Lemma 4.2 in [9]). Let f be a G.E.F. Letr > 1 and
m > 3. Then

2 m2 4
P{max|f| <e ™ ]gexp(— r).
D logm

2 . . ..
Proof. Suppose that | f| < e™™" everywhere in rD. Then by Cauchy’s inequalities,
n! nr o,
Il < Pz nrll%Jx|f|< rn e n=0,1,2, ...
For0 <n < 1 r<, the probabilities of these events do not exceed
ogm
n 2 m ﬁ r2 2 2
(nr—Z) e—2mr < e—2mr <
logm

Since these events are independent, the probability we are estimating is bounded by

2
exp (—mr2 ( e rz)) = exp (— e r4) .
logm logm

We are done. O

The next lemma bounds the probability that a G.E.F. is small on a given curve of a
given length.

Lemma 8. Let f be a G.E.F, and let y be a curve of length at most r > 1. Then, for
any positive &€ < }‘,

1
P { min If(z)le_lz‘z/2 <& ] < 100re,/log — .
ZEY &

Proof. We split the curve y into [r] arcs y; of length at most 1, and fix the collection
of disks D; of radius 1 such that y; C D;. We’ll show that for each j,

1
Pinmuf@nfﬂwz<s] < 50e,/log ~ .
€y e

Clearly, this will yield the lemma.

By the shift invariance of the distribution of the random function | f (z)|e ™! 12 we
assume without loss of generality that D; is the unit disk ID. Taking into account that

e"Z'z/ 25 % everywhere in the unit disk, we have
P[mmu@mﬂﬁﬂ<g}<P[mmu@n<%]
Z€Y; z€Y)
We choose points {z,,} C y and disks D,, = {|z — z;u| < k¢&} such that

y C U D and Card{z,,} < ’7—1 —‘
nm» mJ X ’
~ 2k e
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with the parameter « to be specified later. Then, for z € D,,,
[f@I 2 f @l — 1z — Zml mﬂgle/l 2 1 f @)l —KsmH%XIf’I-

Hence, we need to estimate the probability of the events

1
le{min|f(zm)|<3e} and Q= |max|f/|> — 1 .
m D K

If neither of these events holds, then | f(z)| > 3¢ — ¢ = ¢ everywhere on y.
Recall that for any standard complex Gaussian random variable ¢ and for any ¢ >

0, we have P {|¢] <t} < ¢, also recall that f(zm)e"Zm‘z/2 is a standard complex
Gaussian random variable. Hence, for any fixed m, we have P {|f(z;)| <3¢} <

P { |f(Zm)|e_|Z"’|2/2 < 38} < 9¢2. Therefore,

1 9
P{Q} < | — 29¢% < 2o 4962,
2K e 2
Next,

1 Lemma 2

1 _
P{2} <P me < 207207

1 -

with § = D75, % < 6. Therefore, P {Qy} <2¢ 72° °, and

9 1.
P{Q}+P {2} < 58/(_1+2e_72" P02

Choosing here k! = /72 log %, we get

P[rgiynlf(z)l<28l S P{Q}+P{Q)}

[ 1 [ 1
<27V2¢ log — +2¢ + 9¢2 < 50¢ log —,
€ €

proving the lemma. O

2.7. Upper bounds for the increment of the argument. We say that a piecewise C!-
curve y C rD is good if its length does not exceed r and, for any ¢ € C\{y}, we have
|Ay arg(z — §)| < 27. The following lemma is classical (cf. [8, Lemma 6, Chapter VI]):

Lemma 9. There exists a numerical constant B > 1 with the following property. Let g

be an analytic function in the disk 2rDD such that sup |g| < 1. If max gl > e =P, then for
2rD
any good curve y C rDD, we have

|Ay argg| <B
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Proof. By scaleinvariance, it suffices to prove the lemmaforr = 1. Choose zg € T such
that |g(z0)| = m]%)x lg| = ¢ P, and denote by ¢ a Mobius transformation ¢ : 2D — 2D
r

with ¢(0) = zo.
Denote by ng(t) and ngo, (1) the number of zeroes of the functions g and g o ¢ in the
disk D, and choose p < 2 such that ¢! (%]D)) C pD. Then by Jensen’s formula

2 L 2 Ngop(t)
0> ; log (g 0 @) (2e )I§=log|go¢(0)|+ ; ————dt

2

o (t

> _ﬂ+/ ngT(p()dl‘E —,3+ngo(p(p)log%
p

> —B+ng(3)log 2.

Thus the number of zeroes of g in the disk %]D) does not exceed C1 8. Hence, g = pgi1,
where p is a polynomial of degree N < C 8 with zeroes in %]D and a unimodular leading
coefficient, and g1 does not vanish in %ID), £1(0) > 0.

2 . do
Claim 9-1./ )1og |g1(%e’9)|‘ & <o
0 2

Proof of Claim 9-1. Indeed,

2 ) do 2 ) 4o 2 ) 4o
1 3 i ‘ S/ 1 3 i ) / 1 3 i )

/0 oglgi(5e7)] S, oglg(ze™) T A og|p(5e7)| o

2 ) 4o 2 ) 4o

= | log |g(3e? —+/ I 319‘—.

/0 og |g(ze )|27r A oglp(5e7)| o

To estimate the integral on the right-hand side, we note that

o o0, () = Iz o
loglg(Ge' )| F——— 5= >1 > -8,
/0 oglg(ze)l 26— zof 2 oglg(zo)l = —B

whence
o 3 iy, 40
log™ [g(5¢ )I—2 < G3B.
0 T

The estimate of the second integral on the right-hand side is also straightforward: since
N

p(2) = H(z —Aj) with; € %]D), we have
j=1

o 3 i6 do m 3 0 do N<Cip
‘10glp(§e )I’ — <N - sup ‘logbe Al — < C4B
0 2 AG%D 0 2

Hence, the claim. 0O
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Now, < ]A,, arg p} + ]A,, arg g1/, and since the curve y is good, we have
|Ay argp‘ < 27 N < CsB. Fix the branch & of arg g1. Then

|Ayh| < 2max |h — h(0)].
D

Since & harmonic in %D, we have

2 3¢l 47 do
h(z)=/ log|g1(3¢')| Tm —32 —+h(0), |z <1
0 H—Z 27

and

2 N Claim 9—1
h) = hO1 < Co [ Jloglai G| do % Crp. k<1,

This proves the lemma. O

Lemma 10. Letr > 1, let y C rDD be a good curve, let m > 25B, and let f be a G.E.F.
Consider the event SZ {|8(f Y| = mrz} Then

QcQu lm]%)xlﬂ < e413”"2] with P{Q'} < exp( eémrz).
r

In particular,

2,4
P{Q) < 2exp( s 1ogm)

Proof. Introduce the events

Qi (m) = {IAy arg f| > mrz},
and

Q' (m) = [ max | f(z)le”17/? > e3er2].
ze2rD

Claim 10-1. For m > 12B, Q(m) C @/ (m) U {max,D|f| <e zlgm’z}

Proof of Claim 10-1. Suppose that the event €'(m) does not occur. Then

m=>12B
max |f| < e3er 24272 — e(§+%)mr2 /g eﬁmrz )
2rD
If the event 21 (m) occurs, then by Lemma 9
maxy,p | f1
< |Ay arg f| <B —
max,p |f|

whence,
1 < e 5™ max | f] < e” 2"
max e max e
rD = 2rD = ’

proving the claim. 0O
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Claim 10-2. Form > 12B, P {@'(m) } <exp (—e""”).

Proof of Claim 10-2. We have
emma 6
5] T o i) e (i)

It’s easy to see that for r = > 4, one has

pMr
181 exp (—Lz ) 18t exp (—%et) < 18texp (—%e‘)
= 18t exp (—%e’) exp (—e') < exp (=¢').
~—
<1

Hence, the claim. O

Claim 10-3. Form > 12B, P {Q;(m)} < Zexp( 432%)

Proof of Claim 10-3. By Lemma 7,
2 242
F [mﬁx I < ez ] < exp (—#—mgm‘r/)z—m)'

2
It’s easy to check that for t = %mr2 > 12, one has ¢'/? > tT' Therefore,

1 (mr?)?

1 2
mr 1 2
B> g (mro)” > 4 ogm2B) -

e3B

252
Thus P { Q' (m) } also does not exceed exp (—ﬁ %). We are done. 0O

Claim 10-4. [EA, arg f| < 12.5Br2.

Proof of Claim 10-4. By Claim 10-3, for s > 12Br?, we have
2B)? 2B)?
P{|Ayargf|2s}§2€xp —L < 2exp —L .
logs/(2Br?) logs/2B

Therefore,

00 2B 2
|EA, arg f| < 12Br? +2/ exp (—L) ds
12Br2 log(s/2B)

o0
= 12Br2 +4B/ e/ logs go 12.5Br2,

6r2
I —

<1/8
proving the claim. 0O

Now, we readily finish the proof of Lemma 10. Suppose that the event €2 occurs; i.e.,
|8(f, v)| = mr? withm > 25B. Then

|Ay arg f| > 16(f. )| — |EAy arg f| > (m — 12.5B)r* > Lmr?.

That is, Q2 C @ (%m) and the lemma follows from Claims 10-1, 10-2 and 10-3 applied
with %m instead of m. O
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Remark. One can get a better estimate ‘EAV arg f | < r? than the one given in Claim
10-4 in the following way. If y: [0, 1] — C is a good curve, then

1 g7
Ay argf=lm/ L(y(t)) y' (1) dt.
o f

Taking into account that EfT/(z) =7, we get

1
EA, arg f =Im / Y ()y @) dt,
0

whence |EA, argf| < r - Length(y) < r2.

3. The Upper Bound for 1 < o« < 2

3.1. Few arcs with large increments of the argument. Givenr > 1, we fix a collection
of N < 27 R disjoint arcs {1}, << Of length 7 on the circumference RT. Then, given

A > 1 and a positive integer L, we introduce two events. The first event Q1 (r, R, A, L)
is that the collection {I j} contains a sub-collection of L disjoint arcs {I;} ;e

such that

1<j<N

PULEFDIEPS

jeJ
To define the second event, we fix N independent G.E.F. f;. Thenthe event Q,(r, R, A, L)

is that the collection {/; }1 <j<n contains asub-collection of L disjoint arcs {/;} je s such
AN
that,

218> A

jelJ
Here, I; = I; — wj, where w; are the centers of the arcs /;.

Lemma 11. Suppose that R is sufficiently big. Suppose also that

bA

RVZ<ALKR? and 1<L<———
r2+1log R

with a sufficiently small positive numerical constant b. Then the probabilities of the

—b1r?A

events 2;, 1 = 1,2, do not exceed e with a positive numerical constant b;.

Proof of Lemma 11. First, we estimate the probability of the event €2,; this is a sim-
pler part of the job. Suppose that the event Q> (r, R, A, L) occurs. We choose M; <
r2 |6(fj, Ij2,| such that Zjej Mjr2 = A. Let B be the constant from Lemma 9. Note
that the arcs I; with M; < 50B can contribute at most 50BL < 50BbA < %A to the

total sum, provided that b < ﬁ. We discard the arcs 1; with M; < 50B and denote
by J the collection of remaining arcs.
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Now, let m; be the largest positive integer power of 2 such that m; < M;, j € J.
Then

1
ZAgémJ»rng and  m; > 258, (3.1.1)
J

and

Piea) <> > P {180 = mir) L

J {mj) jeJ

where the first sum is taken over all subsets J C {1, ..., N} of cardinality at most L, and
the second sum is taken over all possible choices of m, j € J, that are positive integer
powers of 2 satisfying restrictions (3.1.1). Since f; are independent, we have

P ﬂ{|5(fj,7j)|>mjr2} =HP{|8(fj,7j)|>m,-r2}.

jeJ jeJ

The probabilities of the events on the right-hand side were estimated in Lemma 10:

~ 5 1 m?r4
P{18Cf. Tl = mjr? | < 2exp 165 toem )
J

Therefore,

1 m2r?

A D
16B Y logm

P ﬂ{|8(fj97j)|>mj"2} <2Lexp<
jeJ
< I

2 2
1682 r Zm]r
jeJ

<2k exp

1
< 2L exp (— A2 rzA),

and

1
P{Q;} <2Lexp(—64B2 rzA)ZZI.

J {mj}

To get rid of the sums on the right-hand side, we need to estimate the number of
different ways to choose the “data” J, {m};jcs . Since m is an integer power of 2 and
mj < A, foreach j € J,there are at most 2 log A ways to choose the integer m ;. Hence,
given a set J of cardinality at most L, we have at most (2log A)* ways to choose the
collection {m ;}je,. Also there are at most

N N<27R
> (£)<(N+1)L T (CLIogR

0<U<L
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ways to choose the subset J C {1, 2, ..., N} of cardinality at most L. Therefore,
oL Z Z 1 < (4log A)leCllogR

J {mj}
! " "
< eC L(log R+loglog A) < eC LlogR < eC bA ,

which is a negligible factor with respect to exp (—# rzA), provided that b <« B2,

This completes the estimate of P {Q2,}. O

The estimate of the probability of the event €21 follows a similar pattern. Now, the

events {|8 (i 1)) =m jrz}, j € J, are not independent. To get around this obstacle,
we’ll use the almost independence lemma, which brings in some awkward technicalities.
We split the proof into several steps.
(i) Suppose that the event Q;(r, R, A, L) occurs. As above, we choose M; < r
|8(f. 1;)| such that > jeaM ;r* = A. Then we fix a sufficiently large positive numer-
ical constant C; > 25B and note that the arcs /; with M; < 2Cy(1 + r—2 log A) can
contribute to the total deviation A at most

bA(r* +2log R)
r2+log R

-2

2CIL(r* +log A) < 2Cy < 4bCiA,
which is much smaller than A provided that the constant b is sufficiently small. We choose
b < 8171 and conclude that at least half of the deviation A must come from the arcs I with

sufficiently large M ;. From now on, we discard the arcs I; with M; < 2C1(1 +r~2log A)
and denote by J the set of the remaining arcs.

Now, let m; be the largest positive integer power of 2 such thatm; < Mj, j € J.
Then

1
A< Smirt <A, and  mr? > G (r2 +1ogA) (3.1.2)
jeJ
and
P <> > Py {1z mir) L (3.13)
J {m;) jeJ
where the first sum is taken over all subsets J C {1, ..., N} of cardinality at most L, and

the second sum is taken over all possible choices of m;, j € J, that are positive integer
powers of 2 satisfying restrictions (3.1.2).

As in the previous case, it suffices to show that, for a fixed subset J C {1,2, ..., N}
with Card J < L, and for fixed mj, j € J, that are integer powers of 2 and satisfy
conditions (3.1.2), one has

PO o= mr) | <emrs (3.14)
jeJ

Since we have at most € L10gR ~ ,C"bA possible combinations of the “data” J and
{m j} ey, the two sums on the right-hand side of (3.1.3) contribute by a negligible factor

—er?A c

with respect to e , provided that b < 557.
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(ii) From now on, we fix a set J of cardinality at most L, and m;, jeJ, that are
integer powers of 2 and satisfy conditions (3.1.2). Let w; be the centers of the arcs
Ij, Ij = Ij —wj, and let

Q¢ {|8(f, )= mﬂz} - {'5(ijf’ Il > m-/”z}'

By Lemma 10 applied to the G.E.F. Ty, f with y = I~, and m = m, we have

L2
Qjcﬂ}u[r?%x|ijf|<e 43’”/’]

1
with P { SZ/] } < exp (—eﬁ_Bmfrz), whence,

N {|8(f, )] > mj’z} clUei)vn [%XITW,-JCI < e4'B”’f’2|

jelt jeJ jed
with
2
mjr=2Cylog A 1 C12258 4 L<A 4
P U Q/j < Lexp (—eﬁcl IOgA) < Le ™ T2 AN
jeJ
: .. 2

Since r2 < A, this is much less than ¢ ™" 2 when R > 1.

Discarding the event U Q/] we need to estimate the probability of the event

jelJ
ﬂ [m]%)x |Tw; f1 < exp (—ﬁmjrz)] .
jelJ g

(iii) Combinatorial Lemma 1 applied with m; = 0 for j ¢ J and with the constant
Q = Z(A+1), gives us a subset J' C J such that

|]_k|*>Q('\/mj+\/mk)’ jrke‘]/’ ]#k’
and
1
3/2 _
ij 25.2"1" (3.1.5)
jeJ’ jeJ
Hence, the centers w; of the arcs from J’ are well-separated:

j —k 2
’ 2R|*r > —1J —kler > A+ D) (ymjr+/mgr)
= |

for j,k € J', j # k. By the almost independence Lemma 5 applied with r; = p; =
/mjr, we have ijf =fi+hj,je J’, where fj are independent G.E.F., and

lwj — wi| = 2R sin

P I max |hj(Z)|€_IZ|2/2 > e—mjrz ] < 2exp (_%emjrz)
zerD

mjr2>C1 log A .
< 2exp (—QAC‘) .
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Introduce the event

F = U {Hrl]%)X'h-” > exp (_%m-/rz)l'

jeJ’
Claim 11-1. For R> 1, P {F} <e A
Proof of Claim 11 -1. If for some j € J',

n:]%)x |hjl > exp (—%mjrz),
then

25
max Ihj(z)le_‘zlz/2 > exp (—%(mj + 1)r2) MZE mir?,

zer

Therefore,

P{F} < Z P {?;f‘ﬁmj(Z)le'Z'z/z > exp (_%mjrz) ]

jeJ’
- L<A
< L-2exp (_EA 1) < 2A exp (——AC‘)
Since r2 < A, this is much less than e, provided that R > 1. 0O

If the event F does not occur, then for each j € J’,

max | max|T | + max |A |
rD fil S riD

2
12 _1..2B 2mjre2258 102
L e BMITT 4 e 2Mi" < 2 4Bm/r < e 6BMTT

We conclude that if R is sufficiently big, then outside of an event of probability less than
exp(—rzA), we have

m]%)x [fjl <exp (—émjrz)
r

foreach j € J'.
(iv) Our problem boils down to the estimate of the probability that the independent events

L2 .
im%xlfj|<e63’"fr } jel,
r

occur. By Lemma 7 the logarithm of the probability of each of these events doesn’t

2
r#* with ¢ = Therefore, the logarithm of the probability that all

log m 3632
these events happen doesn’t exceed

exceed —

< _ m; < —cr°A
C5I(A+ n" Z ir
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with
12 |
“TASzA+1) 3607BXA+1)

This completes the proof of (3.1.4) and, thereby, of the lemma. O

3.2. Proof of Theorem 1: the upper bound for 1 < o < 2. We need to estimate the
probability of the event Q, = {|n(R) — R% > R“}. Let b be the constant from the pre-

vious lemma. We fix a small positive § € (%b, %b) such that the number N = ZT”RZ_"‘
is an integer, take r = SR®~!, and split the circumference RT into N disjoint arcs
{1;} of length . By the argument principle, 2y = {‘Zl 8(f, Ij)‘ > 27-[R<¥}. In the
case 1 < a < 2, the cancelations between different random variables 6(f, I;) are
not important, so we are after the upper bound for the probability of the bigger event

2, =3 18(f. 1] > 27 R},
We take A = 2 R%, and check that Lemma 11 can be applied to the whole collection
of arcs {I;};i.e., with L = N.If R is big enough then log R <« r2, and

A o
lcp o Mpoa  L1bo2TRE 1bA bA

5 S282R%2 T 2,2 T 24l0gR
Therefore, the assumptions of Lemma 11 are fulfilled, and we get
P {Q/ } < e—2nb|r2R°‘ < e—cR3a*2

o = .

Done! 0O

4. The Upper Bound for % <a<l1

4.1. Approximating the total increment of arg f by the sum of increments of arguments
of independent G.E.F.

Lemma 12. Suppose that R is sufficiently big, that 1 < r < 2, and that3RY? < A < R.
Then, given a collection of disjoint arcs {I j} of length r of the circumference RT that

are separated by arcs of length at least log R, there exists a collection of independent
G.E.F. {f;} such that

P ZS(f,I,->—Za(f,-,f,-)>A e A
J J

where I; = I; — wj and b; is a positive numerical constant.

Proof of Lemma 12. Set p = /Cilog R with C; > 1. Let A be the constant from
the almost independence lemma. If R is big enough, then by our assumptions, the disks
D(wj, r+Ap) are disjoint. So the almost independence Lemma 5 yields a decomposition
Ty; f = fj+hj with independent G.E.F. {f;} and

P m]%)x |hJ-(z)|e_|Z|2/2 >R O ] < 2exp (—%RCI).
r
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In what follows, we assume that

2
max max |l’lj(Z)|€7|z‘ 12 < R,
j rD
For this, we throw away an event of probability at most

1
2R -2 2K « ot

Since §(f, 1) = 8(Tw, f, I~j), we need to estimate the probability of the event

D (8T, £ ) =85, ID]| = A ¢,
J

introduce the events

Qj = Imip |fi@)e™ 2 < R—Cl/2],

ZGIj

and note that if 2; does not occur, then

8T, £, 1) =805, 1| = |Aj are Ty, f = A are 1|

h.
= ‘Af arg (l + —J) < RC12
J fj
(we have used that ]EAfj arg Ty, f = EAfj arg f;), whence
> T s -8 | S2mR- RO

o ,
J: $2j doesn’t occur

Therefore, we conclude that

D (6(Tu, £ 1) = 8(f. 1))
J

< D> @ £l DD s Ip]+1

J: §2j occurs J i S2j occurs
= > Ipl+ DL s Ip)+ 1
J: Qj occurs J: 2 occurs

To estimate the size of the two sums on the right-hand side, we introduce the (random)
counter L = Card { Ji occurs}. Lemma 11 (applied to %A instead of A) handles the

case

for R > 1).

b A ( bA
L < -
6

< —
log R 3(r2 +log R)

. . o 2
It yields that outside of some event € of probability at most 2¢ 217" each of these
two sums does not exceed %A.



Large Fluctuations of Random Complex Zeroes 855

Now, consider the second case when L > b _A

Denote by Q the integer part of

6 logR"
b
6 log R Then at least Q independent events 2 TR Y jo must occur. By Lemma 8
applied with y = I~j and ¢ = R~C1/2, we have

P{Q;} <100rR~ /% /1CilogR < RT3,

provided that R is sufficiently big. Therefore,

P g ) < () (ko)

—_— ——
<27 R)?

1
—LlciQlogR A
< e aC1QlogR  pm2hA

Thereby,

P Zé(f, Ij)—Za(f,-,f,a > A
J J

2 . o~
< ]P’{Q/} +]P’{L>% bA } < 2e DA 4 pmah g

and we are done. 0O

4.2. Proof of Theorem 1: the upper bound in the case % < a < 1. We split the circum-

ference RT into N = |27 R| disjoint arcs {/;} of equal length r, 1 < r < 2. We fix a

positive & < ITT“ and suppose that

N
D 8(f1))| > 2w RY.

Jj=1

Then we split the set {1, ..., N} into n = |2R?] disjoint arithmetic progressions J, ...,
Jn. If R is sufficiently big, then the cardinality of each of these arithmetic progressions
cannot be less than

N 2R —1 e
——1>———-1>2R"°,
n 2R¢

and cannot be larger than
N 27 R
Sl T 1 <4RE
n 2R® — 1

For at least one of these progressions, say for J;, we have

RC{
ZB(f, Ij)| > 27 — > 2R**.

n
J€JI
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Given a collection {/;};e; with 2R'7¢ < Card J < 4R'~¢ of R*-separated arcs of
length r, we show that

P Z‘S(f» ]j) > 2R* ¢ < Cle—CQRZOf*lfs .
jelJ
Since we have n < R such collections {I j}, this will prove the upper bound in the case

1
§<a<l.

jes 8Cf 1)| > 2R*~*. By Lemma 12 applied with A = R%~,

we see that there is a collection of independent G.E.F. { f;} such that throwing away an
event of probability at most

Now, suppose that ‘Z

_ _ a—e E<l—a 5oy
e by A —e by R < e R

’

we have

D 8(f. I > 2R F — A =R,
jeJ
To estimate the probability of the event P { ‘Z jes 8Cf5, f;)‘ > R*¢ } , we apply

Bernstein’s estimate (Lemma 3) to the independent identically distributed random vari-
ables v; = &(fj, I;). By Lemma 10, the tails of these random variables decay superex-
ponentially:

l2
P{|y|>1} <exp(—f§?)

for > 1. The number of the random variables v; is bigger than 2R'~¢. Hence, the
Bernstein estimate can be applied with 1 = R*7¢. We see that the probability we are
interested in does not exceed

ZCXP (_C4[2/Card J) < exp (_CSRZG—I—S)’

completing the argument. O

5. Proof of Theorem 1: The Lower Bound for % <a<l1

We fix a € (%, 1) and show that, for some positive numerical constant cg and for each
R > Ro(a), one has

P {n(R) < R? — ¢oR” } > ¢3R!

Everywhere below, we assume that R > 2. Let N = | R]. Let J_ be a set consisting of
N integers between R?> — 2R and R> — R, and let 7, be a set consisting of N integers
between R? + R and R% + 2R. Let

VI—Rel ke Ty
ay = 1+/1+ Re—1, ke J_;
I, k¢ J.UJ_.
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Consider the Gaussian Taylor series

g(2) =

Z Skak——=
k=0 ﬁ
and denote by ng (R) the number of its zeroes in the disk RD.

Claim 5.1. For R > 1, we have Eng(R) < R — c1R%.
Proof of Claim 5.1. By Lemma 4,

R2k 1 R2k
1 RYsoat -2k o k-
Eng (R) 2 R2k - 2 R2k
is04f - 2409 T
The ratio on the right-hand side can be written as
2 2 RZ"
R2, k0% k=R
2 R2k
Zk;O A rr
Note that
R2k
D (k=R — =0,
k>0

so the numerator in the second term equals

2k
a—1 2 a—1 2
ZR -(k—R? —.+Z(R ) (k—R?) - o
keJ- keJ.
R2k
o
sk o
ke J_UJy
Since R > 1, we have ak < 2, and the denominator cannot be bigger than 2R
1 2 RZk
Eng(R) < R* — SR Y -
keJ_UJ, ’
Now, observe that
RZk
—_— ceR2

|
ke J_UJT, ’

857

. Hence,

with some absolute ¢ > 0. To see this, note that the function k +— Rk—zlk decreases for
k € J; and increases for k € J_. We set K = [R? +2R]. Applying Stirling’s formula,

we get
R2k RZK 1 €R2 K
_ > > | —
k! K! ~ JK K
R?+2R—-1 R>+2R R?
R ‘ R22R262R+4Ze_
R(1+32)0 " Re R
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for k € J,. A similar estimate holds for k € J_. Therefore,

R%* 1
o < R*— ERO‘e_R2 ~ceR2,

1 2
Eng(R) < R* — ER“e Y
ke J_UJ,

proving the claim. 0O

Claim 5.2. For R > 1, we have

P {ng(R) <R- %R“} > %R—ZW.

Proof of Claim 5.2. We have

c1R* <E(R? — ng(R)) < %R"‘ +R*P {ng(R) <R2— %R“ }

whence
P {ng(R) <R - %‘R"} > R2. %‘R“ = %‘R—M.

Claim 5.3. Let O <t < N. Then

2
t
P 2 2>t <2 -
D el = > exp( 16(e+1)N)
keJ- keJy

Proof of Claim 5.3. Note firstof all that P { [¢|* > 1} = e and E|¢|* = 1, whence,
fort > 0,

P{|§k|2—1>t} <e!
and
P{|§k|2—1<—t} =max{1—e’_l,0} <el .

Thus we can apply Bernstein’s Lemma 3 with K = e + 1 to the random variables
+(|z¢|? — 1), which yields the desired conclusion. O

In particular,

P 2_ 2> R1210gR Y <2 (— 1 2R)gc—lR—M,
Dlal = D] lul og exp (—cz log 1
keJ- keJs+

provided that R > Ry(x).
Now everything is ready to make the final estimate. Let y be the standard Gaussian
measure on the space C*; i.e., the product of countably many copies of the measures

1 2
— eIl dm(ny), and let y, be another Gaussian measure on C* that is the product of
T

. 1 2,2 .
the Gaussian measures —26"""' /% dm(nr). Let E C C* be the set of coefficients
Ta
k
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. k . .
ni such that the Taylor series >~ nkj_ﬁ converges in C and has at most R* — & R*
zeroes in RID. Then Claim 5.2 can be rewritten as

Va(E) > %‘R—M,

while the quantity P {n(R) < R? - %R"‘ } we are interested in equals y (E). Thus, it
remains to compare y (E) with y, (E).

Let
u={ > mlP= D> Il +R%"7 log R
= az £
keJ_UJ: keJ_UJ, k
and
~ _1
U=1 > amP> > ImP+R ZlogR
ke J_UJ, ke J_UJ:
Note that

=y (U) = 2 _ 2 1/2 [
va@)=y@) =P > 1l = 3 1al? > RV logR ¢ < ZR7H.
keJ_ keJs

Hence,
1
Va(E\U) > S R72.
But on E\U, we can bound the density of y, with respect to y:

d Of*l o—
d_);a < R 7 I0gR (| _ Rla=2)=N _ 2R
for R > Ry(«). The rest is obvious:
_ 20—1
y(E\U) = e "y, (E\U)

C1 _ _ 20—1 _ 20—1
ZR 2+0(e 2R >e 3R ,

y(E) >
=

provided that R > Ry(«). This proves the lower bound in Theorem 1. O

Appendix: Asymptotic Almost Independence. Proof of Lemma 5

A-1. Elementary inequalities.

Claim A-1.1. For all positive k and t,

klogt —t < klogk —k — (V1 — vVk)%.
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Proof. The function ¢(7) =k log(rz) — 72 attains its maximum at T = vk, and

. 2k
Prt)=—75-2<-2 forallt > 0.
T

Hence,
9(1) <p(Wk) — (t —Vk)? forallt > 0.
Replacing 72 by 7, we get the claim. O

Claim A-1.2. Let k be a positive integer and u > k. Then

k
/ e d[ < 67([ f)Z
u

k!
Proof.

k —t o0 k —t—(u—k)
[t+(u—k
u k
oo 4k Lk
/ e~ [ u ki| o~ 4,
k t

ko—
- == k)/oo—tetdz
. K
Claim A-1.1

—_—
< exp{lklogu — u] — [klogk — k]} < e_(ﬁ_“/z)z,

<I

proving the claim. 0O

Corollary A-1.3.

1 00 tk
Jz* e dm () =/ ldi < e
Sy (VE+d)? [

Claim A-1.4. Let w', w” be points in C and let k', k" be non-negative integers. Then

2

[E {ge@)Ee@n )| <2675,
provided that |[w' — w”| > Vk' + k" +d, d > 0.
Proof. By Sect. 2.4(d),
[E {s &}

Zk/ Zk”
(@) (R

k/ 7. k//
(Z _ w/) (Z _ w//) e_zw,_%|w,|ze_zw//_l|w//|2

e VR VRN

eI dmy(2)|.




Large Fluctuations of Random Complex Zeroes 861

Therefore,

& {& & )|

’ i
L lz—w® e le—w'* i e
Stle v ¢ S o1 ¢ 2 dmy (2)

<i/ +l/ =I'+1".
T Hie—wizved) T Hiz—wri>vired)

By the Cauchy-Schwarz inequality,

’ 1/2
, 1 lz—w|* /
I'<{— e dmy(z)
T {\z—w’l}«/k#%} k'

" 172
|Z //|2k a2
[ / k//! S dmZ(Z)

Claim A-1.3 2 P2
< e 8 . l=¢e §.
42 d?
Similarly, I” < e~ 8. Hence, I’ + I” < 2e¢” %, and we are done. O
Claim A-1.5. Assume that the disks D(w;, R +8c}) are pairwise disjoint and R; > 1,
0j = max (1, J/1og Rj). Let Djj = |w; — wj| — R; — R; be the distance between the
disks D(w;, R;) and D(w;, R;). Then, for each i,
_1p2
2 > 1+ RHeF <o
JrJ#E
Proof. Indeed, since D;; j = 80, we have

=D} 2407 > 207 +2 > log(e® R)) > log4R}) > log [2(1 + Rf)] .
Thus, it suffices to estimate the sum Z 16 '/ For each j # i, consider the disk
Jrj#

D; C D(wj, R +80;) of radius 4 closest to w;.
For each z € D, we have |z — w;| < D;j + R;. Also, the disks D; are disjoint and

U D; C C\D(w;, R; +80;). Hence,
j

Z e‘%Dij L e—|]7,(|1—wi|—Ri)2 dms(2)
jt i 167 {lz—w;|=R;+80;}
1 1 2 1 [ 12
= e 6 RITRD gy (2) = —/ (Ri +1)e” 16" dt
16” {|z|=>R; +80, 8 80;
1.2 2
<(+1% R)/ T dt = (1+ §Rp)e
1+1iR; 2> 8+ R; 2 9 2 2
8L 20} L —20:; —207 —207
- ° P — i< — i i
< e"i2+1 e < SeR; e < 8ee <e

proving the claim. 0O
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Fig. 1. The disks D(w;, R;), D(w;, R;) and D;

A-2. Almost orthogonal standard Gaussian random variables are almost independent.

Claim A-2.1. Let &§; be standard complex Gaussian random variables such that their
covariance matrix I'jj = E {é,f_j} satisfies

Dl <s <

JrJ#E

W =

Then & = {j + sjnj, where {; are independent standard complex Gaussian random
variables, n;j are standard complex Gaussian random variables, and s; € [0, §;].

Proof. Let' = I — A, where I is the identity matrix. Put
&= Z(F_l/2)i15j .
J

Then ¢; are independent standard complex Gaussian random variables. We set A =
I — T2 and sini = Z Z,-jf;‘j, and estimate the sum Z |Z,-j|.

J J
We have

1
—1/2 _ 1 k
P2 =1+ A+ ZakA
k>2

with |og| < 1 forall £ > 2. Then

~ 1

A1 < 51841+ 2 1(A5;1,

k>2

whence

>Ryl < 5 A+ X I < 4 3 by,
J J

k=2 k=2
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To estimate the sum on the right-hand side, we note that for any two square matrices
A and B of the same size, we have

D IAB)i;1 < D Al 1By
J Jj-t

=D 1Al D 1Byl | < [ D141 -slszwm.
¢ j J J

Applying this observation to the matrices AF = A - AK=1 (with k > 1), we conclude by
induction that

ey _ i
2@ < 20181 ) 37 <
J J

Thus
~ i i
2851 742 =
j k>2

and we are done. 0O

A-3. Proof of the lemma. We fix two big constants A > a > 1. Let R; = r; +apj,
oj = %pj.CIearly, R; > 1,0; > 1. Also,

A—a
Gj:ij+( 2 —2),0]'

A - 16
= 2y/logr; + g—log(l +apj)

a
> 2,/logr; +2,/log(1 +ap;)
> 2 /logrj(1+apj) > 2\/logR;,

provided thata > 2 and A > 17a + 16.
We consider now the family of standard Gaussian random variables i (w;), k < R%.
Applying to this family Claim A-1.4, we get '

112
3Djj

B {ocwntetwp}| < 2¢”

where, as before, D;; = |w; —w | —R; — R} is the distance between the disks D(w;, R;)

and D(w;, R;). Now, Claim A-1.5 implies that the sum of absolute values of the covari-
1

ances of ¢ (w;) with all other ¢;(w;) in our family does not exceed e_2°i2 < e ? < 3

Claim A-2.1 then allows us to write

Ce(wi) = Cik +siknik s k < RY,
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where ¢ are independent standard Gaussian complex random variables, ;. are standard

. . g2
Gaussian complex random variables, and s;x € [0, e 20; ].

Next, we choose ¢ix, k > Riz, in such a way that the whole family ¢;x of standard
Gaussian complex random variables is independent and put

k
z
fi= Zk:@kﬁ )
k
z
hi= > Szk’?zk + D Lawi) — il N

k<R? a k>R?

By construction, Ty, f = fi + h;.
To estimate the probability

2
¢ [ maglhmzne—%“'z >e ]

ZEr;

it suffices to estimate the expression

1 2
Z Sik max e =32 +22 maD k' e 217

zer;D ) 2€r;

5.2
If this expression is less than e 20 /7, then by Lemma 2, we get what Lemma 5 asserts:

2 1
P ’ max | (z)le_|Z| 12> e Fi ] < 2exp (——ezp )
zer;D 2

For every k > 1, we have — eI/ < 1 and thereby,

|z
k

| | 2
> sik max ~ T2 s
5 zer, 2
k<R k<R?
1+R2 >
<A +Ri2)e_2" < L e0i
e 1
1+R? (=a? 1 >
< Le™ % < 2e” ol < —e 20
R} 2

provided that A > a + 16.
For k > R?, Claim A-1.1 implies that

2k k

127 mzp B b (o VRtal? = VR?
Tkl k!

for all z € r;ID. Hence,

k
max =P o112 g3 Wik=r)? k> R?
zerD k! ’ b
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and it suffices to show that

2> AR ¢ Lt
2
k>R?

Now,

2= 2+ 2

k>Rl.2 Riz<k<4rl.2 k>max(Ri2,4ri2)
with the usual convention that the sum taken over the empty set equals zero. The first
sum does not exceed

2
122 5r: 12 2 P
(1 +4rP)e 290 < —L (=300, < e < —e”
1 ~ 442 2 ~ 4 >
e +2p0; e 8

provided that a > 4. At last, the remaining sum does not exceed

122 9 12 2 1 2
< 9e 340 L —6e’(§“ —6)p; < Ze 20
e

provided that a > 8. This finishes off the proof of Lemma 5. O

’

o]
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